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ARTICLE INFO ABSTRACT
Keywords: This study introduces a four-equation, two-phase diffuse interface model designed to simulate
Multicomponent two-phase flows two-phase, low-Mach flows with phase change. The model is extended to multicomponent gas

Low Mach number
Phase change
Phase field model

by incorporating an additional equation for the vapor mass fraction transport. The methodology
accounts for interfacial mass transfer driven by differences in the chemical potentials of the phases.
A distinctive feature of our model is its ability to discretely conserve the mass of each phase,
total momentum, and enthalpy, while maintaining a steady interface thickness, which is critical
for the numerical stability and accuracy of two-phase flow simulations. Furthermore, the model
effectively handles high density and viscosity ratios, making it robust across a wide range of
applications. In addition to the general model suited for weakly compressible components, we also
present a reduced model for fully incompressible components. The numerical methods are verified
against several established benchmarks for fully incompressible systems with mass transfer. The
low-Mach formulation is validated against sharp-interface simulations of the same problem; the
results of a three-dimensional simulation of a sedimenting droplet undergoing evaporation are
also illustrated.

1. Introduction

Multiphase flows involving heat and mass transfer are essential to many natural and industrial systems. Examples include rain
formation [1], breaking waves [2], spray atomization [3] and bubbly flows [4,5]. The simultaneous exchange of mass, momentum,
and energy across the phases’ interfaces adds complexity to their study. The thickness of these interfaces is typically much smaller than
other relevant flow scales, making accurate modeling challenging. These flows are characterized by moving and deforming interfaces
that can undergo topological changes over time. Some classical models in the literature often assume spherical symmetry [6,7],
and this simplification is appropriate only under microgravity conditions, where deformation and buoyancy effects are minimal [3].
For more accurate analysis of phase changes and complex chemical phenomena like combustion [8], multidimensional models are
necessary to account for droplet deformation and surface tension effects. Despite these challenges, numerical simulations have become
indispensable, complementing experiments that often struggle to capture detailed flow information [9]. Over the last decades, various
numerical techniques have been developed to address the sharp property gradients and substantial deformations of the interfaces.
These simulations provide valuable insights, necessary to improve product designs and system efficiencies. However, the intricate
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physics of interfacial transport and thermodynamic considerations still pose significant numerical challenges, triggering continued
advancements in simulation methodologies.

One of the most challenging aspects of numerical modeling in multiphase flows is the method used to describe the motion of
the liquid-gas interface, taking as example evaporation, the object of many examples in this work. This is typically achieved using
a marker function, which assigns different values to each fluid and helps identify the interface. Methods for describing the interface
can be broadly categorized into interface tracking and interface capturing methods.

Interface tracking methods, such as front-tracking (FT) [10,11], use Lagrangian markers to describe the interface motion. This
allows for high precision in computing interface properties like normal vector and curvature. Hence, the FT method has been adapted
to study boiling films [12] and evaporating droplets [13]. However, FT methods are limited in the case of complex configurations
due to poor conservation properties [14] and difficulties in achieving parallel scalability on modern high-performance computing
(HPC) architectures [15].

Interface capturing methods, including the Volume-of-Fluid (VoF) [16], Level-Set (LS) [17,18], and Phase-Field (PF) [19,20] meth-
ods, implicitly represent interfaces and offer improved conservation properties, particularly in cases with significant thermophysical
property mismatches between phases. Despite these advantages, the implicit representation of interfaces presents challenges, such as
accurately computing mass and energy exchanges at the interface. The VoF and LS methods are known as sharp-interface approaches,
where thermophysical properties exhibit a jump across the interface. In recent years, several works have focused on coupling phase
change with VoF method [21-30] or the LS method [31-35].

In contrast, phase-field methods, also known as diffuse interface approaches, represent thermophysical properties as functions of
the local phase indicator function. The PF methods can resolve interfaces without requiring dedicated boundary conditions, they are
thermodynamically motivated and utilize a free energy framework, allowing the inclusion of different physical effects through suitable
modifications of the free energy. When combined with the Navier-Stokes equations to model interface convection, the PF method
has successfully addressed problems like contact-line motion [36,37] and immiscible two-phase flows without phase change [38,39].
In these simulations, the flow field is assumed as incompressible, i.e., V-i= 0, where i denotes the velocity vector. The phase-field
method is also used in the simulations of phase change such as solidification [40-42], boiling [12,43,44] and evaporation [45],
assuming incompressible phases.

Traditionally, phase-field methods have been based on either the Cahn-Hilliard or Allen-Cahn equations, both of which are
important gradient flows of the Ginzburg-Landau-Wilson free energy functional. The Allen-Cahn equation, a second-order PDE, is
straightforward to implement and is extensively used in materials science applications involving phase transitions. However, the
non-conservative form of the Allen-Cahn equation results in an inherent lack of mass conservation, posing a significant limitation
when modeling immiscible two-phase flows.

On the other hand, the Cahn-Hilliard equation is in a conservative form and conserves total mass. For this particular phase-
field method, Jacqmin [38] demonstrates how surface tension force can be defined so that total energy (kinetic energy plus surface
energy) is only dissipated, thereby eliminating spurious currents. Generally, most studies on the Cahn-Hilliard equation, including
Jacqmin [38], have focused on unity or low density ratios. However, the practical application of the Cahn-Hilliard equation in
more complex configurations is limited by three drawbacks: (i) The artificial dissipation of total energy is undesirable, especially for
realistic applications such as turbulent two-phase flows; (ii) handling the fourth-order spatial derivative is cumbersome; and (iii),
most importantly, the equilibrium solution can lead to unbounded values at pure phases, which is unacceptable for high density
ratios [46]. Some efforts have been made to eliminate these unbounded values, such as clipping [47] or adding correction terms to
the Cahn-Hilliard equation [48,49]. However, these artificial modifications result in a method that is no longer a gradient flow of an
energy functional and does not adhere to discrete conservation laws.

Due to the inherent deficiencies of traditional phase-field methods, Sun & Beckermann [50] omitted the curvature-driven flow in
the Allen-Cahn equation to derive a second-order PDE suitable for two-phase simulations. Subsequently, Chiu & Lin [51] reformulated
this phase-field model into a conservative form. However, the authors could not guarantee the boundedness of the phase field and
had to employ mass redistribution to manage overshoots and undershoots. Finally, Mirjalili et al. [52] proved that using the same
central-difference discretization employed in the reinitialization step of the conservative level-set method (CLS) [53] and with a proper
choice of free parameters one can assure the boundedness of phase field. More recently, Jain et al. [54] proposed a conservative diffuse
interface (CDI) method for simulating compressible two-phase flows, along with a boundedness proof that incorporates additional
constraints on the free parameters specific to compressible flows. Building on these methods, this work adopts the methodology of
[52] & [54] to accurately capture the interface and minimize diffusion in regions with strong variations in physical properties.

Furthermore, many engineering flows exhibit compressibility effects even when their velocities are relatively lower than the
speed of sound, known as low-Mach flows. These flows possess characteristics of both fully compressible regimes (where pressure-
density coupling dominates) and fully incompressible regimes (where pressure-velocity coupling dominates), making their numerical
simulation challenging [55]. Common examples include cavitation, evaporation, and boiling. Although the phase transitions in these
processes differ, they are all governed by the same physical mechanism: the equilibrium of the local Gibbs free energy between the
two phases. While the liquid phase in these processes can be considered approximately incompressible, the significant heat and mass
transfer rates induce compressibility in the gas phase, which cannot be ignored.

Compressible two-phase flows have been extensively studied over the past few decades, primarily using diffuse-interface methods.
Despite the drawback of adopting an interface thickness much larger than the physical thickness, typically nanometers, these meth-
ods offer significant advantages for multiphase compressible flows. Firstly, they maintain thermodynamic consistency throughout the
domain, including the interface where phase properties are averaged. Additionally, the diffuse interface allows for the numerical res-
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Table 1

Summary of the differences between 4-, 5-, 6-, and 7-equation models, highlighting the number of mass, momentum, energy, and volume fraction equations in each.
Model No. Mass Equations No. Momentum Equations No. Energy Equations No. Volume Fraction Equations Notation (M-Mo-E-V)
4-Equation 2 1 1 0 2-1-1-0
5-Equation 2 1 1 1 2-1-1-1
6-Equation 2 1 2 1 2-1-2-1
7-Equation 2 2 2 1 2-2-2-1

olution of property gradients, improving overall accuracy and stability. Furthermore, the natural dynamic creation and disappearance
of interfaces, crucial for boiling and evaporation simulations, can be naturally captured by a PF method [56].

The diffuse-interface models for simulating compressible two-phase flows include models of different complexity. The seven-
equation model of Baer-Nunziato [57,58] is the most general model, and it is able to account for full non-equilibrium (kinetic and
thermodynamic) at interfaces between the phases. The model system is composed of a volume fraction equation for one phase and
equations for the partial densities, momenta and total energies of the two phases (the classification of this model can be succinctly
represented as 2-2-2-1; see Table 1 for details). Momentum, volume, heat and mass transfer processes driving the two-phase flow to
kinetic, mechanical, thermal, and chemical equilibrium, respectively, can be taken into account by suitable relaxation source terms
(relaxation of velocity, pressure, temperature, chemical potential, respectively). From the seven-equation model with relaxation terms
a hierarchy of relaxed multiphase models can be derived by assuming instantaneous equilibria [59,60]. The six-equation model (2-
1-2-1) [61-63] assumes kinetic equilibrium and it is typically combined with a stiff pressure relaxation procedure to model flows
in mechanical equilibrium. The five-equation model (2-1-1-1) [64-68,54] assumes both kinetic and mechanical equilibrium, and
consists of two mass balance equations for each phase, the volume fraction transport equation, and the equations for the mixture
momentum and total energy. The four-equation model (2-1-1-0) [69-75] is obtained from the seven-equation model by assuming
instantaneous kinetic, mechanical and thermal equilibrium between the two phases. The model retains the description of chemical
non-equilibrium, hence the ability to account for mass transfer (and potentially other chemical processes). The four-equation (2-1-1-
0) model in its conservative formulation is composed of the equations for the partial densities of the two phases, and the momentum
and total energy equations for the mixture.

Relatively few studies have focused on weakly compressible multiphase flows. Notable among them are those based on the
Baer—Nunziato model [76,77], based on the six-equation model [78], and various sharp interface methods [79-82]. These limited
investigations have yielded encouraging outcomes in terms of numerical efficiency and overall performance across several test sce-
narios, including bubble oscillations and oscillating water columns.

As regards numerical models for phase change, recent advancements have seen researchers successfully couple phase transition
with sharp-interface methods for the simulation of phase-changing (weakly-compressible) two-phase flows [83,82]. Although sharp-
interface methods provide a more precise representation of interface shapes compared to diffuse-interface methods, they come with
higher computational costs. These costs primarily arise due to function evaluation at the interface, causing challenges with load-
balancing and scalability in parallel computing environments. In the case of compressible flows, diffuse-interface methods offer
advantages because these flows inherently conserve the mass and not the volume of each phase, making the complex interface
reconstruction and geometric advection processes in sharp-interface methods less beneficial. Additionally, sharp-interface methods
require a semi-Lagrangian geometric method for advection to ensure mass conservation, which should make mass flux consistent with
the volume flux calculated from the reconstructed interface. In contrast, diffuse-interface methods can simply use a mass balance
equation to ensure mass conservation in each phase. Due to these factors, this study opts for a diffuse-interface approach. For an
in-depth comparison of the two methods, we refer to [84].

In this paper, we present a novel diffuse-interface low Mach-number multicomponent two-phase flow model (2-1-1-0) capable
of simulating weakly compressible flows with liquid-vapor transition. The model describes a two-phase flow composed of a liquid
phase and a gaseous component consisting of the vaporized liquid species and an inert gas. The model is obtained by considering
the low Mach number limit of an augmented four-equation two-phase flow model in our previous work [85], and by extending the
resulting equations to the multicomponent case, which requires an additional equation for the vapor mass fraction. Although we
derive a general model suited for weakly compressible components, in this work we then consider the limit of incompressible liquid,
retaining the compressibility of the gaseous component. The proposed model accounts for interfacial mass transfer, which is driven
by the difference of the chemical potentials of the phases. Our model offers several key features:

« It discretely conserves the mass of each phase, total momentum, and enthalpy.

« It ensures a steady interface thickness throughout the simulation using re-sharpening terms.

« It maintains the boundedness of the volume-fraction field, a critical requirement for simulating two-phase flows.
« It can handle complex equations of state and can handle high density and viscosity ratio.

The paper is structured as follows: Section 2 illustrates the mathematical derivation of the novel low-Mach number augmented
four-equation two-phase flow model with mass transfer. The model is then extended to the multicomponent case for which we detail
the formulation of the mass transfer term driven by the difference of the phasic chemical potentials. This section also discusses a
simplified approach for fully incompressible components. Section 3 describes the numerical methods employed. Section 4 presents
the verification of the method against established benchmarks for fully incompressible systems with mass transfer, validates the
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low-Mach formulation against sharp-interface simulation results, and demonstrates a three-dimensional simulation of a fully-coupled
system. The paper concludes in Section 5 with a summary of the main findings.

2. Mathematical formulation
2.1. Parent two-phase compressible flow model

The parent model of our formulation is a four-equation model that describes compressible two-phase flows in kinetic, mechanical
and thermal equilibrium [72-74,86,75]. This model is obtained from the seven-equation non-equilibrium two-phase flow model of
Baer—-Nunziato [57,58] in the limit of instantaneous pressure, velocity and temperature relaxation (see derivation from the Baer—
Nunziato model in [75]). We will denote with «;, p,, £, the volume fraction, density, internal energy per unit volume of phase k,
k =1,2. Moreover we will denote with p, T and 4 the pressure, temperature and velocity field. The mixture density is p = ZL 1 %P>

712
the mixture internal energy £ = Zi:l a, &, and the mixture total energy E = Zi:l B, Ey =&+ py % We account for mass
transfer, viscous stresses, surface tension, heat conduction, and gravity. In conservative form the model reads:

0 (ajp)+V - (aypyii) =M, (1a)
0,(aypy) + V- (apppil) = =M, (1b)
0,(pi) +V - (P @i+ pl) =V - 7 + T + pg, 10
QE+V-(E+pi)=V -G )=V -G+ -ii+p5-i. ad)

- -
3 e

Above T = ay7| + a,7, is the viscous stress tensor, with 7, denoting the viscous stress for the phase k, k = 1,2. We assume the

Newtonian constitutive relation = = p(Vii+ Vi) — % u(V -, u= oy iy +ay iy, Where y;, is the dynamic viscosity of phase k. Moreover,
g is the specific gravity force and T= mc%al is the surface tension, where o is the surface tension coefficient and x = —V - <%>
aj
represents the local curvature. Heat conduction is modeled by the heat flux g = —AC§T (using Fourier law), where the mixture
thermal conductivity is expressed as A, = a; 4. + @, A.,, with 4., the thermal conductivity of phase k. The source term M is the mass
transfer term, whose expression will be detailed later (Section 2.4 and Appendix C for the case of boiling). The model is closed with
an equation of state for each phase, e.g. by relations p, (&, p,) and T)(&;, p;). Given these laws for each phase, the mixture equation
of state is determined by the mechanical and thermal equilibrium conditions p, = p, = p, T} =T, =T, together with the mixture
energy relation £ = a; €| + a,&,. Within this formulation, the speed of sound c is defined by (see for instance [87])

2
a o pTCHCp [ T r
Rt el B e (i) @
¢ P1¢q P26y prl + p2 ey pi€
where ¢, is the speed of sound of phase k, which can be expressed as

ap ap
Ck=\/rkhk+1k’ Fk=<£> 5 1k=<_k> 5 (3)
k7 py &k

0py

&+
where hy, = "p P

is the phasic specific enthalpy and I'; is the Griineisen coefficient. In eq. (2), we have also defined the extensive

. oh as . . . .
heat capacities C = ay pik,, Where Kk, = —k| = “k | js the specific heat capacity at constant pressure. Let us also write for

Pk T}, Pk_ km Pk
later use the equation for the pressure:

dp+ii-Vp+p?V ii=S, M+S(Vi: T+7-2,VT). )
where c is the speed of sound defined by (2), and
1 no_n e pe
Sp=D_T (F—l—r—2>((l1¢1/’2+az¢zp1)+ T T, (11 + ) | 5)
1
S;= D—T(al¢1pz+az¢zﬂ1), (6)
with
ﬂ1012 chg a o
Dr =a 1o, T T (D18 =8 + T to (@19102 + 2p1). (7)
1 2 1 2
In the expressions above, ¢, and ¢, are defined as
dp, dp,
¢k=<_k> =-pP, and Ck=<—k> = piKry ®)
0T, e opk T,
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Table 2
Nomenclature of variables and parameters.

pr = phasic density

@, = volume fraction of phase k (¢; +a, =1)

ayp, = partial density of phase k

i = velocity vector

£, = phasic specific internal energy

&, = py €, = phasic internal energy per unit volume

E =& +p, @ = phasic total energy per unit volume

Py = phasic pressure

p = mixture equilibrium pressure

p=a,p; +a,p, = mixture density

Y, = % = mass fraction of phase k (Y, +Y, =1)

& =Yg, + Y,&, = mixture specific internal energy

& =pe =& + @&, = mixture internal energy per unit volume
E=&+ %P|'7|2 =a, E; + a, E, = mixture total energy per unit volume
h, = Gtne phasic specific enthalpy

h=Y,h; +Y,h, = mixture specific enthalpy

Pi

= (Dﬂ) = sound speed of phase k
90 /s,

T, = phasic temperature

T = mixture equilibrium temperature
s, = phasic entropy

s=Y;s, +Y,s, = mixture entropy

yz = phasic chemical potential

g¢ = phasic Gibbs free energy

Iy= (dﬂ> = Griineisen coefficient of phase k
Pk

k

¢ = <d“ ) =—p Py, P = phasic coefficient of thermal expansion

P )T =pKri, Ky, = phasic isothermal compressibility
*

K, = = phasic isentropic compressibility

P

2 oh
st (), = ()
9T/ p, I/,
_ 05\ _ [ 9
=i (5), = (%),

C = apik,, = phasic extensive heat capacity at constant pressure

specific heat capacity at constant pressure

specific heat capacity at constant volume

A, = mixture thermal conductivity

7 = mixture viscous stress tensor

¥ = surface tension

g = specific gravity force

& = vapor mass fraction in the gas phase
u = dynamic viscosity of the mixture

where f, denotes the coefficient of thermal expansion and K7, the isothermal compressibility. For completeness, we also report here
some useful thermodynamic relations:

I« 2T,

pk k' k 1

b= > Kry=Kg + s KSk=—2. ()]
c PiKpk PrCy

Let us note that the quantity S; in (6) reduces to I in single-phase flows.
We finally write the equation for (ph) where h is the specific mixture enthalpy, 4 = % =Y\h, + Y h,, with Y| = % the mass
fraction:

0, (ph) +V - (phid) + pc?V -ii = S, M+ (1 + SO)(Vii : T+V-(,VT)). (10)

As shown later, in the low Mach number limit the equation for the enthalpy per unit volume (ph) has a convenient conservative form.
The nomenclature used is summarized in Table 2.
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2.2. Low Mach number two-phase flow model

We derive in this section a low-Mach number formulation from the two-phase flow model in equation (1). Theoretically, the
asymptotic behavior as the Mach number vanishes of solutions of the compressible Euler equations, the compressible Navier-Stokes
equations, or of more complex phenomena such as combustion, has been studied by many authors, e.g. [88-93]. A classical approach
to tackle the low-Mach number limit of the equations consists in writing the system in non-dimensional form and performing an
asymptotic expansion of the non-dimensional variables in powers of a reference Mach number M,. We apply here the same approach
to the two-phase model under investigation.

2.2.1. Non-dimensional equations

We wish to write the non-dimensional equations for the partial densities &, p;, the momentum pi, the pressure p, and the mixture
enthalpy per unit volume ph. We indicate non-dimensional variables with an accent (*), and denote with subscript r the reference
quantities. We introduce the non-dimensionalized variables

L, P . Pk, . > U oz X , t L
=—, =—, aq=a, Y. =Y, u=—, xX==>=, t=—, t.=—, 11
P o Pk ’ k= Xk k= Tk u, I tr S an
) - . h
p=L, f=L g2 =l po (12)
Dy pr pr P/ pr P/ Py

where /, is a length scale. Moreover we define the reference speed of sound ¢, and the Mach number M, as:

u
2= M= (13)

pr Cr

We also define:

Em

2
D, C
s Tr - _ _r’

PrKpr Kpr

. Cc £
é=—, T=
C

. A
S A P 14)

NN

3
,Trl,

r

Nl
S

r

where k., u, and A, are reference values for the specific heat, the dynamic viscosity and the thermal conductivity, respectively. We
then introduce the Reynolds number Re the Froude number Fr, the Weber number We, and the Prandtl number Pr:
2]
pr”rlr u pruty _ KprHy

Re=——, Fr= , We= , Pr= s (15)
Hy g,.l,. Oy Acr

with g, and o, denoting a reference gravity field and a reference surface tension coefficient. We denote the time scale for mass transfer
with tf”, and express the non-dimensional mass transfer term as:
M P Do, !

M= =,
M M
tr t Ir

r

Moreover, we define:
S ==L, 85, === a7

and note that the quantity S, defined in (6) is already non-dimensional, 5"; =5 Finally, we obtain the following non-dimensional
equations for the partial densities, the mixture momentum, the pressure, and the enthalpy:

0y p)+V - (@ p1l)) =P M, (18a)

0{(aypr) + V - (an poll) = —® M, (18b)
-2 e = %13 12 3 62 Vo, \ 2 1 =

0:(p)+V -(pu®it)+ —=—V-t— —V .| =—~ | Va, + — 4§, 18c

(pi2) (pu @ 1) M2 Re We <|w1|> 1+ 2 h (18¢)

o o SeM? .. - Se - -

L7 S a8 7 & . pr 22,2 IR

0;p+1 Vp+pc2V i=S,0M+ Re Vu.T+RePrV-(/ICVT), (18d)
3 AP S S . . M,2 25 3 1 2 2.

0;(ph) +V - (phit) + pé V-u:Sp<DM+(1 +Sp) Re Vi 1+ RePrV'(ACVT) . (18e)

2.2.2. Low Mach number equations
Now we assume asymptotic expansions of any variable ¢(X,) of the form

oG 0 =GN + NE M, + PG )M} + .. (19)
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Introducing the asymptotic expansions in (18) and collecting terms with the same order in M,, one obtains V5[l =0 and V'l =0
at order M~ 2 and at order M - 1, respectively. This implies that the pressure is constant in space up to perturbations of order Mrz.
Therefore, we can write

pG0 =00 + PG HME + .., (20)

po(t)

with plol(f) = po(f), where p, is the non-dimensional background thermodynamic pressure, p,(f) = rt In the presence of open

boundaries with a constant exterior pressure j, we have p, = p, = constant. At order M f we have a system of the form:

0y p)+ V- (a pl) =P M, (21a)
0{(aypy) + V - (ay poli) = —® M, (21b)
Z 2 1z :,: G 2 %al 2z 1 Py
6(pu)+V (pu®u) Vp=—V 71— —V .| = Va, + —pg, (21¢)
Re We Va | Fr?
> S , S? > =z, dpo(t
= P oM+ L (4.VT) L dh® (21d)
(Y. h o) Re PrpcX(Yy, h. fp) Y, h ) di
. Z .o 1 2 .z, dpo(t)
0:(ph) + V - (phit) = V-(A,VT) + , 21
(R + ¥ - (i) = o ¥ (AT + = (21¢)

where we have omitted the superscripts [0] for all the variables p, ay, py, i, h, and set p = p2l. j represents the dimensionless
perturbation of the dimensionless thermodynamic pressure p, and it is a dynamic pressure with no thermodynamic meaning. The

dimensional form of the pressure perturbation is p = p,u% . Note that we can obtain an equation for % by integrating the equation

(21d) for V - 7 over the considered flow domain (see corresponding dimensional equation for % in (23)). Finally, the dimensional
form of the system is:

d,(alpl)+§~(a1p1ﬁ)=M, (22a)
0i(appy) + V- (ayppil) =—M, (22b)
0,(pi)+V - (P @)+ Vi=V -T+3 + 4§, (220)
. S S¢ - - dp(t
V=t M4 —— V- (4,IT) - Po®) (22d)
pc2(Yy, h, py) pc2(Yy, h, py) pc2(Y, h,py) dt
. dpo()
0,(ph) +V - (phii) =V - (3,VT) + —2— = (22¢)

Let us note that the five-equation system (22) (or (21)) is over-determined since four equations (with the equations of state) would
be enough to completely determine the solution, as in the parent four-equation model (1). Nonetheless, we adopt this augmented
four-equation system for numerical purposes, namely to ensure mass conservation for both phases (as we proposed for the model in
[85]), while we compute efficiently the temperature via an enthalphy equation. We observe that in choosing the set of equations
to be solved numerically we would like to retain the phasic mass and momentum conservation laws, together with the equation for
V - ii. Moreover, we would like to retain an equation for a thermodynamic variable (e.g. internal energy, enthalpy, temperature) that
would allow us to compute efficiently the temperature. Here we have chosen the equation for the enthalpy per unit volume ph (ase.g.
in [94]) since in the low Mach number limit this equation has a conservative form, at least when the term dp,()/dt = 0 (problems
where the background pressure p, is constant, such as in the case of open systems). Moreover, in the asymptotic limit of stationary
conditions this enthalpy equation gives a conservation law expressing the balance of the enthalpy flux with the heat conduction flux.
Let us note that in order to have a framework that could include models with one or more incompressible phases (constant p;),
such as the multicomponent models presented below in Section 2.3 and Section 2.5, an enthalpy equation (or energy or temperature

equation) is strictly needed, since the temperature cannot be recovered from the mass equations in these cases. Indeed we see that the
61 Y

p1(o,T) ~ p2(po.T)

four-equation system (22) allows us to guarantee numerically conservation for the mass of both phases, for the momentum, for the

enthalpy per unit volume (when dp,(t)/dt = 0), and to compute efficiently the temperature via h =Y h,(py,T) + Y>h,(py,T) or
ph=a;p1h (py,T) + aypyhy(py, T).
Finally let us remark that by integrating (22d) over a volume Q we have:
dp) __ 1 [
dt |Q| p

formula to compute T via the densities i = could be used for compressible components only. The adopted augmented

2y e
V-idV - — /S V-qdV + — /S MdV, (23)
1| 1€

which can be used to determine the evolution of the thermodynamic pressure in closed systems (recalling that § = — A4, VT). Note that
the initial condition needs to satisfy eq. (22d) for compatibility. The model system above (22) can be used to describe flows composed
in general of two weakly compressible fluids, each governed by an arbitrary equation of state (see also the model for boiling flows
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in Appendix C). In the next section we will consider a simpler model where one phase is incompressible, aiming to applications with
evaporation.

2.3. Multicomponent liquid-vapor-gas model with mass transfer

We use the low-Mach number model (22) derived above to describe flows with liquid-gas interfaces. The liquid phase (denoted as
phase 1) here is assumed incompressible, while the gaseous phase (denoted as phase 2) is considered weakly compressible. For the
liquid we have

py=constant, hy =k, T +n, 24
where the specific enthalpy of formation #, is a constant. The specific heat capacity ,, is also assumed constant. The liquid species
can undergo phase change, and we consider that the gaseous phase is composed of the vapor of the liquid species (denoted with
subscript v) and a non-condensible gas, for instance air (denoted with subscript a). This gas mixture is modeled as a mixture of ideal
gases obeying Dalton’s law of partial pressures:

P=Dp,+Dp,. (25)
In this model each gas component of the mixture is assumed to occupy the volume V, of the mixture, V,, = V, = V,. Noting that the
densities are p, =m,/V, =m,/V,, p, =m,/V, =m,/V,, where m denotes the mass, and since m, = m, + m,, we have:

P =p,tPg- (26)
The vapor mass fraction & =m,/m, in the gaseous phase is thus given by

=t ©@7)

)
The specific enthalpy and energy become

hy=¢h, +(1=5h,, g =8e,+(1-%)¢,, (28)
where ¢ = % and
p2h2:pyhv+paha! 52:£v+8a' (29)

We now define the equation of state for the ideal gas mixture:

R
p=p,——T, hy,=k,&T, (30)
My e
where R denotes the universal gas constant, and
1 & 1-¢
YAG) :E-'-Ta’ Kp (&) =Ekpy + (1 = kg (31)

where M, and M, are the molar masses of the liquid-vapor species and of the non-condensible gas, respectively. The specific heat
capacities k,,, K Kk, Of the vapor and inert gas are constant. Note that we also have
k(8 &K+ (1= 0Ky

k@ K+ (1= Ok

vv> Kpa>

k@) =¢K,, + (1 =Ky, 1) = (32)

The gas mixture speed of sound is ¢,(¢) = % =176 R, ()T, and the Griineisen coefficient I',(£) = y,(£) — 1. We also recall
2

the relation for ideal gases R, =k, 171 Note that in the low-Mach number model p = py(t) (thermodynamic pressure).
2
Considering the liquid incompressible, the mass equations for the liquid and gas phases in the model (22) take the form:

0 +§'(0‘|l7)= M (33a)
P1

0/(@yp2) + V - (aypail) = =M. (33b)

The equations for the gas partial densities p, = p,& and p, = p,(1 — §) are:

0,(@yp28) + V - (aypr&i) = =M+ V - (030, D, V), (34a)
0,(a205(1 =)+ V - (aypy(1 = ©)ii) = V - (a0, D, V(1 = &), (34b)

where we have also included the binary mass diffusion term V - (ay pszﬁi) with a diffusion coefficient D, . Concerning the equation

for the mixture enthalpy (ph) in (22e), since we assume that phase 1 is incompressible, we multiply the term % by a, for the
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consistency of the model, and to recover the correct limit in the incompressible liquid region (where V-i= 0) Indeed the derivation

in the low-Mach number limit of the equation for (ph) in (21e) from the equation (18e) holds if K, = . Cz #0, k=1,2, while we
K

have K¢ =0 if phase 1 is incompressible. Therefore we now write:

0,(ph) +V - (phii)y =V - (4,VT) + 2””3’(’)

(35)

We will see that this form of the equation is consistent with the equation for V.i (Appendix B). Concerning the equation for V-,
see (22d), we write it here for the specific case of incompressible liquid, and, moreover, we extend it to the case in which the gaseous
phase is a two-component ideal gas mixture with vapor mass fraction &, this implying also an additional binary diffusion contribution
in the constraint for the divergence of the velocity field, V - ii. We derive the equation for V-i by starting from the equation for p:

-~ - 1Dp 1Dv
Vii=—-—F—=-=—, 36
Y=o Di T oD (36)

where D% = % +1-V, and v=1/p. We obtain:

B} _ dpy(t
V.i=ZM+BV-(,VT)+ DD - Kg ’Z’(),

where we have denoted D=V - (azpzDvaVrS), and

z‘:(i—i)—a—g)M[f@( 1 >+ o, —h) (382)
2

37)

P P M, M Tp(Y; Ky + Y2Kp2(§))
- M(©) ( 1 ) ay(h, — h,)
D= —_ )+ 38b
0 \M, M) " TV, + Vk,0@) (38b)
— ar
B= s 38
Tp(YiKp1 + Yak(€) (38)
©
. 1 @ % (allepl +®p yzz@ )
Kg=a, < ) (38d)
Po Tﬂ(Yl p1 T Yok, 2(5)) Po(a1ﬂ1’< 1+ azﬂzsz(f))

Note that in the expressions above we can write p(Y; Kp1 + Yok,5(E) = a1 pik,1 + arppkpn(8). The derivation of (37)-(38) is shown in

Appendix A. Moreover, in Appendix B we will show that this expression for V-iisin agreement with (22d).
We finally consider the following augmented formulation of the model:

o,a + V- (i) = % , (39a)
0,(@ypy) + V - (aypoil) = —M., (39b)
0,(@y028) + V - (agpy&i) = =M+ V - (ayp, D, V), (390
0,(pi) +V - (P @ i)+ V=V -7+ 3+ g, (39d)
V.i=ZM+BY-(A,VT)+ DV - (ayp,D,, V) - K d’Z’t(’) , (39%)
0,(ph) + Y - (phid) =V - (1,VT) + a, ’2)2(') (39f)

where the mixture quantities Kg, B, Z, D are defined in (38a), (38Db), (38¢), (38d). Let us remark that the mass transfer term M
is defined only in the mixture region, 0 < @; < 1. This can be automatically obtained by a suitable definition of M (see for example
(53)).

When solving the system above, we can obtain the mixture specific enthalpy 4 once a;, m, = a,p,, and ph have been computed.
The temperature 7 is then obtained from h =Y, h + Y,(&h, + (1 — &)h,), once & is known:

_ h=Yin —Ym
Y; Ky + Y2(§va +(1- f)l{pa)

(40)

where for h; we have used the enthalpy law in (24), whereas for A, we have used the slightly more general law h, =k, T +1,, 1, =
constant (in (30) #, = 0). We can also express T directly in terms of the primary variables (ph) and m, of the augmented model (39):
h—a -«
T= P 1P1M 20212 ) (41)
aypikpr +myEy, + (1= 8Exp,)
Finally, the thermodynamics pressure can be obtained by

dpy(1) 1

- :_X/ﬁ *dS+—/BV G VTYdV + L /DDdV+%/Z‘MdV, A:/I?SdV. (42)
0Q Q Q Q
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2.4. Mass transfer term

The mass transfer between the liquid phase (denoted with 1) and the vapor phase (denoted with v) is driven by the difference of
the chemical potentials ;4‘;’ and u?, of these phases, hence it can be expressed as a relaxation term depending on this difference (see
e.g. [95,96,63,97,98]):

1
M= =l = ), (43)
QMT v 1

where 7 > 0 is a relaxation time, and €, > 0 is a parameter or function. A definition must be provided for the relaxation rate QLT

"
where instantaneous mass transfer corresponds to r — 0. The liquid is pure, so its chemical potential is equal to its Gibbs free energy,
Mf =g,(p.T), and it is also assumed incompressible, so that the chemical potential can be written as (see for instance [99]):

W = g1(p.T) = £y (pyay (1), T) + pi[p — ()], (44)
1

where p, (T) is the saturation pressure-temperature law of the pure constituent that undergoes liquid-vapor transition. The chemical
potential of the vapor depends on the molar fraction X, of the vapor in the ideal gas mixture:

R
uh=g,.T)+ VTlogXU, (45)
v
where the Gibbs free energy g,(p,T) of the vapor can be expressed as
R
,T)=g, T7), T)+ —T1 46
8. T) = g,(Psu(T), T) M, 0g —— o (T) (46)
By using the relation g, (py,(T).T) = g,(ps(T). T), the difference of the chemical potentials can be written as
p—_ P p _ R D R
Al =ui(p. T, X,) = (p.T)= —=Tlog + —TIOgX - [p—psa,(T)] (47a)
MU sal(T) P
R pX, 1
=——Tlog = —[p = P (D] (47b)
MU Psat (T) P1 s

The thermodynamic equilibrium is defined by the equality ;4’1] ».T)=pub(p,T,X,) & AuP = 0. Note that the vapor molar fraction X,
and the vapor mass fraction ¢ are linked through the relations:
X
X, = #M , f=—— % (48)
c+U -0 X, +(1-

We could make an approximation and neglect the liquid specific volume ,,L with respect to the vapor specific volume [99], ﬂi <
1 1

% Psat (T)R,,. Then relation (47) becomes:

X
AP = R Tiog P20 (49)
MU psal(T)
and imposing the equilibrium Au? =0 gives
_ Pea(T)
v = == (50)

which allows us to express the equilibrium vapor molar fraction X, and hence the vapor mass fraction & as a function of the saturation
pressure and the reference pressure. This suggests another possible expression for the mass transfer term M, which is based on the
relaxation of the vapor mass fraction with a relaxation time z,:

1
= @(5 —&aat)» (51)
with

X, Psa(T)
o = L = sat , (52)

M M
Xu,sat + (1 - Xu,sat)ﬁz psat(T) + (p - psat(T))ﬁZ

where we have used (50), and ﬁ expresses the relaxation rate. In particular, we will adopt the following expression that vanishes
e T
in pure liquid and pure gaseous regions:
a2 (ap02)

M= ——— (CE éiat) (53)
Te

and we employ Antoine equation to define the function p, (T),

10
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By
Cy+T’
where A4, B,, C, are empirical coefficients. A similar expression of the mass transfer is used for instance in [45]. We finally recall
that the thermodynamic pressure p to be used in the above expressions is p = p,(?).

logiop=A4 - (54)

2.5. Multicomponent liquid-vapor-gas model with incompressible gases

We present a variant of the liquid-vapor-gas model with mass transfer based on a different mixture model for the gaseous phase
with respect to the model in the previous section, this also showing how the more general model presented in this work recovers the
model in [45] when the same assumptions are made. The liquid (phase 1) is still considered incompressible, but here each component
of the vapor-gas mixture (gaseous phase 2) is assumed to occupy its own volume, i.e. V, =V, + V,. We therefore assume (instead of

(27)):

vz=vué+v 1-9, (55)

where v =1 denotes the specific volume, and, as before, £ the vapor mass fraction £ = m,/m, in the gaseous phase. The mixture
specific enthalpy h, and specific energy €, can be expressed as in (28) (but relations (29) do not hold any longer). Additionally, we
assume that the densities p, =m,/V,, and p, = m,/V, are constant (incompressible gases). The specific enthalpies are assumed to
obey the ideal gas laws &, = «,,T and h, = k,,,T. Hence, as in the previous model, for the mixture

h2 = K2T ) K_Z(é) - pv§ +K a(l 5) . (56)

Concerning the model equations, clearly the equations for the volume fraction «; in (39a), the equation for the partial density a,p,
in (39b), and the equation for the vapor mass fraction £ either in the form in (A.6) (for &) or in the form in (39¢) (for a,p,&) hold.
The enthalpy equation is given by equation (39f) with dp,/dt =0 (due to the assumption of liquid and gases incompressibility). We
can now derive the divergence constraint, using the equation for p as for the model of the previous section:

= 1Dp 1Dv

Viiz—-2t =222, (57)
p Dt v Dt

Thus, we obtain

V.-i=ZM+ DD, (58)
where
z=1_L p_L_1 (59)
P Py Pu Pa

and D = 6(0{2 pD,, %5) the mass diffusion term, same as before. Here, in contrast to the model in Section 2.3, we do not use an
augmented formulation of the model with an additional mass equation since the gas densities are constant. The model system can be
written as:

day + V- (@=L, (602)
Pl

0(@3p28) + V - (aypr€tl) = =M+ V - (@30, D,,,VE). (60b)

0,(pi) +V - (P @ i) + V=V -7+ 3+ pg. (60¢)

V.ii= ZM+ DV - (a,0,D,,VE), (60d)

0,(ph) + V - (phily =V - (A VT), (60e)

with Z and D defined in eq. (59). Comparing with the model in Ref. [45], we have also a contribution from the mass diffusion term,
D in the equation for V - i (the contribution DD due to changes in density related to composition); this is neglected in [45], and in
the present computations, due to its minimal contribution.

2.5.1. Mass transfer

The model for mass transfer presented in Section 2.4 is based on the assumption of a mixture of ideal gases obeying to Dalton’s
law, whereas we are now working with multicomponent model with constant densities. Nonetheless, following [45] we could still
use the expression for mass transfer M in (51) or (53) based on a relaxation term for the vapor mass fraction &, since the expression
for the equilibrium mass fraction éeq in (52) involves only the temperature 7' (via the function pg, (T')), and the molar weights of the
gases. The pressure p corresponds to the thermodynamic pressure pj.

11
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2.6. Model with interface sharpening

As discussed by several authors, one drawback of diffuse interface models is the numerical diffusion of the mixture region. To
overcome this issue, we follow the works of [54,100] and propose a formulation of the diffuse interface liquid-vapor-gas models just
introduced with regularization terms for interface re-sharpening. The more general model in equation (39) with regularization terms
becomes:

a,a1+v(a1a)=ﬂ+§-?l, (61a)
P1
0 @2p2) + V - (@ypii) = =M+ V - (7). (61b)
0,(@ypr8) + V - (ayprfll) = =M + V - (aypy D, VE) + V - (py6Fy), (61c)
0,(pid) + V - (pii @ i = ((pyFy + paF) ® D) + Vp=V - T+ I + g, (61d)
- ; . - - _ dpy(t
V.ti=ZM+ BV -(AVT)+ DV - (ayp,D,,VE) — R ’Z’t( ) , (61e)
0,(ph) + V - (phii — (p Ay Fy + pahyF)) =V - (A, VT). (61f)
Above 7, k = 1,2, are regularization quantities that we express here as in [54]:
. [ = . . Va
Fr=E|e;Va, —ay(1 —apn; |, n=—-—, k=12, (62)
[Va, |

with ¢; denoting the interface thickness, and = the regularization velocity (these parameters need to be chosen to satisfy criteria for
boundedness [54]). Note that 7, = —F|, hence the regularization terms in the momentum and enthalpy equations can be rewritten as:

V- ((p17) + poFr) @ 1) = V. ((p1 — pp)F; @ 1), (63a)
V- (py 7y + pahyFy) =V - ((prhy — pyhy)Fy). (63b)

The model assuming constant density of the two gaseous components, see equations (60), has analogous interface regularization
terms in the equations for «;, a,p,&, pii and ph, and it takes the form:

day + V- (=197, (64a)
Pl

0,(@ypr8) + V - (@prfll) = =M + V - (aypy D, VE) + V - (pyEFy), (64b)

0,(pit) + V - (i @i — ((p,Fy + paTa) @) + V=V - T+ 2 + pg., (64c)

V.ii= ZM+ DV - (a0,D,,VE), (64d)

0,(ph) + V - (phii — (py \Fy + pyhy7y)) =V - (A, VT), (64¢)

Let us remark that the equation for the vapor mass fraction (61b) and (64b) in the incompressible flow case corresponds to the
consistent formulation for scalar transport in multiphase flows proposed in [101].

3. Numerical solution method

The final set of equations (61) describes a flow composed of a liquid phase and gaseous weakly compressible components in the
limit of low Mach number whereas the equations (64) describe a flow with incompressible components. Both systems of equations are
solved on a Cartesian regular grid with uniform grid spacing in the three directions: x, y, and z. The spacing along x is calculated as
Ax=1,/N,, where I is the domain dimension and N, is the number of grid cells in the x direction. Similar definitions are used for
the y and z directions. We employ a finite-volume discretization strategy on a staggered grid, where the phase field, pressure, vapor
mass fraction, and scalar fields (such as density, viscosity, thermal conductivity) are located at the cell centers, and the components
of the velocity field vector are positioned at the cell faces where all the fluxes are evaluated. This discretization method is chosen
to prevent the spurious checkerboarding of the pressure field [102]. We utilize a two-fluid Navier-Stokes solver that incorporates
a projection method [103] and a pressure-splitting technique [47] to simplify the variable coefficient pressure Poisson equation to
a constant coefficient equation. This adaptation enables the use of an FFT-based, fast Poisson solver, which is approximately one
order of magnitude faster than a standard iterative solver [104]. Nonetheless, our numerical model is adaptable to any conventional
two-fluid solvers without the necessity of employing the pressure-splitting technique.

We employ the second-order Adams-Bashforth scheme for temporal discretization and the second-order central-difference scheme
for spatial operator discretization. This choice of numerical schemes offers advantages such as a non-dissipative nature, low cost, and
improved stability [105]. By appropriately selecting At (time-step size), E, and €, we ensure positivity in the vapor concentration field
and maintain the boundedness and Total Variation Diminishing (TVD) properties of the phase field (which results in the boundedness
of the density field) [106]. The advantage also stems from the fact that transporting mass flux in the convective term of the momentum
equation (61d) is consistent at the discrete level with the advective flux in the phase field equation (61a), details of which are discussed

12
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further in [107]. In Appendix D, we present the pseudo-algorithm of our numerical scheme, detailing all spatial discretization choices,
using for simplicity first-order explicit temporal discretization.

To maintain the boundedness and TVD properties of the phase field, we follow the criteria provided by [54] for simulating
two-phase compressible flows, which are as follows:

1
2D ,Ee ou.
max s (& ,0
Ax? 0x;
2D,=E ouk
( a2 )2“1?" Frl B (650)

(65¢)

At <min s (65a)
1

- >
Ax — 2

where D, represents the number of dimensions, 6/x is the discrete derivative operator, i is the grid index, k represents the time-step
index, and ||, is the maximum velocity in the domain. For incompressible flows, the TVD condition (eq. (65)(b)) is always trivially
satisfied, and the time-step restriction required for the boundedness of the phase field (eq. (65)(a)) simplifies to Az < Ax? /2D fe).
However, for compressible flows with a non-solenoidal velocity field, the time-step condition depends on the local dilation of the flow.
For all the simulations in this work, we used E = |ii|,,4, € = Ax, and a time-step size determined by the CFL condition, along with
the maximum allowable time scales given in eq. (67). These choices were sufficient to ensure the boundedness and TVD properties
of the phase field.

For each test case, the relaxation time-scale 7, is scaled with the smallest time-scale of the system throughout the simulations,
following [45]:

ngmin(‘rc,fﬂ,rp,‘re,rM), (66)

where 7, Tys TDs Te and 7,, are the maximum allowable time-scales due to convection, momentum diffusion, vapor mass diffusion,

thermal diffusion and phase change. These are determined as:

-1
|ux maxl |uy ma.xl |uZ maxl
. —_ . - - bl 67
T‘(Ax+Ay+Az (672)
-1
7, = [ max ﬂ,& L+L+L R (67b)
P1 P2 Ax2  Ay? AZ?
-1
2 2 2
=|p, [=+=+= , 67¢
D [ Va<Ax2 NG Az2>] ©7¢)
-1
A, A,
oL e e N2y 2 2] 670
PiKp PaKp J\ AxE  Ay2 AZ?
P2
Ty =—, (67e)
M My

where |y; .| represents the maximum estimate of the ith component of the flow velocity, and |M,,,,| denotes the maximum local
value of the source term responsible for the phase change. The same strategy has been employed to determine the required At for
stable time integration.

4. Numerical validation tests

In this section, we examine the validation of the proposed numerical model by assessing its performance against various benchmark
cases. To enhance clarity, we have summarized the physical and thermophysical parameters defining each setup in Table 3. Below
we present the relevant non-dimensional parameters, obtained using appropriate scaling factors: a reference velocity (u,.¢), length
(I,ef), and temperature (7,¢), along with the reference thermophysical properties, which are taken from gas phase 2,

2 2
pru I} pru lref u HarKp
RC=M, W€=L, Fr= ref_,, Pr=—p, SC=L,
H2 o lreflgl /162 Dva P2
KT, A
Ste = pL ref, rAEA—].
lat 2
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Table 3
Governing parameters for the cases presented in this section. For all cases /., = d, where dj, is the initial droplet diameter. T, denotes the initial gas temperature.

Sec. Re We Fr Pr Sc Ste r, ry s, r, Ty U, Tyer
4.1.1 25 0.1 ) N/A 0.8 N/A 10— 1000 50 N/A N/A N/A D,,/d, N/A
4.1.2 15 0.02 ) 0.7 0.06 var 8.33 63.6 4.16 0.230 0.62 D,,/d, T, —Ts
4.1.3 133 1.10 1 0.15 var 0.13 10— 1000 20 4.16 0.232 0.62 Vizld, T,
4.2.1 10 1.0 ) 0.77 0.1 0.03 8.33 50 4.16 0.230 0.62 D,,/d, T, Ty
4.2.2 90 0.5 1 0.1 0.065 0.17 10 50 4 25 0.62 VIgld, T,

In the expression above, Re, We, Fr, Pr, Sc, Ste, and r, are the Reynolds, Weber, Froude, Prandtl, Schmidt, Stefan number, and
the ratio of the different thermophysical properties, r,, where the property A can be p, y, k), 4. or the molar mass. In section 4.1,
we assume that all the thermophysical properties, including phase density, are uniform and constant within both the gas-phase (i.e.
we assume the vapor phase has the same thermophysical properties as the inert gas) and liquid-phase. In contrast, for the case in
section 4.2 we assume that the thermophysical properties of the liquid-phase remain uniform and constant, whereas those of the
gas-phase vary with composition, temperature, and thermodynamic pressure.

4.1. Incompressible gas phase & incompressible liquid phase

In this section, both phases are assumed to be incompressible, and their thermophysical properties are considered constant and
uniform. Based on these assumptions, we solve the system of equations described in Section 2.5.

4.1.1. Isothermal evaporation

In this section, we examine the isothermal evaporation of a two-dimensional circular droplet to validate the numerical method for
simulating phase-changing two-fluid flows, decoupled from the enthalpy transport equation. The circular droplet is positioned within
a square domain of size [—2d0,2d0]2, where d,, denotes the initial droplet diameter, with zero-pressure outflow boundaries. The
concentration difference between the droplet interface and the domain boundary drives evaporation. Therefore, we solve eq. (60b)
with zero-Dirichlet boundary conditions (hence, &, = 0) at the domain boundaries, while enforcing &,,, = 0.5. The mass transfer (M)
is then computed from eq. (53) where a, = 1 — ;. This allows us to assess the method accuracy for coupling the vapor mass fraction
transport to Navier-Stokes equations, decoupled from the enthalpy equation. The physical parameters used in this study are detailed
in Table 3; in particular, we examine three different density ratios, r, = {10,100, 1000}, keeping the other parameters fixed. The
steady solution of eq. (60b) with & =0 is used as the initial condition for &.

For this system, the time evolution of the droplet diameter d for two-dimensional two-component isothermal evaporation can be
described by the following analytical expression [108]:

(In(L/d) +1/2)d* = (In(L/dy) + 1/2)d; — K. (68)

Here, K = (8p,D,,/p;)In(1 + B) with B = (&, — &,)/(1 — &) =0.5, and L =4d,, represents the diameter of a circular domain. The
equation above is solved numerically to provide a reference solution for the temporal evolution of droplet diameter, d(¢).

Fig. 1(a) depicts the normalized vapor mass fraction field for the case of r, = 1000 evaluated at the highest resolution (256 X 256).
This field is used to calculate the interfacial mass transfer, as reported in Fig. 1(b), which is only defined in the region where
0 < @ < 1. Additionally, the Stefan flow due to phase change is illustrated in Fig. 1(b) using the velocity vector field. The proposed
approach yields consistent numerical solution in terms of mass and droplet volume conservation compared to the analytical solution,
as demonstrated below.

Fig. 2 depicts the temporal evolution of the normalized droplet diameter, derived from its volume (i.e., in a two-dimensional
configuration, d = 1/4A/x where A is the surface area). This is illustrated for various values of the density ratio, r,. Additionally,
grid convergence studies are conducted for the three distinct density ratios. The results demonstrate excellent agreement between the
Direct Numerical Simulation (DNS) results and the analytical solution across a range of r ,, including high-density ratios. As expected,
we note a slight deviation from the analytical solution when the number of grid points per droplet diameter has significantly decreased,
due to substantial vaporization of the droplet. Fig. 3 presents the convergence of the numerical error with grid refinement for the case
with the highest density ratio (i.e. r, = 1000), obtained with fixed time step A7 = IO‘Gdg /D, and d/dy =0.5. The results demonstrate
that the convergence rate is approximately 1.69.

4.1.2. Thermal evaporation

In this case, the enthalpy transport equation is coupled to the conservation of mass and momentum for the same configuration
as the previous case. Here, evaporation is driven by the partial pressure of the vaporized liquid at the interface, which is lower than
the saturated pressure at the interface, denoted as p,,,. The saturated pressure at the interface is related to the interface temperature
through the Antoine equation. A stationary, two-dimensional circular droplet with the same geometry and outflow conditions as before
is considered. The enthalpy equation is solved using Dirichlet boundary conditions at all boundaries in order to impose T, =T, at
all boundaries, where T, denotes dry bulb temperature. The steady-state solution of the vapor mass fraction equation with (i = 0)
serves as the initial condition for the vapor mass fraction (¢), with Dirichlet boundary conditions (&) at the domain boundaries. The

14



S.Z. Salimi, A. Mukherjee, M. Pelanti et al. Journal of Computational Physics 523 (2025) 113683

(a) (b)

5* e i M
10 [ . o g 130
0.9 NN Z - l 12

G » = 11

108 3 B
0.7 |[EEEEEE - = 9
06 [i=n - A N - 8

L = 7
0.5 T NN -
R L AT N RTINS - 6
0.4 e /////l \\\\\\‘ 5
. ,’//,’/’l"\\\ N
n gl B s
0.3 ,///’,i/ll"\\\\\\ 4
0.2 SRR RAG -
,,:,j‘,:,:\‘r\\ 2
i i ! 6 \
0.1 ,'x",'u:',‘tk‘ 1
0.0 R 0.0

Fig. 1. Isothermal evaporation of a static two-dimensional droplet. (a): Contours of the normalized vapor mass fraction field &* = (£ — £.))/(&,,, — &4); (b): contours
of the dimensionless interfacial mass transfer M* = (Mdg)/ (p,D,,) at tD,,/ dg =79.48. The approximate interface location (a; = 0.5) is depicted by the solid white
line.

vapor saturation value (&,,) is calculated from the Antoine relation. Psychrometric data is used to validate the numerical method,
similar to previous studies [25,13]. In this scenario, a water droplet is placed in air with a relative humidity y and an initial dry
bulb temperature T}, equal to the initial droplet temperature. Upon evaporation, the droplet cools and its temperature drops. This
cooling is counterbalanced by conductive heat flux from the warmer air to the droplet, leading to an equilibrium temperature within
the droplet, known as the wet-bulb temperature 7),,. The mass fraction at the boundary & is calculated based on the desired air
relative humidity y at Tj,:

_ v P M,
(p—wps)M, +y pli M’

with p’? computed from the Antoine relation evaluated at T,

Fig. 4(a) shows the time evolution of the droplet temperature profile for T,;;, = 283 K and y = 10%. The droplet temperature
eventually reaches an equilibrium (wet-bulb temperature, 7T,,,) after a transient period, due to the previously described mechanism.
Panel (b) of the same figure presents the temperature field at this equilibrium condition. We also conducted simulations for various
combinations of T, and y, comparing the resulting equilibrium droplet temperatures to the expected wet-bulb temperature (7},,)
derived from psychrometric data. Fig. 5 displays the numerical results of the wet-bulb temperature in comparison to psychrometric
data for several y and T}, combinations on the finest grid considered (256 X 256). The numerical results show a strong agreement
with the psychrometric data, validating the method accuracy in replicating the expected physical behavior.

oo (69)

4.1.3. Evaporating droplet falling under gravity in a confining container

Next we consider a droplet undergoing evaporation when subjected to significant deformations, thermal gradients, and in presence
of solid boundaries. The setup involves a droplet with an initial diameter d,, descending within a heated, vertically aligned container
under gravitational forces, acting in the negative y-direction. The droplet is positioned at the top of the container of dimensions
[0,4d,]1X [0, 16d,]. The experiment enforces no-slip and no-penetration conditions (wall) at all container boundaries, with the excep-
tion of the top, where fluid is allowed to exit under a zero-pressure condition. The temperature at the walls (T,,) is controlled using
Dirichlet boundary conditions, setting a higher temperature than the initial uniform temperature (T, = 0.87,,, < T,,), with (zero)
Neumann boundary condition is applied at the outflow. Similarly, zero-Dirichlet boundary conditions are imposed for the vapor mass
fraction (hence, &, = 0) at the walls, with a zero-flux condition at the outflow. The mass fraction field is initialized as previously
described. The relevant flow parameters are summarized in Table 3.

Fig. 6 shows the contour plots of the temperature at different time instants during the life of the droplet, as it falls due to gravity.
For this case, the Schmidt number and density ratio are chosen to be Sc = 0.1 and r, = 10, respectively. Initially, the temperature
is larger near the walls because T,, > T. Over time, however, heat conduction diminishes the temperature gradients within the
gaseous phase. Additionally, the reduced gas temperature near the droplet interface is clearly observable, which is explained by the
evaporative cooling effect. The grid convergence of the solution for this more complex case is illustrated in Fig. 7. These results
are also compared with those obtained using a different solver available in our group, which simulates droplet evaporation based
on the Volume-of-Fluid method (for more details, see [30] and [25,82]). The results once again confirm the accuracy and validity
of the proposed model. It is worth mentioning that using the Conservative Diffuse Interface (CDI) approach requires double the
resolution to converge to the results obtained with the VOF method, as seen in Fig. 7. This requirement arises from the thicker
interface associated with the CDI method, a limitation also demonstrated by [84] in the absence of phase change. However, this
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Fig. 2. Time history of the normalized droplet diameter for varying density ratios (r,) illustrated alongside results from grid convergence tests.

limitation can be mitigated by employing the Accurate Conservative Diffuse Interface (ACDI) method, as shown in Ref. [100]. The
ACDI method achieves comparable accuracy to CDI while requiring only half the resolution, primarily due to its sharper interface.

Finally, two additional simulations were conducted with higher density ratios of 100 and 1000, and the temporal evolution of
droplet volume for these cases is shown in Fig. 8. Since the evaporation rate decreases significantly with increasing density ratio, a
higher vapor diffusivity coefficient (Sc = 0.001) was chosen to enhance evaporation. These results further demonstrate the robustness
of the proposed numerical model in accurately simulating complex scenarios involving high density ratios and phase change within
a dynamic environment.

4.2. Incompressible liquid phase & compressible gas phase

In this section, we treat the liquid as incompressible, assuming constant and uniform thermophysical properties. Conversely, the gas
is considered compressible, with properties that vary as a function of temperature, thermodynamic pressure, and composition. Given
the potential variations in density, we account for compressibility within the low-Mach limit. This approach enables filtering acoustic
waves while preserving density variations in the bulk region of the gas phase. For this purpose, we solve the set of equations (61).

4.2.1. Static droplet evaporating in two-dimensional open domain

In this test case, we consider a stationary two-dimensional circular droplet and impose zero-pressure outflow boundary conditions,
hence p,, = py(t = 0). The enthalpy equation is solved with Dirichlet boundary conditions at all boundaries with uniform temperature
initialized as T;, = 0.8 T*%'. As in the previous cases, the steady state solution of eq. (61c¢) with & =0 is used as initial condition for &,
with Dirichlet boundary conditions at the domain boundaries.

The governing equations are solved within a square domain [—2d,),2d,]? using 256 x 256 grid points. This scenario has been
replicated using the Volume-of-Fluid solver developed by our group for simulating droplet evaporation in the low-Mach number limit
(for further details, see [82]). The comparison of the temporal evolution of droplet volume between the two models demonstrates a

16



S.Z. Salimi, A. Mukherjee, M. Pelanti et al. Journal of Computational Physics 523 (2025) 113683

5 ~< - O  Numerical data

N So - = = Ist-order guide

'\ S~ -~ ==+ 2nd-order guide

N © S~<
. S
N S~o
107! y o
\. (o] S~o
~
\ . \ ~ ~ ~
[} . \ o
s
N
- N ©
\. o
N,
\ -

N,

32 64 128 192 256 384
Resolution

Fig. 3. Error in normalized droplet mass, M /M,_, for r, = 1000 and d(#)/d, =0.5.

’ \

1.0
T:a:

1.0
0.8 0.9
— 0.8
0.6 — 0.7
0.6
0.4 t 0.5
0.4
0.3

0.2
0.2
0.1

T*

0.0

— 0.0
-20 -15 —-10 -05 0.0 0.5 1.0 1.
l‘/d[)

2.0

ot

Fig. 4. Evaporating static droplet with T, =283 K and y = 10%. (a): Time evolution of the normalized temperature profile T* = (T = T,,;,0)/(T, = T,;) along x =0
at tDVg/dg =1{0,0.95,3.8,22.8,34.2,45.6, 142.7}. (b): Contours of normalized temperature at t = 178.4 dOZ/DW.

good agreement, as illustrated in Fig. 9(a). Fig. 9(b) displays one-dimensional profiles showing variations in gas density, temperature,
and liquid volume fraction along the center-line. We can observe that the droplet volume decreases due to evaporation (i.e., the area
delimited by @; has shrunk), and the temperature near the interface is lower due to the evaporative cooling effect. Consequently,
the density of the gas phase locally increases. It is worth noting that the boundedness of @; has been maintained throughout the
simulation, as evident in Fig. 9(b). Note also that the same resolution is adopted with the two approaches, VoF and PF, giving similar
results as long as the resolution is adequate.

4.2.2. Droplet sedimenting in three-dimensional domain

This section outlines the simulation of a single droplet that sediments, deforms, and evaporates in a non-isothermal environment.
We consider an initially spherical droplet with diameter d,, positioned in the domain [0, 5d,] X [0, 5d] X [0, 10d,], with gravity
acting in the negative vertical direction. The droplet starts at rest, centered at the top of the domain, at coordinates [2.5,2.5,8]d,.
The domain has periodic boundaries in all directions and is discretized with 320 x 320 X 640 grid cells. The initial temperature is
uniformly set to 0.95T,,, and the mass fraction field is initialized with the steady-state solution of the governing equation considering
ii = 0. The relevant parameters are summarized in Table 3. Unlike the previous case, because of the periodic boundary conditions,
the thermodynamic pressure within the domain varies over time following eq. (42), and the vaporized liquid is confined within the
domain, as shown in Fig. 10. The time history of the droplet volume is depicted in Fig. 11.
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Fig. 5. Numerical results of the wet bulb temperature (7},,) for an evaporating static droplet, compared with psychrometric chart values, varying dry bulb temperature
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Fig. 6. Evaporation of a two-dimensional sedimenting droplet on a 512 x 2048 grid. Contour plots of normalized temperature (T* = (T — T,)/(T,, — T;)) at four
time-instants (from left to right): 14/|g|/d, =2.55,5.10,7.66 and 10.21. The solid black line represents the interface at a; =0.5.

The simulations presented here show the potential of the model to handle evaporation in suspensions of deformable droplets
while exactly conserving the mass of the different species. As shown above, the algorithm is suitable for high-density ratio and a
more complex thermodynamic description, within the low Mach limit. Future studies will consider several droplet and how their
hydrodynamic interactions may alter the total evaporation rate.

5. Conclusion

This study presents a novel diffuse-interface model designed for simulating low Mach number multicomponent two-phase flows
with phase change. The model system is derived in the low Mach number limit from the four-equation two-phase model that is obtained
from the general seven-equation Baer-Nunziato model by assuming instantaneous kinetic, mechanical and thermal equilibrium. A
multicomponent extension of the model is introduced to describe flows where the gaseous component is made of vapor and inert
gas. The model includes a mass transfer term whose formulation is obtained by considering phase change driven by the difference of
chemical potentials of the phases. Additionally, a simplified model has been introduced for a fully incompressible system with mass
transfer and phase transition.

The general numerical strategy is detailed in Section 3, and the pseudo-algorithm, along with an extensive description of the spatial
discretization, is presented in Appendix D. Central difference schemes have been used for all spatial operators in the model. This leads
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Fig. 8. Temporal evolution of a sedimenting droplet’s volume for cases with high density ratios (100 and 1000), computed at a resolution of 256 x 1024 and .S¢ = 0.001.

to a non-dissipative discrete implementation, crucial for accurately simulating turbulent flows. Interface-regularization terms have
been employed to maintain the interface thickness throughout the simulations and prevent artificial diffusion of the interface. The
proposed method conserves at the discrete level the mass of each phase, the momentum and enthalpy of the system.

In this study, we opted for the diffuse interface approach rather than a sharp-interface formulation. The diffuse interface approach
effectively captures the interface without requiring dedicated boundary conditions. These methods are based on thermodynamic
principles, allowing for the incorporation of different physical effects through adjustments to the free energy. While the diffuse
interface approach uses an interface thickness that is significantly larger than the physical thickness, it ensures thermodynamic
consistency across the entire domain. Furthermore, it supports the natural dynamic creation and disappearance of interfaces, which
is essential for accurately simulating processes such as boiling and evaporation.

We conducted extensive numerical simulations and tests using our model to assess and validate the newly introduced diffuse-
interface methodology with phase transition. For a fully incompressible system, this included: (a) validating against the available
analytical solution for isothermal evaporation; (b) validating against experimental data from a psychrometric chart for thermal
evaporation under various thermodynamic conditions; and (c) comparing the diffuse-interface results with those from the sharp-
interface approach in the case of a sedimenting droplet in a confined container. For the system with compressible gas phase, our tests
included: (d) examining a static droplet evaporating in an open domain and comparing the results of the diffuse-interface approach
with those from the sharp-interface method; and (e) conducting a three-dimensional simulation of a sedimenting droplet in a closed
domain, where the droplet evaporates, deforms, and thermodynamic pressure varies.
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Fig. 10. Contours of vapor mass fraction (£) in the y =2.5d,, plane at time instants t [ms] = 6, 36, and 66.

In the future, we plan to extend the numerical code to handle wetting and contact-line boundary condition, following the approach
for the fully-compressible boiling in [85]. Note also that the formulation presented here can also be directly extended to consider
multicomponent mixtures, see as example [29,30] for a similar implementation with a sharp-interface tracking.
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Appendix A. Derivation of the expression of V . i for the multicomponent model

In this section we show the derivation of the equation for V - i written in (37)-(38) for the multicomponent liquid-vapor-gas model
presented in Section 2.3 (system (39)). We start by writing

¢.io_1Dp _1Dv

Veii=—-=2£= , (A1)
p Dt v Dt
where D% = % +i-V,and v=1/p. We have
appy 1 1 pM, (&)
v=Yv;+{1-=Y)v,, leT, Ulzzzconst., uzzp—z, P =T =p,(p,T,&). (A.2)
Therefore
Dv DY, duy| dpy Ovy| DT 0vy D¢
— = -v)—+ —| — 4+ == =+—==] =). A3
Dr = T Y Gl T oT e Dr T8 o D (A.3)
Because the equation for the mass fraction ¥} = "‘% is
oy, +i-vy, =M, (A.4)
p
we obtain:
s - 1 1 1dpy 1DT 1 1\ D¢
Vii=| ——— M+ |-———+=—+M — - ) =. A5
“ (,;1 p2> az[ P dt | T Dt 2(€)<MU Ma>Dt (A5
By using now the equation for the mass fraction &,
-2 1- = 2
d,§+u~V§=——§M+ LV-(ozzpzDvaV@, (A.6)
P02 X202
we have
- M
V-i= [(L - i) —(1-¢& 2©) (L — L)] M
P P2 o \M, M,
aydpy  ay DT My (1 1 \s =
e ——— V- D, Vo). A7
pa TT ot T, \ag, )Y (@2 PuVO A7)

The equation for the specific enthalpy 4 reduces to
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_ . dpy(t
oh+ii-h=15 . 0m)+ 2P0 (A.8)
p p dt
Recalling that A=Y h| + Y,h, =Y hy + Y, (§h, + (1 = &)h,) = h(Y},&,T), we obtain the equation for T
OT+i 9T=——1 5.9+, 4 (h, — h)M+(h, — h)D (A.9)
! p(Y K, + Yo ,0(8) ¢ PT; oM e :

where we have denoted as before D =V - (ay pszﬁé). Let us observe that the mass transfer term multiplied by the latent heat
Ly, = (h, — hy) appears in the temperature equation (while there is no mass transfer contribution in the equation for the mixture
enthalpy, as also noted in [94]). Finally the divergence constraint for V - ii has the expression reported in (37):

e oo dpy(D)
V.i=ZM+BY-(GNT)+ DD~ Ks—

where the mixture quantities K¢, B, Z, D are defined in (38a), (38b), (38¢), (38d).

(A.10)

s

Appendix B. Consistency of the expression for the velocity divergence, V.i

In this section we show that the equation for V.-i (37), (39¢) derived in Appendix A from the equation for the total density p (see
equation (A.1)) by using the mass fraction and enthalpy equations is consistent with the equation for V - & (22d) in the low-Mach
number model with general equations of state, when a single-component gas made of vapor is considered, £ = 1. More specifically,
we wish to show that for an incompressible phase 1 and for £ = 1 we have

_ s .S
K\,:L, B=—"L, z=-2, (B.1)
S ope? pc? pc?
where ¢, S;, S, are given in (2), (6), (5), respectively, and K,, B, Z in (38d), (38c), (38a). The first relation above shows that K
correctly represents the mixture compressibility in the diffuse interface zone. First, we observe that for the incompressible liquid we
have:
1 LYY r

K.Yl:—:O’ ﬂl_ =0$BIE—=0, 4)1:0, CIZO (Bz)

2 2 2
plcl Cl plcl

Phase 2 is an ideal gas, hence we have (considering p = p,)

1 1
Kop=—=— f=

P2
5= > Pr=—==, &H=—. (B.3)
pc;  TPo

1
T’ T Do

By using (B.2) equation (2) gives:

2
1 a TC,Cp (T
== _22 + # _22 ) (B.4)
pc p2C2 pl + P2 pZCz

. . -1 r .
By using then the relations — = —— =2+ 21 L __L_ 459 12— _L_ we can write
pc;  12b0 Po r2po b0 Tpakp ey, Thkp
2
1 o a Taypixp P2k 1 ) ) (B.5)
pc2 by Tpyky @1p1K,1 + 0apakpy (Tpykp)? Py T(aypikp +apyky)

which agrees with (38d). Now we consider S in (6). The numerator reduces to a¢,p; = —'172 PP, based on (B.2) and (B.3). By
2
ki

observing, based on (9), that T
1

pic .
¢ = —p%Kpl and F—}‘Z_,’ | =0, the denominator D becomes:

2
$a01 202 2 P1PKp
Dy = —ajapk 1C2p2+a2 =—ak, py— —a;——, (B.6)
R P "thy P pon
2
where we have used the relations in (B.3) and T”—IE = /]iﬁ. We then easily see that by using the above expressions we obtain:
2 2
L ! ®.7)
Dypc? (a1 p1Kp1 + 2Pk 0)P102
Hence we finally obtain
Se a
p 2 (B.8)

pc2 T(aypiky +'¥2/’2Kp2)’

which agrees with B in (38c).
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Finally we consider Sp in (5), which we can rewrite as (see also Appendix B of [98]):

1 X X
$=D; [("1 Lo+ azr—2¢z) (02 = P+ (pahy = pr )@y by + )| ®.9)
T 1 2
By using (B.2), (B.3), and the relations y, =0, ff—‘d;l =—piKpi, By =k, T, the numerator can be written as:
1
app
(o1 Py#p1 + A02K52) (02 = 1) = = (hy = ). (B.10)

Using the result in (B.7) we obtain

Sy _m—n 4 @ (hy = hy)
pc? p1P2 T (a1 pikp + 02p2Kp)

(B.11)

which agrees with Z in (38a) for £ = 1 (which implies h, = h,). Let us also observe that the average quantities Ks and B recover
the correct limit for pure liquid (a, = 0), for which we have V - ii = 0. Indeed for a; =0 we have, based on the relations (B.1),
B=ti = P ang Ks=Kg = —L, and for the liquid K¢ =p,=0.

,

ka,f PiKpk kci ’
Appendix C. Boiling flow model

Although the main focus of this work is on evaporation processes, the low Mach number model derived in Section 2.2 can be used
to describe boiling flows as well. For boiling phenomena we can consider a two-phase flow made of weakly compressible liquid and
vapor phases governed by equations (22) (that we repeat here for clarity):

0,(ayp) +V - (@ p i) = M, (C.1a)
0,(aypy) + V - (aypail) = =M, (C.1b)
0,(pi) +V - (P @ i) + V=V -7+ 3+ g, (C.10)
- S s - - dpy(t
Vili= ———— M+ —— V-(/ICVT)—Z; Po®) (C.1d)
pc(Yy, h, py) pc*(Yy, h, py) pc*(Yy, h,py) dt
= e = dpy(t)
0,(ph) + ¥ - (phit) =V - (4,9T) + — . (C.1e)

The mass transfer term can be defined as in (43) as a relaxation term that depends on the difference of the liquid and vapor chemical
potentials ui , k=1,2. Here, we write a variant of the expression in (43) that vanishes automatically in regions of pure liquid or pure
vapor:

1 o, %p

L Ay ©2)
Q. aptayp, 2 !

Since both liquid and vapor are assumed pure constituents, their chemical potential is equal to their free Gibbs energy: y,’;(p, T)=
g1(p,T). Different choices can be made for the equations of state of the phases, of varying accuracy and complexity. In [75], we
adopted for instance the Noble-Able Stiffened Gas (NASG) equation of state for each phase [109]. This is a relatively simple EOS,
which nonetheless provides a more accurate model than the incompressible liquid and ideal gas model of Section 2.3. The NASG EOS
for phase k has the form:

e — 1
Pi(Es pi) = T—oh k (E = Mepr) — 7Dy » (C.3a)
— piby
(I = b )(py + @)
T (Pi» Pr) = — LT T Tk (C.3b)

Kok — 1)

Here y,, @y, #y, by, k,; are material-dependent constant parameters. The specific entropy s, the specific enthalpy 4, and the specific
Gibbs free energy are (setting here py =p, =pand T} =T, =T)

Tk
— k. (C.4a)
(p+ @)%

h(T,p)= ka+bkp+r1k, (C.4b)

5 (0, T) = Kk log

&0, T) = (virpp — )T — Kk T log + 1+ byp, (C.40)

(P+Wk)7k_l

where K, =7k, (specific heat capacity at constant pressure) and 7j;, are constant parameters. Given the NASG equations of state for
the liquid and vapor phases of a species the theoretical pressure-temperature saturation curve is determined by the chemical potential
equilibrium condition g;(p,T) = g,(p, T). This gives the following p-T saturation curve:

23



S.Z. Salimi, A. Mukherjee, M. Pelanti et al. Journal of Computational Physics 523 (2025) 113683

B, PE _
A+ - +C,logT + Dglog(p+ w,) — log(p + w,) + 7= 0, (C.5)
where
Kpl — Kpp — 1 +1j - Ky —K Ky — K b —b
A, = 12 P2 1 2’ B,= n—m . C, = p2 pl’ D, = pl vl’ E, = 1 2 ] (C.6)
Kpp — K2 Kpy — K2 Kpy — K2 Kpy — Ko Kpy —Kypo

The constant parameters in the NASG equations of state of the two phases are determined so that the associated theoretical saturation
curves match the experimental saturation curves for the considered material, at least in a certain temperature range, see [109].

Appendix D. Pseudo-algorithm

For simplicity, we focus on a 2D configuration. The detailed pseudo-algorithm for the coupled two-phase solver with phase
transition is provided below. To simplify and emphasize the spatial discretizations, the pseudo-algorithm is presented using first-
order explicit Euler time integration. Extending it to higher-order time-stepping schemes is straightforward. To simplify the notation,
we denote the velocity components in the x and y directions as «# and v, respectively. Therefore, the x-component of velocity on
the left face of the cell at position (i, ) is denoted as u;_;; ;. The mass fluxes are represented similarly, with U and V' indicating
the mass fluxes in the x and y directions. The governing equations are advanced in time by At**! = t**1 _ ¢k with the previous
time-step indicated with Ar¥ =tk — t*~1_ In this section, egs. (61) are the target governing equations derived for a system where the
liquid phase is treated as incompressible and the gas phase is considered compressible under the low-Mach number limit, resulting in
varying thermophysical properties of the gas phase. It is also worth mentioning that there are two strategies available for updating
the thermodynamic pressure at the new timestep: one involves using the expression for dth(t) as shown in eq. (42) and advancing the
thermodynamic pressure (p,) based on the Adam-Bashforth time integration scheme; the other involves using the ideal gas equation

of state as in eq. (30). We have chosen to use the ideal gas equation of state (30), following Dalla Barba et al. [110], to ensure mass

conservation for the compressible gas phase at a discrete level. Accordingly, pg“ is calculated by integrating the gas density over the
M k+1
total volume of the gas phase, pg“ = ki ; , where M, and V, denote the total mass and the entire volume of the gas
M2 dyk+l
RTk+!1 g

ng+1
phase. The reduction of the following algorithm to a fully incompressible system is straightforward. Below to simplify the notation
we will denote with p the hydrodynamic pressure, which was indicated with p in the system (61).

1. Compute the gas-phase thermophysical properties at the cell centers:
bty =g dyrd
K, = =8 Ko+ &
"y :((1—5,?;.) +§,-_’f,-),1
2i,j M

k k a MU
. _p0M2i,j
7210 T TRTE
ij

2. Compute mixture thermophysical properties at the cell centers:
gk ok gk k
}'i,j = azi,j }'Zi,j +ar. . ),1

Lij
k k ok ko k
* K =0..K
pij 2

P2ij ta ij ©p1
: pll‘ij =(x ‘02);‘,] +afi,j /1
oy =@ ol bl oy
"M = Ay
3. Compute body forces (including surface tension force):
» Compute normal vectors at the cell centers:

k k k k
a - a —a
Litlj — Cli=1j “lij+l~ Olij-1
- Compute Va, at cell centers: Va{‘_ = / I, d ! )
irj 2Ax 2Ay
k
" Lij
- Compute W =———at cell centers
; af ..
Lij
» Compute curvature at cell centers:
k _ ok k _ ok
ko vk - (nx,i+1,j Mwicty Mgl "y,,-,,--l)
b L 2Ax 2Ay
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» Compute the surface tension forces on the faces:

ko _
K +K1 1,j al ij ali—l,j

Fk =0
x,i—1/2,j 2 Ax
k k kK _ ok
" Kij TRijo1 ®iy ~ %y
Fro =0
yi.j=1/2 2 Ay

4. Compute the mass transfer term at time -step k at the cell centers:
- Compute the saturation pressure pX  using Tzk; and Antoine relation, then calculate the corresponding vapor saturation:

k
p sat; ;

sat

‘fs‘”fi/’ T k_ kM,
psat,-y/ + (PO _psat )_L
k
ot ot ety 22 Gy )
i i T;ff
5. Compute (a;) & (a,p,) at time-step k + 1:

+ Compute re-sharpening flux at cell centers: Ekj = al ; ,(“ - l)ﬁ;‘j
» Compute artificial fluxes on the faces of cells:
k k ko _ ok
Rk ::(Fx1/+Fxt lj+£ ali,j ali—l,j)
xi=1/2,j — 2 I Ax
k k ko _
Rk _.:(Fy’1+Fylj 1 T ali,j ali,j—l)
yij-1/2 7= 2 I Ay
» Update a; at the new time-step:
—u’.‘12.ai‘_ .—u(‘lz.af _)+(Rk.12.—Rk.12.)
(a]ij)k+l IG{C_ ,+(Alk+1)( i+1/2,j " 1i+1/2,j i=1/2,j71i-1/2,j x,i+1/2,j x,i—1/2,j "
. ij Ax
(K k _ ok k k k
@12 12 ~ Vo1t (Ry,,+1/z Ry i) N Mi,j)
Ay I

+ Computing (a, p2)f.‘;.rl using eq. (61b) is analogous.
6. Compute & at time-step k + 1:
» Compute diffusion fluxes on the faces of cells:

&gk

k _ k i—1,j
Ficiya; = @P2)iy pp; Dva =3¢
&f,-¢

k _ k ij—1
IFy,i,j—l/Z - (a2p2)i,j_1/2 Dva Ay

+ Update (a,p,&) at the time-step k + 1:

k k k k
_(”;+1/2,j (azpzé)iﬂ/z,;‘ U1 (a2p2§)f—1/2,j)
Ax

(@O T = (@p,0)); + (A <

k k k k
N (”:x,i+1/2,j lFx: 1/2/)+((925),+1/2,Rx,+1/2, (p2§)i—1/2.ij,i—l/2,j)

Ax
k k k k
_(Ui,j+1/2(a2p2§)i,j+l/2 - U;,j—l/z(a2p2§)i,j—1/2)
Ay
k k k
iy~ F y,, 1/2)+((/’2§)u+1/2 Vij+1/2 (/’2§)i,j—1/2Ry,i,j—1/2)_Mk>
Ay i

+ Compute ¢ at the new time-step: 55‘1.“ = (zxzpz.f)k“ /(pzocz)k+1
7. Update the (px,) at the time-step k + 1, using (azpz)f.‘;.rl, (al)f.‘;fl, 6;‘;1
8. Compute enthalpy & temperature at time-step k + 1:

« Calculate the enthalpy of each phase on the cell faces:

and following steps 1 & 2.

k _ k . pk _ ok k
Wiy = Ty 15y =K, Tty T2
» Compute energy fluxes on the faces of cells:
k k
(HU); 1/2.j =(ph);_ 1/2.%i- 1/2/ = ihy, = P2l h 2, 1/2,)Rx, 172,
(HV)” 172 (”h)u 129 1] 172 = (phy 1ij-1/2 pzl] 172 2,, l/Z)Rylj 172

« Calculate heat diffusion fluxes on the faces of cells:
k _ Tk
X ok ij o Ti-lj
Tx,i—l/Z,j - /11'—1/2,j Ax
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Tk —Tk

" ok ij ~ ij-1

Tyiim12= Y12 Ay
» Update (ph) to the time-step k + 1:
—((HU)*  —(HUY Sy +Tk =Tk )
k+1 _ k k+1 i+1/2,j i—1/2,j x,i+1/2,j x,i—1/2.j
(" = (ph); + (AT = +
k k k k
_((HV)i,j+1/2 - (HV)i,j—l/Z) + (Ty,i,j+l/2 - Ty,i,j—l/z))
Ay

Tk _ (ph)f‘cjl - (/’l(ali,j)kH’I] + (azﬂz)fjlflz )

Y (xp)y!

. Update the thermodynamic pressure (p,) at time-step k + 1:
N, «N,
DI Zjil (Pzaz)ﬁ;IAXAy

k+1 k+1
(1= M,

k+1 _
py =

N, N,
PIHD I AxAy

k+1
TR

10. Update mixture density (p) at time-step k + 1 using ff;.”, Tl."‘;rl , p§+
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! and following step 1 & 2.

11. Update the mass transfer term, M, at time-step k + 1 at the cell centers, similar to step 4.
; k k k k : ko k k : :
12. Compute viscous stresses, 7, ; ., Trpim1 /2,172 Typi and Thim1 /212 USING My Uy /o, and Vi1 fields. Standard linear
interpolation operators are used for calculating /4:‘_] J2j-1)2 values.
13. Compute mass flux on the faces:
k _ k C(h ok k
Ulip,= (pu)i—l/Z,j (py p2i—]/2,j)Rx,i—l/2,j
k _ k k k
Vi,j—1/2 = (pv)i,j—l/Z =(p1 = p2i,j—]/2)Ry,i,j—1/2
14. Compute the intermediate values for pu and pu:
k k k k k k
Ui+1/2,j + Ui—l/Z,j "f‘H/ljﬂf_l/zJ _ Ui—l/2,j + Ui—3/2,j ui—1/2,j + ui—3/2,j
* 2 2 2 2
(P} = (W ;= (BT N +
k k k k
v U1 TH 12 i Uiy TH1/2-1 . .
i=1/2,j+1/2 2 i=1/2,j-1/2 2 ) Taxij ~ Fxxi-1,j
Ay Ax
k k
Tyi=1/2,+1/2 ~ Txyi-1/2.j-1/2 el
Ay - x,i—]/2,j)
k k k k
- Uirtj—12 T Vo1 - Vij-12 T Uistjo12
s _ & k+1 i+1/2,j-1/2 2 i-1/2,j-1/2 2
POy =00k, 1y = (AR e +
k k k k k k k k
Viip TVicip Vimp T YViaptVisp Viop t s, . .
2 2 2 2 )— Ty ~ Fypij-l _
Ay Ay
k k
Tyxit1/2.j-1/2 ~ Fyxi=1/2,j-1/2 1
-FT )
Ax Vi j=1/2
15. Compute intermediate value of velocity (momentum per unit mass):
ok
. (COMPY
i=1/2.j k+1
Pi1)2,j
ok
o V) 1)
ij=1/2 k+1
Pij-172
16. Update the intermediate velocity with the contribution from terms due to the time-pressure splitting, as in [10], [111]:
R . ko ok
. _ Ark+! po Dij—Dbi-1 " Pij p[—l,j)
i-1/2,j ~ Ti—1/2,j 20 pk“ Ax Ax
N . k _ ok
N " Akl po DPij—DPij-1. PijTPij
Vijm12= Y12~ Tk )+ )
5] 5J Po p + Ay Ay
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Here, p,, is the minimum value of the density field in the computational domain and p represents the time-extrapolated pressure
between the current and the older time step, i.e. p= (1 + At**! /Ar%)pk — (AtFH /AR ph=T,
17. Compute the pressure correction that would enforce the velocity divergence field:
+ Calculate the velocity divergence field at the cell center and at the time-step k + 1:
- Calculate the mixture quantities, Z, B, D, K, using egs. (38a), (38b), (38¢), (38d) and the updated properties at the cell
centers and at the time-step k + 1.
- Calculate the fluxes 7 and [ at time step k + 1 similar to the steps 5 and 6.
- Compute the thermodynamic pressure variation, (dp,/dt) at time-step k + 1 using eq. (42) and the previous updated prop-

erties.
k+1  _ pk+l TheL ket
(T kL _ kL gk sk+1, %itl/2j x,i—=1/2,j Vi j+1/2 yi,j—=1/2
(Ve =25 M + B Ax + Ay )+
K+l kel K+l kel k1
B+ Ve ~Fitip, N Wi =5 _ gk ((2po
i Ax Ay S\ dt

Compute RHS of Poisson system at the cell center which is equivalent to:

* £ * £
po Wivij2y TWici2j Vije2 — V-2 -
( + = (V-
Ark+1 Ax Ay 5]

(RHS)fJ. =

Solve the constant coefficient Poisson equation with the method of eigenexpansion technique, to find y; ; = pf.‘;.’l - pf.‘j:

Vil — Wiy Wij —WVi-1, Vij+1 — Vi, _ Vij ~Vij-1
Ax  Ax Ay Ay K
+ =(RHS)!.
Ax Ay ( )"/
18. The corrector step:

« Correct the velocity field in order to impose divergence constrain at time step k + 1:

+1 oy, — Wi
Wk AT P T Vil
i—1/2,j i-1/2.,j 20 Ax
AP Wi~ W
”f{r—ll/z =vf i—1/2 7 ——)
5J 5 Po Ay
+ Update the pressure value at time-step k + 1:

k+1 _ ok
p[,j _p[,j+wi,j

19. Advance time t =t + At, return to step 1 with k=k + 1

Data availability
Data will be made available on request.
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