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Dynamic and stability analysis of an air pad controlled by a differential 

diaphragm valve  

Federico Colombo, Luigi Lentini, Terenziano Raparelli, Andrea Trivella  

 Department of Mechanical and Aerospace Engineering, Politecnico di Torino 

Corso Duca degli Abruzzi 24, 10129 Torino  

Abstract. The use of pneumatic  valves is a simple and economical way to significantly increase the static stiffness of  

aerostatic pads. 

The design procedure of this kind of components consists, firstly, in the optimization of the static performance and, 

secondly, in a dynamic analysis to assess the stability of the system. This article theoretically analyzes the dynamic 

behaviour of an aerostatic pad controlled by a custom-built differential diaphragm valve. The stability analysis is per-

formed by means of a lumped parameter model. The equations have been linearized and the bearing stiffness and 

damping have been investigated using the perturbation method. Subsequently, the paper proposes some functions for 

verifying the stability of the controlled air pad through  Routh-Hurwitz criterion. 

Keywords: Compensated air pad, lumped parameter model, Diaphragm valve, Stability.  

1 Introduction 

Aerostatic pads are widely used in high-precision applications, e.g., machine tools, measuring machines and power board 

testing [1]. The static and dynamic performance of these devices can be improved by  a suitable choice of the size and 

distribution of the feeding holes [2], [3], [4], [5] or by using porous materials [6]. One possibility to overcome  air pad 

limitations, i.e., low relative  stiffness and poor damping, is the use of active and passive compensation methods. Active 

compensation methods [7], [8], [9], [10] employ  control elements of  electronic nature which makes them effective even 

at relatively high frequencies. Passive methods  are effective only in static or quasi-static conditions but they are  cheaper 

and simpler  with respect to their active counterpart [11] [12]. In  passive compensation systems, the regulating action of 

the supply pressure of the pad can be obtained  by modifying the air flow rate provided to the bearing using a nozzle-

diaphragm system, located upstream  to the bearing [11]. Here, the nozzle-diaphragm distance 𝑥𝑣 varies depending on the 

external load applied upon the pad. The nozzle-diaphragm system is placed inside a pneumatic regulation valve. The 

diaphragm, whose stiffness is 𝑘𝑣, moves with respect to a nozzle of diameter 𝑑𝑣 depending on to the pressure variation 

in the valve chamber. 

The operating point of the regulation, i.e., the initial nozzle-valve distance 𝑥𝑣0, can be set using a micrometric screw 

that  modifies the nozzle position. To simplify the set point operation, a second solution for the regulation valve is pro-

posed in [12]. It consists of a valve equipped with three diaphragms and a shutter. Here, the nozzle-shutter distance 

depends on the pressure difference in two distinct chambers of the valve. The set point is achieved by modifying the 

reference pressure in one of the two control chambers. It has been experimentally verified that with both the solutions the 

static stiffness and damping of the controlled bearing are much higher than those of the bearing alone and the control 

systems are suitable for static or quasi-static loads. With the solutions adopted, no air hammer phenomenon was encoun-

tered in the investigated operating conditions. However, it is advisable to analyse the dynamic behaviour in different 

operating conditions to quantify the likelihood of instability [13], [14]. In [15] the theoretical stability analysis of the 

system presented in [11] is described; in [16] the dynamic behaviour of the bearing controlled with the solution presented 

in [12] was studied. 

The present work continues the theoretical analysis addressed in [16]: the equations of the numerical model are here 

linearized both to evaluate the stiffness and damping of the aerostatic pad with the perturbation method, and to study its 

stability with the Routh-Hurwitz criterion, in different operating conditions.  

2 Description of the control system 

The controlled air pad is rectangular with dimensions A=110 mm, B=50 mm (Fig. 1). A groove line of dimensions 

a=80 mm, b=30 mm links four supply holes of diameter 𝑑𝑝= 0.5 mm. The groove has triangular cross-section of dimen-

sions ℎ𝑔= 60 μm and 𝑤𝑔= 0.3 mm.  
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Fig. 1. The geometry of the aerostatic pad. 

 

Fig. 2 shows the functional scheme of the passively compensated system. The nozzle (1), with a diameter 𝑑𝑛 = 0.5 

mm, is located in the chamber (2) that along with the chamber (3) is supplied with a constant supply pressure 𝑃𝑠. The 

other chambers (4) and (5) are supplied with 𝑃𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘  (= 𝑃𝑓) and 𝑃𝑟𝑒𝑓  pressures. The chambers are separated through 

three flexible diaphragms, two external ones of equal size and a larger central one. The feedback pressure is taken from 

the air gap under the pad by means of one hole of diameter 𝑑3= 0.25 mm. The supply air flow through the nozzle depends 

on the distance 𝑥𝑣 of the shutter that in turn depends on the difference between 𝑃𝑓 and 𝑃𝑅𝑒𝑓 . The construction section of 

the differential control valve is described in [10]. 

 

 
Fig. 2. Functional scheme of the control system. 

 

Once the parameters 𝑃𝑠, 𝑃𝑅𝑒𝑓 , and the initial distance shutter-nozzle  𝑥𝑣0  are defined, the valve regulates the air flow 

depending on the applied vertical load F. The load and the displacement x of the air pad are assumed positive in the shown 

direction, opposite to the positive direction of h; the speed ẋ is assumed to be positive in the same sense of x. 

When the F increases also x increases, then the pressure 𝑃𝑔𝑎𝑝 under the pad and 𝑃𝑓 increase too producing a displace-

ment of the shutter and an increase of the air flow that supply the pad. Consequently, the air gap height h increases till a 

new equilibrium. The opposite holds if F reduces.   

3 The numerical model 

The equations of the lumped parameter model were described in [12]; they are recalled here to describe the subsequent 

linearization, that is the subject of the current work. Figure 3 shows the scheme of the model. 

𝑅1, 𝑅2 and 𝑅3 are the resistances of the nozzle, the inlet hole of the air pad and the back pressure hole respectively;  

𝑅4 is the resistance of the air gap height. 𝑃2 is the pressure just downstream the resistances 𝑅2, 𝑃𝑔𝑎𝑝 is the mean pressure 

of the air gap, it is considered uniform in the area surrounded by the groove.  𝑉1 and 𝑉3 are the volumes related to the 

ducts of the valve and the pad; 𝑉2 = 𝐴𝐵ℎ+𝑉𝑔 is the volume under the pad. 𝑃𝑆  is the supply pressure and 𝑃𝑎  is the ambient 

pressure. The distance 𝑥𝑣 is defined by the equation (1); 𝑥𝑏𝑦−𝑝𝑎𝑠𝑠 = 40 μm is the distance 𝑥𝑣 of the minimum air flow 

rate through the valve. 𝐴𝑣 and 𝑘𝑣 are the effective area and stiffness of the diaphragms. 
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Fig. 3. Pneumatic scheme of the compensated pad. 

 

{ 

𝑥𝑣 = 𝑥𝑏𝑦−𝑝𝑎𝑠𝑠                                         𝑥𝑣 ≤ 𝑥𝑏𝑦−𝑝𝑎𝑠𝑠 

𝑥𝑣 = 𝑥v0 + 𝐴𝑣

(𝑃𝑓 − 𝑃𝑅𝑒𝑓)

𝑘𝑣

             𝑥𝑣 > 𝑥𝑏𝑦−𝑝𝑎𝑠𝑠

 (1) 

 

The air mass flow rates passing through 𝑅1, 𝑅2, 𝑅3 (𝑖 = 1, 2, 3) are defined by the ISO formula 6358 (2): 

Gi = KT cdi  
AiPup √1 − φi

2 ;  φi = (

Pdown,i
Pup,i

−bc

1−bc
) ; φi = 0 if  

  Pdown,i 

Pup,i
≤ bc (2) 

KT =  √T0/T , T0 = 293 K is the reference temperature, T is the absolute temperature.  Ai, cdi, Pup and Pdown are the 

passage area, the discharge coefficient and the upstream and downstream pressures of the ith lumped resistance; bc=0.528 

is the theoretical critical pressure ratio assuming an isentropic expansion; R = 287.1
J

kg K
;  =

0.685

√𝑅 𝑇
 ;  Ci =  cdi  

Ai is 

the conductance of the air passage area. The discharge coefficients are assumed to be functions of the Reynolds’ numbers 

Rec,i and Rea,i related to the flow of each resistance i = 1, 2, 3: 

 

cdi =

= {
1.05(1 − 0.3 𝑒−0.005 Rea,i) ;  Ci =    cdi  di xi ;  if xi  <

di

4

0.85 (1 −  0.3 𝑒−0.001 Rec,i) (1 −  e
−8.2 

xi
di) ; Ci =    cdi  



4
di

2    if xi  ≥
di

4

 
  (3) 

If i = 1, 3: 

d1 = dn ; x1 = xv;  x3 = h;  Rec,i =
4 Gi

πμdi
 ;  Rea,i =

Gi

πμdi
  

If i = 2:  

d2 = dp ;  x2 = h;  Rec,2 =
4 G2

πμd2
;  A2 = πd2h + wghg; Rea,2 =

G2 h

μA2
 

 

 is the dynamic air viscosity ( = 18.89 ∙ 10−6 Pa s). The mass flow rates G4 exhausted from the air gap under isother-

mal conditions is shown in (4), Pgap is defined by the experimental formula (5), where h is expressed in μm [16, 17]. The 

load capacity 𝐹𝑝 due to the pressure in the air gap is shown in (6). Eq. (7) shows the equilibrium of the forces applied on 

the pad. M is the mass of the applied load, 𝐹 includes the weight force of the load. 

 

G4 =  
1

6μRT
(

b

A − a
+

a

B − b
) (Pgap

2 − Pa
2) h3 (4) 

Pgap = 𝐿 (h, P2) = f ∙ (P2 − Pa) + Pa  ;   f = 1 − 0.02
(

5 

h
)
  (5) 

 

Fp = [ab + AB +
(Ab+aB)

2
 ]

(Pgap−Pa)

3
  (6) 

 

F − FP + M
d2h

dt2
= 0 (7) 



4 

 

The perturbation method is now applied in order to study the dynamic behavior and the stability of the system. The 

equations of the mass flow rates are linearized around the static position of the air pad, they are expressed in Laplace 

domain and shown in (8). The mass flow continuity and the linearization of the equations (1), (5), (6) are shown in (9). 

The coefficients k1  … k17  and Seq are analytically defined as the partial derivatives of the equations (1)…(7); they are 

shown in (10). 

 

G1 = k1xv + k2P1;  G2 = k3P1 +  k4P2 +  k5h; 

G3 = k6Pgap +  k7Pf +  k8h =  k9 s Pf 

G4 = k10Pgap +  k11h ; 

 

                 (8) 

G1 − 4G2 = k12 s P1 ; 4G2 − G3 − G4 = k13 s h + k14 s Pgap ; 

Pgap = k15  P2 + k16 h ;  xv = k17  Pf ;  Fp = SeqPgap; 

 

  (9) 

  

k1 =
∂G1

∂𝑥𝑣

|
0

;  k2 =
∂G1

∂P1

|
0

;  k3 =
∂G2

∂P1

|
0

; k4 =
∂G2

∂P2

|
0

; k5 =
∂G2

∂h
|

0
;  

k6 =  
∂G3

∂Pgap
|

0

;  k7 =
∂G3

∂Pf
|

0
;  k8 =

∂G3

∂h
|

0
; k9 =

V3

R T
;    k10 =

∂G4

∂Pgap
|

0

; 

k11 =
∂G4

∂h
|

0
; k12 =

V1

R T
;  k13 =  

Pgap A B

R T
 ;   k14 =  

V2

R T
 ; k15 =  f ;  

k16 =  (P2 − Pa) (
5

h2 ∙ 0.02
5

h ∙ ln 0.02);   

k17 =
AV 

kV 
; Seq =

1

3
[ab + AB +

(Ab+aB)

2
 ] 

(10) 

 

The solution of the system of equations (8) (9) returns the link between the pressure force FP and the air gap height h. By 

defining the following coefficients: 

 

a0 = k7  (4k3 − k2) ; a1 = k9  (4k3 − k2) + k7  k12  ;  a2 = −k9k12 ; 

b0 = k1  k6  k17 + 4 k4  k7/k15  ; b1 = −4k4  k9/k15;  

c0 = k1  k8  k17−4k4  k7 k16/k15  ; c1 = 4 k4  k9 k16/k15  ; d0 = −4 k3 k7; 

d1 =   4 k3 k9 ; e0 =   − k7  (
4 k4

k15
− k10) ; e1 =  k9  (

4 k4

k15
− k6 − k10) + k7k14; 

e2 =   − k9 k14 ; f0 =   − k7  (4 k5 − k11 −
4 k4k16

k15
) ; 

f1 = k9  (4 k5 − k8 − k11 −
4 k4k16

k15
) +  k7 k13 ;  f2 =   − k9 k13; 

1 =
(c0 d1+c1 d0−a0 f1−a1 f0)

(c0 d0−a0 f0)
 ;  2 =

(c1 d1−a1 f1−a0 f2−a2 f0)

(c0 d0−a0 f0)
 ; 3 = −

(a1 f2+a2 f1)

(c0 d0−a0 f0)
 ; 

4 = −
a2 f2

(c0 d0−a0 f0)
 ; 

1
=

(a0 e1+a1 e0−b0 d1−b1 d0)

(a0 e0−b0 d0)
 ; 

2
=

(a1 e1−b1 d1+a0 e2+a2 e0)

(a0 e0−b0 d0)
 ; 


3

=
(a1 e2+a2 e1)

(a0 e0−b0 d0)
 ; 

4
=

a2 e2

(a0 e0−b0 d0)
 

 

We obtain the following transfer function H  (11): 

 

H(s) =
FP

h
=   KS  

1+1s+2s2+3s3+4s4

1+1s+2s2+3s3+4s4    ;  KS = Seq
(c0 d0−a0 f0)

(a0 e0−b0 d0)
                  (11) 

 

where KS  is the static stiffness of the compensated air pad. Expressing H in the domain of the angular frequency  we 

obtain the stiffness K𝑥 and the damping c as functions of the air gap. Equations and coefficients are shown in (12) and 

(13). K𝑥 is assumed positive when the elastic force on the air pad is opposite to the displacement x, K𝑥 increases as x 

increases. The damping c is assumed positive when the damping force on the air pad is opposite to the speed ẋ, c increases 

as ẋ increases.  
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H() = ReH() +  𝑗 ImH()    

 

K𝑥() = − ReH() = −KS

1 + 1
2 + 2 4 + 3

6 + 4 8

1
2 + 2

2  

c() =  
ImH()


 = KS


1

+ 
2
2 + 

3
4 + 

4
6

1
2 + 2

2  

        (12) 

1 = (1 1 
− 2 − 

2 
); 

2 = (2 2 
+ 4 +  

4 
− 1 3 

− 3 1 
); 

3 = (3 3 
− 2 4 

− 42 
); 4 = (44 

); 


1

= (1 −  
1 

); 
2

= (
3

−  3 + 2 1 
− 1 2 

); 


3

= (1 4 
+ 3 2 

− 2 3 
− 4 1 

) ;  
4

= (4 3 
− 3 4 

); 

1 = (1 − 
2
2 + 

4
4) ;  2 = (

1
− 

3
2) 

 

 

(13) 

4 Results and discussion 

Figure 4 shows the theoretical trend of the force as a function of the air gap height and the design values chosen for 

𝑥𝑣0 and k𝑣. The sign reversal of the stiffness of the air gap in the valve adjustment range (overcompensation [7]) is visible. 

Figure 5 shows the theoretical stiffness and damping trends by imposing a periodic displacement x of frequency f on the 

pad. 
x
 is the phase shift between the displacement x and the pressure force F𝑝 in the air gap. The curves for three 

operating points of the characteristic in Figure 4 are shown, outside and inside the overcompensation zone. The volumes 

of the connecting ducts were assumed both equal to 𝑉1 = 𝑉3 = 𝑉 = 3.4 𝑐𝑚3.  

In static conditions the stiffness is much higher than that of the passive bearing but as the frequency increases the 

stiffness decreases rapidly. It then increases again (and with a positive sign) in a frequency range much higher than that 

of normal use of the bearing. Even the damping, which is initially very high, rapidly reduces with frequency. For frequen-

cies higher than approximately 10 Hz the phase shift angle 
x
 becomes negative which indicates a reversal of the sign of 

the coefficient c. The numerical results confirm that the control system is suitable for static or quasi-static applications. 

 

 

Fig. 4. Static load capacity of the controlled air pad. 

To analyze the stability of the air pad is defined:  𝐺(𝑠) = −
1

𝑀𝑠2 . Therefore the transfer function of the entire system is: 

Geq(s) =
h̅

F̅
=

G(s)

1 + G(s)H(s)

=
1

KS

 
(1 + 

1
s + 

2
s2 + 

3
s3 + 

4
s4)

(1 + 1s + 2s2 + 3s3 + 4s4 + 5s5 + 6s6)
 

1 = 1 ;  2 =  2 −
M

KS
  ;  3 =  3 −

M  1

KS
  ;  

4 =  4 −
M  2

KS
 ; 5 =  −

M  3

KS
 ;  6 =  −

M  4

KS
 

(14) 
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Fig. 5. Dynamic stiffness and damping of the controlled air pad. 

 

The stability of the controlled air pad requires that all the coefficients 1, 2, 3, 4, 5, 6 must be positive and also all 

the following functions must be positive: 

 

1 = 4 −
 6 

3

5

  ;   2 = 3 −
 2 

5
−  1 

6

1

 ;   

3 = 2 −
 1 6

5
−

11

2
+

5

2
  ;   4 = 1 −

5

1
−

2

3
 

(15) 

We define the stability function S as: 

 

S =  /max(||) ;      =  𝑚𝑖𝑛(6, 5, 4, 3, 2, 1) (16) 

 

The system is stable if S > 0. Figure 6 shows the curves of the function S calculated as F varies, assuming three different 

values of the volume V of the ducts. The other parameters chosen in this simulation (𝑥𝑣0, d𝑣 , 𝑑, k𝑣) are constant and equal 

to the design parameter shown in Figure 4. To allow the comparison of the results, the   values of each curve were 

divided by the maximum   value among all three curves. With V equal to the design value (V=3.4 𝑐𝑚3) the bearing is 

stable. The most critical zone of the graph is in the valve regulation range, where there is a strong variation of the S values. 

As V decreases, the respective S values reduce and can become negative, as for curve 3). S < 0 values occur in 

correspondence of the regulation zone (outside this range S takes on very small positive values).  

The reliability of the theoretical stability analysis depend on the correctness of the dynamic model. The results shown 

in Figure 6 are consistent with the experimental measurements [12] where, under the design conditions, no bearing 

instability phenomena were detected. To strengthen the validity of the dynamic model created, other experimental tests 

will be the subject of subsequent work to be conducted in different operating conditions. 
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Fig. 6. Stability function S vs. loads F 

5 Conclusions 

This work describes a theoretical study of the dynamic behaviour of a compensated air pad with a differential pneu-

matic diaphragm valve. Compared to the single air pad, the passively compensated air pad exhibits significantly higher 

stiffness and damping for frequencies smaller than about 1 Hertz.  

The Routh-Hurwitz criterion was applied to the linearized model of the system, verifying the stability of the air bearing 

in the design conditions. 

The most critical operative condition detected is in the range of F where S declines rapidly, when KS is negative. An 

increase of the ducts volume V  improves stability.  

The Routh-Hurwitz criterion allows immediate verification of the stability of the bearing, avoiding conducting long 

time-response simulations; the precision of the results depends on the complexity of the adopted dynamic model. The 

criterion is however valid and more easily applicable to the lumped parameter systems; it can be also used to define 

parametric maps, useful for quick consultation in design.  

 Further studies will be aimed to verify the stability of the system by varying other design parameters. The stability 

margin by applying the Bode or Nyquist criteria will be also analysed.  
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