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Abstract—Recent contributions showed the benefits of operator
filtering for both preconditioning and fast solution strategies.
While previous contributions leveraged laplacian-based filters, in
this work we introduce and study a different approach leveraging
the truncation of appropriately chosen spectral representations
of operators’ kernels. In this contribution, the technique is
applied to the operators of the 2D TE- and TM-electric field
integral equations (EFIE). We explore two different spectral
representations for the 2D Green’s function that lead to two
distinct types of filtering of the EFIE operators. Numerical results
corroborate the effectiveness of the newly proposed approaches,
also in the Calderón preconditioned EFIE.

Index Terms—Integral equations, EFIE, spectral filtering.

I. INTRODUCTION

The exploration of efficient solutions for complex electro-
magnetic problems is a pivotal research domain, underpinning
advancements in numerous areas from communications to
medical imaging. Integral equations are often used in this
context, because they require the discretization of scatterers’
boundaries only. However, upon discretization via the bound-
ary element method (BEM), they typically give rise to dense
linear systems for which direct solutions are often unpractical.
One efficient approach to sidestep this difficulty is to couple
fast solvers and iterative solvers to solve the system. However,
both the solution’s precision and the number of iterations
required to reach it are strongly influenced by the spectral
properties of the discretized integral operators.

Recently, operator filtering has been introduced [1] as a way
to manipulate and correct the deleterious properties of elec-
tromagnetic operators’ spectra, while still being compatible
with classical fast solution strategies. The first incarnations
of operator filters rely on Laplacian manipulations to build
spectral filters that are subsequently multiplicatively applied to
the integral operators of interest. Operator filtering, relying on
quasi-Helmholtz filters, has successfully been used to stabilize
the Electric Field Integral Equations (EFIE) for 3D scattering
in both the dense-discretization and low frequency regimes
[1] and to enhance the compressibility of integral operators
for building single-skeleton fast direct solvers [2].

In this work, we introduce a novel way to directly ob-
tain filtered operators by truncating carefully chosen spectral
representation of the operators’ kernels. This means that the
standard BEM discretization of the modified operators will
directly yield matrices whose spectra correspond to a filtered
version of the spectrum of the discretized original operators.
This article focuses on the operators involved in the TE and

TM electric field integral equations (EFIE) applied to a 2D
scatterer, although the proposed approach is extensible beyond
this scenario, for which we present two types of filtering that
rely on two different spectral representations of the 2D Green’s
function. The properties and performance of the different filter
approaches is analyzed in both the static and the dynamic
case. The effectiveness of the new filtering scheme is further
substantiated by suitably selected numerical results.

II. NOTATION AND BACKGROUND

Consider a 2D scatterer modeled by a smooth curve γ ∈ R2,
in a medium with wavenumber k and impedance η, on which
impinges an electromagnetic field (Ei,Hi). We assume γ lyes
on the xy plane, and denote with t the physical quantities
lying on the xy plane, tangential to the scatterer. Depending
on the polarization of interest, two equations can be obtained
to relate the incident electric field Ei = Ett + Ezz to the
induced surface current j = jtt+ jzz

ηikSjz = Ez , (1)

η
1

ik
N jt = Et , (2)

which are respectively the TM and TE EFIEs, and whose
integral operators are

(Sjz)(r) :=
∫
γ

g(r, r′)jz(r
′)dr′ , (3)

(N jt) (r) := − ∂

∂n

∫
γ

∂

∂n′ g(r, r
′)jt(r

′) dr′ (4)

with g(r, r′) := −i/4H
(2)
0 (k|r−r′|) if k > 0, or g0(r, r′) :=

−1/2π log(|r − r′|) if k = 0 . The currents jt and jz can be
expanded with piecewise linear Lagrange interpolants {φi}
defined on a mesh of γ composed of N segments of uniform
length h: jt ≈

∑N
i=1[jt]iφi and jz ≈

∑N
i=1[jz]iφi. Using

Galerkin testing [3], the discrete system can be obtained as
Sjz = Ez and Njt = Et, where [S]ij = ⟨φi,Sφj⟩ , [N]ij =

⟨φi,Nφj⟩, Et =
〈
φi,

ik
η Et

〉
, and Ez =

〈
φi,

1
ηikEz

〉
.

III. OPERATOR FILTERING VIA GREEN’S FUNCTION
SPECTRAL TRUNCATION

In this section, we propose a new class of filtered operators,
stemming from the truncation of spectral representations of the
operators’ kernel g(r, r′). The scheme is as follows: (i) define
the filtered Green’s function gα(r, r′) where α indicates a



filtering parameter (akin to a cutoff frequency) that will depend
on the spectral representation chosen, (ii) define the filtered
operators

(Sαjz)(r) :=

∫
γ

gα(r, r′)jz(r
′) dr′ , (5)

(Nαjt) (r) := − ∂

∂n

∫
γ

∂

∂n′ g
α(r, r′)jt(r

′) dr′ , (6)

and (iii) use the boundary element method to obtain the
matrices with the corresponding filtered spectra.

The first approach to filter g(r − r′) we will present,
is to transform it into spectral domain in the sense of a
multidimensional Fourier expansion, and back-transforming a
truncated version obtaining the following modified kernels in
the static case

gα0 (r, r
′) = − 1

2π
log(|r − r′|)− 1

2π

∫ +∞

s=α

J0(s|r − r′|)
s

ds ,

(7)
and in the dynamic case

gα(r, r′) = − i

4
H

(2)
0 (k|r−r′|)− 1

2π

∫ +∞

s=α

J0(s|r − r′|)s
s2 − k2

ds

(8)
respectively, where α > k, J0 is the 0th order Bessel function
of the first kind and H

(2)
0 is the 0th order Hankel function of the

second kind. For the implementation of (8), the computation
is split in two parts: the singular part is handled by Taylor
expansion; whereas the asymptotic regime is handled by a
recursive extraction of terms by the expansion [4, eq. 10.17.3].

Another possible spectral expansion of g(r, r′) can be
obtained leveraging Mehler–Sonine integrals [4, eq. 10.9.12],
obtaining Y0(x) = − 2

π

∫∞
1

cos(xt)√
(t2−1)

dt, where Y0 is the 0th

order Bessel function of the second kind. Using the identity
H

(2)
0 (x) = J0(x) − iY0(x), recalling the Green’s Function

definition, and truncating Y0(x), we obtain

gα(r−r′) = − i

4
J0(k|r−r′|)− 1

2π

∫ α/k

t=1

cos(k|r − r′|t)√
t2 − 1

dt .

(9)
This form, however, is challenging to compute. An effective
approach stems by rewriting the integral in (9) as

Ic1,c2k = ℜ
(∫ c2

c1

eiktf(t)dt

)
. (10)

where f : t 7→ 1/
√
t2 − 1. Now we introduce a change of

variable which maps (−1, 1) into (c1, c2) carried out by a
function g : t 7→ (t+ 1) c2−c1

2 + c1. Then, we expand f ◦ g
as a linear combination of Legendre polynomials Pn, i.e.,

f(g(x)) =

∞∑
n=0

anPn(x), an =
2n+ 1

2

∫ 1

−1

f(g(x))Pn(x) dx

(11)
and so we can rewrite (10) as

Ic1,c2k = ℜ

(
c2− c1

2
ei(k

′+kc1)
∞∑

n=0

an

∫ 1

−1

eik
′tPn(t)dt

)
(12)
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Fig. 1: Singular values of S0 and singular values of Sα
0 using

(7), ordered by the singular vectors of the Laplace-Beltrami
operator, and reference mesh.

with k′ = (c2 − c1)/2k and the coefficients an (11). Using
the following identity from [5]∫ 1

−1

Pn(t)e
iktdt = (i)n

√
2π

k
Jn+ 1

2
(k) (13)

we finally obtain

Ic1,c2k = ℜ

(
c2− c1

2
ei(k

′+kc1)
∞∑

n=0

an(i)
n

√
2π

k′
Jn+ 1

2
(k′)

)
.

(14)
In practice, the expansion above is used to compute the integral
in (2, α/k), because in this way, due to the smoothness of
the function over this interval, the Legendre expansion can
be truncated with a low number of terms (and the Legendre
coefficients an can be precomputed for the integration interval
of interest). In the interval (1, 2) a different expansion is used:
by integration by part of Eq. (10), we obtain

Ic1,c2k =
[
cos(kt) ln

(
t+

√
t2 − 1

)]c2
t=c1

+

k

∫ c2

c1

sin(kt) ln
(
t+

√
t2 − 1

)
dt (15)

and the integral on the right hand side is computed using the
Legendre expansion procedure. Because ln

(
t+

√
t2 − 1

)
is

not singular in 1, the number of terms of the expansion is
low, and the approach is efficient and accurate.

IV. NUMERICAL RESULTS

To illustrate the effectiveness of the above formulations,
numerical results for both the static and dynamic cases are
provided below. All these operators were obtained on the
scatterer shown in Fig. 1. In the dynamic cases, the frequency
is set to 1GHz with a mesh size of h = λ/30. Fig. 1 shows
the effectiveness of (7) on the discretized single layer operator
S in static, whereas Fig. 2 show the performance of (8) and (9)
on the same operator in the dynamic case. We finally show
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of G−1SαG−1N where Sα is computed using (8) and (9),
ordered by the singular vectors of the Laplace-Beltrami oper-
ator.

the effectiveness of the filtering procedure in the Calderón
precontitioned TE-EFIE [6]

G−1SG−1Njt = G−1SG−1Et , (16)

where [G]ij := ⟨φi, φj⟩. In Figure 3, in particular, we show
the singular values of G−1SG−1N and singular values of
G−1SαG−1N where Sα is computed using (8) and (9), or-
dered by the singular vectors of the Laplace-Beltrami operator.
It is evident the effectiveness of the filtering procedure with the
new kernels and thus their applicability in a Calderón setting
as further detailed in [2].
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