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Wave Propagation in Prestressed Structures with Geometric
Nonlinearities through Carrera Unified Formulation ∗

Matteo Filippi†a, Dario Magliacano‡a, Marco Petrolo§a, and Erasmo Carrera¶a
aPolytechnic of Turin

Corso Duca degli Abruzzi 24, 10129 Turin, Italy

This paper deals with the analysis of wave propagation characteristics in various prestressed

structures with geometric nonlinearities using the Carrera Unified Formulation (CUF). CUF

provides a versatile platform to model a wide range of structures and nonlinearities that can

take care of all wave propagation aspects. In this work, different geometric nonlinearities, for

which representative governing equations have been derived and numerical solutions have been

obtained through a unified approach, are considered. The study investigates in detail the effect

of prestress and geometric nonlinearity on wave propagation behavior. The results indicate that

prestress has a very influential effect on modal frequency and dispersion characteristics for wave

propagation. Specifically, three CUF-modeled beams are considered herein, having a sandwich,

metallic portal and metallic box cross-section, respectively. Initially, the principal cross-sectional

modal shapes of the unstressed, linear, and full nonlinear (i.e., full 3D Green-Lagrange strains

matrix) beam with a prestress are investigated, among which torsional and flexural modes can

be recognized. Afterward, the equilibrium curves of such structures for various geometrical

nonlinear approximations are traced, highlighting that most types of nonlinearity induce

a hardening behavior in the system, which increases with the preload, directly leading to

a variation in modal frequencies. The dispersion relations of the full nonlinear structure

examined as a function of the applied preload are further compared, enriching the investigation

by exploiting Wave Finite Element Method capabilities. This knowledge paves the way toward

the design and optimization of prestressed systems with enhanced acoustic performance and

that fosters the development of sound absorption, noise insulation, and structural isolation.
∗The present research represents an extension of the conference paper "Filippi M., Magliacano D., Petrolo M., and Carrera E., Wave Propagation

in Pre-stressed Structures with Geometric Non-linearities through Carrera Unified Formulation, 30th AIAA/CEAS Aeroacoustics Conference,
04/06/2024-07/06/2024, Rome (Italy), AIAA Paper Number: 2024-4054558, DOI: 10.2514/6.2024-3028”.

†Assistant Professor, Department of Mechanical and Aerospace Engineering
‡Assistant Professor, Department of Mechanical and Aerospace Engineering, dario.magliacano@polito.it
§Associate Professor, Department of Mechanical and Aerospace Engineering
¶Full Professor, Department of Mechanical and Aerospace Engineering

dario.magliacano@polito.it


I. Introduction

A. Background and Motivation

The present research represents an extension of its homonym conference paper from the same authors [1]. In the field

of acoustics, understanding the wave propagation characteristics of structures is crucial for assessing their ability

to transmit or suppress sound waves. Due to their inherent internal stresses and unique material properties, prestressed

structures exhibit distinct wave propagation behavior that has not been extensively investigated yet. Traditionally

[2], the wave propagation analysis in prestressed structures has relied on simplified models that neglect geometric

nonlinearities. However, these simplifications may lead to inaccurate predictions, especially in cases where large

deformations or initial curvature are present. The Carrera Unified Formulation (CUF) [3] emerges as a powerful tool

to address this limitation, offering a versatile framework for modeling various structural configurations (such as for

reinforced aircraft shells [4] and composite beams [5]) and nonlinearity types (such as refined beam [6] and shell [7]

theories), enabling a comprehensive analysis of wave propagation phenomena and taking into account several kinematics

[8]. The motivation for this study stems from the need for a thorough understanding of wave propagation behavior

in prestressed structures with different geometric nonlinearities. This understanding is essential for designing and

analyzing prestressed structures with enhanced acoustic performance, such as sound-absorbing panels, noise barriers,

and acoustic-structural meta-materials [9, 10]. In the latter field, Magliacano et al. investigated different approaches

based on active [11] and passive [12–15] noise control techniques. In this context, Casaburo et al. [16] aimed at the

optimization of the acoustic properties of a meta-material using machine learning techniques, while Catapane et al.

focused on tunable tonal resonators, such as those based on Helmholtz [17] and labyrinth [18] principles. By elucidating

the effects of prestress and geometric nonlinearity on wave propagation, this study aims to advance acoustic engineering

and design structures with improved acoustic properties.

B. Literature Review

The study of wave propagation in prestressed structures has gained significant attention in recent years; numerous

studies have investigated the effects of prestress on wave propagation characteristics, mostly focusing on the linear

regime. However, geometric nonlinearities, often encountered in prestressed structures, have not yet been extensively

studied in the context of wave propagation.

Several researchers have employed simplified models to analyze wave propagation in prestressed structures with

geometric nonlinearities. For instance, Gei et al. [19] addressed the issue of the so-called effective negative mass effect

for frequencies within the stop bands of an unperturbed structure, proposing a constructive algorithm of controlling the

stop bands and hence filtering properties and resonance, also investigating the band structure of dispersion diagrams

for axial and flexural waves of quasi-periodic infinite beams [20]. Parnell [21] studied viscoelastic wave propagation

along prestressed nonlinear elastic composite bars, deriving explicit forms for the effective incremental storage and loss
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moduli with dependence on the prestress. Barnwell et al. [22] found that prestress significantly affects the band-gap

structure for Mooney-Rivlin and Fung-type materials, allowing stop bands to be switched on and off; in their studies, it

is also shown that for a specific class of materials, the phononic properties remain invariant under nonlinear deformation,

permitting some particular behaviors and leading to the possibility of phononic cloaks. Subsequently, the same authors

[23] investigated the effect of nonlinear elastic prestress on coupled compressional and vertically polarized shear elastic

wave propagation in a two-dimensional periodic structure. Zhang et al. [24] further investigated the effect of the applied

preload on wave propagating behaviors of hexagonal lattices in terms of band structures, band gap distributions, and

phase/group velocities, devoting special attention to the effect of preload on the directional energy flow. De Pascalis

et al. [25] employed genetic algorithms to theoretically design a range of phononic media that can act to prevent or

ensure anti-plane elastic wave propagation over a specific range of low frequencies, with each case corresponding to a

particular prestress level.

More recently, researchers have begun to explore using more sophisticated models, such as the Carrera Unified

Formulation (CUF) [26, 27], to analyze wave propagation in prestressed structures with geometric nonlinearities.

For example, Cabral et al. [28] dealt with the buckling load prediction of reinforced laminated composite panels of

aeronautical interest, utilizing the vibration correlation technique (VCT) as a nondestructive means to extrapolate critical

loads from free vibration measurements. Wu et al. [29] developed a unified formulation of a full geometrically nonlinear

refined plate theory in a total Lagrangian approach to investigate the large-deflection and post-buckling response of

isotropic rectangular plates. Pagani and Carrera [30] confirmed the capabilities of this methodology when dealing with

large displacements and post-buckling response also in the case of composite laminated beams. Filippi et al. [31]

introduced advanced kinematics plate and shell models to evaluate the dispersion characteristics of two-dimensional

waveguides, utilizing high-order functions to interpolate primary variables both in thickness and cross-section.

Prestressed structures offer unique acoustic properties that make them suitable for various applications. The presence of

prestress can modify the wave propagation characteristics of these structures, leading to enhanced sound absorption and

improved noise insulation.

• Sound Absorption: Prestressed structures can be designed to effectively absorb sound waves, making them suitable

for noise reduction and room acoustics applications. The internal stresses in prestressed structures can introduce

additional damping mechanisms that dissipate acoustic energy, leading to reduced sound levels.

• Noise Insulation: Prestressed structures can be employed as noise barriers to block or attenuate unwanted sound

transmission. Their unique wave propagation characteristics can help to reduce the transmission of sound waves

from one side of the structure to the other.

Despite these developments, there is still a real scarcity of detailed investigations concerning the individual and

combined effects of prestress and geometric nonlinearity on wave propagation characteristics in prestressed structures.

In this regard, the present study contributes a detailed analysis on the phenomenon of wave propagation in prestressed
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structures with different geometric nonlinearities using CUF.

C. Research Objectives

The primary objective of this study is to investigate the wave propagation characteristics in prestressed structures

with different geometric nonlinearities utilizing the Carrera Unified Formulation (CUF) and focusing on a sandwich

beam, a metallic portal beam and a metallic box beam, whose dynamic linear characteristics have been analyzed

by Filippi et al. [32]. In Section II, the theoretical framework about CUF, geometric nonlinearities and prestress

modeling is outlined, and the governing equations for wave propagation in prestressed structures with different geometric

nonlinearities are derived using CUF; in Section III, the effects of prestress and geometric nonlinearity on wave

propagation characteristics are systematically investigated, thus providing valuable insights into the wave propagation

phenomena in prestressed structures with different geometric nonlinearities and contributing to the understanding of

wave propagation in complex structural systems; Section IV summarizes the obtained results and foresees some possible

future perspectives in this topic. The objectives of this study are, upon achievement, likely to give an all-rounded

understanding of wave propagation in prestressed structures with different geometric nonlinearities.

This research is further extended to the study of dispersion relations of a full nonlinear structure with the application

of different levels of preload using WFEM. It is one of the techniques that can provide full characterization of wave

propagation in a mechanical loading state. The dispersion relation, as a function of changes of wavenumber with

frequency, conveys very useful information on the wave propagation behavior within the waveguide. The dispersion

curves under various preloads can give insights into how the mechanical loading affects wave propagation in the

waveguide. The information is critical in the design of waveguides that should transmit or confine waves for a particular

application. All in all, such understanding may have essential implications for the waveguide design and analysis under

static loads.

II. Theoretical Framework

A. Carrera Unified Formulation (CUF)

The Carrera unified formulation is a very strong and flexible tool for the modeling of various structural configurations,

such as beams, plates, and shells. Quite different from the classic methods based on a layer-wise or equivalent

single layer approach, CUF employs a unique framework wherein the displacement field is expressed by a series of

expansion functions. This approach offers several advantages, including:

• High-order accuracy: CUF can achieve high-order accuracy by using more expansion functions, enabling the

capture of complex strain and displacement fields.

• Geometric flexibility: CUF can accommodate various structural configurations, including beams with variable

cross-sections, plates with arbitrary shapes, and shells with different geometries.
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• Nonlinearity modeling: CUF can incorporate various nonlinearity types, such as geometric nonlinearities (large

deformations, initial curvature) and material nonlinearities (nonlinear constitutive laws).

• Computational efficiency: CUF can achieve computational efficiency using appropriate expansion functions and

numerical techniques.

In the framework of the Carrera Unified Formulation, the 3D displacement field u(𝑥, 𝑦, 𝑧) is written as a general

expansion of the primary unknowns that, in the case of a beam, is reported in Eq. (1):

u(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)u𝜏 (𝑦), 𝜏 = 0, 1, ..., 𝑁 (1)

in which 𝐹𝜏 represents a set of cross-section expansion functions, u𝜏 indicates the generalized displacement vector

depending on the 𝑦 coordinate, 𝑁 is the order of expansion in the thickness direction and the repeated index 𝜏 denotes

summation. The expansion functions can be chosen based on the specific requirements of the problem. For example,

Legendre polynomials are commonly used for beams and plates. In contrast, shells often employ higher-order expansion

functions, such as Legendre-Lagrange or Hermite polynomials, to capture complex geometries and nonlinearity. In

the present work, Lagrange polynomials [6], from now on indicated by "LE", are assumed for the expansion functions

𝐹𝜏 ; in this case, the unknown variables are pure displacements. According to the finite element method (FEM), the

generalized displacement vector u𝜏 is approximated based on the finite element (FE) nodal parameters q𝜏𝑖 and shape

functions 𝑁𝑖 as reported in Eq. (2) [33]:

u𝜏 (𝑦) = 𝑁𝑖 (𝑦)q𝜏𝑖 , 𝑖 = 1, 2, ..., 𝑛𝑒𝑙 (2)

in which 𝑁𝑖 are the 𝑖𝑡ℎ shape functions, q𝜏𝑖 represents the unknown nodal variables, 𝑛𝑒𝑙 is the number of nodes per

element and 𝑖 indicates summation [34]. This article employs 2D nine-node quadratic FEs for the shape functions in the

𝑥 − 𝑧 plane. A system of differential equations is obtained by substituting the expansion functions into the governing

equation and applying the principle of virtual work.

B. Geometric Nonlinearities

Geometric nonlinearities arise when a structure’s deformations are sufficiently large that the initial geometry

significantly affects the structural response. This can occur in various situations, such as:

• Large deflections: When a structure undergoes large deflections, the initial geometry no longer accurately

represents the deformed shape. This can lead to changes in stiffness, buckling behavior, and wave propagation

characteristics.

• Initial curvature: Structures with inherent curvatures, such as prestressed beams or curved shells, exhibit geometric

nonlinearities due to the non-zero initial strains and stresses. This can influence wave propagation behavior and
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lead to wave trapping and mode conversion phenomena.

• Contact interactions: The geometric relationships between the contacting surfaces must be considered when

structures undergo contact interactions. This can introduce nonlinearities into the system and affect wave

propagation characteristics.

CUF can effectively model various geometric nonlinearities by incorporating the deformed geometry into the expansion

functions. This allows CUF to capture the effects of geometric nonlinearity on the structural response, including wave

propagation behavior.

In the context of wave propagation, geometric nonlinearities can lead to several complex phenomena, such as:

• Wave trapping: Geometric nonlinearities can trap waves within specific structure regions, preventing their

propagation through the entire structure.

• Mode conversion: Geometric nonlinearities can cause the transformation of one wave mode into another, leading

to a change in the wave characteristics.

• Wave localization: Geometric nonlinearities can localize waves at specific locations within the structure, resulting

in a wave energy concentration.

A compact form of the displacement–strain relations is reported in Carrera et al. [35]. Hooke’s law expresses the

relation between 𝝈 and 𝝐 for a linear elastic isotropic metallic material as 𝝈 = C𝝐 , where C is the material matrix.

Understanding the effects of geometric nonlinearities on wave propagation is crucial for designing prestressed structures

that can withstand static loads and ensure their safety and reliability.

C. Prestress Modeling

Prestress can significantly influence wave characteristics in wave propagation, including wave velocity, attenuation,

and dispersion properties. Prestress introduces additional stiffness into the structure, which can alter the wave

propagation behavior. Moreover, prestress can induce initial strains and stresses, further modifying wave propagation.

• Wave Velocity: Prestress generally increases the wave velocity in prestressed structures. This is because the

additional stiffness introduced by prestress increases the structure’s resistance to deformation, leading to faster

wave propagation. The increase in wave velocity is more pronounced for higher prestress levels.

• Attenuation: Prestress can also affect the attenuation of waves in prestressed structures. Attenuation is the

reduction in wave amplitude as it propagates through the structure. Prestress can increase or decrease attenuation

depending on the specific conditions. Prestress can sometimes introduce additional damping mechanisms that

lead to increased attenuation. Prestress can alter the wave propagation path in other cases, leading to decreased

attenuation.

• Dispersion: Prestress can also influence the dispersion of waves in prestressed structures. Dispersion is the

phenomenon where waves of different frequencies propagate at different velocities. Prestress can modify the
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dispersion characteristics of waves, leading to changes in the wave group velocity and spreading rate.

Specific effects of prestress on wave propagation relate to a lot of factors, such as the level of prestress, type of

structural element, or even wave propagation mode. The effects of prestress on wave propagation need to be well

understood to allow for the design of prestressed structures that can resist static loads and ensure safety and reliability.

CUF models prestress effectively by considering the initial stress state in the governing equations. In this way, CUF

manages to capture the effects of initial prestress on the structural response related to wave propagation.

Clearly, the method to include prestress in CUF depends on the type of structural element and the prestressing technique

used. For prestressed beams, one simplification that is often used is to model the prestress force as an external force

applied at the locations of the prestressing tendons. In prestressed shells, it is possible to include the prestress stress

field directly into the expansion functions. Long-term prestress wave propagation behavior can be fully understood with

CUF due to its capability for accurate modeling, which is the basis for the design of systems optimized for dynamic

performance and safety.

D. Governing Equations

CUF is based on the principle of virtual work, where the sum of the external forces that perform work corresponding

to a virtual displacement is equal to the sum of all the internal forces performing work for the same virtual

displacement. In the case of geometric nonlinearities, one must use an updated Lagrangian formulation that takes into

account the deformed geometry of the structure. The virtual variation of internal strain energy is calculated as reported

in Eq. (3):

𝛿𝐿𝑖𝑛𝑡 =< 𝛿𝝐
T𝝈 > (3)

in which < (·) >=
∫
𝑉
(·)𝑑𝑉 , where 𝑉 represents the initial undeformed volume of the structure considering the

hypothesis of small deformations, and 𝛿 is the virtual variation operator. It is proved that [34]:

𝛿𝐿int = 𝛿qT
𝑠 𝑗 <

(
B𝑠 𝑗

𝑙
+ 2B𝑠 𝑗

𝑛𝑙

)T
C
(
B𝜏𝑖
𝑙 + B𝜏𝑖

𝑛𝑙

)
> q𝜏𝑖

= 𝛿qT
𝑠 𝑗K

𝑗𝑖𝑠𝜏

0 q𝜏𝑖 + 𝛿qT
𝑠 𝑗K

𝑗𝑖𝑠𝜏

𝑙𝑛𝑙
q𝜏𝑖 + 𝛿qT

𝑠 𝑗K
𝑗𝑖𝑠𝜏

𝑛𝑙𝑙
q𝜏𝑖 + 𝛿qT

𝑠 𝑗K
𝑗𝑖𝑠𝜏

𝑛𝑙𝑛𝑙
q𝜏𝑖

= 𝛿qT
𝑠 𝑗K

𝑗𝑖𝑠𝜏

𝑆
q𝜏𝑖

(4)

In Eq. (4), the two matrices B𝑙 and B𝑛𝑙 are the linear and nonlinear geometrical matrices, respectively, whose

complete form is given in Eq. (5) [35], while K 𝑗𝑖𝑠𝜏

𝑆
= K 𝑗𝑖𝑠𝜏

0 +K 𝑗𝑖𝑠𝜏

𝑙𝑛𝑙
+K 𝑗𝑖𝑠𝜏

𝑛𝑙𝑙
+K 𝑗𝑖𝑠𝜏

𝑛𝑙𝑛𝑙
represents the fundamental nuclei

of the secant stiffness matrix.
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B𝑙 =



𝜕𝑥 0 0

0 𝜕𝑦 0

0 0 𝜕𝑧

𝜕𝑧 0 𝜕𝑥

0 𝜕𝑧 𝜕𝑦

𝜕𝑦 𝜕𝑥 0



, B𝑛𝑙 =



1
2 (𝜕𝑥)2 1

2 (𝜕𝑥)2 1
2 (𝜕𝑥)2

1
2
(
𝜕𝑦
)2 1

2
(
𝜕𝑦
)2 1

2
(
𝜕𝑦
)2

1
2 (𝜕𝑧)2 1

2 (𝜕𝑧)2 1
2 (𝜕𝑧)2

𝜕𝑥𝜕𝑧 𝜕𝑥𝜕𝑧 𝜕𝑥𝜕𝑧

𝜕𝑦𝜕𝑧 𝜕𝑦𝜕𝑧 𝜕𝑦𝜕𝑧

𝜕𝑥𝜕𝑦 𝜕𝑥𝜕𝑦 𝜕𝑥𝜕𝑦



(5)

In the case of conservative loading, the tangent stiffness matrix is obtained by linearizing the virtual variation of the

internal strain energy, which is expressed as reported in Eq. (6):

𝛿 (𝛿𝐿int) =< 𝛿
(
𝛿𝝐T𝝈

)
>=< 𝛿𝝐T𝛿𝝈 > + < 𝛿

(
𝛿𝝐T

)
𝝈 >= 𝛿qT

𝑠 𝑗K
𝑗𝑖𝑠𝜏

𝑇
𝛿q𝜏𝑖 (6)

where K 𝑗𝑖𝑠𝜏

𝑇
= K 𝑗𝑖𝑠𝜏

0 + K 𝑗𝑖𝑠𝜏

𝑇1
+ K 𝑗𝑖𝑠𝜏

𝜎 . The first term < 𝛿𝝐T𝛿𝝈 > in Eq. (6) requires the constitutive equation to be

linearized, thus leading to Eqs. (7) and (8):

𝛿𝝈 = 𝛿(C𝜖) = C𝛿𝝐 = C
(
B𝜏𝑖
𝑙 + 2B𝜏𝑖

𝑛𝑙

)
𝛿q𝜏𝑖 (7)

< 𝛿𝝐T𝛿𝝈 > = 𝛿qT
𝑠 𝑗 <

(
B𝑠 𝑗

𝑙
+ 2B𝑠 𝑗

𝑛𝑙

)T
C
(
B𝜏𝑖
𝑙 + 2B𝜏𝑖

𝑛𝑙

)
> 𝛿q𝜏𝑖

= 𝛿qT
𝑠 𝑗K

𝑗𝑖𝑠𝜏

0 𝛿q𝜏𝑖 + 𝛿qT
𝑠 𝑗

(
2K 𝑗𝑖𝑠𝜏

𝑙𝑛𝑙

)
𝛿q𝜏𝑖 + 𝛿qT

𝑠 𝑗K
𝑗𝑖𝑠𝜏

𝑛𝑙𝑙
𝛿q𝜏𝑖 + 𝛿qT

𝑠 𝑗

(
2K 𝑗𝑖𝑠𝜏

𝑛𝑙𝑛𝑙

)
𝛿q𝜏𝑖

= 𝛿qT
𝑠 𝑗

(
K 𝑗𝑖𝑠𝜏

0 + K 𝑗𝑖𝑠𝜏

𝑇1

)
𝛿q𝜏𝑖

(8)

where K 𝑗𝑖𝑠𝜏

𝑇1
= 2K 𝑗𝑖𝑠𝜏

𝑙𝑛𝑙
+ K 𝑗𝑖𝑠𝜏

𝑛𝑙𝑙
+ 2K 𝑗𝑖𝑠𝜏

𝑛𝑙𝑛𝑙
represents the nonlinear contribution of the fundamental nuclei of the

tangent stiffness matrix resulting from the linearization of the constitutive relation. The evaluation of the second term

< 𝛿
(
𝛿𝝐T) 𝝈 > in Eq. (6) requires linearizing the nonlinear geometrical relations, as further detailed by Carrera et al.

[34].

These are the governing equations for wave propagation in structures with geometric nonlinearities using the Carrera

Unified Formulation, which can be solved using various numerical techniques, such as FEM, to obtain the displacement

and stress fields throughout the structure.

E. Wave Finite Element Method

By leveraging the indicial CUF formalism, the governing equations of motion for waveguide segments can be

readily obtained, regardless of the specific kinematic field being considered, as
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(
K + 𝑗𝜔C − 𝜔2M

)
q = F ⇒ D(𝜔)q = F (9)

where K, C, and M are, respectively, the stiffness, damping, and mass matrices, F is the vector of the nodal forces,

and q is the vector of the degrees of freedom. The motion of the waveguide segment is governed by the dynamic stiffness

matrix D =
(
K + 𝑗𝜔C − 𝜔2M

)
. Eq. 9 describes the dynamic behavior of the waveguide segment under harmonic

excitation, where both forces and displacements vary sinusoidally with time. The subscripts (𝐿), (𝑅), and (𝐼) denote

the left, right, and interior nodes of the one-dimensional finite element model, respectively. This notation allows to

associate each term of the matrices and vectors in Eq. 9 with specific nodes in the FE model:

©­­­­­­­«
D𝐿𝐿 D𝐿𝐼 D𝐿𝑅

D𝐼𝐿 D𝐼 𝐼 D𝐼𝑅

D𝑅𝐿 D𝑅𝐼 D𝑅𝑅

ª®®®®®®®¬

©­­­­­­­«
q𝐿

q𝐼

q𝑅

ª®®®®®®®¬
=

©­­­­­­­«
F𝐿

F𝐼

F𝑅

ª®®®®®®®¬
(10)

If F𝐼 = 0, the system dimension can be reduced by expressing the interior degrees of freedom q𝐼 in terms of q𝐿 and

q𝑅. Thus, Eq. 10 can be written as reported in Eq. 11:

©­­­«
D𝐿𝐿 D𝐿𝑅

D𝑅𝐿 D𝑅𝑅

ª®®®¬
©­­­«

q𝐿

q𝑅

ª®®®¬ =
©­­­«

F𝐿

F𝑅

ª®®®¬ (11)

According to Bloch’s theorem, the relation between the displacements and forces at the left and right sides of the

periodic structure is

©­­­«
q𝑅

F𝑅

ª®®®¬ = 𝜆𝑦
©­­­«

q𝐿

−F𝐿

ª®®®¬ with 𝜆𝑦 = 𝑒− 𝑗 ·𝑘 ·Δ (12)

where the wavenumber is denoted by 𝑘 , and the product (− 𝑗 · 𝑘 · Δ) represents the complex propagation constant.

Bloch’s theorem was chosen owing to the goal of studying the behavior of waves under periodic conditions. This allows

numerical modeling of an infinitely long waveguide, which is much more computationally effective and sufficient for

the purpose of wave dispersion study, even in the case of longitudinally homogeneous structures. As a consequence

of this approach, dispersion phenomena do not depend on the chosen waveguide portion length, thus allowing to

obtain generalized results. The periodic and equilibrium conditions for displacements and forces between two adjacent

waveguide sections (referred to as 𝑠1 and 𝑠2) are as follows:
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©­­­«
q𝑠1
𝑅

F𝑠1
𝑅

ª®®®¬ =
©­­­«

q𝑠2
𝐿

−F𝑠2
𝐿

ª®®®¬ (13)

By using Eqs. 11, 12, and 13, the dispersion problem becomes

T
©­­­«

q𝐿

−F𝐿

ª®®®¬ = 𝜆𝑦
©­­­«

q𝐿

−F𝐿

ª®®®¬ ; T =

©­­­«
−D−1

𝐿𝑅
D𝐿𝐿 D−1

𝑅𝐿

−D𝑅𝐿 + D𝑅𝑅D−1
𝐿𝑅

D𝐿𝐿 −D𝑅𝑅D−1
𝐿𝑅

ª®®®¬ (14)

where T is the transfer matrix. Eq. 14 is solved for a range of propagation frequencies to determine the eigenvalues

𝜆𝑦 , which represent the wavenumbers associated with each frequency. Real eigenvalues correspond to propagating

waves that can travel along the waveguide, while imaginary eigenvalues indicate evanescent waves that decay over

distance. Complex eigenvalues signify attenuating waves that lose energy as they propagate. The eigenvectors obtained

from solving Eq. 14 contain coefficients that are used to reconstruct the kinematic field of the waveguide. These

coefficients are employed to compute mode shapes, which describe the spatial distribution of the wavefield, and force

distributions, which represent the distribution of forces acting on the waveguide cross-section. If the left beam side has 𝑛

degrees of freedom, the procedure involves solving a system of 2𝑛 equations. A pseudo-code is reported in Algorithm 1.

III. Numerical Analysis

A. Sandwich Beam

1. Numerical Implementation

The structure considered herein is a sandwich beam, partially analyzed by Filippi et al. [32]. It has rectangular

cross-section dimensions equal to 0.116 m along 𝑥-axis and 0.055 m along 𝑧-axis. The sandwich material package

is assumed to be made up of a soft-core 0.05 m thick, embedded between two stiff layers (skins) with a thickness of

0.0025 m each; the core is assumed to have Young’s modulus 𝐸 = 0.094 GPa, Poisson’s ratio 𝜈 = 0.3, and density

𝜌 = 101 kg m−3, while the skin layers exhibit Young’s modulus 𝐸 = 9.8 GPa, Poisson’s ratio 𝜈 = 0.3, and density

𝜌 = 1580 kg m−3. The waveguide portion considered for numerical simulations (0.002 m long) is discretized by utilizing

one cubic beam element (1-B4), while the cross-section, which is schematically depicted in Fig. 1a, is modeled with

Lagrange-type elements. Aiming at the identification of the optimal number of cross-section elements, a mesh converge

analysis has been performed, for both modal and static cases and neglecting geometrical nonlinearity. In this context,

results through five increasingly-refined meshes, respectively accounting for 12, 32, 72, 112 and 180 Lagrange-type

elements, have been obtained in terms of percentage error, computed as the absolute difference of the target performance

(i.e., the normalized maximum displacement in the static analysis, or the first eigenfrequency in the modal one) among
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Algorithm 1 Wave dispersion algorithm using CUF.
1: Input:
2: Material properties (𝐸 , 𝜈, 𝜌)
3: Geometrical properties (cross-section, beam length, etc.)
4: Prestress level
5: Number of elements and nodes
6: Wave frequencies (𝜔)
7: Step 1: Initialize parameters
8: Define the mesh (elements, nodes) and boundary conditions
9: Set the expansion functions for displacements using CUF

10: Initialize prestress state in the structure
11: Step 2: Assemble matrices
12: for each element do
13: Compute the mass matrix 𝑀
14: Compute the stiffness matrix 𝐾 (including geometric nonlinear terms)
15: Compute the damping matrix 𝐶 (if necessary)
16: end for
17: Combine element matrices to form global matrices:
18: Global stiffness matrix (𝐾global)
19: Global mass matrix (𝑀global)
20: Global damping matrix (𝐶global, if needed)
21: Step 3: Apply prestress effects
22: Modify the global stiffness matrix (𝐾global) to account for prestress: 𝐾global = 𝐾global + 𝐾prestress
23: Update boundary conditions for the prestressed state
24: Step 4: Solve the eigenvalue problem
25: Solve for eigenvalues (𝜆𝑦) and eigenvectors (mode shapes, 𝜙) by solving the system: [𝐾global − 𝜆2

𝑦 · 𝑀global] · 𝜙 = 0
26: For each wave frequency (𝜔), compute the wavenumber (𝑘) using the relation: 𝜆𝑦 = 𝑒− 𝑗 ·𝑘 ·Δ

27: Step 5: Post-process results
28: Extract the dispersion relations: plot frequency (𝜔) versus wavenumber (𝑘)
29: Analyze mode shapes for each frequency and wavenumber
30: Identify key wave propagation characteristics (e.g., mode veering, crossing, etc.)
31: Output:
32: Dispersion relations (𝜔 vs. 𝑘)
33: Mode shapes for each frequency and wavenumber
34: Effect of prestress on wave propagation
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two subsequently-refined meshes, normalized with reference to the value related to the coarser one of them. From

this point of view, Figure 2 shows that the convergence in static analyses is more critical, it being achieved using 180

Lagrange-type elements, which lead to a percentage error smaller than 5%; therefore, such a discretization is chosen for

all analyses that follow for this cross-section.

(a) 180-LE9 cross-section model.

(b) Deformed configuration with a linear preload; the orange
circle locates the point adopted for equilibrium curves computa-
tion.

Fig. 1 Undeformed and linearly preloaded configurations of the sandwich beam waveguide portion.

To investigate the wave propagation characteristics of such a structure according to the different types of geometrical

nonlinearity, the sandwich beam waveguide portion is then preloaded with a traction load equal to 1 N, which is

symmetrical respect to the 𝑥-axis, applied on the nodes with coordinates reported in Table 1, and equally divided among

the two sides of the structure; such a preload leads to a deformation that, for the linear case, is illustrated in Fig. 1b.

2. Results and Discussion

Initially, the first three cross-sectional modal shapes of the unstressed, linear, and full nonlinear sandwich beam

waveguide portion with prestress equal to 500 N are investigated and shown in Fig. 3.

Aiming at achieving an external numerical validation, also dynamic response results tested in form of modal analysis

by means of natural frequencies and mode shapes evaluation obtained through the commercial finite element code

Abaqus are plotted; in particular, these values have been obtained by adopting 6-DoF quadratic shell elements and by

neglecting geometric nonlinearity. The comparison with the correspondent CUF computed result without prestress,

12



Fig. 2 LE9 mesh convergence of the sandwich beam cross-section model, neglecting geometrical nonlinearity.

Table 1 Node coordinates of the sandwich beam waveguide portion on which the preload is applied.

ID 𝑥[m] 𝑦[m] 𝑧[m] [N]
1 0.058 0 0 −0.125
2 0.058 0 0.055 0.125
3 0.058 0.000667 0 −0.125
4 0.058 0.000667 0.055 0.125
5 0.058 0.001333 0 −0.125
6 0.058 0.001333 0.055 0.125
7 0.058 0.002 0 −0.125
8 0.058 0.002 0.055 0.125
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(a) First modal shape
of the beam shell cross-
section modeled in Abaqus,
2933 Hz.

(b) First modal shape of
the beam without prestress,
2931 Hz.

(c) First modal shape of the
linear beam with prestress
equal to 500 N, 2960 Hz.

(d) First modal shape of the
full nonlinear beam with
prestress equal to 500 N,
2965 Hz.

(e) Second modal shape
of the beam shell cross-
section modeled in Abaqus,
3208 Hz.

(f) Second modal shape of
the beam without prestress,
3227 Hz.

(g) Second modal shape
of the linear beam with
prestress equal to 500 N,
3229 Hz.

(h) Second modal shape
of the full nonlinear beam
with prestress equal to
500 N, 3325 Hz.

(i) Third modal shape
of the beam shell cross-
section modeled in Abaqus,
4123 Hz.

(j) Third modal shape of
the beam without prestress,
4230 Hz.

(k) Third modal shape
of the linear beam with
prestress equal to 500 N,
4272 Hz.

(l) Third modal shape of the
full nonlinear beam with
prestress equal to 500 N,
4302 Hz.

Fig. 3 First three cross-sectional modal shapes of the unstressed (first column), linear (second column), and full
nonlinear (third column) sandwich beam waveguide portion with prestress equal to 500 N.
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represented by the second column in Figure 3 and by black markers in Figure 4, shows an almost perfect agreement, the

maximum percentage shift of CUF results without prestress respect to Abaqus ones being equal to about 4%, considering

both modal and static analyses.

Different acoustic-structural behaviors can be addressed by eventually nullifying (white dots in Fig. 4) or adding (black

dots in Fig. 4)) the nonlinear terms of the full 3D Green–Lagrange strains matrix [35]. For clarity, the first (left) Matrix

1 is the full nonlinear one, while Matrix 5 is the linearized one. The equilibrium curves of the sandwich beam waveguide

portion for various geometrical nonlinear approximations traced in Fig. 4 are obtained by computing the displacement

𝑢𝑧 of the node with ID 2 (Table 1) along 𝑧 direction, normalized respect to the waveguide portion length 𝑤𝑔 = 0.002 m.

Fig. 4 Equilibrium curves of the sandwich beam waveguide portion for various geometrical nonlinear approxi-
mations.

It can be noticed that all types of nonlinearity induce a hardening behavior in the structure, which increases with the

preload. This happens due to an increase in the dynamic stiffness properties of the sample. The induced structural

hardening behavior directly leads to a variation in modal frequencies as highlighted in Fig. 5, where the natural

frequencies of three selected modes of the sandwich beam linear waveguide portion are calculated across several

preloads. These results show that different values of the applied preload on the examined sandwich beam waveguide

portion lead to a mode crossing phenomenon of the first two modes at around 5500 N. Indeed, under such conditions,

the structure is widely deformed; then its mechanical and acoustic behavior differs, mainly in the full nonlinear case,

from that related to the same system without applied preload. A Modal Assurance Criterion (MAC) related to the linear
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case is represented in Fig. 6, highlighting the modes behavior of the sandwich beam waveguide portion (constrained in

the 𝑥 − 𝑧 plane) according to different preloads (whose values are listed in Table 2).

Fig. 5 Natural frequencies of the sandwich beam linear waveguide portion as functions of preload.

Fig. 6 MAC between modes of the sandwich beam linear waveguide portion at subsequent preloads.
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Table 2 Preload values considered on the sandwich beam waveguide portion for linear and nonlinear cases.

Load Linear case [N] Full nonlinear case [N]
1 0 0
2 625 1
3 1250 3
4 1875 7
5 2500 15
6 3125 31
7 3750 63
8 4375 128
9 5000 260
10 5625 438
11 6250 682
12 6875 1017
13 7500 1478
14 8125 2116
15 8750 3000
16 9375 4228
17 10000 5934

Afterward, dispersion diagrams of the one-dimensional waveguide accounting for different nonlinearities are

presented on the 𝑓 − 𝑘 plane, where 𝑓 is the frequency and 𝑘 = 2𝜋
𝜆

is the wavenumber, with 𝜆 being the wavelength. A

periodic behavior is assumed along the waveguide direction, thus leading to the representation of an infinite beam whose

cross-section lies in the 𝑥-𝑧 plane and principal axis is directed along 𝑦, with reference to the axes system depicted in

Fig. 1a. As illustrated in Fig. 7a, WFEM applied to such a CUF-modeled full nonlinear structure provides results in

terms of flexural (curves (a) and (b)), torsional (curve (c)), and axial (curve (d)) wave modes; these results perfectly

agree with those previously calculated by Filippi et al. [32]. Fig. 7b highlights that, for increasing preload magnitude,

due to its structural stiffening effect, the same wave modes behave at higher frequencies.

B. Metallic Portal Beam

1. Numerical Implementation

The structure considered herein is a portal box beam. It has cross-section outer dimensions equal to 0.102 m along

𝑥-axis and 0.052 m along 𝑧-axis, and wall thickness equal to 0.002 m. The material is an aluminum with Young’s

modulus 𝐸 = 71 GPa, Poisson’s ratio 𝜈 = 0.33, and density 𝜌 = 2700 kg m−3. The waveguide portion considered for

numerical simulations (0.001 m long) is discretized by utilizing one linear beam element (1-B2), while the cross-section,

which is schematically depicted in Fig. 8a, is modeled with Lagrange-type elements. With the objective to identify of

the optimum number of cross-section elements, a mesh converge analysis has been performed for both modal and static
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(a) Prestress = 0 N. Wave modes: (a) flexural - x; (b) flexural- z; (c) torsional; (d) axial.

(b) Full nonlinear case subjected to four different load magnitudes.

Fig. 7 Dispersion relations of the sandwich beam as functions of the applied preload, computed by Wave Finite
Element Method.
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cases, while geometrical nonlinearity is neglected. In this framework, results are obtained as percentage error, whose

calculation has previously been defined; two increasingly refined meshes have been considered, respectively accounting

for 14 and 22 Lagrange-type elements, the second one being already sufficient to achieve a percentage error smaller than

1%. Thus, such a discretization is chosen for all the following analyses of this cross-section.

(a) 22-LE9 cross-section model.
(b) Deformed configuration with a linear preload; the orange circle
locates the point adopted for equilibrium curves computation.

Fig. 8 Undeformed and linearly preloaded configurations of the metallic portal beam waveguide portion.

To investigate the wave propagation characteristics of such a structure according to the different types of geometrical

nonlinearity, the metallic portal beam waveguide portion is then preloaded with a traction load equal to 1 N, which is

symmetrical respect to the 𝑧-axis, applied on the nodes with coordinates reported in Table 3, and equally divided among

the two sides of the structure; such a preload leads to a deformation that, for the linear case, is illustrated in Fig. 8b.

Table 3 Node coordinates of the metallic portal beam waveguide portion on which the preload is applied.

ID 𝑥[m] 𝑦[m] 𝑧[m] [N]
1 0 0 0 −0.25
2 0 0.001 0 −0.25
3 0.102 0 0 0.25
4 0.102 0.001 0 0.25

2. Results and Discussion

Initially, the first three cross-sectional modal shapes of the unstressed, linear, and full nonlinear metallic portal beam

waveguide portion with prestress equal to 500 N are investigated and shown in Fig. 9.
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(a) First modal shape of
the beam shell cross-section
modeled in Abaqus, 267 Hz.

(b) First modal shape of
the beam without prestress,
283 Hz.

(c) First modal shape of the
linear beam with prestress
equal to 500 N, 513 Hz.

(d) First modal shape of the
full nonlinear beam with
prestress equal to 500 N,
1053 Hz.

(e) Second modal shape of
the beam shell cross-section
modeled in Abaqus, 550 Hz.

(f) Second modal shape of
the beam without prestress,
583 Hz.

(g) Second modal shape
of the linear beam with
prestress equal to 500 N,
767 Hz.

(h) Second modal shape
of the full nonlinear beam
with prestress equal to
500 N, 1566 Hz.

(i) Third modal shape
of the beam shell cross-
section modeled in Abaqus,
1091 Hz.

(j) Third modal shape of
the beam without prestress,
1058 Hz.

(k) Third modal shape
of the linear beam with
prestress equal to 500 N,
1774 Hz.

(l) Third modal shape of the
full nonlinear beam with
prestress equal to 500 N,
1812 Hz.

Fig. 9 First three cross-sectional modal shapes of the unstressed (first column), linear (second column), and full
nonlinear (third column) metallic portal beam waveguide portion with prestress equal to 500 N.
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Different acoustic-structural behaviors can be addressed by eventually nullifying (white dots in Fig. 10) or adding

(black dots in Fig. 10)) the nonlinear terms of the full 3D Green–Lagrange strains matrix [35]. The equilibrium curves

of the metallic portal beam waveguide portion for various geometrical nonlinear approximations traced in Fig. 10 are

obtained by computing the displacement 𝑢𝑥 of the node with ID 3 (Table 3) along 𝑥 direction, normalized respect to

the cross-section wall thickness 𝑤 = 0.002 m. Aiming at achieving an external numerical validation, results obtained

through the commercial finite element code Abaqus are also plotted; specifically, these values are obtained by adopting

6-DoF quadratic shell elements and neglecting geometric nonlinearity. The comparison with the correspondent CUF

computed result without prestress, represented by the second column in Figure 9 and by black markers in Figure 10,

shows an almost perfect agreement, the maximum percentage shift of CUF results without prestress respect to Abaqus

ones being equal to about 6%, considering both modal and static analyses.

Fig. 10 Equilibrium curves of the metallic portal beam waveguide portion for various geometrical nonlinear
approximations.

Again, it can be noticed that most types of nonlinearity, except for Matrix 5, induce a hardening behavior in the

structure, which increases with the preload. In Fig. 11, natural frequencies of three selected modes of the metallic

portal beam linear waveguide portion are calculated across several preloads. Moreover, a MAC related to the linear case

is represented in Fig. 12, highlighting the modes behavior of the metallic portal beam waveguide portion (constrained

in the 𝑥 − 𝑧 plane) according to different preloads (whose values are listed in Table 4). It should be pointed out that

the metallic portal beam analyzed herein is fairly similar to the single-arched metallic beam analyzed by Augello and
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Carrera [36], with which it also qualitatively shares results in terms of equilibrium curves.

Fig. 11 Natural frequencies of the metallic portal beam linear waveguide portion as functions of preload.

Fig. 12 MAC between modes of the metallic portal beam linear waveguide portion at subsequent preloads.

Afterward, dispersion diagrams of the one-dimensional waveguide accounting for different nonlinearities are
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Table 4 Preload values considered on the metallic portal beam waveguide portion for linear and nonlinear cases.

Load Linear case [N] Full nonlinear case [N]
1 0 0
2 31 1
3 63 3
4 94 7
5 125 13
6 156 19
7 188 28
8 219 37
9 250 50
10 281 71
11 313 94
12 348 123
13 375 157
14 406 199
15 438 250
16 469 316
17 500 400

presented on the 𝑓 − 𝑘 plane. Again, a periodic behavior is assumed along the waveguide direction, thus leading to the

representation of an infinite beam whose cross-section lies in the 𝑥-𝑧 plane and principal axis is directed along 𝑦, with

reference to the axes system depicted in Fig. 8a. As illustrated in Fig. 13a, WFEM applied to such a CUF-modeled

full nonlinear structure provides results in terms of flexural (curves (a) and (b)), torsional (curve (c)), axial (curve (d)),

pumping (curve (e)), shell-type/torsional (curve (f)), and shell-type/flexural (curves (g) and (h)) wave modes. Fig. 13b

highlights that, for increasing preload, due to structural stiffening, the same wave modes behave at higher frequencies.

C. Metallic Box Beam

1. Numerical Implementation

The structure considered herein is a metallic box beam, partially analyzed by Filippi et al. [32]. Its cross-section

outer dimensions, material properties and waveguide portion length are the same illustrated in Section III.B.1,

while the cross-section, which is schematically depicted in Fig. 14a, is modeled with Lagrange-type elements. To find

the optimal number of cross-section elements, both the modal and static mesh convergence analyses have been done

ignoring geometrical nonlinearity. In this framework, results are obtained as percentage error, whose calculation has

been previously defined; two increasingly refined meshes have been considered, respectively accounting for 20 and 28

Lagrange-type elements, the latter being already sufficient to reach a percentage error smaller than 4%. Hence, such a

discretization is chosen for all the following analyses of this cross-section.
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(a) Prestress = 0 N. Wave modes: (a) flexural - x; (b) flexural- z; (c) torsional; (d) axial; (e) pumping; (f) shell-type/torsional;
(g) shell-type/flexural-x; (h) shell-type/flexural-z.

(b) Full nonlinear case subjected to four different load magnitudes.

Fig. 13 Dispersion relations of the metallic portal beam as functions of the applied preload, computed by Wave
Finite Element Method.
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(a) 28-LE9 cross-section model.
(b) Deformed configuration with a linear traction preload; the orange
circle locates the point adopted for equilibrium curves computation.

Fig. 14 Undeformed and linearly preloaded configurations of the metallic box beam waveguide portion.

To investigate the wave propagation characteristics of such a structure according to the different types of geometrical

nonlinearity, the metallic box beam waveguide portion is then preloaded with a traction load equal to 1 N, which is

symmetrical respect to the 𝑧-axis, applied on the nodes with coordinates reported in Table 5, and equally divided among

the two sides of the structure; such a preload leads to a deformation that, for the linear case, is illustrated in Fig. 14b.

Table 5 Node coordinates of the metallic box beam waveguide portion on which the preload is applied.

ID 𝑥[m] 𝑦[m] 𝑧[m] [N]
1 0 0 0.026 −0.25
2 0 0.001 0.026 −0.25
3 0.102 0 0.026 0.25
4 0.102 0.001 0.026 0.25

2. Results and Discussion

Initially, the first three cross-sectional modal shapes of the unstressed, linear, and full nonlinear metallic box beam

waveguide portion with prestress equal to 500 N are investigated and shown in Fig. 15.

Different acoustic-structural behaviors can be addressed by eventually nullifying (white dots in Fig. 16) or adding

(black dots in Fig. 16)) the nonlinear terms of the full 3D Green–Lagrange strains matrix [35]. The equilibrium curves

of the metallic box beam waveguide portion for various geometrical nonlinear approximations traced in Fig. 16 are

obtained by computing the displacement 𝑢𝑥 of the node with ID 3 (Table 5) along 𝑥 direction, normalized respect to the
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(a) First modal shape of
the beam shell cross-section
modeled in Abaqus, 547 Hz.

(b) First modal shape of
the beam without prestress,
581 Hz.

(c) First modal shape of the
linear beam with prestress
equal to 500 N, 720 Hz.

(d) First modal shape of the
full nonlinear beam with
prestress equal to 500 N,
791 Hz.

(e) Second modal shape of
the beam shell cross-section
modeled in Abaqus, 683 Hz.

(f) Second modal shape of
the beam without prestress,
729 Hz.

(g) Second modal shape
of the linear beam with
prestress equal to 500 N,
1041 Hz.

(h) Second modal shape
of the full nonlinear beam
with prestress equal to
500 N, 960 Hz.

(i) Third modal shape
of the beam shell cross-
section modeled in Abaqus,
1231 Hz.

(j) Third modal shape of
the beam without prestress,
1320 Hz.

(k) Third modal shape
of the linear beam with
prestress equal to 500 N,
1730 Hz.

(l) Third modal shape of the
full nonlinear beam with
prestress equal to 500 N,
1567 Hz.

Fig. 15 First three cross-sectional modal shapes of the unstressed (first column), linear (second column), and
full nonlinear (third column) metallic box beam waveguide portion with prestress equal to 500 N.
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cross-section wall thickness 𝑤 = 0.002 m. Also for this cross-section, results obtained by using the commercial finite

element code Abaqus are plotted with the aim to perform an external numerical validation; in particular, values have

been obtained by adopting 6-DoF quadratic shell elements and by neglecting geometric nonlinearity. The comparison

with the correspondent CUF computed result without prestress, represented by the second column in Figure 15 and by

black markers in Figure 16, shows an almost perfect agreement, the maximum percentage shift of CUF results without

prestress respect to Abaqus ones being equal to about 7%, considering both modal and static analyses.

Fig. 16 Equilibrium curves of the metallic box beam waveguide portion for various geometrical nonlinear
approximations.

The induced structural hardening behavior directly leads to a variation in modal frequencies as highlighted in

Fig. 17, where the natural frequencies of three selected modes of the metallic box beam linear waveguide portion are

calculated across several preloads, for both the linear and full nonlinear cases. Furthermore, a MAC related to the linear

case is represented in Fig. 18, highlighting the modes behavior of the metallic box beam beam waveguide portion

(constrained in the 𝑥 − 𝑧 plane) according to different preloads (whose values are listed in Table 6).

Afterward, dispersion diagrams of the one-dimensional waveguide accounting for different nonlinearities are

presented on the 𝑓 − 𝑘 plane. Also in this case, a periodic behavior is assumed along the waveguide direction, thus

leading to the representation of an infinite beam whose cross-section lies in the 𝑥-𝑧 plane and principal axis is directed

along 𝑦, with reference to the axes system depicted in Fig. 14a. As illustrated in Fig. 19a, WFEM applied to such a

CUF-modeled full nonlinear structure provides results in terms of flexural (curves (a) and (b)), torsional (curve (c)),
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Fig. 17 Natural frequencies of the metallic box beam linear waveguide portion as functions of preload.

Fig. 18 MAC between modes of the metallic box beam linear waveguide portion at subsequent preloads.
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Table 6 Preload values considered on the metallic box beam waveguide portion for linear and nonlinear cases.

Load Linear case [N] Full nonlinear case [N]
1 0 0
2 125 1
3 250 3
4 375 7
5 500 15
6 625 27
7 750 43
8 875 65
9 1000 97
10 1125 144
11 1250 215
12 1375 328
13 1500 465
14 1625 630
15 1750 829
16 1875 1070
17 2000 1358

axial (curve (d)), pumping (curve (e)), shell-type/torsional (curve (f)), and shell-type/flexural (curves (g) and (h)) wave

modes; these results perfectly agree with those previously calculated by Filippi et al. [32]. Fig. 19b highlights that, for

increasing preload magnitude, due to its structural stiffening effect, the same wave modes behave at higher frequencies;

this directly leads to differences in the dispersion diagram, potentially also arising complex modal phenomena such

as those already discussed when referring to Fig. 17. Notably, an applied preload may be interpreted as a numerical

simplification of a combination of external effects acting upon a structure, which therefore should be accounted for when

estimating its acoustic-structural response, especially if the structure is designed to reach specific tonal performance.

IV. Conclusions

A. Summary of Key Findings

This study investigates the wave propagation characteristics in prestressed structures with different geometric

nonlinearities, focusing on a sandwich beam, a metallic portal beam and a metallic box beam modeled using CUF

approach. Initially, the principal cross-sectional unstressed, linear, and full nonlinear modal shapes with prestress equal

to 500 N are examined, revealing torsional and flexural modes. Subsequently, the equilibrium curves of the structure

are traced for various geometric nonlinear approximations, demonstrating that most forms of nonlinearity induce a

stiffening effect in the system, which intensifies with the preload, leading directly to a variation in modal frequencies.

To further expand the scope of the present research, the dispersion relations of the examined full nonlinear structures
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(a) Prestress = 0 N. Wave modes: (a) flexural - x; (b) flexural- z; (c) torsional; (d) axial; (e) pumping; (f) shell-type/torsional;
(g) shell-type/flexural-x; (h) shell-type/flexural-z.

(b) Full nonlinear case subjected to four different load magnitudes.

Fig. 19 Dispersion relations of the metallic box beam as functions of the applied preload, computed by Wave
Finite Element Method.
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are analyzed as a function of the applied preload using WFEM, whose dynamic linear behaviors, in the case of the

beams with sandwich and metallic box cross-sections, perfectly agree with those previously calculated by Filippi et

al. [32]. This technique enables a comprehensive evaluation of wave propagation characteristics under mechanical

loading conditions. The dispersion relation, a graphical representation of the relationship between wavenumber and

frequency, provides valuable insights into the intricate mechanisms governing wave propagation within the waveguide.

By scrutinizing dispersion curves at distinct preload levels, a deeper understanding is gained regarding the impact of

mechanical loading on wave propagation through the waveguide.

In summary, the results of this study lead to a better understanding of the intricate interplay between prestress,

geometric nonlinearities, and wave propagation behavior of prestressed structures, a process that contributes much

toward understanding wave propagation in complex structural systems and aids in the design of prestressed structures

with acoustically desired features. This acquired knowledge is of meaningful value in the waveguide design process

by application, specifically those requiring either effective wave transmission or confinement. Even further, such

understanding might have huge implications on the design and analysis of prestressed systems under static loads.

B. Future Perspectives

Despite the advanced developments in this research, further study still remains a lot in scope. This paper discussed

only the prestressed structures, considering the simple geometric configurations, such as beams and plates. A

further study will extend the analysis to more complex geometries, for instance, shells or curved beams, to understand

the behavior of wave propagation in these structures. This study is mostly focused on static prestress, whereby the

applied prestress remains constant. In the future, dynamic prestress can be worked on whereby prestress changes with

time or some other different external loading conditions. This would provide valuable insight into wave propagation

behavior in structures subjected to dynamic loads, as in the case of earthquakes and blast forces.

The core of the research lies in the effects of geometric nonlinearities on wave propagation in a prestressed structure. The

next steps would involve including material nonlinearities, like plasticity and damage, in the analysis and see how they

change the wave propagation behavior and hence the structural response. Such may further lead to a fuller understanding

of wave propagation in prestressed structure and eventually impact the very design and analysis of prestressed systems

to provide improved acoustic performance for a wide range of applications related to sound quality, noise pollution

reduction, and better structural integrity.
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