POLITECNICO DI TORINO
Repository ISTITUZIONALE

Fractionalization of Forchheimer’s correction to Darcy’s law in porous media in large deformations

Original

Fractionalization of Forchheimer’s correction to Darcy’s law in porous media in large deformations / Gunda, S.,
Giammarini, A., Ramirez-Torres, A., Natarajan, S., Barrera, O., Grillo, A.. - In. MATHEMATICS AND MECHANICS OF
SOLIDS. - ISSN 1081-2865. - 30:4(2025), pp. 809-849. [10.1177/10812865241252577]

Availability:
This version is available at: 11583/2993591 since: 2025-01-10T18:02:08Z

Publisher:
Sage Publications

Published
DOI:10.1177/10812865241252577

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright
Sage postprint/Author's Accepted Manuscript

Gunda, Sachin; Giammarini, Alessandro; Ramirez-Torres, Ariel; Natarajan, Sundararajan; Barrera, Olga; Grillo, Alfio,
Fractionalization of Forchheimer’s correction to Darcy’s law in porous media in large deformations, accepted for
publication in MATHEMATICS AND MECHANICS OF SOLIDS (30 4) pp. 809-849. © 2025 (Copyright Holder).
DOI:10.1177/10812865241252577

(Article begins on next page)

13 June 2026



37

38
39

Fractionalization of Forchheimer’s correction to Darcy’s law in
porous media in large deformations

Sachin Gunda!, Alessandro GiammariniZ, Ariel Ramirez-Torres>,

Sundararajan Natarajan', Olga Barrera*>, and Alfio Grillo?*

'Department of Mechanical Engineering, Indian Institute of Technology Madras, Chennai, Tamil Nadu,
India.

Dip. di Scienze Matematiche “G. L. Lagrange”, Politecnico di Torino, Corso Duca degli Abruzzi 24,
10129, Torino, Italia.

3School of Mathematics & Statistics, Mathematics & Statistics Building, University Place, Glasgow,
G12 8QQ, UK.

4School of Engineering, Computing and Mathematics, Oxford Brookes University, Headington, Oxford
0OX3 0BP, UK.

5Department of Engineering Science, University of Oxford, Parks Road, OX1 3PJ, Oxford, UK.

Abstract

This work presents a theoretical and numerical study of the flow of the interstitial fluid saturating
a porous medium, principally aimed at modeling a bio-mimetic material and assumed to experience
a dynamic regime different from the Darcian one, as is typically hypothesized in biomechanical
scenarios. The main aspect of our research is the conjecture according to which, for a particular
mechanical state of the porous medium, the fluid exhibits two types of deviation from Darcy’s law.
One is due to the inertial forces characterizing the pore scale dynamics of the fluid. This aspect
can be resolved by turning to the Forchheimer correction to Darcy’s law, which introduces non-
linearities in the relationship between the fluid filtration velocity and the dissipative forces describing
the interactions between the fluid and the solid matrix. The second source of discrepancies from
classical Darcy’s law emerges, for example, when pore scale disturbances to the flow, such as
obstructions of the fluid path or clogging of the pores, result in a time delay between drag force and
filtration velocity. Recently, models have been proposed in which such delay is described through
constitutive laws featuring fractional operators. Whereas, to the best of our knowledge, the above-
mentioned behaviors have been studied separately or in small deformations, we present a model of
fluid flow in a deformable porous medium undergoing large deformations in which the fluid motion
obeys a fractionalized Forchheimer’s correction. After reviewing Forchheimer’s formulation, we
present a fractionalization of the Darcy-Forchheimer law, and we explain the numerical procedure
adopted to solve the highly non-linear boundary value problem resulting from the presence of the two
considered deviations from the Darcian regime. We complete our study by highlighting the way in
which the fractional order of the model tunes the magnitude of the pore pressure and fluid filtration
velocity.

Keywords: Flow in deformable porous media; Darcy’s law; Forchheimer’s correction; Media with mem-
ory; Integro-differential constitutive equations; Fractional Calculus; Fractional integrals and derivatives.

1 Introduction

According to a rather consolidated modeling picture in the biomechanical literature[1], a biological tissue
classified as soft and hydrated is regarded, at least, as a biphasic medium[2], constituted by a sufficiently
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compliant solid porous matrix and a fluid that participates in a variety of biophysical, biochemical, and
mechanical processes, all essential for sustaining the tissue itself[2, 3, 4, 1, 5].

The characterization of the mechanical properties of the solid matrix of soft tissues, be they hydrated
or not, has been the subject of several studies with increasing level of complexity: whereas the first, pio-
neering models looked at the essence of phenomenology, and, for their purposes, considered tissues (see,
e.g.,[2] for articular cartilage) homogeneous and isotropic, more recent works studied the consequences
of inhomogeneity and anisotropy, especially in connection with the presence of reinforcing collagen
fibers[6, 7, 8, 9, 10, 11], often assumed to be statistically oriented[12, 13, 14, 15, 16, 17, 18].

Collagen fibers represent a very important chapter in the mechanical and hydraulic analysis of
biological tissues. Indeed, besides exerting a structural action that contributes to the overall mechanical
response of a given tissue, they influence considerably also the tendency of the tissue to enhance, or to
inhibit, the circulation of fluid in its interior. At the macroscale, this property is referred to as permeability.
For example, in the case of articular cartilage, Maroudas and Bullough[6] have hypothesized that the
tissue’s permeability depends on the distribution and orientation of the collagen fibers. Subsequent studies
in this direction, conceived to examine Maroudas and Bullough’s hypothesis[6] have been conducted, e.g.,
in[19, 20], and set themselves in a line of research dedicated to the theoretical and numerical modeling
of the biomechanics of fiber-reinforced, anisotropic tissues[8, 21, 22, 23, 24, 25, 26, 17, 27, 18].

To the authors’ knowledge, since Holmes and Mow’s permeability model[2] for articular cartilage,
the explicit coupling between this transport property and the tissue’s deformation has been a leading
topic in many other publications on the subject (see, e.g.,[21, 22, 24, 20]). In all these works, emphasis is
put on the importance of understanding how the mechanics of the tissue combines with its permeability
in order to provide acceptable descriptions of the fluid’s behavior, especially in terms of its mechanical
state. This is motivated by the fact that being able to predict, for example, the fluid pressure allows to
estimate possible remarkable aspects of a tissue, like its global health[28, 7, 29].

Rather typical approaches having the purpose of studying the mechanics of soft and hydrated tissues,
like articular cartilage, and, above all, of giving prominence to the coupling discussed above, are based
on several formulations of poro-elasticity, in terms either of Biot’s or of biphasic theory [1, 22, 19, 24,
20, 17, 30, 31]. A common feature of the majority of these approaches is that they rely on the hypothesis
that the flow of the fluid obeys Darcy’s law (see, e.g.,[32, 33, 34, 1, 22]), thereby presuming, in the most
classical formulation, a linear relationship between the fluid filtration velocity and the pressure gradient
realized in the tissue. More precisely, the filtration velocity is obtained by multiplying the medium
permeability (which, in general, is a second-order tensor field) by the opposite of the pressure gradient.
The resulting flow model has the advantage of being computationally cheap, because of the linearity of
this relationship with respect to the pressure gradient, and it is sufficient to capture the coupling between
flow and deformation through a suitable definition of the permeability tensor (see, e.g., [2]). In fact,
this coupling is also capable of considering nonlinear deformations. In spite of this capability, however,
in the literature there have also been attempts to elaborate flow models that account for non-Darcian
behaviors of the fluid, like, for instance, those predicted by Forchheimer or Brinkman’s corrections to
Darcy’s law (see, e.g.,[35, 36, 30]).

In the context of articular cartilage, in[36, 30], the authors have hypothesized that, under certain
loading conditions, as could be the case in compression tests in which the load is applied with a relatively
high velocity, the mechanical behavior of the fluid is better approximated by the Darcy-Forchheimer
model of the flow. In fact, adopting Forchheimer’s correction means accounting for non-linear terms in
the constitutive relationships between the filtration velocity and the drag force that may generally result
in slower flows and higher pressures than those predicted by Darcy’s law. This, in turn, calls for the
introduction of additional parameters to describe the flow, the identification of which may depend on the
structure of the porous medium[37], the model of permeability[22, 19], and the experimental procedure
employed to estimate the numerical values of the quantities at hand. In addition, it has been shown
in[30] that resorting to the Darcy-Forchheimer law may be used to switch from a model of permeability
to another one by attributing the resulting variations in the behavior of the fluid to the correction of the
flow rather than to different assumptions on the permeability.
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Another phenomenon that is not accounted for in the “classical” formulation of the Darcy or Darcy-
Forchheimer models is the anomalous “diffusion” of the fluid flow (see, e.g.,[38]). In particular, Darcy’s
law has proved to be non appropriate for fluid flow in high porosity media due to the influence of inertial,
thermal, and convective terms, and because of solid-fluid boundary effects that are not contemplated in
Darcy’s model[39].

Recently, a body of work has gone into collecting experimental evidence of anomalous “diffusion”
(another type of non-Darcian behavior) for different classes of porous media, from tissues, such meniscal
tissue[40], to rocks and porous building materials[41]. The predominant matter is the explicit time-
dependence of the permeability, which results in an explicitly time-dependent flow rate.

In [42], clogging of the pores and explicit time-dependence of the permeability of hydro-geological
porous media are described by means of an integro-differential operator that keeps track of the time history
of permeability. This study offers a very important point of departure for the introduction of Fractional
Calculus in modeling flow in porous media, especially for describing deviations from Darcian transport,
as is the case for subdiffusion or superdiffusion processes, both observable experimentally[38, 43].

Confined compression tests in meniscal tissues have shown that anomalous transport phenomena are
well captured by fractional poroelastic models (e.g., of Biot-type) in which the pore pressure diffusion
equation results from a modified version of Darcy’s law involving fractional derivatives[40, 44, 45]. The
diffusion is then anomalous and the order of the fractional derivatives involved in the models rules the
fluid flow. Fittings of experimental data proved to be better than adopting classical Biot or biphasic
models, and the fractional poroelastic model has been —for the first time— validated [44]. The values
of the fractional order, obtained by fitting the experimental data across various samples, vary in the range
[0.51,0.73][44], and are considerably higher than the ones found by Bulle et al.[40]. Hence, the memory
effects related to the fluid flow in the meniscus seem to be, in general, not negligible. In addition, since
the model in[44] is transversely isotropic for both the fractional and the standard case, the fractional
derivative captures the deviation from classical Darcy’s law triggered by the presence of a hierarchical
network of collagen channels in the meniscus, which is not inherently related to the anisotropy of the
medium. By our understanding, this result shows that biological tissues can exhibit a behavior well
captured by the methods of Fractional Calculus, and related to the tortuosity of the pores. Moreover, the
model developed in[44] accounts only for small deformations. In this sense, one of the aims of our work
is to provide the mathematical infrastructure to deal with temporal fractional derivatives within a large
deformation setting, while complying with the principle of objectivity.

Other studies[46, 47] highlight the role of poroelasticity in the anomalous “diffusion” processes
that can be observed on meniscus samples. In the literature, some investigations have been done to
capture the relationship between the memory effects of the flow of interstitial fluid, which are due to the
interactions between the fluid and the pore network, and the behavior of the solid phase. In particular,
in[31] a fractional Darcy’s law was studied in the setting of small elastic strains, while in[48] classical
Darcy’s law was coupled with a solid phase experiencing “material hereditariness”[49, 50, 51], i.e.,
dependence of the stress on the past history of strain, which was described by means of a fractional-order
“hereditariness” model[52, 53, 54, 55].

With respect to the review of literature done above, the novelty of our work resides in the search for
memory effects associated with a fractional Darcy-Forchheimer flow model developed in the framework
of finite deformations. After presenting the constitutive theory on which our study relies, we simulate
an unconfined compression test, performed over a cylindrical specimen of a hypothetical tissue that
has “borrowed” some properties from articular cartilage[7, 9, 29, 56, 20], but is assumed here to be
homogeneous and isotropic. Note also that we speak of a “hypothetical tissue” because, for the time
being, we do not have experimental values for the parameters defining the fractional operators adopted
in the sequel. We take the elastic coeflicients of articular cartilage because of the studies available in
the literature that address explicitly memory effects in this tissue and employ Fractional Calculus (see
e.g.[57, 58], although the framework established therein is very different from ours). In addition, we
select the unconfined compression test since this is a rather standard experimental set-up and is able to
provide information in quite a simple manner about the relationship between specimen deformation and
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fluid flow.

As remarked above, the assumption of homogeneity and isotropy is not realistic, but we need it now
in order to focus on the novelties of our model without having to deal with other sources of computational
complications. However, a generalization to an inhomogeneous and anisotropic medium, with statistical
orientation of reinforcing collagen fibers, is not too demanding from the modeling point of view, since the
literature in the field is quite rich[8, 21, 22, 23, 24, 25, 26, 17, 27, 18], although it necessarily increases
the computational burden.

Before proceeding, we clarify that, at the moment, we are not aiming at reproducing any experiment
conducted on a real medium, be it a bio-mimetic scaffold or a true biological tissue. Rather, we are
presenting a study that is meant to indicate, through numerical simulations, new research directions
in the field of Fractional Calculus applied to Biomechanics. In this sense, the numerical simulations
presented in the sequel may provide guidance in devising experimental procedures that aim at quantifying
the presence of possible memory effects in the flow of the interstitial fluid of the medium under study.
The model and the associated simulations, in fact, should act like a magnifying glass on the internal
mechanics of the medium and of the memory effects (non-local in time) taking place in it. We believe
that such information could aid in designing experiments.

Our principal results are: (i) the formulation of a fractional constitutive equation that expresses the
dissipative drag force stemming from the fluid-solid interactions as a functional of the fluid filtration
velocity; and (ii) the numerical procedure developed to solve this equation together with the momentum
and mass balance laws characterizing the fractional Darcy-Forchheimer model in finite deformations.
The main outcomes of our simulations predict the influence of the fractionalization of Forchheimer’s
correction on pore pressure and on the magnitude of the fluid filtration velocity.

2 Kinematics of biphasic mixtures

In this section, we briefly present the kinematics of solid-fluid mixtures in the framework delineated in
[59, 60]. The solid and the fluid phase are represented by two smooth material manifolds Mg and M,
and the embedding of the solid phase in the three dimensional Euclidean space & is called reference
placement of the solid phase & C §.

The class of media taken as target in this work refers mainly to bio-mimetic scaffolds, to be employed,
for example, in the replacement of injured tissues, as could be the case of articular cartilage, which
comprises cells, extracellular matrix, and collagen fibers. Although such target media may feature
complicated internal structures a simplified approach is followed in the sequel. This is done because, for
a given target tissue, the focus of our work is not a detailed description of the tissue’s structure.

In this work, we adhere to the description of the solid phase put forward in[30]. For each instant of
time ¢ of the time window .# C |0, +oo[ in which we keep track of the evolution of the system, the motion
x(-,1) : B — & of the solid phase maps the reference placement & into the current placement y (9%, t).
This description can be extended also to the case in which the solid phase features several constituents
(e.g., extracellular matrix, cells, and collagen fibers) by hypothesizing, as is often done in this context,
that the “points” of My share the same motion. Furthermore, for each ¢ € .7, the motion of the fluid
is described by means of a one-parameter family of embeddings f(-,7) : My — & that attaches fluid
particles X¢ € Mg to a point in the Euclidean space &. The portion of & in which the solid and the fluid
phases coexist is denoted by B, := x (B, 1) N f(M;, 1)[59, 60] and constitutes the solid-fluid mixture.
Furthermore, for each time ¢ € .#, we assume, with a slight abuse of notation, that the inverse mapping
in space [y(-,1)]"! : B; — B is surjective with respect to the reference placement of the solid phase,
so that for each point of the mixture there is a corresponding point in the reference placement of the solid
phase (since y( -, 1) is injective but nor surjective, the inverse [y ( -,)]~! has to be understood, with an
abuse of notation, as the inverse of the auxiliary map ¢(-,?) : B — %;, with ¥ (X, 1) = y(X,1)).

In summary, the hydrated media considered hereafter, even with multiple solid constituents, are seen
at the macroscale as mixtures with a solid component and a fluid one. In particular, following [61, 20],
and under the hypothesis that the heterogeneities at the medium’s fine scale do not affect the behavior
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of the medium at the macroscale [62], we introduce an admissible representative element [62] and the
fraction of relative volume which is occupied by the solid or by the fluid phase. These quantities are
called, respectively, the solid volumetric fraction and the fluid volumetric fraction, and are denoted by
bo : By —]0,1[, with a = s, f.

For each point x € %, in the current placement and each point X € & in the reference placement,
we introduce the tangent spaces Tx$ and Tx %, and the dual spaces Ty and Ty %, respectively, as well
as the tangent bundles T8 := | | e, TxS and TR := | x5 TxAB. Similarly, we define the cotangent
bundles 7S := | | ;e TxS and T*RB := | |xcp Tx B (see e.g. [63] for further details).

The velocity of a solid particle passing at the time ¢ through the spatial point x = y(X,1) is
denoted by v(x,t) = y(X,t) € TyS, with the superimposed dot meaning partial differentiation with
respect to time, while the velocity of a fluid particle passing through the same spatial point x € %, is
obtained as v¢(x,1) = {(¥g,1) € TS. The above defined velocities v¢ and v are also known as spatial
velocities, while the relative motion of the fluid with respect to the solid phase is described by the relative
velocity as w(x, 1) := ve(x, 1) — vs(x,t). For the fluid phase, we also introduce the filtration velocity
q(x,1) == ¢e(x,)we(x, 1) € Ty S, which represents the specific mass flux vector of fluid passing through
x € B, attime ¢ (i.e., the mass flux vector normalized by the fluid true mass density of)[33].

Finally, we introduce the tangent map of the motion of the solid phase, F(X,t) = Ty(X,t) =
Dy(X,t), where Dy is the Jacobian tensor associated with y, known as the deformation gradient
tensor F(X,t) : Tx®B — Ty(x,,)S, which transforms vectors of Tx% into vectors of T,&, with
x = y(X,t). In order for a motion to be admissible, the determinant of F is required to satisfy the
condition J(X, 1) := detF(X,t) > 0, forall X € & and ¢ € .7, so that F is non-singular. Similarly, we
define the inverse, the transpose, and the inverse transpose tensors of F, thatis, F ' (x,1) : T, S — Tx®,
FY'(x,t) : T;!S — Ty, and FT(X,1) : Ty®B — T;S, respectively, with X = [x(-, N7 (x).
As usual, the Cauchy-Green deformation tensor C(X,t) : Tx#B — TR is defined as C(X,1) =
FT(x,0)n(x)F(X,t), withx = y(X,1), and 5(x) : T, — TS being the spatial metric tensor attached
at the spatial point x € $[63]. When there is no room for confusion, also the less rigorous notations
C = F'.F = F'yF will be employed, in which the dot “.” is an abbreviation for the spatial metric tensor
field 5.

Remark 1 (Composition of maps and notation).

To pass from the current placement to the reference placement, we compose any field ¢ : B, X F — S,
valued in S = R or in higher-order vector or tensor spaces, with y and the time map ¥ : B X .J — .7,
so that it holds that ¢ o (y, ) : B X F — S (the formalism is adapted from [64]).

In the sequel, in order to lower the notational complexity, we will omit the explicit composition
with (y, ) and drop the dependency on X and ¢ whenever the reported expressions are already well-
established in the literature. For example, the material volumetric fraction of the a-th phase, which is
defined as @, (X, 1) := J(X,)do(x(X,1),1), will be simply indicated as @, := JP,.

3 Fundamental balance equations

In this section, we recall the fundamental balance equations for the modeling problem at hand, i.e., the
balance of mass and the balance of linear momentum for the solid and for the fluid phase.

Our target material, assumed to represent, e.g., a bio-mimetic tissue, is viewed as a solid-fluid mixture,
in which the solid phase comprises all the solid constituents of the tissue (in the present framework, these
could be identified with the extracellular matrix and the structural components of the cells), while the
fluid phase accounts for the interstitial fluid that flows through the pores.

As is often the case in the biomechanical modeling of soft hydrated tissues[1, 22, 20, 36, 30], both
the solid and the fluid phase are regarded as incompressible (more specifically, we will assume that
their true mass densities are constant), and their presence in the mixture under study is measured by
their volumetric fractions, denoted by ¢ and ¢r, respectively. Through these quantities, we define the
apparent mass densities ps¢s and prds, with o5 and of being the constant mass densities of the solid and
the fluid. Since the mixture considered in our work is saturated, the condition ¢ + ¢¢ = 1 applies.
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By composing the mass balances for the fluid and solid phase in the current placement (see Remark
1 and Appendix A) with the pair of maps (y, %) : B X F — & X F, the mass balance laws for the solid
phase and for the mixture as a whole can be written with respect to the reference placement as

b, =0, in %, (1a)
J+DivQ =0, in B, (1b)

where, with a slight abuse of notation, ® := J¢; and Q := JF ~!q are the solid phase material volumetric
fraction and the material filtration velocity representing the pull-backs of ¢ and ¢, respectively[5, 20, 30].
It follows from Equation (1a) that @y is constant in time. Hence, we set ®5(X, t) = Dr(X) (see Appendix
1).

We emphasize that, in spite of the terminology “filtration velocity”, ¢ is not a true velocity. Rather,
it is a specific mass flux vector, i.e., a mass flux vector defined by the multiplication of the velocity of
the fluid relative to the solid, i.e., w¢, by the volumetric fraction of the fluid ¢;. As remarked in [65],
this is an important clarification, since it predicts how ¢ transforms. Indeed, since ¢ is a flux vector, it
has to be identified with a pseudo-vector and, as such, its material counterpart, obtained by computing
its backward Piola transformation, reads Q = JF _1q [66, 20, 65, 30].

In the present framework, the balance of linear momentum (see Appendix A) can be reformulated in
the reference placement as

Div(Ts + Tt) + [@s05 + (J — D5)0r] g = 0, (2a)
DivT; + F~ T + (J — @) org = 0, (2b)

where T, = Jo, F T with a € {s, f}, is the first Piola-Kirchhoff stress tensor associated with the ath
phase, Iy = JF'x; € Ty 3 is the pull-back of 7y to the reference placement, with 7 being the force
density due to the exchanges of linear momentum between the fluid and the solid phase.

4 General constitutive relations

In view of the computational burden that will be introduced for describing the flow, for the purposes
of our present study we assume that the solid phase is isotropic, homogeneous, and characterized by a
Neo-Hookean hyperelastic strain energy density function Ws(C)[67], which, written per unit volume of
the reference placement, takes on the form

Y (C) = D [1) - 3] — $®yu; log I3 + DA, [log 317, 3)

where Ay and yug are Lamé’s parameters, and /; = trC, and I3 = detC = J? are two of the three
principal invariants of the Cauchy-Green tensor C (we recall that the second principal invariant is
I = %{[trC]2 —trC?)).

Before going further, it is important to remark that, for biological tissues, there exist strain en-
ergy densities that are more appropriate than the Neo-Hookean one. A rather typical example is the
Holmes&Mow][2] strain energy density function, which has been extensively used and generalized in
many works addressing the mechanics of articular cartilage in the biphasic context, especially when
fibers are included in order to make the model at least transversely isotropic [8, 23, 13, 16, 19, 24, 20,
25, 26, 30, 17, 27, 18].

By viewing I} and I3 as functions of C, and C as a function of F, we can rewrite W (C) as
Y, (C) = Ws(F), and, thus, we determine T as

oW,

T. =
SC ﬁF

0P,
(F)=nF [2 C (C)]. 4)

0

In the sequel, Ty, will be referred to as the constitutive part of the first Piola-Kirchhoff stress tensor
associated with the solid phase. Its explicit expression will be supplied below, when discussing some
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numerical aspects of the problem at hand. Here, we simply notice that, since T is defined constitutively,
T, is fully defined in terms of Ty and of the pore pressure P(X,?) = p(x(X,1),1) (i.e., the pore pressure
expressed as a function of the points of 9 and of time), and since 7t depends only on P ((as is customary
in the Darcy-Forchheimer model, the fluid stress tensor does not feature any dissipative part)), then all
the stresses featuring in the balance laws of interest are completely expressed in terms of the unknowns
x (through the deformation gradient tensor) and P.

In fact, the structure of the inner part of stress, i.e., o1 = 05 + 0 (see Appendix B), yields the
inner first and second Piola-Kirchhoff stress tensors Ty = —JPF T + Ty, and Sy = —JPC -1 Ssc,
where S is the constitutive part of the solid phase second Piola-Kirchhoff stress tensor and is defined
as S, = JF ‘ln‘lo'scF ~T. Moreover, since the solid phase is assumed to be hyperelastic, Sy can be
determined by differentiating an augmented strain energy density W2, obtained through the addition of
the pressure term —[J — 1]P to ¥(C), i.e.,

Y2(C, P) :=¥(C) — [J - 1]P = 1@, [trC — 3] — ®ypuslog J + DA, [log J]* — [J - 1]P,  (5a)

LS ~ B B L 2
S1=222(C.P) = ~JPC™ 4 Se = =JPCT! +252(C). (5b)

For future use, we also introduce the strain energy density W2(F, P) = Wi(C, P).
There remains to determine gy and, to do so, we proceed with the study of the dissipation
inequality[32, 68, 34, 22, 5, 30].

5 Constitutive representation of the dissipative forces

We are interested here in evaluating the influence that the fluid phase non-Darcian dynamics may have
on the medium’s overall mechanical behavior. In particular, to account for loading conditions that do
not fully justify the hypothesis of negligibility of inertial forces, we consider Forchheimer’s correction to
Darcy’s law[62, 69, 32,70, 35, 33]. Moreover, to account for dissipative flow features that, in the literature
(seee.g[71,72,73,74, 38]), have conducted to flow laws non-local in time, we propose a fractionalization
of Forchheimer’s correction. To this end, we suggest a relation between the fluid phase filtration velocity
and pressure gradient that is highly non-linear, and is expressed through integro-differential operators of
fractional type describing a possible non-locality in time in the constitutive representation of the drag
forces as functionals of the fluid filtration velocity.

Under the hypotheses done so far, by assuming that the sole source of energetic loss is due to the
momentum exchanged between the fluid and the solid phase, and adhering to the frameworks developed
in[32, 34], and, subsequently, in[5], it can be proven that the local form of the residual dissipation per
unit of volume of %, is given by

D@ = —mpgwes = ~7ad; g > 0. (6)

We recall that, throughout this work, all the force densities, and, thus, also mg, are identified as
pseudo co-vectors, while all the velocities are defined as vectors. Hence, m¢(x, ) has to be regarded
as a linear map that, whenever evaluated over a vector u € Tx%;, returns a pseudo-scalar value. In
particular, the juxtapositions mgwy and mgqq in Equation (6) are to be understood, in index notation, as
TigWes = [d]a (W] and mgaq = [mea] aq®, where Einstein’s convention of summation over repeated
indices applies, unless stated otherwise.

Expressions similar to Equation (6) can be found in several publications (see e.g. [32, 34, 1, 5, 30])
and, thus, its full derivation will not be reported here. However, we recall that the superscript “(a)” in
D@ stands for “augmented”, since, to obtain Equation (6), the constraint of incompressibility, imposed
to each phase of the mixture, and reflected by the mass balance law (1b), is appended to the local form of
the dissipation inequality, multiplied by the pore pressure p. This latter field, thus, acquires the meaning
of the Lagrange multiplier[34, 5] associated with the given constraint. For the advantages related with
this procedure, the reader is referred to[75, 34].
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We hypothesize that the dissipative force density m¢g can be expressed constitutively, up to the sign,

as the result of some suitably defined operator O,, applied to ¢, and in which the subscript “q” indicates
that, in general, the operator may depend on ¢ itself. Hence, we impose a relationship of the kind

g = —04q. (7

Such relationship is nonlinear in general, and, for consistency with Equation (6), it imposes that O,
complies with the dissipation inequality, so that the condition D® = gbf_l [O4q]q > 0 must be respected
at all times and at all points of the region of space occupied by the mixture. Furthermore, by substituting
the relationship (7) into the balance law of linear momentum in the spatial placement (see Appendix 2),
we find the following operator equation in the unknown g¢:

~04q = ¢¢[grad p — org]. (8)

Among the various possible definitions of O, each of which depends on the biphasic medium that
has to be modeled, we require O, to be such that it vanishes identically for the null filtration velocity
q0=0,1.e,

Oqq = 04,4, = 0. 9

In addition, we require that the null vector field g, = 0 is the unique solution to the equation Oyq = 0. By
doing so, when the pressure field solves grad p — org = 0, so that also the left-hand side of Equation (8)
has to vanish, the solution is g = q,. This requirement is important in view of the fact that a “modified”
Caputo derivative will feature in the definition of the operator O, ¢, thereby implying that a field g with
non-vanishing initial value g(x, ti;) # 0 is, in general, a nontrivial solution of the equation Oyq = 0 (see
Equation (15)). Hence, to maintain the uniqueness of the solution g, = 0, we will always assume that ¢
has null initial value.

The considerations on O, g done above imply that also the right-hand side of Equation (8) must vanish
for ¢ = ¢q, thereby recovering Stevin’s law of the statics of fluids, i.e., grad p — org = 0. Moreover,
several other fluid behaviors are ruled out, like those characterized by non-null values of w¢4 for g = ¢,.
In the latter case, indeed, by denoting by nfj the value of gy in static conditions, the statics of the fluid
under consideration is governed by the force balance nf] — ¢rgrad p + ¢rorg = 0, which determines
as i = ¢¢[grad p — org]' without constitutive prescriptions.

For the sake of clarity, before describing the operator O, in detail for the case that characterizes the
main novelty of this work, we briefly discuss the (classical) definitions of O, that return Darcy’s law and
Forchheimer’s correction to Darcy’s law. In doing this, since gravity is not expected to play a relevant
role for the problems that will be investigated in the sequel, we shall drop the buoyancy term ofg from
here on.

5.1 Darcy’s law

Although Darcy’s law is well-known, we find it useful to briefly review its origin and the range of its
applicability in order to give context to the need for Forchheimer’s correction and for its fractionalization.
Darcy’s law is widely employed in the mechanics of porous media of environmental, industrial, and
biological interest (see e.g. [69, 33, 34, 1, 22, 76], to mention just a few) to describe, at the macroscale,
the flow of a fluid through the pores of a given porous medium. Here, by “macroscale”, it is meant the
scale at which the porous medium and the fluid are viewed as a mixture.
Darcy’s regime is satisfactory when the following two main hypotheses are met:

(i) The stress tensor of the fluid is well approximated by its so-called equilibrium part, so that any
contribution due to the fluid viscosity is negligible and one can write the fluid’s Cauchy stress
tensor as oy = —¢fp1T.

INote that this equation is different from Equation (103b) (see Appendix B) in that it applies in static conditions, whereas
Equation (103b) holds true in dynamic regime, but in the limit of negligible inertial forces.
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(i1) Inertial forces are negligible both at the macroscale and at the microscale. At the macroscale, this
assumption implies that no inertial effects are accounted for in the fluid’s macroscopic momentum
balance law. For what concerns the microscale, instead, the assumption of negligible inertial
effects has two meanings. On the one hand, it requires that such effects are one or more orders
of magnitude smaller than those of the other forces contributing to the flow, and, on the other
hand, that the linear momentum exchanged between the fluid and the solid at their interface does
not depend appreciably on the dynamic part of the overall mechanical stress (see e.g. [70]). In
particular, this latter statement is reflected by the fact that, at the macroscale, and in the cases in
which g can be expressed constitutively, one can prescribe g to be a linear function of ¢ (see
e.g. [69, 33,34, 1)), i.e.,

ma=G""(q....) =G"(...)q = -rq, (10)

where G™(q, ...) is the constitutive law expressing ¢, r is a second-order tensor field, referred
to as resistivity tensor, and G" (. . .) is its constitutive representation (here, the ellipsis means that
the considered constitutive functions depend, in general, on variables that are left unspecified at
the moment). In passing, we recall that there exist generalizations to Darcy’s law that involve
threshold phenomena, according to which, for example, relationships similar to Equation (10) can
be written only when the norm of &gy exceeds a certain value (see e.g. [33]). However, these
circumstances are out of the scopes of our present work.

According to Equation (10), in the case of Darcy’s law the identification O,q = rq applies, so that
the operator O, is represented by r and is, thus, independent of g. Furthermore, by substituting Equation
(10) into the residual dissipation inequality (6), one obtains

D = —7 o7 'q = [rqle;'q = ¢; ' [sym(r)qlq
= ¢; ' tr{sym(r)[q ® q]} = ¢; ' [sym(r)]ar[q]“[q]" > O, (11)

which requires per se the symmetric part of the resistivity tensor, sym(r), to be positive semi-definite.
Typically, however, one aims at obtaining an expression for ¢ in closed form by substituting Equation
(10) into the spatial balance law of linear momentum for the fluid phase, and solving for ¢. Hence, to do
this, one assumes that sym(r) is positive definite (which is also consistent with the condition Oy g, = 0)
and, often, it is also hypothesized from the outset that the resistivity tensor r is symmetric, so that the
identity r = sym(r) is stated. Under these hypotheses, indeed, one achieves Darcy’s law in the “popular”
form

k _
q= —;gradp =qp, 1= ¢uk, (12)

where k is a second-order tensor field referred to as permeability tensor, u is the fluid’s viscosity, and
qp stands for “Darcy’s velocity”.
With respect to the reference placement of the medium, Equation (12) transforms as

0= —gGradP =0p, (13)

where P is the pore pressure written as a function of the points X of the reference placement and of time,
ie., P=po(y,3), while K is referred to as material permeability tensor and is related to k through
the backward Piola transformation K = JF~'kF~T. Hence, the Darcian material filtration velocity Qp,
can be expressed in terms of the pore pressure and deformation gradient tensor.

Finally, having neglected the buoyancy terms in Equations (2a) and (2b), the equations to be solved
in the case of validity of Darcy’s regime can be summarized as

Div(-JPF T +T,) =0, (14a)
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J= DiV[EGradP], (14b)
u
where Ty, = nF Ssc, with Sy being deducible from Equation (5b), is determined constitutively as shown in
Equation (4), while the permeability tensor K is specified in Equation (36) below. Moreover, the material
volumetric fractions ®¢ and ®¢, which feature in the definitions of Ty, and K, are @3 = J¢s = g and
@; = J ¢, and DR is regarded as known. In the system of Equations (14a) and (14b), the unknowns are
pressure P and the motion y. The latter is accounted for by F' and J = det F, and ®s is expressed as
@; = J — @4 by virtue of the backward Piola transformation of the saturation condition.
Before proceeding, the following two remarks are in order:

Remark 2. In the literature on the mechanics of fluid-saturated porous media, models have been proposed
that, although assuming the Darcian regime for the fluid, account for memory in the description of the
flow (see, e.g.,[38]). These models have the purpose of describing, for instance, non-mechanical, micro-
structural interactions of the fluid with the pores, such as chemical processes[38], that contribute to
hinder the flow. Often, this phenomenology is studied by adopting integro-differential operators in time
that introduce a delay in the purely Darcian linear relationship between pressure gradient and filtration
velocity. For example, Deseri and Zingales[38] used operators based on the fractional Caputo derivative,
so that, under some simplifying hypotheses, classical Darcy’s law can be replaced by

a t

atg (1)
rl-a)J, (t-1)*

q(1) + dr = qp(1). (15)
Equation (15) is a generalized Cattaneo’s model conceived for porous media that either do not undergo
deformation or are in the regime of infinitesimal deformations[77, 38, 78, 31]. Indeed, when the
deformations have to be regarded as finite, relationships of the type provided in Equation (15) are not
objective because of the presence of the time derivative of ¢ featuring inside the integral. To avoid this
problem, we take advantage of the property of ¢ of being a pseudo-vector and, consequently, we have
recourse to the most natural way to describe its time evolution, i.e., to its Truesdell rate (see[79] for a
recent discussion on this topic).

Remark 3 (Caputo fractional derivative, frame indifference and Truesdell rate).

Caputo’s fractional derivative[80, 42] in time cannot be employed directly to obtain constitutive relations
that satisfy the principle of frame indifference, since the time derivative is not an objective rate. In
particular, by introducing a proper orthogonal tensor R (detR = 1), such that a given vector field v
transforms as ¥ = Ry, the Caputo derivative yields

1 ] = 1 S | ,
Cnhag Cnha .
D% =*D%(Rv) = Ry dr = Rv + Rv) dr, 16
d r (Rv) F(l—a),/tin(t—r)" var F(l—a)‘/tm(t—r)“( v+ Rv)dr (16)

where Ry is the term that spoils objectivity.

Conversely, since in our work we need to make sure that the fractional derivative employed in
the fractionalization of constitutive relations respects objectivity, we replace the time derivative in the
integral with an appropriate objective rate. In particular, an objective rate suitable for our purposes is
the Truesdell rate, because it is conceived for fluxes and, in fact, we have to compute the derivative of ¢,
which is a flux. Such a modification of the Caputo fractional derivative will satisfy a relation of the type

Cpag 1 /’ L ogre | o
I ra-a) ), (-0 1T T T -a)

(t-1)@
in which 75 is the Truesdell rate and the bar over “C” in the left-hand side indicates a “modified” Caputo
derivative. We recall that, in the present context, the Truesdell rate of g can be computed as’

R7;q dr, a7

tin

Tsq(x (X, 7),7) =

-1
J(X,T)F(X’T)Ds[detF_lF q](X(X’T)aT)’ (18)

2In fact, the right-hand side of Equation (18) is not the definition of the Truesdell rate of g, but just a simple way for
computing it. A more rigorous way of writing it can be found e.g. in [79].
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where Dy is the substantial derivative with respect to the solid phase motion. In the spatial description,
Equation (18) produces the result

75q = [divvg]q — [grad vs]q + Dsq
= [divvs]q — [grad vi]q + [grad q]vs + O:q. (19)

However, since we are interested in the material description of the flow, we express 75q as

Toqg(x(X,7),7) = F(X,71)0(X,7), (20)

1
J(X,71)

where we recall the definition of material filtration velocity Q(X, 1) = [(detF~)"'F~'q](x(X,1),1).

5.2 Forchheimer’s correction

Following [70], Forchheimer’s correction to Darcy’s law becomes necessary when the hypothesis (ii) of
the section 5.1 is not satisfied. Indeed, as remarked in [70], the correction accounts for the inertial effects
that characterize the pore scale dynamics of the fluid, and for those that take part to the momentum
exchange between the fluid and the solid phase. In fact, it can be shown that (see e.g.[81]), at the
macroscale, the consideration of the inertial effects mentioned above can be expressed in terms of a
non-linear relationship between m¢q and ¢ of the type (see e.g. [70, 68, 82, 36, 30])

i =G"(q,...)=G"(q,...)g =-rr(llql)q, 21

where rg(]|q]|) can be thought of as a g-dependent resistivity tensor. Note that, here and in the
following, the subscript “F” stands for “Forchheimer”, and is introduced in order to highlight that
the current description differs from the Darcian one. In addition, as suggested by the identification
G (q,...) = —rgr(]lql]), the resistivity tensor depends, in general, aside from ||g||, also on other
parameters characterizing the flow, although we do not report them here explicitly for the sake of a
lighter notation. We recall and clarify the procedure undertaken in[30, 36, 82] for the characterization
of Forchheimer’s correction in the spatial setting and we extend it to the reference placement through the
appropriate backward Piola transformations. In fact, although the derivations are similar, the aim in[30]
was to rephrase Forchheimer’s correction as a scalar coefficient that multiplies the permeability tensor,
whilst the aim of this section is to provide a clear material description for Forchheimer’s coefficient.
As reported in[70, 68, 82, 36, 30], the resistivity tensor rp(||¢q||) can be defined as

re(ligl) = r +llgllar = grulk™" +ligllak~"], (22)

where a, in general, is a second-order tensor field denominated Forchheimer’s coefficient, having physical
dimensions of the inverse of a characteristic velocity, and that is to be assigned constitutively (see Equation
(32) below).

By comparing Equation (22) with the general definition (7), we obtain the identification

Oy = deulk™" + ||gllak™"] = ek ™' [1 + ||q|lkak™"]. (23)

Moreover, by substituting Equation (23) into the constitutive representation (21) of mg, using the
resulting expression into the force balance (8), neglecting gravity, and invoking the definition (12) of
Darcy’s velocity gp, we find that ¢ must satisfy the algebraic equation

¢ruk ™" (1 +llqllkak "1 = peuk ' qp, 24

which can be put in the equivalent form (see [30], in which a slightly different notation is employed)

[t +|lgllkak™"]q = qp. (25)

11
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The backward Piola transformation of Equation (25) produces [30]
[1+1QlcKAK'1Q = Qp, (26)

where I is the material identity tensor, ||Q|lc := J~'V[C : (Q ® Q)] is the C-norm of Q, i.e., the
norm of Q computed with respected to the deformed metric tensor induced by the right Cauchy-Green
deformation tensor C, while

AX, 1) =F ' (x(X,0),0)a(x(X,1),)F T (X, 1) (27)

is the backward Piola transform of Forchheimer’s coefficient. Note that the norm ||Q||¢ arises because
of the identity ||g(x,?)|| = ||Q(X,?)|lc (an equivalent formulation of equation (26) can be obtained
by redefining ||Q||c as J]|¢q||, so as to emphasize that ||g|| transforms as a pseudo-scalar, and A as
JUFTaF-T).

Finally, we notice that a rather suggestive reformulation of Equation (26) reads

Re(I1Qlc)Q = ®u K~ 'Qp, (28)

where we have introduced the material resistivity tensor
Rr(1Qllc) = @K™ [1+|QllcKAK™], (29)

related to rr(||q|) through Re(||Qllc) = F'[rr(|lgl))]F. The tensor function Ry depends also on the
deformation gradient tensor F through ®¢ and K, although we prefer not to emphasize this dependence
here, both for notational convenience and for highlighting the fact that, since Ry is the backward Piola
transformation of rg, it depends on the C-norm of the material filtration velocity Q.

Although there exists some interest for the impact of Forchheimer’s correction in porous media of
biological relevance (see e.g. [35, 36, 30]), to the best of our knowledge the majority of the studies
devoted to the identification of Forchheimer coefficient a come from hydrogeology[33] and petroleum
engineering[83, 84]. In fact, a is often expressed through (semi-)empirical laws. For instance, Wang et
al. [85] provided an expression for a that, in our formalism, reads

a:=omu~ kB, (30)

where the tensor field B is said to be non-Darcy coefficient [85]. As done in [30], we take an empirical
formula from Thauvin and Mohanty [37] and we adapt it to our purposes, thereby expressing S as

B = cod;' [nk]®, (31)

in which ¢y, c1, and ¢, are empirical (real) constants, with ¢y having to be non-negative. We remark
that there are at least two ways to assign c, either in a theoretical way, on the basis of the geometrical
features of the pores (see e.g. [86]), or by calculating it through the fitting of the experimental data (see
e.g. [87]). A third approach, which interprets cq as a parameter prescribed to switch from a permeability
model to another[30], is discussed at the end of the section.

By substituting Equation (31) into Equation (30), and exploiting the positivity of all the eigenvalues
of k, we obtain

a = coorgy 1 k], (32)

A strong simplification is achieved when the porous medium under consideration is assumed to be
isotropic and, in particular, “unconditionally isotropic”[22]. In this case, indeed, the spatial perme-
ability tensor k reduces to k = kiSOI]_l, where ki, is referred to as scalar permeability; the material
permeability tensor becomes K = «jsoC -1, with Kiso := Jkiso; the Forchheimer coefficient a reduces to

12
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a= cogmﬁ“ ‘lkl:r‘z T and the material Forchheimer coefficient A can be written as A = ﬂiSOIT,
whereby it is fully represented by the scalar quantity
q) C1 1 1+L2
Aigo = cogf[ Jf] [%] . with®; > 0, kiso > 0, and p > 0. (33)
u

By substituting this result into Equation (26), and following a procedure similar to the one described in
[82, 36, 30], we can express Q as a function of Qy, i.e.,
0=3%0p = —L&—KGradP, &= 2 , (34)
H 1+ /1 +4A;0[1Opllc
where § is referred to as material friction factor[82, 36, 30] (note that, in[82, 36, 30], Equation (34) is
obtained in the spatial description and, thus, in the models presented therein the adjective “material” is
not present).

A relevant consequence of Equation (34) is that, for an “unconditionally isotropic”[22] porous
medium, Q can be understood as a reformulation of Darcy’s law, in which the permeability is multiplica-
tively rescaled by means of &, which, in turn, depends again on the C-norm of material Darcy’s velocity
[|Qpllc as well as on «jso, porosity, and the other flow parameters accounted for in the model. Therefore,
under the hypothesis of “unconditionally isotropic” medium, the governing equations read as

Div(-JPF T+T,.) =0, (352)
, K
J = Div[g—GradP}. (35b)
J7i
In the sequel, we adopt an expression of ks, taken from Holmes&Mow([2], given by
J - |™ m
Kiso = Jkref[ .| P (71 [J2 - 1]), (36)

where k. is a reference permeability, while mq and m; are non-negative material parameters.

5.3 Fractional Forchheimer’s correction

From the point of view of mathematical modeling, this section is the heart of the present work since we
propose here a fractionalization of the constitutive law (21), which we provide in the form

ma(t) = -relaa () - -1 / ’F(”q(””) Teq(v)dr, (37)

where rp(||q(2)]]) is defined in Equation (22), f. is a characteristic time scale of the flow, @ €]0, 1]
another characteristic parameter of the flow, and 7sq(7) denotes the Truesdell rate of q, computed with
respect to the velocity of the solid phase, and evaluated at time T € [y, #[ . Note that, with the exception
of a, t., and the independent variables ¢ and 7, all the quantities featuring in Equation (37) have to be
understood as functions of spatial points and time, although we report explicitly the sole dependence on
time for the sake of a lighter notation. Equation (37), which, to the best of our knowledge, is novel and
constitutes the starting point of the fractionalization of Forchheimer’s correction, has been inspired by
the works[38, 31], in which similar models have been proposed to fractionalize Darcy’s law.
By substituting Equation (37) into the force balance —¢¢ gradp + msq = 0, we obtain

rela®la) + / ’F(”q(””) Teg(D)dr = ¢ (O k™ (D ap ). (38)

which, by virtue of Equation (20), can be recast in the form

J@) FTOF T (ORe(IQ(Dlle(r)

J (1) (t—1)a Q( )de

Re(IQ0) )00 + 71 /

13
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= DK (1HQp(1). (39)

With reference to Remark 2, we notice that, due to the natural choice of employing the Truesdell rate,
the backward Piola transformation of Equation (38) to the medium’s reference placement yields Equation
(39), which features the time derivative of the material filtration velocity Q. In this case, because of the
presence of the deformation, Cattaneo equation is not directly recovered under the sole assumptions that
a is null and that ¢y, u, and k are constant in time.

In the case of “unconditionally isotropic ’[22] porous medium, the resistivity tensor given in Equation
(29) reads

RelQlle) = ZE 11 + Aol Qllc]1C = Re(F, Q)C, (40)

iso

where Ajg, is defined in Equation (33), and Re(F, Q) is a scalar resistivity coefficient defined by

11+ Ao 1Qlc).- @l)

is0

Re(F,Q) =
Therefore, after some algebraic passages, Equation (39) becomes

0 R0 g1 g
Re(F0).00)00)+ 7% [ FOBEDLE b)) e

=Rp(F(1))Qp (1), (42)

with Rp (F) := D¢/ kiso, and Rp depending on F being through ®¢ and «ig,.
In conclusion, for the fractional version of Forchheimer’s correction analyzed in this section, the
model equations to be solved are given by

Div(-JPF T +Ty) =0, (43a)

J+DivQ =0, (43b)
5 "Re(F(1),0(7)) 1 :

Re(F (1), Q(t))J( )F(t)Q(t) + ) / T-1)° J(T)F(T)Q(T)dr

=Ro(F(1) 75 F Q). (43c)

()

Equations (43a)-(43c) are equivalent to a set of seven scalar equations in the seven unknowns represented
by the three components of the solid phase motion y, pore pressure P (which features both in the
momentum balance law (43a) and in Darcy’s velocity Qp, as specified in Equation (13)), and the three
components of the filtration velocity . Thus, to close the model, it suffices to assign the solid phase
volumetric fraction in the reference placement, i.e., @5, which is independent of time in the present study,
and, as it was already done in the previous sections, to prescribe constitutively the first Piola-Kirchhoff
stress tensor of the solid phase, i.e., Ty, the scalar permeability «;s,, and the coefficient cy.

6 Numerical implementation of the model equations

In this section, we introduce the most fundamental aspects of the determination of the numerical solution
of the fractional Darcy-Forchheimer model (43a)-(43c). We split our study into two parts: first, we
concentrate on the discretization in time of Equation (43c) and, subsequently, we present the main
introductory steps to the finite element implementation of the whole system (43a)-(43c).
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6.1 Time discretization of the fractional Darcy-Forchheimer model
The starting point for the numerical implementation of Equation (43c) is the renaming @ = 1 — 3, so that

1 ! 1
rl-a)l, (-1

h(t)dr

1 4 1
T / e, (44)
1-a=p

where h is a scalar- or tensor-valued function for which the considered integrals exist. By direct inspection
of Equation (43c), the function 4 is identified with the expression

b

J(T)FmQ(r), (45)

h(7) = Re(F(1),Q(7))
with Re(F, Q) given in Equation (41).
The next step is the representation of the fractional operator featuring in Equation (43c) in the
form suggested by Podlubny[80] for the numerical approximation of the Griinwald-Letnikov fractional
derivative, which, for our purposes, we slightly modify as follows:

I . (-t LB t—tin
m/tm (r—1)P lh(T)dT=I\}1LnOO(—N ) ;} i h(t—n—N )
=\’ <4 [B = tin
z( = ) Z)[n h(t—n - ) (46)

for 8 €]0, 1], where h is assumed to be continuous over the interval [ti,,¢], N € N is the number of
sub-intervals partitioning [fi,, #], No € N is a sufficiently large value of N above which the value of the
sum in the limit does not change appreciably within a given tolerance, and the symbol

T(B+i-1
£ ] iz

0 s T , forn>1, (C9))]

generalizes the binomial factor to the case in which g is not a natural number[80].

We notice that, in our simulations, the value of Ny that truncates the series representing the Griinwald-
Letnikov fractional derivative of k, as specified in Equation (46), will be taken as a function of the
instant of time at which the corresponding sum is evaluated. To proceed, we introduce two time
grids: one discretizes the time interval [#;,, t5n] over which the system is observed, and is given by
T ={to,.. . tms..stpm} C [fin» tin], SO that o = fin, far = fn, and m = 0,..., M, with M € N,
M > 1, being the number of sub-intervals by which [z, fn] is partitioned, and At := ¢, — t,,,—1 being the
constant time step; the other grid is used to handle the fractional integral (46) numerically, and discretizes

each interval [tg, ,u], m = 1,..., M, in No(t,n)> m sub-intervals of uniform amplitude
Iy —t
s= 22 (48)
N O(Im)
With reference to the second grid, the nodes are enumerated as t,, ,, = t,,, — ns, withn =0, ..., No(tm),

so that 0 = ty, and t,, g,y = tm = No(tm)s = to. Moreover, we subdivide each interval [£,,_1, t,,]
uniformly, we denote by n, € N, n, > 1, the number of sub-intervals partitioning [#,,—1, ], and we
have nos = At, and t,;, — ns € [t—1,tm], forn =0,...,n,. Specifically, we obtain (t,, — t,,—1) /N =
At/n, = s and No(tm) =nsm,forallm=1,...,. M.

According to the discretization outlined above, Equation (46), evaluated at ¢ = t,,, and rewritten for
B =1- a, becomes:

1 /’m 1 Re(F(7),0(7))
rl-a)J, tm-1)* J (1)

F(T)Q(T)dT
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-« AO tm)
(e S )
No(tm) = n No(tm)
no__l l_a No(tm) 1—&’
SER ORI Vi ] TRV RERU D Y B TRV O RO
n=1 n=no

seo The crucial point of the procedure described by Equation (49) is that h(t,,) and h(t,, — ns) feature
s70 the time derivatives Q(t,,) and Q(t,, — ns). However, the numerical scheme that we use for this
s71 - work provides an explicit expression for such derivatives only at the nodes of the coarser time grid

sz T ={tog,...,tm,...,tnm},1.e., only for Q(tm), which we approximate as
Q(fm) ~ Qapp(tm) _ O(tm) _AIQ(l‘m—l)' (50)
s73  Hence, h(t,,) reads
h(l‘m) _ RF(F(tm)7 Q(tm)) F(tm) Q(tm) - Q(tm—l) , (51)

J(tm) At

s« where all the quantities evaluated at #,,, are unknown, and Q(¢,,) is the unknown for which the discretized
575 version of Equation (43c) has to be solved. On the other hand, the quantity k(t,, — ns) as a whole, for

sz m=2,...,M,is computed through the interpolation
(1= &) h(tm) + 2 h(tm-1), %fnzo,...,ng—l,
h(tm—ns): h(tm_pAl), lfn:pna_’pzl’_.‘,m,
— %) h(tm—p) + %h(tm—p—l), ifn= pPno +1, p= 1,....m-1,1=1, _”7n0__1,

(52)

577 where h(t;,—1), h(t;,—2), ... are obtained by applying Equation (51) recursively. Note that, for m = 1,
578 only the first two rows of Equation (52) apply, with p = 1.

579 Following a convergence study (data not shown) in which we solved the discretized poroelastic system
ss0  (see Equations (87a) and (87b) below), we setn, =5 forallm=1,..., M.
581 By enforcing the scheme outlined so far, the second addend on the left-hand side of Equation (43c)

ss2 1S approximated as

atd fm I Re(F(1),0(7)) :
F(r)Q(7)dr
I'l-a) ‘/to (tm — 1) J(1) ¢
ng—1 I_CL' NO(tm) 1—a/
zatcasl_ah(tm)+atcasl_a Z[ . }h(tm—ns)+a/tfsl_“ Z [ " ]h(tm—ns)
n=1 n=ng,
ng—1
_ a l-a a l-a N -« _E E
=at®s""h(ty) + s ; [ i L= ) + R (tne)
NO(tm) l—a’
+a/tcas1_“ Z i ]h(tm—ns)
=« té’sl_"fc,h(tm) +atdFo(tm), (53)

ss3 where we define

ng—1 ng—1
B (11—« _E_a 1-«a _ns
e S5 E 1 0-5)

n=0
ng—1 -
Ta(fm) = Sl_a( Z [ na

n=1

F(tm—l)Qapp(tm—l)

2 R Q1)
At J(tm—l)
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+sl7@ Z [l;a]h(tm—ns). (54b)

n=nq

In conclusion, by collecting the results obtained so far, the time discretized form of Equation (43c), or
equivalently, of Equation (42), reads:

RECF (1), Q (1))@ 1) + @ 185"~ LaR(F (1), Q1)) Qg (1) + @ 1 T () F ™ (1) Fot (1)
= Ro(F () Qp(1m). (55)

Moreover, to single out the unknown to be determined through the solution of Equation (55), i.e., Q (t,,),
and in view of the linearization procedure that will be employed for the finite element simulations
performed in the sequel, we take into account the expression of Q,,, in Equation (50), we highlight the

dependence of Qp, on F and GradP by writing Qp, = G20 (F, GradP), and we recast Equation (55) as

atasl—a o atasl—a o
Z(Fm’ Grade’ Qm) :=(1 + CA—Z‘{)RF(Fma Qm)Qm - CA—fRF(Fm’ Qm)Qm—l
+ @18 I Fy ' Fo (i) = Ro(Fp)G2 (F,, GradB,) = 0, (56)

where, for any generic physical quantity ¥, the notation ¥(¢,,) = ¥,,, has been employed to express that
it is evaluated at time #,,, (the dependence on X is omitted, but understood).

We remark that, by performing some lengthy algebraic manipulations, Equation (56) can be solved
analytically for @, by turning it into a polynomial equation of grade four in Q,,,. This property descends
from the dependence of Rr(F,, Q,,) on Q,, being through the C,,,-norm ||Q,,||c,,. However, although
the four roots of an equation of this type can be computed analytically, it is very difficult to ascertain, for
generic values of F,, and Gradh),,, which solutions are physically admissible. Moreover, if more than one
physically admissible solutions exist, the problem of non-uniqueness of the solution arises, and, even in
the case in which the solution were unique, its analytical expression would be too complicated to study
it in conjunction with the other two equations of the model. For all these reasons, we prefer to proceed
with the search for a unique numeric solution, to be found through a Newton-Raphson method around a
“good” initial guess. These considerations lead us to the adoption of the following procedure.

6.2 Linearization of the fractional Darcy-Forchheimer model

The discretized, fractional Darcy-Forchheimer equation (56) should be studied in conjunction with the
discretized version of the balance laws (43a) and (43b), put in weak form in view of their finite element
implementation. In this respect, we notice that we have conducted the numerical simulations of our
work in ABAQUS®, partially writing our own code for solving Equations (43a), (43b) and (56), but
not for the whole implementation. Thus, although we do not have complete control over the numerical
procedures employed by the commercial software, some properties of Equations (43a), (43b), and (56)
can be discussed, even without entering the details of their numerical analysis.

As anticipated above, we neglect gravity, and to render the weak forms of Equations (43a) and (43b)
as simple as possible, we consider the case in which their associated boundary terms are identically zero.
To comply with these conditions, we partition the boundary of 9, for the motion y, into the disjoint
union of a traction-free part and Dirichlet part, and, for the pressure P, into the disjoint union of a
flux-free part and, again, of a Dirichlet part. Then, within this setting, we take the procedure adopted
in[66] for the purely Darcian, hyperelastic, and isotropic case, and extended in[88] for poroplasticity,
and in[17] for anisotropic, fiber-reinforced porous media. In the sequel, we show the most fundamental
steps of its generalization to our model, which, although being isotropic and homogeneous, takes into
account Forchheimer’s correction to Darcy’s law and the interactions between the fluid and the solid
phase arising because of such correction.
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To begin with, we consider a three-field formulation of the problem at hand, which involves Equation
(56) and the time-discrete, weak forms of Equations (43a) and (43b). This leads to the system

Axms Bur Q,,: V) = / { = JuBuE,;" +G"<(F,)} : GradV, - /aX (TyuN)V, =0, (57a)
B

N

I = Jon—
B(xm: Bn, @, P.) 1= —/ m_m-lp +/ 0Q,,GradP, — / (Q,,N)P, =0, (57b)
7 AY 7 or &
at@s'=z, at&s'=g,
‘Z(Fm’ Grade’ Qm) =11+ T RF(Fm’ Qm)Qm - TQF(FWH Qm)Qm—l
+ at® T F  Fo (1) — R (E)G2P (F,, GradR,) =0, (57¢)

in the unknowns x,, Py, and Q,,. To obtain Equations (57a) and (57b), we have introduced: the test
functions V, and P,, identifiable with an arbitrary virtual velocity and an arbitrary virtual pressure,
respectively; the constitutive representation GT(F,,) = Ty.(t,n), at time t,,,, of the first Piola-Kirchhoff
stress tensor of the solid phase; the portions 81)\1(93 and 81\1; 2 of the boundary of %, i.e., 0%, on
which Neumann boundary conditions on the solid phase motion and on the pressure field are enforced,
respectively; and the field of co-normals N associated with the boundary of 9. We remark that, although
we have reported the boundary terms in Equations (57a) and (57b), these are identically null in our
setting.

The system (57a)-(57¢) is highly non-linear in the motion x,, and in the filtration velocity Q,,,, and it
will be solved by employing a linearization procedure. One possible way is to perform, for each time ¢,,,
a Newton-Raphson method in a neighborhood of an initially guessed triple (x°,, PO, Q?n), with unknown
increments (dy.,, P}, 5Q }n), and then, by iteration, to construct the sequence of triples

(em=xtvok, Bl =B v opk, QF =0k +60F), fork > 1. (58)

At each time 1, and iteration k > 1, such a method requires the determination of the three increments
Sy, 6Pk, and 6Q fn, for each of which it is necessary to provide a suitable spatial interpolation. However,
rather than proceeding this way, we find it more convenient to follow a different path, as explained below.

Two-field-approach by means of Dini’s implicit function Theorem. In this paragraph we present a
numerical procedure that shares similarities with the one elaborated in[89]. We notice that, for m > 1,
there exists a non-empty open set £, of triples

(F,n,GradP,,,Q,,) € [TB, @ T*B| x T*BXxTRB,  withQ,, #0, (59)

such that the function Z defined by the right-hand side of Equation (57¢) is of class C'(Q,,,; T%). Then,
we assume that there exists a non-empty subset of Q,,, hereafter denoted by X,, C Q,,, that consists
of all the triples (F,,, GradF,, Q,,) € Q,, that satisfy Equation (57c) as an identity, i.e., that constitute
the intersection between Q,,, and the set of all the solutions of Z(F,,, Gradh,, Q,,) = 0, and for which
the partial derivative of Z with respect to Q,,, is a non-singular second-order tensor. Hence, by setting
(#) := (Fy, GradB,, Q,,), it holds by hypothesis that det[dp, Z (#)] # 0 for all (F,,, GradR,,Q,,) € Z,,,
and dg, Z (#) is given by

_ atds'""fq aig's' " ORy

30, Z(#) = Re(Fn, Q) [1 + T]I + {Qm + =200, - Qm_l]}® 5o Fw Q)
_ atdsla Dy ] atd'sla _ Jr:zzchm
= RF(Fma Qm)[l + SAAL ]I+ Kisom ﬂlsom{Qm'l' SAAL [Qm Qm—l]}® ||Qm||Cm ’

(60)

where @y, = J,,, — Dgr is the pull-back of the fluid phase volumetric fraction evaluated at time ¢,,, while
Kisom and Ajsom denote kigo and Ajgo at time 1,,,.
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In fact, all the properties of Z and of dp, Z enunciated so far constitute the hypotheses of Dini’s
Implicit Function Theorem for vector-valued functions of multiple arguments. Therefore, by selecting
one triple () = (F,, GradB,, Q,,) € X, (for which, thus, Z#) =0, and det[@QmZ(ﬁ)] # 0), there
exists a neighborhood 7' (FE,, GradB,,,,) C Q,, of such triple such that, for the elements of the
intersection 7" (F,,, GradP,,, Qm) N2, # 01itis possible to express Q,, as a function of F,, and Grad B,
for some neighborhood % (F,,, GradB,,) C [T %, ® T*RB] x T* R of the pair (F,, GradB,,). By denoting
this vector-valued function by

G2 : U(F,,GradB,) - TR,  (F,,GradB,) — G2 (F,, GradB,) = Q,,, (61)
Equation (57c) is identically satisfied by replacing Q,, with G2 (E,,, Grad B,,), thereby obtaining
Z(F,, GradB,) = Z(F,, GradB,,, G%" (F,,,Grad B,)) = 0, (62)

for all (F,,,Grad B,) € % (F,, GradB,). Hence, the just defined function Z: % (F,,, GradP,) — TS#
is constant in the neighborhood % (F,,, GradP,) and, since it is also of class C' therein, it has vanishing
differential. In fact, upon setting ¥, := GradP, and (}) := (F,, GradB,) = (F,.Y,,) € %(F,,,GradB,),
from the condition of annihilation of the differential of Z along any pair of admissible increments
(6F,,, 6Y ), we find:

dZ () (8F, 6Y ) =[5, Z ()] : 6Fu + [0y, Z(9)]6Y,,
=05, Z(#)] : 6F, + [6y,,Z($)16Y,
+[0g,,Z W05, G2 (1)] : 6F, + [g, Z($)][0y,,G% (16X,
={0F, Z(#) + [09,, Z(#)1[0F,,G%" (B)]} : 6F,
+{0y,,Z(#) + [80,, Z(#)][0%,,G%" (B)]}6%, = 0. (63)

Accordingly, the coefficients of 6 F,, and ¢Y,, must vanish independently from one another, i.e.,
r, Z(H) + 19, ZW19r,G% 1 =0 = 0,6% () =-[00,Z(H)]"',Z(H). (64a)
O, Z(#) + 100, Z (M]3, 6% (W] =0 = 8,69 () =-[3,ZH] '%,Z(#). (64b)

where O is the null element in the space of third-order tensors.
The result reported in Equation (61) permits to rephrase the system (57a)-(57¢) as a system consisting
of its first two equations only, i.e.[66, 88, 17],

AQvms By Vy) = / { - JuB,E, " +G < (F,)} : GradV, =0, (652)
%
. Jn = I
B(xm, Bu: Py) = — / ’"A—t"”PV + / G2 (F,,, GradR,)GradP, = 0, (65b)
% B

where the functionals A and B are highly non-linear both in y,, and in B,.

Remark 4. Tt is important to remark that the function G2, although it exists, is not determined explicitly,
since its determination would constitute a very demanding task. However, it is not necessary to find it in
closed form. This is because we are going to solve Equations (65a) and (65b) through a Newton-Raphson
linearization procedure, which, to determine the unknown increments of y,, and B, at each iteration,
only requires the knowledge of the partial derivatives of G2 at the values of F,, and Grad B, obtained
at the preceding iteration. In this respect, we emphasize that, since an expression of G2= as a function
of F,, and Grad E,, is not available, the writing é( Xm> Bu; Py) has to be regarded as merely formal. More
specifically, it has to be understood as B(xm, Pu; Pv) = B(Xm» Pn, 0,,; P,), in which y,, and B, are the
solutions to Equations (65a) and (65b), obtained by means of the procedure just mentioned, while Q,,
will be determined separately through an additional Newton-Raphson method applied to Equation (57¢),
once F,, and Grad B,, are known (see also [89]).
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Newton-Raphson method applied to Equations (65a) and (65b). To sketch the linearization proce-
dure adopted to solve Equations (65a) and (65b), we set k > 1, with k € N, and we introduce both for
xm and for B, the values inherited from the (k — 1)th iteration, i.e., X,Ijl‘l and Pn’f -1, which are regarded
as known, and the unknown increments 6)(,’7‘1 and 6Pn{f. Hence, we write[606, 88, 17]

Xk = gk =  SFEX = Gradsyk, (66a)
Pk .= Pkl 4 5pk =  6GradP* = GradsPk. (66b)

Then, to shorten the notation, we define u ’,‘n‘l = ( an‘l, Pn’f ~1) and the approximated functionals

App (5%, 0BE V) = A(UETL V) + DL AU V) [0k ] + Dp AL V) [6BET, (67a)
Bupp(Sx X, 0BX; Py) i= B(UETY P + D B(UST Y P [oxk ] + DpB (Ul P)[SBE], (67b)

where for a generic functional . € {A, B} and a generic virtual field , € {Vy, P}, Z)Xﬁ(ufn_l ) [oxk]
and DpL(u%1; ) [6P¥] denote the Gateaux derivatives of L with respect to the motion and pressure,
evaluated at (UX~1;/,), and computed along the increments §y% and 6 PX, respectively.

Upon enforcing the conditions Aapp(@yfn, 6P%.V,) = 0 and éapp(é)(,],‘q, SPX, P,) = 0, the equations
determining the increments §yX and §P* at each time t,, and kth iteration of Newton’s method, for
k > 1, are given by[66, 88, 90]

DAL V) [6YE] + Dp AU V) [6BK] = —A(uk vy, (68a)
D Bk R[Sy E] + DpBUET P [6PX] = —B(uf ' R). (68b)

As is standard in linearization methods, the iterations stop for some positive integer k. > 1 such that, for
all k > k., the absolute values |A(xX, PX;V,)| and |B(xX, BX; P,)| are smaller than a given tolerance.

Finally, there remains to determine the explicit expressions of the Gateaux derivatives reported in
Equations (68a) and (68b). In fact, the Gateaux derivatives featuring in Equation (68a) are rather standard,
and especially the one evaluated along 5/\/,’§, can be found in textbooks (see e.g.[91, 67]). However, in
order to make our work self-contained, we show all the terms of Equations (68a) and (68b). To begin
with, we notice that, due to the hypothesis of incompressibility of the solid and fluid phase, the stress
tensor featuring in Equation (65a), which we write at time ¢, and kth iteration as

Ty, = I By B + G (Ey). (69)

can be obtained by employing the augmented energy density Wi(F,,, B,) = Y2(C,,, B,), with ¢ given
in Equation (5a). Hence, upon writing

W2 (B, By) = 10Rus [trCy — 3] = @rpts 10g Ty + 1 DRA; [10g 1 ]* = [Jin — 1] B, (70)

where we have highlighted the dependence on F,, (through C,, and J,, on the right-hand side) and B, it
holds that

¢ =G" (FX, BY)
_owed

o B Ba) = Qrpsn B G = Opts [y 1™ + Qg [log ) 1By 1™ =T By (B 10, (T1)
m

=G (F})

where G is the material metric tensor. Accordingly, the Gateaux derivatives Z)XA( uk=1:v,)[6xX ] and
DpAUL-1.V,)[6BX] are given by

. O*W2
D AUV 6] = / [6F2S (FX' P51y : Grad 6y | : GradV, =: [Cyy 157 (05, V). (72a)
B m
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. 0*W?
DpAUr1 V) [6PF] = /@ [ﬁwj—wj—l)apﬂ’; : GradVy =: [C,p]% 1 (6BX, V), (72b)

where the notation [C), ] k=1(o¢k,Vy) and [Cyp] k=1(6Pk, V,) is meant to highlight the influence of the
motion on itself and the one of the pore pressure on the motion, respectively.

We recognize that the second derivative of W2 with respect to F,,, hereafter denoted by A{‘rgl, is the
(augmented) algorithmic first elasticity tensor[91] of the mixture as a whole, while the mixed derivative
of W2 with respect to F,, and B, is representative of the presence of the pore pressure, intended as a
Lagrange multiplier of the present theory, in the expression of the mixture’s inner stress tensor. In explicit
form, these derivatives read

PWE 1 ke - _ i i

S BB = AL = ne S T C BT o 1, (732
m

o*W?

spap Bn B ==L BT (73b)
m m

where Si-! = [EX~1]71p~'Tk~1 is the inner part of the mixture’s second Piola-Kirchhoff stress tensor,
and C{‘rgl is the elasticity tensor associated with it (i.e., Cfn‘ll consists of the sum of the true elasticity tensor
of the solid phase and of the pressure contribution stemming from the hypothesis of incompressibility)
7y
k-1 s (k-1 pk-1
Clm = 4?((:”1 s Pm ) (743)

m

Note that, in writing the last term of Equation (73a), the minor symmetry of C{‘”‘ll in its last pair of
indices has been used. More explicitly, for the considered W2, the first elasticity tensor is given by

AR @ ® G + (Drps — O log JE + J& 1 PRI [ FE-11 TR [FX-1]17!
+ (DA — JEPEY [T @ [FE17T. (75)

Remark 5. In order to comply with the user interface of the “UMAT” subroutine in ABAQUS®, the
Gateaux derivative Z)XA(uf,l‘l : Vi) [6xX ] in Equation (72a) is rephrased in such a way that its integrand
is calculated with respect to the symmetrized increment of the deformation rate, defined as 6dfn =
sym(17(Grad Sy k) [FX1] ‘1), to the updated symmetrized “spatial” gradient of the Eulerian counterpart
of V,, which we write as d’v‘m := sym(n(Grad V) [F,,’f‘l]‘l), to the incremental deformation gradient
tensor 6lfn := (Grad 6 x*)[F*~']~!, and to the gradient of the Eulerian counterpart of Vi, which is
l’V‘m = (Grad V) [F f‘n‘l]‘l. To this end, we define the push-forward of the elasticity tensor Cﬁ;l
featuring in Equation (73a), i.e.,

—laspar 1 _ s _ _ Aqr
e = ) Rl L W L LN i AP L S (76)
m
and we write the second Piola-Kirchhoff stress tensor as S{‘njl = JUF ,’j[l]‘la{‘r;l [F ,’j[l]‘T. Here,
and in the sequel, the Cauchy stress tensor is defined with contravariant components, unless stated
otherwise. Then, as required by the ABAQUS® “UMAT” subroutine, we provide the algorithmic
elasticity tensor[91]

k-1 k-1 Ao k-1, 1= k-1 k=1 . —1 k=12 —1
A =g, +%(n R0, +n Q0 +01,'®@n +op, ®)"), 77)

k-1

I and
m

whereas Equation (72a) can be reformulated by expressing Afn‘ll in terms of the quantities JX~ !¢
J,’f[la'{‘":l (see section 4.6.1 of the Theory Manual of ABAQUS®[92]) as

Corls 0k Vo = [ by s Ul el ) ol [ i) s o est ot ooty
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=: [Caalyy ' (6dy. di,) + [Culy (08T, i) (78)
720 Analogously, we can rewrite [C, P15 1(6xk , V) in the equivalent form
[Cepln (8B, Vi) = / SEy [ 'n™'1 = dy =2 [Caply ' (3B, dY)- (79)

730 We compute now the Gateaux derivatives Z)XB(uk ' P)[6xk] and DpB(Uk I P,)[6PX], which
731 constitute the part of the numerical procedure at hand containing the novelty of this work. To perform
732 these calculations, we employ Equation (55), i.e., the time-discrete form of the fractional relationship
733 between the (material) filtration velocity and the pressure gradient. This leads to

R 1
DB Rk == [ S IR s Grad ok )R

+ /gg aagF }GradPV, (80a)
X Q.
DpBWUL-L P)[6PF] = / L(Fn'j_l,GradPrﬁ_l)GradéP,ff GradP,. (80b)
@ | 0GradE,

73« We remark that, although an explicit expression of the function G2 is not available, and since it is only
735 necessary to know the partial derivatives 0f;, G2n (F,,i< -1 Grad P,,'f‘ 1) and dGraq B, G2 (Fn',f_ ! Grad P,,’f -1,
736 which are both evaluated at the (k — 1)th Newton iteration, and are, thus, known, Dini’s implicit function
737 theorem permits to determine these derivatives exactly through Equations (64a) and (64b). Therefore,
738 Equations (80a) and (80b) become

[Cryla (Sx k. Py

== [ SATMEST G s

D BUET P 6]

__l,az
—/ { 0. (gE=1y 87(115;‘)} :Gradcs)(,’;}GradPV, (81a)
B m LY m

DpBULT P)[6B] = [Crplly ' (0Pk P)

1-1r az
== k=1 _ T gkl k
B /@{ an(ﬁ )| |3Graar, )]Gmd‘SPm}Gfade (81b)

739 where (9sz has been determined in Equation (60), while the derivatives of Z with respect to F,, and
740 Grad P, are given by

Z -1y atds' "y -1 o, ORE kol gkl “télsl_afa ORE kol gkl

+at(1]k—1[Fk—l]—17_- (tm) ® [Fk 1]—T _a,ta/Jk—l[Fk—l]—l ® {[Frs 1] lfa(l‘m)}

- G2 (E*!, Grad P*~ 1)@

0G2n
0Gradh,

(Fk N — Rp (EX~ 1) > (F,,’;—l,GradP,,’;—l), (822)

oF, E,

0Z

k-1 k-1
= = —-Rn(F
8Grade(ﬁm ) D( m )

(Fyy ™' GradBy™") = (Jy ! = @) (€117, (82b)
741 and, again, the notation [Cp, |51 (6%, P,) and [Cpp]%, 1 (SBX, P,) puts in evidence the influence of the
742 pore pressure on the motion and the self-influence of the pore pressure. For completeness, we supply
743 also the expressions of the derivatives of R, Rp, and G2o with respect to F,,. To this end, we write i,
742 and Ay, as functions of J,,, i.e., we set Kiso = Kiso(Jm) and Ajso = :ﬁiso(Jm), and we express ||Q,,|c,.
745 as a function of F,, i.e., ||Q,llc,, = Q(Fm). Then, we obtain:

Jk 1 Jk—l aKlso
Jk I Dr KISO(Jk 1) Jm

0Rp

aF (Fk 1)_72 (Fk 1)

(JEH(EET (83a)

22



746

747

748

749
750
751
752
753
754
755
756
757
758

759

761
762
763
764
765
766
767
768
769

770

09 B k-1 k—17-T 1 nEk- gkt k-1
E(Fm )__”Qm ||C’I;1’1[Fm ] +J§1_1||Qk_1||ck,1 Jrlil_l ®Qm 9 (83b)
R _ oR A _ _
a5 Fn 00D = 2 (B D+ Ao I Ny
+Rp (FX~ 1){‘93“”(# DI @A ek [Fx 17T
+ﬁiso(J,’:[1)W(F,jf‘l)}, (83c)
0G% ., k-1 It BRiso ko1 ok k-1
E, " ,Grad B, | — J F
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~ [ e 0f, - [Ck 1 enFilQf L (83d)

Finally, we notice that the definitions supplied in Equations (72a), (72b), (81a) and (81b) allow to
rewrite Equations (68a) and (68b) in the more suggestive form

[CorJbT (Sx kL Vo) + [Cpp1 T (0BE, V) = =AUl W), (84a)
[Cryln (Sxh. P) + [Crpli ' (OBE, P) = —B(uk ' Py), (84b)

with [Cxp]ﬁ,_l( -, ) and [Cpx]fn‘l( -, -) being related through the identity[66, 17]

[Cry b (oxk, P) ——[ Cyprlir (P, ox))

LA

Equations (84a) and (84b) are a “prelude” to their associated algebraic form, which is achieved by
introducing the finite element discretization of the problem at hand and the interpolation functions for
the unknown increments 6)(,’; and 6P”’l‘ as well as for the virtual fields V, and P,. In fact, each summand
on the left-hand side of Equations (84a) and (84b) gives rise to a specific block of the matrix of the
coeflicients of the system of algebraic equations associated with Equations (68a) and (68b).

It is important to emphasize that, while Equation (84a) is essentially the same as the one studied
in[66, 88, 17], the main differences between these previous studies and our work are condensed in
Equation (84b). The first difference is given by the second term of the functional [CPX]]‘ L, o),
which collects all the modifications to the Darcian model that are associated both with Forchheimer’s
correction and with its fractionalization (it can be proven, in this respect, that Darcy’s model is retrieved
by setting @ = 0 and Ajs, = 0 identically). This term, in fact, describes a coupling between pressure
and deformation that, because of the Jacobian 0Z/0Q,, and of the derivative 0.Z/dF,,, is much more
intricate than the Darcian one, and, in addition, it takes into account the non-locality in time of the
model under investigation through %, (#,,). The second difference with the Darcian model addressed
in[66, 88, 17] is related to the definition of the functional [Cp p],'j[l( -, -), which, again, keeps track
of the non-locality in time and of all the interactions between the flow and the deformation through the
inverse of the Jacobian 0.Z/0Q,, (cf. Equation (60)).

In spite of the differences just discussed, for the purpose of implementation in ABAQUS®, and, in par-
ticular, due to the limitation of the “UMAT” and “UMATHT” subroutines present in the adopted software,
in the numerical tests performed in this work, we neglect the second integral defining [Cp, | k=L(syk, P,)
on the far right-hand side of Equations (81a) and (85). Hence, for the forthcoming simulations, we
substitute the term [Cp) ] k=1(syk , P,) in Equation (84b) with its approximated counterpart

1
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=: [Cogln ' (3d},, P, (86)

and we solve the approximated system

[Cox iy (G Vo) + [Coplh  (BE. V) = AUl W), (87a)
[CP1A (Sxk P) + [Crpli ' (BE, R = —B(uf s R). (87b)

Analogously to Equation (86), also the term [Cpp]X~1(6PX, P,) can be recast in the equivalent form

[Crpl% N (6BE, Py) = - / {(GradoRy) [Fy~'17"} 75 ' Br '1{(GradP) [F 17"}
B
= [éPP]ﬁil(ép;ﬁer), (88)

where pX (y(X,1),t) == PX(X,1), py(x(X,1),t) := P,(X,t) is the spatial counterpart of the virtual
pressure field, and we have set

1 0 oo
B, :ZFF'(_I[%%—I)] [ﬁ(ﬁfn‘l)]m’i‘l]? (89)

Clearly, this way of proceeding has the drawback that not all the interactions introduced by our model
are equally considered in the algorithm employed. However, the algorithm makes it still possible to
account for those deviations from Darcy’s regime that the fractional version of Forchheimer’s correction
studied in our work unfolds in the term [Cpp] fn_l ((SP,,’Zc , P,) through %,’j[l and in the residue B(u f‘n_l; P).

Finally, by solving Equations (87a) and (87b) for §yX and 6P%, reconstructing the motion and fluid
pressure at the kth iteration as yX = y%~! + 6yX and P* = P*~1 + 6PX, and computing the functionals
A(u’,jq, V,) and B(uX,, P,), the pair (x,,, B,,) that solves Equations (65a) and (65b) is found, as anticipated
above, when, for some k, € N, the absolute values |A(uX, V,)| and |B(uk, P,)| = |B(xX. PX, Q% . P,)|
remain smaller than a given threshold for all £ > k..

There is, however, a last step of the algorithm employed here that has to be commented. Indeed, to
solve Equations (87a) and (87b), it is necessary to know the residue

B(uy s P) =By By P) = Bl S B Q0 5 R, k> 1. (90)
Yet, this quantity is unknown for all k > 2, because Q fn_l has still to be determined. On the other hand,
fn_l is known only for k = 1, since Q(,)n is either guessed or computed by solving Equation (57¢) through
another Newton-Raphson procedure (see next paragraph). Hence, since x?, and P are supplied by the
initial guess, also the residue B( )(9n, P,S s Q%; P,) is entirely defined. In conclusion, the filtration velocity
fn_l must be computed at each & > 2. This is done by applying, again, the Newton-Raphson method
shown in the next paragraph, and, with this procedure, also an is obtained. Therefore, the filtration
velocity @, at time ¢, can be approximated with the value of Qf,l for k > k., with k, € N being such
that | Z (Fnli, Grad PF, Qf‘n)l is smaller than a given threshold for all k > k..

Determination of Q,,. The separate determination of @,, is necessary for computing the residues

B(xk=1, Pk-1.p)) = B(y -1, pF-1, Q,’j{l;PV),forallk > 2. For k = 1, instead, the residue B(XQH,P,S,Q%;PV)

m m
is entirely defined by the initial triple (%, 2% @%). In this work, to simplify the computational bur-
den, we have opted to prescribe Q% arbitrarily through an “educated guess”, since this does not affect
considerably the convergence to the value of Q,, that solves approximately Equation (57c).
To compute the residue B(y*~1, PX~1, P,) = B(x%~!, -1, @%~1. P,), for all k > 2, we determine
k=1 as follows. First, for each k > 2, we write Q%=1 as Q*k~11 .= @k=1LI=1 4 50k=LI Here, | > 1,
[ € N, is the counter of the Newton-Raphson procedure “nested”[89] in the kth iteration of the outer
procedure, employed to calculate y% and P¥, while 6an_1’l is the increment of the filtration velocity

at the /th iteration nested in the (k — 1)th iteration of the outer scheme. We notice that, for [ = 1, the
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fn_l’o is a guessed value of the filtration velocity that can be taken equal to Qﬁ{z. Then, we

,’j{l’l, thereby writing

quantity Q
approximate the function Z with its Taylor polynomial of the first grade in 6Q

ZaPP(Fnli_l,Gl‘adPnIf_l k=1,1-1 +5Q’l§1—l,l)

rx¥m
d
:= Z(F*! Grad PX1, k1171 4 [%(Fn’i_l,GradPnf_l,an_l’l_l) QK- 1>1. 91)
m
Next, by setting Zapp (EX~1, Grad BX~1, Q%1171 + Q% 11y = 0 for 1 > 1, 6Q%, " is obtained as
9 -1
sQk- = — %(F,lf‘l,GradP,ﬁ‘l,an‘l’l‘l)} Z(Fy ' Grad By Q7D 121 (92)
m

and Q ,’j{l’l can be reconstructed according to its definition. As usual, the iterations stop when, for some
l.(k) € N, the absolute value |Z (F,f;‘l, Grad B*1, Q’,‘n’l’l)| remains smaller than a given tolerance for
all [ > [,(k). Accordingly, Q%=1 is formally identified with the limit Q%! := lim;_, .., Q*~"!. This

permits to calculate the residue B(x%~!, PX=1:P)) = B(x%~!, PX-1, Q%1 ) as

It = T
B(XZ_I,P,Z,“I,Q,’;_I;PV)=—/ mA—tmva+‘/9ngn_lGrade. 93)

B

To conclude this paragraph, we notice that Q,’; is calculated with the same scheme employed for an_l,
after determining the pair (F,,’f, Grad P,,’f) by solving Equations (87a) and (87b), so that the quantity
|.Z(Fn’,f, Grad PX, an)| remains smaller than a given threshold. We also remark that, at a given time
tm, the stopping criterion for the aforementioned scheme is the convergence within a certain tolerance
of (xX, P¥), which is assured for k > k.. To summarize, one more nested Newton-Raphson procedure
is required to calculate Q,,. In fact, after determining the approximated solution (x%, PX) = (xn, Bn)
of Equations (65a) and (65b), the value an = lim;_ 400 Qf,;l is formally found by calling for the nested
Newton-Raphson method (see, e.g., [89]), and Q,, is found as Q’,‘n =0, fork > k..

7 Summary of the model and benchmark tests

In this section, we describe the initial and boundary value problem (IBVP) employed for our numerical
experiments, which will be conducted in ABAQUS® by following the numerical procedure explained in
section 6.

Our simulations refer to the mathematical model conceived in the previous sections, which aims at
describing a class of media characterized, on the one hand, by non-negligible pore scale inertial effects
of the fluid and, on the other hand, by a complex microstructure of the pore network that gives rise to
flow laws modeled as non-local in time[38, 43, 31]. In particular, the class of media we are referring
to include bio-mimetic scaffolds that have elastic parameters comparable to those of a biological tissue,
and that are known to give rise to flow regimes compatible with Forchheimer’s correction[87]. For
the purpose of studying this kind of media, we concentrate on simulating Equations (43a)-(43c), so
that it is possible to highlight how the overall behavior of the system under evaluation is influenced
by the fractional constitutive law of @ specified in Equation (42). In this respect, we notice that the
standard Darcy-Forchheimer model, represented by Equations (35a) and (35b), can be recovered from
the fractional one by setting @ = 0, while standard Darcy’s model can be obtained by setting co = 0 and
a = 0 in Equation (32).

In the following simulations, we replicate the setup of an experimentally relevant uni-axial compres-
sion test in which, before the application of the load, a cylindrical sample of the hypothetical material
under study is put in a compression chamber, situated in the inner part of the experimental apparatus.
Inside the chamber, the sample is positioned between two impermeable plates, made of steel or, more
generally, of a material that does not allow for adhesion bonds with the sample itself. Moreover, in the
inner chamber, warm water circulates and maintains the sample in isothermal conditions. Then, the
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experiment is conducted in control of displacement: the movement of the upper plate is controlled, and
exerts a prescribed compression on the sample. When the maximum prescribed displacement is reached,
the load is kept constant in order to study the relaxation of the material.

We perform the simulation of the just described unconfined compression test by solving Equations
(43a)-(43c) for a cylindrical sample over the time interval [tiy, t4,] = [0, 4n]. The specimen has initial
radius R = 30mm and initial height # = 20 mm, as shown in Fig 1. Since we do not simulate the
plates, boundary conditions are applied directly on the specimen’s boundary, which coincides with the
boundary of its reference placement, 09, and can be partitioned as 0% = I'y U I'L U I'g, with Iy,
I'L, and I's being the specimen’s upper, lateral, and bottom surface, respectively. We recall that, since
the constitutive framework has been set, the system (43a)-(43c) is equivalent to seven scalar equations
in the seven unknowns given by the three components of the motion y, pore pressure P, and the three
components of the material filtration velocity Q.

To assign the boundary conditions, we introduce a reference frame, associated with 98, and having
origin at the center X of I'g, and axes directed along the unit vectors of the triad &o := {E, E», E3} C
Tx,%, in which E3 identifies the axial direction of the specimen, while E and E» span the transversal
plane. We also introduce the co-normals Ny, Nr, and Ng to I'y, I'L, and I'g, and we notice that Ny and
N are parallel and anti-parallel to the co-vector E> of the co-vector basis dual to €. Hence, for every
time ¢ € [0, t4,], the experimental setup illustrated above is represented by the boundary conditions

X (X,1) = x3 (X1, X2,1),  [TiNylE1 =0,  [Ti\NylE2 =0, on I'y, (94a)
QNU = 0, on FU, (94b)
TINL = 0, on FL, (940)
P =0, onlty, (944)
x(X,1) = (X', X%,0), on I, (94e)
ONg =0, on g, (94f)

where )(%(Xl, X», 1) is the time-dependent loading function, defined by[20, 30, 93]

t
H—uTt , te]oatramp],
Xo (X1, Xo,1) = x* (X', X2, H, 1) = ramp (95)

H - ur, re ]lramp, tﬁn] .

These prescriptions represent the fact that a prescribed axial compression is applied onto the upper
surface of the specimen, while its bottom surface is clamped. The absolute value of the applied axial
displacement |y3(X,1) — )(%(Xl,Xz,t)l increases in time until it reaches the maximum ut = 7 mm
at t = tamp = 28 and, afterwards, it is kept constant until the final time of the simulated experiment
t = tfn, = 10s.

The second and third conditions in Equation (94a) indicate that no tangential tractions are applied
on I'y. In addition, Equations (94c) and (94d) mean that the lateral surface of the specimen I is
traction-free and that the pore pressure is atmospheric. Finally, Equations (94b) and (94f) show that the
upper and lower surfaces are both insulated, so that no fluid flow may occur through them. The fluid,
however, is free to escape through the lateral surfaces of the specimen during compression.

A schematic representation of the cylindrical specimen and of the boundary conditions discussed
above is shown in Fig 1.

The prescribed initial conditions for the IBVP are

X (X,0) = xin(X), in %, (962)
P(X,0) =0, in %, (96b)
0(X,0) =0, in B, (96¢)
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L X=21s

E, QNg =0

Figure 1: Geometry and boundary conditions for unconfined compression test

where, again, with a slight abuse of notation, we set yi,(X) = (X 1. X2, X3) for all the inner points of Z.
We remark that, at the initial time ¢ = #;, = 0s, Equations (43a)-(43c) are identically satisfied, whereas,
for ¢ €]0, t5,], it is necessary to have Q(X,t) # 0 in order to meet the hypotheses of Dini’s Theorem,
as explained in subsection 6.2. Hence, for coding purposes, to avoid the explicit separation of the case
t = 0s from the case ¢ € ]0, s, ], the initial condition for the filtration velocity Q is taken near the machine
precision.

Under the initial and boundary conditions (94a)-(94¢) and (96a)-(96c), we study the evolution of the
system for different values of the fractional order @, and of the characteristic time 7. in order to simulate
the evolution of the flux, of the deformation, and of the stress field over time. In particular, we perform
two sets of simulations: for the first one, we assign the characteristic time 7. = 3s and we let @ vary
as a € {0.0,0.2,0.4,0.6,0.8,0.99}, and, for @ = 0.0, we recover the non-fractional Darcy-Forchheimer
model; for the second set, we take @ = 0.4, and we assign the characteristic time as 7. € {1s,3s,50s}.
With these test cases, we aim to observe the effects of the two parameters related to the fractional model,
a and ., on the behavior of the biphasic medium as a whole. The values of the material parameters
adopted in the model are reported in Table 1.

The model is solved in ABAQUS® by having recourse to the subroutine “UMAT” for implementing
Equation (43a), to the subroutine “UMATHT” for implementing (43b), and by selecting the option
“Fully coupled thermal-stress analysis” in order to solve simultaneously for the deformation and the
pore pressure. The latter option is selected to insert the terms Cla,ljf and C, p, which introduce the coupling
between the deformation and the pore pressure in the linearization of the fractional Forchheimer model.
We remark that the “UMATHT” subroutine, although originally meant for energy conservation, is used
for implementing the mass conservation equation (43b) by using the similarity between these equations
[45] (see Appendix C for detailed information).

For the simulations, a quarter of cylinder is simulated and C3DS8T elements are used, which are 3D
brick elements with three displacements and one “temperature” degree of freedom, which, by analogy,
as shown in Appendix C, is employed to simulate the one of pore pressure. Each element has eight
integration points. The model has 47372 elements and 43850 nodes. A backward time integration
scheme is adopted, with constant time increment of At = 1 s.

8 Results and discussion
In this section, we present and discuss the numerical simulations of the compression tests described

in the previous section. Emphasis will be placed on commenting the memory effects introduced by
fractional Forchheimer’s correction (43c). Our aim is to contextualize the effects introduced by the
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Parameter Symbol Numerical value Unit of measure Reference

Initial radius R 30 mm -
Initial height H 20 mm -
Referential solidity (ON 0.2 - [36]
Reference permeability kref 4.107 mm? [87]
Material parameter my 0.0848 - [94]
Material parameter mi 4.6380 - [94]
First Lamé’s constant A 5.55-10° Pa [20]
Second Lamé’s constant s 2.22-10° Pa [20]
Density fluid phase or 1-10° kg/m? -
Fluid viscosity u 0.89-107° MPa - s -
Forchheimer’s parameter co 0.363 - [87]
Forchheimer’s parameter c1 -5.5 - [30]
Forchheimer’s parameter c) -0.5 - [30]
Characteristic time te 3 S -
Prescribed displacement ur 7 mm -
Loading time Tramp 2 S -

Table 1: Values of the material parameters used for the numerical simulations.

fractional law through the comparison of the numerical simulations performed in the fractional case with
those done under the assumption either of Darcy’s law or of non-fractional Darcy-Forchheimer’s law.
We will focus on the description of the filtration velocity and on its coupling with the deformation of
the solid phase through the visualization of the system’s evolution. In this respect, we recall that the
filtration velocity is, by definition, the product of the velocity of the fluid relative to the solid with the fluid
phase volumetric fraction, which, because of the hypothesis of saturation, coincides with the porosity.
Therefore, for a specimen under compression, the filtration velocity of the fluid is not a mere consequence
of its kinematics relative to the solid, since there exists also a direct feedback of the deformation on the
fluid volumetric fraction. The latter, indeed, decreases under compression until the compaction limit,
which, in turn, places a lower bound on the volumetric deformation itself. As noticed, e.g., in[19], the
natural condition ®¢(X,¢) = J(X, 1) — Ds(X) > 0 yields the “unilateral constraint” J(X,t) > Og(X) at
all points X € 98 and at all times.

We remark that the simulated specimen consists of a hypothetical tissue, which, as anticipated above,
borrows some of its mechanical and structural properties from articular cartilage, since it features a
complex microstructure, and exhibits memory effects[57, 58], while possessing a high permeability that
is commonly associated with Forchheimer’s correction in biological scaffolds[87].

8.1 Flow through the lateral surface of the specimen

The maximum of the magnitude of the filtration velocity is attained on a locus of points that, due to the
axial symmetry of the problem under study, coincides with the circle defined by the lower edge, i.e.,
@pL = 'y N T'L, where the superimposed bar denotes the topological closure of the set to which it is
applied (note that, if reinforcing fibers were included in the model, this behavior would be different in
general; e.g., in articular cartilage the fibers being parallel to the sample’s symmetry axis at the bottom
would contrast the transversal filtration velocity in this region). However, since the conditions on the
motion imposed on the Dirichlet nodes of the mesh lying on I'g have led to small numerical artifacts in
the computation of the filtration velocity, we study the evolution of the magnitude of this quantity in a
relatively small, stripe-shaped subset of 'L, containing €. In particular, in this subset, we select the
point of coordinates X;, = (30, 0,2.8) € I'L, (length units are given in millimetres), and we observe the
evolution of the magnitude of the filtration velocity at this point, i.e., of ||g(Xt, t)]|, for different values
of a and t..
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(a) Flow through the lateral surface: influence of « (b) Flow through the lateral surface: influence of 7.

Figure 2: Time evolution of the Euclidean norm ||g(Xy, ¢)|| of the filtration velocity (“flux magnitude”
in the figures), evaluated at the node corresponding to the point X; = (30, 0,2.8) € I't, for @ =0 (i.e.,
standard Darcy-Forchheimer case) and for varying a € {0.2,0.4,0.6,0.8,0.99} with r. = 3 s (left panel),
and for ¢, € {1s,3s,50s} with @ = 0.4 (right panel)

By computing ||g(XL,?)|| for various values of « (see Figure 2), we notice that the behavior of
the filtration velocity depends noticeably on the fractional order @, whereas the value of 7. scales the
trend imposed by «. In fact, in the Darcy model and in the Darcy-Forchheimer model, the maximum
of |lg(Xw,1)|| is registered at relatively close time instants t* € [0, framp] (see Figure 3). Yet, for the
fractional Forchheimer model, the maximum of ||q (Xy, t)|| is observed at times larger than ¢*. Moreover,
by setting fmax (@) := argmax, g .. 1{l1¢ o (XL, )|}, where g, indicates the filtration velocity computed
for a given fractional order a, we notice that #,,,x (@) increases with . As a consequence of this behavior,
we also observe a widening of the time interval over which ||g(Xt,)|| grows monotonically in time.
This result constitutes a delay in the attainment of gmax := max;e[o,4,1{11q (XL, ?)||}, and is an expected
feature of the model. Its physical interpretation could be related to the complexity of the microstructure,
which manifests itself, for instance, through the tortuosity of the pore network, or to some inertial effects
of the fluid taking place at the pore scale. Looking at Figure 3, we observe that, for the considered
problem, Forchheimer’s correction does not affect significantly the dynamics of the interstitial fluid,
since ||q (XL, t)]| in Darcy-Forchheimer’s case is only slightly different from the one computed with the
equivalent Darcy model (i.e., same setting and same parameters, but @ = 0 and cg = 0).

Moreover, it can be observed that there is a trend reversal of the magnitude of the outflow when
passing from the very first instants of loading (for ¢ close to O s), in which fractional Forchherimer’s
fluid velocity is lower than the Darcian one, to the subsequent times, where, on average, the magnitude
of the outflow increases with the fractional order. Such behavior can be correlated with the evolution
of the pressure field, since it does not increase monotonically during the loading phase, as shown in
Figure 3(b). The presence of such a “breaking point” suggests a transition from a Darcian-like flow to an
alternative flow regime, whose existence depends on whether or not memory related effects are present
in the model.

Finally, it can be observed that the increase in the fractional order entails that the flux magnitude
relaxes more slowly towards the stationary state, as it is seen in Figures 2 and 3. In addition, the outflow
registered while the load is being maintained, i.e., for ¢ greater than T;,y,, depends both on « and on 7.
For higher values of the fractional order, e.g. a = 0.80,0.99, fluctuations in the flux are visible after
the loading phase, and are quickly reabsorbed. We remark that the presence of oscillatory behavior with
exponential decay is typical, for example, of the Mittag-Leffler functions, which can be found as the
analytic solution of various integral equations and fractional models[95].
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Figure 3: Comparison between the Darcy, the Darcy-Forchheimer and the fractional Forchheimer models
of the time evolution of the Euclidean norm of the filtration velocity ||g(Xr,?)| (“Flux magnitude” in
Figure 3(a)), evaluated at the node corresponding to the point X;, = (30, 0,2.8) € I'., and of the pore
pressure P(Xo,t) (“Pore pressure” in Figure 3(b)), evaluated at the node corresponding to the point
Xo = (0,0,0) € I'g, located at center of the bottom surface I'y. For the simulation of the fractional
Forchheimer model we selected @ = 0.4 and . = 3.

8.2 Fractional effects in the central region

Next, we move on to analyze the dynamics of the interstitial fluid in the central region of the specimen.
Initially, in the center X of the bottom surface I'g, the fractional Forchheimer correction induces values
of the pore pressure that are even higher than those attained with the non-fractional Forchheimer model,
which, in turn, predicts values already higher than in Darcy’s model, as shown in Figure 3(b). However,
for @ € [0.40,0.99], the pressure evolution is not monotonic, and for @ = 0.80,0.99, the fluctuations
of the pressure field induced by the fractional flow model exceed the values in the Darcy-Forchheimer
case. Hence, upon this choice of permeability and Forchheimer’s parameters, the pressure field evolves
and decays mainly because of the memory effects.

Figure 4 displays the magnitude, predicted by the fractional Darcy-Forchheimer model, of the fluid
radial filtration velocity evaluated at Xo € ['g. This magnitude coincides with that of the total filtration
velocity since ['g is in contact with the lower plate, which is impermeable. We notice that, in general,
the filtration velocity of the fluid is comparable or slightly greater than the one obtained with the non-
fractional Darcy model, i.e., for ¢y = 0 and @ = 0 (see Figure 3). However, while the loading is being
maintained, and in response to the value of a, there exist cases in which the fluid filtration velocity is
higher than the one computed with the non-fractional Darcy-Forchheimer model (see Figure 4a). In
particular, the major oscillations in the pressure values translate into small swings in the tangential
filtration velocity that quickly decays while the compression is held. Depending on the tissue under
investigation, this result could be interpreted, for example, either as an accumulation of fluid in some
regions of the pore network, which, because of tortuosity or other inhibitors of the hydraulic conductivity,
may act as slowly emptying “buffers”, or as the manifestation at the tissue scale of inertial or viscous
effects and fluid-solid interactions at the pore scale. It is also interesting to note that, in Xo € I,
pore pressure does not increase monotonically for a € [0.40,0.99] (see Figures 3(b) and 4c), while for
a = 0.2 the behavior resembles the standard Darcy one, as the fractional effects do not induce swings in
the pressure fields in the specimen.

Under the steady state loading, (f > f;amp), as time goes by, the history effect decreases, and the flux
comes closer to the non-fractional model (see Figure 4a). Finally, only a very marginal impact of @ on
normal stress is observed (see Figure 4d), apart for the case @ = 0.99, in which, after the compression
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phase ends, the negative pressure exerted on the pores affects the registered stress.

If some chemical substances, like salts or drugs, were considered in our models, and if one were
interested in studying the situation in which such substances, dissolved in the fluid, are for some reason
concentrated in the lower region of the specimen, then the radial filtration velocity of the fluid would be
responsible for their transport towards the outer region of the specimen itself.
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Figure 4: Time evolution of the Euclidean norm of the filtration velocity ||¢(Xo,?)|| (“flux magni-
tude” in Figure 4(a) and 4(b)), pore pressure P(Xo,t) (“pore pressure” in Figure 4(c)), and absolute
value of the axial component of Cauchy stress, |03°(Xo,?)| (“Stress” in Figure 4(d)), evaluated at
the node Xp = (0,0,0) € I'g, located at center of the bottom surface I'g (corresponding to the ori-
gin of the given reference frame) for « = 0 (non-fractional Darcy-Forchheimer case) and for varying
a € {0.20,0.40,0.60,0.80,0.99}, with characteristic time 7. = 3 s (Figures 4(a), 4(c) and 4(d)), and for
tc € {1s,3s,50s}, with @ = 0.4 (Figure 4(b)).

8.3 A “zoom in” on the system’s behavior for different material parameters

We now consider the case reported in[30], in which Forchheimer’s correction is considered to extend
the range of applicability of a given description of the flow by allowing to pass from a permeability
formulation to a different one. With respect to Table 1, in order to make a comparison with the
results observed in [30], this amounts to consider the following parameters: R = 1.5mm, H = 1 mm,
kref = 1.88 - 1071 mm?2, ¢p = 1.44 - 10° and a loading ramp with the same shape as the one considered
before, but with ut = 0.2 mm and Tiamp = 20s. In this case, the simulations of the quarter of cylinder are
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carried out with the aid of the software ABAQUS® by employing C3DST elements, with 23800 nodes
and 26535 elements.
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Figure 5: Time evolution of the Euclidean norm of the filtration velocity ||g (X, ?)|| (“Flux magnitude”
in Figure 5(a)), evaluated at the node corresponding to the point X; = (1.5, 0,0.14) € I, and of
the pore pressure P(Xp,?) (“Pore pressure” in Figure 5(b)), evaluated at the node corresponding to
the point Xo = (0,0,0) € I'g, located at center of the bottom surface I'g, for different values of
a € {0,0.2,0.4,0.6,0.8,1.0}. For the simulation of the fractional Forchheimer model we selected
t. =50s.

In [30], the nonlinear effects associated with standard Forchheimer’s model have been interpreted as
a correction to the “true” permeability, while the physics of the process described by the model presented
in our work is different, and shows that those conclusions can be limiting. Indeed, the analogy with
the correction of the permeability is evident only as long as we limit ourselves to a specific time frame
in which the recent history of the filtration velocity is monotonically increasing or decreasing. Indeed,
if we study ||q(Xy,?)|| for t €]0, Tramp], Figure 5(a) shows that the flow’s history in the time integral
affects the determination of the flux itself in a predictable way. During the loading ramp, the outflow
grows because of the increasing compression, and the time derivative of the filtration velocity inside the
integral of Equation (43c) is positive, and it does exert an antagonistic action with respect to equivalent
Darcy’s velocity. In this case, the filtration velocity ||q (XL, ¢)|| is lower than the one in the corresponding
standard Darcy-Forchheimer model, i.e., under the same boundary and initial conditions. However, for
t much greater than fy,x, the outflow decreases in time, and, thus, the time derivative of the filtration
velocity becomes negative, thereby producing results that could be associated with a higher permeability.
Hence, depending on the history of the fluid flow, the tissue could be more or less permeable.

This way of framing the study of the filtration velocity makes sense if the equivalent Darcian velocity
is still comparable with the filtration velocity in the Darcian case, i.e., if the pressure field evolves in a
similar way to the one in Darcy’s case. However, this is not necessarily true, as reported in Figure 3(b).
In fact, in this case, the analogy with the purely Darcian case holds only in the instants subsequent to the
start of the compression, during which the registered values of the outflow in the fractional Forchheimer
case are lower than the non-fractional Darcy-Forchheimer ones.

We have already observed in Figure 2(a) that, in fractional Forchheimer’s model, the maximum of
||g (XL, t)|| is reached at a later time than in the standard Darcy-Forchheimer one. In order to quantify this
time delay, we report in Figure 6 the time of the simulation in which the maximum outflow is computed as
a function of the fractional parameter. Although the trend is clearly influenced by the material parameters
considered for the benchmark, it is increasing in both cases.

Finally, a visual comparison between the non-fractional Forchheimer correction (which corresponds
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Figure 6: Time at which the maximum value of the Euclidean norm of the filtration velocity ||q (XL, ¢)|| is
reached, evaluated at the node corresponding to the point X;, = (1.5, 0,0.14) € I'., by varying @ €]0, 1].

to the case @ = 0) and the fractional Forchheimer correction can be drawn by looking at Figures 7 and 8.
At the time 7 = f;amp, We plot the spatial distributions of pore pressure, magnitude of the filtration velocity,
magnitude of the displacement field, and von Mises stress both for the non-fractional Darcy-Forchheimer
model and for the fractional Forchheimer model with @ = 0.4 and ¢, = 50s, at the time ¢ = 20s. The
plots for the pore pressure and for the magnitude of the filtration velocity confirm that the region of
interest for understanding the behavior of the fluid are the lower central region, where the overpressure
area is located, and the lower lateral surface. The effect of the fractional order a on the coupling of the
fluid with the solid phase is weak, since the spatial distribution of the total deformation and von Mises
stress are barely affected (Figure 8) by «, and the evolution of the normal stress on the center of the
bottom surface is similar (see Figure 4d).
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Figure 7: Comparison between the standard Darcy-Forchheimer model and the fractional Forchheimer
model, with the choice of parameters @ = 0.4 and 7, = 50s, at time ¢ = 20, of the spatial distributions
of the pore pressure (Figures 7a and 7b) and flux magnitude (Figures 7c and 7d). The black solid lines
in the plots represent different layers of elements of the finite element discretization.
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Figure 8: Comparison between the standard Darcy-Forchheimer model and the fractional Forchheimer
model, with the choice of parameters @ = 0.4 and 7, = 50s, at time ¢ = 20, of the spatial distributions
of the displacement magnitude (Figures 8a and 8b) and of the von Mises stress (Figures 8c and 8d). The
black solid lines in the plots represent different layers of elements of the finite element discretization.

9 Conclusions

In this work, we have described a hypothetical biological tissue, viewed as a saturated and hydrated porous
medium, by formulating a mechanical model having the fractionalization of Forchheimer’s correction
to Darcy’s law in finite deformations as target. This amounts to considering the concomitant effect of
two deviations from the “classical” Darcian regime, and has been done with the purpose of studying
a scenario that may originate in a tissue with a complex microstructure, like articular cartilage, when
memory effects have to be combined with flow velocities that do not justify Darcy’s approximation. The
main motivation for undertaking this study is the generalization of a class of flow models already existing
in the literature, and aiming at describing Darcy’s law with memory, to the case in which the interactions
of the fluid with the solid matrix require to include inertial effects.

With the recent development of numerical methods coupled with image analysis (CFD-1A,[96]), the
image-based simulations from high-resolution x-ray tomography and multiphoton microscopy of native
meniscal tissue [97, 98] can reveal the fluid flow at the pore scale. Ongoing work on FSI (fluid-structure
interaction) - Al, which couples FEM and meshless fluid flow solvers (such as SPH), will give rise
to running simulation of deforming the solid and fluid phases of native tissue architecture, retaining
the complexity of the pores’ morphology. These simulations will provide the data to verify the model
proposed here and elsewhere [44] as well as contribute to one of the main questions when dealing with
fractional models, i.e., what the relation between the fractional parameters and the architecture of the
tissue is. In other words, can we give a physical meaning to the fractional parameters?

To assess what our model predicts for a very typical benchmark problem, we have solved an initial
and boundary value problem that simulates the uni-axial compression of a cylindrical specimen of the
hypothetical tissue under investigation, and, to this end, we have devised a numerical procedure capable of
framing fractional and highly nonlinear flow laws within the context of finite deformation poro-elasticity,
and we implemented it in ABAQUS®.

In spite of the fact that, by applying the fractional operator only to the filtration velocity, we
have particularized the constitutive picture presented in[38], our research encompasses two essential
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generalizations. The first one pertains to the definition of the fractional operator applied to the filtration
velocity, and describes the non-linearity of the flow model related to the passage from the Darcian to
the Forchheimer regime. Indeed, in Equation (38) we define a generalized Caputo derivative in which
the kernel of the integral operator features the resistivity tensor rg(||g(7)||) applied to the Truesdell
derivative of ¢ at time 7, i.e., 75¢ (7). This yields a modified Cattaneo’s model for the filtration velocity ¢
that weighs the evolution of ¢ by means of a resistivity coefficient that depends on g itself in a non-linear
way.

The second generalization is inherent to the coupling between flow and deformation and consists in
the introduction of the Truesdell rate of the flow. Indeed, since our approach is entirely formulated for
finite deformations, it requires to employ the correct objective derivative for the kinematic parameter
chosen to describe the filtration motion of the fluid through the deforming solid matrix. In this respect,
since we have chosen the filtration velocity ¢, which is a pseudo-vector, we have reformulated Caputo’s
classical fractional derivative of g in such a way that the time derivative of ¢, featuring under the integral
operator in the classical definition, is replaced by its Truesdell derivative, 75q. Although the use of the
objective rates is well established in Continuum Mechanics, its employment in the present context makes
it clear how the deformation affects such reformulation. Indeed, looking at Equation (42), the pull-back
of the “modified” Caputo derivative, i.e., with 75q in lieu of ¢, transforms it into a Caputo-type fractional
derivative for Q, i.e., expressed in terms of Q(7), at the price of introducing J(t) F~' (t) and J~' (1) F (1)
in the kernel of the corresponding integral operator: the latter defines the push-forward of Q(7) to the
placement of the medium at time 7, whereas the former defines the pull-back, to the reference placement,
of the integral in Equation (42), which captures the whole history of the medium from #, to z.

We point out that the fractional order «, by analogy with Cattaneo’s model[99], can be interpreted
as a measure of how much the history of the process influences the filtration velocity . Depending
on the history, such effect can be more or less antagonizing, and, in the latter case, it can lead to an
outflow greater than the one obtainable in the standard Darcy-Forchheimer model under the same loading
conditions. We have also observed that the introduction of the fractional law can lead to a significant
alteration in the values of pressure in the central region with respect to the Darcy and Darcy-Forchheimer
models, depending on the choice of parameters, and we did observe coupling effects that could alter
significantly the stress state of the solid phase only for @ = 0.99. To this end, we remark that different
couplings could be studied by considering a different fractional law [38], or by introducing remodeling
effects, either structural or due to growth (a fractional model of which has been recently presented
in[100]) or due to the spatial reorientation of fibers.

A different kind of nonlinear coupling that we would be interested to study in the future is the
combined effect of a fractional Forchheimer’s law for the flow and a fractional viscoelastic behavior of
the solid phase. This approach would aim at a better characterization of the mechanical behaviour of
biological tissues for which fractional models have been successful in describing the solid phase, but no
fractional law has been proposed to describe the interstitial fluid.
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10 Appendix A

We define the apparent mass densities os¢s and prgr, with og and pf being the constant true mass
densities of the solid and the fluid. Hence, we write the balance of mass for each phase in the mixture’s
current placement 9%, as[1, 22, 36, 30]

at(Qs¢s) + diV(Qsd’svs) =0 = az¢s + div(¢svs) =0, in %, (97a)
0; (or¢r) + div(orprve) =0 = 01 ¢t + div(geve) = 0, in %;. (97b)

The absence of terms on the right-hand side of Equations (97a) and (97b) means that, at the considered
timescale, we see neither growth processes nor mass exchange between the constituents.

Since the mixture considered in our work is saturated, the condition ¢ + ¢¢ = 1 applies. Hence, the
balance of mass for the solid phase and for the mixture as a whole, obtained by adding together Equations
(97a) and (97b), can be rephrased as

Dsops + ¢sdiveg = 0, in %;, (98a)
divvg + divg = 0, in %;, (98b)

where the substantial derivative with respect to the motion of the solid phase has been introduced, i.e.,
D¢ := d;¢ + (gradg)vs, for any differentiable field ¢ : B; x F — S valued in S = R or in higher-order
vector or tensor spaces[5]. Hence, Equations (1a) and (1b) are obtained by considering the pull-back of
Equations (98a) and (98b) in the reference placement.

Next, we introduce the balance of linear momentum in the current placement. Since, in the present
framework, macroscopic inertial forces are assumed to be negligible from the outset, we write[19, 36, 30]

divog + s + 0s0sg = 0, div(os + o) + (0s¢s + 0r0r)g =0, in %;, (99a)
-
divos + 7 + osdprg = 0, divos + 7 + osgprg = 0, in %;, (99b)

where o and oy are the Cauchy stress tensors of the solid and of the fluid phase, s and 7y are the force
densities due to the exchanges of linear momentum between the phases, and g is the gravity acceleration
co-vector. Note that, in the equations of the first column, each balance law is associated with a single
phase, i.e., either with the solid or with the fluid phase. In the second column, instead, the second
equation is identical to its homologous of the first column, while the first equation expresses the balance
of linear momentum for the mixture as a whole. Indeed, it is obtained by adding together the balance
laws associated with each single phase and by using the hypothesis of the mixture being closed with
respect to linear momentum, i.e., w5 + ¢ = 0.

Since, according to Equation (1a), @ is constant in the time interval over which the system is
observed, and it is determined univocally by the initial condition ®gg, we set ®4(X,1) = O (X), and
we eliminate it from the set of unknowns featuring in the balance equations. This result, indeed, permits
to write the volumetric fractions of the solid and of the fluid phase as ¢s(y (X, 1),t) = Or(X)/J(X, 1)
and ¢¢(y(X,1),1) = 1 — Or(X)/J(X,t). Therefore, Equations (98b), (99a), and (99b) feature 7 scalar
equations in 21 unknowns (assuming o and o5 to be symmetric): 3 for the components of the motion
X 3 for the components of the filtration velocity q; 6 for the components of o; 6 for the components of
ot; and 3 for the components of zry. To these unknowns, however, a Lagrange multiplier accompanying
the incompressibility constraint has to be added, so that the full number of unknowns raises to 22.
Consequently, to close the model, we need to supply the Cauchy stress tensors o5 and o¢ as well as
the force density zrs constitutively, thereby introducing the missing 15 scalar equations. This way, the
remaining unknowns to be determined are:

X 4 D (100)

where p is the pore pressure and represents the Lagrangian multiplier of the present theory.
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11 Appendix B

It can be proved that, if the solid phase is hyperelastic and the macroscopic stress response of the fluid
phase is not appreciably affected by the fluid viscosity, the Cauchy stress tensors are given by[32, 34, 1,
22,19, 20, 30]

o = —¢spzT+0'SC, in %B;, (101a)
or=—¢gpt’, in %, (101b)

where p is pore pressure, oy is the constitutive part of o5, and 1(x, ¢) is the identity tensor associated
with 7, §'. Note that, in this work, the Cauchy stress tensors are taken as linear maps from 77§ into itself,
ie,oq(x, 1) TiS — TS, for all x € %B;, and, thus, the transpose of the identity tensor z is needed for
consistency, since it applies that 1T(x,?) : T;S — TS, with x € B, and 17 (x,1)B(x,1) = B(x,1), for
every co-vector B(x,t) € T;S.

For a given hyperelastic strain energy density function Ws(F), the constitutive part of the Cauchy
stress tensor associated with the solid phase is identified by

e (0 (X ). 1) = — [8Ws

T
J(X.1)| oF (F(XJ))]F (x(X,1),1). (102)

Moreover, the balance laws (99a) and (99b) can be recast in the form

div(=pt" + o) + (0s¢s + 0161)g = 0, in %, (103a)
— ¢ggradp + meq + 0rdg = 0, in %, (103b)

with os. being given in Equation (102), and &gy := ;s — p grad ¢¢ being referred to as the dissipative
part of s [32, 34, 1, 5].
The stress tensor featuring in Equation (103a), i.e.,

o1 = —pl + 0, (104)

represents the inner part[32] of the overall Cauchy stress tensor of the solid-fluid mixture under in-
vestigation, that is, the stress tensor of the mixture exclusive of the dynamic contributions, which are
negligible in the considered regime[32, 19].

12 Appendix C

Equations (57a)-(57¢) are solved within ABAQUS® by using some formal analogies among thermoelas-
ticity, poroelasticity and mass diffusion, and by having recourse to the user subroutines “UMAT” and
“UMATHT” in the same fashion as [101, 45, 44, 102]. ABAQUS™ “UMATHT” solves the energy bal-
ance equation (see Equation (107)). This is similar to the weak form of the mass conservation Equation
(57b) that can be written as follows. Integration is taken over the reference placement &, here assumed
to coincide with the medium’s initial placement, i.e.,

T = I
- / m—molp oy / Q,,GradP, — / (Q,,N)P, = 0. (105)
s At B oF %

N

By converting the integrals in Equation (105) to the current placement 9;, Equation (105) becomes

[ a5

Dv +/ q,,eradp, — /P (gn)py =0, (106)
By t

N
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where, with a slight abuse of notation, the ratio (J,,, — J;-1)/Jm is understood here as a function of
spatial points and time. The weak form of the energy balance equation given in ABAQUS® reference
manual[103] reads

1
— (59p(Ut+A,—U,)dV:/6g- f dV+/69 q dS+/(59 rdv, (107)
At ~— —— ~——

v v 4 S -q,,n v _Im=Imy

TmAt
=0

where 06 is a virtual variation of temperature, and, thus, plays the role of p,, while g stands for
the spatial gradient of 66, and corresponds to our grad p,. Further equivalences among the variables
featuring in Equations (106) and (107) are made for making “UMATHT” suitable for solving Equations
(43b) and (43c). The correspondences are as follows: the temperature 8 of “UMATHT” plays the role of
the pore pressure p; the rate of heat generation is identified with the rate of volumetric deformation, so
that r corresponds to —((Jy, — Jm—1)/(JmAr)); the heat flux f corresponds to the filtration velocity ¢,,,;
the density p introduced in “UMATHT” is set equal to zero.

The pseudo-code for the implementation of our equations in ABAQUS® is provided in Algorithm
1. Within “UMATHT”, the filtration velocity is solved from Equation (43c) by using the methodology
explained in subsection 6.2. Variations of flux with respect to the gradient of pore pressure are calculated
according to Equation (89). The information of the gradient required for calculating the filtration velocity
through Equation (55) is passed to “UMATHT” from “UMAT” by storing it among the global variables.
The terms that are calculated in “UMATHT”, required as output to ABAQUS®, are given as

1
FLUX (see (92)) : k7' = — F<-1gk-! (108a)

- 1 m m
Vo

0Z
90,
The subroutine “UMAT” is used to solve the balance of linear momentum, and to define the coupling

terms. The Neo-Hookean potential energy density is stated in Equation (70), and the consistent Jacobian
matrix given in Equation (77) can be written for the problem solved in Section 7 as follows (see (77)):

_1[ az

1
DFD 89)) : By, = By
G (see (89)) : By, JE-tim 0GradR,

()

(til‘n‘l)] [Fi T (108b)

DDSDDE :
) _ — DA
k=1 _ PsRHs 1 pk—1 | 15 pk-1 k=1 . —1 k=15 . —1 sR-s -1 -1
By _T,’i,‘l(n ®B, +n ®B, +B, @n +B, ®1n )+(W—P)'l ®n .
(109)

Here, B is the left Cauchy-Green deformation tensor defined as B := F.FT'. Other terms that are
calculated in “UMAT”, required as output to ABAQUS®, are given as

STRESS : g%~ = %q_lTﬁ;l [Fk-1T (see (71)), (110a)
DDSDDT : —5~! ! (see (79)), (110b)
RPL := —%, (110c)
DRPLDE := —iq_l (see (86)), (110d)
DRPLDT = 0. (110e)
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Algorithm 1 Pseudo Code of “UMAT” and “UMATHT” for ABAQUS®

1: Common Module

»

R A

10:
11:

14:
15:

16:

17:
18:

Define global variables to store the deformation gradient in “UMAT” to be used by “UMATHT”,
and to store the history terms for the calculation of fractional integral.

UMATHT:

Inputs: Pore pressure, Increment of pore pressure, Current gradient of pore pressure and other terms.

Calculate permeability «is, from (36)

Calculate Forchheimer’s coeflicient Ajg, from (33)

Compute Rp from (41)

Calculate ¥, from (54b)

Compute filtration velocity @ using the Newton-Raphson method as described in section 6.2
Compute flux rate Qapp using (50)

Compute the contribution from the current time step to the History variable ¥, (,,) using (54b) and
store it in global variables.

: Compute flux (108a), Variation of flux with respect to pore pressure gradient using (108b).
13:

Output: Flux at the end of the increment (FLUX), Variation of the flux vector with respect to the
spatial gradients of pore pressure (DFDG).

UMAT:

Input: Deformation gradient at the increment’s start and end, Stress, Pore pressure at the start of the
increment, increment of pore pressure and other terms.

Compute Stress (110a), Consistent Jacobian matrix (109), Variation of stress with pore pres-
sure(110b), rate of volumetric deformation (110c) and its variation with strain increment (110d)
and temperature increment (110e)

Store deformation gradient in the global variable.

Output: Stress at the end of the increment(STRESS), Consistent Jacobian matrix (DDSDDE),
Volumetric heat generation per unit time (RPL), Variation of stress with respect to pore pres-
sure(DDSDDT), Variation of RPL with Pore pressure(DRPLDT), Variation of RPL with strain
increments(DRPLDE).
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