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difference method 
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Abstract. The paper aims to simulate the static load capacity of a gas spiral 

groove thrust bearing for a high-speed compressor. The pressure distribution in-

side the bearing air film is computed by discretizing and solving the Reynolds 

equation through a finite difference numerical scheme. The mesh convergency 

analysis is performed to investigate the accuracy of the solution when the number 

of nodes is increased inside the computational domain. The effect of the number 

of grooves on the load carrying capacity is also investigated while maintaining 

the other geometrical parameters of the bearing. The results are compared with 

an analytical model available in the literature. 

Keywords: finite difference technique, spiral groove thrust bearing, dynamic gas bearings, 

high-speed turbomachinery. 

1 Introduction 

High-speed small-scale turbomachinery is a challenging sector in which dynamic 

gas bearings can be successfully employed for their characteristics of being with low 

friction, no wear and oil free. The actual trend in the reduction of the size of such sys-

tems is aimed at increasing the power density with a resulting increase of the rotational 

speeds. An overview of gas turbines in the millimeter size range is given in [1]; they 

may find application in small portable electronics that requires compact energy sup-

plies. The review discusses propulsion and power applications such as combined cy-

cles, turbopumps and cogeneration, focusing on microscale applications. A feasibility 

study of a small gas turbine generator is given in [2], where a turbine impeller of dia. 

10 mm is taken into consideration. The output power is about 100 W, the compressor 

pressure ratio is about 3 and the rotational speed is about 870 krpm. An experimental 

test of the feasibility of such system has been carried out in [3], where the main com-

ponents (compressor and combustor) were tested separately. A method to design high 

temperature Solid Oxide Fuel Cells (SOFC) coupled with a low power gas turbine is 

illustrated in [4] with the aim of minimizing the specific cost and maximizing the effi-

ciency. In this case the electrical output power is below 10 kW. An oil free application 

for heat pumps is described in [4], when a radial compressor with impeller tip diameter 

of 20 mm is tested at rotational speeds up to 210 krpm.  
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The design of the dynamic gas bearings able to sustain such systems up to very high 

speeds is very challenging. Two main solutions can be adopted: the use of grooved 

bearings or foil bearings. The first ones [5] create a pressure distribution that sustain 

the rotor thanks to the pumping action of the grooves. The second ones make use of 

compliant metallic foils [6], [7], [8], [9] which allow to reach high rotational speeds as 

well, but with larger dynamic runouts of the rotor. 

Concerning the modeling of grooved bearings, analytical or numerical approaches 

can be followed. The analytical models available in literature are based on the so-called 

Narrow Groove Theory (NGT), which neglects the pressure variation through the 

groove-ridge pair and assumes a mean pressure, with the advantage of obtaining the 

analytical expression for the pressure distribution [10] The NGT theory also makes it 

possible to calculate the dynamic coefficients of stiffness and damping of grooved bear-

ings, as shown in [11]. Good agreement of the theory with experiments was found in 

[12]. The compressible Reynolds Equation (RE) is discretized using the Finite Element 

Method (FEM) and solved with the Newton-Raphson procedure in [13]. Analyses of 

grooved gas bearings with FEM schemes based on the Galerkin method were carried 

out in [14], [15]. 

In the present work the object of the study is modeling a thrust gas bearing with 

spiral grooves designed for a radial compressor rotating up to 200 krpm. The bearing is 

modelled numerically discretizing the RE with finite difference technique. This prelim-

inary investigation provides a baseline characterization of the gas bearing of the proto-

type device to be used as the starting point to define the final design which would also 

consider the dynamic behavior of the bearings. 

In Section 2 the numerical model based on the finite difference method is presented. 

It is also indicated how the geometry of the spiral grooves is simulated in the numerical 

model and how the calculation domain is defined due to symmetry. In Section 3 the 

results of the numerical model in terms of the load carrying capacity are compared to 

the results of the Muijderman’s model while increasing the number of computational 

nodes and grooves.  

2 Finite difference model 

2.1 Numerical problem definition 

Figure 1 shows the geometry of the spiral groove thrust bearing (SGTB) considered 

in this paper. Inward groove configuration is considered in this work since the pump-

in design was confirmed to guarantee superior load carrying capacity compared to the 

other designs according to previous literature evidence [16]. Grooves edges are defined 

by logarithmic spiral curves [17] whose equation in polar coordinates reads as eq.1. 

𝜃 =  − tan 𝛼 ∙ ln
𝑟

𝑟3
+ ∑

𝑎1

𝑟

2𝐾−1

𝑖=1
+ ∑

𝑎2

𝑟

2𝐾−1

𝑗=2
 ,     Ω𝑟,𝜃 = {𝑟2 ≤ 𝑟 ≤ 𝑟3} (1) 

Where K is number of grooves, i are odd indices lower than K and j are even indices 

lower than K. 
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The following dimensionless quantities are also introduced to define the bearing ge-

ometry and aspect ratio: 𝑋 =
𝑎1

𝑎2
, 𝑌 =

𝑟3−𝑟2

𝑟3−𝑟1
. 

 

Fig. 1. Geometry parameters of a SGTB. Due to the property of the logarithmic spiral the α an-

gle and the ratio 𝑎1 𝑎2⁄  is constant whatever the radial position between 𝑟2 and 𝑟3. 

In this paper the RE is solved through a finite difference (FDM) scheme with mixed 

Dirichlet-periodic boundary conditions [18] within a computational domain that repro-

duces the film shape between the plates of a SGTB. Equation (2) is the static Reynolds 

equation in polar coordinates valid for an isoviscous, isothermal, and incompressible 

fluid. The assumption of isoviscous and incompressible fluids holds due to the limited 

pressure increase that is usually experienced by hydrodynamic gas bearings. 

𝜕

𝜕𝜃
(

ℎ3

12𝜇0
 
𝜕𝑝

𝜕𝜃
) +

𝜕

𝜕𝑟
(

ℎ3

12𝜇0
 
𝜕𝑝

𝜕𝑟
) =

𝑟𝜔

2

𝜕ℎ

𝜕𝜃
  ,    

Ω𝑟,𝜃 = {0 ≤ 𝜃 ≤ 𝜃𝑝, 𝑟1 ≤ 𝑟 ≤ 𝑟3} 

(2) 

where 𝜔 is the rotating speed of the moving surface w.r.t. the symmetry axis, ℎ =
ℎ(𝑟, 𝜃) is the local film thickness, 𝜇0 is the dynamic viscosity of air (1.81 ∙ 10−5 Pas), 

and 𝜃𝑝 = 2𝜋 𝐾⁄  the periodicity angle. Due to periodicity, the numerical solution is 

computed just within one period and periodic boundary conditions applied to recon-

struct the actual pressure distribution inside the whole bearing. 

For the numerical solution, it is expedient to restate the problem in dimensionless 

form. This limits the number of input parameters so that one numerical solution is valid 

for multiple dimensional problems. Scaling of variables also reduces truncation errors. 

The dimensionless formulation requires some reference parameters to scale the inde-

pendent variables, i.e., r, and the dependent variables p, h of the problem. The dimen-

sionless variables of eq. 3 are introduced in eq. 2, and the reference parameters have 

been selected according to eq.4. Reference parameters were chosen with the aim of 

simplifying as much as possible the dimensionless form of the RE. The RE reads as eq. 

5 (in the following capital letters identify dimensionless quantities). 
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𝑟𝑟𝑅 = 𝑟,       𝑝𝑟𝑃 = 𝑝, ℎ𝑟𝐻 = ℎ,   (3) 

𝑟𝑟 = 𝑟3, ℎ𝑟 = ℎ2, 𝑝𝑟 = 6𝜔𝑟𝑟
2𝜇0 ℎ𝑟

2⁄  (4) 

1

𝑅

𝜕

𝜕𝜃
(𝐻3  

𝜕𝑃

𝜕𝜃
) +

𝜕

𝜕𝑅
(𝐻3𝑅 

𝜕𝑃

𝜕𝑅
) = 𝑅

𝜕𝐻

𝜕𝜃
,

(𝑅, 𝜃) ∈ Ω𝑟,𝜃
̅̅ ̅̅ ̅ = {0 ≤ 𝜃 ≤ 𝜃𝑝, 𝑅1 ≤ 𝑅 ≤ 𝑅3} 

(5) 

 

The computational domain in polar coordinates Ω𝑟,𝜃
̅̅ ̅̅ ̅ is subdivided into nodes ac-

cording to a regular grid with N rows and M column, being i the numbering index of 

nodes across columns and j is the numbering index of nodes across rows. As to the 

boundary conditions (b.c.), Dirichlet boundary conditions apply to the upper and lower 

bounds of the domain, at 𝑟 = 𝑟1 and 𝑟 = 𝑟3 , whereas periodic b.c. apply to the left and 

right bounds, i.e. across the 𝜃 coordinate. 

 

Fig. 2. Computational domain and computational stencil used to discretize the 2nd derivatives 

with a central difference scheme. 

The numerical solution of the 2D Reynolds equation is implemented through a Finite 

Difference Discretization scheme (FDM). The central derivative approximation based 

on the computational stencil represented in Figure 2 is applied two times to each of the 

2nd derivative terms at the left-hand side of the RE and once to the right-hand side. 

The differential equation becomes a set of algebraic equations. The lexicographic 

ordering of nodes [18] allows to rewrite these algebraic equations as a linear system in 

the form of eq. 6 which can be solved through the Gaussian elimination method. 

𝑨𝑁𝑀𝑥𝑁𝑀 is eptadiagonal determining matrix, where the 1st, (N-1)th, and the Nth super-

diagonals and subdiagonals are both non-zero due to the relationships between adjacent 

nodes of the computational grid. 𝑷𝑁𝑀×1 is the solution in dimensionless form (dimen-

sionless pressure distribution). 
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𝑨𝑁𝑀×𝑁𝑀 𝑷𝑁𝑀×1 = 𝒇𝑁𝑀×1 (6) 

The load carrying capacity of the thrust bearing was calculated by numerical inte-

gration of the dimensional pressure distribution 𝒑𝑁𝑀×1 = 𝑷𝑁𝑀×1 ∙ 𝑝𝑟 across the com-

putational domain. The area of the eth element of the grid was calculated through eq. 7, 

and the average of the pressure values at the nodes is associated to each element for 

higher accuracy (see figure 2). 

𝐴𝑒 = ∆𝜃(𝑟𝑒 + ∆𝑟)
(𝑟𝑒 + ∆𝑟)

2
− (∆𝜃𝑟𝑒)

𝑟𝑒

2
 (7) 

𝐿𝐶𝐶 = 𝐾 ∙ ∑ 𝐴𝑒

(𝑝𝑆𝑊 + 𝑝𝑆𝐸 + 𝑝𝑁𝑊 + 𝑝𝑁𝐸 )𝑒

4
𝑒

 (8) 

2.2 Geometry of the thrust bearing 

Dimension and operational conditions of the bearing considered in this paper are the 

same as those considered by the authors in [19], i.e., 𝑟3 = 20 mm, r1/r3 = 0.5, ℎ2 = 5 m, 

rotational speed  = 200 krpm, and 6 to 20 grooves. The other geometrical parameters 

(i.e., X, Y, α, and ℎ1) were defined through an optimization procedure with the goal of 

maximizing the load carrying capacity (LCC). The NGT model by Muijderman [17] is 

considered here to carry out this optimization in a simplified way. Figure 3a recalls the 

optimized parameter thus identified and shows the related geometry. Figure 3b shows 

the computational domain where the stationary RE is solved in MatLab considering an 

upper stationary grooved surface and lower flat moving surface. 

 

Fig. 3. Optimized geometry of the SGTB considered in this work. 

Calculation of the average modified Reynolds number, as per eq. 9, in the circum-

ferential direction suggested that the assumption of isoviscous and incompressible flu-

ids has limiting validity for the case under investigation [18], since the condition  𝑅𝑒𝜃 ≈
0.34 < 1 holds but it is rather weak, because the order of magnitude is the same. 
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𝑅𝑒𝜃 = avg (
𝜌𝜔𝑟𝑙𝑝,𝑟

𝜇
(

ℎ

𝑙𝑝,𝑟
)

2

) ≪ 1 (8) 

where 𝑙𝑝,𝑟 is the circumferential length of the symmetry domain of the bearing at radius 

r. Compressible RE should be considered in the future for a better estimate. 

3 Comparison with an analytical model 

Through the results presented in the following sections the approach of solving nu-

merically the RE in a discretized form is compared to the NGT approach by Muijder-

man [17]. The NGT propose to solve a modified form of the RE analytically after ap-

plying simplifying assumption. For instance, grooves and ridges are considered suffi-

ciently narrow so that a linearized pressure distribution inside the grooves is hypothe-

sized to simplify the solution of the derivatives terms; pressure at both ends of the 

grooves, i.e. (r = r2) and (r = r3), is constant and end effects are neglected; an infinite 

number of grooves is supposed, which allows to consider just the averaged flow rate in 

the r-direction (the sawtooth pressure distribution is neglected). 

 

 

Fig. 4. Convergency of the numerical solution with increasing the density of the grid in the case 

with (a) 8 grooves and (b) 20 grooves. 

Denser grids were not investigated since the requested memory for the calculation 

exceeded the available RAM installed in the PC where the simulation run (32 GB). The 

study was repeated two times in the case with 8 grooves and 20 grooves. 

Figure 4a presents the result of the analysis with 8 grooves. It shows that using more 

nodes is not of interest because the solution had already reached convergency with 218 

nodes. Figure 4b is the output analysis with K = 20 and it shows that some more nodes 

would be necessary to reach convergency. 

The results also shows that any value obtained through the numerical model is lower 

than the LCC estimated by Muijdermann’s model. This deviation may be related to the 

simplifying NGT assumptions, and it will be interesting to compare these results with 
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experimental results from a real prototype in the future to understand how much the 

Muijderman’s model overestimates the actual load carrying capacity of the bearing. 

The computational time was also considered to identify the number of nodes to be 

used for the following analyses. The results suggest that one can reach up to 220 nodes 

with a computational time below 2’. The computation time was not affected by the 

number of grooves. 

 

Fig. 5. Computational time with increasing the number of nodes in the case of geometry with 8 

grooves. 

3.1 Effect of the number of grooves 

The effect of the number of grooves on the LCC was investigated more in detail by 

solving the numerical model iteratively while increasing the grooves from K = 6 up to 

K = 20. The total number of nodes was kept constant end equal to N,M = 220 which is 

a compromise to avoid overly long time for computing each iteration. As expected, the 

deviation between the numerical model and the NGT model reduces as the number of 

grooves is increased due to the hypothesis of an infinite number of grooves. 

 

 

Fig. 6. Numerical solution of the RE with increasing the number of spiral grooves. 

Figure 7 compares the geometry with 6, 13 and 20 grooves with same optimum ge-

ometric parameters as those of Figure 3, while Figure 6 shows that the grooves have a 
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considerable effect on the LCC which increases by 15% when the number of grooves 

is about 3 times larger. 

Figure 7 also shows that when the number of grooves increases, the pressure distri-

bution inside the thrust bearing approach a torus with a quasi-triangular section, which 

justifies the simplifying assumptions considered by Muijderman’s model. 

 

 

 

Fig. 7. Geometry and pressure distribution of a SGTB with an increasing number of grooves. 

4 Conclusions 

A finite difference scheme is used to discretize the dimensionless RE in polar coor-

dinates to solve the pressure distribution inside a SGTB numerically. Optimized value 

of the geometrical parameters of the bearing were identified using a literature analytical 

model with the aim of maximizing the LCC. The same geometry was then simulated 

with the finite difference numerical model and the results compared. 

The mesh convergency analysis indicates that the higher the number of grooves, the 

higher the complexity of the SGTB geometry, and, therefore, the larger is the number 

of nodes required into the computational grid for the numerical solution to converge. 

With just 8 grooves, a grid of size 220x220 nodes is enough, whereas with 20 grooves 

more than 250 nodes along the r-direction and θ-direction would be necessary for con-

vergency. A lot of memory is therefore required to perform these calculations, which 

usually exceeds those installed in common desktop PC. 

The number of grooves has an impact on the actual LCC of the bearing. Results of 

the numerical analysis suggest that increasing the number of grooves the thrust load the 

bearing is able to carry during operation is increased. This is not evidenced by analytical 

models of the NGT family due to the hypothesis of an infinite number of grooves which 
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is introduced to simplify the solution of the problem. A denser pattern of groove is 

probably able to pump a larger air flow inside the bearing because the ratio between 

grooves area and ridge area becomes probably more favorable, thus increasing the pres-

sure build up which develops as a reaction. However, the Muijdermann’s model seems 

to overestimate the LCC compared to the numerical model by 14% to about 25%. 

In the future, the aim of the authors is to compare the results of both available ana-

lytical models and FDM with experimental analysis through dedicated test rigs to assess 

the limits of validity of the two approaches in the design of SGTB. 

The optimization of the bearing geometry through a fully numerical strategy will 

also be evaluated by experiments. Numerical calculations are expected to provide a 

better estimate of the behavior of actual grooved dynamic bearings since the actual 

number of grooves is usually limited by costs and for machining reasons. 

The results of static numerical simulations will be used as the starting point for im-

plementing the numerical solution of the RE in the time domain to integrate it into the 

rotodynamic model of the prototype radial compressor shaft. 
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