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Abstract: The present work investigates the residual deformations arising from the curing process of composite

curved parts and mitigation strategies to reduce them. Numerical simulations based on finite elements and refined

structural theories are adopted and verified against closed-form solutions. The higher-order structural theories

are based on the Carrera Unified Formulation, and one-dimensional models are built using layer-wise kinemat-

ics. The Cure-Hardening Instantaneously Linear Elastic constitutive model is used. The analytical formulation

includes the effects of the final demolding and the in-plane deformations. Results consider spring-in and warp-

ing angles after the tool removal. The numerical efficiency of the one-dimensional model allows for thorough

parametric analyses, and all the possible combinations of an eight-layer cross-ply laminate are considered. The

results confirm that the in-plane deformation and the final demolding play a fundamental role in process-induced

deformations. Furthermore, deformations can be significantly reduced by considering asymmetric laminates and

localized composite patches.

Keywords: Curing; virtual manufacturing; composites; CUF; process-induced deformations
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Figure 1: Spring-in angle and warping phenomenon in a L-shaped model.

1 Introduction

Fiber-reinforced polymer composites have become increasingly popular in aerospace applications due to their

high strength-to-weight ratio and excellent fatigue resistance. The autoclave processing method [1] is the most

commonly used manufacturing technique for high-performance composite materials. The autoclave facilitates

the removal of trapped air or moisture by using high pressures and temperature cycles to activate the resin and

cure the material.

The autoclave process can induce residual stresses and strains within the composite material [2], deriving from

many factors, e.g., the thermal expansion mismatch between the fiber and the resin matrix and the shrinkage

[3]. These defects may be critical for the final shape of the cured part and can affect the structure’s performance.

Therefore, minimizing such defects and residual stresses is desirable [4].

The Process Induced Deformations (PID) can be seen as combining the spring-in angle and the warpage. In the

case of curved parts, such as the well-known L-shaped parts, the spring-in angle refers to the deviation of a part’s

angle from its nominal value, which occurs when the part is removed from the mold after curing. On the other

hand, warpage refers to the change in curvature both in the longitudinal direction and along the flange after

it has been manufactured, as shown in Fig. 1. Due to the intrinsic multiscale nature of composite materials,

residual stresses can cause different issues depending on the scale of interest. For instance, residual stresses may

lead to critical shape distortion at the laminate level. On the other hand, at the micro-scale level, the structure

can experience micro-cracks or fiber-matrix debonding [5, 6, 7]. Multiple factors can influence the extent of

deformation, such as the materials, the stacking sequence, part geometry, and curing cycle type. Classifying the

known parameters that may affect spring-in angle [8] as intrinsic or extrinsic is convenient. Intrinsic parameters

are defined as parameters related to part geometry and material properties, whereas extrinsic parameters are

related to tooling and processing. In a recent work by Traiforos et al. [9], the authors concluded that the

material of the tool has a significant effect on the final spring-in angle and also that a fast curing cycle leads

to a higher spring-in angle. Thus, a comprehensive investigation of the combined effect of these parameters

is necessary. Many works on experimental and numerical activities have recently been published [10, 11].

Carolyne and Fernlund [12] show that both design and process parameters affect spring-in and warpage and

demonstrate that spring-in of curved laminates is sensitive to the measurement technique. Thinner parts have
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greater spring-in values than thicker [13]. Notably, among all the parameters that could be manipulated to

manage the final spring-in angle, the stacking sequences of the component strongly impact the result [14].

Sorrentino and Bellini [15] found that higher values of thickness reduction minimize residual stresses for the

composite structures with angled cross-sections. Moreover, in the work of Zhang et al., [16], a parametric study

was conducted to investigate the influence of the corner radius, the fiber orientation, the laminate thickness,

and the flange length on the spring-in angle of variable-stiffness components using commercial numerical tools.

More recently, many studies have proposed combined methods based on experiments, simulations, and machine

learning to investigate the effect of processing variables and the experimental conditions [17, 18, 19]. Analytical

methods are commonly used as they provide results quickly and are helpful for benchmarking analyses. In

[20], an analytical solution for spring-in angles of curved composites is presented. Ding et al. [21] proposed an

analytical solution considering the effect of the flange on spring-in angles in L-shaped parts. Additionally, in [22],

a parametric study is presented to investigate the influence of curing cycle, geometry, tool thermal expansion,

and resin characteristics on PID. Takagaki et al.[23] proposed a novel analytical method for L-shaped parts to

evaluate the residual spring-in angles. In the work of Balaji et al., [24], advanced rheological models and neural

networks are integrated into finite element modeling to improve predictions of distortions during thermoset

polymerization processes markedly.

In recent years, research works on mitigation strategies have been published. In the work of Zobeiry and Pour-

sartip [2], three methods are employed to mitigate the effects of residual stresses and deformations: design

compensation, assembly compensation, and mold geometry compensation. The latter is preferred as it involves

predicting the deformed geometry of the part using process simulation tools and compensating the mold geome-

try accordingly, ensuring parts with geometric deviations within design tolerances can be manufactured. Other

recent works propose alternative methods for introducing prestress to a single layer or part of the layers [25].

Moreover, the work [8] presents the process optimization strategies for minimizing the PID during manufacture,

and Wucher [26] proposed mold compensation approaches.

Since residual deformations develop mainly through thickness, using a numerical model that includes through-

the-thickness deformation is essential. Thus, within this work, a numerical simulation technique based on the

Carrera Unified Formulation (CUF) [27, 28, 29] and the Finite Element Method (FEM) is employed. The CUF

enables a higher-order one-dimensional model, which accurately describes the three-dimensional response of

the structure, thus significantly reducing computational costs and accelerating simulation times compared to

more complex 3D simulations [30]. Using Layer-Wise (LW) models becomes necessary to precisely predict the

residual deformations [31, 32]. The present work focuses on exploiting the computational efficiency of CUF to

investigate the effect of stacking sequences on PID and introducing innovative mitigation strategies. In addition,

the results are compared to an analytical formulation based on [23], and new effects are incorporated into the

former formulation.

The present paper is organized as follows: Section 2 presents the one-dimensional refined model based on CUF
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Figure 2: Beam model of the L-shaped part with its coordinate system and the discretization of the cross-section using
L4 and L9.

and its capabilities. Then, in Section 3, the curing process and the L-shaped model are described. Section 4

reports the closed-form solution used in the verification process. Furthermore, Section 5 assesses the present

numerical model against analytical solutions. In Section 6.1, numerical results are presented for symmetric and

asymmetric laminations, and the mitigation of the predicted residual deformations is discussed. The paper’s

main results are summarized and discussed in Section 7. Finally, Section 8 presents conclusions and perspectives.

2 CUF one-dimensional theories for virtual manufacturing

The numerical approach adopted in this study is based on the well-established Carrera Unified Formulation

(CUF) to develop higher-order structural theories, which provides a level of accuracy comparable to three-

dimensional (3D) models while ensuring lower computational costs [27, 33]. According to CUF, the governing

equations can be expressed in a compact form, which remains independent of the structural theory adopted;

in the case of finite elements (FE) and according to the reference system in Fig. 2, the 3D three-dimensional

displacement field can be reduced to a 1D modeling as follows:

u(x, y, z) = Fτ (x, z)Ni(y)uτi τ = 1, ...,M i = 1, ..., Nn (1)

where Fτ (x, z) is the expansion function defining the structural theory cross-section direction, Ni(y) is the shape

function employed along the beam direction, and uτi are the nodal unknowns. Furthermore, M is the number

of the expansion function terms, and Nn is the number of the 1D element nodes. The expansion functions in

the present analysis are based on Lagrange polynomials, leading to a Layer-Wise (LW) approach, where each

layer of the laminate has its own set of displacement variables. In Fig. 2, linear four-node (L4) and quadratic

nine-node (L9) Lagrange elements over the cross-section of the model are shown. In the results section, a

convergence analysis will be conducted to choose elements among those presented. The displacement field with
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L9 elements becomes [34]:

ux = L1ux1 + L2ux2 + L3ux3 + L4ux4 + L5ux5 + L6ux6 + L7ux7 + L8ux8 + L9ux9

uy = L1uy1 + L2uy2 + L3uy3 + L4uy4 + L5uy5 + L6uy6 + L7uy7 + L8uy8 + L9uy9

uz = L1uz1 + L2uz2 + L3uz3 + L4uz4 + L5uz5 + L6uz6 + L7uz7 + L8uz8 + L9uz9

(2)

where L denotes the use of Lagrange functions, on the other hand, over the beam y-direction, cubic four-node

elements (B4) are employed, as shown in Fig. 2.

The stress and strain fields are expressed as follows:

εT = {εxx, εyy, εzz, εxz, εyz, εxy}

σT = {σxx, σyy, σzz, σxz, σyz, σxy}
(3)

The displacement-strain geometrical relation is given by:

ε = Du (4)

where D is a 6×3 linear differential operator [27]. The stress-strain constitutive relation is

σ = Cε (5)

where C is the material coefficient matrix. The Principle of Virtual Displacements (PVD) is used for the

governing equations,

δLint = δLext (6)

where δLint is the variation of the internal work, and δLext the variation of the work from the external forces.

The internal work in Eq. (6) is formulated through the constitutive equations from Eq. (5) and the geometrical

relations from Eq. (4):

δLint =

∫
V

δεTσdV = δuT
sj

∫
V

[NjFsD
TCDFτNi]dV︸ ︷︷ ︸
kijτs

uτi = δuT
sjk

ijτsuτi (7)

where uτi are the nodal unknowns and δuT
sj their variations. The 3×3 fundamental nucleus of the problem,

kijτs, is then assembled over the four indices i, j, τ , s to obtain the overall stiffness matrix K.

Assuming that the external load arises from thermal and chemical fields generated during the curing process,

the work of the external forces can be expressed as the sum of two distinct contributions:

δLext =

∫
V

δεTCα∆TdV +

∫
V

δεTCεSdV (8)

6



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0 50 100 150 200 250 300

0

20

40

60

80

100

120

140

160

180

D
e
g
re

e
 o

f 
c
u
re

 

T
e
m

p
e
ra

tu
re

 [
°C

]

time [s]

Degree of cure

Time [min]

Temperature
Gelation point

Figure 3: Evolution of degree of cure and temperature of the curing cycle.

where α∆T is the deformation related to the thermal field, α is the coefficient of thermal expansion vector,

∆T is the temperature variation, and εS is related to the chemical shrinkage. Therefore, the external work in

the CUF framework becomes

δLext = δuT
sj

∫
V

NjFsD
TC

(
α∆T + εS

)
dV︸ ︷︷ ︸

fjs

= δuT
sjf

js (9)

where f js is the 1×3 fundamental nucleus of the load vector, assembled over the indices j and s provides the

global load vector F .

The numerical simulation employed in this investigation is based on the Cure-Hardening Instantaneously

Linear Elastic (CHILE) constitutive model, described in [35]. This model is used for the monotonic evolution of

the composite’s elastic properties during the progression of the cure. The CHILE model assumes the material

exhibits an instantaneous linear elastic response, although the elastic constants may vary throughout the simu-

lation. The solution at the end of the process is the cumulative summation of the incremental elastic solutions

corresponding to each individual ti-th step [32],

u =

Nα∑
ti=1

∆uti (10)

where ti is the current step and Nα is the total number of steps. The simulation of the curing process starts

at the gelation point [1], indicated by the degree of cure αg and the gelation temperature Tg in Fig. 3. The

elastic properties are updated at each time step, and the incremental deformations resulting from the thermal

effect ∆εtiT and the chemical effect ∆εtiS are considered in the calculation of the external load. The incremental
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Figure 4: Geometry of the L-shaped component on the tool and applied boundary conditions.

contribution at each step is computed as

∆uti = [K]−1
ti ∆Fti (11)

where [K]ti is the stiffness matrix combining the part, the tool, and the shear layer at the i-th step; ∆Fti is the

variation of the global forces. More details about the simulation procedure are in [32]. The analysis conducted

in the present work is linear.

3 L-shape part, material properties, and curing cycle

This section describes the L-shaped model, including the features related to the geometry adopted in the

numerical analysis, as shown in Fig. 4. The component comprises eight plies, each with a thickness of 0.19 mm

- for a total thickness of 1.52 mm - and balanced/unbalanced cross-ply laminations and symmetric/asymmetric

stackings, as detailed in the result section. The lamination angle, denoted as θ, is defined relative to x.

Consequently, for a lamination with θ = 90◦, the fibers are parallel to y. Due to the symmetry of the model

in both geometry and loading conditions, only the portion highlighted on the right side of Fig. 4 is modeled;

three symmetries are imposed: two are related to the composite part on the x-z and y-z planes, and the third

pertains to the tool, on the x-y plane. Moreover, the interaction between the tool and the part is modeled as

frictionless, adopting a reduced shear stiffness to allow relative sliding. Thus, the tool-part interaction [36] is

not considered in the present paper.

The composite material adopted is the AS4/8552 unidirectional prepreg from Hexcel. The cured ply of this

prepreg has a thickness of approximately 0.19 mm and is composed of about 35% 8552 epoxy resin by weight

[37] and 65% AS4 HexTow carbon fibers with an aerial weight of 190gsm [38] [39, 40]. The tool’s material

and the shear layer is the Invar, with E = 150 GPa, ν = 0.28, α = 1.56 × 10−6 /◦C. The RAVEN Software

[41] supplied the data related to the curing process and the progression of mechanical properties. The 8552

free-strains from [42] have been incorporated into the RAVEN simulation. The curing cycle is reported in Fig.
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3, featuring a heating rate of 1◦C/min, followed by a hold temperature at 180 ◦C for 120 minutes, and a final

cool-down step, leading to a total cycle duration of approximately 333 minutes. All the material properties are

available in [32].

4 Closed-form solutions for process induced deformations of L-shaped

parts

In the following section, the closed-form solution involved in assessing the numerical analysis is presented. The

analytical model is based on the work of Takagaki et al. [23] and considers an L-shaped component comprised

of two separate parts: the C-shaped part proposed by [43] and the flange. The model and coordinate system

are shown in Fig. 5. The closed-form solution considers the in-plane direction, 1, and the through-the-thickness

direction, 2. Similarly to the numerical model, only half of the L-shaped laminate is considered. In Fig. 5, θ0/2

is half of the corner angle, while R is the radius measured from the center of curvature to the reference neutral

axis x. The length of the flange is l, and t is the thickness.

The analytical analysis assumes that the part undergoes two distinct types of deformation. The first type

emerges during the curing cycle, leading to a shear deformation. Notably, in the early stages of the process,

residual stresses are predominantly due to the transverse shear deformation. Therefore, the part experiences a

negative deformation across its thickness. At the same time, the in-plane deformation is initially assumed to be

negligible. The second deformation contribution emerges after the tool removal, when the part is detached from

the tool, resulting in both spring-in and warpage angles. According to [23] and the previous considerations, the

final spring-in angle can be expressed as

ϕ1 = θs(x)− γ(x) =


− ε2x

R
+ ε2

aR
· cosh(al)
cosh{a(Rθ0/2+l)} · sinh(ax) (0 ⩽ x ⩽ Rθ0

2
)

− ε2θ0
2

+ ε2
aR

· sinh(aRθ0/2)
cosh{a(Rθ0/2+l)} · sinh(a(Rθ0/2 + l − x)) (Rθ0

2
⩽ x ⩽ Rθ0

2
+ l)

(12)

where θs is the bending angle the part would experience without the tool, γ is the shear deformation, ε2 is the

through-the-thickness strain. The parameter a is defined as:

a =

√
10Gθt

Eθt2
(13)
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Figure 6: Deformation components due to chemical and thermal shrinkage along the part according to the closed-form
solution.

where Eθ and Gθt are the effective in-plane and out-of-plane moduli, respectively, with t denoting the thickness

of the laminate. The angle is determined using two distinct expressions depending on which portion of the

component is being studied. Specifically, the first row pertains to the curved section, while the second refers to

the flange area. Figure 6 shows the effects shows the deformations according to the closed-form formulation,

due to the chemical and thermal shrinkages. For a generic stacking sequence, the equivalent elastic matrix Ceq

has to be considered to evaluate the strain component vector ε related to the laminate:

Ceq =
1

N

N∑
k=1

Ck (14)

where N is the number of layers. As seen above, the strain due to the application of the chemical and thermal

load can be evaluated as follows:

εT+CH = α∆T + εS (15)

The evaluation of σeq can be obtained from:

σeq =
1

N

N∑
k=1

σk =
1

N

N∑
k=1

Ckε
k
T+S (16)

The equivalent deformation components for a composite part with N layers can be determined as follows:

ε = Seqσeq (17)

where Seq is the equivalent compliance matrix. At each curing cycle’s step, the cumulative spring-in angle is

updated.

In the present analytical formulation, several assumptions are made. Firstly, the interface between the

component and tool is frictionless, and equivalent material properties are used. The bending stiffness is not

expected to change significantly, and thus, the bending properties adopted for each step are equal to the final

value. Moreover, this formulation stage does not include the shear stress released by demolding. Finally, the

in-plane deformation ε1 is considered negligible. The two assumptions regarding the bending and in-plane

deformations make this model effective only for cross-ply laminates with equal layers at 0 and 90 degrees. This
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formulation can be enhanced and used for a generic balanced cross-ply laminate analysis by introducing two

corrections. The initial effect pertains to the final demolding that may be included by scaling the deformation

calculated at each step with the ratio between the current and the final bending modulus:

ϕ2 = ϕ1ti

Eti

Ef
(18)

where ϕ2 is the updated spring-in angle and ϕ1ti is the spring-in angle at k-th step. The second modification to

be accounted for is the in-plane strain, denoted as ε1. The integration of this component can be accomplished

as follows:

ϕ3 =


ε1x
R (0 ⩽ x ⩽ Rθ0

2 )

ε1θ0
2 (0 ⩽ x ⩽ Rθ0

2 + L)

(19)

where θL is the updated spring-in angle, incorporating the effect for both the curved and the flat sections.

Figure 7 shows the angle ϕ3 resulting from the in-plane deformation. The modifications introduced enable the

determination of the spring-in angle for composite parts composed of curved and flat parts. In this work, three

analytical formulations will be employed. The first is the original formulation presented by [23]. The second

accounts for the effect of the final demolding, while the third considers both the final demolding and the in-plane

strain. Table 1 provides a summary of the three closed-form solutions discussed in this section, emphasizing

the effects incorporated into the formulations, i.e.,

CF2 = CF1 + Final demolding (20)

CF3 = CF2 + In–plane strain (21)
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Table 1: Summary of closed-form (CF) solutions and their respective contributions.

Bending without tool Warping with tool Final demolding In-plane strain Spring-in angle
CF1 × × ϕ1

CF2 × × × ϕ2

CF3 × × × × ϕ2 + ϕ3
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Figure 8: Convergence analysis for (a) numerical analysis with 242L9-1B4 mesh and (b) closed-form solution.

5 Assessment of the numerical model

The following section presents the results from the analytical approach, presented in Section 4, and the numerical

models based on higher-order structural theories described in Section 2. Given the lack of results in the literature

for a comprehensive combination of laminations, this section aims to study the deformations arising during the

curing cycle of an L-shaped part and verify the numerical results with analytical ones, with a particular emphasis

on the residual spring-in angle. Initially, a convergence analysis is conducted to determine the proper FE mesh,

the structural modeling, and the number of steps for the curing simulation. By evaluating the resulting spring-in

angles, the study seeks to identify the combination that provides the best trade-off of accuracy and computational

efficiency. Then, the closed-form solution is employed to verify the numerical results by considering sixteen

cross-ply stacking sequences.

5.1 Convergence analysis

The initial convergence analysis aims to define the number of analysis steps for the curing simulation. The

number of steps is essential as the thermal and the elastic properties are updated at each time step, and the

solution at the end of the process is the cumulative summation of the incremental solutions corresponding to

each step [32]. The stacking sequence (90/0/90/0)s was employed for the convergence analysis.

Figures 8a and 8b show the tip spring-in angle as the number of steps change. The analytical and numerical

simulations consistently yield satisfactory results with 48 steps. For such a step size, the maximum variation of

properties within one step is 5%; all the following analyses were carried out with 48 steps.
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Table 2: Number of Degrees of Freedom (DOF) associated to each structural model.

N of DOF
L4 - 1B4 3348
L4 - 2B4 5859
L9 - 1B4 12492
L9 - 2B4 21861
L16 - 1B4 27444
L16 - 2B4 48027
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Figure 9: Convergence analysis for the structural model.

A convergence study is then conducted for the numerical model to determine the appropriate discretization

along the beam direction and the structural modeling over the cross-section. The numerical model uses one-

dimensional four-node B4 elements and bi-dimensional Lagrange elements - L4, L9, and L16 - for the cross-

section. Table 2 reports the DOF associated to each structural model employed in the convergence analysis.

The convergence results are shown in Fig. 9, where the variation of the spring-in angle is reported along the

longitudinal direction of the model. The study reveals that L4 are less effective than L9 and L16 elements.

However, using L16 elements does not significantly enhance accuracy compared to L9 elements, suggesting that

L9 elements are adequate for this model. When calculating the spring-in angle, primarily occurring in the z-

direction, using more one-dimensional elements is unnecessary. In every mesh, the number of Lagrange elements

used in the cross-section is 242. Therefore, the 242L9 - 1B4 mesh, which balances computational efficiency and

accuracy, is selected. Along z, one L9 per layer was used for the composite part, shear layer, and tool. Along

x, eight L9 were used for the curved part, sixteen for the straight segment, and two for the final curve of the

tool.

5.2 Comparison between numerical and closed-form solutions

This section analyzes the numerical and analytical outcomes regarding spring-in angles for the L-shaped model.

First, the analytical findings for the (90/0/90/0)s stacking sequence concerning the spring-in angle over the
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Figure 11: Comparison of numerical and analytical solutions on the spring-in angle over the length of the part,
(90,0,90,0)s.

length of the model are presented in Fig. 10. The figure shows the analytical contributions represented by the

bending (purple line) and the warping (gray line) effects, which, when combined, yield the CF1 (Closed-Form

1) curve, shown in green. CF2 (black line) and CF3 (blue line) add the final demolding and in-plane strain

effects, respectively; see Eqs. (20) and (21). Figure 11 compares the spring-in angles derived from analytical

and numerical solutions along the length of the model. Table 3 presents the values of the tip spring-in angles

and the relative percentage differences between the tip spring-in angles obtained from the numerical simulation

and those derived from each closed-form solution:

∣∣∣∣NS − CF ∗

CF ∗

∣∣∣∣ · 100 (22)
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Table 3: Tip spring-in angles for stacking sequence (90,0,90,0)s and percentage difference of the numerical solution
against the closed-form solutions (CF).

Tip spring-in angle [deg] relative difference [%]
Numerical solution 1.267 -

CF1 1.468 13,69%
CF2 1.378 8.05%
CF3 1.275 0.62%

Table 4: Symmetrical stacking sequences employed in the numerical assessment.

ID LAM Stacking sequence
1 (0,0,0,90)s
2 (0,0,90,0)s
3 (0,90,0,0)s
4 (90,0,0,0)s
5 (0,0,90,90)s
6 (0,90,0,90)s
7 (0,90,90,0)s
8 (90,0,0,90)s
9 (90,0,90,0)s
10 (90,90,0,0)s
11 (0,90,90,90)s
12 (90,0,90,90)s
13 (90,90,0,90)s
14 (90,90,90,0)s
15 (0,0,0,0)s
16 (90,90,90,90)s

where NS represents the tip spring-in angle values obtained from numerical simulations, as indicated in the

first row of Table 3, CF* refers to the specific closed-form solution, e.g., in the second row of Table 3, 13.69%

indicates the relative percentage difference between the tip spring-in angle calculated numerically (NS) and that

derived from the first closed-form solution (CF1). The results suggest that

� CF1 presents higher values while introducing the demolding effect (CF2) results in a lower spring-in angle.

Furthermore, adding in-plane deformation in CF3 further reduces the final angle.

� A good match between the spring-in angles from analytical and numerical solutions is observed using CF3,

including the final demolding and the in-plane strain effects.

The last assessment in this section considers the symmetric stacking sequences in Table 4. The outcomes of

the model’s tip spring-in angles for all the stacking sequences are shown in Fig. 12. The tip spring-in angle is

calculated with CF1, CF2, CF3, and the numerical solution; the following comments can be made:

� For sequences 1 to 4, which primarily feature 0◦ orientations, the differences between CF solutions are not

negligible but less significant compared to the balanced stacking sequences from 5 to 10.

� Sequences 11 to 14 have more 90◦ orientations and high differences between CF solutions.

� Sequence 15 has all three CF very close and matching numerical results.
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Figure 13: Warping and spring-in angle locations along the cross-section.

� When all layers have the 90◦ orientation, stacking 16, CF1 and CF2 are very far from CF3 and the

numerical results.

� The effect of final demolding and in-plane deformation is more relevant when 90◦ orientations are used.

6 Numerical results and mitigation strategies

This section employs the previously introduced and verified numerical simulation for conducting a parametric

analysis. The effect of the stacking sequence is analyzed by considering all the possible combinations (28 = 256)

of an eight-layer cross-ply L-shaped laminate. The results consider warping and spring-in angles as shown in

Fig. 13. Then, a mitigation strategy for reducing spring-in angles is investigated.

6.1 Symmetrical and asymmetric stacking sequences

The two sections considered are shown in Fig. 14. The first section is at y=0 - section A - and the second is at

the model’s mid-span - section B. Figure 14 shows warping and spring-in angles in section B. The size of the
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Figure 15: Laminations with low residual deformations.

circles is proportional to the longitudinal warping Γ; see Fig. 1. In Fig. 15, the laminations having deformations

approaching zero are shown, and Table 5 reports the stacking sequences and the values of the angles. Lami-

nations with a spring-in tip smaller than one were considered: the 91 lamination is the reference considered in

previous sections. Figure 16 illustrates the relationship between warping and spring-in angle, distinguishing

between symmetric and asymmetric laminations. Consistent with expectations, symmetric stacking sequences

yield lower spring-in and warping angles. However, it is observed that the best performance in minimizing

these deformations is achieved with asymmetric laminates. Table 5 reports the deformations of those stacking

sequences that exhibit minimum spring-in angles. For instance, 0/90/90/0/90/90/90/0 exhibits the lowest tip

spring-in angle.
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Table 5: Stacking sequences with low residual deformations. The angles are expressed in deg.

ID LAM Stacking sequences Spring-in tip Spring-in B Spring-in A Warping B Warping A
91 0/90/0/90/90/0/90/0 1.27 1.17 1.17 0.06 0.06
98 90/0/0/0/0/90/90/0 0.32 0.75 1.08 -0.19 -0.35
119 0/90/90/0/90/90/90/0 -0.06 0.62 0.86 -0.32 -0.42
122 90/0/0/90/90/90/90/0 -0.27 0.55 0.76 -0.38 -0.48
139 0/90/0/90/0/0/0/90 0.39 0.77 1.13 -0.17 -0.33
146 90/0/0/0/90/0/0/90 0.15 0.7 1 -0.25 -0.4
175 0/90/90/90/0/90/0/90 -0.39 0.52 0.73 -0.42 -0.53
182 90/0/90/0/90/90/0/90 -0.99 0.32 0.5 -0.61 -0.71
232 90/90/90/0/0/90/90/90 0.92 -0.9 -0.9 0.01 0.01
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Figure 16: Distribution of symmetric and asymmetric laminations in warping against spring-in angle.
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Figure 17: (a) Patch locations. (b) Detail on the insertion of the additional layer.
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Figure 18: (a) Effect of the lamination angle of the patch on the spring-in angle. (b) Spring-in angle along the length
for 90◦ patches.

6.2 Spring-in angle mitigation through localized composite patches

According to the results shown in the previous section, while symmetric laminations tend to have smaller spring-

in angles, the most effective minimization is achievable with asymmetric stacking sequences. However, the latter

may be challenging due to undesirable coupling effects. The present section explores an alternative solution,

i.e., introducing localized composite patches over the curved part. Patches unbalance laminations locally, and

this may neutralize the spring-in angle. The optimal placement and design of the patches aim to minimize

spring-in angle and coupling effects.

Firstly, the investigation will focus on the effects of incorporating an additional layer, made of the same material

as the laminate, into a symmetric stacking sequence. The layer is placed in various corner positions, and seven

configurations were considered, as shown in Fig. 17a. Furthermore, the influence of the patch orientation angle

- 90◦ or 0◦ - is investigated, as shown in Fig. 17b.

Figure 18a shows the tip spring-in angle for the different patch configurations. The reference is the value without

patches. The most significant reduction in spring-in value is given by MOD.1 with a 0◦ layer, while for the 90◦
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Figure 19: (a) Models with different lengths of the patch. (b) Angle covered by the patch.
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Figure 20: Spring-in angle of MOD.6 and 90◦ lamination patch for (a) different values of k and (b) different values of β.

layer, the most substantial reduction is given by MOD.7. The latter can reduce the spring-in angle from about

1.3◦ to almost 0◦. Figure 18b shows each configuration’s spring-in angle along the x-coordinate. The results

indicate that MOD.7 effectively reduces the spring-in angle along the entire flange to nearly 0◦, with marginally

negative values on the curved part.

The reduction in residual deformations is also influenced by the patch geometry. Figure 19a shows different

patch lengths, k, while Fig. 19b shows a patch partially covering the corner.

Figure 20a shows that, as the value of k increases, the spring-in angle along the flange decreases. However, the

angle achieved in the curved part by all the k configurations remains equivalent to k=0. Conversely, Fig. 20b

shows the results when the angle ϕ increases. In this scenario, both the curved and flat parts of the model are

influenced by the angle covered by the patch. Overall, it is observed that the lowest spring-in angle is obtainable
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with the complete coverage of the curved part.

7 Discussion

The initial analysis evaluated the accuracy of spring-in angles derived from the present numerical analysis for

an L-shaped model by comparisons with closed-form solutions. The analytical results for the stacking sequence

(90/0/90/0)s were first calculated using the original closed-form solution by Takagaki [23], denoted as CF1,

which considers the effects of bending and warping. Subsequently, a second solution, CF2, extended the CF1 by

incorporating the demolding effect. A third solution, CF3, builds upon CF2 by adding the in-plane strain effects;

see Fig. 10. These progressive modifications to CF1 are intended as corrective adjustments and significantly

influence the spring-in angles, with CF3 matching the numerical solution. The enhancement of the closed-form

solutions led to smaller spring-in angles.

The second set of results focused on the effect of the stacking sequence on warping and spring-in angles. All

combinations - 256 - of an eight-layer cross-ply laminate were considered. Warping and spring-in angles were

computed in model sections, as shown in Fig. 14. The findings have indicated the superior performance of

asymmetric models in reducing the deformations associated with warping and spring-in angles, as illustrated

in Fig. 16. Table 5 shows the best stacking sequences. LAM 119 (0/90/90/0/90/90/90/0) reduced the tip

spring-in angle to -0.06◦. Moreover, LAM 182 (90/0/90/0/90/90/0/90) reduced the spring-in angle in Section

A to 0.5◦ and to 0.32◦ in Section B. While LAM 232 (90/90/90/0/0/90/90/90) reduced the warping in Sections

A and B to 0.01◦.

The outcomes from Section 6.1 confirmed that symmetric laminations typically ensure lower deformations.

However, the coupling introduced by asymmetric laminations can be exploited to counterbalance undesirable

deformations. Consequently, a mitigation strategy was proposed using localized patches to induce an unbalanced

effect, reducing the overall deformation. Figure 18 indicates that an additional 90◦ layer covering the entire

corner affects the spring-in angle significantly, reducing it from a reference value of circa 1.2◦ to nearly 0◦.

Extending the patch to the flat part of the structure predominantly impacts the spring-in angle outside the

curved area, leading to negligible values when k=0.03 m, as shown in Fig. 20a.

8 Conclusions

This paper investigates the residual deformations — spring-in and warping angles — of an L-shaped composite

part after the curing cycle and proposes mitigation strategies to minimize such deformations. The analysis has

employed a 1D layer-wise numerical model based on the Carrera Unified Formulation (CUF) and the Cure-

Hardening Instantaneously Linear Elastic constitutive model. The numerical simulation’s accuracy has been

evaluated through a closed-form solution. The results suggest that:
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� A good match between numerical and analytical formulations was found. The inclusion of in-plain strain

and demolding effects in the closed-form solution proved to be effective.

� Asymmetric laminates offer a broader spectrum of residual deformations than symmetric configurations.

Furthermore, asymmetric sequences can potentially reduce residual deformations significantly.

� Applying localized patches in the curved section of composite parts can reduce deformations significantly,

too.

Future research should consider the analysis of residual stresses throughout the thickness of the laminate.

Furthermore, additional physical phenomena should be integrated, such as the tool-part interaction and the

pressure cycle inside the autoclave. The use of different materials for the patches with different thermal ex-

pansion values will be investigated. Furthermore, the scope of research will be expanded to include various

composite shapes that hold significance in the aerospace industry, broadening the applicability and relevance of

the study’s findings.
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