POLITECNICO DI TORINO
Repository ISTITUZIONALE

On the number of residues of certain second-order linear recurrences

Original
On the number of,residues of certain second-order linear recurrences / Accossato, F., Sanna, C.. - In. COMPTES
RENDUS. MATHEMATIQUE. - ISSN 1778-3569. - STAMPA. - 362:G11(2024), pp. 1365-1377. [10.5802/crmath.647]

Availability:
This version is available at: 11583/2994484 since: 2024-11-17T09:49:01Z

Publisher:
Academie des sciences

Published
DOI:10.5802/crmath.647

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

28 June 2026



ACADEMIE
DES SCIENCES

INSTITUT DE FRANCE

Comptes Rendus

Mathématique

Federico Accossato and Carlo Sanna
On the number of residues of certain second-order linear recurrences
Volume 362 (2024), p. 1365-1377

Online since: 14 November 2024

https://doi.org/10.5802/crmath.647

[cO=2mmmm This article is licensed under the
CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE.
http://creativecommons.org/licenses/by/4.0/

<

MERSENNE

The Comptes Rendus. Mathématique are a member of the
Mersenne Center for open scientific publishing
www.centre-mersenne.org — e-ISSN : 1778-3569


https://doi.org/10.5802/crmath.647
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org
https://www.centre-mersenne.org

ACADEMIE Comptes Rendus. Mathématique
DES SCIENCES 2024, Vol. 362, p. 1365-1377
https://doi.org/10.5802/crmath.647

INSTITUT DE FRANCE

Research article / Article de recherche
Number theory / Théorie des nombres

On the number of residues of certain
second-order linear recurrences

Sur le nombre de résidus de certaines récurrences
linéaires du second ordre

Federico Accossato ®? and Carlo Sanna ® *¢

E-mails: federico.accossato@polito.it, carlo.sanna@polito.it

Abstract. For every monic polynomial f € Z[X] with deg(f) = 1, let £(f) be the set of all linear recurrences
with values in Z and characteristic polynomial f, and let

R(f)={plx;m):xe L(f), meZ"},

where p(x; m) is the number of distinct residues of x modulo m.

Dubickas and Novikas proved that (X2 — X —1) = Z*. We generalize this result by showing that
R(X% - a1 X —1) = Z* for every nonzero integer a;. As a corollary, we deduce that for all integers a; =1 and
k = 2 there exists ¢ € R such that the sequence of fractional parts (frac(¢a™)) =0 Where @ := (a1++/ a% +4)/2,
has exactly k limit points. Our proofs are constructive and employ some results on the existence of special
primitive divisors of certain Lehmer sequences.

Résumé. Pour chaque polyndme monique f € Z[X] avec deg(f) = 1, soit Z(f) 'ensemble de toutes les
récurrences linéaires avec des valeurs dans Z et un polynoéme caractéristique f, et soit

Z(f)={plx;m):xe L(f), meZ"},

ol p(x; m) est le nombre de résidus distincts de x modulo m.

Dubickas et Novikas ont prouvé que %(X? — X —1) = Z*. Nous généralisons ce résultat en montrant
que Z(X% - a1 X —1) = Z* pour tout entier non nul a;. Comme corollaire, nous déduisons que pour tous
les entiers a; = 1 et k = 2, il existe ¢ € R tel que la séquence des parties fractionnaires (frac(g‘ a"))nzo, ou
a:=(a + \/a% +4,)/2, a exactement k points de limite. Nos preuves sont constructives et utilisent certains

résultats sur I'existence de diviseurs primitifs spéciaux de certaines séquences de Lehmer.

Keywords. Fractional parts of powers, Lehmer sequences, linear recurrences, Pisot numbers, primitive
divisors, residues.

Mots-clés. Parties fractionnaires des puissances, suites de Lehmer, récurrences linéaires, nombres de Pisot,
diviseurs primitifs, résidus.

2020 Mathematics Subject Classification. 11B37, 11B39, 11B50, 11K16.

Funding. The authors are members of GNSAGA of INdAM, and of CrypTO, the group of Cryptography and
Number Theory of the Politecnico di Torino.

Manuscript received 23 February 2024, revised 23 April 2024, accepted 3 May 2024.

* Corresponding author

ISSN (electronic): 1778-3569 https://comptes-rendus.academie-sciences.fr/mathematique/


https://doi.org/10.5802/crmath.647
https://orcid.org/0009-0004-9861-0153
https://orcid.org/0000-0002-2111-7596
mailto:federico.accossato@polito.it
mailto:carlo.sanna@polito.it
https://comptes-rendus.academie-sciences.fr/mathematique/

1366 Federico Accossato and Carlo Sanna

1. Introduction

Letay, ..., a be integers. An integer sequence x = (x,) ;>0 is a linear recurrence with characteristic
polynomial

f=xt—a X1 —axt2 ... g
if for all integers n = k we have that

Xp=a1Xp-1+a2Xp—2+ -+ aXp—k- (1)

The terms xy, ..., Xx—1, which together with f completely determine x via (1), are the initial values
of x. We let Z(f) denote the set of all (integral) linear recurrences with characteristic polynomial
f. Ttis easily seen that each x € £(f) is ultimately periodic modulo m, for every integer m = 1,
and in fact (purely) periodic if gcd(m, ax) = 1. Indeed, properties of linear recurrences modulo
m have been studied extensively, including: which residues modulo m appear in x and how
frequently (3, 8, 11, 13, 16, 18], and for which values of m the linear recurrence x contains a
complete system of residues modulo m [1, 4, 12, 17, 19].

We let 7(x;m) denote the (minimal) period of x modulo m, that is, the minimal integer
t = 1 such that x,.; = x, (mod m) for all sufficiently large integers n = 0. Moreover, we let
p(x;m) = #{x, mod m: n = 0} be the number of distinct residues of x modulo m, and we put

R(f)={px;m):x€ L(f),meZ"}.

Dubickas and Novikas [9], motivated by some problems on fractional parts of powers of Pisot
numbers [24], proved that Z(X? — X —1) = Z" and stated that it “may be very difficult in general”
to determine Z(f). Sanna [15] considered the special case in which f is a quadratic polynomial
with roots a, § such that ¢ = £1 and a/f is not a root of unity, and proved two results. First,
that Z(f) contains all integers n = 7 with n # 10 and 41 n. Second, that 4DyZ* < Z(f) ifaff =1,
and 8D¢Z* < Z(f) if af = —1; where Dy is the squarefree part of the discriminant of f, and it is
assumed that Dy =1 (mod 4) and Dy = 5.
Our result is the following.

Theorem 1. Let a; be a nonzero integer. Then Z(X?> —a,X —1) = Z*. In other words, for every
neZ” thereexistx € L(f) and m e Z* such that p(x; m) = n. Moreover, one can choose x and m
so that all the residues of x modulo m are nonzero if and only if|a;| =1 and n= 4, or|a;| = 2.

The assumption that a; is nonzero is not a restriction, since it is easy to prove that 2(X?—1) =
{1,2}. We remark that the proof of Theorem 1 is constructive. It provides an algorithm that, given
as input a nonzero integer a; and an integer n = 1, returns as output a modulo m and the initial
values xg, x; of a linear recurrence x € £(X? — a1 X — 1) such that p(x;m) = nand, if |a;| = 2 or
n = 4, all the residues of x modulo m are nonzero.

For every t € R, let floor(¢) be the floor function of t, that is, the greatest integer not exceeding
t, and let frac(¢) := ¢ — floor(#) be the fractional part of t. As a corollary of their aforementioned
result, Dubickas and Novikas [9] proved that for every integer k = 2 there exists ¢ € R such that the
sequence (frac(&((1 +v/5)/2)")) 150 has exactly k limit points.

From Theorem 1, we deduce the following corollary.

Corollary 2. Let ay =1 be an integer, and let a := (a) + \/ a} +4)/2. Then, for every integer k = 2,
and for every integer k = 1 if ay = 2, there exists ¢ € Q(a) such that the sequence (frac(éa™)) _, has
exactly k limit points.

n=0

We remark that sequence of fractional parts (frac(f a”)) >0’ where a > 1 is a real algebraic
number and ¢ € R, has been studied by several authors [5-7, 14, 21, 23, 24].

The paper is structured as follows. Section 2 contains several preliminary lemmas. More
precisely, Section 2.1 is devoted to prove the existence of some special primitive divisors of
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specific Lehmer sequences, Section 2.2 contains some elementary but useful results on certain
multiplicative orders, and Section 2.3 provides the main lemmas for the construction of the
desired sequences in Z(f). Then, Sections 3 and 4 are devoted to the proofs of Theorem 1 and
Corollary 2, respectively.

2. Preliminaries

Hereafter, let a; be a nonzero integer, let f := X* — a1 X — 1, let D := a7 + 4 be the discriminant of
f,letK = @(\/5) be the splitting field of f, and let a, B € K be the roots of f. Note that D is not
asquare in Q, so that K is a quadratic number field. Moreover, note that @ and f are distinct real
numbers, aff = -1, a + = aj, (a — f)? = D, and &/ is not a root of unity.

We begin with the following lemma.

Lemma3. Letxe Z(f), let m =1 be an integer, and let t = T(x; m). Then there exists y € £L(X? +
a1 X — 1) such that y, = X (n+1) mod  (Mmod m) for every integer n = 0, where (—(n+ 1) mod f)
is the unique integer r € [0,t) such that r = —(n+ 1) (mod ?). In particular, we have that
T(x;m) = 1(y; m), p(x; m) = p(y; m), and that all residues of x modulo m are nonzero if and only if
all residues of y modulo m are nonzero.

Proof. Let us extend x to negative indices by defining x, := —a; x,+1 + x,+2 for every integer
n < —1. Then, we have that x;,, = —a; x,+1 + X,+2 and x,4+; = x, (mod m) for every integer n. Let
yeL(X?+a; X~-1)with yg = x;1 and y; = x;_». Since yp42 = —aiyn+1 + yn for every integer
n = 0, it follows easily by induction that y, = x;_(,+1) for every integer n = 0. Hence, by the
periodicity of x, we get that ¥, = X(_(n+1) mod n (mod m) for every integer n = 0, as desired. O

In light of Lemma 3, hereafter we assume that a; = 1.

Remark 4. Since Dubickas and Novikas already proved the case a; = 1 of Theorem 1 and
Corollary 2, we could assume that a; = 2. However, we choose to include the case a; =1 in
our proofs in order to state some of the intermediary results with greater generality.

2.1. Lehmer sequences

Let y,8 be complex numbers such that Y5 and (y + §)? are nonzero coprime integers and y/§ is
not a root of unity. The Lehmer sequence (¢,,) associated to vy, 6 is defined by

"—o6"MI(y-6 if n is odd;
‘_{(}/ )/ (y—0) ifniso ©

Tl -6M1(y2-62) if nis even;
for all integers n = 0. The conditions on Y, ensure that each ¢,, is an integer. A prime number
p is a primitive divisor of £,, if p | €, but p{ (y? —§2)2¢1---£,,_1 (cf. [2]). Note that £; = £, = 1, so
that ¢,, can have primitive divisors only if n = 3.
The sequence of cyclotomic numbers (¢,,) associated to vy, 6 is defined by
2mik
bn = H (}f—e n 6), (3)

1<k<n
ged(n,k)=1

for all integers n = 1. It can be proved that ¢,, € Z for every integer n = 3 [2, p. 84].

The next lemma relates the cyclotomic numbers with the primitive divisors of the Lehmer
sequence. For every prime number p, let v, denote the p-adic valuation. For every integer n = 4,
let P3(n) denote the greatest prime factor of n/gcd(n, 3).
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Lemma5. Letn =5 bean integer with n # 6. Then

H pvp(m c {{1,P3(n)} ifn#12;

|¢n|/ {1,2,3,6} ifn=12

p prim. div. ¢,
where the product runs over all the primitive divisors p of ¢,.

Proof. From (3) it follows easily that
y"-6"=1] ¢a, 4)
dlm
for all integers m = 1. In turn, applying to (4) the Mobius inversion formula and taking into

account (2), we get that
dm= ] (Yd —5d) =11 fg[m/d), (5)
dlm dlm

for all integers m = 3, where pu is the Mobius function and where we also employed the well-
known fact that }_ 4, ,, pt(d) = 0 for every integer m = 2.

Let p be a prime number. If p is a primitive divisor of ¢, then p does not divide ¢ for every
positive integer k < n. Hence, from (5) we have that v, (¢n) = v, (£5).

If p is not a primitive divisor of £, and p | ¢, then it is known that v, (¢,,) = 1 and that either
p=Ps3(n),if n#12,or p € {2,3}, if n = 12; see the “only if” part of the proof of [2, Theorem 2.4], or
see the paragraphs before, and the comment after, [20, Lemma 6]. O

w(m!d)

We need a lower bound for the absolute values of cyclotomic numbers.
Lemma 6. Suppose thaty,d are real numbers withyé > 0. Then
[Pl > 14y —6)*yo| 7"
for every integer n = 3, where ¢ is the Euler function.

Proof. This resultis due to Ward [22, p. 233]. O

Hereafter, we put v := a and 6 := — . Note that this choice does indeed satisfy the conditions
of Lehmer sequence. Moreover, we have that y6 =1,y -6 = aj, (y +6)? = D, and (y* - 62)? = a?D.
Furthermore, the first values of (¢;,) are

01=1, l=1, l3=a}+3, ly=a:+2, l5=(@+D)(@+D+1, lo=(a®+1)l5. (6

In particular, note that, since ¢3 or ¢, is even, if n = 5 then every primitive divisor of ¢,, (if it exists)
is odd.

The problem of determining which terms of a Lehmer sequence have a primitive divisor has a
very long history. The first complete classification was given by Bilu, Hanrot, and Voutier [2] (see
also [15, Remark 3.1] for some missing values in [2, Table 4]). We make use of the following two
results.

Lemma?7. Letn=3 bean integer. Ifa; =1 andn ¢ {3,6,10,12}, ora; =3 andn#3, ora; ¢ {1,3},
then ¢,, has at least one odd primitive divisor p.

Proof. If n = 13 then it is known that ¢, has at least one odd primitive divisor [20, Lemma 8].
(In fact, this is true for all Lehmer sequences with real y,5.) Hereafter, assume that n < 12.

If a; =1and n ¢ {3,6,10, 12}, then one can check that Z,, has an odd primitive divisor. If a; =3
and n # 3, then one can check that ¢,, has an odd primitive divisor.

Hereafter, assume that a; ¢ {1,3}. If n = 5 and n # 6, then by Lemma 6, recalling that y—6 = a,,
¥4 =1, we get that |¢,,| > 29" > . In turn, by Lemma 5, this implies that ¢,, has an odd primitive
divisor.
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It remains to prove that if n € {3,4, 6} then ¢, has an odd primitive divisor. Since a; ¢ {1,3}, by
reasoning modulo 8 and modulo 9, it follows easily that a% +2 is not a power of 2, and that neither
af +1 nor af + 3 is equal to 293" for some integers s, r = 0. Hence, there exists a prime number
p =5 dividing af + 1. We claim that p is an odd primitive divisor of . In fact, since p = 5, by (6)
and recalling that D = af +4,we getthat p | {g and pt a; D¢, --- ¢5. The proof that £3 and ¢, have
an odd primitive divisor proceeds similarly. d

Remark 8. Lemma 7 is optimal, that is, one can verify that if a; = 1 and n € {3,6,10,12}, or if
a; =3 and n =3, then ¢, does not have an odd primitive divisor.

For every integer n = 1, we say that a prime number p is a high primitive divisor of ¢, if p is an
odd primitive divisor of ¢, such that p*»\») > n.

Lemma 9. Let n =3 be an integer. If aj =1 and n ¢ {3,4,6,8,10,12,14,18,24}, or a; = 2 and
n¢{4,6,12}, ora; =3 andn ¢ (3,6}, or ay = 4, then ¢,, has at least one high primitive divisor.

Proof. Suppose that 7 =5 and n # 6. We claim that if (2a;)?"’2 > n? then ¢,, has a high primitive
divisor. Indeed, recalling that y — & = a; and y§ = 1, by Lemma 6 we have that |¢,,| > (2a;)?"/2.
Hence, by Lemma 5, we get that (2a)?"’2 > p2 implies that

[T ¢““>n (7)
g prim. div. ¢,
In particular, from (7) it follows that ¢, has at least one primitive divisor. Let p be the greatest
primitive divisor of £,,. It is known that each primitive divisor g of ¢, satisfies g = +1 (mod n) [20,
p- 427]. Hence, either p = n+1, or p = n—1 and p is the unique primitive divisor of ¢,,. In both
cases, taking into account (7), we get that p*»(») > n. Hence, we have that p is a high primitive
divisor of ¢, (note that p is odd since n = 5).
If n>2-10% then ¢(n) > n/logn [22, Lemma 4.1]. Hence, we get that

(zal)(p(n)/Z > 2n/(210gn) > n2,

which implies that ¢, has a high primitive divisor.
If180 < n<2-10% then ¢(n) > n/6 [22, Lemma 4.2]. Hence, we get that

(Zal)(p(n)lz > 2n/12 > n2,

which implies that ¢, has a high primitive divisor.
If5<n<179with n#6, and |a;| =7, then

(Zal)(p(n)/z > 14cp(n)/2 > nz’

which implies that ¢, has a high primitive divisor.

If5 < n< 179 with n # 6, and a; < 6, then with the aid of a computer one can check that ¢, has
a high primitive divisor, unless a; =1 and n € {8,10,12,14, 18,24}, or a; = 2 and n = 12. Note that
this verification is done more efficiently by factorizing ¢, only in the cases in which the inequality
(2a)?"™’2 > p2 does not hold.

If a1 =2 or a; = 3, then ¢3 or ¢4 has a high primitive divisor, respectively. Hereafter, assume
that n € {3,4,6} and a; = 4. It remains to prove that ¢, has a high primitive divisor. This is done
similarly to the end of the proof of Lemma 7. Since a; = 4, by reasoning modulo 8 and modulo 9,
it follows easily that a% +2 is not equal to 2° or 2°3, for some integer s = 0, and that neither a% +1
nor af +3is equal to 2531 or 25315, for some integers s, t = 0. Hence, there exists a prime number
p =5 dividing @? + 1 and such that pvf’(“%“) > 6. We claim that p is a high primitive divisor of
l¢. In fact, since p = 5, by (6) and recalling that D = af +4,we getthat p| g, pta D¢, ---¢5, and
p"?s) > 6. The proof that £3 and ¢4 have a high primitive divisor proceeds similarly. O
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Remark 10. Lemma 9 is optimal, that is, one can verify that if a; = 1 and n €
{3,4,6,8,10,12,14,18,24}, or a; = 2 and n € {4,6,12}, or a; = 3 and n € {3,6}, then ¢, has no
high primitive divisor.

For every odd prime number p, let (%) denote the Legendre symbol. Note that (%) =1ifand
only if f splits modulo p.

Lemma 11. Letn =3 be an odd integer and let p be an odd prime factor of ¢ ,,. Then we have that
(4)=1

p
Proof. Since n is odd, we have that v, := (y" + §™)/(y + §) is a symmetric expression of the
algebraic integers a, 8 (recall that y = @ and 6 = —f8). Hence, we get that v, is an integer.

Furthermore, from p | ¢,, and the identity
DV — a2 0% = (y +6)2v% — (y - 6)* 02 = 4(y5)* = 4,

we get that Dv? =22 (mod p). Since p is odd, it follows that p{ v, and so D = 2v,,))?> (mod p).
Thus [%) =1, as desired. O

2.2. Multiplicative orders

For every ideali of Ok and for every 0 € Ok, let ord; (0) denote the multiplicative order of @ modulo
i (if it exists).

Lemmal2. Letn,v =1 beintegers, let p be a prime number not dividing a) D, and letp be a prime
ideal of Ok lying over p. Then p" | £, if and only if ordyv (a?) | n. In particular, we have that p is a
primitive divisor of ¢, if and only if n = ordy, (a?).

Proof. Since p 1 a; D, we have that a + f and a — f are invertible modulo p”. Hence, using (2),
we get that p? | £,, is equivalent to a” = (- )" (mod p?), which in turn is equivalent to (a?)" = 1
(mod pY), since a/(—p) = a?. Thus the claim follows. O

Lemma 13. Let p be an odd prime number, letp be a prime ideal of Ok lying over p, and let v = 1
be an integer. Then the equation X*> =1 (mod p?) has exactly two solutions modulo p?, namely 1
and —1.

Proof. The equation X* =1 (mod p") is equivalent to v, (X — 1) + v, (X + 1) = v, where vy, is the
p-adic valuation over Ox. Moreover, we have that vy, (X —1) and v, (X +1) cannot both be positive,
since 2 ¢ p. Hence, either X =1 (mod p”) or X = -1 (mod pY). O

Lemma 14. Let p be an odd prime number, let p be a prime ideal of O lying over p, and let
v = 1 be an integer. Put a = ordyr(a), b = ordyv(B), and ¢ := ordpv(az). Then the following
statements hold.

(1) Ifcisoddthena=candb=2c,ora=2candb=c.

(2) Ifciseventhena=>b=2c.

(3) lem(a, b) =2c.

Proof. Hereafter, all congruences are modulo p”. Since a’‘ = 1, we have that a | 2¢ and, by

Lemma 13, that a® = +1. Moreover, from a“ = 1, we have that a®% = 1, and so ¢ | a. Hence,
we getthata=cifa®=1,anda=2cifa’=-1.

Using the fact that f% = a2, we get that ¢ = ord,» (%). Hence, by a reasoning similar to before,
we have that 8¢ = +1, while hb=cif =1, and b=2cif ¢ = -1.

Suppose that ¢ is odd. Since aff = —1, we have that a°¢ = (-1)¢ = —1. Hence, either a¢ =
and B¢ = -1, or a® = -1 and f° = 1. By the previous considerations, it follows that either a = ¢
and b =2c, or a=2c and b = c. This proves (1).
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Suppose that c is even. Then, by the minimality of ¢, we get that a® = ¢ = —1. Hence, by the
previous considerations, we have that a = b = 2¢. This proves (2).
Finally, we obtain (3) as a direct consequence of (1) and (2). g

2.3. Second-order linear recurrences

In this section, we collect some results on linear recurrences in Z(f).

Lemma 15. Letx € Z(f). Then we have that
_ (= Bxro)a” — (x1 —axo)p"

n= a—p

for every integer n = 0.

Proof. This is a special case of the general expression of linear recurrences as generalized power
sums [10, Section 1.1.6] and can be easily proven by induction. O

Lemma 16. Let x € £(f), let p be a prime number not dividing 2(xf — a1 x1xp — x(Z))D, letp bea
prime ideal of O lying over p, and let v = 1 be an integer. Then we have thatt (x; p”) = 2ordye (a?).

Proof. The claim can be derived from more general results on the period of linear recurrences
modulo integers [10, Section 3.1], but we provide a short proof for completeness.
Define the matrix

. ( (x1 = Bxo) —(x1 —axp) )

T\ - Bxg)a —(x1 —axo) B
and note that

det(M) = (xf — a1 x1xg— x(z))(a -B).

Since p 1 (xf —ayx1xp — x(z))D, we get that @ — f and M are invertible modulo p¥. Hence, by
Lemma 15, for every integer n = 1, we have that

n

{xn =0 (mod p¥) = M(gn)z(a—ﬁ)(io) (mod p")
1

Xn+1 =X
a” — A1l X0 v
— (ﬁ”)_M (a—p) (Xl) (mod p")
a™ 1 v
— (ﬁ”)z(l) (mod p*).
Therefore, we get that 7(x; p¥) = lcm[ordpv (@), ordyv (ﬁ)). Then, since p is odd, the claim follows
from Lemma 14(3). O

Lemmal7. Letn = 3 beinteger. Suppose that p is an odd primitive divisor of ¢ , such that (%) =1.
Then there exists x € £ (f) such that t(x; p) = p(x; p) = 2n and all the residues of x modulo p are
nonzero. Moreover, if n is odd, then there exists y € £ (f) such thatt(y; p) = p(y; p) = n and all the
residues of y modulo p are nonzero.

Proof. Letp be a prime ideal of Gk lying over p. Since p is a primitive divisor of ¢,, by Lemma 12
we have that ordp(az) = n. Since p is odd and (Q) = 1, we have that f splits modulo p, that is,
there exist integers a, b such that a = @ (mod p) and b = f (mod p). In particular, we have that
ordy(a) = ordy (@) and ord,(b) = ordy (), where ord, denotes the multiplicative order modulo
p. By Lemma 14(1)-(2), we get that ord,(a) = 2n or ord,(b) = 2n. By swapping a and b, we can
assume that ord,(a) = 2n. Let x € £(f) such that xp = 1 and x; = a. Since f(a) =0 (mod p),
it follows easily by induction that x;, = a” (mod p) for every integer n = 0. Hence, we get that
7(x; p) = p(x; p) = 2n and all the residues of x modulo p are nonzero, as desired.
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If n is odd, then by Lemma 14(1), we have that ord, (b) = n. Let y € £(f) such that yo =1 and
¥1 = b. Then, reasoning as for x, we get that 7(y; p) = p(y; p) = n and all the residues of y modulo
p are nonzero, as desired. O

Lemma 18. Let x € Z(f) with xo = 1, let p be a prime number not dividing D, let p be a prime
ideal of Ok lying over p, let v = 1 be an integer, let n:= ord, (a?), and let s = 0 be an integer. Then
we have that x; =0 (mod pV) ifand only if
B-ays
1-ys

and 1 - yy is invertible modulo p¥, where ys = (—a?)~5.

X = (mod p?) (8)

Proof. Since pt D, we get that a — § is invertible modulo p”. Hence, employing Lemma 15 and
the fact that § = —a ™!, it follows easily that x; =0 (mod p") is equivalent to

x1(1-y)=B—ays (modp"). 9)
We claim that if (9) holds then 1 — y; is invertible modulo p”. Indeed, if 1 — y; is not invertible
modulo pY, then ys =1 (mod p), and so (9) implies that @« — =0 (mod p), which is a contradic-

tion, since p { D. Hence, we have that 1— y; is invertible modulo p”. Consequently, we get that (9)
is equivalent to (8) and 1 — y, being invertible modulo p”, as desired. g

Lemma 19. Let x € Z(f) with xo = 1, let p be a prime number not dividing D, let p be a prime
ideal of Ok lying over p, let v = 1 be an integer, let n := ordy, (a®), and let s, t be integers such that
O<ss<t<2nands=t (mod 2). Then we have that x; = x; (mod p") if and only if

X1 = m (mod p?) (10)
I—ZS'[

and 1 - z,; is invertible modulo p", where zg ; == (=1) a0,

Proof. Since pt D, we get that a — § is invertible modulo p”. Hence, employing Lemma 15, we
have that x; = x;, (mod p") is equivalent to

(x1-Pa’—(a-a)p' = -Pa’—(x—a)p’ (mod pY). (11)

Since 0= s<t<2n,s=r (mod 2), and n:= ord, (a?), we have that 1 — a'~* is invertible modulo
pY. Hence, it follows that (11) is equivalent to

trps—t
x1-f= %m—m (mod pY). (12)
Since B=—a ! and s =t (mod 2), we get that
ﬁt(ﬁs—t _ 1)
as(l—at=9)
Therefore, we have that (12) is equivalent to

= (Dla 6 Z g

x1(1—z5¢) =pf-azs, (modp"). (13)

We claim that if (13) holds then 1 - z,, is invertible modulo p”. Indeed, if 1 — z,, is not
invertible modulo pY, then z;; =1 (mod p), and so (13) implies that @ — f = 0 (mod p), which
is a contradiction, since pt D. Hence, we have that 1 - z; ; is invertible modulo p”. Consequently,
we get that (13) is equivalent to (10) and 1 — z,,; being invertible modulo pY, as desired. O

Lemma 20. Let n = 4 be an even integer. Suppose that p is a high primitive divisor of ¢,, such
that (%) = -1, and put v = v,(¢;). Then there exists x € Z£(f) such that T(x;p") = 2n, xs # x;
(mod pV) forallintegerss, t with0 < s< t<2nands=t (mod 2), and all the residues of x modulo
pV are nonzero.
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Proof. Let p be a prime ideal of Gk lying over p. Since p is a primitive divisor of ¢, and p" | ¢,
from Lemma 12 we have that n = ordy (a?) = ordyv (a?).
We claim that there exists an integer ¢ that satisfies

,6 _ (X2k+l

c# (mod p") (14)

1-a?k

for every integer k > 0 such that 1 — a?* is invertible modulo p”. Indeed, we have p” choices for ¢
modulo pY, while the right-hand side of (14) takes at most n = ordyv (a?) values modulo pY. Since
p is a high primitive divisor of ¢,,, we have that pV > n and so it is possible to choose a value of ¢
with the desired property.

Let x € £(f) with xo = 1 and x; = c. Since (l—;) = -1, we have that p { D and that f has no
roots modulo p. Hence, also since p is odd, we get that p { 2(xf — a1 x1 — 1)D. Consequently, by
Lemma 16, we get that 7(x; p¥) = 2n, as desired.

Since n = ordyv (a?), we have that a®” =1 (mod p"). Consequently, by Lemma 13, we get that
a = +1 (mod p?). In fact, since n is even and n = ordpu(az), it follows that a” = —1 (mod pY).
Hence, we have that —1 is equal to a power of a®> modulo p”.

Suppose that there exist integers s,¢ such that 0 < s < £ < 2n, s = ¢t (mod 2), and x; = x;
(mod p"). By Lemma 19, we get that
B- QAZs ¢

c=x=—= (mod p"), (15)
l—Zs,t

where z;; = (-1)"1a~ %1 s equal to a power of @*> modulo p’. But then (14) and (15) are in
contradiction. Therefore, it follows that x; # x; (mod pV) for all integers s, t with0 < s< t <2n
and s =t (mod 2).

Suppose that x; =0 (mod p?) for some integer s = 0. Then, by Lemma 18, we have that

CExlsﬁl__—C;/ys (mod pY), (16)
S

where y; = (—a?®)”% is equal to a power of a®> modulo p’. But then (14) and (16) are in
contradiction. Therefore, it follows that x; # 0 (mod p") for all integers s = 0. U

For every x € £(f) and for all integers m, d = 1 and r, let us define
p(x;m,r,d) =#{x, mod m:n=0, n=r (mod d)}.
We need the following lemma.

Lemma 21. Let my, my = 1 be coprime integers, let x'V,x? € £(f), and put t; = 1(x\V; m;) for
each i€ {1,2}. pr(x(z); my) = T then there exists x € £(f) such that x = x® (mod m;) for each
ie€{l,2}, and

d-1
T
pmmy) ==Y p(x™;my, 1, d),
d r=0

whered := gcd(t1,T2).

Proof. Since m;, m;, are coprime, we can pick x € Z(f) such that Xj = x;.” (mod m;) for each

i €{1,2} and j € {0,1}. Then, it follows easily by induction that x; = x? (mod m;) for each
i € {1,2} and for every integer j = 0. At this point, the rest of the claim is a consequence of [9,
Lemma 6]. O
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3. Proof of Theorem 1

We collected in Table 1 some values of 7(x; m) and p(x; m), for x € £(f) and m € Z*, that are
needed for the proof. We begin with the following lemma.

Lemma 22. There exist x € L (f) and m € Z* such that p(x;m) = 4 and all the residues of x
modulo m are nonzero. In particular, we have that4 € Z(f).

Proof. If a; =1 or a; =2, then the claim follows from rows 2 or 13 of Table 1, respectively.
If a; is odd and a, = 3, then pick x € Z(f) with xy =1, x; =2, and let m := 2a;. Since 2a; =0
(mod m) and a% = a; (mod m), we get that the first terms of x are congruent to

1,2,1,a1+2,a1+1,a1+2,1,2,... (mod m).

Noting that m =6 and a; # -2,-1,0,1 (mod m), it follows easily that 7(x; m) =6, p(x; m) =4 and
that all the residues of x modulo m are nonzero.

If a; is even and a; = 4, then pick x € £(f) with xp = 1, x; = 3, and let m = 2a;. Since
af =2a; =0 (mod m), we get that the first terms of x are congruent to

1,3, ;4 +1,a;+3,1,3,... (mod m).

Noting that m = 8 and a; # —3,-2,-1,0,2 (mod m), it follows easily that t(x; m) = p(x;m) =4
and that all the residues of x modulo m are nonzero. O

Table 1. Values of 7(x; m) and p(x; m) for x € L(X? - a; X — 1) with initial values xg, x;. The
symbol * means that all the residues of x modulo m are nonzero.

m T(x;m) p(x;m)

=
Q
=
=
S
=
)
Rax

1 1 0 1 3 8 3

2 1 1 3 5 4 4 *
3 1 1 3 8 12 6 *
4 1 1 3 10 12 8 *
5 1 1 3 13 28 12 *
6 1 1 3 17 36 16 *
7 1 1 3 28 48 20 *
8 1 1 3 26 84 24 *
9 1 1 3 56 48 28 *
10 1 1 3 52 84 36 *
11 1 1 3 78 168 48 *
12 2 1 1 4 4 2 *
13 2 1 1 5 12 4 *
14 2 1 1 28 12 8 *
15 2 1 1 13 28 12 *
16 2 1 1 39 56 24 *
17 3 1 1 9 6 3 *
18 31 1 8 12 6

19 3 1 1 17 16 12 *

We have to prove that (f) = Z*. First, we prove that {n,2n} € Z(f) for every odd integer
n = 1. We have that 1 € Z(f), since p(x;1) =1 for every x € Z(f); and 2 € Z(f), since p(x;2) =2
for every x € Z(f) with xo # x; (mod 2). If a; = 1, or a; = 3, then {3,6} < Z(f) by rows 1 and 3,
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or 17 and 18, of Table 1, respectively. Hence, assume that 7 = 3 is an odd integer, and a; ¢ {1,3}
or n # 3. By Lemma 7, we have that ¢, has an odd primitive divisor p. Moreover, since n is odd,
from Lemma 11 it follows that (£2) = 1. Therefore, from Lemma 17 we obtain that {n,2n} € Z(f).

It remains to prove that 2n € Z(f) for every even integer n = 2. By Lemma 22, we have that
4 € Z(f). Hence, we can assume that = 4.

Ifa;=1and ne€ {4,6,8,10,12,14,18,24}, or a; =2 and n € {4,6,12}, or a; = 3 and n = 6, then
2n € Z(f) by rows 4-11, 14-16, or 19 of Table 1, respectively.

Hence, assume that n = 4 is an even integer, and that a; =1 and n ¢ {4,6,8, 10, 12,14, 18,24}, or
a;=2and n ¢ {4,6,12}, or a; =3 and n # 6, or a; = 4. Then, by Lemma 9, we have that ¢, has a
high primitive divisor p.

If (%) =1 then Lemma 17 yields that 2n € Z(f), as desired. Hence, suppose that (%) =-1.
Thanks to Lemma 20, there exists x) € 2(f) such that 7(xV; m;) = 2n and p(x'V; m;, 1,2) = n for
each r € {0,1}, where m; := pva"). Note that, since 7 is even, we also get that p(x(l); my,1,4)=nl/2
for each r € {0,1,2,3}. We define x? € £(f) and m, € Z* as follows. If a; = 1 then we pick x?
and my from rows 2 of Table 1. If a; = 2 then we let x(()z) =0, xiz) =1, and put my = a;. It
follows easily that 7(xP;my) = p(x(Z); my) € {2,4}. Since p is a primitive divisor of ¢,,, we have
that p 1 a; D. Hence, we get that m;, m; are coprime integers. (Note that my = D =5if a; = 1.) Put
7; = 1(xD; m;) for each i € {1,2}, and let d := gcd(7y,72). Note that, since n is even, we have that
d =1, € {2,4}. Therefore, applying Lemma 21 we get that there exists x € Z(f) such that
d-1
3

2n_2n
—~d

d-1
p(x; mymy) = %2 Y pxWsmy,rd)=1-
r=0

so that 2n € Z(f), as desired. The proof that Z(f) = Z* is complete.

At this point, note that for each integer n = 4, and for each integer n = 3 if @) = 2, the sequence
x € Z(f) and the modulo m that we constructed so that p(x; m) = n have the additional property
that all the residues of x modulo m are nonzero. This follows from Table 1, Lemma 17, Lemma 22,
and Lemma 20-Lemma 21 (note that x has no zero modulo m; m; since x has no zero modulo
my). Moreover, if a; = 2, then picking x € Z(f) with xo = 1, x; = 1, and m = a;, we get that
p(x; m) =1 and all the residues of x modulo m are nonzero. If a; =2 or a; = 3, then picking x and
m as in row 12 of Table 1, or taking xo = 1, x; = 2, and m = a;, we get that p(x; m) = 2 and all the
residues of x modulo m are nonzero.

It remains to prove that if a; = 1 and n € {1, 2,3} then there exist no x € £(f) and m € Z* such
that p(x; m) = n and all the residues of x modulo m are nonzero. This is done in the last paragraph
of [9, p. 122].

The proof is complete.

4. Proof of Corollary 2

If a; = 1 then the result is in fact [9, Corollary 2]. Hence, assume that a; = 2.

We order a and f3 so that @ = (a; + vD)/2 and = (a; — v/D)/2. In particular, note that a > 1
and -1< <0.

Let k = 1 be an integer. By Theorem 1, there exist x € £(f) and m € Z* such that p(x;m) = k
and x, # 0 (mod m) for every integer n = 0. Moreover, by Lemma 15, we have that x, =
cra — ¢, " for all integers n = 0, where
-4 0= A%

)=
! a-p a-—
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By eventually replacing x with —x := (—x,) ,>0, We can assume that ¢; > 0. Furthermore, note that
c2 #0. Let £ := c1/m, so that £ € Q(a). Then, we have that

n
gan 2P a7
m m
as n — +oo, since |B| < 1. Letry,...,rx € Z, with 0 < 1} < --- < 1 < m, be the residues of x
modulo m. From (17) it follows easily that the set of limit points of (frac(¢a™),,., is equal to
{r1/m,...,r/m}. Hence, we get that (frac(éa™)), _, has exactly k limit points.

The proof is complete.

n=0
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