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Contemporary Mathematics

On the Koiran-Skomra’s question about Hessians
Edoardo Ballico and Emanuele Ventura

ABSTRACT. Extending a construction due to B. Segre, we give a negative an-
swer to a question of Koiran and Skomra about Hessians, motivated by Kayal’s
algorithm for the equivalence problem to the Fermat polynomial. We conjec-
ture that our counterexamples are the only ones. We also study a local version
of their question.

1. Introduction

Let g € C[z1,...,2z,]a be a homogeneous polynomial of degree d and let Hess(g)
be its Hessian matrix. The Hessian map is the polynomial map

H :Clzy,...,zp]a — Clz1,. .., Zn]pnii—2),

defined by H(g) = det(Hess(g)). This determinant is often simply called the
Hessian of g. Kayal’s algorithm takes as input a homogeneous polynomial g €
Clx1,...,2n]q and determines whether g is in the GL(C™)-orbit of (or it is equiva-
lent to) the Fermat polynomial f = z{ + - -+ z¢; if it is so, the algorithm outputs
linearly independent linear forms ¢; € C[zq,...,2,]; such that g = > 1 | ¢4, See
[11] and [13, §3.1] for a detailed account. This algorithm is based on three steps:
(1) Check that the Hessian H(g) is nonzero and can be factored as H(g) =
ol hf‘z where h; € Clx1,...,x,]; are linear forms. If it not possible,
reject.
(2) Try to find complex constants «; € C such that g = Y 1 | o, ¢%. If this is
not possible, reject.
(3) Declare g to be equivalent to f and output ¢; = 3;h; where 8¢ = q;.
Motivated by Kayal’s algorithm, Koiran and Skomra [13, Question 1] asked the
following question:

QUESTION 1.1 (Koiran-Skomra). Let n > 2 and d > 3. Let f € Clzy,...,%4]q
be such that H(f) = a(zy - z,)9"2, for some a # 0.

Does it follow that f = cyxd + - + a,zl, for some constants a; €C?

This question is interesting also because it is so simple to state and has a
delightful invariant theory flavour. Hessians of forms have been the subject of
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2 EDOARDO BALLICO AND EMANUELE VENTURA

many classical works in algebraic geometry and commutative algebra (for instance,
Hessians are related to Lefschetz properties of artinian Gorenstein algebras); see
e.g. [17, Chapter 7] and [3], along with the several references therein. Hessians are
also naturally related to ranks of homogeneous polynomials [4, 8]. Beniamino Segre
[18, p. 174] found a family of counterexamples in four variables of even degree to
the Koiran-Skomra question; his aim was to construct polynomials whose Hessians
equal to a square in the field of fractions of the corresponding hypersurfaces. We
extend Segre’s counterexamples to an arbitrary number of variables and composite
degrees in Theorem 2.1.

Employing the algorithm in [14, §4.1] to decide whether the factorization in step
(1) of Kayal’s algorithm exists (and not to compute the explicit factorization), a
positive answer to Question 1.1 would provide a polynomial time algorithm for the
equivalence problem over C. In their article [13], Koiran and Skomra did provide
a polynomial time algorithm for the equivalence problem over C in degree d = 3,
which was later extended by Koiran and Saha [12] to d > 3. However, their
algorithm has to work in a very different way than Kayal’s algorithm because of
our Theorem 2.1: this shows that over any field K C C, the answer is negative for
infinite pairs of integers (n, d). An instance of interest in [13] is d = 3: in this case,
the answer is positive if and only if n = 2 (Corollary 2.5).

Our monomial counterexamples are homaloidal polynomials, i.e. their first
partial derivatives define a Cremona transformation. Theorem 2.1 also shows that
these monomials are totally Hessian [3, Remark 3.5]. Therefore they give examples
of totally Hessian polynomials (although reducible) of arbitrarily large degree in
any number of variables n > 2.

In Theorem 2.8 and Theorem 2.9, we deal with the case of singular binary
homogeneous polynomials, providing the only ones whose Hessians have the desired
form. Our approach is combinatorial and we wonder whether an invariant theoretic
strategy could be put in place. We conjecture that for any n > 2 the only smooth
homogeneous polynomials satisfying the assumptions of Question 1.1 are the Fermat
polynomials; see Conjecture 2.16.

Computing the differential of the Hessian map, we formulate a local version of
Koiran-Skomra’s question, which has a positive answer when d > n+1 (Proposition
3.2).

Acknowledgements. We thank Enrico Carlini, Pascal Koiran, Francesco Russo,
and Mateusz Skomra for useful discussions. The second author would like to thank
Tony Iarrobino, Pedro Marques, Maria Evelina Rossi, and Jean Valles for organizing
the nice workshop Deformation of Artin algebras and Jordan type within the AMS-
EMS-SMF meeting in Grenoble on 18-22 July 2022. We are very grateful to an
anonymous referee for several precious remarks: especially for providing a precise
reference to the contribution of Beniamino Segre [18] and for an alternative proof
of Theorem 2.1 described in Remark 2.2.

2. Koiran-Skomra’s question

2.1. Negative result. The first counterexamples to Question 1.1 were con-
structed by Beniamino Segre [18, p. 174], where he considers polynomials in four
variables of degree d = 2k of the form g(x1, z2, 23, 24) = 23%+(1—2k) 23" — (25-24)F,
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whose Hessian matrix has determinant
H(g) = (2k2(2k — 1)*(x1 - 22 - 23 - 24)F 1)
We extend this family of counterexamples as follows.

THEOREM 2.1. Let K C C be a field. The answer to Question 1.1 over K is
negative for all n > 2 and d > 3 such that there exists 2 < g < n with q | d.

PROOF. Let d = kq with k > 1 (or k > 2 if ¢ = 2). Then define
g= (x1~-~xq)k+xg+1+-~+:ci € Klxy,..., 2]
We show that
(21) H((@1+q)") = (1= d)(—k)i(zr -+ 1)1 £0.

This is enough to conclude that H(g) has the desired form. We first prove that
every monomial in the determinant expansion of the Hessian above is (21 - - - 2)4 2.

To see this, fix an index £ € {1,...,¢} and look at the total degree in x of an
arbitrary monomial in the determinant expansion. By symmetry, we may assume
Ty = T1.

Let fi; = (Hess((zq-- ~xq)k))i7j be the (i,j)-entry of the Hessian matrix of
(z1---24)F. Let m be a monomial in the expansion of H((z1---x,)¥). This is a
product of entries f; j, where the product ranges over the indices of all rows and
columns, by definition of determinant. Then exactly one of the following cases can
occur:

(I) m is a multiple of the (1,1)-entry (this choice gives no contribution for
k=1);

(IT) m is a multiple of two distinct entries in the first row and in the first
column.

In case (I), the total degree of m with respect to z1 is (k—2)+(¢—1)k=qgk—2 =
d—2. In case (II), the total degree of m with respect to z1 is 2(k — 1) + (¢ — 2)k =
qk—2 = d—2. In other words, for any monomial in the expansion of H((x1 - - - x4)¥),
the total degree of every variable is d—2. Let C be the ¢ x ¢ matrix whose (i, j)-entry
is the coefficient of the monomial f; ;. One has

Kk—1) K - k2

K k(-1 - k2

(2.2) ¢= : : : :
K2 B k(e—1)

The argument above shows that
H((z1 - 24)") = det(O) (w1 - - - 24) 42

Write C' = —kl, + szq, where I, is the ¢ x ¢ identity matrix and J, is the ¢ x ¢
matrix whose entries are all ones. Note that J;, = 1,-(1,)7, where 1, is the column
vector with ¢ ones.
One may write C = —kI,, - C', where C' = I, — 1, - (k1,)T. Note that
(2.3)

Iy 0 Iy — (1q) ’ (qu)T -1 Iy 0 _a 1,
[(qu)T 1 ]{ 0 1 ]{_(k/’lq)T 1 } a [0 1= (qu)T 14
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Then det(C”) is the determinant of the left-hand side of (2.3), thus the determinant
of the right-hand side too. So det(C’) =1 — (k1,)T -1, = 1 — ¢k and det(C) =
(1—d)(—k)? # 0, which shows (2.1). Finally, the polynomial g has Hessian H(g) =
a(zy - 2,)%? # 0 and is not a smooth homogeneous polynomial over K. Hence
g cannot be equivalent to a Fermat polynomial over K. O

REMARK 2.2. A homogeneous polynomial f € Clxy, ..., x,] is homaloidal when
its first partial derivatives define a birational gradient map grad(f) : P*~! --» Pn—1
(i.e. a Cremona transformation). Equivalently, their polar degree is one. Let g = f*
with £ > 2. By the chain rule, we have

grad(g) = kf*~'grad(f).
Hence the two rational maps grad(g) and grad(f) coincide outside the locus V(f) =
{f = 0}. In particular, they have the same polar degree; see also [5, Corollary 2]
for a more general deep result. The polynomial f = z; - - - x,, is homaloidal, i.e. the
rational map grad(f) : P"~! --» P*"~! is an isomorphism onto its image outside
V(f), and so is g = (w1 ---x,)¥. Theorem 2.1 also shows that these polynomials
are totally Hessian [3, Remark 3.5] (although reducible) of arbitrarily large degree
in any number of variables n > 2. These observations lead to an alternative and
more conceptual proof of Theorem 2.1, kindly suggested to us by an anonymous
referee. Since grad(f) and grad(g) coincide outside V(f), the ramification divisors
of the birational maps grad(f) and grad(g) have the same support. Hence H(g) =
- x?l coogbn with by + -+ + b, = n(nk — 2). By symmetry, all the b;’s must be
equal and so b; = nk — 2. Thus H((z1---2,)*) = a - (w1 -+ 2,)"F 2.

n

REMARK 2.3. The homogeneous polynomial g in the proof of Theorem 2.1 is a
sum of pairwise coprime monomials. Then [1, Theorem 3.2] shows that the complex
Waring rank of g satisfies the equality rkx(g) > tke(9) = (k+ 1)1 + (n —q) >
n =r1kg(f), where f = 2¢ + .- + 24,

REMARK 2.4. There exist homogeneous polynomials whose Hessians are mono-
mials distinct from (zy - --x,)? 2. Three examples:
(i) for k > 2,let f = zh'a? — 25T € C[x1, xo, #3511 It has singularities at
(0:1:0) and (1:0:0), and H(f) = —2k2(k + 1)(k — 1)a225* "2 zh~1,
(i) g = x1(23 + z123 + >, 2?) € Clwy, 22,23, ..,2,)3 is a singular cubic
form which splits as a product between a smooth quadric and a tangent
hyperplane to it. Then H(f) = —2"z7.
(iii) The determinant of a generic sub-Hankel matrix [3, 4.1.1] is a homaloidal
polynomial whose Hessian is a power of a variable [3, Theorem 4.4]. Since

these are homaloidal of degree d > 3, they are singular.
A case of interest in [13] is when d = 3.

COROLLARY 2.5. Let d = 3. Then the answer to Question 1.1 is positive if and
only if n = 2.

PROOF. If n > 3 = d, by Theorem 2.1 the answer is negative. Suppose n = 2
and let f = azx? + asxiws + a1x123 + apx3. So

H(f) = (—4a3 + 12aza;)x? + (—4aga; + 36azag)riw2 + (—4a? + 12aza0) 3,

where H(f) = azxjze # 0. If ap = 0, then a3 # 0 and so a; = 0. But then
f = azx$ + apzr3. If not, by symmetry, we may assume ai,as # 0. Therefore
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ag = a?/3ay and a3 = a2/3ay, which implies that the coefficient of the monomial
129 in H(f) is zero. O

For n = d = 3, the following statement is based on a well-known classification
and we record it from our perspective.

ProprosIiTION 2.6. For n = d = 3, the only cubic homogenous polynomials
satisfying the assumptions in Question 1.1 are f = a123 + asx3 + a3z and f =
a123T1T2X3 (Wlth aijasas3 75 0 and a123 7é 0 resp.).

PRrROOF. Let f € C[x1, z2, x3] be a cubic form. The Hessian map H : Clzy, x9, x3]3 —
Clzy, 2o, w3]3, H : g+ H(g) is an SL(C3)-coinvariant [7, §5.1]. Thus, it is enough
to check the SL(C?)-orbits of ternary cubic homogenous polynomials, which are
well-known. Among these, we see that the only cubic homogenous polynomials
whose Hessian splits into three linearly independent linear forms are the Fermat
polynomials g = ¢3 + £3 + £3 and the triangles g = ¢1/2¢3. Since by assumption
H(g) = azizoxs # 0, by Lemma 2.10 proved below, we see that ¢; = x; (up to
relabeling and scaling). This shows the statement. O

2.2. Singular binary homogeneous polynomials. We deal with the case
of singular binary homogeneous polynomials, providing the only ones whose Hes-
sians have the desired form.

REMARK 2.7. For n > 2, let f € Clz1,...,7,]q and let Xf C P"! be the
reduced projective hypersurface defined by f. Then the reduced singular locus

Sing(Xy) sits inside X (s, where H(f) = det(Hess(f)). This may be seen by

va

interpreting the Hessian as the Jacobian of the S.

THEOREM 2.8. Forn = 2 and d > 3 odd, there are no singular homogeneous
polynomials satisfying the assumptions in Question 1.1.

PROOF. Let d = 2p+ 1. Let f = f(x1,22) = Zf 0 airtzy " € Clay, zo]q be
such that H(f) = a(z122)?"2 # 0. Up to the automorphlsm of C[x1, x2] swapping
x1 and x2 and by Remark 2.7, we may assume that f = ZZ>2 a;zizd™ ie. ag =
a; = 0. The coefficient of the monomial 272247 ~* in H(f) is of the form

Z V(k,)QkQg-
ktt=j+2

For all 2 < s < p and j = 2(s — 1), the coefficient ~(, 5 in front of a? appearing in
the monomial z2°~222%72=2 in H(f) is

V(s,s) = —s(d—1)(d —s) # 0.

Now, suppose that for some 1 < j' < p we have that a;» = 0 for all 0 < j” < 5.

We claim that a; 1 = 0.
2d—2j' —

To show the claim, look at the coefficient of the monomial 7} -/xQ * given
by
(2.4) > Awoparac
kt+0=2j" 42

Since k+ ¢ = 2(j' + 1), if £ > j/ + 2 then k < j'. By assumption, in this case, we
have aray = 0 and so this summand does not contribute to (2.4). Then the only
summand left in (2.4) is 'y(jlﬂ’jurl)a?,ﬂ. Since j' < p, 2j' <2(p—1)=2p -2 =
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d — 3. Thus the monomial x%j/xgdﬂj/*z does not appear in H(f), by assumption.
Therefore ’)/(j/+1’j/+1)a?/+1 = 0 and since 7y(j/41,441) # 0, we find aj 11 = 0.

Since ap = a; = 0, then the argument above proves that a; = 0 for all j < p.
Now, look at the coefficient of x¢~2y?~2. This is of the form

Z V(k,0) OO

k+f=d

If¢>p+1, then k < p. So apap, = 0 by what we have shown. Hence the coefficient
above vanishes. This is in contradiction with the assumption on H(f). O

THEOREM 2.9. For n = 2 and d > 4 even, the only singular binary homo-

geneous polynomials satisfying the assumptions in Question 1.1 are of the form
d/2 dj2
f=agpr) 25"

PROOF. Let d = 2p. Let f = f(x1,22) = Z?:o aix’ixg_i € Clzy,x2)q be such
that H(f) = a(z122)92 # 0. As in the proof of Theorem 2.8, we may assume that
f= Zf>2 aixﬁxgﬂ', i.e. ap = a; = 0. Moreover, again looking at y; ; for j <p—1,
we find that a; =0 for all j <p—1 and a, = aqs2 # 0.

Let 1 <t < p and consider the coeflicient a,; of the monomial x‘f”xg*p " in
f. Look at the coefficient of the monomial 237 "225?~*"% in H(f). This is of the

form

(2.5) Z V(k,0) ke

k-+0=2p+t

and, since 2p +t —2 > 2p — 2 = d — 2, it must vanish by the assumption on H(f).
Since k+ ¢ =2p+t,if £ >p+t+1then k <p—1. In this case, agay = 0 by what
we have shown above. So the only left summand in (2.5) is ¥ p4+)@papt¢, Where
ap # 0 but v, pre)apape = 0.

If Ypp+ty # 0, for any given p and every 1 < ¢ < p, then a,4 = 0 for all
1 <t < p and we would be done.

The coefficient 7, ,44) s given by

(2.6) Yoty = 20(2p — 1)(£* — p).
In other words, given p > 2, vy, p4++) = 0 if and only if t = \/p (i.e. when pis a
perfect square and ¢ is its positive square root).

From now on, we shall then assume that p is a perfect square, otherwise we are

done. Since vy, p1y # 0 for all 1 <" < (/p — 1, then the coefficient (2.5) for the

2p+t'—2 2p—t'—2 .
P+ x2p i

monomial x] s

Vip.p+t) ppttr = 0.
Hence apyp =0forall 1 <t/ < /p—1.
Claim 1: Let 1 <t < p be an integer such that m,/p < t < (m + 1)\/13,
for some integer 0 < m < /p — 1. Suppose that a,,, = 0 for all ¢’ such that
m/\/p <t < (m'+1)/pforall 0 <m’ <m. Then api; = 0.

Proor. Write t = m,/p +n, where 1 <n < ,/p. We look at the coefficient of

: 2p+t—2 2p—t—2 2p+m,/ptn—2 2p—m,/p—n ..
the monomial 277?237 = grtmVe 2P ~"VPT™ This is of the form

(2.7) > V(k,6) Ao e -

k+£=2p+m./p+n
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Note that 2p +m./p+n —2 > 2p —2 = d — 2 and so the coefficient (2.7) must
vanish. If £ or k are of the form p+¢,/p+¢ with0 <¢g<m—1and 1 <¢ < ./p,
then the product arpa, = 0, by assumption. If £ = p + 2z,/p with 0 < z < m — 1,
then £ = p+ 2'\/p +n with 1 < 2 < m — 1. Thus the product ara; = 0,
by assumption. In conclusion, the only left summand in the coefficient (2.7) is
Vp,ptma/FnGplpim pin = 0. Since ap # 0 and vy, i pin 7 0 (because m,/p +
n # /p for all choices of m,n defined above), we find Aptmyptn = Aprt = 0. O

Note that we have already proven that apypy =0 for all 1 <¢' < /D — 1. This
is the case m = 1 in the assumption of Claim 1. Then applying the conclusion of
Claim 1 iteratively, we find that all the coefficients of f vanish, unless they are the
following (y/p + 1) coefficients: ay, apt /5, apr2,ps - - -, azp. To conclude, we have to
show that, except ap, they all must vanish.

To this aim, for 0 < s, < /p and (s,r) # (0,0), we look at the coefficient

. . 12t -2 2p—(s -2,
of apts/pap+rp 0 the coeflicient of the monomial z1p+(g+r)ﬁ x5 (+rVP=2 4

H(f). This has the form vp4s /5 p+r 5 = 20(2p — 1) (ps® — 2srp+pr? 4+ sr —p). We
study the vanishing (and the sign) of F(p, s,r) = ps® — 2srp + pr? + sr — p. Write
F(p,s,r) =p(s—7)2+sr—p. If s=r, then s =r < /D, because the exponent
of x1 must satisfy 2p + (s +r)/p —2 < 4p — 4 = 2d — 4. Thus, if s = r then
F(p,s,s) <0.If s,7 >1and s # r, then p(s —r)?> —p > 0 and the product sr > 1.
So F(p,s,r) > 0. If s =0 (or 7 = 0), then F(p,0,7) =pr’—p=0ifand only r = 1
(or s = 1). Otherwise, if s = 0, then F(p,0,r) > 0 for any > 2. In conclusion,
Yptsyppiryp 7 0 unless s = 0 and 7 = 1 (or the way around). This is exactly the
case of (2.6).

Claim 2: Suppose that for all 1 < i < uw -1 < /p— 1 we know that

ap+(\/;,,i)\/;, = agp,i\/ﬁ = 0. Then ap+(\/177u)\/5 =0.

PROOF. The remaining coefficients are a, /5, apr2,p, - - -, azp (besides a,) and
all the others vanish.

Note that 2p —i/p > p+ (/P — u)/p. In other words, we are assuming that
all the ap with h > p + (\/p — u),/p vanish.

. . 4p—2u\/p—2 2u./p—2 . .

We look at the coefficient of the monomial T, in H(f), which

must vanish by assumption. This coefficient has the form

(2.8) Z V(k,0)0kGr = 0.

k+L=4p—2u./p
Write k = p+h'\/p and £ = p+h"/p. Then k+{ = 4p—2u\/p = 2p+ (K" +1h")\/p.
Therefore b’ + h" = 2(\/p —u). If K > \/p—u+1, then k = p+h'\/p >
p+(y/p—u),/p and hence a;, = 0, by assumption. Thus the coefficient (2.8) becomes

Y+ (=) Fop+ (=) P D () g5 = O+ STCE V(o (/Fmu) Bp+(yF—u) yB) 7 O
by the part before this claim, we find a4 ( 5-u) 5 = 0 (|

Now, look at the coefficient of the monomial xéllp _‘/5_233&/5 ~2. The only coef-
ficient appearing here is the product v(ap p+(/5-1)/5)@2p%p+(y5-1)/p Which must
vanish. Since Y(2p p+(/5-1) ) # 0 by the part of the proof before Claim 2, either
Q2p OT Ay (,/5—1)/p vanishes.

If az, = 0, applying Claim 2, we are done. If a,( 5-1),5 = 0, then apply-
ing Claim 2, all coefficients a, /5, ap12, 5, - -, a2p are zero, except possibly agp.
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However, assuming ag, 7# 0 (with all the other coefficients being zero, except ay)
leads to an immediate contradiction with the assumption on H(f). In conclusion,

f= ad/gxf/ng/Q and this establishes the statement. O

2.3. Stabilizers and Jacobian rings.

LEMMA 2.10. One has the following descriptions for the stabilizers:
(i) Stabarcny((z1---2,)47%) 2 (C)" I % &,
(ii) Let h = (1 ---2,)%"2 and let V(h) be the corresponding projective hyper-
surface in the projective space ]P’gi1 equipped with the natural action of
PGL(C™). Then Stabpgrcn)(V(h)) = (C*)" x &,,/C*.

PROOF. (i). Let A € Stabgyrcn)((21 - 2,)? %) be an element of the stabi-
lizer in GL(C™) of the indicated polynomial. Since a polynomial ring is a unique
factorization domain and the x;’s are irreducible in this ring, for each i we find
Aoz = %%y, for some 0 € &, and y; € C* with T, 7?72 = 1. The last
condition provides an isomorphism with the (n — 1)-dimensional algebraic torus.
Statement (ii) is proven similarly (here we have to further quotient out by the C*
given by the scalar multiples of the identity). ([

LEMMA 2.11. Let f € Clzy,...,2,]q and h = H(f) € Clz1,...,2n]na—2) be
1ts Hessian.
(i) Their stabilizers in SL(C™) satisfy Stabgr,cn(f) C Stabgy,cny(h).
(i) Suppose h = a(zy -+ x,)?"2 # 0 and let s = dim Stabgy,cn)(f). Then ev-
ery irreducible component of the fiber H=1(h) containing f has dimension
>(n-1)—s.

PROOF. (i). Since the Hessian map is an SL(C™)-coinvariant [7, §5.1], for any
A € Stabgy,cny(f), we have h = H(A o f) = Ao h, which proves the containment.
(ii). Let X ¢ H~'(h) be an irreducible component containing f and let G be
the connected component of the identity in Stabgy,cn)(h), which has dimension
dim(G) = n — 1. Note that the orbit G- f C X and so dim X > dim(G - f) >
n—1—s. O

The two statements in Lemma 2.11 may be used as necessary conditions for the
equality H(f) = a(z1---2,)?2 # 0 to be satisfied by a given f € Clz1,...,2n]q-
An application of that comes next.

PROPOSITION 2.12. Let n > 2 and d > 3. There is no g € C[xy,...,2,]q such
that H(g) = a(xy -+~ )92 # 0 with complex Waring rank rkc(g) = n + 1.

PROOF. Up to the action of GL(C"), we may assume that g = 2%+ -+ + ¢4,

where ¢ = ayx; + -+ + auxy,, for some a; € C. If £ € (x;,,...,x;,) for some
s < mn —1, then setting h = g — 37, , 24 € Clzy,,. .., 2], we find that

H(g) = BH(h) Tl ... x?_Q. Thus we reduce to the case where a; # 0 for all
i. It is a direct computation to see that dim Stabgr,cn)(g) = 0. By the assumption
H(g9) = afz1---2,)4% # 0 and Lemma 2.11, dimKer(dH,) > n — 1. (This is
because if the dimension of the fiber at H(g) satisfies dim H~!(H(g)) > ¢ then
dim Ker(dH,) > g, for any ¢ € N.) Now, following the argument in the proof of [2,

Lemma 7.2], we find that Ker(dHy) = 0, which is a contradiction. O
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One of the tools at our disposal is a finite-dimensional algebra attached to
a smooth polynomial called the Jacobian ring. Although in Proposition 2.15 we
will establish a sufficient condition on a smooth homogeneous polynomial with a
monomial Hessian to be a Fermat polynomial, this approach seems to be weak
towards answering Question 1.1 in the smooth case.

DEFINITION 2.13. Let g € Clxy,...,2zy]qs. The Jacobian ring of g is the quotient
ring R(g) = Clxy,...,2,]/J(g), where J(g) = (9g/0x1,...,09/0x,). If g is a
smooth homogeneous polynomial, then R(g) is a zero-dimensional local ring and
a finite-dimensional graded Gorenstein C-algebra [9, Corollary 4.2]. Moreover,
the highest non-zero degree summand (the socle) of R(g) is R(g)na—2) = C and
generated by the class of its Hessian, i.e., H(g) ¢ J(g).

PROPOSITION 2.14. Let f be a Fermat polynomial. Suppose a smooth homoge-
nous polynomial g € Clx1,...,x,] of degree d > 3 in n > 2 variables is such that its
Jacobian ring satisfies R(g) = R(f) and its Hessian H(g) = a(z; -+ 2,)% 2. Then
g is a Fermat polynomial.

PRrROOF. Since R(g) = R(f), a result of Donagi [9, Proposition 4.9] shows
that there exists A € PGL(C™) such that A o V(f) = V(g), where these are the
corresponding degree d smooth projective hypersurfaces. Note that A must fix
V(H(f)), as H(g) is a multiple of H(f). Therefore A € Stabpar,cn)(V(H(f))). By
Lemma 2.10(ii), one then finds g = B12{ + -+ + B,2d. O

PROPOSITION 2.15. Suppose a smooth homogenous polynomial g € S = C[zq,. ..

of degree d > 3 in n > 2 variables is such that H(g) = 2" --- 2% . Suppose its Jaco-
bian ideal J(g) is a monomial ideal. Then H(g) = (z1---2,)% 2 and g is a Fermat
polynomial.

PRrROOF. The dimension of the Jacobian ring R(g) as a complex vector space
depends only on n and d; see [9, Proposition 4.3]. Hence it coincides with the one
of R(f), where f is a Fermat polynomial. One then has dim¢ R(g) = dim¢ R(f) =
(d—1)". To see the last equality, let f = ajz{+---+a,ze be a Fermat polynomial.
Its Jacobian ring is the quotient R(f) = S/(z{~%,...,2%~1). A monomial C-basis
for this algebra is formed by all monomial divisors of H(f) = a(zy---z,)?2,
whose cardinality is (d — 1)". Since R(g) is a finite-dimensional graded artinian
Gorenstein C-algebra, Macaulay’s theorem [10, Lemma 2.12] gives a bijection be-
tween these Gorenstein algebras, whose socle is in degree n(d — 2), and homoge-
nous polynomials of degree n(d — 2) up to C*. This implies that there exists
h €T = Cly1,...,Ynln(d—2) such that J(g) = Ann(h), where S acts by differen-
tiation on 7. Recall that H(g) = 2% -- 2P ¢ J(g) = Ann(h). Since Ann(h) is
a monomial ideal and dimc R(g),(4—2) = 1, every monomial of degree n(d — 2)
different from H(g) is in Ann(h). Thus, writing a monomial expansion of h, we
find that b = % --- 4% up to scaling. So Ann(h) = (z2*™!, ... 28*1) and then
(d —1)" = dim¢ R(g) = dimc T//Ann(h) = [];_,(b; + 1). Moreover, by definition

i=1

of the Hessian, we have 7" ,(b; +1) = (3", b)) +n=n(d —2)+n=n(d—1).
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For any finite collection of nonnegative real numbers {b; 4 1};c[n], we have the
inequality between their arithmetic and geometric means (the AM-GM inequality):

(2.9) d—1=

where the first and last equalities are consequences of the two identities on the
b;’s. Equality in the AM-GM inequality (2.9) is verified if and only if b; + 1 =
-+ = b, + 1. This is the case, and so b; = d — 2 for all 1 < ¢ < n. Therefore
we find H(g) = (z1---2,)% 2 and J(g) = Ann(h) = («{7%,..., 2% 1) = J(f). By
Proposition 2.14, g is a Fermat polynomial. (I

We do not know whether after removing the assumption on H(g) from Propo-
sition 2.15 the conclusion still holds true. Note that the homogeneous polynomials
in Remark 2.4 are all singular.

CONJECTURE 2.16. Suppose a homogeneous polynomial g € S = Clzy, ..., ;]
of degree d > 3 in n > 2 variables is such that its Hessian H(g) is a monomial.
Then g is smooth if and only if H(g) = (21 ---1,)%"2 and g is a Fermat polynomial.

REMARK 2.17. Conjecture 2.16 is true also for n = 3 and d = 4. This follows
from a result of Kuribayashi and Komiya [15] stating that any smooth quartic
curve with 12 hyperflexes and with monomial Hessian is projectively equivalent to
a Fermat quartic.

DEFINITION 2.18. Let A € GL(C™) and let I,, be the n xn identity matrix. The
linear transformation A is a unitary reflection if it has finite order and Ker(A—1,,) is
a codimension-one subspace, i.e. A has finite order and fixes pointwise a hyperplane
in C*. A finite group generated by unitary reflections is called a wnitary group
generated by reflections (u.g.g.r.).

REMARK 2.19. A complete classification of u.g.g.r. was found by Shephard
and Todd [20]. These include as particular cases the finite Euclidean reflection
groups (called Cozeter groups). An interesting subfamily of u.g.g.r. is the one of
Shephard groups arising as a symmetry group of a regular complex polytope, defined
and classified by Shephard [19]. The equivalence stated in [16, Theorem 5.10]
characterises Shephard and Coxeter groups among all the u.g.g.r. groups. Item
(v) in loc. cit. states that the Hessian of a minimal degree invariant form under
a Shephard group G is a suitable product of powers of linear functionals (each
functional corresponds to a hyperplane fixed by an element in G). This very last
statement and its similarity with Question 1.1 was our motivation to look at these
finite groups.

ExAMPLE 2.20. The group G(d,1,n) £ Z} x &, C (C*)" x &,, is a Shephard
group. As a matrix group, it is the group of permutation matrices whose nonzero
entries are d-th roots of unity.

EXAMPLE 2.21. Let n,d > 2 and n|d. As a matrix group, the subgroup
G(d,n,n) C G(d,1,n) consists of permutation matrices of the form Diag(0®, ..., 6"
o, where 0 € G,, acts by permutation and Diag is a diagonal matrix with the in-
dicated entries, 0 is a primitive d-th root of unity and Z?:l a; =0 mod n. The
group G(d,n,n) is a u.g.g.r. but not a Shephard group. In particular, [16, Theorem
5.10](v) fails.

)

o
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REMARK 2.22. The groups described above are contained in the stabilizers of
homogeneous polynomials that are related to Question 1.1.
(i) Let f =2¢+--- + 2% Then StabGL cm(f) = G(d, 1,n).
(ii) Letn,d > 2 andn|d. Iff=(x; -z ,)d/n then G(d, n,n) C Stabgr,cn)(f).

PROPOSITION 2.23. Let n > 2 and d > 3 with n|d. Let f € C[zy,...,2,]q be
such that its Hessian H(f) = a(x1---2,)* 2 # 0. Then f = B(x1---2,)¥™ or
f =8¢+ +al)if and only if G(d,n,n) C Stabgr,cr)(f)-

PROOF. One implication is Remark 2.22. Suppose G(d,n n) C Stabgr,cn)(f),

i.e. fis an invariant under G(d,n,n). Then f = aq(z¢+- - +2d)+ag(xy - - )d/”
as the invariant ring Clxy, ..., 2,]9(®™™) is the polynomial ring generated by the
elementary symmetric functions of degrees 1,...,n — 1 evaluated at x¢,..., 2% and

by (1 ---2,)%™ [20, Part II, §6]. (Indeed, by the Jacobian criterion these n invari-
ant polynomials are algebraically independent and the product of their degrees is
equal to d™ - (n —1)!, the cardinality of G(d, n,n); see [20, Theorem 5.1].) Suppose
a1, g # 0. In the monomial expansion of H(f) we look for monomials divisible by
(21 Tn_2)?2T2% . Equivalently, we search for monomials m in the expansion of
H(f) such that the x;-degree of m, for i € {1,--- ,n—2}, is at least d72+2%. One
may write deg, (m) = hi(d—2)+hs (% —2)+hs (% - 1)+h4% > d72+2%, where
hi, ha, hs gives a choice of a monomial in the i-th row of Hess(f), i.e. the row where

the entries are of the form 35 8’; , and h4 represents a choice of a monomial outside

the ¢-th row. Thus h1—|—h2—|—h3 =1 and hy + hs + hg + hy < n. Suppose h; = 0.
If hy = 0, then hy = 1and hy <n—1. So hg (£ —1) +hed <& 14 (n—1)4 =

d-—1<d-2+ 2% and hence this case is not possible. Similarly, if h3 = 0, then
ho = 1 and this case is not possible. Therefore h; = 1 and hy = hy = 0. Hence
hl(d—2)+h4% = d—2+h4% > d—2—&-2%7 which implies hy > 2. Since this holds for
every i € {1,...,n — 2}, the monomials we are looking for can only be monomials

in the expansion of the product between (x ---2,_2)%"2 (7 # 0 because a; # 0)

and the determinant of the lower-right 2 x 2 minor of Hess(f) given by
(2.10)

d d_o d d d_q1 d_
d (d 4 w2, a)? 4 n i a7t
ald(d—l)x + 25 (R —1) (1 .. xp_2)na? | oy ag (;) (x1...xp_2)nal | o
d 4y 4 d—2 d(d d 4 da)
( ) (x1...Tp_2)nal | o ard(d — Dzg ™ + ot (; — 1) (1. Tp_2)nal jay

d_9 94
From (2.10), we see that the monomial (zy - - - o)~ 2425 o2n " 2272 appearing

in H(f) has coefficient

d\? [ d 2 ra\! d\’ d
o [ () €] € (8
n n n n n
This is a contradiction and hence either a; = 0 or ag = 0. O

CONJECTURE 2.24. Let n > 2 and d > 3. Let f € C[xy,...,2,]q be such that
its Hessian is H(f) = a(x1 -+ ,)*"? # 0. Then, up to conjugation, Stabgr,cn)(f)
contains a product of groups of the form G(d,1,n — q) x G(d, q,q) (with G(d, 1,0)
and G(d,0,0) being trivial groups by convention), and f is an invariant of minimal
degree for such a group.



12 EDOARDO BALLICO AND EMANUELE VENTURA

3. Local Koiran-Skomra’s question

We formulate a local version of the Koiran-Skomra’s Question 1.1: whether
there exist homogeneous polynomial solutions g to the equality H(g) = a(zy - - - x,)% 72 #
0, that are close to a Fermat polynomial f = aj2¢ + - -- + apzl. To deal with this

local version, we first compute the differential of the Hessian map.

LEMMA 3.1 ([2, Lemma 7.2]). Let f,g € Clxy,...,x,]qa be two homogeneous
polynomials of degree d. The linear function dHy : Clxy,. .., zn]q = Clz1,. .., Zn]na—2),
defined as g — %H(f +tg)|i=0, is the differential at f of the Hessian map H :
Clzy, ..., xpla = Cloy, ..., Tnlp—2). The image dHy(g) is the sum of the deter-
minants of n matrices H® whose i-th row is Hj] = %, and whose k-th row for

. 92
k#iis Hy; = ﬁéf;j‘

PROOF. Viewing p(t) = H(f + tg) = det(Hess(f + tg)) as a polynomial in ¢,
the image of g under dHy is by definition the coefficient of ¢ in p(t). By definition
of determinant, every contribution to this coefficient must involve a unique row of
the matrix Hess(f +tg): the i-th such contribution is the determinant of H® in the
statement. (]

PROPOSITION 3.2. Let f ="  2¢ € Cla1,...,25)q.
(i) If d > n+1, then dim(Ker(dHy)) =n — 1.
(ii) If d < n, then dim(Ker(dHy)) =n —1+ (7).

PRrOOF. (i). Let g € Clx1,...,2n]¢. Then, using the formula in Lemma 3.1, we
find dH(g) = (d(d—1))""*- Y0, [l x;ld%. Denote g; =[] x?d%. For

two distinct indices 0 < h,k < n, consider the monomial expansion of g and gy.
Note that deg(gn) = deg(gr) = n(d — 2). A monomial shared by g, and g, must
be divisible by both [[;_, x?_Q and [ ], x}i_2. Thus such a monomial is divisible
by [T, 2472, Since any monomial of the g; has degree n(d — 2), the only shared
monomial by any two of the g;’s is [, x?iQ.

Suppose g € Ker(dHy). Then the condition dHf(g) = 0 implies that the
coefficients of all monomials appearing only in a single g; vanish. Since d > n + 1,
all the coefficients of g appear in a unique g;, except the coefficients g; of the
powers r¢ appearing in the monomial expansion of g. The fact that the only shared
monomial by all the g;’s is H?zl xffz implies the linear equation Z?:l Bi = 0.
(Note that this is the tangent space of the algebraic torus in the fiber at f.) Thus
dim(Ker(dHy)) =n — 1.

(ii). Keep the notation from above. Since d < n, the coefficients of monomials
in ¢g annihilated by all the quadratic differentials, i.e. the square-free monomials

2, -+ x4, for some 1 <4y,...,ig <n, do not appear in any of the g;’s summands.
There are (7)) of those. This shows the lower bound dim(Ker(dH)) > n — 1+

(Z) The equality comes from the direct verification that any other coefficient in g
appears as coefficient of a unique monomial in a unique g; and thus must vanish. [

REMARK 3.3. Proposition 3.2 implies that, when d > n + 1, the local version
of Koiran-Skomra’s Question 1.1 has a positive answer.

For binary homogeneous polynomials, we offer a description of the differential
at all monomials. We believe that the differential is important to understand better
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the Hessian map. For this part we were inspired by [2], where the authors provide
ample evidence on how useful the differential is.

PROPOSITION 3.4. Let d > 2 and let f = 2¥z3™ % € Clzy, z0]q, with 0 < k < d.
(i) If k = d, then dim(Ker(dHy)) = 2.
(ii) If & = d — 1, then dim(Ker(dHy)) = 1, unless d = 2. In the last case,
dim(Ker(dHy)) = 2.
(iii) If k < d—2, then dim(Ker(dHy)) is the number of indices 0 < j < d such
that d(k — j)? — d(k + j) + 2kj = 0.
(iv) Let d > 3 and k < d — 1. Then dim(Ker(dHy)) < 1, unless d = 2k
and k is a square. In this case Ker(dH ) is the span of x’f”%’g—ﬁ and
x’ffﬁxéﬁﬂ.

PROOF. Statement (i) is a direct computation using the formula in Lemma 3.1.

By Lemma 3.1, for g € C[z1,22]q4, we have

&g/0xi 8%g/0x1 022 k(k — 1)252287%  (d — k)kat~zd—k!

dH;(g) = (d—k)ka" 2l "1 (d—k)(d—k— Datad 2 *‘ 8%g/010, 9%g/0a3
Let g = Z?:o aixingi. Thus
d
dH(g) = (d—k)(d — k —1) lz agi(i — 1)ahtim2g2d—k—i=2)
=0
d . .
—2(d — k)k lz ai(d — i)ighTi=2g2d=k=i=21
1=0

d
+k(k—1) lz ai(d—i)(d—i— l)x]f'”_ngd_k_i_Q] .
i=0
The coefficient of the monomial aja?’f“_ngd_k_j_Q i
(3.1)
9ld b, ) = (d—k)(d—k—1)j(— 1) ~2(d—kYb(d— ) +k(k—1)(d—j)(d—j—1) =
=(d—1) [d(k—j)* — d(k + j) + 2kj] .
(ii). Suppose k = d—1. Then g(d,d—1,j) = (d—1)(d — j)(d* — dj — 3d +2). Thus
we have g(d,d —1,d) =0. For j =d —s < d—1, we find that g(d,d — 1,d — s) =
(d—1)(d—j)(sd —3d+2). So g(d,d—1,d — s) = 0 if and only if d = — 25, which
is only possible if s =1 or s = 2. If s = 1, then d = 1, which is excluded from the
assumptions as it is a trivial case. For s = 2, we have d = 2 and j = 0. In this case,
in the expansion of dH(g) the only vanishing coefficients are those of a¢ and as
and whence dim(Ker(dHy)) = 2. Otherwise, when k = d — 1, in the expansion of
dH¢(g) the only vanishing coefficient is the one of a4 and so dim(Ker(dHy)) = 1.
(iii). Using the approach in (ii) above, when k < d—2 the only vanishing coefficients
of the monomials ajaclfﬂ721“3(17167]72 are for those indices j satisfying g(d, k, j) = 0.
Then it is immediate to see that dim(Ker(dH)) is the number of indices j such that
g(d,k,j) = 0. (Clearly, the equation is quadratic in j and hence dim(Ker(dHy)) <
2.)
(iv). By part (iii), dim Ker(Hy) > 1 if and only if the following polynomial in j

S

2
(3.2) j2+j<2k1+§)+k2k0
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has two integral roots 0 < j; < jo < d. Assume the existence of such ji,jo. Thus

2k
(3.3) J1j2 = k(k —1) and jy —|—j2:2k+1—7.
Since 0 < k < d, (3.3) gives d = 2k and j; + jo = 2k. So j1 = k — Vk and
jo = k4 vk. Assuming the existence of these integral solutions, d = 2k where k is
a square. (I

In some cases, one finds a large subset of binary homogeneous polynomials
whose differential is injective:

COROLLARY 3.5. Let d > 3 be a prime and 2 < k < d—2. Let Wy, C Clz1, 224
be the set of homogenous polynomials of the form Zfz & a;z xd" such that ay # 0.
Then, for any f € Wy, dim(Ker(dHy)) = 0.

PRrOOF. For A € C* and f € Wy, define fy(z1,72) = f(Az1,22)/AF. One
has dim(Ker(dH(fx))) = dim(Ker(dHy)). Note that g = limy_o fa(z1,22) =
arz¥zd™F # 0. By semicontinuity, we have dim(Ker(dHy)) < dim(Ker(dH(g))).
By Proposition 3.4(iii), the latter is the number of indices 0 < j < d satisfying the
equation d(k — j)2 —d(k + j) +2kj = 0. If j = 0, then k = 0 or k = 1, which
are excluded. For j # 0, since d is a prime dividing the nonzero integer 2kj and
k < d— 2, we must have j = d. For j = d, one finds d(k — j)? — d(k + j) + 2kj =
d(k —d)(k —d+1). So, given 2 < k < d — 2, there is no j satisfying the equation
above. Thus dim(Ker(dHy)) =0 for all f € Wj. O

In Theorem 2.9, the exceptional cases appear when d = 2m?2. These are also
somewhat exceptional instances from the perspective of the differential of the Hes-
sian map, as witnessed by Proposition 3.4(iv) and, as a consequence, by the next
result.

THEOREM 3.6. Let d > 3 and let f € Clxy,z2]q with H(f) # 0. Then
dim H'(H(f)) < 1 and dim(Ker(dH¢)) < 1, unless d = 2m? and f = o o
(where £; are linearly independent linear forms). In the latter case, dim(Ker(dHy)) =
2.

PrROOF. First, suppose d # 2m?. It is sufficient to prove that dim Ker(dHy) <
1. (This is because if the dimension of the fiber at H ( f) satisfies dim H~(H(f)) > ¢
then dim(Ker(dHy)) > g, for any ¢ € N.) For any k > 1, let W}, be the set of all
g € Clz1,22]q such that g = Z?:k aixixg_i and ap # 0. Up to the action of
GL(C?), we may assume f(0,1) = 0, i.e. we may assume f = Z?N aixixd™". Let
imin De the smallest positive integer such that a;,_. # 0 and hence f € W;_. . We
have imin < d, because H(f) # 0 and so 1 < iy < d — 1. As in the proof of
Corollary 3.5, for any A € C*, define gy (z1,72) = f(Ax1,22)/Amin. Note that g =
i, ximepd=min — Jimy gy, One then has dim(Ker(dHy,)) = dim(Ker(dHy))
for all A € C*. By semicontinuity, we have dim(Ker(dHy)) < dim(Ker(dH,)) < 1,
where the last inequality is Proposition 3.4(iv).
Now, assume d = 2m?2. Since H(f) # 0 and d > 3, we may assume that f has
at least two distinct zeros. Up to the action of GL(C?), we may assume f(0,1) =
f(1,0) = 0, i.e. we may assume ag = ag = 0. The first part of this proof works
if iin # m2. Thus, we may assume i, = m2. Let jni, be the minimal positive
integer such that aq—;,,, # 0 by Proposition 3.4(iv). Since ag = 0, jmin > 0.
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Define hy(x1,x2) = f(x1, \x2)/Mmin. Since h = ad_jmina:il_jm‘“x%mi“ = limy_,q Ay,
by semicontinuity we obtain dim(Ker(dH)) < dim(Ker(dHp)). If jmin < m?, then
Proposition 3.4(iv) gives dim(Ker(dHy)) < 1. Otherwise, imin = jmin = m? and so
f= m’lng x§"2. In this case, Proposition 3.4(iv) shows that dim(Ker(Hy)) =2. 0O

REMARK 3.7. Theorem 3.6 also shows that the Hessian map at the monomial
counterexamples is not necessarily a local embedding.
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