
20 June 2026

POLITECNICO DI TORINO
Repository ISTITUZIONALE

Stabilized weighted reduced order methods for parametrized advection-dominated optimal control problems governed by
partial differential equations with random inputs / Zoccolan, F., Strazzullo, M., Rozza, G.. - In: JOURNAL OF
NUMERICAL MATHEMATICS. - ISSN 1570-2820. - 33:1(2025), pp. 1-35. [10.1515/jnma-2023-0006]

Original

Stabilized weighted reduced order methods for parametrized advection-dominated optimal control
problems governed by partial differential equations with random inputs

Publisher:

Published
DOI:10.1515/jnma-2023-0006

Terms of use:

Publisher copyright

(Article begins on next page)

This article is made available under terms and conditions as specified in the  corresponding bibliographic description in
the repository

Availability:
This version is available at: 11583/2993368 since: 2024-10-13T15:30:05Z

Walter De Gruyter GmbH



STABILIZED WEIGHTED REDUCED ORDER METHODS FOR

PARAMETRIZED ADVECTION-DOMINATED OPTIMAL CONTROL

PROBLEMS GOVERNED BY PARTIAL DIFFERENTIAL EQUATIONS WITH

RANDOM INPUTS

FABIO ZOCCOLAN1, MARIA STRAZZULLO2, AND GIANLUIGI ROZZA3

Abstract. In this work, we analyze Parametrized Advection-Dominated distributed Optimal
Control Problems with random inputs in a Reduced Order Model (ROM) context. All the simula-

tions are initially based on a finite element method (FEM) discretization; moreover, a space-time

approach is considered when dealing with unsteady cases. To overcome numerical instabilities that
can occur in the optimality system for high values of the Péclet number, we consider a Streamline

Upwind Petrov–Galerkin technique applied in an optimize-then-discretize approach. We com-
bine this method with the ROM framework in order to consider two possibilities of stabilization:

Offline-Only stabilization and Offline-Online stabilization. Moreover we consider random parame-

ters and we use a weighted Proper Orthogonal Decomposition algorithm in a partitioned approach
to deal with the issue of uncertainty quantification. Several quadrature techniques are used to

derive weighted ROMs: tensor rules, isotropic sparse grids, Monte-Carlo and quasi Monte-Carlo

methods. We compare all the approaches analyzing relative errors between the FEM and ROM
solutions and the computational efficiency based on the speedup-index.

1. Introduction

Here we present a numerical study concerning stabilized Parametrized Advection-Dominated Op-
timal Control Problems (OCP(µ)s) with random inputs in a Reduced Order Methods (ROMs)
framework. As a matter of fact, engineering and scientific applications often need very fast evalu-
ations of the numerical solutions for many parameters that characterize the problem, for instance
in real-time scenarios. A solution to these many-query situations can be to exploit the parameter
dependence of the OCP(µ)s using ROMs [7, 25, 43, 42, 41]. This process is divided in two stages.
The former is the offline phase, when many numerical solutions for different values of parameters
are collected considering a first discretization of the OCP(µ), such a finite element method (FEM)
one, called the high-fidelity or truth approximation. Then all parameter-independent components
are calculated and stored, and reduced spaces are built. The latter is the online phase, when all
parameter-dependent parts and, then, the reduced solutions are computed. More precisely, to deal
with the randomness which is hidden in the parameters, we consider a modification of the Proper
Orthogonal Decomposition (POD) that takes into account the probability distribution of the random
inputs: the weighted POD (wPOD) [64, 63]. We apply this procedure in a partitioned approach,
following good results shown in literature [31, 36, 55, 66]. As this algorithm aims to minimize the
expectation of the square error between the truth and the ROM solutions, we can identify different
types of weighted ROMs (wROMs) [12, 16, 14, 17, 18, 19, 51, 62, 64, 63] based on the chosen quad-
rature rules. In this work, we will exploit Monte-Carlo and Quasi Monte-Carlo procedures, tensor
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2 STABILIZED WEIGHTED ROMS FOR ADVECTION-DOMINATED OCPS WITH RANDOM INPUTS

rules based on Gauss-Jacobi and Clenshaw-Curtis quadrature techniques, and Smolyak isotropic
sparse grids.

The optimization problem will always concern a linear-quadratic cost functional. We use FEM
as the truth approximation, both for steady and unsteady problems. At a first level, FEM approx-
imations of stochastic steady OCP(µ)s have been already presented, for example, in [27] consid-
ering stochastic PDEs. In the parabolic case, we discretize time-dependency via a space-time ap-
proach [26, 52, 53]. Concerning stabilization, we considered the Streamline Upwind Petrov–Galerkin
(SUPG) [10, 29, 40] suitably combined with the ROM setting in an optimize-then-discretize approach.
We exploit two possibilities: when stabilization only occurs in the offline phase, Offline-Only stabi-
lization or when SUPG is applied in both phases, Offline-Online stabilization. Even if the choice of
applying stabilization both in the offline and online stages seems to be expected, in many works was
not a natural choice. We refer the interested reader to the introduction of [59].
Furthermore, we decide to implement an “optimize-then-discretize” framework so as to have a di-
rect comparison with the results shown in the recent works on optimal control on similar topics
[56, 57, 58]. However, another framework is possible: the “discretize-then-optimize” approach. In
this case, a numerical discretization is first applied to the governing PDEs with possible stabiliza-
tion and, further, we build an optimal control problem based on the full order model. The main
advantage of this technique is that the derived optimal system is symmetric, but, as a drawback,
this method is not strongly consistent; i.e. the exact solution of the non-stabilized framework is not
a solution of the stabilized system, too, unlike the “optimize-then-discretize” case.

Stabilized Advection-Dominated problems in a ROM framework without control are studied,
for instance, in [39, 62], both for steady and unsteady cases. Instead, in [12] wROMs for generic
OCP(µ)s are applied to experiments concerning environmental sciences, whereas SUPG Advection-
Dominated distributed OCP(µ)s are analyzed in a deterministic context in [66], both for elliptic and
parabolic experiments. To the best of our knowledge, this is the first time that stabilized Advection-
Dominated OCP(µ)s with random inputs are analyzed in a ROM context, both for elliptic and
parabolic problems. This work is arranged as follows. In Section 2, we introduce linear-quadratic
optimal control theory for PDEs and its FEM discretization. Section 3 firstly concerns the basic
theory of SUPG stabilization for Advection-Dominated PDEs in an optimize-then-discretize ap-
proach [20], then the space-time procedure that will be used is presented. wROMs features will be
illustrated in Section 4. Section 5 will concern numerical simulations. Two Advection-Dominated
problems under distributed control and random inputs will be analyzed: the Graetz-Poiseuille Prob-
lem under geometrical parametrization and the Propagating Front in a Square Problem. We will
compare the wPOD procedures through relative errors between the FEM and the ROM solutions
and computational time considering the speedup-index. Finally, conclusions follow in Section 6.

2. Problem Formulation for Random Input Optimal Control Problems

2.1. Mathematical Setting. Let Ω be an open and bounded regular domain in R2, where ΓN and
ΓD will indicate the portions of the boundary ∂Ω where Neumann and Dirichlet boundary conditions
are imposed, respectively. With the symbol Ωobs ⊆ Ω the observation domain will be indicated, i.e.
the subset of the domain where we seek the state variable to be similar to a desired solution profile
yd ∈ Y , with Y Hilbert space, in a sense that will be specified later. For time-dependent problems we
will also take into account the time interval (0, T ) ⊂ R+. Let us consider a compact set P ⊆ Rp, for
natural number p. We will call P and as the parameter space and a p-vector µ ∈ P is the parameter
of our Parametric OCP(µ)s. As the setting is completely general, for instance, µ can characterize
our yd or geometrical and physical properties of the problem. Furthermore, we denote with B(Q,R)
the space of linear continuous operators between Banach spaces Q and R.

The triplet (A,F , P ) will denote a complete probability space, composed by A, which is the set
of outcomes ω ∈ A, F , that is a σ-algebra of events, and P : F → [0, 1] with P (A) = 1, which is
the chosen probability measure. As dealing with random input OCP(µ)s, the parameter µ will be
a real-valued random vector. In detail, µ : (A,F) → (Rp,B) is a measurable function, where B is
the Borel σ-algebra on Rp. The distribution function of µ : A → P ⊂ Rp, being P the image of µ,
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is defined as Pµ : P → [0, 1] such that

(1) ∀µ ∈ P, Pµ(µ) = P (ω ∈ A : µ(ω) ≤ µ).

Let dPµ(µ) denote the distribution measure of µ, i.e.,

(2) ∀H ⊂ P, P (µ ∈ H) =

∫
H

dPµ(µ).

We assume that µ admits a Lebesgue density, i.e. dPµ(µ) is absolutely continuous with respect
to the Lebesgue measure dµ. This practically means that there exists a probability density func-
tion ρµ : P → R+ such that ρµ(µ)dµ = dPµ(µ). It is worth to notice that the measure space
(P,B(P), ρµ(µ)dµ) is isometric to (A,F , P ) under the random vector µ.

The aim of this work is to analyze random input OCP(µ)s from the numerical point of view.

Problem 2.1.1 (Random Input Parametric Optimal Control Problem). Consider the state equation
E : Y × U → Q, with Y,U , and Q real Banach spaces, satisfying a set of boundary and/or initial
conditions, and a real functional J : Y ×U → R. Then for Pµ-a.e. find the pair

(
y(µ), u(µ)

)
∈ X :=

Y × U that minimizes cost functional J (y(µ), u(µ);µ) under the constraint E(y(µ), u(µ);µ) = 0.

Let Xad be the set of all couples (y, u) solutions of E : we will only consider the case of full
admissibility, i.e. when Xad = Y × U . Problem 2.1.1 looks for minimizers among all state-control
pairs such that:

min
(y(µ),u(µ))∈Y×U

J (y(µ), u(µ);µ) s.t. E(y(µ), u(µ);µ) = 0.

This can be achieved through the research of the critical points of the Lagrangian operator
L : Y × U ×Q∗ → R defined as:

(3) L(y(µ), u(µ), p(µ);µ) = J (y(µ), u(µ);µ) + ⟨p(µ), E(y(µ), u(µ);µ)⟩Q∗Q,

where p(µ) is a Lagrange multiplier belonging to the adjoint space Q∗, the dual space of Q. For
the sake of notation we write y := y(µ), u := u(µ) and p := p(µ). In case that Pµ is the uniform
distribution with support in P, then Problem 2.1.1 is called to be deterministic problem. In this
work, linear-quadratic problems will be involved.

Definition 2.1.2 (Linear-Quadratic OCP(µ). Let us consider the bilinear forms m : Z × Z → R
and n : U × U → R, which are symmetric and continuous, where Z is a Banach space called the
observation space. Fix α > 0, a constant called the penalization parameter and consider a quadratic
objective functional J of the form

(4) J (y, u;µ) =
1

2
m (Oy(µ)− zd(µ),Oy(µ)− zd(µ)) +

α

2
n(u(µ), u(µ)),

where O : Y → Z is a linear and bounded operator called the observation map and zd(µ) ∈ Z is
the observed desired solution profile. Consider an affine map E defined as

(5) E(y, u;µ) = A(µ)y + C(µ)u− f(µ), ∀
(
y(µ), u(µ)

)
∈ Y × U,

where A(µ) ∈ B(Y,Q), C(µ) ∈ B(U,Q) and f(µ) ∈ Q.
Then an OCP(µ)s with the above properties is said a Linear-Quadratic Optimal Control Problem.

For Linear-Quadratic OCP(µ)s well-posedness of Problem 2.1.2 yields when m is positive definite
and n is coercive [8, 9]. More precisely, the reader can refer to [11] to a comparison between the
Lagrangian approach for the full-admissibility case and the adjoint one. Via the functional derivative
of L, we obtain an optimality system to be solved to find the unique solution. In this case, this reads
as finding (y, u, p) ∈ Y × U ×Q∗ that satisfies [11],

(6)


DyL(y, u, p;µ)(ȳ) = 0 =⇒ m(Oy,Oȳ;µ) + ⟨A∗(µ)p, ȳ⟩Y ∗Y = m (Oȳ, zd;µ) , ∀ȳ ∈ Y,

DuL(y, u, p;µ)(ū) = 0 =⇒ αn(u, ū;µ) + ⟨C∗(µ)p, ū⟩U∗U = 0, ∀ū ∈ U,

DpL(y, u, p;µ)(p̄) = 0 =⇒ ⟨p̄,A(µ)y + C(µ)u⟩Q∗Q = ⟨p̄, f(µ)⟩Q∗Q, ∀p̄ ∈ Q∗.

In system (6), the first equation is called the adjoint equation, the second one is the gradient
equation and the last one is state equation.
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Remark 2.1.3 (Notation). For the sake of notation, when Hilbert spaces will be taken into account,
bilinear forms A,B, and their adjoint counterparts will be indicated uniquely as:

⟨A(µ)y, p⟩QQ∗ := a(y, p;µ) ⟨C(µ)u, p⟩QQ∗ := c(u, p;µ).

Remark 2.1.4 (Parabolic Problems). Concerning unsteady problems, one must add more hypotheses
to the mathematical setting of Linear-Quadratic OCP(µ)ss to reach well-posedness. We will consider
the following Hilbert spaces Y = L2(0, T ;Y ), Y∗ = L2 (0, T ;Y ∗), Z = L2 (0, T ;Z), U = L2(0, T ;U)
with respective norms given by

(7) ∥y∥2Y :=

T∫
0

∥y∥2Y dt, ∥y∥2Y∗ :=

T∫
0

∥y∥2Y ∗dt, ∥z∥2Z :=

T∫
0

∥z∥2Zdt, and ∥u∥2U :=

T∫
0

∥u∥2Udt.

Then we define the Hilbert space Yt := {y ∈ Y s.t. ∂ty ∈ Y∗}. For parabolic problems we will
also consider the case of full-admissibility as Xad = Yt × U [6, 56, 57].

2.2. High-Fidelity Discretization. In this work, the discretization of the optimality sistem (6)
follows an one shot or all-at-once approach [26, 52, 53]. When we will consider Advection-Dominated
OCP(µ)s, a stabilization technique will be also needed. Therefore, a SUPG method will be applied
in a optimize-then-discretize approach, as we will see in Section 3. This means that firstly the
optimality conditions are computed by obtaining system (6) and then we discretize and stabilize it.

Concerning numerical implementation, we use a FEM discretization for all three variables, where
Th is a regular triangularization on Ω. Its elements K are triangles and the parameter h denotes the
mesh size, i.e. the maximum diameter of an element of the chosen grid. In addition, we define

Ωh := int

( ⋃
K∈Th

K

)
,

as a quasi-uniform mesh for Ω. Considering Pr(K) as the space of polynomials of degree at most
equal to r defined on K and defining

XN ,r =
{
qN ∈ C(Ω̄) : qN|K ∈ Pr(K),∀K ∈ Th

}
we set Y N = Y ∩ XN ,r, UN = U ∩ XN ,r and

(
QN )∗ = Q∗ ∩ XN ,r. In this work, the numerical

implementation will always be made by a P1-FEM approximation and the same triangulation Th for
Y N , UN , and

(
QN )∗. A similar discussion can be made for time-dependent problems, as we will

see in Section 3.2. This first discretization procedure will be indicated as the truth or high-fidelity
approximation.

From now on, Y,U,Q will be always Hilbert spaces and we will consider the Identity restricted to
our observation domain Ωobs as the Observation function O for both steady and unsteady problems.
Therefore, Z = Y for steady problems and Z = Y for unsteady ones are assumed. Our desired state
will be denoted by yd and with the same symbol will also indicate its FEM discretization.

3. SUPG stabilization for Advection-Dominated OCP(µ)s

In this work, we only deal with Advection-Diffusion equations.

Definition 3.0.1 (Advection-Diffusion Equations). Let us take into account the following problem:

(8) T (µ)y := −div(γ(µ)∇y) + η(µ) · ∇y = f(µ) in Ω ⊂ R2,

where suitable boundary conditions are applied on ∂Ω. In addition, we require that:

• the diffusion coefficient γ : Ω → R is uniformly bounded, i.e. there exists γmax, γmin > 0 such
that

(9) P
(
ω ∈ A : γmin < γ(x;µ) < γmax ∀x ∈ Ω

)
= 1.

Moreover, we request that γ is a.e. differentiable in Ω.
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• the advection field η : Ω → R2 belongs to (L∞(Ω))
2
for a.e. µ ∈ P. More precisely, for a.e.

µ the following inequality holds: 0 ≥ div η(x) ≥ −ϑ, ∀x ∈ Ω, with ϑ ∈ R+
0 ;

• f : Ω → R is an L2(Ω)-function for a.e. µ; in addition, f has bounded second moments with
respect to the integral along A and Ω.

With these hypotheses, Problem (8) is called Advection-Diffusion problem and the operator T (µ)y :=
−div(γ(µ)∇y) + η(µ) · ∇y is said the Advection-Diffusion operator.

For more details regarding the well-posedness and theoretical results of Stochastic Advection-
Diffusion OCP(µ)s, we refer to [15, 14].

Definition 3.0.2 (Péclet number and Advection-Dominated problem). Let us consider the FEM
discretization related to an Advection-Diffusion problem and its regular triangulation Th. For any
element K ∈ Th, the local Péclet number is defined as [44, 40]:

(10) PeK(x) :=
|η(x)|hK

2γ(x)
∀x ∈ K,

where hK is the diameter of K. If PeK(x) > 1 ∀x ∈ K, ∀K ∈ Th, we say to study an Advection-
Dominated problem.

3.1. Setting for Stabilized Advection-Dominated OCP(µ)s - Steady case. Numerical in-
stabilities can appear, when dealing with Advection-Dominated OCP(µ)s, i.e. when |η(µ)| ≫ γ. In
order to adjust this unpleasant behaviour without modifying the mesh size, we use the Streamline
upwind/Petrov Galerkin (SUPG) method [10, 28, 29, 44] in a optimize-then-discretize approach [20].
This assures the strong consistency of the optimality system [20]. For the sake of simplicity, we
define our Advection-Dominated problem on H1

0 (Ω) and we do not indicate the parameter depen-
dence. We denote with T ∗ the adjoint operator related to T . This last operator can be split into its
symmetric and skew-symmetric parts as T = TS + TSS [44], where:

(11)
symmetric part: TSy = −div(γ(µ)∇y)− 1

2
(div η)y, ∀y ∈ H1

0 (Ω),

skew-symmetric part: TSSy = η · ∇y +
1

2
(div η)y, ∀y ∈ H1

0 (Ω).

This two parts can be immediately recovered using the formulae:

(12) TS =
T + T ∗

2
, TSS =

T − T ∗

2
.

After having considered FEM spaces, the stabilization occurs in the bilinear and linear terms involved
in the state and the adjoint equations. Instead, the gradient equation is left unstabilized [20]. We
recall that we use a distributed control.

We defined the stabilized bilinear form as and cs, and the stabilized forcing term Fs as

(13)

as
(
yN , qN ;µ

)
:= a

(
yN , qN ;µ

)
+
∑

K∈Th

δK

(
TyN ,

hK

|η|
TSSq

N
)

K

, yN , qN ∈ Y N ,

cs
(
uN , qN ;µ

)
:= −

∫
Ω

uN qN −
∑

K∈Th

δK

(
uN ,

hK

|η|
TSSq

N
)

K

, uN ∈ UN , qN ∈ Y N ,

Fs

(
qN ;µ

)
:= F

(
qN ;µ

)
+
∑

K∈Th

δK

(
f(µ),

hK

|η|
TSSq

N
)

K

, ∀qN ∈ Y N .

where δK is a local positive dimensionless parameter related to the element K ∈ Th, consequently
it can be different for each triangle, and (·, ·)K is the inner scalar product in L2(K). In (13),
a
(
yN , qN ;µ

)
=
(
TyN , qN

)
L2(Ω)

and F
(
qN ;µ

)
=
(
f, qN

)
L2(Ω)

, where f collects all forcing and

lifting terms of the problem.
For the remaining conditions of the optimality system, we will always consider m and n form as

the L2(Ωobs) and the L2(Ω) products for steady problems. The adjoint equation is an Advection-
Dominated equation, too, where the advective term has opposite sign with respect to the state one:
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indeed, T ∗ = TS − TSS from (12). We use the next SUPG forms for zN ∈ Y N :

(14)

a∗s
(
zN , pN ;µ

)
:= a∗

(
zN , pN ;µ

)
+
∑

K∈Th

δaK

(
(TS − TSS)p

N ,
hK

|η|
(−TSS) z

N
)

K

,

(
yN − yd, z

N ;µ
)
s
:=

∫
Ωobs

(yN − yd)z
N dx +

∑
K∈Th|Ωobs

δaK

(
yN − yd,

hK

|η|
(−TSS) z

N
)

K

,

where a∗ is the adjoint form of a, δaK is the positive stabilization parameter of the stabilized adjoint
equation. In our numerical experiments, we will always consider δK = δaK . Finally, the SUPG
optimality system for a steady OCP(µ) reads as:

(15)

discretized adjoint equation: a∗s
(
zN , pN ;µ

)
+
(
yN − yd, z

N ;µ
)
s
= 0, ∀zN ∈ Y N ,

discretized gradient equation: c∗
(
vN , pN ;µ

)
+ αn

(
uN , vN ;µ

)
= 0, ∀vN ∈ UN ,

discretized state equation: as
(
yN , qN ;µ

)
+ cs

(
uN , qN ;µ

)
= Fs(q

N ;µ), ∀qN ∈
(
QN )∗ .

We denote with Ks and KT
s the stiffness matrices related to the stabilized forms as and a∗s,

respectively, M is the not-stabilized mass matrix related to n, instead, Ms is the stabilized mass
matrix related to m after stabilization, Cs is the matrix linked to stable form cs, the block CT refers
to c, and fs is the vector that contains the coefficients of the stabilized force term as components.
Moreover, we consider with the symbol y, u and p as the vectors of coefficients of yN , uN and pN ,
expressed in terms of the nodal basis of Y N , UN , (QN )∗, respectively. Finally, the discretized block
system related to (15) is:

(16)

 Ms 0 KT
s

0 αM CT

Ks Cs 0

 y
u
p

 =

 Msyd

0
fs

 .

3.2. Setting for Stabilized Advection-Dominated OCP(µ)s - Unsteady case. We show the
SUPG approach for time-dependent OCP(µ)s proposed in [66]. A classical implicit Euler discretiza-
tion is applied to all forms including time-derivatives [3, 26, 52, 56, 57, 58]. We divide the time
interval (0, T ) in Nt sub-intervals of equal length ∆t := tj − tj−1, j ∈ {1, . . . , Nt}. Starting from this
framework, a discretization along time is done, where each discrete instant of time is considered as
a steady-state Advection-Dominated equation in a space-time approach [26, 52, 53, 56, 57, 58]. In
addition, SUPG stabilization occurs for time-dependent forms, too. The general scheme is described
as follows.

Let us firstly define the discrete vectors y =
[
yT1 , . . . , y

T
Nt

]T
, u =

[
uT
1 , . . . , u

T
Nt

]T
and p =[

pT1 , . . . , p
T
Nt

]T
, where yi ∈ Y N , ui ∈ UN and pi ∈ (QN )∗ for 1 ≤ j ≤ Nt. Also here, yj , uj

and pj indicate the column vectors containing the coefficients of the FEM discretization for state,
control and adjoint, respectively (unlike the steady case, there are not denoted in bold style). This
implies Ntot = 3 × Nt × N as the global dimension of the block system. We express all other
terms in based of the respective nodal basis. The vector representing the initial condition for the

state variable is y0 =
[
yT0 , 0

T , . . . , 0T
]T

, where 0 is the zero vector in RN , yd =
[
yTd1

, . . . , yTdNt

]T
is the vector including discrete time components of the discretized desired solution profile; instead,

fs =
[
fT
s1 , . . . , f

T
sNt

]T
corresponds to the stabilized forcing term. We recall that Y, U,Q are Hilbert

Spaces and, for the sake of simplicity, we assume Y N ≡ (QN )∗. So now we can see locally the time
block discretization.

• Adjoint equation: this equation is discretized backward in time using the forward Euler
method, which is equal to a backward Euler with respect to time T − t, for t ∈ (0, T ) [22].
Firstly, we add a stabilized term to the form related to ∂tp and a∗ defined as:

s∗
(
zN , pN (t);µ

)
=
∑

K∈Th

δK

(
−∂tp

N (t) + T ∗pN (t),−hK

|η|
TSSz

N
)

K

,
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where we define the form

(17) m∗
s

(
pN , zN ;µ

)
=
(
pN , zN

)
L2(Ω)

−
∑

K∈Th

δK

(
pN ,

hK

|η|
TSSz

N
)

K

.

Then, the time discretization is: for each j ∈ {Nt − 1, Nt − 2, ..., 1}, find pNj ∈ Y N s.t.

(18)
1

∆t
m∗

s

(
pNj (µ)− pNj+1(µ), z

N ;µ
)
+ a∗s

(
zN , pNj (µ);µ

)
= −

(
yNj − ydj , z

N ;µ
)
s

∀zN ∈ Y N ,

Considering MT
s as the matrix inherent to m∗

s, the block subsystem reads

MT
s pj = MT

s pj+1 +∆t
(
−MT

s yj −KT
s pj +MT

s ydj

)
for j ∈ {Nt − 1, Nt − 2, . . . , 1} .

Finally, we derive the following block system:
MT

s +∆tKT
s −MT

s

. . .
. . .

MT
s +∆tKT

s −MT
s

MT
s +∆tKT

s


︸ ︷︷ ︸

AT
s

p+


∆tMT

s y1
...
...

∆tMT
s yNt

=


∆tMT

s yd1

...

...
∆tMT

s ydNt

.

Setting the diagonal block matrixMT
s ∈ RN·Nt×RN·Nt with diagonal entries [MT

s , . . . ,MT
s ],

the adjoint system to be solved is: ∆tMT
s y +AT

s p = ∆tMT
s yd.

• Gradient equation. We seek the solution of α∆tMuj+∆tCT pj = 0, ∀j ∈ {1, 2, . . . , Nt} ,
which is equal to the following block system:

(19) α∆t


M

M
. . .

. . .

M


︸ ︷︷ ︸

M


u1

u2

...
uNt

+∆t


CT 0 · · ·

CT

. . .

CT


︸ ︷︷ ︸

CT


p1
p2
...

pNt

 =


0
0
...
0

 .

More compactly, we solve α∆tMu+∆tCTp = 0.
• State equation. A backward Euler method is used for a discretization forward in time. The
stabilized term related to ∂ty and the bilinear form a is [30, 39, 61]:

s
(
yN (t), qN ;µ

)
=
∑

K∈Th

δK

(
∂ty

N (t) + TyN (t),
hK

|η|
TSSq

N
)

K

,

where yN (t) ∈ Y N for each t ∈ (0, T ) and qN ∈ Y N . Defining the stabilized term ms as

(20) ms

(
yN , qN ;µ

)
=
(
yN , qN

)
L2(Ω)

+
∑

K∈Th

δK

(
yN ,

hK

|η|
TSSq

N
)

K

,

then the backward Euler approach reads as: for each j ∈ {1, 2, · · · , Nt}, find yNj ∈ Y N s.t.

(21)
1

∆t
ms

(
yNj (µ)− yNj−1(µ), q

N ;µ
)
+ as

(
yNj (µ), qN ;µ

)
+ cs

(
uN
j , qN ;µ

)
= Fs

(
qN ;µ

)
,

given the initial condition yN0 which satisfies
(
yN0 , qN

)
L2(Ω)

=
(
y0, q

N )
L2(Ω)

, ∀qN ∈ Y N .

The matrix state equation to be solved becomes

(22) Msyj +∆tKsyj +∆tCsuj = Msyj−1 + fsj∆t for j ∈ {1, 2, . . . , Nt} ,
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where the stabilized mass matrix of ms is Ms. Thus, we have
Ms +∆tKs 0

−Ms Ms +∆tKs 0
. . .

. . . 0
0 −Ms Ms +∆tKs


︸ ︷︷ ︸

As

y+∆t

 Cs 0

0
. . . 0
0 Cs


︸ ︷︷ ︸

Cs

u = Msy0 +∆tfs,

whereMs ∈ RN·Nt×RN·Nt is a block diagonal matrix which diagonal entries are [Ms, . . . ,Ms].
In a more compact notation, we have Asy+∆tCsu = Msy0 +∆tfs.

The final system considered and solved through an one-shot approach is the following:

(23)

 ∆tMT
s 0 AT

s

0 α∆tM ∆tCT

As ∆tCs 0

 y
u
p

 =

 ∆tMT
s yd

0
Msy0 +∆tfs

 .

4. Weighted ROMs for random inputs advection-dominated OCP(µ)s

Numerical simulations for OCP(µ)s can be very expensive in relation to computational time and
storage. To overcome this problem, in this work we will consider ROMs [7, 25, 43, 42, 41]. We will
study the case when the parameter µ can be affected by randomness, i.e. it can follow a particular
probability distribution. That is the case of random inputs OCP(µ)s. In this scenario, a suitable
modification of the ROMs, the wROM[12, 16, 14, 17, 18, 19, 51, 62, 64, 63], takes into account
the uncertainty quantification (UQ) of the problems and shows efficient results concerning errors
and computational time. For the sake of notation, from now on we denote a generic probability
distribution with the symbol ρ. ROM procedure is divided in two stages: an offline phase and an
online phase.

To exploit the potential of the ROMs setting, we assume an affine decomposition of the forms in
(15) [25]. Therefore, Assumption 4.0.1 is required here.

Assumption 4.0.1. We request that all the forms in (15) are affine in µ = (µ1, . . . , µp) ∈ P. More
precisely, we request that [16, 14]:

(1) the random diffusivity γ : Ω× P → R is of the form

(24) γ(µ, x) = γ0(x) +

p∑
k=1

θγk(µk)γk(x),

with γk ∈ L∞(Ω), for k = 0, . . . , p and θγk depending only on µk;
(2) the random advection field η : Ω× P → R2 is of the form

(25) η(µ, x) = η0(x) +

p∑
k=1

θηk(µk)ηk(x),

with ηk ∈ (L∞(Ω))2, for k = 0, . . . , p and θηk depending only on µk;
(3) the random forcing term f : Ω× P → R is of the form

(26) f(µ, x) = f0(x) +

p∑
k=1

θfk (µk)fk(x),

with fk ∈ L2(Ω), for k = 0, . . . , p and θfk depending only on µk.

For example, Assumption 4.0.1 can be satisfied by truncating a Karhunen–Loève expansion [49].
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4.1. Offline phase. The offline phase is the most expensive stage of the wROMs, which usually
depends on N . However, this should be done only once. The aim of this procedure is to build reduced
spaces Y N , UN and (QN )∗ that are good approximations of the high-fidelity ones and to compute
all block matrix components that are µ-independent. Then, everything is memorized in order to be
ready to be used in the online phase. The construction of the reduced basis is achieved through a
modified version of the POD algorithm: the wPOD [12, 63, 64], described in Section 4.1.1. Here,
we firstly compute high-fidelity evaluation of optimal solutions

(
yN (µ), uN (µ), pN (µ)

)
for different

parameters µ, the so-called snapshots, to build the bases. Because of good performance presented in
literature [31, 36, 55], this process will go through a partitioned approach, i.e. the wPOD is executed
separately for all three variables. After this step, the three reduced spaces for state, control, and
adjoint are constructed as, respectively,

(27)
Y N = span {ξyn, n = 1, . . . , N}, UN = span {ξun, n = 1, . . . , N} ,

(QN )∗ = span {ξpn, n = 1, . . . , N} .

In order to ensure well-posedness for the reduced space approximation, we need to implement an
enriched space for state and adjoint variables. This means to impose GN ≡ Y N ≡ (QN )∗, where

GN = span {σn, n = 1, . . . , 2N} and {σn}2Nn=1 = {ξyn}
N
n=1 ∪ {ξpn}

N
n=1 [21, 24, 31, 32, 37, 36]. This

whole discussion holds true for parabolic problems in a space-time context, too. As a matter of fact,
when dealing with time-dependent OCP(µ)s in a space-time approach, the time instances are not
separated in the wPOD algorithm. Therefore, each snapshot carries all the time instances.

4.1.1. Weighted Proper Orthogonal Decomposition. The peculiarity of wPOD is to take into account
the probability distribution that characterizes µ to create reduced spaces with less number of basis
with respect to the deterministic case without losing in accuracy [12, 63, 64]. We will notice that
there will be different ways to consider randomness in the wPOD: the general idea is to suitably
attribute a larger weight to those samples that are more significant according to the distribution of µ.
From now we will refer to the POD algorithm based on the Monte-Carlo procedure in a deterministic
context, i.e. when the distribution ρ is the uniform one, as Standard POD to distinguish it from
the wPOD. As we will consider a partitioned approach, we show the procedure for the state space:
adjoint and control variables will follow the same process.

To consider stochasticity, wPOD needs to find the N -dimensional space Y N , with N ≪ N , such
that it minimizes the following estimate:

(28) E =

√∫
P

inf
ζy∈Y N

∥yN (µ)− ζy∥2Y ρ(µ)dµ.

Let us consider a set of Ntrain ordered parameters µ1, . . . ,µNtrain
∈ PNtrain , where PNtrain ∈ P is a

discretization of P called the training set and its cardinality is |PNtrain
| = Ntrain. One can choose

Ntrain so that PNtrain
is a good approximation of P. We can relate µ1, . . . ,µNtrain

to the ordered

snapshots yN (µ1) , . . . , y
N (µNtrain

)
. Considering w : P → R+ a weight function, a discretization

of problem (28) is meant to find the N -dimensional space Y N which minimize the quantity

(29)
1

Ntrain

Ntrain∑
k=1

w (µk)
∥∥yN (µk)− yN (µk)

∥∥2
Y
.

One could think that the natural choice can be w(µ) = ρ(µ) and in a UQ context this means to
just discretize the expectation of the square error

(30) E
[∥∥yN − yN

∥∥2
Y

]
:=

∫
P

∥∥yN (µ)− yN (µ)
∥∥2 ρ(µ)dµ,

which is the argument of the square root in (28). However, this is not the unique choice in this
scenario: therefore it will be interesting to understand which method is better to approximate (30).
Here we illustrate different techniques that we use in the numerical tests in Section 5 to approximate
(30). Considering the training set PNtrain

=
{
µ1, . . . ,µNtrain

}
, which can be composed by the nodes
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of the chosen quadrature formula that approximates (30), we indicate with ω = (ω1, . . . , ωNtrain) the
standard weights of a chosen quadrature rule, with ρ1, . . . , ρNtrain the values of the density ρ in the
nodes in PNtrain

, and with w = (w1, . . . , wNtrain
) the definitive weights used in wPOD algorithm. For

a node µk, we have the correspondent quantities ωk, ρk, and wk. As a final result of this first step,
the wPOD furnished the following sum to minimize

(31)
1

Ntrain

Ntrain∑
k=1

wk

∥∥yN (µk)− yN (µk)
∥∥2
Y
,

which is achieved here through the following algorithms:

• Weighted Monte-Carlo method, where µ1, . . . ,µNtrain
are Ntrain parameters extracted from

the random variable µ according to its distribution ρ and ρi are the values of the density ρ in
these points. For this approximation, we have PNtrain

=
{
µ1, . . . ,µNtrain

}
and wk = ρ(µk),

for all k = 1, . . . , Ntrain;
• Pseudo-Random method based on a Halton Sequence, where µ1, . . . ,µNtrain

are the nodes
extracted by a sampling completely based on the Halton sequence [60] and ρk = ρ(µk). Also
in this case, PNtrain =

{
µ1, . . . ,µNtrain

}
and wk = ρk, for all k = 1, . . . , Ntrain;

• Tensor product Gauss-Jacobi rule, where µ1, . . . ,µNtrain
are the nodes of the tensor product

Gauss-Jacobi quadrature rule and ω1, . . . , ωNtrain
are the correspondent quadrature weights.

We can use this formula when the distribution is a Beta(αk, βk), as suitable Jacobi polyno-
mials are orthogonal to this distribution [45]. As a matter of fact, simulations in Section 5
will consider different Beta distributions for all components of µ. Therefore, we implement
a Gauss-Jacobi formula using (αk, βk) as its parameters in each dimension [45], accordingly
to the distribution of µ. For this approximation, we have PNtrain

=
{
µ1, . . . ,µNtrain

}
and

wk = ωk, for all k = 1, . . . , Ntrain;
• Tensor product Clenshaw-Curtis rule, where µ1, . . . ,µNtrain

are the nodes of the tensor prod-
uct Clenshaw-Curtis quadrature rule and ω1, . . . , ωNtrain are the correspondent quadrature
weights [60]. In this case we obtain PNtrain =

{
µ1, . . . ,µNtrain

}
and wk = ρkωk, for all

k = 1, . . . , Ntrain.

In numerical tests of Section 5, we will respectively call as Weighted Monte-Carlo, Pseudo-
Random, Gauss-Jacobi, and Clenshaw-Curtis wPOD algorithms the rules just specified. As it is
known, tensor rules can be efficient, but their structure implies huge computational costs for elevate
cardinality of the training set Ptrain or high-dimensional parameter space P. For this purpose, when
we will use Clenshaw-Curtis or Gauss-Jacobi methods, we will consider sparse grid techniques based
on a Smolyak algorithm, too [50, 65]: we will implement isotropic ones [38].

We remark that in convection-dominated problems the choice of the distribution and of the
quadrature rule can represent an issue. It is important to have enough stabilized information and
a peculiar way to pick the parameters may lead to unstable snapshots. Indeed, instabilities in the
snapshots may affect the reliability of the basis functions causing a poor online approximation of
the phenomenon. This, however, was not the case in our numerical results, where the numerical
stabilization is suited to tackle the whole parametric space. Therefore, the performance of the
different weighted POD algorithms are exclusively based on how they sample from the parameter
space and how the related snapshots are properly weighted.

Once chosen the rule (29) to approximate (30), the procedure to minimize (29) is described as
follows. Let us define the deterministic correlation matrix of the snapshots of the state variable
Dy ∈ RNtrain×Ntrain in the following way:

(32) Dy
kl :=

1

Ntrain

(
yN (µk) , y

N (µl)
)
Y
, 1 ≤ k, l ≤ Ntrain.

Firstly, we define the weighted correlation matrix as

(33) W y := W ·Dy,

where W := diag(w1, · · · , wNtrain) is the diagonal matrix whose elements are the weights of (29).
The matrix W y is not symmetric in the usual matrix sense, but with respect to the scalar product
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induced by W y, hence W y is diagonalizable anyway [63]. Therefore, we seek the solution of the
eigenvalue problem W ygyn = λy

ng
y
n, 1 ≤ n ≤ Ntrain, where ∥gyn∥Y = 1, i.e. we pursue to find an

eigenvalue λy
n with the relative eigenvector of norm equal to one. We will indicate with (gyn)t the t-

th component of the eigenvector gyn ∈ RNtrain . For the sake of simplicity, we rearrange the eigenvalues
λy
1, . . . , λ

y
Ntrain

in a decreasing layout. Then, let us look at the first N eigenvalue-eigenvector pairs

(λy
1, g

y
1 ), . . . , (g

y
N , λy

N ). The basis functions χy
n for the state equation are constructed through the

following relation:

(34) ζyn =
1√
λy
n

Ntrain∑
t=1

(gyn)t y
N (µk) , 1 ≤ n ≤ N.

In order to choose N , one can refer to same study of eigenvalues of W y [25, 41, 64]. At the end, our
reduced spaces are built as (27) and, then, enriched spaces are constructed.

We summarise the whole wPOD procedure for OCP(µ)s in Algorithm 1.

Algorithm 1 Weighted POD algorithm for OCP(µ) problems through a partitioned approach

Input: FEM spaces Y N , UN , and (QN )∗ parameter domain P, and Ntrain.

Output: reduced spaces Y N , UN and (QN )∗.

Considering the high-fidelity spaces Y N , UN and (QN )∗:

1: Choose a quadrature rule (29) to approximate (30). This step defines a sample Ptrain ⊂ P and
the respective weights w1, . . . , wNtrain

. Define the matrix W := diag(w1, · · · , wNtrain
) ;

2: for all µ ∈ Ptrain do
3: Solve the high-fidelity SUPG OCP(µ) system (15);
4: end for
5: Calculate the matrices Dy

kl :=
1

Ntrain

(
yN (µk) , y

N (µl)
)
Y
, 1 ≤ k, l ≤ Ntrain and W y := W ·Dy.

Do the same for the control u and the adjoint p;
6: Compute eigenvalues λy

1, . . . , λ
y
Ntrain

and the corresponding orthonormalized eigenvectors

gy1 , . . . , g
y
Ntrain

of W y. Do the same procedure for u and p variables;

7: Fix N according to a certain criterion and construct Y N = span {ξyn, n = 1, . . . , N}, where

ξyn = 1√
λy
n

∑Ntrain

t=1 (gyn)t y
N (µk). Do the same for u and p variables.

8: Build the aggregated space GN = span
{
{ξyn}

N
n=1 ∪ {ξpn}

N
n=1

}
and set GN ≡ Y N ≡ (QN )∗.

4.2. Online phase. In this stage, all operations have usually a N -independent cost. This process
reflects to be computationally cheap and, therefore, it can be recalled multiple times using small
machine resources. Firstly, we choose a parameter µ. We get all the µ-independent quantities and
reduced spaces back from the storage. Immediately, we combined parameter independent part with
the µ-dependent ones, which are rapidly calculated here. Then a Galerkin projector onto Y N , UN

and (QN )∗ is performed, computing the reduced solution yN , uN and pN through a reduced block
matrix system. As previously seen in Section 3, a stabilization is needed in the truth approximation.
However, it could also not be the case for the online stage. This scenario leads to two possibilities:
we do not use SUPG in the online phase, Offline-Only stabilization, or, on the contrary, stabilization
occurs also here Offline-Online stabilization.

5. Numerical Results

In this last part, we illustrate numerical simulations concerning two Advection-Dominated OCP(µ)s
under random inputs: the Graetz-Poiseuille Problem and the Propagating Front in a Square Prob-
lem. In both experiments, the parameter µ will be a random vector and it will follow a prescribed
probability density function that will be specified. The deterministic version of both experiments
can be founded in [66].
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The Offline approximation will be always based on a P1−FEM, which means to consider a finite
element method characterized by polynomials of degree less or equal than 1. In steady and unsteady
simulations, the same stabilization parameter δK will be employed for both stabilization in the high-
fidelity approximation and in the Online phase: namely in Offline-Online stabilization, δK is the
same for both phases.

For each simulation, relative errors between the FEM and the reduced solutions, i.e.
(35)

ey,N (µ) :=

∥∥yN (µ)− yN (µ)
∥∥
Y

∥yN (µ)∥Y
, eu,N (µ) :=

∥∥uN (µ)− uN (µ)
∥∥
U

∥uN (µ)∥U
, ep,N (µ) :=

∥∥pN (µ)− pN (µ)
∥∥
Q∗

∥pN (µ)∥Q∗
,

for the state, the control and the adjoint, respectively, will be shown. Due to the parametric nature
of the problems, for each quantity in (35) a simple average is computed for µ distributed according
to its probability density in a testing set Ptest ⊆ P of size Ntest, for every dimension N = 1, . . . , Nmax

of the reduced space built through a chosen wPOD procedure. In every graph, the base-10 logarithm
of these averages will be shown. When we will specify to use a POD procedure based on a Monte-
Carlo sampling [60] of a uniform density distribution, we will talk about Standard POD. In order
to compare the different wPOD possibilities, we use the same testing set for all of them: it will be
taken using a Monte-Carlo method according to the distribution of µ. Moreover, the same testing
set will be used to compute the projection error of the FEM space into the POD one for all the
three variables. Obviously, the performance of the Standard POD will be based on a testing set of
uniform density. The sum of the errors with respect to each discretized instant of time t will be
taken into account in the unsteady versions.

In order to compare the computational cost between the FEM solution with that of the reduced
one for any possible dimension N , we use the speedup-index, i.e.

(36) speedup-index =
computational time of the high-fidelity solution

computational time of the reduced solution
,

which will be calculated for any µ in the testing set. Again, we will show its sample average
for any dimension N . For each test case, we will use the same Ptest to compute relative errors and
the speedup-index. The steady experiments are run using a machine with 16GB of RAM and Intel
Core i7-7500U Dual Core, 2.7GHz for the CPU; whereas all parabolic simulations are computed
considering 16GB of RAM and Intel Core i7− 7700 Quad Core, 3.60GHz for the CPU.

The code concerning steady experiments is implemented using the RBniCS library [2]; instead,
the unsteady ones are provided using both RBniCS and multiphenics [1] libraries. These are Python-
based libraries, built on FEniCS [33].

5.1. Numerical Tests for the Graetz-Poiseuille Problem. The Graetz-Poiseuille problem is
an Advection-Diffusion problem that represents the heat conduction in a rectilinear pipe. Here the
transfer of heat can be regulated through the walls of the duct, which can be held at a certain fixed
temperature [23, 39, 48, 62].

Firstly, we present simulation concerning the stationary case, where a distributed control is em-
ployed all over the whole domain. The parameter µ = (µ1, µ2) is composed by the diffusion compo-
nent µ1 and the geometrical one µ2, which characterizes the length of the plate.

The problem is studied using (x0, x1) as spatial coordinates. Ωo is the domain observed for a
certain value µ2 with boundary Γo. We deal with homogeneous Neumann boundary conditions
(BC) on Γo,3 := {1 + µ2} × [0, 1] considering Figure 1. Instead, Dirichlet conditions are set on sides
Γo,1 := [0, 1]×{0}, Γo,5 := [0, 1]×{1}, Γo,6 := {0}×[0, 1] by imposing y = 0 and Γo,2 := [1, 1+µ2]×{0}
and Γo,4 := [1, 1 + µ2]× {1} by imposing y = 1.

The formulation of the problem is the following: given µ ∈ P, find (y, u) ∈ Ỹ × U which solves

min
(y,u)

1

2

∫
Ωobs(µ)

(y(µ)− yd)
2 dΩo(µ) +

α

2

∫
Ωo(µ)

u(µ)2 dΩo(µ), such that
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Ωobs

Ωobs

Ωo

Γo,1 Γo,2

Γo,3

Γo,4Γo,5

Γo,6

(0,0)
(1,0) (1+µ2,0)

(1+µ2,0.2)

(1+µ2,0.8)

(1+µ2,1)(1,1)
(0,1)

Figure 1. Geometry of the Graetz-Poiseuille Problem.

(37)



− 1

µ1
∆y(µ) + 4x1(1− x1)∂x0y(µ) = u(µ), in Ωo(µ),

y(µ) = 0, on Γo,1(µ) ∪ Γo,5(µ) ∪ Γo,6(µ),

y(µ) = 1, on Γo,2(µ) ∪ Γo,4(µ),
∂y(µ)

∂ν
= 0, on Γo,3(µ),

where Ỹ :=
{
v ∈ H1

(
Ωo

)
s.t. it satisfies the BC in (37)

}
and U = L2(Ωo). For the sake of clarity,

a lifting function Ry ∈ H1(Ω) that fulfills the BC in (37) is used. Consequently, the variable
ȳ := y −Ry, with ȳ ∈ Y , is used, where

Y :=
{
v ∈ H1

0

(
Ω
)
s.t.

∂ȳ

∂ν
= 0, on Γ3 and ȳ = 0 on Γ \ Γ3

}
.

Furthermore, we settle Q := Y ∗ without any loss of generality. Therefore, the adjoint variable p
is null on Γ \ Γ3. The observation domain is Ωobs := [1, 1 + µ2] × [0.8, 1] ∪ [1, 1 + µ2] × [0, 0.2] as
illustrated in Figure 1. The value µ2 can change the domain under study. Having that the domain
Ωo is µ-dependent itself, in the Offline Phase snapshots are based on different domains due to the
sampling of the geometrical parameter components [25, 43, 47, 46]. To deal with the geometrical
parametrization of the problem, we set a reference domain Ω and we build affine maps that transform
Ω in Ωo for a defined µ. This procedure implies an automatic modification of some bilinear and
linear forms involved in the weak formulation of Problem (37).

We choose Ω = (0, 2) × (0, 1) as reference domain, that is the original one Ωo(µ) corresponding
to µ2 = 1. We assume that µ2 is positive for the sake of simplicity. Considering Figure 1, we divide
this into 2 subdomains, which are defined as Ω1 = (0, 1)× (0, 1) and Ω2 = (1, 2)× (0, 1). Then, we
build two affine transformations:

(38) V1(µ) : Ω1 → Ωo,1(µ) ⊂ R2, such that V1

((
x
y

)
;µ

)
:=

(
x
y

)
,

which is the identity map defined on the first subdomain Ω1 and V2(µ) : Ω2 → Ωo,2(µ) ⊂ R2 as

(39) V2

((
x
y

)
;µ

)
=

(
µ2x
y

)
+

(
1− µ2

0

)
= R2

(
x
y

)
+

(
1− µ2

0

)
,

where we have

(40) R2 :=

(
µ2 0
0 1

)
.

Glueing together V1 and V2 for each µ ∈ P, we manage to build a one-to-one transformation V (µ)
defined all over Ω. We denote the restrictions of Th to Ω1 and Ω2 with T 1

h and T 2
h , respectively.
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Therefore, we can express all the forms of the weak formulation under the effect of this transforma-
tion. For instance, after possible lifting, we have as = a+ s and a∗s = a∗ + s∗ as

a
(
yN , qN ;µ

)
: =

∫
Ω1

1

µ1
∇yN · ∇qN + 4x1(1− x1)∂x0

yN qN

+

∫
Ω2

1

µ1µ2
∂x0y

N∂x0q
N +

µ2

µ1
∂x1y

N∂x1q
N + 4x1(1− x1)∂x0y

N qN ,

s
(
yN , qN ;µ

)
: =

∑
K∈T 1

h

δKhK

∫
K

(
4x1(1− x1)∂x0

yN
)
∂x0

qN

+
∑

K∈T 2
h

δK
hK√
µ
2

∫
K

(
4x1(1− x1)∂x0

yN
)
∂x0

qN ,

a∗
(
zN , pN ;µ

)
: =

∫
Ω1

1

µ1
∇pN · ∇zN − 4x1(1− x1)∂x0

pN zN

−
∫
Ω2

1

µ1µ2
∂x0p

N∂x0z
N − µ2

µ1
∂x1p

N∂x1z
N − 4x1(1− x1)∂x0p

N zN ,

s∗
(
zN , pN ;µ

)
: =

∑
K∈T 1

h

δKhK

∫
K

(
4x1(1− x1)∂x0

pN
)
∂x0

zN

+
∑

K∈T 2
h

δK
hK√
µ
2

∫
K

(
4x1(1− x1)∂x0

pN
)
∂x0

zN ,

for all yN , qN , zN , pN ,∈ Y N . In order to take into account the possible bad effect on stabilized
forms due to an extension or shortening of our domain Ωo, we choose the stabilization parameter
for K ∈ T 2

h as δK
hK√
µ2
, where

√
µ2 =

√
|det(R2)| [37, 39, 61].

For the FEM discretization, a quite coarse mesh of size h = 0.034 is used and the total dimension
of the numerical problem is 13146. We take δK = 1.0 for all K ∈ Th. The parameter space is set
as P :=

[
1, 105

]
×
[
0.5, 1.5

]
, from which we want to extract a training set Ptrain with cardinality

Ntrain = 100. For the n bilinear form, we consider a penalization α = 0.01. Our aim is to minimize
the L2-error between the state and the desired solution profile yd(x) = 1.0, function defined on Ωobs

of Figure 1. Each wPOD procedure is computed until a Nmax = 20 in a partitioned approach and
then all algorithms are compared using a testing set Ptest of 100 elements in P.

We suppose that µ follows a Beta(5, 3) distribution for both parameter µ1 and µ2, i.e.

(41)
µ1 ∼ 1 +

(
105 − 1

)
X1, where X1 ∼ Beta(5, 3),

µ2 ∼ 0.5 +
(
1.5− 0.5

)
X2, where X2 ∼ Beta(5, 3),

where µ1 and µ2 are independent random variables. This implies that we consider more probable
the parameters for which the Graetz-Poiseuille Problem has high values of the Péclet number. In
Figure 2, we highlight how the FEM solutions of the state and the control are for µ = (105, 1.5).
The adjoint solution is not shown here because it is proportional to the control due to the gradient
equation [20]. From Figure 2, one can see that a stabilization is necessarily needed.

In order to have a complete view of the ROM procedure, in Figure 3 we first illustrate the grid
points for the quadrature procedures explained in Section 4.1.1, so that we can see which points are
taken during the sampling procedure before being weighted according to the prescribed rule. One
can notice that in the tensor rules and in the Smolyak technique with Clenshaw-Curtis procedure
several points lie close to the boundary. Therefore, it is expected that those snapshots are pretty
much different from the ones of a distribution that is more concentrated inside the domain, for
instance, as (41). In this way, we have a poor representation of the behaviors that are more likely to
happen. Singular value decay of the snapshots matrices is shown in Figure 4 and later the projection
error onto the POD space in Figure 5 so as to compare it with the ones between ROM and FEM
solutions in Figures 6 and 7, respectively. In Figure 4 we see that generally, all the procedures
show a decreasing tendency over N ; however, the weighted Monte-Carlo strategy overcomes all the
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Figure 2. (top) FEM not stabilized and (bottom) FEM stabilized solution, y (right) and

u (left), µ = (105, 1.5), h = 0.034, α = 0.01, δK = 1.0.

Figure 3. Grid points for the quadrature formulae of the weighted POD regarding the
Graetz-Poiseuille Problem; (top) Monte-Carlo method with µ following distribution (41)

on the parameter space P (left), Smolyak grid based on a Gauss-Jacobi rule (center),
Tensor grid based on a Gauss-Jacobi rule (right); (bottom) Pseudo-Random method based

on a Halton sequence (left), Smolyak grid based on a Clenshaw-Curtis rule (center), Tensor
grid based on a Clenshaw-Curtis rule (right).

other procedures by at least a factor of 104. This means that weighted Monte-Carlo POD needs less
reduced basis to reach good accuracy levels for all three variables. This phenomenon also reflects
in the projection errors (and in the Offline-Online ones, too), where the distance between the FEM
space and the ROM one is always definitely smaller using the weighted Monte-Carlo POD. This trend
of the projection errors indicates that the performance differences for the relative errors shown later
will be due to the different approximation quality of weighted POD spaces and not provoked by
some effect on the ROMs built on top of these spaces.
We remark that a different number of bases for the three variables can be chosen using truncation
error tolerances, but for the sake of simplicity (and following the code implementation of the RBniCS
library [2]) we define a priori value of N for all the variables.
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Figure 4. Singular values decay for the snapshot matrices for the Graetz-Poiseuille Prob-
lem with µ following distribution (41) on the parameter space P; State (left), Control
(center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-

Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule
(cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton
numbers (pink).

Figure 5. Projection Errors onto the POD space for the Graetz-Poiseuille Problem with µ
following distribution (41) on the parameter space P; State (left), Control (center), Adjoint
(right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-Jacobi tensor rule

(green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule (cyan), Clenshaw-
Curtis Smolyak grid (dark green), Pseudo-Random based on Halton numbers (pink).

We firstly exploit the Offline-Only stabilization procedure, which results regarding errors are
shown in Figure 6. The performance is not good for any kind of wPOD. Moreover, the Standard
POD does not perform good, either. Relative errors never drop under 10−2 for any variables. All of
them do not follow the same trends as the corresponding projection errors in Figure 5, which means
that the Offline-Only Galerkin projector is not closed to the orthogonal one between the ROM and
the FEM spaces. This implies that more stabilization is necessary in this case. In Figure 7, relative
errors of the Offline-Online stabilization procedure are presented. Here the trend seems better than
the Offline-Only one, because these quantities decay faster along the value of N , following a similar
behavior with respect to the projection errors in Figure 5, as one would have expected from previous
considerations. The wPOD Monte-Carlo is the best performer for all y, u, p variables, as a matter
of fact, it reaches ey,16 = 2.13 · 10−7 for the state, for the adjoint ep,16 = 3.95 · 10−7 and the
control eu,16 = 3.80 · 10−7. This procedure has a better performance of the Standard POD, which
its accuracy is at least 100 times inferior to the wPOD Monte-Carlo after N > 11. Concerning
other rules, it can be noticed that Smolyak grid techniques perform better than their tensor-rule
counterparts, despite having a training set whose cardinality is similar, but less of 100: 93 and 91 for
the Clenshaw-Curtis and Gauss-Jacobi sparse grids, respectively. In Figure 8, we visually compare
the two possibilities of stabilization for the geometrical parametrization of the Graetz-Pouiseuille
problem for the wPOD Monte-Carlo. In Table 1, we compare the speedup-index for all wPOD
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Figure 6. Relative Errors for the Graetz-Poiseuille Problem with µ following distribution
(41) on the parameter space P - Offline-Only Stabilization; State (left), Control (center),
Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-Jacobi ten-

sor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule (cyan),
Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton numbers
(pink).

Figure 7. Relative Errors for the Graetz-Poiseuille Problem with µ following distribution
(41) on the parameter space P - Offline-Online Stabilization; State (left), Control (center),
Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-Jacobi ten-

sor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule (cyan),
Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton numbers
(pink).
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Figure 8. (top) wPOD Monte-Carlo Offline-Only stabilized and (bottom) Offline-Online

stabilized solution, y (right) and u (left), µ = (105, 1.5), h = 0.034, α = 0.01, Ntrain = 100,
δK = 1.0, N = 20.

Speedup-index Graetz-Poiseuille Problem: Offline-Online Stabilization - µ1, µ2 ∼ Beta(5,3)
N POD wPOD Gauss tensor Gauss Smolyak CC tensor CC Smolyak Ps. Random
4 113.0 108.9 110.1 110.1 106.5 109.4 112.0
8 108.4 105.1 104.9 106.1 102.1 105.9 107.4
12 103.3 100.2 99.9 99.8 99.1 96.9 101.7
16 97.2 92.5 95.1 94.5 92.6 94.2 96.9
20 90.5 87.3 87.0 88.0 85.8 86.3 89.7

Table 1. Average Speedup-index of Offline-Online Stabilization for the Graetz-Poiseuille
Problem under geometrical parametrization. From left to right: Standard POD, wPOD
Monte-Carlo, Gauss-Jacobi tensor, Gauss-Jacobi Smolyak grid, Clenshaw-Curtis tensor,
Clenshaw-Curtis Smolyak grid, Pseudo-Random based on Halton numbers.

algorithms. We see that computational values are all of the same order of magnitude. For the
wPOD Monte-Carlo we calculate 87 reduced solutions in the time of a FEM one.

We ran other experiments concerning two more distributions regarding the Graetz-Poiseuille
Problem with the same parameter space P. For the sake of brevity, we only show the error for the
Offline-Online Stabilization procedure. The first distribution that we study is the following one

(42)
µ1 ∼ 1 +

(
105 − 1

)
X1, where X1 ∼ Beta(10, 10),

µ2 ∼ 0.5 +
(
1.5− 0.5

)
X2, where X2 ∼ Beta(10, 10).

In Figure 9, we see again that the Weighted Monte-Carlo method performs very well in terms of
accuracy Finally, we simulate the same problem with the following distribution of the parameter on
P

(43)
µ1 ∼ 1 +

(
105 − 1

)
X1, where X1 ∼ Beta(20, 20),

µ2 ∼ 0.5 +
(
1.5− 0.5

)
X2, where X2 ∼ Beta(20, 20),

where we concentrate even more the information in the middle of the parameter space. As expected,
all quadrature rules that have several samples close to the boundary do not perform as well as the
Weighted Monte-Carlo. We can see the trend of the errors in Figure 10.

Now we want to present the parabolic version of Problem (37). This unsteady problem has been
studied without optimization in [39, 62] in a deterministic context and in [62] in a UQ one. Instead,
the deterministic OCP(µ) Graetz Problem under boundary control without Advection-dominancy
is studied in [56, 54] and the deterministic distributed control configuration is analyzed in [66].
Recalling Figure 1, for a fixed T > 0 the unsteady Graetz-Poiseuille Problem is posed as follows:
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Figure 9. Relative Errors for the Graetz-Poiseuille Problem with µ following distribution
(42) on the parameter space P- Offline-Online Stabilization; State (left), Control (center),
Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-Jacobi ten-

sor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule (cyan),
Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton numbers
(pink).

Figure 10. Relative Errors for the Graetz-Poiseuille Problem with µ following distribu-
tion (43) on the parameter space P- Offline-Online Stabilization; State (left), Control
(center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-

Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule
(cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton
numbers (pink).

find (y, u) ∈ Ỹ × U which solves

min
(y,u)

1

2

∫
Ωobs(µ)×(0,T )

(y(µ)− yd)
2 dΩ+

α

2

∫
Ω(µ)×(0,T )

u(µ)2 dΩ, such that

(44)



∂ty(µ)−
1

µ1
∆y(µ) + 4x1(1− x1)∂x0y(µ) = u(µ), in Ω(µ)× (0, T ),

y(µ) = 0, on Γ1 ∪ Γ5 ∪ Γ6 × (0, T ),

y(µ) = 1, on Γ2(µ) ∪ Γ4(µ)× (0, T ),
∂y(µ)

∂ν
= 0, on Γ3(µ)× (0, T ),

y(µ)(0) = y0(x), in Ω(µ).

As made in the steady version, we first consider a lifting procedure. Simulations are run following
the space-time setting proposed in Section 3.2 for a prearranged number of time-steps Nt.

The initial condition is y0(x) = 0 for all x ∈ Ω referring to Figure 1 and we set T = 3.0. The
penalization parameter is α = 0.01 and we want the state solution to be similar in the L2-norm to
a desired solution profile yd(x, t) = 1.0, function defined for all t ∈ (0, 3.0) and for all x in Ωobs in
Figure 1. Choosing Nt = 30, the time step is ∆t = 0.1. For the spatial discretization, a quite coarse
mesh of h = 0.038 is implemented: consequently, the total high-fidelity dimension is Ntot = 314820
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Figure 11. Singular values decay for the snapshot matrices for the Parabolic Graetz-
Poiseuille Problem; State (left), Control (center), Adjoint (right); Standard POD (blue),

wPOD Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak
grid (red), Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green),
Pseudo-Random based on Halton numbers (pink).

and a single FEM space is characterized by N = 3498 for a fixed instant t . Again, δK = 1.0 for all
K ∈ Th. We take P :=

[
1, 105

]
×
[
1, 3.0

]
and µ is determined by the probability distribution

(45)
µ1 ∼ 1 +

(
105 − 1

)
X1, where X1 ∼ Beta(5, 3),

µ2 ∼ 1.0 +
(
3.0− 1.0

)
X2, where X2 ∼ Beta(5, 3).

We choose a training set Ptrain of cardinality Ntrain = 100 (with the exception of sparse grids,
which have similar cardinality) and we performed the wPOD algorithms with Nmax = 15. In Figure
11 we show the trend of decay of the singular values. As in space-time ROM OCPs, the time
instances are not separated in the POD procedure, any space-time problem is analyzed as a steady
one and each snapshot carries all the time instances describing the whole evolution of the dynamics
in [0, T ]. That is why the values of the singular values are huge, even though always decrease
over the size N . It is worth noticing that any Clenshaw-Curtis-based procedure does not show a
good decay trend, therefore, and one should expect an underperforming outcome for their relative
errors as we will show later on. Instead, all the other strategies present better results, especially
the weighted Monte-Carlo, which is the method that in principle can reach better accuracy for the
three variables. Instead, in Figure 12 the projection errors onto the POD spaces are shown. As the
space-time approach is reflected in snapshots that describe the whole time instances, the differences
among the studied strategies are more highlighted. The weighted Monte-Carlo and the two Gauss-
Jacobi-based methods show the better possibility to reach smaller errors a priori, a possibility that
will be actually reflected in the case of the relative errors in Figure 14 later on, too. In Figure
13 we present relative errors related to Offline-Only stabilization. Also in the parabolic case, this
procedure does not perform well. Therefore an online stabilization is needed. As a matter of fact,
one can see in Figure 14 that the trends for Offline-Online stabilization seem a lot better than the
previous strategy. Besides the Clenshaw-Curtis quadrature rule, errors decrease along the dimension
N . For the time-dependent cases we averaged the contribution in the testing set of the errors defined
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Figure 12. Projection Errors onto the POD space for the Parabolic Graetz-Poiseuille
Problem; State (left), Control (center), Adjoint (right); Standard POD (blue), wPOD

Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red),
Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-
Random based on Halton numbers (pink).

Figure 13. Relative Errors for the Parabolic Graetz-Poiseuille Problem - Offline-Only
Stabilization; State (left), Control (center), Adjoint (right); Standard POD (blue), wPOD

Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red),
Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-
Random based on Halton numbers (pink).
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Figure 14. Relative Errors for the Parabolic Graetz-Poiseuille Problem - Offline-Online
Stabilization; State (left), Control (center), Adjoint (right); Standard POD (blue), wPOD

Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red),
Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-
Random based on Halton numbers (pink).

Speedup-index Parabolic Graetz-Poiseuille Problem: Offline-Online Stab. - µ1, µ2 ∼ Beta(5,3)
N POD wPOD Gauss tensor Gauss Smolyak CC tensor CC Smolyak Ps. Random
3 14299.7 14571.0 13970.7 14013.4 14524.6 14578.1 14106.2
6 14666.3 15393.5 14621.8 14952.8 15302.6 15117.8 14482.0
9 14245.6 14803.1 14125.6 14546.5 14756.7 14608.5 13986.9
12 13693.6 14206.2 13554.3 13935.7 14050.5 14075.4 13453.0
15 13090.9 13606.4 13055.8 13455.1 13548.6 13544.0 12875.2

Table 2. Average Speedup-index of Offline-Online Stabilization for the Parabolic Graetz-
Poiseuille Problem under geometrical parametrization. From left to right: Standard POD,
wPOD Monte-Carlo, Gauss-Jacobi tensor, Gauss-Jacobi Smolyak grid, Clenshaw-Curtis
tensor, Clenshaw-Curtis Smolyak grid, Pseudo-Random based on Halton numbers.

in (35) where all the time instances are considered as components of the same high fidelity vector.
Again, the best performance is given by the wPOD Monte-Carlo, where the following values are
reached for N = 14: ey,14 = 9.71 · 10−7,ep,14 = 9.21 · 10−7, and eu,14 = 2.64 · 10−7. Finally, in Table
2 we illustrate the performance of the speedup-index. All weighted algorithms performs similar: we
compute an order of magnitude of 104 reduced solution in the time of a FEM one. This efficiency is
given by the nature of the space-time procedure, where each snapshot carries all the time instances,
and the reduction is very effective.

5.2. Numerical Tests for Propagating Front in a Square Problem. Here we analyze an
Advection-Dominated PDE problem illustrated without control in a deterministic and in a stochastic
context in [39, 62] and in [62], respectively. A distributed control is applied all over the domain Ω,
which is the square (0, 1)× (0, 1), as shown under Cartesian coordinates (x0, x1) in Figure 15. The
boundary is composed as follows: Γ1 := {0} × [0, 0.25], Γ2 := [0, 1] × {0}, Γ3 := {1} × [0, 1],
Γ4 := [0, 1]× {1}, Γ5 := {0} × [0.25, 1]; instead Ωobs := [0.25, 1]× [0.75, 1]. Given µ = (µ1, µ2), our
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Γ1

Γ2
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(1,0)
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Figure 15. Geometry of the Propagating Front in a Square Problem

aim is to solve the following OCP(µ) problem: find (y, u) ∈ Ỹ × U which solves

min
(y,u)

1

2

∫
Ωobs

(y(µ)− yd)
2 dΩ+

α

2

∫
Ω

u(µ)2 dΩ, such that

(46)


− 1

µ1
∆y(µ) + [cosµ2, sinµ2] · ∇y(µ) = u(µ), in Ω,

y(µ) = 1, on Γ1 ∪ Γ2,

y(µ) = 0, on Γ3 ∪ Γ4 ∪ Γ5.

In this case, we have that the domain of definition of our state y is

Ỹ :=
{
v ∈ H1

(
Ω
)
s.t. BC in (46)

}
.

Again, we define a lifting function Ry ∈ H1
(
Ω
)
such that satisfies BC in (46), applying a lifting

procedure before the Lagrangian approach. We define ȳ := y − Ry, with ȳ ∈ Y and Y := H1
0 (Ω),

U = L2(Ω) and Q := Y ∗, with p = 0 on ∂Ω.
The mesh size h is equal to 0.025, which entails an overall dimension of the truth approximation

of 12087. Consequently, we have N = 4029 for state, control and adjoint spaces. Concerning
stabilization, δK = 1.0 for all K ∈ Th. The penalization parameter is α = 0.01 and we pursue the
state solution to be similar in the L2-norm to yd(x) = 0.5, defined for all x in Ωobs of Figure 15. In
our test cases, P :=

[
1, 4 · 104

]
×
[
0.9, 1.5

]
and µ follow the subsequent probability distribution:

(47)
µ1 ∼ 1 +

(
4 · 104 − 1

)
X1, where X1 ∼ Beta(10, 10),

µ2 ∼ 0.9 +
(
1.5− 0.9

)
X2, where X2 ∼ Beta(10, 10),

where µ1 and µ2 are independent random variables. The training set Ptrain and the testing set
Ptest have both cardinality equal to ntrain = 100, with exception of sparse grid samplings, whose
cardinality is similar to 100. In Figure 16 the grid points for different sampling strategies of the
weighted POD are illustrated. Similarly to the other example, by using tensor rules or the Smolyak
technique with Clenshaw-Curtis quadrature, several points are taken close to the boundary. Thus,
one would expect a lower performance of those rules according to the distribution (47).

We apply a wPOD procedure for a Nmax = 50 dimension. In Figures 17 and 18, we plot the
singular value decay for the snapshot matrices and the projection errors for the three variables,
respectively. Concerning the singular values, we see that the best performance still belongs to
the weighted Monte-Carlo. It is the case for the projection errors, too, where we also notice that
some procedures (Clenshaw-Curtis and Gauss-Jacobi tensor rule) fill their accuracy before reaching
N = 50. This implies that a priori, those methods are not the best strategies to build a weighted
POD model for this kind of problem. In Figure 19, we show the performance of relative errors
for the Offline-Only stabilization procedure. As in the Graetz-Poiseuille Problem, these trends are
not acceptable, as no quantity drops under 10−1 for all state, control and adjoint variables. All
these quantities do not follow the same behaviors as the projection errors in Figure 18. Therefore,
a stabilization applied in the Online Phase is needed, too. In Figure 20, relative errors for Offline-



24 STABILIZED WEIGHTED ROMS FOR ADVECTION-DOMINATED OCPS WITH RANDOM INPUTS

Figure 16. Grid points for the quadrature formulae of the weighted POD regarding the
Propagating Front in a Square Problem; (top) Monte-Carlo method with µ following

distribution (47) on the parameter space P (left), Smolyak grid based on a Gauss-Jacobi
rule (center), Tensor grid based on a Gauss-Jacobi rule (right); (bottom) Pseudo-Random

method based on a Halton sequence (left), Smolyak grid based on a Clenshaw-Curtis rule
(center), Tensor grid based on a Clenshaw-Curtis rule (right).

Figure 17. Singular values decay for the snapshot matrices for the Propagating Front
in a Problem with µ following distribution (47) on the parameter space P; State (left),
Control (center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange),

Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor
rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton
numbers (pink).

Online Stabilization procedure are shown. In this case, the relative errors decrease in the same way
as the projection ones in Figure 18. Again, wPOD Monte-Carlo presents the best behaviour: in
this case, it reaches ey,50 = 5.03 · 10−7 for the state, for the adjoint ep,50 = 1.07 · 10−6, and the
control eu,50 = 4.21 · 10−6. Moreover, the wPOD Monte-Carlo has an accuracy of nearly a factor
of 100 better than a Standard POD in a deterministic context for N > 20. Also here, Smolyak
grids perform better than their tensor counterpart: for instance, we obtain in this case it reaches
ey,50 = 2.77 ·10−6 for the state, for the adjoint ep,50 = 5.80 ·10−6, and the control eu,50 = 1.02 ·10−5

for Gauss-Jacobi. Concerning the training set, we have Ntrain = 89 and Ntrain = 93 for the Gauss-
Jacobi and the Clenshaw-Curtis ones, respectively. In Figure 21 we see a comparison between the
FEM solution for the state and the adjoint without stabilization and the Offline-Online Stabilized



STABILIZED WEIGHTED ROMS FOR ADVECTION-DOMINATED OCPS WITH RANDOM INPUTS 25

Figure 18. Projection Errors onto the POD space for the Propagating Front in a Problem
with µ following distribution (47) on the parameter space P; State (left), Control (center),
Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-Jacobi ten-

sor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule (cyan),
Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton numbers
(pink).

Figure 19. Relative Errors for the Propagating Front in a Problem with µ following
distribution (47) on the parameter space P-Offline-Only Stabilization; State (left), Control
(center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange), Gauss-

Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor rule
(cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton
numbers (pink).

wPOD Monte-Carlo reduced solution for these variables with µ = (2 · 104, 1.2). The values of
the speedup-index for the Offline-Online stabilization for each type of wPOD are reported in Table
3. For N = 50 the wPOD Monte-Carlo is the best choice again with a computation of 50 reduced
solutions in the time of a FEM one. All the other possibilities perform a little bit lower for N = 50;
however, all weighted algorithms have similar performances concerning the speedup-index: an order
of magnitude of 102 for the first 50 reduced basis.

For the sake of completeness, we simulate other numerical experiments with two more distributions
with the same parameter space P, as done in Section 5.1. We will only illustrate the Offline-Online
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Figure 20. Relative Errors for the Propagating Front in a Problem with µ following
distribution (47) on the parameter space P- Offline-Online Stabilization; State (left),
Control (center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange),

Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis tensor
rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on Halton
numbers (pink).

Figure 21. FEM not stabilized and wPOD Monte-Carlo Offline-Online stabilized solu-
tion for y (left) and for p (right), µ = (2 · 104, 1.2), h = 0.025 α = 0.01, Ntrain = 100,
δK = 1.0, N = 50.

Speedup-index Propagating front in a Square Problem: Offline-Online Stab. - µ1, µ2 ∼ Beta(10,10)
N POD wPOD Gauss tensor Gauss Smolyak CC tensor CC Smolyak Ps. Random
10 151.3 179.2 175.0 178.7 181.5 176.4 173.9
20 123.3 140.4 139.8 141.0 140.9 140.5 143.6
30 88.5 103.3 102.6 102.8 100.6 102.6 104.3
40 61.6 73.7 73.2 69.9 68.6 70.4 70.2
50 43.4 50.2 49.0 47.6 46.8 49.2 48.2

Table 3. Average Speedup-index of Offline-Online Stabilization for the Propagating
Front in a Square Problem. From left to right: Standard POD, wPOD Monte-Carlo,
Gauss-Jacobi tensor, Gauss-Jacobi Smolyak grid, Clenshaw-Curtis tensor, Clenshaw-
Curtis Smolyak grid, Pseudo-Random based on Halton numbers.
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Figure 22. Relative Errors for the Propagating Front in a Square Problem with µ follow-
ing distribution (48) on the parameter space P - Offline-Online Stabilization; State (left),
Control (center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange),

Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis ten-
sor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on
Halton numbers (pink).

Figure 23. Relative Errors for the Propagating Front in a Square Problem with µ follow-
ing distribution (49) on the parameter space P - Offline-Online Stabilization; State (left),
Control (center), Adjoint (right); Standard POD (blue), wPOD Monte-Carlo (orange),

Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red), Clenshaw-Curtis ten-
sor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-Random based on
Halton numbers (pink).

errors. In the first experiment, the parameter µ follows the subsequent distribution

(48)
µ1 ∼ 1 +

(
4 · 104 − 1

)
X1, where X1 ∼ Beta(20, 20),

µ2 ∼ 0.9 +
(
1.5− 0.9

)
X2, where X2 ∼ Beta(20, 20),

where also in this case most of the parameters are concentrated in the middle of P. Similar to
the Graetz-Poiseuille Problem, tensor grids and the Smolyak sampling based on Clenshaw-Curtis
quadrature do not perform excellently, whereas Weighted Monte-Carlo outperforms. We show the
accuracy in Figure 22. Moreover, we simulate the same problem with the following distribution of
the parameter on P, which restricts even more the relevant information in the middle of P

(49)
µ1 ∼ 1 +

(
4 · 104 − 1

)
X1, where X1 ∼ Beta(30, 30),

µ2 ∼ 0.9 +
(
1.5− 0.9

)
X2, where X2 ∼ Beta(30, 30),

Again, the weighted Monte-Carlo methods performs very well, whereas all quadrature rules that
have lots of samples near the boundary have poor results (Figure 23).

Numerical tests of the parabolic version of the Propagating Front in a Square Problem are here
illustrated. For a fix T > 0 and a given µ ∈ P we have to find the pair (y, u) ∈ Ỹ × U which solves

min
(y,u)

1

2

∫
Ωobs×(0,T )

(y(µ)− yd)
2 dΩ+

α

2

∫
Ω×(0,T )

u(µ)2 dΩ, such that
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Figure 24. wPOD Monte-Carlo Offline-Online stabilized reduced solution of y, for t =
0.1, t = 1.5, t = 3.0, µ = (2 · 104, 1.2), h = 0.036, α = 0.01, Ntrain = 100, δK = 1.0,
N = 30.

Figure 25. wPOD Monte-Carlo Offline-Online stabilized reduced solution of p, for t =
0.1, t = 1.5, t = 3.0, µ = (2 · 104, 1.2), h = 0.036, α = 0.01, Ntrain = 100, δK = 1.0,
N = 30.

(50)


∂ty(µ)−

1

µ1
∆y(µ) + [cosµ2, sinµ2] · ∇y(µ) = u(µ), in Ω× (0, T ),

y(µ) = 1, on Γ1 ∪ Γ2 × (0, T ),

y(µ) = 0, on Γ3 ∪ Γ4 ∪ Γ5 × (0, T ),

y(µ)(0) = y0(x), in Ω,

where y0(x) = 0 for all x ∈ Ω in Figure 15. A final time T = 3.0 is set. Considering the time
discretization, we chose a number of time steps equal to Nt = 30, then we have ∆t = 0.1. Instead,
for the spatial approximation, the mesh size is set to h = 0.036, which implies an overall dimension
of the space-time setting equal to Ntot = 174780. For a fixed instant t, a single FEM space is
characterized by N = 1942. For the SUPG procedure, we impose δK = 1.0 for all K ∈ Th.
Setting a penalization parameter α = 0.01, we try to achieve in a L2-mean a desired solution profile
yd(x, t) = 0.5, defined for all t ∈ (0, 3) and x in Ωobs of Figure 15.

P :=
[
1, 4 · 104

]
×
[
0.9, 1.5

]
, as in the steady version. We suppose that µ follows the probability

distribution (47). Our training set has cardinality Ntrain = 100, with the exception of Gauss-Jacobi
and Clenshaw-Curtis Smolyak grids with Ntrain = 89 and Ntrain = 93, respectively, which are
the number of nodes nearest to 100 for this kind of procedure. In Figure 24 and 25, we show a
representative stabilized FEM solution for µ = (2 · 104, 1.2) for some instants of time of the state y
and the adjoint p, respectively. We choose to perform all wPOD procedures with Nmax = 30.

Let us move to the error analysis. In Figure 26 we plot the singular value decay for the snapshots
matrix for the state, the control, and the adjoint. As motivated in the Graetz-Poiseuille problem, the
size of the singular value is huge due to the evolutionary nature hidden in the snapshots. However,
these values are in a different scale with respect to the Graetz-Poiseuille ones, because here the
problem is not characterized by a parametric geometrical dimension, but the parameters µ1 and µ2

directly enter the physical properties of the case of study. Also in this case, the weighted Monte-
Carlo POD has the better performance by far. Moreover, in order to compare the real error between
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Figure 26. Singular values decay for the snapshot matrices for the Parabolic Propagating
Front in a Problem; State (left), Control (center), Adjoint (right); Standard POD (blue),

wPOD Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak
grid (red), Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green),
Pseudo-Random based on Halton numbers (pink).

Figure 27. Projection Errors onto the POD space for the Parabolic Propagating Front
in a Problem; State (left), Control (center), Adjoint (right); Standard POD (blue), wPOD

Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak grid (red),
Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green), Pseudo-
Random based on Halton numbers (pink).

the reduced solution and the FEM one, we present also the projection errors between the FEM and
the POD space for the three components y, u, and p.

In Figure 28, we illustrate the relative errors for the Offline-Only stabilization. The performance
are not satisfactory here, too, where no quantity drops below the accuracy of 10−1 for all N . Again,
all these quantities do not follow any closely the trends of the projection errors in Figure 27..
Instead, Offline-Online stabilization procedure performs well, as one can notice from Figure 29,
being of the same behavior of the projection ones in Figure 27. Again, wPOD Monte-Carlo has the
best behavior, it reaches ey,30 = 1.12 · 10−7 for the state, for the adjoint ep,30 = 4.55 · 10−7 and the
control eu,30 = 1.36 ·10−7. Also in this case, isotropic sparse grid techniques are a better choice than
tensor rules, both for Gauss-Jacobi and Clenshaw-Curtis approximations. In Table 4, we compare
the speedup-index for all the weighted algorithms: performance are similar for all N , for N = 30 we
computed nearly 4000 Offline-Online stabilized reduced solutions in the time of a FEM one.

6. Conclusions and Perspectives

In this work, we illustrated some numerical tests concerning stabilized Parametrized Advection-
Dominated OCPs with random parametric inputs in a ROM context. We deal with both steady and
unsteady cases and we took advantage of the SUPG stabilization to overcome numerical issues due
to high values of the Péclet number. Two possibilities of stabilization were analyzed: when SUPG
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Figure 28. Relative Errors for the Parabolic Propagating Front in a Problem - Offline-
Only Stabilization; State (left), Control (center), Adjoint (right); Standard POD (blue),

wPOD Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak
grid (red), Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green),
Pseudo-Random based on Halton numbers (pink).

Figure 29. Relative Errors for the Parabolic Propagating Front in a Problem - Offline-
Online Stabilization; State (left), Control (center), Adjoint (right); Standard POD (blue),

wPOD Monte-Carlo (orange), Gauss-Jacobi tensor rule (green), Gauss-Jacobi Smolyak
grid (red), Clenshaw-Curtis tensor rule (cyan), Clenshaw-Curtis Smolyak grid (dark green),
Pseudo-Random based on Halton numbers (pink).
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Speedup-index Parabolic Propagating front in a Square Problem: Offline-Online Stabilization
N POD wPOD Gauss tensor Gauss Smolyak CC tensor CC Smolyak Ps. Random
5 6601.9 6503.5 6702.6 6629.1 6566.6 6605.6 6575.8
10 6275.9 6208.0 6336.0 6277.9 6204.4 6293.4 6212.4
15 5814.3 5702.4 5838.7 5794.3 5699.6 5752.1 5723.7
20 5327.9 5190.4 5329.8 5270.3 5277.2 5235.9 5197.6
25 4465.2 4303.3 4562.6 4422.2 4541.3 4433.1 4479.9
30 4061.5 3959.5 4140.3 4026.3 4100.3 4035.6 4043.8

Table 4. Average Speedup-index of Offline-Online Stabilization for the Parabolic Propa-
gating Front in a Square Problem. From left to right: Standard POD, wPOD Monte-Carlo,
Gauss-Jacobi tensor, Gauss-Jacobi Smolyak grid, Clenshaw-Curtis tensor, Clenshaw-
Curtis Smolyak grid, Pseudo-Random based on Halton numbers. µ1, µ2 ∼ Beta(10,10)

is only used occurs in the offline phase, Offline-Only stabilization, or when it is provided in both
online and offline phases, Offline-Online stabilization.

In order to deal with the uncertainty quantification caused by random inputs, we consider wROM.
More precisely, we built our reduced bases using a wPOD in a partitioned approach, using different
quadrature rules. We implemented wPOD Monte-Carlo, Gaussian quadrature formulae based on
Jacobi polynomials in a tensor rule, approximation related to Clenshaw-Curtis tensor rule, Smolyak
isotropic sparse grid approximation of the last two methods, quasi Monte-Carlo method as a Pseudo-
Random rule defined on Halton numbers.

We analyzed relative errors between the reduced and the high fidelity solutions and the speedup-
index concerning the Graetz-Poiseuille and Propagating Front in a Square Problems, always under a
distributed control. For the state, control, and adjoint spaces we implemented a P1-FEM approxima-
tion in a optimize-then-discretize framework as the truth solution. Concerning parabolic problems,
a space-time approach is followed applying SUPG in a suitable way. In order to establish which
wPOD performs better, we compare them through the same testing set sampled by a Monte-Carlo
method according to the probability distribution of the parameter.

Offline-Only stabilization technique performed very poorly in terms of errors, this happened for
all wROMs considered. Instead, in all the steady and unsteady experiments, the wROM technique
performed excellently in an Offline-Online stabilization framework, where all the relative errors
stay very closed to the corresponding projection ones, which represent the best possible reduced
approximation that one can achieve with respect to a precise reduced order space. For parabolic
problems, the speedup-index features large values thanks to the space-time formulation. More
precisely, wPOD Monte-Carlo technique was always the best performer for relative errors, instead,
concerning computational efficiency all methods seem equivalent. In addition, the efficiency of the
wPOD Monte-Carlo is supported by the fact that after a small number of reduced basis it is nearly
100 times more accurate than a Standard POD in a deterministic context. Moreover, we notice
that sparse grids perform better than relative tensor ones, although having a bit less number of
quadrature nodes.

Furthermore, in the Graetz-Poiseuille Problem we illustrate that under geometrical parametriza-
tion affected by randomness, wROMs still have good performance, despite small fluctuations in the
graph of relative errors.

As a first perspective, it might be interesting to create a strongly-consistent stabilization technique
that flattens all the fluctuations of geometrical parametrization in a UQ context. Moreover, we want
to extend the study to boundary control and convection dominated non-linear PDEs constraints. It
might also be interesting to study the performance of other stabilization techniques for the online
phases, for instance, of the Online Vanishing Viscosity and the Online Rectification methods [4, 13,
35] combined with the SUPG technique in the offline phase or with the stabilization strategy used
in [62]. In this case, the main advantage to use Vanishing Viscosity or Rectification methods instead
of SUPG in the online phases lies in the fact that the former techniques are less expensive than the
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latter [34, 5]. In case of similar accuracy results, one would gain in the speedup-index. Moreover,
these approaches are very versatile as they are independent of the stabilization procedure performed
during the offline phase.

Finally, a further study of the “discretize-then-optimize” approach might be beneficial to compare
its error results with the ones of this manuscript in order to choose the best numerical strategy.

Acknowledgements

We acknowledge the support by European Union Funding for Research and Innovation – Horizon
2020 Program – in the framework of European Research Council Executive Agency: Consolidator
Grant H2020 ERC CoG 2015 AROMA-CFD project 681447 “Advanced Reduced Order Methods
with Applications in Computational Fluid Dynamics”. We also acknowledge the PRIN 2017 “Nu-
merical Analysis for Full and Reduced Order Methods for the efficient and accurate solution of
complex systems governed by Partial Differential Equations” (NA-FROM-PDEs) and the INDAM-
GNCS project “Tecniche Numeriche Avanzate per Applicazioni Industriali”. The computations in
this work have been performed with RBniCS [2] library, developed at SISSA mathLab, which is
an implementation in FEniCS [33] of several reduced order modelling techniques; we acknowledge
developers and contributors to both libraries.

References

[1] multiphenics - easy prototyping of multiphysics problems in FEniCS. https://mathlab.sissa.it/multiphenics.

[2] RBniCS – reduced order modelling in FEniCS. https://www.rbnicsproject.org/.
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