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We propose a mathematical model from physical principles to predict the sound generated
in nozzles with dissipation. The focus is on the sound generated from the acceleration
of temperature inhomogeneities (also known as entropy waves), which is referred to as
indirect noise. First, we model the dissipation caused by flow recirculation and wall
friction with a friction factor, which enables us to derive quasi-one-dimensional equations
from conservation laws. The model is valid for both compact nozzles and nozzles with
a spatial extent. Second, the predictions from the proposed model are compared against
the experimental data available in the literature. Third, we compute the nozzle transfer
functions for a range of Helmholtz numbers and friction factors. It is found that the friction
and the Helmholtz number have a significant effect on the gain/phase of the reflected and
transmitted waves. The analysis is performed from subsonic to supersonic regimes (with
and without shock waves). The acoustic transfer functions vary significantly because of
non-isentropic effects and the Helmholtz number, in particular, in the subsonic-choked
regime. Finally, we calculate the effect that the friction of a nozzle guide vane has on
thermoacoustic stability. It is found that the friction and the Helmholtz number can change
thermoacoustic stability from a linearly stable regime to a linearly unstable regime. The
study opens up new possibilities for the accurate prediction of indirect noise in realistic
nozzles with implications on both noise emissions and thermoacoustic stability.

Key words: gas dynamics, acoustics

1. Introduction

In order to reduce the harmful effects of noise pollution generated by aircraft engines,
manufacturers are striving to make engines less noisy, whilst keeping pollutant emissions
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minimal (Correa 1998; Hansell et al. 2013). Whereas there has been a significant reduction
in fan and jet noise, combustion noise, which is generated in the gas turbine combustor,
has become a significant noise source in aircraft with low-emission engines (Dowling &
Mahmoudi 2015).

The unsteady combustion process in an engine combustor is a source of both direct and
indirect noise. On the one hand, the sound generated by the unsteady heat released by the
flame, which leads to a volumetric contraction and expansion of the gas, is referred to as
direct combustion noise (e.g. Strahle 1976). On the other hand, the sound generated by
the acceleration of flow inhomogeneities through the nozzle vane is referred to as indirect
noise (e.g. Marble & Candel 1977; Cumpsty 1979; Polifke, Paschereit & Döbbeling 2001;
Sattelmayer 2003; Duran & Moreau 2013; Goh & Morgans 2013; Motheau, Nicoud &
Poinsot 2014; Magri, O’rien & Ihme 2016; Morgans & Duran 2016). Depending on the
flow inhomogeneity, indirect noise is further categorised as (i) entropy noise, when it is
caused by temperature inhomogeneities (e.g. Marble & Candel 1977); (ii) compositional
noise, when it is caused by compositional inhomogeneities (e.g. Magri et al. 2016; Magri
2017); and (iii) vorticity noise, when it is caused by velocity gradients (e.g. Howe 1975).
In low Mach numbers, vorticity noise is typically negligible (Dowling & Mahmoudi 2015).
In contrast to direct noise, a complete understanding of indirect noise is yet to be achieved
(Ihme 2017; Haghiri et al. 2018; Tam et al. 2019). With a focus on entropy noise, a
low-order model was proposed by Marble & Candel (1977) for a system in which the
nozzle length is negligible as compared with the wavelength of impinging disturbances
(compact nozzle). Under the assumption of isentropic flow, the acoustic transfer functions
were obtained by formulating jump conditions that conserve mass, total temperature and
entropy (Cumpsty & Marble 1977; Marble & Candel 1977).

When the nozzle spatial extent is not negligible with respect to the acoustic wavelength
(non-compact nozzle), a shift in phase between inlet and outlet waves arises (Marble
& Candel 1977). The importance of the non-compact assumption was investigated and
modelled by Leyko, Nicoud & Poinsot (2009), among others. Duran & Moreau (2013),
who obtained the acoustic and entropic transfer functions semianalytically, showed that
entropy noise decreases with the Helmholtz number in choked nozzles. In addition to
contributing to noise emissions, entropy noise can affect the combustor’s thermoacoustic
stability. When the acoustic waves that reflect off the nozzle guide vane are sufficiently in
phase with the heat released by the flame in the combustor, a self-sustained thermoacoustic
oscillation can arise (Polifke et al. 2001; Goh & Morgans 2013; Motheau et al. 2014).
Thermoacoustic instabilities are unwanted phenomena in gas turbines because they can
lead to structural damage, which can reduce the combustor’s lifetime and operability
(Dowling & Mahmoudi 2015).

The aforementioned studies in indirect-noise emissions and thermoacoustic stability
assumed the nozzle flow to experience no losses in the stagnation pressure (isentropic
assumption). However, in real situations, the flow is non-isentropic because of losses due
to viscosity and recirculation zones (Lieuwen 2012). In direct noise, non-isentropic effects
were modelled in orifice plates (Durrieu et al. 2001) and subsonic nozzles terminating
in a duct (Howe 1979; Bechert 1980; Cummings & Eversman 1983). These studies
were extended to a high-frequency regime to validate the acoustic transfer functions
with experimental data (e.g. Dowling & Hughes 1992; Durrieu et al. 2001; Bellucci,
Flohr & Paschereit 2004; Yang & Morgans 2016). Recently, De Domenico, Rolland &
Hochgreb (2017a,b) showed a substantial mismatch between experimental and analytical
acoustic/entropic transfer functions, when the latter are computed under the isentropic
assumption in subsonic conditions. Indeed, the indirect noise emitted by the nozzle
is markedly underestimated, whereas the indirect sound reflected off the nozzle is
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overestimated (De Domenico, Rolland & Hochgreb 2019). With an elegant heuristic
argument and by introducing a semiempirical parameter, i.e. the equivalent orifice area,
De Domenico et al. (2019) proposed a non-isentropic model to predict entropic–acoustic
transfer functions for subsonic-to-sonic throat conditions in a compact nozzle. With
an ad-hoc calibration of the equivalent orifice area, the model predictions compared
favourably with experimental data. The impact of the non-isentropic assumption was found
to be crucial. The model proposed was limited to (i) compact nozzles (and hence, low
frequencies); (ii) subsonic regimes; and (iii) heuristic arguments, i.e. the semiempirical
parameter assumed a portion of the nozzle to be replaced with an orifice plate. In this work,
we derive the model from conservation laws and generalise it to non-compact nozzles and
supersonic regimes.

The objective is of this paper is threefold. We (i) propose a physical model from
conservation laws, which captures the main non-isentropic source through friction,
and generalises to non-compact nozzles; (ii) analyse the effect of non-isentropicity
on the acoustic and entropic transfer functions for subsonic and supersonic regimes
(with and without shock); and (iii) show that thermoacoustic stability is affected by
non-isentropic effects in the nozzle. For this, a convergent–divergent nozzle is numerically
investigated. The results are compared with existing experimental data (De Domenico
et al. 2019). The paper is structured as follows. Section 2 introduces the mathematical
model with physical interpretation of the equations. Section 3 physically interprets the
semiempirical parameter. Section 4 shows the acoustic and entropic transfer functions in a
subsonic regime. Section 5 shows the indirect-noise transfer functions in a supersonic
regime. Section 6 shows the thermoacoustic stability for different levels of nozzle
non-isentropicity. Conclusions end the paper.

2. Mathematical model

We consider a flow that is single component, ideal and calorically perfect. The effect of
body forces and diffusion are assumed to be negligible. The flow evolves subsonically (up
to choking condition) in an adiabatic nozzle, whose cutoff frequency is sufficiently high
for the acoustics to be one-dimensional. The conservation of mass, momentum and energy
are, respectively (e.g. Shapiro 1954),

Dρ

Dt
+ ρ

∂u
∂x

+ ρu
A

dA
dx

= Ṡm, (2.1)

Du
Dt

+ 1
ρ

∂p
∂x

= ṠM, (2.2)

T
Ds
Dt

= Ṡs, (2.3)

where x is the longitudinal coordinate of the nozzle, ρ is the density, u is the velocity, p is
the pressure, T is the temperature, s is the entropy and A is the cross-sectional area of the
duct. The right-hand side terms, Ṡj, are the source terms of mass, momentum and entropy,
respectively. The thermodynamic variables satisfy the Gibbs equation

ds = cp
dT
T

− R
dp
p

, (2.4)

where R is the gas constant and cp is the specific heat at constant pressure. We assume that
the mass source is zero, Ṡm = 0, in (2.1).
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In the energy equation, the dissipation is modelled as an entropy source. Introducing the
compressibility factor

Λ ≡ 1 + γ − 1
2

M2, (2.5)

and substituting the thermodynamic relations T = T0/Λ and p = p0/Λ
γ/(γ−1) in (2.4),

where γ is the heat-capacity ratio, yield

ds = cp
dT0

T0
− R

dp0

p0
, (2.6)

which, under the adiabatic assumption, dT0 = 0, simplifies to

Ṡs = −RT
D log p0

Dt
. (2.7)

Physically, a reduction in the stagnation pressure increases the entropy production
proportionally to the temperature of the flow. If the flow is isentropic, the stagnation
pressure is constant, and vice versa. In the momentum equation, the dissipation is modelled
as a momentum source

ṠM = −4f
D

u2

2
, (2.8)

where f = τw/(ρu2/2) is the Fanning friction factor, in which τw is the shear stress
(Shapiro 1954). The friction decreases the stagnation pressure as

d log p0 = −γ M2

2
4f
D

dx, (2.9)

where D is the nozzle diameter. In quasi-one-dimensional models, the flow variables
at x are averages across the cross-section A(x). This means that the friction factor can
account for wall friction and two-dimensional (or three-dimensional) effects, such as
flow recirculation, in a cross-averaged sense. (These effects can be accurately captured
in ducts with a slowing-varying cross-sectional area, for which the quasi-one-dimensional
assumption holds.) The Mach number, M, is governed by (Shapiro 1953)

dM2

M2 = Λ

1 − M2

[
−2

dA
A

+ γ M2 4f
D

dx
]

. (2.10)

Equation (2.10) is the extension of the Fanno flow to variable-area ducts. We start with an
arbitrary nozzle geometry as shown in figure 1. Using the nozzle profile, at any location
x, 4 dx/D = dA/(A tan α), where D is the diameter of the cross-section and tan α is the
spatial derivative of the nozzle profile at that location, which reduces (2.11) to

dM2

M2 =
(

Λ

1 − M2

)
ζ

tan α

dA
A

(2.11)

where, for brevity, we define the competition factor ζ ≡ f γ M2 − 2 tan α, which quantifies
the competition between the dynamics dictated by mass conservation (2.1), through the
nozzle geometry, α, and the dynamics dictated by momentum conservation (2.2), through
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1

π1
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π1
–

σ1

π2
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π2
–

σ2

α

t

x

D(x)

2

xt

2

Figure 1. Schematic of a generic nozzle with nomenclature.

the friction, f . If the two mechanisms are in balance, ζ = 0, the flow evolves at a constant
Mach number. The stagnation pressure is

D log p0

Dt
= − f

ζ

(
γ (1 − M2)

2Λ

)
DM2

Dt
. (2.12)

(The condition ζ = 0 is not a singularity because (2.12)→(2.9) as ζ → 0.) To physically
interpret (2.12), we consider a symmetric linear geometry nozzle in which αc = −αd,
where c and d denote the convergent and divergent sections, respectively. As defined in
figure 1, αc < 0. From (2.11) and (2.12), changes in the stagnation pressure for the same
Mach number, M, are related by

(d log p0)d

(d log p0)c
∼ ζc

ζd
> 1. (2.13)

This means that the flow experiences greater pressure stagnation losses in the divergent
section of the nozzle for the same Mach number, which is physically consistent with
experiments (De Domenico et al. 2019). Finally, the entropy source term (2.7) can be
expressed as a function of the friction factor by substituting (2.12) into (2.7). In the
limit of constant-area ducts, α → 0, the equations tend to the Fanno flow. In the limit
of frictionless nozzles, f → 0, the equations tend to the isentropic model.

2.1. Linearisation
We model the acoustics as linear perturbations to a mean flow. For this, we decompose
a generic flow variable, v, as v → v(x) + v′(x, t), where v(x) is the steady mean flow
component, and v′(x, t) is the first-order perturbation.

Assuming a constant friction factor, f , the analytical integration of (2.11) and (2.9),
provides the nonlinear algebraic equations for the mean-flow Mach number, stagnation
pressure and entropy, respectively,

A2

A1
= M1

M2

(
Λ2

Λ1

)(γ+1) tan α/2κ (
ζ1

ζ2

)( f γ−2 tan α)/2κ

, (2.14)

p02

p01
=
(

Λ2

Λ1

)f γ (γ+1)/2(γ−1)κ (
ζ1

ζ2

)( f γ−2 tan α)/2κ

, (2.15)


s
cp

= log
(

Λ1

Λ2

)f (γ+1)/2κ (
ζ2

ζ1

)((γ−1)/γ )(( f γ−2 tan α)/2κ)

, (2.16)

where, κ = f γ + (γ − 1) tan α. (Solutions (2.14)–(2.16) can be used for curved nozzle
geometries by discretising the nozzle shape piecewise linearly.) After some algebra, it can
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be shown that the linear perturbations are governed by

D
Dτ

(
p′

γ p

)
+ ũ

∂

∂η

(
u′

u

)
− D

Dτ

(
s′

cp

)
= 0, (2.17)

D
Dτ

(
u′

u

)
+ ũ

M2
∂

∂η

p′

γ p
+
(

2
u′

u
+ (1 − γ )

p′

γ p
− s′

cp

)(
∂ ũ
∂η

+ 4f
D

ũ
2

)
= 0, (2.18)

D
Dτ

(
s′

cp

)
= g( f , f 2, f 3, o( f 3)), (2.19)

where the linearised entropy source term, g(·), is provided in the Appendix (A), and o is
the little-o Landau symbol. The linearised Gibbs equation is (Marble & Candel 1977)

ρ′

ρ
= p′

γ p
− s′

cp
. (2.20)

The variables are non-dimensionalised as τ = tfa, η = x/L, M = u/c and ũ = u/cref ,
where fa is the frequency of the advected perturbations entering the nozzle, L is the
axial length of the nozzle and cref is the reference speed of sound. Consequently,
the non-dimensionalised material derivative becomes D/Dτ = He∂/∂τ + ũ∂/∂η, where
the Helmholtz number is defined as He = faL/cref . Physically, the Helmholtz number
is the ratio between advected perturbations and acoustic wavelengths. If the length of
the nozzle is small compared with the wavelength of the acoustic and the entropy
perturbations, the nozzle is compact (He = 0). Equation (2.19) is derived by linearising
(2.3) and substituting (2.17)–(2.18).

In the limit of isentropic flow, f = 0, (2.17), (2.18) and (2.19) tend to the linearised
Euler equations of Duran & Moreau (2013). On the one hand, in a frictionless flow, the
sound is generated by the advected inhomogeneities through the acceleration ∂ ũ/∂η in
(2.18). On the other hand, in non-isentropic flows, the friction term, 4f ũ/2D, is a negative
acceleration, which competes with the advection of the mean flow. In § 2.1.1, we recast
the equations in Riemann invariants, which are necessary for the numerical procedure
proposed.

2.1.1. Riemann invariants
First, (2.17)–(2.19) are Fourier transformed with the decomposition q(τ, η) =
q̂(η) exp(2πiτ). Second, the primitive variables are decomposed in travelling waves,
where the downstream (superscript +) and upstream (superscript −) propagating acoustic
waves are π± = 0.5[p′/(γ p) ± u′/c]; and the advected entropy wave is σ = s′/cp. Third,
the equations are solved as a boundary value problem with boundary conditions specified
for waves according to the transfer functions being evaluated. This provides a system of
four linear equations in the gradients of the four primitive variables, which is solved by
inversion. The gradients of the primitive variables provide the gradients of the Riemann
invariants at each axial location, which, in turn, are used to update the values of Riemann
invariants.

The process is repeated until the boundary conditions are matched (figure 1). As a
measure of direct noise, we use the acoustic–acoustic reflection coefficient, π−

1 /π+
1 and

the acoustic–acoustic transmission coefficient, π+
2 /π+

1 . As a measure of indirect noise, we
use the entropic–acoustic reflection coefficient, SR = π−

1 /σ1, and the entropic–acoustic
transmission coefficient, ST = π+

2 /σ1.
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0.12
0.22 0.34 0.49

Mt

0.58 0.70 1.00

0.10

1 Aj

A1

2

A2

A2Aj

j

0.08

Isentropic Non-

isentropic

0.06
f

0.04

0.02

0.2 0.4

β

β = 

0.6 0.8 1.00

Figure 2. Relation between the semiempirical parameter, β, in the literature (De Domenico et al. 2019)
(inset), and physical friction, f , proposed in this paper.

3. Physical interpretation of semiempirical non-isentropic models

In the literature, non-isentropic models for indirect noise are semiempirical and valid for
compact nozzles (De Domenico et al. 2019). The dissipation in the divergent section,
which is caused by flow separation due to adverse pressure gradients, was modelled as
an orifice plate. To do this, the non-isentropicity was embedded in one semiempirical
parameter, β = Aj/A2, where j denotes the location at which non-isentropicity is assumed
to begin (equivalent orifice area), and 2 denotes the nozzle exit (inset in figure 2). The
non-isentropicity parameter, β, was assumed to be related to the loss in stagnation pressure
using the Borda–Carnot equation, which describes losses in mechanical energy due to
sudden flow expansion. As a function of the pressure loss coefficient, De Domenico
et al. (2019) showed that Cp0 = ( p0,j − p0,2)/(0.5ρju2

j ) = (1 − β)2, where p0,2 is the
stagnation pressure at the outlet, and p0,j = p0,1. The semiempirical parameter, β, was
calibrated experimentally by measuring the pressure loss as a function of the mass flow
rate (De Domenico et al. 2019).

We propose a physical interpretation of the semiempirical parameter, β, and a physical
equation for it. Consistently with De Domenico et al. (2019), we assume the nozzle to
be divided into an isentropic part (1 − j), and a non-isentropic part (j − 2) (figure 2).
Integrating the Gibbs equation and the energy equation in j − 2, i.e.

∫ 2

j

ds
R

=
∫ 2

j

(1 − M2)

Λ

dM
M

+
∫ 2

j

dA
A

, (3.1)

yields

β =
[

M2

Mj

(
Λj

Λ2

)(γ+1)/2(γ−1)
]

exp
(

−
s
R

)
. (3.2)
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From (2.6), the net change of entropy is 
s/R = − log(p0,2/p0,j), which, in terms of the
pressure coefficient, is


s
R

= − log

⎡
⎢⎣1 −

⎛
⎜⎝Cp0

1
2
γ M2

j

Λj

⎞
⎟⎠
⎤
⎥⎦ . (3.3)

The properties at section j are isentropic. For a fully isentropic nozzle Cp0 = 0 (
s = 0),
therefore, section j coincides with 2 with β becoming unity.

To connect the semiempirical non-isentropicity factor, β, with the physical friction
parameter, f , from (2.16) and (3.2), it can be shown that

β = M2

Mj

(
Λj

Λ2

)(γ+1)/2(γ−1) (
Λ1

Λ2

)−f γ (γ+1)/2(γ−1)κ (
ζ1

ζ2

)( f γ−2 tan α)/2κ

. (3.4)

As shown in figure 2, larger values of β correspond to lower non-isentropicity, or,
equivalently, lower values of the friction factor. For the nozzle geometry of De Domenico
et al. (2019), which is used in this study, the lowest value is β = 0.024, which is attained
when the throat area is the equivalent orifice plate area. As the effect of non-isentropicity
decreases, i.e. β increases, the friction factor, f , becomes negligible. From (3.4), for an
isentropic nozzle, β = 1, the friction factor, f , is zero. The proposed model captures the
variation of the friction factor with the throat Mach number. Physically, a flow with a
higher throat Mach number needs less friction to generate the same entropy of a flow with
a smaller throat Mach number. It can be shown from (2.4), (2.9) and (3.3) that

ds
dM2 ∼ − df

dM2 ∼ (1 − β)2, (3.5)

which means that, for a given non-isentropicity parameter, β, friction needs to decrease as
the Mach number increases. Similarly, the sensitivity of the friction factor to the throat
Mach number quadratically decreases with β, which becomes negligible for β � 0.1
(figure 2). Equation (3.4) shows that the friction factor models (in a cross-averaged sense)
the flow recirculation dissipation captured by the orifice-place parameter, β.

4. Indirect-noise transfer functions in a subsonic-choked regime

We calculate the transmission and reflection coefficients in a linear geometry nozzle in
a subsonic (up to choked) regime. Both compact nozzles and non-compact nozzles are
analysed. The predictions on the compact nozzle are validated against experimental data
available in the literature (De Domenico et al. 2019). The ambient temperature is 293.15 K,
the exit pressure is 105 Pa, and γ = 1.4. The nozzle has inlet and outlet diameters of
46.2 mm, throat diameter of 6.6 mm, length of converging section of 24 mm and length
of divergent section of 230 mm. The angles of the convergent and divergent sections are
αc = −40◦ and αd = 4◦, respectively (figure 1). The vena contracta factor is Γ = 0.89,
which is defined as the ratio between the cross-sectional area of the stream and the throat
area (De Domenico et al. 2019).

4.1. Mean flow
Figure 3 shows the mean flow parameterised with the friction. As shown in figure 3(a),
because the outlet pressure p2 is fixed, to compensate for the pressure loss, the inlet
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Figure 3. Mean flow: (a) ratio of inlet and exit pressures, (b) Mach number and (c) entropy. The arrows
indicate increasing friction, f . The normalised throat location is ηt = 0.095.

pressure p1 increases as the friction increases. The effect becomes more evident as the inlet
Mach number increases. As intuitively expected, higher friction results in larger pressure
losses. As shown in figure 3(b), as the friction increases, the outlet Mach number becomes
larger than the inlet Mach number (inlet and outlet areas are equal). This is consistent with
a Fanno flow-like behaviour. As shown in figure 3(c), entropy is mostly generated near
the throat, where the nozzle geometry switches from a converging (the flow is attached)
to a diverging (the flow partly separates) regime. (Mathematically, the sign of the angle,
α, in (2.16) changes.) Physically, in the converging section, the only force opposing the
flow is friction, but, in the divergent section, the force from the adverse pressure gradient
also opposes the flow motion, which makes it susceptible to separation. At the throat, the
overall opposing force changes abruptly, which makes the losses large. This can also be
seen from the stagnation pressure equation

dp0

p0
= dp

p
+ γ M2/2

Λ

dM2

M2 . (4.1)

On the one hand, in an isentropic flow, the change in pressure term is in equilibrium
with the inertia term (Mach number), thus, the stagnation pressure is constant. On the
other hand, in a subsonic non-isentropic flow, the pressure gradient becomes adverse right
after the throat (dp > 0). This change of sign generates maximum entropy production
(figure 3c). Figure 4(a) shows the effect of of the nozzle geometry. As the location
of the throat moves downstream, the highest entropy generation location also changes.
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Figure 4. Effect of geometry on the mean flow. (a) Converging-section-to-total-length ratio (Lc/Ltot) with Ltot
fixed. (b) Throat-to-exit area ratio (At/Ae) with Ae fixed. (In the geometry considered in this paper, the exit area
is equal to the inlet area.)

The limiting curves correspond to a diffuser (Lc/Ltot = 0) and a converging nozzle
(Lc/Ltot = 1), in which the maximum increase in entropy takes place at the inlet and outlet,
respectively. Finally, as shown in figure 4(b), as the throat-to-exit-area ratio increases,
the entropy production decreases because the flow undergoes a reduced separation. In
conclusion, the location of the throat determines the location of maximum entropy
generation, whereas the throat-to-exit area ratio determines the amount of entropy
generated. Although quasi-one-dimensional, the proposed model is able to capture the
two-dimensional dissipation effects in the divergent section, which are averaged across the
section, through the friction factor.

4.2. Indirect noise in compact nozzles
Figure 5 shows (i) the entropic–acoustic reflection, SR, and transmission, ST , coefficients;
and (ii) the acoustic–acoustic reflection, π−

1 /π+
1 , and transmission, π−

1 /π+
1 , coefficients in

a nearly compact nozzle (He = 0.0074), which is the Helmholtz number of the experiment
in De Domenico et al. (2019). On the one hand, in isentropic flows, the magnitudes of SR
and ST are zero throughout. On the other hand, when friction is modelled, both SR and ST
increase in magnitude. In a nearly compact nozzle, there is a negligible phase difference
between the reflected and transmitted waves. The model predictions on entropic–acoustic
reflection and transmission coefficients compare favourably with the theoretical results
presented in figure 6 of De Domenico et al. (2019) where β (discussed in § 3) was used to
measure the degree of non-isentropicity. For a frictionless compact nozzle with equal inlet
and exit areas, the acoustic–acoustic transmission coefficient is unity and the reflection
coefficient is zero. In contrast, as the friction, f , increases, the reflection coefficient
approaches unity for choked conditions, whereas the transmission coefficient approaches
zero. This means that modelling friction, thereby relaxing the isentropic assumption, is
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Figure 5. Compact nozzle. Entropic–acoustic (a) reflection and (b) transmission coefficients for the (nearly)
compact nozzle (He = 0.0074) of the experimental set-up in De Domenico et al. (2019).

key to the accurate prediction of indirect noise in subsonic nozzles. Physically, for higher
values of friction, all the impinging acoustic waves tend to reflect back. Figure 5(c,d)
shows the comparison of the model prediction on acoustic-to-acoustic transfer functions
with the experimental data of De Domenico et al. (2019). The error bars are reported in De
Domenico et al. (2021). A favourable fit is found for f = 0.07–0.08, which is a physical
range of friction in ducts (Shapiro 1954).

4.3. Indirect noise in non-compact nozzles
Figure 6 shows the variation of the gain/phase of the indirect-noise transfer functions
with the Helmholtz number. The magnitude of the reflection coefficient, SR, has a
non-monotonic behaviour, which increases up to He ≈ 0.1 and, then, decreases for higher
He. The magnitude of the transmission coefficient, ST , however, increases monotonically
with He. (In the limit of a frictionless nozzle, the predictions tend to those of the isentropic
model of Duran & Moreau (2013).) For compact nozzles, SR and ST are zero in frictionless
nozzles of equal inlet and exit areas. This is because the velocity gradient is equal in
the convergent and divergent sections, but with different signs. The sound waves, thus,
cancel each other. However, in a non-compact nozzle, the spatial extent of the velocity
gradient is not negligible, which causes sound waves not to cancel each other. Therefore,
the sound is generated even in a nozzle with equal inlet and exit areas. As the friction
increases, the amplitudes of the reflected and transmitted wave increase. Figure 6(c,d)
shows a linear change in phase as the He increases. The peak at small values of He in
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Figure 6. Non-compact nozzle. Entropic–acoustic (a,c) reflection and (b,d) transmission coefficients.
Gain(a,b) and phase(c,d). Throat Mach number Mt = 0.8.

frictionless nozzles is consistent with experimental and analytical investigation (Bake,
Michel & Roehle 2006; Lourier et al. 2014). The phase of reflected waves becomes a
key parameter for the prediction of thermoacoustic instabilities, as explained in § 6.

5. Indirect-noise transfer functions in a supersonic regime

In the previous section, we show the analysis for a subsonic choked regime, which is
relevant to nozzle guide vanes of realistic aircraft engines (Giusti, Magri & Zedda 2019).
In this section, we extend the study to a supersonic flow with and without a normal shock.
A linear steady velocity choked profile is considered in the analysis to compare the results
with Duran & Moreau (2013). The Mach numbers at the inlet and exit are fixed to 0.29 and
1.5, respectively. The area is calculated at each location using (2.14) for different friction
factors. The nozzle profile for the isentropic case (f = 0) is shown in figure 7.

5.1. Supersonic flow without a shock wave
In a choked nozzle, the mass flow rate is maximum, equivalently, the choking condition
is derived by imposing zero fluctuations of Mach number at the throat (Marble & Candel
1977), M′/M̄ = 0,

2
u′

u
+ p′

γ p
(1 − γ ) − s′

c p
= 0. (5.1)
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Figure 7. (a) Nozzle profile for the study in the supersonic regime. (b) Mach number in the nozzle with
steady linear velocity profile, with and without shock in the divergent section; (M1 = 0.29, M2 = 1.5).

Friction affects the choking condition through the mean-flow quantities, but it does not
affect the form of the equation. Because the upstream acoustic wave changes direction at
the throat, which gives rise to a singularity, the nozzle is divided into two sections on both
sides of the throat (Duran & Moreau 2013). First, the flow is solved in the converging
section. Second, the choking condition is imposed at the nozzle throat. Third, the flow is
solved in the divergent section.

Figure 8 shows the effect that friction has on the entropic–acoustic reflected and
transmitted waves. The results for the isentropic case (f = 0) match the results of Duran
& Moreau (2013) for the same nozzle profile. (The magnitudes of SR and ST are half of
those of Duran & Moreau (2013) because they defined the Riemann invariants without the
1/2 factor.) The effect of non-isentropicity is significant in the diverging section. Because
the nozzle is choked, the effect of non-isentropicity in the divergent section cannot travel
upstream, which means that, in contrast to the subsonic case, the reflection coefficient is
almost insensitive to friction (figure 8a,b). For small Helmholtz numbers, the magnitudes
of the entropic–acoustic transfer functions are insensitive to friction. As the Helmholtz
number increases, friction increases the magnitude of the transmission transfer function.
In a supersonic nozzle, (4.1) and table 1 show that the sign of dp and dM remains constant.
Therefore, as expected from (4.1), the change in stagnation pressure is smaller, which
results in less entropy generation (relative to the subsonic-choked case).
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Figure 8. Non-compact nozzle. Entropic–acoustic (a,c) reflection and (b,d) transmission coefficients.
Gain(a,b) and phase(c,d). Supersonic nozzle with a linear velocity profile without a shock wave; (Ma =
0.29, Mb = 1.5).

Subsonic Supersonic

η < ηt η > ηt η < ηt η > ηt

dp <0 >0 <0 <0
dM >0 <0 >0 >0

Table 1. Change in pressure and Mach number for supersonic and subsonic nozzles. Here η is the nozzle
spatial distance and ηt is the location of the throat.

In conclusion, the effect of friction in the supersonic case without a shock wave is
negligible on the reflected wave for any Helmholtz number, and it is negligible on the
transmission wave for small Helmholtz numbers.

5.2. Supersonic flow with a shock wave
A normal shock wave is assumed to occur in the divergent section with a linear velocity
profile (figure 7). To solve the flow, the nozzle is divided into two parts: the flow upstream
of the shock, which is calculated using the supersonic flow of § 5.1; and downstream of
the shock, which is calculated with the subsonic flow conditions of § 4. The shock wave is
assumed to oscillate with an infinitesimal amplitude about a mean position. Therefore, the
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A physical model for indirect noise in non-isentropic nozzles

jump conditions have the same form as the linearised Rankine–Hugoniot for frictionless
nozzles, which are (e.g. Marble & Candel 1977; Stow, Dowling & Hynes 2002; Moase,
Brear & Manzie 2007; Goh & Morgans 2011; Leyko et al. 2011)

M2
s2

=
1 + γ − 1

2
M2

s1

γ M2
s1

− γ − 1
2

,

π+
s2

=1 + M2
s2

Ms1 + M2
s1

1 + M2
s1

Ms2 + M2
s1

π+
s1

+1 − M2
s2

Ms1 + M2
s1

1 + M2
s1

Ms2 + M2
s1

π−
s1

,

σs2 = σs1 +
(

(γ − 1)(Ms1 − 1)2

M2
s1

(2 + (γ − 1)M2
s1

)

)
(π+

s2
+π−

s2
−π+

s1
−π−

s1
),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.2)

where the nomenclature is defined in figure 7. Friction affects the mean flow quantities
that appear in the jump conditions (5.2). (In this analysis, we assume that π−

s2
is zero for

brevity.) The nozzle response has common features with both the shockless supersonic
and subsonic cases (figure 9). On the one hand, because the nozzle is choked, the
reflection coefficient remains virtually unaffected by friction, as in the supersonic case
without a shock (figure 9a,c). On the other hand, because the flow becomes subsonic
after the shock wave, the transmission coefficient is affected by friction starting for small
Helmholtz numbers, as in the subsonic case and in contrast to the shockless supersonic
case (figure 7b,d). Friction tends to increase the magnitude of the transmitted wave,
similarly to the observations in subsonic and supersonic cases 9(c,d). In the limit of zero
friction, the trends of figure 7 match qualitatively the results of Goh & Morgans (2011).
(We use a slightly different nozzle geometry, therefore we do not expect the results to
quantitatively match.)

6. Thermoacoustic stability

We investigate the effect that dissipation in the nozzle guide vane has on thermoacoustic
feedback. Geometrically, we consider a straight duct that models a laboratory combustor,
also known as the Rijke tube (figure 10). The duct is characterised by a left-hand boundary
condition with the acoustic-to-acoustic reflection coefficient R0, and a right-hand
boundary condition with the acoustic-to-acoustic reflection coefficient R1 = π−

1 /π+
1 and

entropic-to-acoustic reflection coefficient SR = π−
1 /σ1. The reflection coefficient R0 =

−1 models an open end, which is fixed, whereas the reflection coefficient R1 and SR
are calculated from the proposed nozzle model (§ 2.1.1), which vary with the Helmholtz
number, He, and the nozzle friction, f . The straight duct contains a pointwise heat source,
which models the heat released by a flame that responds to acoustic perturbations as
q′ = nu′(t − τ), where τ is the flame time delay, n is the flame interaction index (e.g.
Dowling & Mahmoudi 2015). The conservation of mass, momentum and energy are
enforced across the flame as jump conditions (Bloxsidge, Dowling & Langhorne 1988).
After Laplace transformation of the jump conditions, the thermoacoustic stability is
governed by a nonlinear eigenvalue problem

L(λ, n, τ, M, R0, R1, SR)q = 0, (6.1)

where L is the scattering matrix, λ is the complex eigenvalue, which is the solution of the
dispersion relation det(L) = 0, and q is the eigenvector that contains the outgoing waves.
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Figure 9. Non-compact nozzle. Entropic–acoustic (a,c) reflection and (b,d) transmission coefficients.
Gain(a,b) and phase(c,d). Supersonic nozzle with a linear velocity profile with a shock wave in the divergent
section; (Ma = 0.29, Mb = 1.5).

(The exact scattering matrix L is reported in Appendix B of Aguilar, Magri & Juniper
(2017), in which all the details can be found.) If the growth rate of the eigenvalue (real
part) is positive, R(λ) > 0, the thermoacoustic system is linearly unstable. As in Aguilar
et al. (2017), we fix n = 1 and τ = 10−3 s. By numerically solving (6.1), we compute
the eigenvalue loci λ(R1(He, f ), SR(He, f )) = λ(He, f ) to investigate the effect that the
nozzle geometry and dissipation have on thermoacoustic stability. The nozzle throat Mach
number is fixed to Mt = 0.8 as in § 4.3.

Figure 11 shows the trajectory of the dominant eigenvalues with respect to the nozzle
guide vane friction and Helmholtz number. In isentropic nozzles, f = 0, the modes become
unstable as He increases. For a small friction, f = 0.005, the mode with He = 0 (compact
nozzle) is stable. As the friction factor increases, all modes become unstable regardless
of the Helmholtz number. Figure 11(b) shows that, for higher values of friction factors,
the dependence of the growth rate on He decreases. Crucially, thermoacoustic stability
can switch from stable to unstable. Physically, the nozzle Helmholtz number and friction
factor change the phase of the waves that are reflected off the nozzle. When these waves
are sufficiently in phase with the heat released by the flame, according to the Rayleigh
criterion (Rayleigh 1896), interpreted in the frequency domain (Magri, Juniper & Moeck
2020), the thermoacoustic system is linearly unstable. In conclusion, the analysis shows
that the friction and the spatial extent of the nozzle guide vane can have a key effect on
thermoacoustic stability.
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Figure 10. Rijke tube with an open left-hand end. The nozzle with dissipation is attached downstream to
provide the right-hand boundary conditions through SR, which is the acoustic–entropic transfer function, and
R1, which is the acoustic–acoustic transfer function.
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Figure 11. Thermoacoustic stability (eigenvalue loci). (a) The three dominant eigenvalues (modes) for He =
0–0.5 and friction factor f = 0–0.04. (b) Close-up on the first thermoacoustic mode. The axes are scaled by a
factor of 2c1/Ln = 1553/1 = 1553 s−1.

7. Conclusions

Indirect noise generated in nozzles is commonly modelled with isentropic models.
Recently, a non-isentropic model was proposed to predict the noise generated in compact
nozzles (De Domenico et al. 2019). This nozzle model is semiempirical, i.e. it is based
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on a heuristic argument and depends on the equivalent orifice parameter, which needs
to be tuned experimentally. In this paper, we propose a physics-based model of indirect
noise generated in subsonic and supersonic nozzles (with and without a shock wave). The
model is derived from conservation laws. First, we observe that the friction factor can be
used as a global variable to model the dissipation due to various factors averaged across
the cross-section. The equations for the acoustics generated by the passage of an entropy
inhomogeneity are derived from first principles. These equations depend on the Helmholtz
number, which encapsulates the spatial extent of the nozzle with respect to the acoustic
wavelength. Second, the semiempirical parameter of the non-isentropic model from the
literature is mathematically explained with physical and measurable quantities, such as
the entropy loss. Third, we numerically solve the equations to gain physical insight into
indirect noise. For a fixed outlet pressure and inlet Mach number, the flow accelerates
to compensate for pressure loss due to wall friction, as expected in a Fanno flow. The
magnitude of the entropic–acoustic reflection and transmission coefficients increase with
increasing levels of non-isentropicity, the effect of which becomes more significant as
the throat Mach number increases. The model is validated against the experimental data
available from the literature. Fourth, we extend the model to supersonic flows with and
without a shock wave. Friction increases the magnitude of the transmission coefficient for
(i) both compact and non-compact nozzles in supersonic flows with a shock wave; and (ii)
only non-compact nozzles in supersonic flows without a shock wave. Fifth, we show that
non-isentropicity in the nozzle can have a significant effect on thermoacoustic stability.
Systems that are thermoacoustic stable can become unstable for some friction factors and
Helmholtz numbers. This is because the friction and the Helmholtz number have a marked
effect on the phase of reflected waves, which, in turn, can fulfil the Rayleigh criterion when
travelling upstream to the flame.

This work opens up new possibilities for accurate modelling of indirect noise and
thermoacoustic stability in aeronautics and power generation with realistic nozzles.
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Appendix A. Linearised entropy source term

The right-hand-side term of equation 2.19 is,

g( f , f 2, f 3, o( f 3)) = C1

(
M2(γ − 1)

2
∂

∂η

(
u′

u

)
− ∂

∂η

p′

γ p

)

+ C2

(
2

u′

u
+ (1 − γ )

p′

γ p
− s′

cp

)
, (A1)

C1 = Θf
(
γ M2f − 2 tan α

)
, (A2)
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A physical model for indirect noise in non-isentropic nozzles

C2 = Θ

(
2 tan αM

dM
dη

(
1 − (γ + 2)M2

(1 − M2)Λ
+ 2

)
f . . .

. . . −
(

γ M3 dM
dη

(
1 − (γ + 2)M2

(1 − M2)Λ

)
− 4 tan α

D
M2
)

f 2 − 2γ M4

D
f 3
)

(A3)

and

Θ = ũ
2(γ − 1)(1 − M2)

8 tan2 αΛ − 2 tan αγ M2(γ − 1)(1 − M2)f + (γ + 1)γ 2M4f 2 . (A4)
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