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A B S T R A C T

Vibration mode pairing via modal coupling and modal assurance criteria is a task encountered in different ap-
plications of Structural Health Monitoring. Above these, Sensitivity Analysis, and Model Updating need a correct
estimation of the pairing between a reference set of vibration modes (that can be both numerical or experi-
mental) and different sets of numerical vibration modes, generated by the variations of structural model pa-
rameters. The incorrect pairing, or coupling, results in error propagation during the sensitivity analysis or model
updating, generating biased results. In this paper, the authors propose a reliable and efficient method to reduce
the effects of mode pairing (i.e., mode coupling) errors in the calculation of the sensitivity of modal data to
mechanical parameter variations, even under complex conditions such as complex numerical models of spatial
structures, where the vibration modes are characterized by, for example, high-order mode shapes and high
probability of confusing correlated mode shapes. The proposed method is based on the conjunction application of
Hilbert-Huang Transform to remove outliers, and Gaussian Mixture Models to alleviate the elimination of
meaningful information during the outliers rejection phase. In particular, knowing the actual sensitivity of the
vibration modes not only allows to optimize the subsequent automatic model updating phase, but even before
that, it allows to optimize the design of a permanent monitoring system, for example by predicting the direction
and position of the sensors which maximize the extractable modal information considering that the mechanical
parameters are continuously subjected to Environmental and Operational Variations, or again, would allow the
optimization of extended experimental campaigns, suggesting additional number of mechanical tests for those
structural components which most influence the modal behavior of the structure.

1. Introduction

During the process of knowledge of the structural behavior of
physical systems, an important task is to identify the causes and quantify
the effects of variation of its mechanical parameters. This task cannot be
performed on the actual structure since it would consist of drastically
varying its structural characteristics. However, a virtual model can be
designed for this purpose.

As a part of this process, a sensitivity analysis activity [1,2] is aimed
at evaluating the effect that the variation of a single mechanical
parameter of a numerical model produces on another parameter of the

same model (e.g., modal parameters, such as natural frequency). The
first step in carrying out this type of activity is data collection, a task that
can also be useful for future condition assessment and monitoring ana-
lyses [3]. In this step, the numerical model is interrogated to generate
data on the vibrationmodes of the system, such as the values assumed by
the mechanical parameters. The problem with applying this procedure
with modal data is that the individual vibrationmodes are ordered in the
numerical model in a non-predefined order, which varies with the
variation of the value assumed by the mechanical parameter. In other
words, to perform a sensitivity analysis of modal data, it is necessary to
implement a mode pairing or mode coupling (also known as mode tracking
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when the time is the independent variable of the problem) procedure
[4–7]. To achieve this, a reference model, characterized by a set of
mechanical reference parameters, is used to generate the reference
modal data, which will be used as a comparison term during the sensi-
tivity analysis. This reference model must consider the information
gathered experimentally as much as possible, for example through
in-situ mechanical tests, which play a fundamental role in estimating an
accurate sensitivity indicator. To evaluate the coupling between the
single reference mode and a set of vibrating modes extracted from a
model (to which a different set of tentative mechanical parameters has
been attributed), it is possible to use the Modal Assurance Criterion
(MAC) [8,9] or alternative techniques aimed at comparing two different
vibration modes for different aims, such as damage identification [10].
The closer the MAC is to one, the more the single extracted mode will be
correlated to the reference mode. The vibration mode coupled to the
reference mode will have the highest MAC value among those extracted.
This procedure allows the tracking of the various reference vibration
modes, obtaining, as the mechanical parameters vary, how the order of
the mode varies within the mechanical model.

The problem with this procedure is that the vibration modes with a
high MAC can sometimes be misinterpreted because of minor process
errors (e.g., the mesh discretization of the numerical model) affect the
MAC estimation. In this context, the correct mode to be coupled to the
reference one is characterized by a lower MAC value than the mode with
the highest MAC.

To alleviate this problem, the mode pairing strategies improved in-
dicators to investigate the correlation between (mostly) an experimen-
tally identified modal vector and the respective mode shape of a
numerical model, being the correlation always possible even between
experimental and experimental vibration modes (mode tracking), and
between numerical and numerical vibration modes (i.e., mode coupling
or pairing). Some of these indicators are described in standard textbooks
on experimental and operational modal analysis [11–13]. About these,
one can find for example [4]:

Modal Scale Factor (MSF) [14]: it is one of the first measures for the
correlation of two mode shapes and was originally developed to assist in
modal analysis. TheMSF is a non-normalized indicator dependent on the
scaling of two vectors, thus the magnitude of MSF is heavily influenced
by the normalization applied during analysis. This can pose challenges
in correctly assigning respective modes, especially when different nor-
malizations are used.

Modal Assurance Criterion (MAC) [14,15]: it is the most widely used
method to check the correlation between experimental and numerical
modal vectors. MAC does not require coordinate-complete experimental
eigenvectors or systemmatrices. It is independent of the scaling of mode
shapes, making it a robust indicator. The MAC value ranges from zero to
one, with values closer to one indicating a higher linear dependency.

Normalized Modal Differences (NMD) [12]: related to both MAC and
MSF, NMD indicator suggests maximal correlation by a value of zero.
Unlike MAC, NMD is unbounded and can yield values up to infinity in
the case of perfect orthogonal mode shapes, which can be a practical
drawback.

Linear Modal Assurance Criterion (LMAC) [16]: the LMAC was
developed to address some limitations of MAC. LMAC linearizes the
nonlinear behavior of MAC, resulting in higher sensitivity for nearly
identical modal vectors. This increased sensitivity makes LMAC partic-
ularly useful in distinguishing similar modes.

Coordinate Modal Assurance Criterion (COMAC) and Enhanced
COMAC (ECOMAC) [17,18]: both COMAC and its extension ECOMAC
emphasize the discrepancy of specific degrees of freedom, requiring
preliminary mode pairing. These criteria provide a detailed local
assessment of mode shapes, which is especially valuable in structural
health monitoring and damage detection, but not really useful in mode
coupling.

Normalized Cross Orthogonality (NCO) [13,16]: the NCO, also
known as Weighted Modal Assurance Criterion, incorporates additional

physical information of the structure by using reduced or expandedmass
or stiffness matrices from numerical models. This criterion offers certain
advantages over MAC, such as integrating detailed structural informa-
tion. However, the necessary reduction or expansion procedures can
introduce additional errors and inaccuracies.

For further literature on the problem the readers can refer to [4–6].
Although correlation indicators are indispensable tools in vibration

mode pairing as they provide a quantitative means to assess the rela-
tionship between vibration modes, they tend to fail under certain con-
ditions [4], such as for example in presence of low-resolution numerical
models, or numerical models of structures characterized by a high
number of correlated vibrating modes (e.g., this is the case of spatial
structures). For these reasons, instead to try to propose a new correlation
indicator for paring vibration modes, in this paper the author propose a
method to reduce the errors produced by a not correct coupling (i.e.,
misclassification errors) avoiding their propagation in subsequent ac-
tivities, such as sensitivity analysis.

The method proposed in this paper mitigates this misclassification
problem, regardless of the indicator used, through the combined use of:
(i) Analogies with time-frequency analysis of the generated data, and (ii)
Gaussian Mixture (GM) model fitted to data. Section 2 reports the pro-
posed method to alleviate the misclassification error in mode tracking/
coupling for sensitivity analysis. Section 3 describes the reference
benchmark system, i.e., Morandi’s iconic structure of the Pavilion V of
the Turin Exhibition Center. In Section 4 the methods are applied to the
benchmark structure, and the results of the analysis are critically dis-
cussed. Finally, conclusions of the study are drawn in Section 5.

1.1. Research significance

The problem that this work want to put in light is that the series of
natural frequency and MAC values defined as function of mechanical
parameter values of a numerical model are not autocorrelated. Thus, for
each value of a selected parameter pj, a set of vibration modes is
extracted without correlation with the subsequent set associated to a
new sampled value of pj. In this situation, the calculation of the variance
(or in general, a variation metric) of the natural frequency cannot be
performed, because the classes of vibration modes do not exist. To
generate classes of vibration modes that contain correlated quantities, a
mode coupling analysis should be performed [19]. However, this task
always foresees the possibility of errors that can contaminate subsequent
structural analyses, such as sensitivity analysis. The main objective of
the paper is thus to reduce these errors in the calculation of the sensi-
tivity. In the paper the authors propose to idealize the historical series of
natural frequency and MAC obtained after the coupling analysis such as
time-history data, and to apply time-frequency and statistical methods
of outliers rejection for the rejection of errors that can arise while trying
to pair the vibration modes between the different sets. Solving this
problem is quite important for real applications, such as for example the
correct design of extensive and permanent dynamic sensing systems. In
particular, coupling errors can falsely increase the sensitivity of a
structural parameter (and thus a structural component) to the variation
of specific vibration modes, guiding the path of knowledge toward
incorrect structural elements, causing the available monetary resources
to be wasted. Eliminating errors in the sensitivity calculation, in addi-
tion to guaranteeing less waste of monetary resources, guarantees an
optimized design of the dynamic monitoring system [20], and the
money saved thanks to a correct optimization can be channeled to
guarantee greater structural knowledge of the structure to be to
monitored.

2. Method

By interrogating the virtual model, it is possible to define the his-
torical series of the natural frequency of a specific reference vibration
mode k, fk(pj) andMACk(pj), as a function of the value assumed by the j-
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th mechanical parameter pj, which represents the independent variable
of the problem and regulates the natural frequency and MAC variation.
In line with the concept of local sensitivity analysis, this can be repeated
for each mechanical parameter j of the model and for each assumed
reference mode k. The uncorrelated set of modal data are then correlated
during the coupling analysis, for example, by comparing the MAC value
of the vibration modes estimated in different sets. Autocorrelated his-
torical series of natural frequency are thus obtained, which can contain
errors, or outliers, due to the coupling analysis. To alleviate this problem
the authors proposes to analyze the historical series of natural frequency
with methods of outlier rejection used on time series, such as time-
frequency analysis [21] or probabilistic methods, and then to calculate
the sensitivity [22] on the historical series of natural frequency after the
application of the outliers rejection task. In time-frequency methods, for
example, the Hilbert-Huang Transform (HHT) has been successfully
used for outliers rejection [23], while a common probabilistic method
used for this aim is represented by the 3-σ rule [24]. In this work,
time-frequency methods are used to reduce coupling errors that can
contaminate the sensitivity estimates, while probabilistic methods are
used to reduce the effect of eliminating meaningful information during
the rejection of outliers.

The methods are then applied to a numerical model of a structure,
whose mechanical parameters are initialized based on una tantum tests.
The results provide a clear configuration of what structural element
should be deeply investigated to optimize the design of future dynamic
permanent sensing systems, or to perform future activities of automatic
model updating based on modal data.

2.1. Time-frequency analogy

The MAC data, which represents the complement to one of the
coupling errors ok(pj), can be analyzed with signal analysis techniques
belonging to time-frequency methods [25–27], assuming the considered
mechanical parameter as an independent variable instead of time. These
are techniques that simultaneously provide localized information in
time and frequency domains through the estimate of Time-Frequency
Distributions (TFD) (see, for example, [28] for well-established refer-
ence notations). The use of these distributions is fundamental in the
study of non-stationary signals, for which the frequency distribution of
the energy or power of the signal does not remain constant over time.
There are plenty of TFDs that can be used for different purposes, even if
they were initially conceptualized for describing the true nature of a
signal and exploiting the joint information to infer behaviors and, at first
sight, unknown phenomena [28]. For example, they can be used to [29]:
(i) instantaneous natural frequency estimation of time-varying systems;
(ii) mechanical parameter identification of time-varying structures; (iii)
structural damage detection; (iv) nonlinear structural modeling, verifi-
cation, and validation; (v) model selection for nonlinear structures; etc.

In this work, the TFD will be used to detect anomalies in signals
behavior. For its sparse nature (convenient for the present study), the
HHT will be assumed as TFD [30]. The modal datum is decomposed by
Empirical Mode Decomposition (EMD) [10,31]. The result of the
decomposition is a series of Intrinsic Mode Functions (IMFs) c and a
residual signal (i.e., trend) r, the sum of which provides the starting
signal. The EMD of a generic sample of signal si, with i indicator of the
sample of the signal s, is defined as:

si =
∑Z

z=1
cz,i+ ri (1)

where in Eq. (1), Z indicates the number of IMFs, while z denotes the
generic IMF. The IMFs are basically quantities that respect two
hypotheses:

• the upper and lower envelopes are symmetric;

• the number of zero-crossings and the number of extrema are exactly
equal, or they differ by one at most.

The IMFs, estimated recurring the sifting algorithm [32], are used for
the estimation of the HHT [33], [34], and in particular for the estimate
of its power spectrum. The HHT is constructed starting from the analytic
signals of the IMFs:

cz+ jH(cz) (2)

where in Eq. (2), j indicates the imaginary part while H(•) denotes the
Hilbert transform operator. The analytic form of the continuous signal s
(x), with x generic independent variable, becomes:

S(x) =
∑Z

z=1
az(x) • ejϑz(x) (3)

where in Eq. (3), az and ϑz, are the instantaneous amplitude and phase
of the signal, while ∂ϑz(x)/∂x denotes the z-th instantaneous frequency.
The analogy of this work resides in assuming x = pj and s = fk, s = ok, or
s = MACk. Thus, based on the type of signal assumed, the time is
replaced with the input parameter value of the sensitivity analysis, while
the frequency axis is replaced by the rate l (symbolically l=1/p) of the
parameter. The peculiarity of the HHT spectrum is that it provides a
sparse representation of the signal in the joint parameter / parameter-
rate domain. Thus, the misclassification errors are easily detectable as
high-rate components in the Hilbert-Huang domain (since it is assumed
that the signals analyzed have smooth behavior, and abrupt change
where errors occur). By assuming a threshold value of the parameter-
rate (calibrated on observations), it is possible to reject the values of
the parameters referred to as the non-zero values of the power spectrum,
above the threshold. Rejecting these parameter values also means
rejecting the associated natural frequency values, or, in other words: it is
possible to correct the variation of the modal data by rejecting the
variation component due to the misclassification error.

2.2. Gaussian mixture models

Since some of the modal data values are discarded from the calcu-
lation of sensitivity indicators used to estimate the amount of variation,
it may occur that the dataset constituted by natural frequency is split
into two or more classes virtually divided by “empty space” generated by
the rejection of the parameters and natural frequencies associated with
power spectrum of MAC having values, at parameter-rate above
threshold, different from zero in the Hilbert-Huang space. This leads to a
problem in estimating the variation of the modal datum (i.e., natural
frequency), as the statistical distribution associated with it could be
characterized by several modes (i.e., more components of a multivariate
Probability Density Function, PDF). In this situation, the variation to be
estimated is not that of the entire PDF (which, in fact, would mean re-
introducing a variation component generated by the misclassification
error) but rather a combination of the variations due to the single
components of the multivariate distribution. In the present work, in
order to estimate the variance and the mean of the different components
of the multivariate distribution, a naive solution has been adopted by
assuming the gaussianity of each component. In this way, it is possible to
use the iterative Expectation-Maximization (EM) algorithm to fit a GM
model on natural frequency data [35], [36], already cleaned by the
misclassification errors:

gV(y|μv,Σv,wv) =
∑V

v=1
wv(2π)−

d
2|Σv|

−
1
2exp

(

−
1
2
(y − μv)

TΣ− 1
v (y − μv)

)

(4)

where in Eq. (4), gV is the GM PDF of order V, y is a multidimensional
natural frequency vector ℝdx1, v denotes the component, while μv,Σv
and wv are the mean vector ℝdx1, covariance matrix ℝdxd, and
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component proportion ℝ1×1 respectively. In this study, since a local
sensitivity analysis is pursued, the dimension d equals one. For each
component, the mean and covariance values that maximized the likeli-
hood of the PDF can thus be obtained.

2.3. Mahalanobis distance

It should be noted that not all classes of natural frequency are
associated with a correct coupling with the reference mode. Correct
coupling means that a generic vibration mode is correctly paired to a
specific reference vibration mode, independently by the indicator used
to evaluate the goodness of the pairing. This can be easily done by
visually checking at posteriori the mode shapes (after the model
coupling procedure) or relying, when possible, to the MAC evaluated
over the all Degrees of Freedom (DoFs) of an highly refined Finite
Element (FE) model, after the coupling procedure (even if this operation
is quite computational consuming in terms of vibrational mode extrac-
tion, and it is unfeasible to perform in reasonable time during the mode
coupling analysis if a high-fidelity simulator is investigated).

The error in coupling happens because in the data sampling phase (i.
e., simulation of the Operational Modal Analysis - OMA experiment [37,
38]) it can happen to collect a series of uniform values referred to me-
chanical parameters which do not produce vibration modes comparable
with the reference vibration mode at all. In this situation, it is under-
standable that natural frequency values close to the reference value are
certainly more reliable than those far from them. Consequently, in this
work, it was assumed to estimate the variation of the modal datum as
that referred to the component of the GM model having the minimum
distance from the reference datum. The Mahalanobis Distance (MD)
[39] δv was used to estimate the distance between the reference datum
(a point) and the component v of the GM model (a distribution):

δv =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(y − μ̂v)
T Σ̂

− 1
v (y − μ̂v)

√

(5)

where in Eq. (5), (̂•) means estimated quantity.

2.4. Normalized variation

A procedure of this type can lead to an underestimation of the
variation of the modal data, as it could happen that a component of the
GM model fit on the data is actually representative of a correct coupling
(rejection of meaningful data). To overcome this problem, it is possible
to estimate the variation of the modal datum as relative to the variation
of the mechanical parameter (i.e., if a mechanical parameter varies lit-
tle, the direct consequence is that the modal datum will also have a
limited variation).

αn,kj =
αf ,k
αp,j

(6)

In Eq. (6), αf ,k, αp,j, and αn,kj are the variation indicator assumed for
natural frequency, mechanical parameter, and normalized value,

respectively. By normalizing the variation of the modal datum to that of
the mechanical parameter (also estimated with the procedure previously
described using GM models), it is possible to obtain an estimate of the
variation not affected by the domain of variation of the mechanical
parameter, which must in any case be a domain that respect the
following conditions:

• composed of a large number of samples in order to reach a statistical
significance also after the rejection of some data associated with
misclassification errors;

• close to the correct values assumed by the parameter (e.g., knowl-
edge of the experimental data or an estimate from literature).

The obtained variation, in the present work, estimated as the ratio
between the coefficients of variation of the natural frequency and the
mechanical parameter (i.e., Young’s modulus, Poisson ratio, and den-
sity), can then be corrected by remultiplying its value by the real vari-
ation assumed by the mechanical parameters in different applications (e.
g., model updating).

3. Application

To demonstrate the proposed methods, the FE model and the struc-
ture of Pavilion V of the Turin Exhibition Center are assumed as refer-
ence benchmark.

3.1. The structural system

The case under analysis is an underground building (also known as
Pavilion V) designed by Riccardo Morandi in 1958 to expand the
Exhibition Center, a complex dedicated to hosting large exhibitions
events in the city of Turin. The structural scheme adopted by Morandi
for Pavilion V is the so-called balanced beam in prestressed reinforced
concrete, widely used by the designer between the 1950s and 1960s in
bridges and overpasses [40].

The pavilion consists of a single large space, 69 m in width and
151 m in length, located 8 m below ground level. The structural scheme
is composed of post-tensioned beams on two inclined supports, with two
cantilevering side spans subsequently anchored by post-tensioning ten-
dons at their ends, exerting a balancing effect on the bending moments
in the main span. Unlike the usual bridge scheme, in Pavilion V, the
main post-tensioned ribs are not parallel beams but are diagonally
directed (see Fig. 1), but are diagonally directed and reciprocally
interconnected in order to obtain a spatial structure offering high overall
rigidity and lateral stability and to contrast the instability of the very
thin beams (16 cm).

When dealing with heritage structures, it is crucial to consider that
they often do not fully match what was conceived during the design
phase and are reported in the technical drawings since changes were
frequently encountered during the construction phase. This represents
an important source of discrepancy that can affect the estimate of

Fig. 1. Interior view of the Morandi’s Pavilion V after its construction (on the left), section of the main element of the structure, the strut elements and the post-
tensioned beam (on the right).
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sensitivity indicators and, consequently, the design of monitoring and
conservation activities. For this reason, the numerical model used to
optimize these activities should be initialized with information coming
from preliminary experimental tests. A complete description of the
Pavilion can also be found in [41].

3.2. The experimental mechanical tests

The experimental tests were aimed to reduce the uncertainty related
to the geometry, structural details, and degradation state of the mate-
rials (see Fig. 2 and Fig. 3). In detail, inspections on the structure were
carried out to determine: (i) the global discrepancy from the expected
design situation, and (ii) the performance of materials. For this purpose,
mechanical tests were executed to evaluate the compressive strength of
the different elements of the structure.

Samples were extracted from foundations, perimetral walls, roof
beams, and inclined struts. Then, the values of compressive strength
were used to estimate the Young’s moduli of the different structural
components. In this sense, the tests were useful to initialize the virtual
model of the structure and, in particular, the nominal value of the me-
chanical parameters. To this aim, the results of an additional test
regarding the deflection of the roof beams were also used [42]. For more
information about the experimental in-situ campaign carried out on the
structure, the reader can refer to [43].

3.3. The virtual model

The FE model of the Pavilion is an excellent example for applying the
methods proposed in this paper since its structure consists of a spatial
architecture [44–46]. From a modal point of view, it is characterized by
innumerable vibration modes in the vertical direction, many of which
present a high number of inflections in the mode shape. This large
number of inflections (i.e., bubbles modes) can generate a misclassifi-
cation error because, during a simulated OMA, the eigenvectors are
estimated on a small number of DoFs for computational reasons. The
observation of the eigenvectors on a reduced domain can lead to the
highest MAC between a reference mode and a set of vibration modes
extracted from a numerical model being related to a mode not compa-
rable with the reference one. In addition, the Pavilion consists of a
jointed three-block structure. The three blocks are thus weakly con-
nected through a perimeter wall linked by connecting rods to the roof
beams. In such a situation, the modal behavior that most interests one
block could easily be misinterpreted with that of another.

Finally, the Pavilion presents vertical and horizontal components of
the mode shapes rather coupled, especially for the first vibration modes.
This increases the possibility of error in the classification of the modal
behavior when it is observed on a small number of DoFs (e.g., a local out-
of-plane deformation of the roof slab characterized by horizontal
movement could be erroneously interpreted for a diaphragmatic
behavior of the same roof in the horizontal direction). The FE model is
composed of eight structural components. In the linear elastic field, it
contemplates just three material parameters for each component n, i.e.,

Fig. 2. Deterioration phenomena in connecting rods and perimetral walls of Pavilion V: the presence of efflorescence with a detachment of the concrete cover and
corrosion of the reinforcement in the proximity of the joint (left) and at the central part of the blocks (center and right) [42].

Fig. 3. Pavilion V: positions of the test setup at the underground floor (left) and at the roof level (right) [42].
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Young’s modulus En, Poisson ratio νn, and density ρn. Initially, densities
were assumed to be 2500 kg/m3, excluding the expansion joints with
zero mass and walls in cellular concrete with a density of 400 kg/m3.
Poisson’s ratios were defined as equal to 0.2. The Young’s moduli were
defined starting from the mechanical tests described above.

It is worth to underling that the values used in the modelling refer to
the static secant value obtained by tests, when available. This value is
commonly slightly less than the dynamic value, which is needed during
a modal based model updating. Indeed, the value of the Young’s
modulus is sensitive to static or dynamic loading [47]. However, since
this work does not focus on automatic model calibration, and because
the discretization of the reality generally leads to a numeric stiffening
and overestimate of the natural frequency values, the choice to maintain
the secant value of the Young’s modulus leads to a compensation of the
increase in stiffness due to the numerical discretization. During an
automatic calibration phase instead, which goes beyond the scope of this
work, the elastic moduli can be chosen and calibrated for the best rep-
resentation of the modal behavior.

In particular, the values for roof beams, perimetral walls, and in-
clined struts are reported below. Since the external roof beams suffered
torsional deformations starting from the conceptualization of the sys-
tem, two box additional edge beams were provided to the structural
system. The elastic properties of these elements were initialized as done
for the roof beams and are reported hereinafter:

• Roof beams: 33e9 Pa
• Perimetral walls: 37e9 Pa
• Inclined struts: 32e9 Pa
• Edge beams: 33e9 Pa

Previous studies [41] showed that the stiffness of the joints can be
considered zero, validating the initial hypothesis that joints between the
diaphragms are working properly in operational conditions. In this sit-
uation, the three blocks are weakly connected just through the inner
infill walls. For this reason, the expansion joints were omitted in
conceptualizing the present virtual model since they would be associ-
ated to zero stiffness and mass. Instead, the deflection tests contributed
to updating the roof model. Indeed, the density and Young’s modulus of
the roof were adjusted in the FE model to fit vertical displacements

gathered during deflection tests. In particular, an increment of the
density from 2500 kg/m3 to 3500 kg/m3 has been applied for the roof
slab (with thickness variable between 25 cm and 45 cm) to simulate the
permanent load acting on it as an overlying distributed mass. Whereas
the Young’s modulus has been increased from the initial reference value
of 25e9 Pa to 39.9e9 Pa to simulate the equivalent stiffness of the roof,
considering the layers positioned over the concrete slab: the concrete
screed and the cement-stabilized soil. Instead, for the connecting rods
and perimetral beams, the Young’s modulus was initially imposed by
literature; then, given the aging conditions in common with the roof
beams, the value was modified by the experimental value obtained for
those elements, i.e., 33e9 Pa. A typical Young’s modulus, i.e., 3e9 Pa,
has been initially assumed, according to the SIA266 regulations, for the
non-structural infill walls made of cellular concrete. Then, its value was
modified after preliminary initialization of the model to match the first
identified vibration mode in terms of mode shape and natural frequency
[41]. The resulting value for this parameter is 2.12e9 Pa. Table 1 reports
the values of the parameters for which no data were available from
mechanical tests (roof slab, connecting rods and perimetral beams, and
infill walls). The inclined struts are also provided with top and bottom
edges made of steel in order to bear local stress concentration phe-
nomena. The density of these elements is set to 7850 kg/m3, while the
Young’s modulus is reported in Table 1.

As regards the FE characteristics, the model contemplates both 4-
nodes shell and 2-nodes beam finite elements with six DoFs at each
node (translation and rotations), which consider the shear deformability
and maintain a linear law for the shape functions. The beam elements
are used to model the curb positioned at the top of the perimetral walls,
and the edges of the inclined struts. Instead, the shell elements are used
to model the remaining part of the structure. The FE model counts
approximately 27′000 elements for a total number of 165′000 DoFs and
an average mesh size of 1.5 m. The model is fully restrained at the base;
thus, mechanical foundation properties are not contemplated in this
virtualization. The structural elements are then supposed internally fully
restrained from each other. The three blocks that make up the structure
are disconnected on the roof plane, while a slight connection is provided
by the infill walls in cellular concrete. Finally, the model contemplates
eight main structural components. For the analysis (eigen-analysis) only
the self-weight of the structure is initially considered in the definition of
the mass matrix. Fig. 4 reports the FE model of the Pavilion with com-
ponents highlighted in different colors, while Table 2 reports the
description of the components.

The first (first transverse mode #5 at 2.40 Hz) and last (first torsional
mode #23 at 5.41 Hz) reference vibration modes used for the analysis
are instead reported in Fig. 5 in terms of mode shapes. In addition, the
analysis also contemplated the first #6 and second #7 vertical vibration
modes of the slab at 2.62 Hz and 2.75 Hz, respectively, and the first

Table 1
Values of the elastic moduli after the corroboration phase.

Element Elastic moduli updated (Pa)

Roof slab 39.9e9
Connecting rods and perimetral beams 33.0e9
Infill walls 2.12e9
Top and bottom edges of inclined struts 210e9

Fig. 4. Finite Element (FE) model of Morandi’s Pavilion V (top, bottom, and front view).
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longitudinal mode #21 at 5.02 Hz. These are the main vibration modes
of the center block of the Pavilion, which are used as benchmark for the
analysis; however, the structure is composed of innumerable vibration
modes that locally activate part of the system, or the remaining blocks.
Vibration mode #1, for example, is the main transverse vibration mode
of the left block, with torsional components on the right blocks. Vibra-
tion mode #2 activates the left edge beams of the right block in vertical
direction. Vibration mode #4, instead, represents the main transverse
mode of the right block of the Pavilion, with torsional components on
the left block. Vibration mode #22 activates the edge blocks of the
pavilion longitudinally, in counterphase, then, vibration mode #33 ac-
tivates the vertical movement of the center block, with a flexural mode
shape of the second type in the transverse direction and of the third type
in the longitudinal direction, when compared to the vibrational modes
of a simply supported beam. The natural frequencies and the associated
mode shapes are reported in Fig. 5.

4. Results and discussions

In this section, the results of the analyses are reported and com-
mented on. Fig. 6 reports the tracking of the mode number in the FE
model for reference mode #5 as a function of the Young’s modulus of
infill walls.

While the modulus remains lower than 2.65e9 Pa, the coupling is
quite correct and contemplates two classes. Between these two classes, a
misclassification error appears. The same behavior can be perceived in
Fig. 7, where the behavior of both natural frequency andMAC of the first
transverse mode #5 is depicted as a function of the Young’s modulus of
the infill walls. It is quite easy to understand that misclassification errors
can have a different nature: instantaneous-localized errors at 1.30e9 Pa,
approximately, and continuous errors starting from 2.65e9 Pa, approx-
imately. In this work, the first error is rejected with HHT, while the
second error, is rejected with GMmodels fitted to natural frequency. The
reader, however, can understand that meaningful information is erro-
neously also rejected (class associated to parameter values lower than
1.30e9 Pa). The algorithm mitigates this error by normalizing the nat-
ural frequency variation to the variation of the parameter (estimated in
the center class, defined between 1.35e9 Pa and 2.65e9 Pa).

Fig. 8 reports the same concepts already described in Fig. 7, but in
this case, the natural frequency and MAC of the first transverse mode #5
are depicted as a function of the Young’s modulus of the roof beams.
Fig. 9, instead, introduces a new concept. Here, the HHT of the MAC
function reported in Fig. 8 is reported.

For convenience, the HHT domain has been normalized between
zero and one. For this purpose, the following normalizations have been
assumed:

ln = 2Δpl (7)

pn =
p − pmin

pmax − pmin
(8)

where in Eq. (7) and Eq. (8) pmin, pmax, and Δp are the minimum,
maximum and step size value of the sampled parameter assumed for the
analysis (i.e., Young’s modulus), while ln and pn are the normalized rate
and normalized parameter axes.

It is possible to see that, contrary to Fig. 8, in Fig. 9, the outliers
around 26e9 Pa (around 0.3 in the normalized space obtained using the
stochastic oscillator indicator rule [48] applied to the parameter
domain, see Eq. (8)) are well classified at high parameter rate (the
threshold was manually calibrated and imposed at ln=0.05 in this
analysis). Thus, in this domain, it is quite easy to reject anomalies with
respect to what may be done with the MAC function of the parameter:
see, for instance, the outliers in Fig. 8 (values of parameter lower than
26e9 Pa) that take the same MAC values of correct classified vibration
modes (values of parameter higher than 26e9 Pa).

Fig. 10 reports a fitting of the 2-variate distribution for the natural
frequency of the first transverse mode #5 obtained by varying the
Young’s modulus of the roof beams. The correct component of the GM
model to estimate the coefficient of variation of this modal parameter is
the component with a lower MD to the reference value. In this case, the
correct component is that on the right in Fig. 10.

After selecting the component with minimumMD from the reference
natural frequency, its mean and standard deviation can be used to define
a specific sensitivity indicator; in this case, it was assumed to use the
coefficient of variation of the selected component v* :

αf =

̅̅̅̅̅̅̅̅

Σ̂v∗

√

|μ̂v∗ |
(9)

The coefficient of variation of the natural frequency αf (see Eq. (9)) is
then normalized to the coefficient of variation of the parameter αp

evaluated in the same class (same component) of the natural frequency
to get the normalized coefficient of variation αn. As needed, these

Table 2
Description of the components of the Pavilion’s numerical model.

FE
component, n

Description (material) Representation

1 Roof beams (prestressed concrete)

2 Roof slab (reinforced concrete)

3 Perimetral walls (reinforced
concrete)

4 Inclined struts (reinforced concrete)

5 Infill walls (cellular concrete)

6 Edge beams (reinforced concrete)

7 Connecting rods and perimetral
beams (reinforced concrete)

8 Top and bottom edges of inclined
struts (steel)
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Fig. 5. Mode shapes of the main predicted vibration modes of the Pavilion.
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Fig. 6. Mode number in the FE model for the first transverse mode, as a function of the Young’s modulus of the infill walls.

Fig. 7. Natural frequency and MAC of the first transverse mode, as a function of the Young’s modulus of the infill walls.

Fig. 8. Natural frequency and MAC of the first transverse mode, as a function of the Young’s modulus of the roof beams.
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relative variation estimators can be re-multiplied to the coefficient of
variation of parameter values used for other purposes, such as the
variation obtained by the parameter range used in model updating tasks
(e.g., assuming a Gaussian prior distribution of the parameters). Fig. 11
reports these results in terms of normalized Fraction of Variation (FoV),
that is, the variation estimators normalized to the sum of all
contributions:

FoVkj =
αn,kj

∑K

k=1

∑J

j=1
αn,kj

(10)

where in Eq. (10), K= 5 and J= 24 are the total number of vibration
modes and mechanical parameters used in the sensitivity analysis.
Table 3 reports the resulting ranking list of the first five mechanical
parameters.

From the results of this study, it is possible to design monitoring
systems and conservation operations in an optimized way. An example is
the optimal experimental design of a permanent dynamic monitoring
system. For instance, modal parameters are known to be influenced by
Environmental and Operational Variations (EOVs), and their

fluctuations produce physiological changes in modal behavior, which
can hide more serious pathologies.

In this context, instrumenting area aimed at producing a greater
variation of the modal behavior, for example, with thermometers
applied on the most sensitive components (e.g., roof beams), or sensors
capable of directly monitoring the variation of the mechanical param-
eters responsible for the majority of the variation of the modal param-
eters (e.g., load cell and strain gauges applied to the roof beams to
records Young’s modulus variations) can lead to the calibration of more
truthful virtual models, capable of better capturing how EOVs influence
modal data, and able to predict this trend for different purposes, such as
structural monitoring and subsequent conservation.

5. Conclusions

Channeling resources in an optimized way helps to increase the
knowledge level of a structure and, consequently, the reliability and
accuracy of predictive analyses. Sensitivity analysis is a fundamental
tool to achieve such optimization; however, its implementation en-
counters issues that should be addressed in order to obtain non-
misleading results. In general, the errors that can be encountered

Fig. 9. Hilbert-Huang power spectrum as a function of the parameter rate (normalized to half of the sampling frequency of the parameter), and the normalized
parameter value (normalized using the stochastic oscillator rule).

Fig. 10. Kernel estimate of the multivariate distribution (Probability Density Function - PDF) of the natural frequency of the first transverse mode (associated to the
variation of the Young’s modulus of the roof beams), after the misclassification error rejection.
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during the sensitivity indicator estimates could be of three types: (i)
systematic error due to a poor initialization of the virtual model; (ii)
localized misclassification errors; (iii) continuous or widespread classi-
fication errors. More in detail, during mode coupling (in sensitivity
analysis based on modal data), vibration modes with high MAC value
can be incorrectly associated to a target-controlledmode. In this context,
the correctmode to be coupled to the reference one is characterized by a
lower MAC value than the mode with the highest MAC. This problem is
very common in architectural spatial structures where vertical and
horizontal components of mode shape interact, especially in the pres-
ence of mode shapes characterized by a huge number of local bubbles, or
even worse in the presence of interacting diaphragms, as in the case of
Morandi’s Pavilion V of Turin Exhibition Center. The method proposed
in this paper mitigates these misclassification errors through the com-
bined use of analogies with “time-frequency” analysis and Gaussian
mixture models. The authors showed that:

• a variation of natural frequency contemplates the presence of a true
variance, generated by the variation of the mechanical parameter,
and a false variance component, generated by the misclassification (i.
e., coupling error);

• very fast variations of MAC and natural frequency studied as a
function of the assumed variation of mechanical parameters are
associated with localized misclassification errors during the mode
coupling process;

• these fast variations tend to be located at high parameter-rate values
in the Hilbert-Huang space. This combined to the sparse nature of the
Hilbert-Huang power spectrum, allows easy identification of the
parameter values associated with the misclassification error, allow-
ing error rejection in the calculation of the variance of the natural
frequency.

Instead, for the errors due to poor initialization of the virtual model,
experimental campaigns should be prescribed in order to increase the
initial knowledge of the nominal value of the geometrical and me-
chanical parameters to be attributed to the numerical model. Future
works can contemplate adaptative thresholding in the Hilbert-Huang

Fig. 11. Result of the sensitivity analysis in terms of the normalized Fraction of Variation (FoV) attributed to each parameter and each mode. On the top right, the
marginal over the mode dimension is depicted, while on the bottom right, the cumulative sum of the marginal is reported. The achievement of 80 % of the total
variation is highlighted with a dashed black line in the cumulative FoV plot.

Table 3
Ranking list of the main mechanical parameters responsible for at least 80 % of
the total variation of the reference modal contributions (mode #5, #6, #7, #21,
and #23).

FE component,
n

Mechanical parameter - component Representation

1 Young’s modulus - Roof beams

5 Young’s modulus - Infill walls

2 Young’s modulus - Roof slab

4 Young’s modulus - Inclined struts

7 Young’s modulus - Connecting rods
and perimetral beams

G. Miraglia et al.
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space to reject noise components due to localized misclassification er-
rors and distributed misclassification errors.
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