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Abstract
Recent advancements in Additive Manufacturing have revolutionized mechanical component design. Lat-
tice metamaterials, thanks to the possibility for effective control over their properties through the tuning of
geometry layout, have gained great attention. However, the high computation time, required in all phases of
numeric analyses is still a major challenge. The homogenization-based multi-scale analysis is a computation-
ally efficient numerical approach, able to extrapolate the macroscopic behavior from microscopic analyses
of unit cells. While homogenization techniques have been widely successful in static simulations, research
on their dynamic behavior is still limited. Starting from the existing research in literature on composites,
this study focuses on the development of a procedure based on the strain energy approach to retrieve the
homogenized elastic and damping properties of lattice metamaterials. Moreover, the validity of the proposed
algorithm is tested on a composite benchmark case and then applied to strut and surface-based lattices.

1 Introduction

In recent years, Additive Manufacturing (AM) has emerged a revolutionizing technology, enabling the pro-
duction of complex shapes, that were once considered impossible to be manufactured through traditional
processes. Among these developments, lattice structures have gained significant attention for their combi-
nation of strength, low weight, and highly customizable geometries [1]. Lattice structures are also known
as metamaterials, being their macroscopic properties dependent on the geometric layout. This allows their
behavior to be tailored on the application they are designed for, and, therefore, they can be employed in a
really wide range of applications, including lightweight structures [2], heat exchangers, [3], energy absorbers
[4], acoustic insulators [5, 6, 7] and in biomedical applications [8].

Lattice structures are systems of vertices connected with each other by beams or surfaces in repeatable
sections, which form a single domain with a complex internal geometry. Therefore, they are topological
ordered structures, formed by one or more repeating unit cells spatial arrangements with edges and faces
formed by plates and struts. Cellular materials can have a wide range of topological features, length scales
and structurally controlled characteristics. Lattice metamaterials are generally categorized into open-cell or
close-cell, depending on the morphology and inter-connectivity of their unit cells. Another classification
of is based on the level of randomness of the RVE, that leads to two main geometric behaviors: periodic
and stochastic. Among the periodic category, lattice structures can be further differentiated based on their
arrangement of unit cells: they can be beam (strut)-based or surface-based.

In strut-based unit cells, the connectivity of the struts, that is the number of beams linked at a given node,
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greatly controls the structure behavior. For low or high connectivity, unit cells exhibit what is known as
bending or stretch-dominated behavior, respectively [9, 10]. On the other hand, the most common types of
surface-based unit cells are the triply periodic minimal surfaces (TPMS). They are a relatively new class of
bio-inspired cellular materials, being investigated for their excellent convective thermal transport character-
istics, and are mathematically defined surfaces, that exhibit minimum possible surface area within specified
boundaries and zero mean curvature. The TPMS divides a given volume into two congruent regions: clos-
ing one of these volume gives a solid network, whereas the thickening of the TPMS gives a sheet network.
TPMS-based geometries also have smooth profile, that eliminates the stress concentrations generated at the
junctions of strut-based topologies and makes them self-supporting in the manufacturing phase [11, 3].

The easiest and most applied method to define mathematically a TPMS is a level-set approximation equation
derived from a sum defined in terms of the Fourier series [12]:

Ψ(r) =
∑

k

F (k) cos[2πk · r− α(k)] = 0 (1)

where k is the reciprocal vector, α(k) is the phase shift and F (k) is the structure factor, which is an amplitude
associated to the k vector. Truncating the series to the leading term gives rise to a function, f that consists
of a combination of trigonometric functions and satisfies the equality:

f(x, y, z) = c (2)

Therefore, the function f defines a surface evaluated at the isovalue c and has a topology similar to that of
a minimal surface. Two or more surfaces can also be plotted together as they do not intersect: two surfaces
corresponding to two level-set constants with the same magnitude, but different signs have the same offset
but in opposite directions from a hypothetical surface evaluated at the average of the two level-set values.
When c = 0 the minimal surface thickness is 0, it does not have volume and the space is divided into two
equal parts, while when c ̸= 0 the isosurfaces are divided by a distance 2c and, if this space is filled, a solid
minimal surface is generated. Fig. 1 depicts the most famous and used TPMS unit cells: Shoen gyroid,
Schwartz primitive, Schwartz diamond, Shoen I-WP, Shoen F-RD, Neovius.

Figure 1: Examples of TPMS unit cells

Even if Finite Elements Method (FEM) and topology optimization (TO) are well-established and powerful
tools for the mechanical design of lattice metamaterials, however, numerical analyses are usually unfeasible.
In fact, a high computation time is needed for the simulation of even small components, due to the high
number of mesh elements required to accurately model their complex geometry [2]. In this context, the multi-
scale approach has emerged as a promising method to speed simulations up. It is based on homogenization,
a numerical procedure that provides the mechanical properties in the micro-scale of the smallest domain
able to reflect the behavior of the whole metamaterial, that is called Representative Volume Element (RVE).
The equivalent mechanical properties can be used to model and simulate the whole lattice in the macro-
scale as a bulk material, allowing the generation of lighter meshes and, therefore, leading to a huge saving
in computation time [13]. Homogenization was originally introduced for composites materials and several
procedures have been developed since the end of the 20th century, ranging from analytical to numerical
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approaches. A comprehensive overview of homogenization algorithms can be found in Barbero [14] and
Somnic et al. [15].

Homogenization procedures based on numerical FE simulation are founded on the satisfaction of Hill-
Mandel’s theorem, that ensures the energetic consistency between the real and homogenized micro-scale
models. From this requirement, three types of boundary conditions (BCs) can be employed to retrieve the
equivalent mechanical properties: uniform boundary conditions (UBC) [16] either in form of traction or dis-
placements, periodic boundary conditions (PBC) and enforced periodic boundary conditions (e-PBC), that
are a combination of UBCs and PBCs [17]. Thus, several different algorithms originally developed for the
homogenization of composite materials can be found in literature regarding the implementation of UBCs
[18, 19], PBCs [20, 21] and e-PBCs [14].

While homogenization techniques have been widely successful in static simulations of lattice structures
[22, 23], research on their dynamic behavior is still limited. Few studies in the literature have focused on
the multi-scale dynamic analysis of composite materials, developing dynamic homogenization procedures
in both the time and frequency domains, that involve coupled static-dynamic simulations and analysis of
wave dispersion within the RVE [24, 25, 26, 27]. Their aim is the computation of the homogenized stiffness
and damping properties, facilitating fast dynamic FEA of macro-scale components. Recently, homogeniza-
tion has also been applied to lattice metamaterials to evaluate their mechanical properties and develop fast
performing TO frameworks. However, the investigations conducted on lattice structures so far, have only
concentrated on static loading cases and there is no trace in literature of a systematic procedure to perform
multi-scale dynamic analyses of lattice structures relying on the homogenization procedure for structural
application.

Taking inspiration from the above-mentioned existing literature on composites, this study focuses on the
development of a reliable dynamic homogenization procedure and on its application on lattice metamaterials
under the linearity hypothesis. The methodologies presented in this works are time-domain-based and two
main approaches have been implemented, tested and compared on case studies: a simpler static algorithm
that allows to retrieve the damping parameters through static numerical simulations, and the fully dynamic
homogenization procedure [25], both based on the strain energy method [24]. The aim is to provide a
complete workflow for the dynamic homogenization of lattice structures, comparing the strength, drawbacks
and further capabilities of both the approaches. The authors also wanted to assess the validity of the dynamic
implementation, even though it was proven to be much slower than the static one, because it allows multi-
physics coupling. In fact, the final goal of the ongoing research will be the dynamic homogenization of
lattices, accounting for fluid-structure interaction (FSI).

In the first section, the basis of homogenization are presented as long as the implementation of its dynamic
versions, relying on an alternative and simpler approach to the commonly used periodic boundary conditions
(PBCs), that was proposed by Steven [19, 18] for the static homogenization. Afterwards, the elasticity
tensor and loss factors of both a strut-based and a TPMS lattice RVE are homogenized using the proposed
algorithms. In section 2 the new formulation of the dynamic homogenization algorithm without PBCs is
tested on a benchmark case of a composite material. The third section contains a convergence study on mesh
and RVE dimensions to compare the performances of the homogenization algorithm presented in this paper
and those relying on PBCs. In section 4 the results of the homogenization of a TPMS lattice structure using
both the the static and dynamic implementations are reported, while the last one contains concluding remarks
and future perspective on the application of the presented methodology.

2 Dynamic Homogenization: Theory and Implementation

2.1 Homogenization fundamentals

Multi-scale modeling refers to an approach in which the mechanical response of the material is studied at one
length scale, but the outcomes of the analysis are referent to several properties at another one [23]. Homog-
enization is a technique for evaluating the equivalent macro-scale properties of a complex metamaterial with
a periodic structure and it can be either performed through experiments or virtual tests based on numerical
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simulations. Being the FEA of a whole lattice structure high demanding and often unfeasible due to the high
number of mesh elements, numerical homogenization techniques have been developed and proven to lead to
huge time saving in the simulation of complex lattice structures composed of hundreds or even thousands of
repeated unit cells [28].

The homogenization approach was born to model composites materials [21], but can be effectively used also
for lattices: the dual fiber-matrix phase composition of composites is replaced with the solid and void phases
in lattices. The final goal of the procedure is to transform a porous periodic lattice structure into an equivalent
solid material with homogenized properties, that make it behave as if it were a true lattice domain [29]. A
fundamental problem that has to be solved to homogenize a lattice material is the definition of the minimum
sufficient representative volume, so that the boundary conditions effects are minimized. To address this issue
the concept of RVE was introduced [30]. The RVE is a region much smaller than the whole lattice structure,
it has got the same mechanical characteristics and behavior of the lattice and its properties do not depend on
boundary conditions.

Sub-scale modeling is energetically consistent, only if the deformation energy at the macroscopic level is
equal to the volume average of the micro-scale stress work: at any equilibrium state of the RVE characterized
by the stress field σ and the strain field ε, the following equation must be satisfied [31]:

σ̄ij ε̄ij =
1

VRV E

∫

V
σijεij dV (3)

where σ̄ and ε̄ are the average stress and strain tensors, VRV E is the total volume of the RVE and the indexes
i, j represent the principal directions. The average stress and strain are defined as [32]:

σ̄ij =
1

VRV E

∫

V
σij dV

ε̄ij =
1

VRV E

∫

V
εij dV.

(4)

2.2 The Strain Energy Method and the ”Static” Dynamic Homogenization

The dynamic homogenization procedure presented in this work, relies on the widely used strain energy
approach, that was first proposed by Ungar and Kerwin [33]: the loss factor of the mechanical system can
be expressed as the summation of the products of the individual element loss factors and the fraction of the
total strain energy stored in each element, divided by the total stored energy:

η̄ =

∑n
i=1 ηiW

S
i∑n

i=1W
S
i

(5)

where η̄ is the homogenized loss factor, ηi is the loss factor of the ith element, WS
i is the energy stored in

the ith element at the maximum displacement and n is the total number of elements.

The strain energy method in its original formulation does not include any inertial effect when computing
the equivalent viscoelastic properties of the metamaterial, making the numerical computation static. This
assumption can be considered valid when the excitation frequencies applied to the mechanical component
are much lower than its natural frequencies.

The constituent viscoelastic material of the lattice structure can be modeled using the complex modulus:

E = E∗(1 + iη) (6)

where, E∗ is the storage modulus and η is the loss factor. Thus, the stiffness matrix is expressed through the
complex quantity

[C(ω)] = [CR(ω)] + i [CI(ω)] (7)

where CR and CI are the real and imaginary part of the stiffness matrix, respectively. The ratio between the
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real and imaginary part of the complex stress-strain tensor represents the material loss factor tensor:

[η] =
[CI(ω)]

[CR(ω)]
(8)

The determination of the effective mechanical properties of the lattice metamaterial implies the application
of particular loading conditions to the RVE, that induce an overall deformation state in only one direction of
the strain at a time.

Recalling, the Hooke’s law, stress {σ} and deformation {ε} vectors are linked through the elasticity matrix
[E]:

{σ} = [E]{ε} (9)

Starting from the Hill-Mandel principle (Eq. 3), written in matrix form

{ε̄}T {σ̄} =
1

V

∫

V
{ε}T {σ} dV, (10)

introducing Eq. 9 into Eq. 10, the first term can be rewritten as

{ε̄}T {σ̄} = {ε̄}T [Ē]{ε̄} (11)

where [Ē] is the homogenized elasticity tensor, that is the output of the homogenization procedure. If an
overall deformation state, in which all the strain components are null with except to one, is applied to the
RVE, taking for example the first iteration of the procedure, whose deformation state is

{ε̄} = {ε̄11, 0, 0, 0, 0, 0}T (12)

and substituting Eq. 12 into Eq. 11, the first term of Eq. 10 can be rewritten as

{ε̄}T {σ̄} = C̄11(ε̄11)
2 (13)

Combining Eqs. 10 and 13, the first component of the elasticity tensor can be computed through:

C̄11 =
1
V

∫
V {ε}T {σ} dV
(ε̄11)2

(14)

Recalling that
1

V

∫

V
{ε}T {σ} dV = 2 W̄S , (15)

where W̄S is the average energy density stored inside the RVE, C̄11 can be finally determined through:

C̄11 =
2 W̄S

(ε011)
2

(16)

The following approach can be used to homogenize both elastic and viscoelastic materials: the application
of a displacement field induces a deformation state and, consequently, to the storage of elastic energy inside
the RVE. The strain energy density stored in each element of the FE model can be computed through:

WS
i =

1

2
{εi}T {σi} (17)

where {εi} and {σi} are the strain and stress vectors of the ith element, respectively, and Vi is the ith element
volume. On the other hand, the dissipated energy density can be computed through

W d
i = 2πη {εi}T {σi} (18)
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The average stored and dissipated energy density inside the RVE can be finally computed using:

W̄S =

∑n
i=1W

S
i Vi

VRV E

W̄ d =

∑n
i=1W

d
i Vi

VRV E

(19)

The mean stored and dissipated energy densities are finally used to compute the entries of the homogenized
elasticity and loss factor tensors. As it can be deduced from Eq. 18, the numerical computation can be
performed assigning to the material only the real part of the complex modulus, and the contribution from the
dissipative forces are consequently obtained through the scaling factor η.

The complete set of BCs and the strategies for each of the nine simulation cases, required to compute all
the homogenized properties, are resumed in Tables 1 and 2, where Lx, Ly and Lz are the RVE dimensions
along the three principal directions. The uniform displacement BCs are taken from the homogenization
algorithm proposed by Steven [19, 18] and fitted to the strain energy method, while the strategies for the
computation of the homogenized properties were introduced by Shashidhar et al. [34]. In that work the
PBCs, that are commonly used for homogenization, were employed. Since they require a periodic mesh,
they could be difficult to setup for complex geometries, like the TPMS lattice structures. Steven’s algorithm,
while providing results comparable to those obtained through PBCs, can be applied to a generic mesh and,
therefore, the implementation of the whole algorithm is simpler and straightforward.

Table 1: Nodal displacement boundary conditions for the nine load cases

Displacement boundary conditions
Node coordinates Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 Case 9

x = −Lx/2 εx = 0 εx = 0 εx = 0 εy = 0 εx = 0 εz = 0 εx = 0 εx = 0 εx = 0

x = Lx/2 εx = 1 εx = 0 εx = 0 εy = 0.5 εx = 0 εz = 0.5 εx = 1 εx = 0 εx = 1

y = −Ly/2 εy = 0 εy = 0 εy = 0 εx = 0 εz = 0 εy = 0 εy = 0 εy = 0 εy = 0

y = Ly/2 εy = 0 εy = 1 εy = 0 εx = 0.5 εz = 0.5 εy = 0 εy = 1 εy = 1 εy = 0

z = −Lz/2 εz = 0 εz = 0 εz = 0 εz = 0 εy = 0 εx = 0 εz = 0 εz = 0 εz = 0

z = Lz/2 εz = 0 εz = 0 εz = 1 εz = 0 εy = 0.5 εx = 0.5 εz = 0 εz = 1 εz = 1

Table 2: Strategies for calculation of effective properties

Computation of the homogenized properties
Load Case Storage tensor Damping tensor Loss factor tensor
Case 1 C̄R

11 = W̄S/
(
0.5ε̄211

)
C̄I

11 = W̄ d/
(
0.5ε̄211

)
η̄11 = (1/2π)W̄S/W̄ d

Case 2 C̄R
22 = W̄S/

(
0.5ε̄22

2
)

C̄I
22 = W̄ d/

(
0.5ε̄22

2
)

η̄22 = (1/2π)W̄S/W̄ d

Case 3 C̄R
33 = W̄S/

(
0.5ε̄33

2
)

C̄I
33 = W̄ d/

(
0.5ε̄33

2
)

η̄33 = (1/2π)W̄S/W̄ d

Case 4 C̄R
44 = W̄S/

(
0.5ε̄23

2
)

C̄I
33 = W̄ d/

(
0.5ε̄33

2
)

η̄44 = (1/2π)W̄S/W̄ d

Case 5 C̄R
55 = W̄S/

(
0.5ε̄13

2
)

C̄I
55 = W̄ d/

(
0.5ε̄13

2
)

η̄55 = (1/2π)W̄S/W̄ d

Case 6 C̄R
66 = W̄S/

(
0.5ε̄12

2
)

C̄I
66 = W̄ d/

(
0.5ε̄12

2
)

η̄66 = (1/2π)W̄S/W̄ d

Case 7 C̄R
12 = C̄R

21 = UR
12 C̄I

12 = C̄I
21 = U I

12/2π η̄12 = (1/2π)W̄S/W̄ d

UR
12 = W̄S − 0.5

(
C̄R

11ε̄
2
11 + C̄R

22ε̄
2
22

)
U I
12 = W̄ d − π

(
C̄I

11ε̄
2
11 + C̄I

22ε̄
2
22

)
η̄21 = (1/2π)W̄S/W̄ d

Case 8 C̄R
23 = C̄R

32 = UR
23 C̄I

23 = C̄I
32 = U I

23/2π η̄23 = (1/2π)W̄S/W̄ d

UR
23 = W̄S − 0.5

(
C̄R

22ε̄
2
22 + C̄R

33ε̄
2
33

)
U I
23 = W̄ d − π

(
C̄I

22ε̄
2
22 + C̄I

33ε̄
2
33

)
η̄32 = (1/2π)W̄S/W̄ d

Case 9 C̄R
13 = C̄R

31 = UR
13 C̄I

13 = C̄I
31 = U I

13/2π η̄13 = (1/2π)W̄S/W̄ d

UR
13 = W̄S − 0.5

(
C̄R

11ε̄
2
11 + C̄R

33ε̄
2
33

)
U I
13 = W̄ d − π

(
C̄I

11ε̄
2
11 + C̄I

33ε̄
2
33

)
η̄31 = (1/2π)W̄S/W̄ d
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2.3 Fully Dynamic Homogenization

The strain energy approach can be also employed in a fully dynamic implementation. In this case the ho-
mogenized elastic and viscoelastic properties are retrieved through the analysis of a complete vibration cycle
at a desired excitation frequency f̄ . Instead of solving the static equilibrium equation, the dynamic equation
of motion of the RVE is solved in the time domain:

[M ]{q̈}+ [C]{q̇}+ [K]{q} = {F (t)} (20)

where [M ], [C] and [K] are the mass, damping and stiffness matrix of the mechanical system, respectively,
{q} is the vector of the coordinates of the degrees of freedom of the system and {F (t)} is the external
excitation.

Modeling the damping contribution of the viscoelastic properties of the base material through the Rayleigh’s
stiffness matrix-proportional coefficient β

[C] = β [K], (21)

the correlation between β and the loss factor η would be:

β =
η

2πf̄
(22)

The dynamic homogenization is performed iteratively applying to the RVE the same BCs as in the static
implementation (take Table 1 as reference). However, the exciting displacement BC is now in the form:

εij(t) = ε̄ij sin(2πf̄ t) (23)

where ε̄ij is maximum strain amplitude of the excitation.

In each iteration of the homogenization procedure a full loading cycle is simulated and it is divided in smaller
time steps, in which the homogenized stress is computed. Recalling the expression for the average stress

σ̄ij =
1

V

∫

V
σikxjnk dS, (24)

since the stress distribution within the RVE must satisfy the periodicity condition, then two corresponding
points on two opposite planes (with same in-plane coordinates) must have the same normal and shear stresses.
Therefore:

σ̄ij =
1

v

(∫

S+
m

σ+
imx+j dS − σ−

imx−j dS

)
=

1

v

∫

S+
m

σ+
im(x+j − x−j ) dS (25)

In the above the suffix m is a dummy suffix. When m ̸= j the coordinates x+j = x−j and when m = j,
x+j − x−j = ∆xj , so

σ̄ij =
∆xj
V

∫

sj

σij dS =
Fij

Sj
(26)

The above equation indicates that the average stresses can be simply obtained from the ratio between the
resultant traction Fij on the boundary surfaces and the areas of the corresponding boundary surfaces.

Therefore, at each time step of the dynamic simulation the force reaction Fij can be computed and plot-
ted against the displacement uij that is the average displacement in direction j of the RVE face with the
maximum coordinate and normal along direction i. In this way, an hysteresis plot is obtained and its area
corresponds to the total dissipated energy throughout the loading cycle, which is the product of the mean
dissipated energy density and the volume of the RVE:

W̄ d VRV E =

∫ uij,max

uij,min

Fij duij (27)
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The mean stored energy density can be computed through

W̄S =
1

2
Fmax
ij umax

ij (28)

where Fmax
ij and umax

ij are the maximum reaction force and displacement values. At each iteration, after
having obtained W̄S and W̄ d, the homogenized properties can again be computed as it is described in Table
2.

3 A first test case on composites: comparison with benchmark data

A preliminary investigation was performed on a glass fiber reinforced composite test case to compare the
results from the homogenization presented in this paper to those found in literature. The simulation were
performed on a RVE composed of a cylindrical inclusion inside a rectangular cuboid with dimensions 10
x 10 x 2 mm (Fig. 2). The fiber, that occupies the 30% of the total volume, and the matrix are isotropic
viscoelastic materials with the following properties:

• Fiber: Ef = 72.4 GPa, νf = 0.2, ηf = 0.0018

• Matrix; Em = 2.76 GPa, νm = 0.35, ηm = 0.015

Results were compared to those of Chandra et al. [24] and Conejos et al. [35], who employed the strain-
energy approach in the static formulation, and Rezaei et al. [25], that first proposed the fully dynamic
implementation with PBCs.

Figure 2: FE mesh of the composite RVE with cylindrical inclusion

The comparison of the results about the loss factors in the principal direction is summarized in Table 3, where
SI and DI stand for the static implementation and the dynamic implementation of the dynamic homogeniza-
tion presented in this study. As it can be seen, the results of are quite close those available in literature, with
exception for the loss factor in the axial direction, that shows a slightly higher difference for both the version
of the dynamic homogenization.

4 Convergence study of homogenization algorithms on a strut-based
lattice RVE

In the previous section there is a proof of the validity of Steven’s BCs with respect to the the widely famous
PBCs. However, a more systematic comparative study in dependence of mesh and RVE size was performed
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Table 3: Comparison of loss factors for a cylindrical inclusion for volume fiber of 30%

Loss factor comparison

Chandra [24] Conejos [35] Rezaei [25] SI DI

η̄11 [%] 0.31 0.30 0.28 0.35 0.35

η̄22 [%] 1.48 1.49 1.43 1.44 1.44

η̄12 [%] 1.48 1.49 1.46 1.47 1.47

η̄23 [%] 1.47 1.48 1.43 1.42 1.44

on a strut-based lattice structure and its outcomes are presented in this section. The goal was the evaluation
of the best trade off between the accuracy of results and the computation time to retrieve the components of
the real elasticity tensor. Steven’s approach was compared to PBCs in two different formulations: the relative
and absolute coupling. More information on the base theory and the way to implement them can be found
in [14, 36, 21]. The lattice under test is composed of tetra strut-based unit cells, which is obtained combined
a cubic and a BCC unit cell, with side length L = 6 mm and beam thickness t = 0.75 mm. The base
material is the aluminum alloy AlSi10Mg, modeled as an isotropic material with the following properties:
E = 70 Gpa, ν = 0.33.

Strut-based and TPMS-based lattices can be modeled as orthotropic materials with cubic symmetry. Thus,
the elastic constitutive law of the material can be described using only the three independent parameters: the
in-plane elastic constant C11, out-of-plane elastic constant C12 and shear component C44. Therefore, the
elasticity tensor is in the following form [37]:

[C] =




C11 C12 C12 0 0 0
C12 C22 C12 0 0 0
C12 C12 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44




(29)

This allows the full characterization of the homogenized material performing only three out of the nine
simulations, that correspond to cases 1, 4 and 7 presented in Tables 1 and 2.

The design of the RVE was performed using a totally free and open-source tool developed by the authors in
Python and GNU Octave. The RVE was then meshed with quadratic tetrahedra using the free software Gmsh.
The setup of the FE model as well as the post processing activities for each iteration of the homogenization
procedure were performed using self-developed Python scripts able to create the input file for the FE open-
source software CalculiX and analyze its output.

Fig. 3 reports the results of the convergence study on the components of the homogenized elasticity for an
increasing number of elements per cell and for RVE composed of 1, 8 and 27 cells. As it can be clearly seen,
Steven’s approach provides barely the same results as PBCs, so it can be effectively used in homogenization
frameworks. Moreover, for this RVE an convergence of the results is achieved after 30000 elements per unit
cell and the number of unit cells in the RVE does not influence the outcomes.

5 Dynamic homogenization of a TPMS lattice structures

After having proved the validity of the proposed framework, in this section the effective mechanical proper-
ties of a TPMS lattice structure are homogenized using both the static and dynamic approach presented in
section 2. The goal is the determination, after a convergence study, of the homogenized elastic and damping
tensors of the metamaterial, that can be employed in further macro-scale static and dynamic analyses, to
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(a) (b)

(c) (d)

Figure 3: Results of the convergence study on the C11 (a), C21 (b), C44 (c) components of the homogenized
elasticity tensor and overall computation time (d)
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dramatically reduce the overall computation time. In this test case the RVE of a Schwartz primitive lattice is
homogenized. This unit cell is mathematically defined as the solution to the following equation:

f(x, y, z) = cos(x) + cos(y) + cos(z) = c (30)

The unit cell was designed within a cubic domain with side length 10 mm, which is an average dimension of
the most commonly used TPMS lattices for practical applications, and with 30% relative density. The base
material of the RVE is steel with the following properties: E = 210 GPa, ν = 0.28 and η = 0.01. The FE
model of the lattice test case is represented in Fig. 4a.

(a) (b)

Figure 4: FE model of the primitive unit cell (a) and Hysteresis cycles (b)

TPMS unit cells like the Schwartz primitive can be modeled as an orthotropic material with cubic symmetry
and, as in the case of the strut-based lattice tested in the previous section, their mechanical behavior is fully
characterized through C11, C12 and C44.

A preliminary modal analysis was performed on the RVE without any displacement constraint to assess the
value of the first resonant frequency, not regarding free body motion, and check if the hypotheses for the
validity of the static implementation of the dynamic implementation were valid. In fact, as presented in
section 2.2, the homogenized properties, computed in this way, are valid only if the excitation frequency,
applied to the macroscopic model, are far below the first resonant frequency, i.e. the inertial contribution can
be neglected. It was checked that the first resonant frequency was around 87.5 kHz, that is much bigger than
common mechanical vibration frequencies.

The dynamic approach was performed simulating a full sinusoidal loading cycle in each iteration with fre-
quency f̄ = 1 Hz and maximum strain amplitude ε̄ij = 0.001. It should be noted that the maximum strain
amplitude does not influence the results, since the linearity hypothesis holds.

From the numerical analyses it was found that the mesh size does not influence the results of the homogenized
loss factor, as also reported in Conejos et al. [35], while it has effect on the components of both the real
and imaginary parts of the complex stress–strain tensor. Convergence was found with an RVE of about
30000 quadratic tetrahedron mesh elements. Table 4 summarizes the data obtained through the two dynamic
homogenization approaches and Fig. 4b depicts the hysteresis cycles for the three cases simulated in the
dynamic algorithm.

As it can be seen from the results, both the dynamic homogenization algorithms provide almost the same
effective mechanical properties. However the static implementation is much faster, but it has got the limita-
tion to provide reliable data only for excitation frequencies that are far below the first resonant frequency of
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Table 4: Homogenized mechanical properties and total computation time for the dynamic homogenization
of the primitive RVE with 30% relative density

Homogenized properties
Mechanical property Static algorithm Dynamic algorithm

C̄S
11 [GPa] 31.3 31.4

C̄S
12 [GPa] 16.9 16.7

C̄S
44 [GPa] 14.3 14.3

C̄d
11 [GPa] 0.313 0.314

C̄d
12 [GPa] 0.169 0.167

C̄d
44 [GPa] 0.143 0.143

η̄11 [%] 1.00 1.00
η̄12 [%] 1.00 1.00
η̄44 [%] 1.00 1.00
Time 30 s 15 min

the lattice. On the contrary, the fully dynamic algorithm, even though it is slower, gives complete freedom
to simulate the behavior at any excitation frequency and can be also employed for the simulation of RVEs
when non-linearities are present.

6 Conclusions

This work’s aim was to provide a homogenization algorithm able to simulate the viscoelastic behavior of ma-
terials with complex micro-structure and provide their homogenized properties for multi-scale macroscopic
analyses, in order to save computation time, that is still one of the major limitations in the FEM of lattice
metamaterials.

Two main approaches of the dynamic homogenization, derived from the existing literature on composites
and based on the strain energy approach, were presented. The former is performed through static FEA and
it can be applied when the frequency of external excitation are much lower than the natural frequencies of
the RVE. The latter consists in a fully dynamic algorithms able to retrieve the homogenized properties from
the analysis of the hysteresis cycles. Both the implementations rely on the UBCs formulation presented in
the work by Steven, and they were proven to provide comparable results to PBCs. Moreover, the presented
framework was applied to a composite benchmark case and the results were promising.

Finally, both the algorithms were applied to a TPMS lattice structure, a kind of lattices with great potentials
in many different fields of application and that have not yet been sufficiently analyzed due to the difficulties
in numerical analyses and manufacturing. The dynamic homogenization of lattice structures does not provide
additional information with respect to the static one, because the output homogenized loss factor coincides
with that of the base material. That is quite obvious, since lattices are made just of a single material. However,
the dynamic implementation seems to be a promising algorithm to homogenize mechanical systems with
multi-physic and non-linear phenomena: TPMS lattices are becoming crucial for the design of advanced
heat exchangers with far superior performances with respect to traditional ones, therefore, the analysis of the
coupled fluid-structure behavior will be essential for their mechanical design.
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