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INTEGRABLE FLOWS ON NULL CURVES IN THE ANTI-DE

SITTER 3-SPACE

EMILIO MUSSO AND ÁLVARO PÁMPANO

Abstract. We formulate integrable flows related to the KdV hierarchy on
null curves in the anti-de Sitter 3-space (AdS). Exploiting the specific prop-

erties of the geometry of AdS, we analyze their interrelationships with Pinkall

flows in centro-affine geometry. We show that closed stationary solutions of
the lower order flow can be explicitly found in terms of periodic solutions of a

Lamé equation. In addition, we study the evolution of non-stationary curves
arising from a 3-parameter family of periodic solutions of the KdV equation.
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1. Introduction

The Korteweg-De Vries (KdV) equation is a partial differential equation (PDE)
which has a long history and a great amount of literature about it (see, for instance,
[20, 25, 24, 44]). Originally, the equation appeared as a model to understand the
propagation of waves on shallow water surfaces ([22]). This equation belongs to a
hierarchy of higher order evolution PDEs and is a prototype of completely integrable
evolution equations ([7, 8, 12, 13, 14, 15, 16, 18, 19, 39, 44], among others).

Throughout its history, the KdV equation has appeared in several geometric
contexts. For instance, integrable geometric flows governed by the KdV equation
and its hierarchy appear in the following topics: in the centro-affine geometry with
the Pinkall flows on star-shaped curves ([11, 33]), in the study of nondegenerate
isothermic submanifolds in real and complex projective spaces (see the last pages
of [6]) and, closely related to the topic of this paper, in the evolution of null curves
in the Lorentz-Minkowski (2 + 1)-space ([2, 29, 30]). In particular, the work [30]
clearly suggests the existence of analogue evolution equations for null curves in the
de Sitter and in the anti-de Sitter 3-spaces. The specific case of the anti-de Sitter
3-space (AdS, for short) is special since for this ambient space the theory of null
curves can be analyzed by combining together pairs of star-shaped curves in the
centro-affine plane. This allows us to find a relation between the evolution of null
curves and the Pinkall flows. Additionally, due to this relation, it is also possible to
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find a geometric transformation on null curves in AdS which induces the Bäcklund
transformation for the KdV equation ([31]).

On the ground of these considerations, in this paper we investigate integrable
geometric flows related to the KdV hierarchy on null curves in AdS. More pre-
cisely, the paper is organized as follows: Section 2 collects the basic information
about the geometry of AdS in the SL(2,R) model. A peculiarity of AdS is that its
automorphism group is not simple and its 2 : 1 spin-cover is SL(2,R) × SL(2,R).
Section 3 is devoted to examine the basic properties of null curves without inflec-
tion points in AdS, which we denote by γ : J ⊆ R −→ AdS. Such curves possess
canonical parameterizations and a third order differential invariant κ, the bending
(often known as curvature or torsion). In addition, they also have a canonical
Cartan frame field F = {γ, T,N,B} defined along them, which originates a lift
(F+, F−) : J ⊆ R −→ SL(2,R) × SL(2,R), the spinor frame field along γ. The
components F± of the spinor frame field along γ are, precisely, the canonical cen-

tral affine frame fields of two star-shaped curves η± in the centro-affine plane Ṙ2

with central affine curvatures k± = κ± 1, respectively (see Theorem 3.3). The pair
of star-shaped curves (η+, η−) is referred as to the pair of cousins associated with
the null curve γ.

In Section 4 we consider the evolution equation for null curves in AdS given by

∂tγ = −2
√
2 (κT + 2B) ,

where γ(s, t) = γt(s), t ∈ I ⊆ R, is a one parameter family of null curves param-
eterized by the “proper time” s ∈ J . For brevity and in analogy with [2], we call
the above equation the LIEN flow. We prove, in Theorem 4.2, that the induced
evolution equation on the bending κ(s, t) of γ(s, t) is the KdV equation in the form

∂tκ+ ∂3
sκ− 6κ ∂sκ = 0 .

Moreover, we discuss how to build solutions of the LIEN flow beginning with so-
lutions of the KdV. The starting point is the Lax pair formulation of the KdV
equation given by Zakharov and Faddeev ([44]). From this result, a one param-
eter family of maps Eλ : J × I ⊆ R2 −→ SL(2,R) × SL(2,R), λ ∈ R, can be
associated to a solution κ(s, t) of the KdV equation. Using the terminology of
[38], we call Eλ the extended frame of κ with spectral parameter λ ∈ R. In Theo-
rem 4.2, we also show that given a solution κ(s, t) of the KdV equation, the map
γ = E1E

−1
−1 : J × I ⊆ R2 −→ AdS is a solution of the LIEN flow with bending

κ(s, t).
Subsequently, in Section 5, we focus on the stationary curves of the LIEN flow.

As it is the case of the flows in the Lorentz-Minkowski (2 + 1)-space, stationary
curves of the flow in AdS are critical points of functionals depending linearly on the
first two conserved quantities of the KdV hierarchy. Such a variational problem has
been considered in the last couple of decades by several authors (see for instance
[2, 3, 5, 28, 29] and references therein). The bending κ of these stationary curves
is a solution of the third order ordinary differential equation

κ′′′ + 2ℓκ′ − 6κκ′ = 0 ,

where ℓ ∈ R and ( )
′
denotes the derivative with respect to the proper time s. The

bending of the evolution of stationary curves by the LIEN flow is the traveling
wave solution κ(s + 2ℓt) of the KdV equation. The general solutions of the above
ordinary differential equation can be expressed in terms of elliptic functions. In
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particular, the periodic ones can be expressed in terms of the square of the Jacobi’s
sn function. In Theorem 5.6 we prove that the stationary curves with nonconstant
periodic bending of the LIEN flow in AdS can be explicitly integrated employing
the fundamental solutions of the Lamé equation of order one, in the case that
these solutions are both periodic. The Floquet eigenvalue problem for the Lamé
differential equation (see for instance [41]) plays an essential role in constructing
closed stationary curves of the flow and their time evolution. In fact, these solutions
of the LIEN flow involve either Lamé functions of order one or else functions which
involve the Jacobi’s sn function and the local Heun functions ([32]).

In Section 6 we consider the 3-parameter family of periodic solutions of the KdV
equation studied in [21] and investigate the corresponding evolution of the LIEN
flow. Unlike the stationary case, the integration of these curves relies on solutions
of Hill’s equations that cannot be explicitly written in terms of known special
functions. Therefore, our analysis is essentially based on numerical solutions of
such equations.

The LIEN flow belongs to an infinite hierarchy of evolution equations on null
curves, all of the form ∂tγ = anT + bnN + cnB, where an, bn, cn are functions
(polynomial) of the bending κ and higher order derivatives with respect to the
proper time s. The induced evolution equation on κ is the whole KdV hierarchy
(the explicit construction of the hierarchy is given in Appendix B).

The results of this paper could be extended to other hierarchies of integrable
evolution equations such as the mKdV, the Kaup-Kupershmidt, and Sawada-Kotera
hierarchies (see, for instance, [9, 12, 13, 14, 15]). These hierarchies appear as the
integrability conditions of geometric flows on curves as well: the mKdV hierarchy is
related to the flows on curves in 2-dimensional Riemannian space forms and flows
on Legendrian curves of S3 with its standard pseudo-Hermitian structure ([42]),
the Kaup-Kupershmidt hierarchy appears in the context of flows on curves in RP2

and in the 3-dimensional centro-affine space as well as flows on Legendrian curves
in S3 with its standard Cauchy-Riemann structure ([10]), and the Sawada-Kotera
hierarchy is related to the integrable flows on curves in the affine plane.

2. Anti-de Sitter 3-Space

In this section we will introduce the model for the anti-de Sitter 3-space (AdS)
given by the special linear group SL(2,R) and describe its basic features.

Consider the vector space of 2×2 real matrices R2,2 equipped with the quadratic
form q of signature (−,−,+,+) defined by

q(X) = −det(X) = x2
1x

1
2 − x1

1x
2
2 ,

for each X = (xj
i ) ∈ R2,2. The corresponding inner product will be denoted by

⟨·, ·⟩ and we will consider the orientation of R2,2 determined by the volume form
Ω = dx1

1 ∧ dx2
2 ∧ dx2

1 ∧ dx1
2.

On Λ2(R2,2) we define an inner product ⟨⟨·, ·⟩⟩ by

⟨⟨U ∧ V,W ∧ Z⟩⟩ = det

(
⟨U,W ⟩ ⟨U,Z⟩
⟨V,W ⟩ ⟨V,Z⟩

)
.

A bivector U ∧ V ∈ Λ2(R2,2) is of type (−,−) if the restriction of the above inner
product to span{U ∧ V } is negative definite, and of type (−, 0) if this restriction
is nonzero semi-negative definite and degenerate. It can be shown that if U ∧
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V ∈ Λ2(R2,2) is of type (−,−) and W ∧ Z ∈ Λ2(R2,2) is of type (−, 0), then
⟨⟨U ∧ V,W ∧ Z⟩⟩ ≠ 0. We fix the bivector of type (−,−)

U ∧ V =

(
1 0
0 1

)
∧
(

0 1
−1 0

)
∈ Λ2(R2,2) ,

and we say that a bivector W ∧Z of type (−, 0) is positive if ⟨⟨U ∧V,W ∧Z⟩⟩ > 0.
The set of all positive bivectors of type (−, 0) is denoted by N+. This choice defines
the notion of time orientation in R2,2.

Let Aut(R2,2) be the 6-dimensional Lie group consisting of all linear isometries
L : R2,2 −→ R2,2. This Lie group has four connected components. The connected
component of the identity is

Aut↑+(R2,2) = {L ∈ Aut(R2,2) |L∗(Ω) = Ω, L ∧ L(N+) = N+} ,
and its elements are causal automorphisms of R2,2 (ie. automorphisms that preserve
the choice of time orientation) that also preserve the orientation.

A Cartan basis of R2,2 is a basis C = {C1, C2, C3, C4} of R2,2 such that

g = (⟨Ci, Cj⟩)i,j=1,...,4 =


−1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 .

We say that the basis C is positively oriented if Ω(C) = 1 and future-directed if

C1 ∧C2 ∈ N+. We denote by C↑
+(R2,2) the set of all positively oriented and future-

directed Cartan bases of R2,2. The group Aut↑+(R2,2) acts simply transitively on the

left of C↑
+(R2,2) and, hence, C↑

+(R2,2) carries the differentiable structure inherited

from Aut↑+(R2,2).
With some abuse of notation, denote by Cj , j = 1, ..., 4, the map that associates

to each Cartan basis C the j-th element of C. Differentiating these maps we have1

(2.1) dCj = ωi
jCi ,

for every j = 1, ..., 4, where ωi
j , i, j = 1, ..., 4, are exterior differential 1-forms on

C↑
+(R2,2). Differentiating (2.1), we get

(2.2) dωi
j = −ωi

k ∧ ωk
j ,

i, j = 1, ..., 4, which are the structure equations of the frame manifold C↑
+(R2,2).

Differentiating now gij = ⟨Ci, Cj⟩ and using (2.1), we obtain

(2.3) gikω
k
j + gjkω

k
i = 0 ,

for all i, j = 1, ..., 4. From (2.3) we conclude that the matrix-valued 1-form ω =
(
ωi
j

)
takes values in the Lie algebra g = {X ∈ R2,2 |Xtg + gX = 0}. Thus,

(2.4) ω =


0 ω4

1 ω3
1 ω2

1

ω2
1 ω2

2 −ω3
4 0

ω3
1 ω3

2 0 ω3
4

ω4
1 0 −ω3

2 −ω2
2

 .

The 1-forms ω2
1 , ω

3
1 , ω

4
1 , ω

2
2 , ω

3
2 and ω3

4 define an Aut↑+(R2,2)-invariant paralleliza-

tion on C↑
+(R2,2).

1Throughout this paper, the Einstein summation convention will be used.
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Let SL(2,R) be the special linear group of degree 2 over R (ie. the group
consisting of the 2 × 2 real matrices of determinant one with the ordinary ma-
trix multiplication) and consider the Lie group SL(2,R) × SL(2,R). For (A,B) ∈
SL(2,R)× SL(2,R), define the linear map

L(A,B) : X ∈ R2,2 7−→ AXB−1 ∈ R2,2 .

Then, L̂ : (A,B) ∈ SL(2,R) × SL(2,R) 7−→ L(A,B) ∈ Aut↑+(R2,2) is the 2 :

1 spin-covering homomorphism of Aut↑+(R2,2). If we choose the Cartan basis

{P1, P2, P3, P4} ∈ C↑
+(R2,2) defined by

(2.5) P1 =

(
1 0
0 1

)
, P2 =

(
0

√
2

0 0

)
, P3 =

(
−1 0
0 1

)
, P4 =

(
0 0√
2 0

)
,

then

πs : (A,B) ∈ SL(2,R)× SL(2,R) 7−→ {APjB
−1}j=1,2,3,4 ∈ C↑

+(R2,2) ,

is a 2 : 1 spin-covering map such that

π∗
s (ω) =


0 1√

2

(
α2
1 − β2

1

)
−α1

1 + β1
1

1√
2

(
α1
2 − β1

2

)
1√
2

(
α1
2 − β1

2

)
α1
1 + β1

1
1√
2

(
α1
2 + β1

2

)
0

−α1
1 + β1

1
1√
2

(
α2
1 + β2

1

)
0 − 1√

2

(
α1
2 + β1

2

)
1√
2

(
α2
1 − β2

1

)
0 − 1√

2

(
α2
1 + β2

1

)
−
(
α1
1 + β1

1

)
 ,

where ω is the matrix-valued 1-form (2.4) and (α = A−1dA, β = B−1dB) is the
sl(2,R) × sl(2,R)-valued Maurer-Cartan form. Here, sl(2,R) represents the Lie
algebra of SL(2,R).

Remark 2.1. For every j = 1, ..., 4, differentiating APjB
−1 and evaluating it at the

identity element, we obtain

αPj − Pj β = π∗
s (ω

i
j)Pi .

Then, expanding the computation we conclude with the expression of π∗
s (ω).

The restriction of the inner product ⟨·, ·⟩ of R2,2 to the special linear group
SL(2,R) gives a Lorentzian metric of constant sectional curvature −1. The special
linear group SL(2,R) endowed with the Lorentzian metric induced by ⟨·, ·⟩ is a
model for the anti-de Sitter 3-space (AdS).

Remark 2.2. Throughout this paper, it will be implicitly assumed that the model
for AdS is the special linear group SL(2,R). Topologically, AdS ∼= D2 × S1, which
in turn can be identified with the open solid torus in R3 swept out by the rotation
of the (open) unit disc of the Oxz-plane centered at (2, 0, 0) around the Oz-axis,
known as the torical model for AdS (see Figure 1). This identification will be used
throughout the paper to visualize the geometric properties of null curves.

Consider the normal vector field Q : X ∈ AdS 7−→ −2X ∈ R2,2 and the orien-
tation in AdS determined by the volume form iQΩ. Given a null tangent vector
T ∈ TXAdS, the bivector X ∧ T is of type (−, 0). We define a time-orientation on
AdS by declaring T to be future-directed if X ∧T ∈ N+. The group Aut(R2,2) acts
transitively and effectively on the left of SL(2,R) and can be viewed as the isometry

group of AdS. Then, Aut↑+(R2,2) is the restricted isometry group consisting of all
causal isometries of AdS that also preserve the orientation.
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Figure 1. The torical model for AdS together with a light cone (in
yellow) and a null geodesic (in purple). At infinity, the light cone inter-
sects the ideal boundary into two space-like curves (in red).

Remark 2.3. The Minkowski, the de Sitter, and the anti-de Sitter (n+1)-dimensional
spaces can be conformally embedded as open sets of the (n+1)-dimensional Einstein
universe, that is S1 × Sn equipped with the Lorentzian metric −ds2S1 + ds2Sn . One
of the differences of the anti-de Sitter space with respect to the other Lorentzian
space forms is that, when considered as an open domain of S1 ×Sn, its boundary is
smooth, diffeomorphic to the Cartesian product of S1 with an (n − 1)-dimensional
disc and the restriction of the Einstein pseudo-metric induces a conformally flat
Lorentzian metric on the boundary. In the case of the Minkowski space, the bound-
ary is singular and the restriction of the Einstein metric induces on the smooth
locus, a degenerate quadratic form. The boundary of the de Sitter space is smooth
and the restriction of the Einstein metric induces a conformally flat positive def-
inite quadratic form (see for instance [17]). This specificity of the anti-de Sitter
space has been used in theoretical physics to establish a correspondence (known as
the Maldacena correspondence) between string theory in the anti-de Sitter space and
conformal field theory in its ideal boundary ([26, 43]).

3. Geometry of Null Curves

In this section we will collect the basic geometric properties of null curves in
AdS and, employing the spinor frame field, relate them with a suitable pair of
star-shaped curves in the centro-affine plane (Subsection 3.1). This relation will be
illustrated for the case of null curves with constant bending (Subsection 3.2 and
Appendix A).

Let J ⊆ R be an open interval. A smooth immersed curve γ : J ⊆ R −→ AdS
is null if its velocity vector γ′(s) is a null (or, light-like) vector for each s ∈ J . In
other words, if ⟨γ′(s), γ′(s)⟩ = 0 for all s ∈ J . A null curve is future-directed if the
bivector γ ∧ γ′ of type (−, 0) is positive, that is, if γ ∧ γ′ ∈ N+.

Let γ : J ⊆ R −→ AdS be a future-directed null curve without inflection points
(ie. such that γ′ ∧ γ′′ ̸= 0 holds). Since γ′ ∧ γ′′ ̸= 0, then γ′′ is a space-like vector.
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We say that γ is parameterized by the proper time2 if ⟨γ′′(s), γ′′(s)⟩ = 4 for every
s ∈ J . The proper time s is defined up to an additive constant.

Assume that γ is parameterized by the proper time and define the bending3 of
γ as the function κ : J ⊆ R −→ R given by

κ(s) = − 1

16
⟨γ′′′(s), γ′′′(s)⟩ .

It is clear that two null curves γ and γ̃ are equivalent to each other if and only if
κ(s) = κ̃(s+ c) for some constant c ∈ R.

We define the tangent T , the normal N , and the binormal4 B vector fields along
γ by

T (s) =
1√
2
γ′(s) ,

N(s) =
1

2
γ′′(s) ,

B(s) =
1√
2
κ(s) γ′(s)− 1

2
√
2
γ′′′(s) .

It then follows that {T,N,B} is a moving frame along γ and, for every s ∈ J ,
F(s) = {γ(s), T (s), N(s), B(s)} is a future-directed Cartan basis of R2,2 satisfying
det(F(s)) = ±1.

Remark 3.1. From now on we assume that all our curves γ : J ⊆ R −→ AdS are
null, future-directed, parameterized by their proper time s ∈ J , and have no inflec-
tion points. Moreover, possibly acting on γ with an orientation-reversing causal
isometry of R2,2, we may assume that F(s) is positively oriented for every s ∈ J
(ie. det(F(s)) = 1 for every s ∈ J).

The map F : J ⊆ R −→ C↑
+(R2,2) is said the Cartan frame field along γ and it

satisfies the following Frenet-type equations

(3.1) dF = F K ds ,

where K is the matrix given by

(3.2) K =


0 0 0

√
2√

2 0
√
2κ 0

0
√
2 0 −

√
2κ

0 0 −
√
2 0

 .

Let πs : SL(2,R) × SL(2,R) −→ C↑
+(R2,2) be the 2 : 1 spin-covering map intro-

duced in Section 2. Then, the spinor frame field along γ is a lift (F+, F−) of the
Cartan frame field F to SL(2,R)×SL(2,R) via πs. The spinor frame field is defined
up to a sign.

2The term “proper time” is usually employed only for time-like curves. However, for conve-

nience, we will use it throughout this paper for null curves.
3This function is sometimes called the curvature (or, torsion) of the null curve. Here, we have

opted to introduce a different name to distinguish it from the curvature of star-shaped curves in
the centro-affine plane that will be used later on.

4Although we preserve the names, the vector fields N(s) and B(s) are not the (Frenet) normal
and (Frenet) binormal defined for space-like and time-like curves. They are just vector fields

defined along a null curve by the above equations.
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Consider the Cartan basis {P1, P2, P3, P4} ∈ C↑
+(R2,2) given by (2.5). Then, the

Cartan frame field F along γ is given by

γ = F+F
−1
− , T = F+P2F

−1
− , N = F+P3F

−1
− , B = F+P4F

−1
− .

Consequently, the spinor frame field (F+, F−) along γ satisfies the linear systems

dF+ = F+

(
0 κ+ 1
1 0

)
ds ,(3.3)

dF− = F−

(
0 κ− 1
1 0

)
ds ,(3.4)

where κ is the bending of γ. These equations are the spinorial counterpart of
the Frenet-type equations (3.1) and, hence, we will refer to them as the spinorial
Frenet-type equations of γ.

The spin-covering map πs provides us with the ideal approach to relate null
curves in AdS with a suitable pair of star-shaped curves in the centro-affine plane.

3.1. Relation to Star-Shaped Curves. Let Ṙ2 = R2 \ {(0, 0)} be the centro-
affine plane (ie. the once-punctured Euclidean plane R2).

A smooth immersed curve η : J ⊆ R −→ Ṙ2 is star-shaped if η ∧ η′ ̸= 0. Any
star-shaped curve η can be parameterized by the central affine arc length, which is
defined so that det(η, η′) = 1. The function k = −det(η′, η′′) is the central affine
curvature5 of η. The map F = (η, η′) : J ⊆ R −→ SL(2,R) is the canonical central
affine frame field along η. Differentiating det(η, η′) = 1, we get that the canonical
central affine frame field F satisfies the Frenet-type equations,

(3.5) dF = F

(
0 k
1 0

)
ds .

Definition 3.2. Let η and η be two star-shaped curves parameterized by the central
affine arc length. The pair (η, η) is a pair of cousins if the central affine curvatures
k and k of η and η, respectively, are related by (k− k)/2 = 1.

We will next explain the relation between pairs of cousins of star-shaped curves
in Ṙ2 and null curves in AdS.

Let γ : J ⊆ R −→ AdS be a null curve and (F+, F−) be the spinor frame
field along γ. Denote by η+ and η−, respectively, the first column vectors of the

components of (F+, F−). It follows from (3.3) and (3.4) that η± : J ⊆ R −→ Ṙ2 are
two star-shaped curves parameterized by the central affine arc length, with central
affine curvatures k+ = κ+ 1 and k− = κ− 1, respectively. Consequently, (η+, η−)
is a pair of cousins.

Conversely, given a pair of star-shaped cousins (η, η) with canonical central affine
frame fields F and F , respectively, the curve

γ = FF
−1

is a null curve in AdS parameterized by the proper time and without inflection
points such that the bending of γ is given by κ = (k + k)/2, where k and k are the
central affine curvatures of η and η, respectively. In addition, (F, F ) is the spinor
frame field along γ.

We summarize this characterization in the following result.

5Our definition of the central affine curvature coincides with that of Terng-Wu ([39]) and it
has the opposite sign of that of Pinkall ([33]).
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Theorem 3.3. Let γ : J ⊆ R −→ AdS be a null curve with bending κ and spinor
frame field (F+, F−) along γ. Then, the first column vectors of F± form a pair of

star-shaped cousins (η+, η−) in Ṙ2 with central affine curvatures

k+ = κ+ 1 , k− = κ− 1 ,

respectively.
Conversely, let (η+, η−) be a pair of star-shaped cousins with central affine curva-

tures k+ and k−, and canonical central affine frame fields F+ and F−, respectively.
Then,

γ = F+F
−1
− ,

is a null curve in AdS with bending κ = (k++k−)/2 and spinor frame field (F+, F−)
along it.

Definition 3.4. The pair of star-shaped cousins (η+, η−) is called the pair of
cousins associated with the null curve γ.

3.2. The Orbit-Type of a Null Curve with Periodic Bending. Let γ : J =
R −→ AdS be a null curve with nonconstant periodic bending κ of lest period ρ > 0
and spinor frame field (F+, F−). The matrix

M = (M+,M−) =
(
F+(ρ)F+(0)

−1, F−(ρ)F−(0)
−1
)
,

is the monodromy of γ.
Consider the action of SL(2,R) on itself by the inner automorphisms IntA :

X 7−→ AXA−1. There are two fixed points, namely, ±Id, and three types of
orbits: parabolic, elliptic, and hyperbolic. We say that X is parabolic if it is not
diagonalizable over C, hyperbolic if it is diagonalizable over R with eigenvalues r
and 1/r, r ̸= ±1, and elliptic if it is diagonalizable over C, with eigenvalues e±iθ,
θ ∈ (0, π). Let P(2,R) be the closed set of the parabolic elements and E(2,R) and
H(2,R) be the open sets of the elliptic and hyperbolic elements, respectively.

Null curves with periodic bending can be classified by the type of orbit of their
monodromies (there are 5 types). We say that the type of orbit is (E,E) if F± ∈
E(2,R), (H,H) if F± ∈ H(2,R) and analogously for the other cases. The trajectory
of γ is invariant by the group generated by the monodromy (the monodromy group
of γ). The curve is closed if and only if its monodromy group is finite. This happens
if and only if M± are diagonalizable over C, with eigenvalues e±i2πq± , where q± ∈
[0, 1] ∩Q. If this is the case γ is periodic with least period lcm(n+, n−)ρ/s, where
q± = m±/n±, gcd(m±, n±) = 1 and s ∈ {1, 1/2} is the spin of γ.

In the following example we will describe and illustrate the relation of Theorem
3.3 for the case of null curves with constant bending.

Example 3.5. Consider a null curve γ : J = R −→ AdS with constant bending
κ. Depending on the possible combinations of the pair of cousins associated with
γ (which, in this case, each of the star-shaped curves has constant central affine
curvatures k±), there are five possible cases. In order to obtain closed null curves,
we will need both canonical central affine frame fields F± to be periodic. This
corresponds to the case κ < −1, for which the pair of cousins is composed by
two ellipses. For visualization purposes, we will restrict here to this case (for the
other cases see Appendix A). Since κ < −1 is constant, the spinorial Frenet-type
equations of γ, (3.3) and (3.4), can be analytically solved obtaining the elliptic
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1-parameter subgroups

F± =

 cos
(√

|κ± 1| s
)

−
√
|κ± 1| sin

(√
|κ± 1| s

)
1√

|κ±1|
sin
(√

|κ± 1| s
)

cos
(√

|κ± 1| s
)  ,

respectively. Consequently, the pair of cousins associated with γ are given, respec-
tively, by

η±(s) =

(
cos
(√

|κ± 1| s
)
,

1√
|κ± 1|

sin
(√

|κ± 1| s
))

,

while γ itself can be computed as γ = F+F
−1
− .

The least periods of the components of the spinor frame field (F+, F−) are,
respectively,

ρ± =
2π√
|κ± 1|

.

Therefore, the null curve γ is closed if and only if the quotient ρ+/ρ− ∈ Q is a
rational number, say m/n, where m > n are relatively prime natural numbers. In
other words, the least periods ρ+ and ρ− are commensurable. This implies that
the bending of γ ≡ γm,n must be

κ ≡ κm,n = −m2 + n2

m2 − n2
.

In Figures 2 and 3 we show two examples of closed null curves (γ7,3 and γ8,3,
respectively) with constant bending κm,n < −1 in the torical model for AdS as well
as their associated pair of star-shaped cousins.

If γ is a closed (ie. periodic) curve with least period ρ, then there are two
possibilities for its periodic spinor frame field (F+, F−): either the least period
of (F+, F−) is ρ, ie. (F+(0), F−(0)) = (F+(ρ), F−(ρ)); or else the least period of
(F+, F−) is 2ρ, ie. (F+(0), F−(0)) = (−F+(ρ),−F−(ρ)). In the former case we say
that γ has spin 1 and, in the latter, spin 1/2. Let γm,n be a closed null curve with
constant bending κm,n. If m+n is even, the spin of γm,n is 1/2 and γm,n is a torus
knot of type ((m− n)/2, (n+m)/2) (see Figure 2), while if m+ n is odd, the spin
of γm,n is 1 and γm,n is a torus knot of type (m− n, n+m) (see Figure 3).

Figure 2. Left: The closed null curve γ7,3 in the torical model for
AdS. Right: The pair of star-shaped cousins associated with γ7,3.
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Figure 3. Left: The closed null curve γ8,3 in the torical model for
AdS. Right: The pair of star-shaped cousins associated with γ8,3.

4. Integrable Flows on Null Curves

In this section we will introduce the LIEN flow on null curves in AdS and prove
that the induced evolution equation on the bending is the KdV equation. Moreover,
we will also show how to construct the solutions of the flow beginning with solutions
of the KdV equation (Subsection 4.2). For the latter purpose, we will employ the
Lax pair formulation of the KdV given by Zakharov and Faddeev ([44]), hence, we
begin by recalling this formulation (Subsection 4.1).

4.1. The Lax Pair Formulation of the KdV and Extended Frames. Given
a function κ : (s, t) ∈ U ⊆ R2 7−→ κ(s, t) ∈ R defined on a simply-connected open
domain U ⊆ R2 and a constant λ ∈ R, consider the sl(2,R)-valued 1-form6

(4.1) Γλ = Kλ ds+ Pλ dt ,

where Kλ and Pλ are given by

(4.2) Kλ =

(
0 κ+ λ
1 0

)
, Pλ =

(
−∂sκ −∂2

sκ+ 2κ2 − 2λκ− 4λ2

2κ− 4λ ∂sκ

)
.

It is then a straightforward computation to check that the 1-form Γλ satisfies the
Maurer-Cartan compatibility equation dΓλ + Γλ ∧ Γλ = 0, or equivalently

∂tKλ − ∂sPλ − [Kλ,Pλ] = 0 ,

if and only if the function κ(s, t) satisfies the KdV equation

(4.3) ∂tκ+ ∂3
sκ− 6κ ∂sκ = 0 .

Consequently, as shown in [44], for every λ ∈ R there exists a map Eλ : U ⊆ R2 −→
SL(2,R) such that

(4.4) dEλ = Eλ Γλ .

The maps Eλ depend in a real analytic fashion on λ ∈ R and are uniquely defined
up to a left multiplication by an element of SL(2,R). The map Eλ is called an
extended frame of κ with spectral parameter λ ∈ R ([38])7.

6The sl(2,R)-valued 1-form Γλ can be understood as the Lax connection, while the Maurer-

Cartan compatibility equation is the zero-curvature equation for this connection.
7Observe that in the paper [38], the spectral parameter λ is a complex number, while here we

are restricting it to real values.
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Remark 4.1. Assume that U = J × I, where J and I are open intervals of the real
line R, and consider λ = 0. Denote by η the first column vector of the extended
frame E0. Then, η satisfies

∂tη = −∂sκ η + 2κ ∂sη ,

where κ = k is the central affine curvature of η. Hence, η is an integral curve of
the Pinkall flows ([33]).

4.2. The LIEN Flow. Let J, I ⊆ R be two open intervals such that (for conve-
nience) 0 ∈ I and consider γ : (s, t) ∈ J × I ⊆ R2 7−→ γ(s, t) = γt(s) ∈ AdS a
smooth one parameter family of null curves without inflection points and param-
eterized by the proper time. In other words, for each t ∈ I, we have a null curve
γt : J ⊆ R −→ AdS satisfying the assumptions of Remark 3.1.

The LIEN flow is the evolution equation for null curves in AdS given by

(4.5) ∂tγ = −2
√
2 (κT + 2B) ,

where κ = κ(s, t) is the bending of γ(s, t) and F = {γ, T,N,B} is the Cartan frame
field along γ(s, t) defined in Section 3. That is, T (s, t) is the tangent vector field
along γ(s, t), while B(s, t) is the binormal vector field.

We next show that the induced evolution equation on the bending κ of γ is
the KdV equation (4.3). In addition, we give a construction procedure to obtain
solutions of the LIEN flow (4.5) beginning with solutions of (4.3).

Theorem 4.2. Let γ : J × I ⊆ R2 −→ AdS be a solution of the LIEN flow (4.5).
Then the bending κ(s, t) of γ(s, t) evolves according to the KdV equation (4.3).

Conversely, if κ : J × I ⊆ R2 −→ R is a smooth solution of the KdV equation
(4.3), then

γ = E1E
−1
−1 : J × I ⊆ R2 −→ AdS ,

is a solution of the LIEN flow (4.5) with bending κ, where Eλ, λ = −1, 1, are the
extended frames of κ with spectral parameters λ = −1, 1, respectively.

Proof. Suppose that γ is a solution of the LIEN flow. Then, from (4.5) and the
Frenet-type equations (3.1), the Cartan frame field F along γ is a solution of the
linear system

(4.6) F−1dF = K ds+ P dt ,

where K is as in (3.2) and

(4.7) P =


0 −4

√
2 0 −2

√
2κ

−2
√
2κ p22 p23 0

0 p32 0 −p23
−4

√
2 0 −p32 −p22

 .

Notice that the first column and first row of the matrix P are a consequence of the
evolution equation (4.5), while the unspecified entries pij are completely determined
by the compatibility equations

(4.8) ∂tK − ∂sP − [K,P] = 0 .

As a result we obtain the specific values

(4.9) p22 = −2∂sκ , p32 =
4√
2
κ , p23 =

1√
2

(
−2∂2

sκ+ 4κ2 − 8
)
.
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Let p22, p32 and p23 be as above and P be the matrix (4.7), then the compatibility
equation (4.8) is satisfied if and only if κ is a solution of the KdV equation (4.3).

Conversely, let κ be a solution of the KdV equation (4.3). According to [44], the
extended frames of κ with spectral parameters λ = −1 and λ = 1, E−1 and E1,
respectively, do exist and they satisfy (4.4). We then define the map γ = E1E

−1
−1 .

For every fixed t ∈ I, it follows from (4.4) and the spinorial Frenet-type equations
(3.3)-(3.4) that γt : J ⊆ R −→ AdS is a null curve without inflection points,
parameterized by the proper time and with bending κt. Moreover, (E1, E−1) is
the spinor frame field along γt. Therefore, the Cartan frame field F along γ is
F = πs ◦ (E1, E−1). Then, using the expression of π∗

s (ω) given in Section 2, we
deduce that

F∗ (ω2
1

)
=

√
2 (ds− 2κdt) ,

F∗ (ω3
1

)
= 0 ,

F∗ (ω4
1

)
= −4

√
2 dt .

(Observe that the values αj
i of π∗

s (ω) correspond to the values of Γ1, while the βj
i

are those of Γ−1.)
It then follows from

dγ = F∗(ω2
1)T + F∗(ω3

1)N + F∗(ω4
1)B ,

that (4.5) holds and, hence, γ is a solution of the LIEN flow. □

Remark 4.3. Let κ : J × I ⊆ R2 −→ R be a smooth solution of the KdV equation
(4.3). Employing the extended frames Eλ and the construction of null curves of The-
orem 3.3, we find a relation between solutions of the LIEN flow (4.5) and solutions
of the Pinkall flows. Indeed, as explained in Remark 4.1, the first column vector of
E0 is an integral curve η of the Pinkall flows, while the null curve γ = E1E

−1
−1 is a

solution of the LIEN flow (4.5). The solution κ of the KdV equation is the central
affine curvature of η as well as the bending of γ.

Proceeding in analogy with [39] we next prove that closed null curves evolve by
the LIEN flow (4.5) through closed curves, assuming the extra condition that the
corresponding solution of the KdV equation (4.3) is periodic.

Proposition 4.4. Let γo : J = R −→ AdS be a closed null curve with bending
κo(s). Assume that the solution κ(s, t), t ∈ I, of the KdV equation (4.3) with
initial condition κ(s, 0) = κo(s) is periodic in s ∈ R. Then, the solution γ : R× I ⊆
R2 −→ AdS of the LIEN flow (4.5) with initial condition γ(s, 0) = γo(s) is periodic
in s ∈ R.

Proof. Let γo be a closed null curve and assume that its periodic bending κo has
least period ρ. Recall that the Cartan frame field F along γ is a solution of the
linear system (4.6), where K is as in (3.2) and P is as in (4.7) for the entries given
in (4.9). To prove that the evolving curves γt : s ∈ R 7−→ γ(s, t) ∈ AdS are periodic
in s ∈ R it suffices to show that the monodromy M : t ∈ I 7−→ F(ρ, t)F(0, t)−1 ∈ R
is constant. Indeed, if M is constant and γo is periodic in s ∈ R, then M has
finite order n ≥ 0 and γo is periodic with least period nρ. The evolving curves
γt(s) = γ(s, t) have periodic bending of period ρ and monodromies of order n.
Consequently, γt is periodic with period nρ, for every t ∈ I.
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Differentiating M with respect to t we have

∂tM(t) = ∂tF(ρ, t)F(0, t)−1 + F(ρ, t)∂tF−1(0, t) .

From (4.6) we have

∂tF(ρ, t) = F(ρ, t)P(ρ, t) , ∂tF−1(0, t) = −P(0, t)F−1(0, t) .

Since κ(s, t) is periodic in s ∈ R, we have P(ρ, t) = P(0, t) and, hence,

∂tM(t) = F(ρ, t)P(ρ, t)F(0, t)−1 −F(ρ, t)P(0, t)F(0, t)−1 = 0 ,

proving the result. □

Remark 4.5. The above proposition is a consequence of the fact that the LIEN flow
(4.5) preserves the monodromy.

Remark 4.6. The Cauchy problem for the KdV equation (4.3) with initial data
belonging to the Schwartz class S(R,R) was solved by Lax in [23]. From this it
follows that a null curve whose bending κ belongs to this class, i.e. κ ∈ S(R,R),
evolves under the LIEN flow (4.5) and the bendings of the evolving curves belong
to S(R,R) as well.

5. Stationary Solutions

Among all the possible solutions of the LIEN flow (4.5), stationary solutions
deserve special attention due to their interesting geometric meaning. From a geo-
metric point of view the stationary solutions are the fixed points of the flow on
the space of the equivalence classes of null curves. In this section we will focus
on stationary solutions of the flow and prove that those with nonconstant periodic
bending can be explicitly integrated employing the fundamental solutions of a Lamé
equation (Subsections 5.2 and 5.3). To show this, we will first recall the Floquet
eigenvalue problem for this equation ([41]) which plays an essential role in the proof
(Subsection 5.1).

5.1. Floquet Spectrum for the First Order Lamé Equation. The first order
Lamé equation is the second order ordinary differential equation

(5.1) f ′′ +
(
h− 2µ sn2(−, µ)

)
f = 0 ,

where sn(−, µ) is the Jacobi’s sn function with elliptic parameter8 µ ∈ (0, 1) and
h ∈ R is a constant called the eigenvalue parameter. Observe that sn2(−, µ) is
an even periodic function with least period 2K(µ). Here, K denotes the complete
elliptic integral of the first kind. We denote by clh,µ and slh,µ the fundamental
solutions of the equation (5.1) normalized by clh,µ(0) = 1, cl′h,µ(0) = 0, slh,µ(0) = 0,

and sl′h,µ(0) = 1. It is clear that since sn2(−, µ) is an even function, clh,µ is even
while slh,µ is odd. For more details about elliptic integrals and Jacobian elliptic
functions, we refer the reader to [35].

Definition 5.1. The eigenvalue parameter h ∈ R is a Floquet eigenvalue (with
elliptic parameter µ) if both fundamental solutions clh,µ and slh,µ are periodic.
The Floquet spectrum with elliptic parameter µ, denoted by Sµ, is the set of all
Floquet eigenvalues with elliptic parameter µ.

8Our elliptic parameter µ ∈ (0, 1) is the square of the elliptic modulus.
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From the Lamé equation (5.1) it follows that the function δh,µ : R −→ SL(2,R)
defined by

(5.2) δh,µ(s) =

(
clh,µ(s) cl′h,µ(s)
slh,µ(s) sl′h,µ(s)

)
,

satisfies the Cauchy problem

(5.3) δ′h,µ(s) = δh,µ(s)

(
0 2µ sn2(s, µ)− h
1 0

)
, δh,µ(0) = Id .

The monodromy is the matrix Mµ(h) = δh,µ(2K(µ)) ∈ SL(2,R). From (5.3), it
follows that h is a Floquet eigenvalue if and only if the monodromy has finite
order. Equivalently, if and only if the matrix Mµ(h) is diagonalizable9 over C
with eigenvalues e±iπq where q ∈ [0, 1] ∩ Q. The rational number q is called the
characteristic exponent of h.

The set of all Floquet eigenvalues h with characteristic exponent q is denoted
by Sµ,q ⊂ Sµ. The set Sµ,q is an unbounded strictly increasing sequence ([41]).

In particular, Sµ,0 = {b2r1 (µ)}r∈N and Sµ,1 = {b2r+1
1 (µ)}r∈N, where b2r1 (µ) and

b2r+1
1 (µ) are the classical Lamé eigenvalues10 of order one ([40]). These eigenvalues
interlace according to

1 + µ < b2r1 (µ) < b2r+1
1 (µ) ,

and br1(µ) → ∞ as r → ∞. If q ∈ (0, 1), then Sµ,q = {h ∈ (µ, 1)∪(µ+1,∞) | τµ(h) =
cos(qπ)}, where τµ is the real analytic function of the variable h defined by half the
trace of the monodromy, that is,

(5.4) τµ(h) =
1

2
trMµ(h) .

In Figure 4 we illustrate the graph of a function τµ(h). Assuming the corresponding
restrictions, namely, h > 1 + µ when q = 0, 1, or h ∈ (µ, 1) ∪ (1 + µ,∞) when
q ∈ (0, 1), the values of h at which τµ(h) = cos(qπ), q ∈ [0, 1], holds are the Floquet
eigenvalues with characteristic exponent q. One can also see from the figure that
the sequence of these eigenvalues is strictly increasing and unbounded.

5.2. Heun Functions and Periodic Solutions of the Lamé Equation. In this
subsection we will show how to build the fundamental solutions clh,µ and slh,µ of
the Lamé equation (5.1) out of the Jacobi’s sn function and a class of holomorphic
functions, namely, the local Heun functions. For more details about Heun functions
we refer the reader to [34] and [36].

The (local) Heun function Hℓ(a, q, α, β, γ, δ; z) with parameters a, q, α, β, γ and
δ is the holomorphic solution of the second order ordinary differential equation

(5.5) f ′′(z)+

(
γ

z
+

δ

z − 1
+

α+ β − γ − δ + 1

z − a

)
f ′(z)+

αβz − q

z(z − 1)(z − a)
f(z) = 0 ,

with initial condition f(0) = 1. In the present paper, we are interested in a couple
of Heun functions determined by the parameters, respectively,

a = 1/µ , q = (µ− h)/4µ , α = 0 , β = 3/2 , γ = δ = 1/2 ,

9Observe that when q ∈ (0, 1) the monodromy Mµ(h) is always diagonalizable, since in these

cases the eigenvalues are different.
10Due to their relevance in physics and applied mathematics, since 2020, the Lamé eigenvalues

are implemented in the most common scientific computing software, such as Mathematica, MatLab
or Maple.
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Figure 4. Graph of the function τµ(h), (5.4), for the specific value
µ = 0.9 (in black). Left: The first three Floquet eigenvalues with char-
acteristic exponent q = 0, that is, belonging to Sµ,0 ⊂ Sµ (the blue
points) and the first three Floquet eigenvalues with characteristic ex-
ponent q = 1, which belong to Sµ,1 ⊂ Sµ (the red points). Although
the yellow points satisfy τµ(h) = cos(qπ), q = 0, 1, their h value does
not belong to Sµ,q since h < 1 + µ. Right: The first seven Floquet
eigenvalues with characteristic exponent q = 2/5, that is, the first seven
elements of Sµ,2/5 ⊂ Sµ (the purple points).

and

a = 1/µ , q = (1− h+ 4µ)/4µ , α = 1/2 , β = 2 , γ = 3/2 , δ = 1/2 ,

where µ ∈ (0, 1) is the elliptic parameter of the Jacobi’s sn function and h ∈ Sµ is
a Floquet eigenvalue with elliptic parameter µ. For short, we denote these Heun
functions by Hℓ1(µ, h; z) and by Hℓ2(µ, h; z), respectively (an example is shown in
Figures 5 and 6).

Remark 5.2. The functions Hℓ1(µ, h; z) and Hℓ2(µ, h; z) have the following main
properties:

• The functions Hℓ1(µ, h; z) and Hℓ2(µ, h; z) have a branch cut discontinuity
in the complex plane running from 1 to +∞. Away from the branch cut
discontinuity, they are holomorphic.

• The real parts of Hℓ1(µ, h; z) and Hℓ2(µ, h; z) are continuous on R \ {1/µ}
and are unbounded in any punctured open neighborhood of 1/µ > 1. They
fail to be differentiable at z = 1.

• The functions s ∈ R \ {1/µ} 7−→ ℜ(Hℓ1(µ, h; s)) and s ∈ R \ {1/µ} 7−→
ℜ(Hℓ2(µ, h; s)) are continuous and real analytic away from s = 1 (see Fig-
ure 7) and ℑ(Hℓ1(µ, h; s)) = ℑ(Hℓ2(µ, h; s)) = 0 for every s < 1.

• On the real interval (−∞, 1) the functions Hℓ1(µ, h; z) and Hℓ2(µ, h; z) are
real-valued.

Consider the even and odd functions defined, respectively, by

c̃lh,µ : s ∈ R 7−→ Hℓ1(µ, h; sn
2(s, µ))

√
1− µ sn2(s, µ) ∈ R ,

s̃lh,µ : s ∈ R 7−→ Hℓ2(µ, h; sn
2(s, µ))

√
1− µ sn2(s, µ) sn(s, µ) ∈ R .

The functions c̃lh,µ and s̃lh,µ are continuous and periodic with least period 2K(µ).
These functions are real analytic on the open intervals ((2p+1)K(µ), (2p+3)K(µ)),
p ∈ Z, and fail to be differentiable at the points (2p + 1)K(µ), p ∈ Z. The reason
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Figure 5. Graphs of the real and imaginary parts (left and right,
respectively) of the Heun function Hℓ1(µ, h; z) over the disc of radius 5
centered at the origin. In this example, the elliptic parameter is µ = 0.4
and the Floquet eigenvalue is h ≃ 0.67 ∈ Sµ,2/5 ⊂ Sµ. The yellow points
are (0,ℜ(Hℓ1(µ, h; 0))) and (0,ℑ(Hℓ1(µ, h; 0))), while the green points
are (1,ℜ(Hℓ1(µ, h; 1))) and (1,ℑ(Hℓ1(µ, h; 1))).

Figure 6. Graphs of the real and imaginary parts (left and right,
respectively) of the Heun function Hℓ2(µ, h; z) over the disc of radius 5
centered at the origin. In this example, the elliptic parameter is µ = 0.4
and the Floquet eigenvalue is h ≃ 0.67 ∈ Sµ,2/5 ⊂ Sµ. The yellow points
are (0,ℜ(Hℓ2(µ, h; 0))) and (0,ℑ(Hℓ2(µ, h; 0))), while the green points
are (1,ℜ(Hℓ2(µ, h; 1))) and (1,ℑ(Hℓ2(µ, h; 1))).

for this lack of regularity is that |sn((2p+ 1)K(µ), µ)| = 1 for every p ∈ Z and the
functions s ∈ R 7−→ ℜ(Hℓ1(µ, h; s)) and s ∈ R 7−→ ℜ(Hℓ2(µ, h; s)) are continuous
but not differentiable at s = 1. Indeed, at the points (2p + 1)K(µ), p ∈ Z, the
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Figure 7. The graphs of the functions s ∈ R 7−→ ℜ(Hℓ1(µ, h; s))
(Left) and s ∈ R 7−→ ℜ(Hℓ2(µ, h; s)) (Right). For both cases µ = 0.4
and h ≃ 0.67 ∈ Sµ,2/5 ⊂ Sµ.

derivatives of c̃lh,µ and s̃lh,µ have a jump discontinuity (see Figure 8 for an example

of a graph of the functions c̃lh,µ and s̃lh,µ).

Figure 8. Left: The graph of the function c̃lh,µ. Right: The graph

of the function s̃lh,µ. In both cases µ = 0.4 and h ≃ 0.67. The domain
illustrated in the images is [−K(µ), 19K(µ)].

Using (5.5) and the first and second order ordinary differential equations satisfied

by the Jacobi’s sn function (see [35], p. 560) it follows that the functions c̃lh,µ
and s̃lh,µ solve the Lamé equation (5.1) with elliptic parameter µ and eigenvalue

parameter h on the intervals ((2p+1)K(µ), (2p+3)K(µ)), p ∈ Z. Since c̃lh,µ(0) = 1,

c̃l
′
h,µ(0) = 0, s̃lh,µ(0) = 0, and s̃l

′
h,µ(0) = 1, we have that these functions coincide

with the fundamental solutions clh,µ and slh,µ of the Lamé equation (5.1) on the
interval [−K(µ),K(µ)]. That is,

c̃lh,µ|[−K(µ),K(µ)] = clh,µ|[−K(µ),K(µ)] ,

s̃lh,µ|[−K(µ),K(µ)] = slh,µ|[−K(µ),K(µ)] .
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In order to extend these functions and build the fundamental solutions clh,µ and
slh,µ on the whole real axis we compute

Q±,h,µ = lim
s→±K(µ)∓

(
c̃lh,µ(s) c̃l

′
h,µ(s)

s̃lh,µ(s) s̃l
′
h,µ(s)

)
,

and the monodromy matrix

Mµ(h) = Q+,h,µQ
−1
−,h,µ ∈ SL(2,R) .

Then, on the intervals [−K(µ) + pK(µ),K(µ) + pK(µ)], p ∈ Z, the fundamental
solutions clh,µ and slh,µ of the Lamé equation (5.1) are given, respectively, by

clh,µ(s) = (Mµ(h))
p
1 1 c̃lh,µ (s− pK(µ)) + (Mµ(h))

p
1 2 s̃lh,µ (s− pK(µ)) ,

slh,µ(s) = (Mµ(h))
p
2 1 c̃lh,µ (s− pK(µ)) + (Mµ(h))

p
2 2 s̃lh,µ (s− pK(µ)) .

Remark 5.3. In the cases q = 0, 1, the fundamental solutions coincide, up to a
constant multiplicative factor, with the Lamé functions ECr

1(s, µ) and ESr
1(s, µ)

(see, for instance, [40]).

Let m < n be two relatively prime natural numbers and consider that q = m/n
is the characteristic exponent of the Floquet eigenvalue h ∈ Sµ,q ⊂ Sµ. Then,
the monodromy Mµ(h) has order 2n, if m is odd, and order 4n, if m is even.
Consequently, the fundamental solutions are periodic with least period 2nK(µ) (if
m is odd) and 4nK(µ) (if m is even).

In what follows we will illustrate with an specific example the procedure to build
the fundamental periodic solutions of the Lamé equation (5.1).

Example 5.4. Fix the elliptic parameter µ = 0.4 and consider the Floquet eigen-
value h ≃ 0.67 ∈ Sµ,2/5 ⊂ Sµ with characteristic exponent q = 2/5.

For these values, Figures 5 and 6 reproduce the graphs of the imaginary and
real parts of the Heun functions Hℓ1(µ, h; z) and Hℓ2(µ, h; z). Figure 7 depicts the
graphs of the functions s ∈ R 7−→ ℜ(Hℓ1(µ, h; s)) and s ∈ R 7−→ ℜ(Hℓ2(µ, h; s)).
Observe that since −1 ≤ sn(s, µ) ≤ 1 and sn(s, µ) = 1 if and only if s = 2pK(µ)
and sn(s, µ) = −1 if and only if s = (2p−1)K(µ), p ∈ Z, only ℜ(Hℓ1(µ, h; s))|[0,1] =
Hℓ1(µ, h; s)|[0,1] and ℜ(Hℓ2(µ, h; s))|[0,1] = Hℓ2(µ, h; s)|[0,1] are relevant for the con-
struction of the fundamental solutions of the Lamé equation (these parts are rep-
resented in red in Figure 7). Additionally, Figure 8 reproduces the graphs of the

functions c̃lh,µ and s̃lh,µ on the interval [−K(µ), 19K(µ)]. The monodromy matrix
Mµ(h) ∈ SL(2,R) can be computed numerically obtaining

Mµ(h) ≃
(
−0.309017 −0.331386
2.72947 −0.309017

)
,

which can be checked to have order 10.
Then, we can evaluate clh,µ and slh,µ by means of the explicit expression ob-

tained above. Due to the order of the monodromy, the fundamental solutions are
periodic with least period 20K(µ) (recall that since m = 2 is even the least period
is 4nK(µ) = 20K(µ)).

These functions have been illustrated employing the above explained method in
red in Figure 9. Moreover, they are compared with a numerical solution of the
Lamé equation (in dashed black).
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Figure 9. Left: The graph of the function clh,µ. Right: The graph
of the function slh,µ. In both cases µ = 0.4 and h ≃ 0.67. The domain
illustrated in the images is [−K(µ), 19K(µ)]. Both graphs are compared
with a numerical solution of the Lamé equation (5.1), which is shown in
dashed black.

Now that we know how to compute the periodic fundamental solutions of the
Lamé equation (5.1), we are in a position to study stationary solutions of the LIEN
flow (4.5).

5.3. Stationary Solutions of the LIEN Flow.

Definition 5.5. We say that a null curve γ : J ⊆ R −→ AdS is a stationary curve
of the LIEN flow (4.5) if its evolution by the flow is given by

(s, t) ∈ J × I ⊆ R2 7−→ A(t)γ(s+ 2ℓt)B(t)−1 ∈ AdS ,

where ℓ ∈ R and A,B : I ⊆ R −→ SL(2,R) are two maps such that A(0) = B(0) =
Id. (Recall that, for convenience, we are assuming that 0 ∈ I).

From Theorem 4.2, it follows that the induced evolution equation on the bending
κ of γ is the KdV equation (4.3). Since γ is a stationary curve of the LIEN flow
(4.5), we then deduce that the bending κ of γ is a solution of the third order
differential equation

(5.6) κ′′′ + 2ℓκ′ − 6κκ′ = 0 ,

where ( )
′
denotes the derivative with respect to the proper time s ∈ J . The bending

of its evolution by the flow is the traveling wave solution κ(s + 2ℓt) of the KdV
equation (4.3).

If the bending κ of γ is a nonconstant function, equation (5.6) can be integrated
twice obtaining a first order differential equation in separable variables which in-
volves the square root of a polynomial of degree three. Hence, nonconstant solutions
of (5.6) can be expressed in terms of elliptic functions. In particular, the periodic
solutions are of the form

(5.7) κ(s) =
1

h− − h+

(
4µ sn2

(√
2

h− − h+
s, µ

)
− h− − h+

)
,
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where µ ∈ (0, 1) is a constant11 and h− > h+ are two real numbers satisfying

(5.8) ℓ(h− − h+) + 3(h− + h+) = 4(1 + µ) .

We next show how to construct stationary curves of the LIEN flow (4.5) from
the fundamental solutions of the Lamé equation (5.1). Recall that the procedure
to construct these periodic fundamental solutions was described in Subsection 5.2.

Theorem 5.6. A null curve γ : J = R −→ AdS with nonconstant periodic bending
κ is a stationary curve of the LIEN flow (4.5) if and only if it is equivalent to the
curve

s ∈ R 7−→ δh+,µ

(√
2

h− − h+
s

)
δh−,µ

(√
2

h− − h+
s

)−1

∈ AdS ,

where h− > h+ are two real numbers, µ ∈ (0, 1) is a constant and δh,µ : R −→
SL(2,R) is the map defined in (5.2).

Moreover, the null curve γ is closed if and only if h+, h− ∈ Sµ. In other words,
if and only if h+ and h− are Floquet eigenvalues with elliptic parameter µ.

Proof. Consider a stationary curve γ of the LIEN flow (4.5) with nonconstant
periodic bending κ. Since γ is stationary and its bending is periodic then κ is
given by (5.7).

Denote by (η+, η−) the pair of cousins associated with the null curve γ. Without
loss of generality we may assume that γ is normalized so that the components of
the spinor frame field (F+, F−) along γ satisfy

F±(0) =

(
1/
√
σ 0

0
√
σ

)
,

respectively. Here, we are using the constant σ =
√

2/(h− − h+) to simplify the
expression.

From Theorem 3.3, it follows that the central affine curvatures of the star-shaped
curves η+ and η− are, respectively, k+ = κ+ 1 and k− = κ− 1. Hence, we deduce
from (3.5) that η± satisfy

η′′+(s) = (κ(s) + 1) η+(s) ,

η′′−(s) = (κ(s)− 1) η−(s) ,

respectively. Define the functions η̃±(t) =
√
σ η±(t/σ). From the differential equa-

tions satisfied by η± and the explicit expression of κ(s) given in (5.7), we see that the
new functions η̃± satisfy Lamé equations of order one (5.1) with elliptic parameter
µ ∈ (0, 1) and eigenvalue parameters h±, respectively.

Moreover, due to our choice of normalization, the maps δh+,µ = (η̃+, η̃
′
+) and

δh−,µ = (η̃−, η̃
′
−) satisfy the Cauchy problem (5.3). We then conclude from Theorem

3.3, that γ is as in the statement. The converse, follows in the same way.
For the second assertion, observe that the null curve γ is closed if and only if the

maps δh±,µ are periodic with commensurable periods. On the other hand, these
maps are periodic if and only if h± ∈ Sµ,q± , respectively, where q± ∈ [0, 1] ∩ Q.
Let q± = m±/n± for relatively prime natural numbers n± and m±. Hence, δh±,µ

are periodic with least period 2n±K(µ) or 4n±K(µ) depending on whether m±

11The constant µ ∈ (0, 1) of (5.7) is a priori unrelated to the elliptic parameter of the Lamé

equation (5.1). However, in Theorem 5.6 it is shown that both constants do coincide. Hence, for
simplicity, we use the same letter for both of them.
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are even or odd, respectively (see Subsection 5.2). Consequently, their periods are
automatically commensurable. □

Let γ : J = R −→ AdS be a stationary curve of the LIEN flow (4.5) with
nonconstant periodic bending κ. From Theorem 5.6, we have that γ depends on
three real parameters, namely, h− > h+ and µ ∈ (0, 1).

Definition 5.7. The constant µ ∈ (0, 1) is called the elliptic parameter and the
real numbers h− > h+ will be referred as to the Lamé eigenvalues.

Figure 10. Left: The closed stationary curve of the LIEN flow (4.5)
with elliptic parameter µ = 0.9 and Lamé eigenvalues h− ≃ 2.23 > h+ ≃
0.93 ∈ Sµ,2/5 ⊂ Sµ. This curve represents a torus knot of type (3, 5).
Center/Right: The pair of star-shaped cousins (η+, η−) associated with
the null curve.

In Figure 10 (Left) we show a closed stationary curve of the LIEN flow (4.5)
obtained as in Theorem 5.6. In order to produce the stationary curve, we first fix
our elliptic parameter µ ∈ (0, 1) and a desired rational number q ∈ [0, 1]∩Q (which
a posteriori will be closely related to the type of the torus knot represented by the
curve). We then compute two Floquet eigenvalues h− > h+ with characteristic
exponent q by numerically solving τµ(h) = cos(qπ) (see Subsection 5.1). This
implies that h+, h− ∈ Sµ,q ⊂ Sµ and, hence, guarantees that the null curve γ will
be closed12. Finally, we solve the two Lamé equations satisfied by the star-shaped
cousins associated with the null curve (see Subsection 5.2) and apply Theorem 3.3
to obtain our stationary curve. In addition, we also illustrate in Figure 10 the pair
of star-shaped cousins associated with this stationary curve. We observe that when
the Lamé eigenvalue belongs to the interval (µ, 1) (for which q ∈ (0, 1) necessarily)
the star-shaped curve may be simple, while, in other cases, it has self-intersections
(cf. Figure 10 Center and Right, respectively).

Other examples of closed stationary curves of the LIEN flow (4.5) (constructed
as in Theorem 5.6 and following the procedure explained above) can be found in
Figures 11 and 12. In both cases, the stationary curves are cable knots.

Remark 5.8. We recall here what a cable knot is (from a differential geometric
viewpoint). Consider a smooth non-trivial knot of length l parameterized by a curve

12One may as well fix two different rational numbers, say q+ ̸= q− ∈ [0, 1] ∩ Q, and compute
one Floquet eigenvalue h± for each characteristic exponent q±. This also guarantees that the null

curve γ will be closed.
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α : R −→ R3. Without loss of generality we suppose that α is bi-regular and
parameterized by the Euclidean arc length. Let {t⃗, v⃗, w⃗} be an orthogonal frame
field along α such that t⃗ is the unit tangent vector field. Let r : R −→ R be a
smooth positive periodic function with least period l. If max(r) is sufficiently small,
the map

fα : [(s, θ)] ∈ T̃2 =
R
lZ

× R
2πZ

7−→ α(s) + r(s) cos(θ)v⃗(s) + r(s) sin(θ)w⃗(s) ∈ R3 ,

is a smooth embedding of the torus T̃2. However, this is not isotopic to the standard
embedding. Fix a rational number q = m/n, q /∈ Z. Then

β : [s] ∈ R
nlZ

7−→ fα

(
s,

2π

l
qs

)
∈ fα(T̃2) ,

is a simple closed curve. The image of β is a smooth cable knot of type (m,n) with
respect to the framing {t⃗, v⃗, w⃗} and with the center line α. The cabling depends
both on q = m/n and on the framing. We refer the reader to [1] for a topological
description of satellite and cable knots.

Figure 11. Left: The closed stationary curve of the LIEN flow (4.5)
with elliptic parameter µ = 0.6 and Lamé eigenvalues h− ≃ 65.59 >
h+ ≃ 3.29 ∈ Sµ,0 ⊂ Sµ. This curve represents a cable knot. Center:
The center line of the cabling, which is a trefoil torus knot. Right:

An embedded tube fα(T̃2) (in the notation of Remark 5.8) around the
center line and the closed stationary curve traced on the tube (in yellow).

The evolution by the LIEN flow (4.5) of a closed stationary curve can be explicitly
described.

Proposition 5.9. Let γ : J = R −→ AdS be a closed stationary curve of the LIEN
flow (4.5) with elliptic parameter µ ∈ (0, 1) and Lamé eigenvalues h− > h+ ∈ Sµ.
Then, the evolution of γ by the flow is

(s, t) ∈ R× I ⊆ R2 7−→ Exp(tm+)γ(s+ 2ℓt)Exp(−tm−) ∈ AdS ,

where ℓ ∈ R is the constant satisfying (5.8) and m± ∈ sl(2,R) are given by

m± =

 0 8
√
2(h±−1)(µ−h±)

(h−−h+)3/2

8
√
2(h±−1−µ)

(h−−h+)3/2
0

 .
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Figure 12. Left: The closed stationary curve of the LIEN flow (4.5)
with elliptic parameter µ = 0.9 and Lamé eigenvalues h− ≃ 5.98 > h+ ≃
0.93 ∈ Sµ,2/5 ⊂ Sµ. This curve represents a cable knot. Center: The
center line of the cabling, which is a torus knot of type (4, 5). Right:

An embedded tube fα(T̃2) (in the notation of Remark 5.8) around the
center line and the closed stationary curve traced on the tube (in yellow).

Proof. Assume that γ is a closed stationary curve of the LIEN flow (4.5) with
µ ∈ (0, 1) and h− > h+ fixed and let (F+, F−) be the spinor frame field along γ.
Then, the bending κ of γ satisfies (5.7) (and, hence, (5.6) too) for the constant
ℓ ∈ R given by (5.8).

We begin by proving the following conservation laws

F+ (P1 − 2ℓK1)F
−1
+ = m+ ,(5.9)

F− (P−1 − 2ℓK−1)F
−1
− = m− ,(5.10)

where Kλ and Pλ, λ = 1,−1, are defined in (4.2) and m± are constant matrices.
The proof of both conservation laws is analogous, hence, we will avoid explicitly
writing the sub-indexes. The following computations are valid for both possible
sub-indexes.

Define the function H(s) = P(s) + 2ℓK(s). Using the spinorial Frenet-type
equations (3.3) or (3.4), respectively, of γ, we have(

F HF−1
)′

= F (H′ − [H,K])F−1 = 0 .

The second equality follows from (5.6) and the following computation involving the
definition of H,

H′ − [H,K] = P ′ + 2ℓK′ − [P,K] =

(
0 −κ′′′ − 2ℓκ′ + 6κκ′

0 0

)
= 0 .

Consequently, FHF−1 must be constant which shows the conservation laws (5.9)
and (5.10). Moreover, since the matrices m± are constant, it is enough to compute
(5.9)-(5.10) at s = 0. Using the same normalization for F± employed in the proof
of Theorem 5.6 and the derivatives of κ obtained from (5.7), we then deduce that
the matrices m± are as in the statement.

We next show that γ̂(s, t) = Exp(tm+)γ(s+ 2ℓt)Exp(−tm−) is a solution of the

LIEN flow (4.5). Observe that, by construction, the spinor frame field (F̂+, F̂−)



INTEGRABLE FLOWS ON NULL CURVES IN THE ANTI-DE SITTER 3-SPACE 25

along γ̂ is given by

F̂+(s, t) = Exp(tm+)F+(s+ 2ℓt) ,

F̂−(s, t) = Exp(tm−)F−(s+ 2ℓt) .

As in the previous part of the proof, we need to work with both possible sub-indexes,
but again the computations are analogous. Thus, we will again avoid writing the
sub-indexes and the computations will be valid for both cases. Differentiating the
components of the spinor frame field along γ̂, we obtain

dF̂ = Exp(tm)F ′ds+ (mExp(tm)F + 2ℓExp(tm)F ′) dt

= Exp(tm) [F ′ds+ (mF + 2ℓF ′) dt] .

Consequently, from the spinorial Frenet-type equations of γ (3.3)-(3.4) and the
conservation laws (5.9)-(5.10),

F̂−1dF̂ = F−1Exp(−tm)dF̂ = F−1F ′ds+
(
F−1mF + 2ℓ F−1F ′) dt

= K ds+ P dt .

Therefore, using the expression of π∗
s (ω) given in Section 2, the Cartan frame field

F̂ along γ̂ evolves according to

∂tF̂ = F̂


0 −4

√
2 0 −2

√
2κ

−2
√
2κ −2κ′ √

2
(
−4 + 2κ2 − κ′′) 0

0 2
√
2κ 0 −

√
2
(
−4 + 2κ2 − κ′′)

−4
√
2 0 −2

√
2κ 2

√
2κ

 ,

where κ ≡ κ(s + 2ℓt). Hence, ∂tγ̂ = −2
√
2 (κT − 2B), which shows that γ̂ is a

solution of the LIEN flow (4.5) with bending κ ≡ κ(s + 2ℓt) and initial condition
the stationary curve γ(s). This finishes the proof. □

Remark 5.10. Equation (5.6) can be obtained as the Euler-Lagrange equation for
the functional

γ 7−→
∫
γ

(κ+ 2ℓ) ds .

This variational problem has been studied in the last couple of decades by several
authors (see for instance [2, 3, 28, 29] and references therein).

6. KKSH-Solutions

In this section (more precisely, in Subsection 6.2) we will investigate the solutions
of the LIEN flow (4.5) arising from the 3-parameter family of solutions of the KdV
equations studied by Kevrekidis, Khare, Saxena and Herring in [21] (see also [4]).
These functions depend on two elliptic parameters µ, τ ∈ (0, 1) and a homothetic
parameter h > 0. Unlike the stationary case, the Hill’s equations that need to
be solved for the construction of the corresponding evolution of null curves cannot
be written in an exact form in terms of known special functions. Therefore our
analysis is essentially based on the numerical solutions of such equations. For this
purpose, we will use symbolic and numerical routines implemented in the software
Mathematica 13.3. We begin by recalling how the KKSH-solutions of the KdV
equation (4.3) are constructed (Subsection 6.1).
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6.1. KKSH-Solutions of the KdV. Let µ, τ ∈ (0, 1) and h > 0 be three real
numbers and define the function ϕ(s, t) = 4

√
µ τ f+(s, t)f−(s, t), where f± are the

traveling waves given by

f+(s, t) = sn
(
h
(
s+ h2

(
1 + µ+ 3

√
µ/τ(1 + τ)

)
t
)
, µ
)
,

f−(s, t) = sn
(

4
√
µ/τ h

(
s+ h2

(√
µ/τ(1 + τ) + 3(1 + µ)

)
t
)
, τ
)
.

Then the function u = −2∂s (arctanhϕ) is a solution of the defocusing mKdV
equation

∂tu− 6u2∂su+ ∂3
su = 0 .

It then follows that, using the Miura transformation ([27]), the function defined by

(6.1) κ = ∂su+ u2 ,

is a solution of the KdV equation (4.3).

Definition 6.1. The solution κ of the KdV given in (6.1) is called the KKSH-
solution with elliptic parameters µ, τ ∈ (0, 1) and homothetic parameter h > 0.

Remark 6.2. Observe that if µ = τ the KKHS-solution κ is a traveling wave solu-
tion. Therefore, from now on we assume that µ ̸= τ .

The solution κ given in (6.1) is periodic in s, with least period ρ = 4m/hK(µ),
if and only if there exist relatively prime integers m and n such that

4
√
µmK(µ) = 4

√
τ nK(τ) .

This represents the implicit equation of a curve Cm,n of (0, 1)× (0, 1). It turns out
that this curve is the graph of a function. In fact, g : τ ∈ (0, 1) 7−→ 4

√
τ K(τ) ∈

(0,∞) is a strictly increasing diffeomorphism. Therefore, κ is periodic in s if and
only if τ = τm,n(µ) = g−1

(
m/n 4

√
µK(µ)

)
. Then, Cm,n is the graph of the function

τm,n : µ ∈ (0, 1) 7−→ τm,n(µ) ∈ (0, 1).

Remark 6.3. Note that g−1 can be evaluated solving numerically the Cauchy problem

y′ =
4(y − 1)y3/4

(1− y)K(y)− 2E(y)
, y

(
K(1/2)

4
√
2

)
= 1/2 ,

where E is the complete elliptic integral of the second kind.

Definition 6.4. The KKHS-solution periodic in s with τ = τm,n(µ) will be denoted
by κm,n. This solution is called the KKSH-solution with elliptic parameter µ ∈
(0, 1), homothetic parameter h > 0 and quantum numbers m and n.

The solution κ given in (6.1) is periodic in t if and only if there exist relatively
prime integers p and r such that

4
√

µ/τ
(
(1 + τ)

√
µ/τ + 3(1 + µ)

)
pK(µ) =

(
1 + µ+ 3(1 + τ)

√
µ/τ

)
rK(τ) .

Denote by Dp,r ⊂ (0, 1) × (0, 1) the curve defined by the above implicit equation.
If m/n and p/r are rational numbers such that Dp,r ∩ Cm,n ̸= ∅, then for every
(µ, τ) ∈ Dp,r ∩ Cm,n, the KKSH-solution κ is doubly-periodic.

Remark 6.5. Our numerical experiments strongly support the hypothesis that the
set {(m/n, p/r) ∈ Q2 | Dp,r ∩Cm,n ̸= ∅} has infinite countably many elements. This
would imply that there are infinite countably many 1-parameter families of KKSH-
solutions that are doubly periodic (in which case the homothetic parameter is the
free parameter of each one of these families).
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6.2. KKSH-Solutions of the LIEN Flow. Let m and n be two relatively prime
integers and consider the KKSH-solution κm,n, which is periodic in s, with elliptic
parameter µ ∈ (0, 1), homothetic parameter h > 0, and quantum numbers m and
n. Denote by γm,n the corresponding solution of the LIEN flow (4.5) and assume
that γm,n is normalized by F+(0, 0) = F−(0, 0) = Id, where (F+, F−) is the spinor
frame field along γm,n.

According to Theorem 4.2, the solution γm,n of the LIEN flow (4.5) can be

constructed as γm,n = E1E
−1
−1 , where Eλ, λ = −1, 1, are the extended frames of

κm,n with spectral parameters λ = −1, 1. Observe that from the proof of Theorem
4.2, it follows that (E1, E−1) is the spinor frame field along γm,n. Hence, with the
current notation, E1 = F+ and E−1 = F−.

Therefore, from a theoretical point of view, to evaluate the evolution, we need
to obtain the extended frames F± of κm,n, by solving (4.4). That is, in a first step
we need to solve the linear systems

dA+

dt
= A+

(
−∂sκ −∂2

sκ+ 2κ2 − 2κ− 4
2κ− 4 ∂sκ

)
|(0,t)

,(6.2)

dA−

dt
= A−

(
−∂sκ −∂2

sκ+ 2κ2 + 2κ− 4
2κ+ 4 ∂sκ

)
|(0,t)

,(6.3)

with the initial conditions A+(0) = A−(0) = Id. (For simplicity, we are simply
writing κ to denote κm,n.) The second step is to solve, for every t ∈ R, the linear
systems

dF+

ds
= F+

(
0 κ+ 1
1 0

)
|(s,t)

,(6.4)

dF−

ds
= F−

(
0 κ− 1
1 0

)
|(s,t)

,(6.5)

with initial conditions F+(0, t) = A+(t) and F−(0, t) = A−(t), respectively. Then,
γm,n(s, t) = F+(s, t)F

−1
− (s, t) it the normalized solution of the LIEN flow with

bending κm,n.

Remark 6.6. Note that (6.4)-(6.5) is equivalent to the four Hill’s equations

(6.6) x′′
± = (κm,n ± 1)x± , y′′± = (κm,n ± 1) y± .

Even though we do not have exact solutions, the numerical integration does not
presents problems. However, the system (6.2)-(6.3) may present critical issues from
a numerical point of view. Nonetheless, if the two monodromy matrices are non-
trivial and diagonalizable, the problem can be overcome by first solving (6.4)-(6.5)
with initial conditions F±(0, t) = Id and then determining, just with algebraic ma-
nipulations, the solutions of (6.2)-(6.3). In particular, it is essential to determine
the type of orbit of the evolution (see Subsection 3.2).

Keeping in mind Proposition 4.4, in order to determine the type of orbit of γm,n

it suffices to consider the initial curve γ̂m,n(s) = γm,n(s, 0). This curve and its
spinor frame field can be evaluated solving numerically the Hill’s equations (6.6)
with t = 0 and initial conditions x±(0) = 1, x′

±(0) = 0, y±(0) = 0, and y′±(0) = 0.

Let (F̂+, F̂−) be the spinor frame field along γ̂m,n and consider the monodromy

M̂ = (F̂+(ρ), F̂−(ρ)), where ρ = 4m/hK(µ) is the least period of the bending
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of γ̂m,n (see Subsection 6.1). We next compute the invariant I± = trF̂±(ρ)
2 − 4.

Then, F̂±(ρ) is elliptic if I± < 0, hyperbolic if I± > 0, and parabolic if I± = 0 and

F̂±(ρ) ̸= ±Id. In particular, if I± ̸= 0 the monodromy matrices are diagonalizable.

Example 6.7. Fix the real numbers m = 1, n = 6 and h = 2, and consider the
1-parameter family {κ1,6}µ of KKSH-solutions with elliptic parameter µ ∈ (0, 1),
homothetic parameter h = 2, and quantum numbers m = 1 and n = 6. Recall
that these solutions are periodic in s and, in this case, the least period of κ1,6 is
ρ = 2K(µ).

Since ρ depends on µ, the invariants I± introduced above are functions I± : µ ∈
(0, 1) 7−→ I±(µ) ∈ R. In Figure 13 we represent the graphs of these functions. From
these representations we deduce that the type of orbit of the KKSH-solutions γ1,6
of the LIEN flow (4.5) with bending κ1,6 is (H,E) (for every µ ∈ (0, 1)).

Figure 13. Left: The graph of the function I+. Right: The graph of
the function I−. The domain illustrated in the images is (0.01, 0.98).

Next, we find the elliptic parameter µ∗ ∈ (0, 1) such that the eigenvalues of the

monodromy matrix F̂−(ρ) are ei±2π/3. To this end we evaluate the function

p2/3 : µ ∈ (0, 1) 7−→ 1

2
R
(
trF̂−(ρ) +

√
I−

)
− cos(2π/3) ∈ R ,

and compute numerically its unique zero, namely, µ∗ ≃ 0.61500934 (see Figure 14).

Figure 14. The graph of the function p2/3. The only zero of this
function is µ∗ ≃ 0.61500934 (in red).

We now fix the elliptic parameter µ = µ∗ and let κ1,6 be the corresponding
KKSH-solution of the KdV equation (for this particular value µ∗ ∈ (0, 1)). This
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function κ1,6 is periodic in s with least period ρ ≃ 3.93225. In Figure 15 we show
the graphs of the functions κ1,6(s, tj) over the domain [0, ρ], for the values t0 = 0,
t1 ≃ 0.537285, t2 = 2t1 and t3 = 3t1.

Figure 15. Left: The graph of the function κ1,6(s, 0). Right: The
graphs of the functions κ1,6(s, tj), for j = 1, 2, 3, (in red, blue, and
purple, respectively.)

Denote by γ1,6 the solution of the LIEN flow (4.5) with bending κ1,6 (for the
fixed value µ = µ∗ of the elliptic parameter) and by (η+, η−) the pair of star-
shaped cousins associated with γ1,6. Figures 16, 17, 18 and 19 depict the null curves
γ1,6(s, tj) and the associated pair of cousins. The part of the null curves colored
in red are the arcs γ1,6(s, tj) where s ∈ [−ρ/2, ρ/2], while the points colored in
cyan are γ1,6(−ρ/2, tj) and γ1,6(ρ/2, tj). The parts colored in purple are γ1,6(s, tj)
with s ∈ (−∞,−ρ/2] and s ∈ [ρ/2,∞). When s > ρ/2, the curve γ1,6(s, tj) is
trapped into a small tubular neighborhood of an asymptotic null curve C+ of the
ideal boundary (see Remark 2.3). Similarly, when s < −ρ/2, γ1,6(s, tj) is trapped
into a small tubular neighborhood of a second asymptotic null curve C− of the ideal
boundary. On the other hand, the arcs γ1,6(s, t) where s ∈ [−ρ/2, ρ/2] undergo non-
trivial deformations. The trajectories of the evolving curves γ1,6 have a stabilizer

of infinite order, spanned by the monodromy M̂ = (F̂+(ρ), F̂−(ρ)), where F̂−(ρ) is

a clockwise rotation of 2π/3 around the origin and F̂+(ρ) is the hyperbolic element

F̂+(ρ) ≃
(
32.13972944617541 31.723219516279162

32.5231 32.1327

)
∈ SL(2,R) ,

with eigenvalues ζ1 ≃ 64.26 and ζ2 = 1/ϱ1.

7. Discussion

To summarize, we have shown that in the context of Lorentzian geometry in AdS,
there is a flow (the LIEN flow) on null curves that induces the bending evolution
by the KdV equation. Using the specific geometry of AdS we have been able to
relate the LIEN flow to the Pinkall flows for star-shaped curves in the centro-affine
plane.

We have carried out a detailed analysis of curves which are stationary (ie. whose
flows are congruent with respect to the restricted automorphism group of AdS to the
initial curve), identifying closure conditions and obtaining a complete description
of periodic stationary curves via an analysis of the Floquet spectrum of the Lamé
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Figure 16. Left: The null curve γ1,6(s, t0). Right: The pair of star-
shaped cousins (η+, η−) in black and red, respectively.

Figure 17. Left: The null curve γ1,6(s, t1). Right: The pair of star-
shaped cousins (η+, η−) in black and red, respectively.

Figure 18. Left: The null curve γ1,6(s, t2). Right: The pair of star-
shaped cousins (η+, η−) in black and red, respectively.

equation of order one. We have also showed that the periodic stationary curves can
be explicitly described in terms of Jacobi’s elliptic functions and special types of
Heun functions.

Next, we have investigated a 3-parameter family of solutions of the LIEN flow.
Contrary to the case of stationary solutions, in this case the Hill’s equation arising
when studying the corresponding evolution of null curves cannot be explicitly solved
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Figure 19. Left: The null curve γ1,6(s, t3). Right: The pair of star-
shaped cousins (η+, η−) in black and red, respectively.

in terms of known special functions. However, we have carried out an analysis of
these solutions based on the numerical solutions of such Hill’s equation.

These results naturally suggest further questions and directions for research. For
instance, one can investigate if the finite-gap solutions of the Pinkall flows obtained
by Calini, Ivey and Maŕı-Beffa ([8]) can be used to obtain finite gap solutions of
the LIEN flow.

In addition, in Appendix B we will see that, in fact, there are flows (higher order
LIEN flows) on null curves that induce bending evolution by any integrable PDE in
the KdV hierarchy. This hierarchy allows a bi-Hamiltonian formulation and, hence,
it is reasonable to ask if it is possible to extend to the context of null curves in AdS
the bi-Hamiltonian structure on the space of star-shaped curves or on the space
of null curves in Lorentz-Minkowski (2 + 1)-space studied by Terng and Wu ([39]),
Tabachnikov ([37]), and Amor, Giménez and Lucas ([2]).

Finally, as a completely integrable PDE the KdV equation has a rich structure
which also includes a Bäcklund transformation ([38]) which generates new solutions
from old. In a future paper, the authors will use the Tabachnikov’s transformation
on star-shaped curves ([37]) to find a geometric transformation on null curves that
corresponds to the Bäcklund transformation for the respective bendings.

Appendix A. Null Curves with Constant Bending

Let γ : J = R −→ AdS be a null curve with constant bending κ. Although our
curves are contained in the interior of the torical model of AdS, they may approach
asymptotically the ideal boundary of this model, that is, ∂T (see Remark 2.3).

Let (η+, η−) be the pair of cousins associated with the null curve γ with constant
bending κ. From Theorem 3.3, it follows that the curvatures k± of η± are also
constant and so, we can explicitly solve the spinorial Frenet-type equations of γ,
(3.3) and (3.4). Consequently, we can obtain the explicit parameterizations of η±
by taking the first column vector of F±, respectively. Moreover, depending on the
value of κ and, hence, on the values of k±, we have different possible types for
the star-shaped curves η± as well as different possible combinations for the pair of
cousins associated with γ. Indeed, there are five possible cases:

(1) Case κ < −1. This case was explicitly described in Example 3.5. We
recall here that the pair of cousins is composed by two ellipses while the
null curve γ itself is the orbit of a 1-parameter group of isometries of type
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(E,E). Hence, the components of the spinor frame field F± of γ are peri-
odic. Moreover, when their least periods are commensurable the null curve
γ is closed. See Figures 2 and 3.

(2) Case κ = −1. In this case, the pair of cousins associated with γ consists of
a line η+ and an ellipse η−. The null curve γ is the orbit of a 1-parameter
group of isometries of type (P,E). Consequently, the null curve γ cannot
be closed but, in the torical model for AdS, it tends asymptotically to a
null curve of the ideal boundary ∂T. See Figure 20.

Figure 20. Left: The null curve γ with constant bending κ = −1 in
the torical model for AdS (in red) and the limiting null curve (in yellow).
Right: The pair of star-shaped cousins (η+, η−) in black and red, re-

spectively.

(3) Case −1 < κ < 1. The pair of cousins consists of a branch of an hyperbola
η+ and an ellipse η−. The null curve γ is the orbit of a 1-parameter group of
isometries of type (H,E) and so it cannot be closed. It tends asymptotically
to two null curves of the boundary ∂T. Unlike in the case κ = −1, the
limiting curves are different. See Figure 21.

Figure 21. Left: The null curve γ with constant bending κ = −1/2
in the torical model for AdS (in red) and the two limiting null curves (in
yellow and green, respectively). Right: The pair of star-shaped cousins
(η+, η−) in black and red, respectively.

(4) Case κ = 1. The pair of cousins consists of a branch of an hyperbola η+
and a line η−. The null curve γ is the orbit of a 1-parameter group of
isometries of type (H,P ). This non-closed null curve tends asymptotically
to two different points of the ideal boundary. See Figure 22.
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Figure 22. Left: The null curve γ with constant bending κ = 1 in
the torical model for AdS and the two limiting points. Right: The pair
of star-shaped cousins (η+, η−) in black and red, respectively.

(5) Case κ > 1. In this case both η+ and η− are two branches of hyperbolas
and the null curve γ is the orbit of a 1-parameter group of isometries of
type (H,H). It tends asymptotically to two different points of the ideal
boundary, as in the case κ = 1. See Figure 23.

Figure 23. Left: The null curve γ with constant bending κ = 2 in
the torical model for AdS and the two limiting points. Right: The pair
of star-shaped cousins (η+, η−).

Appendix B. Construction of the Higher Order Flows

7.1. Notations. The space of n-th order jets of functions f ∈ C∞(R,R) is denoted
by Jn(R,R). The independent variable is denoted by s, while the dependent vari-
able and its virtual derivatives up to order n are denoted by u and u(1), ..., u(n),
respectively. The projective limit of the natural sequence

· · · → Jn(R,R) → Jn−1(R,R) → · · · → J1(R,R) → J0(R,R) → R ,

is the infinite jet space, denoted by J(R,R). If f is a smooth function of the variables
s and t, we put

js(f) : (s, t) ∈ R2 7−→ (s, f(s, t), ∂sf(s, t), . . . , ∂
n
s f(s, t), . . . ) ∈ J(R,R) .

A function p : J(R,R) −→ R is a polynomial differential function of order n if
there exists a polynomial p ∈ R[x0, ..., xn] such that p(u) = p(u, u(1), ..., u(n)) for
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every u = (s, u, u(1), ..., u(n), ...) ∈ J(R,R). The set of all polynomial differential
functions is denoted by J[u].

The total derivative D and variational derivative E of a polynomial differential
function p ∈ J[u] are defined by

D(p)|u=
∞∑
i=0

∂p

∂xi
|uu(i+1) , E(p)|u=

∞∑
i=0

(−1)iDi

(
∂p

∂xi

)
|u ,

respectively.
A polynomial differential function p ∈ J[u] is a total divergence if there exists

q ∈ J[u] such that p = D(q). We say that q is a primitive of p. The primitive is
unique up to an additive constant. If p is a total divergence we denote by D−1(p)
the unique primitive of p such that D−1(p)|0 = 0.

We next recall three basic properties:

(1) The polynomial differential function p ∈ J[u] is a total divergence if and
only if E(p) = 0.

(2) For every p ∈ J[u], u(1)E(p) is a total divergence.
(3) For every p ∈ J[u], uDE(p) is a total divergence.

Let D : J[u] −→ J[u] be the linear operator defined by

(7.1) D(p) = D3(p)− 4uD(p)− 2u(1)p .

Denote by P[u] the kernel of E ◦ D. For each p ∈ P[u], D(p) belongs to Ker(E).
Thus D−1D : P[u] −→ J[u] is a well defined linear operator.

7.2. The KdV Differential Polynomials and the KdV Hierarchy. The KdV
polynomial differential functions pn ∈ J[u] can be defined by the Lenard recursive
formula

(7.2) p0 = 1 , p1 = u , D(pn) = D(pn−1) , n ≥ 2 ,

where D is the total derivative and D is the linear operator defined in (7.1). From
the definition (7.2) it follows that pn is a polynomial differential function of order
2(n − 1). The n-th KdV equation is the evolution equation of order 2n + 1 given
by

(7.3) ∂tf +D(pn+1)|js(f) = 0 .

In particular, the 0th KdV equation is the wave equation ∂tf + ∂sf = 0, the 1st
KdV equation is, precisely, (4.3), and the 2nd KdV equation is

∂sf + 30f2∂sf − 20∂sf∂
2
sf − 10f∂3

sf + ∂5
sf = 0 .

Define a family of polynomial differential functions hn ∈ J[u] by

(7.4) hn(u) =

∫ 1

0

pn|ϵuu dϵ .

Then, pn = E(hn) and (7.3) can be rewritten in the bi-Hamiltonian form

(7.5) ∂tf +DE(hn+1)|js(f) = 0 , ∂tf +DE(hn)|js(f) = 0 .

The relevance of the Hamiltonian formulation of the KdV hierarchy stems from the
fact that (7.5) implies that the functionals f →

∫
hn|js(f)ds are conservation laws of

the KdV equation. Using (7.4), the conservation laws can be explicitly computed.
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Remark 7.1. The existence of infinite countably many conservation laws in involu-
tion for the KdV equation was the starting point of the Lax’s proof of the Cauchy
problem for rapidly decaying initial data ([23]) and for the implementation of the
inverse scattering method ([20]). In addition to that, this fact was used again in
[24, 25] to prove the existence, for every n ∈ N, of n-dimensional tori in the space
of periodic functions f : R −→ R which are invariant by the KdV flow. Moreover,
the time-evolution of f ∈ Tn is almost-periodic in time.

7.3. Higher Order LIEN Flows. Let {rn}, {qn}, {an}, and {bn} be the se-
quences of polynomial differential functions defined by

r0 = 2p0 , r1 = 2p1 − 4 , rn = 2pn + 4rn−1 ,(7.6)

q0 = 2p0 , q1 = 2p1 + 4 , pn = 2pn − 4rn−1 ,(7.7)

and by

(7.8) an = rn + qn , bn = rn − qn .

The n-th LIEN flow is the evolution equation for null curves in AdS given by

(7.9) ∂tγ =
1√
2

(
an + ubn − 1

2
D2bn

)
|js(κ) T +

1

2
Dbn|js(κ) N +

1√
2
bn|js(κ) B .

The 0th LIEN flow is the trivial flow ∂tγ = 2
√
2T , the 1st LIEN flow gives back

(4.5). Explicit expressions of the higher order flows can be obtained with a simple
recursive formula. For instance, the 2nd LIEN flow is given by

∂tγ = −2
√
2
(
∂2
sκ− κ2 + 8

)
T + 8∂sκN + 8

√
2κB .

We next prove the analogue of Theorem 4.2 for higher order LIEN flows.

Theorem 7.2. Let γ : J × I ⊆ R2 −→ AdS be a solution of the n-th LIEN flow
(7.9), then the bending κ(s, t) of γ(s, t) evolves according to the n-th KdV equation
(7.3).

Conversely, if κ : J × I ⊆ R2 −→ R is a smooth solution of the n-th KdV
equation (7.3), then there exist a solution of the n-th LIEN flow (7.9) with bending
κ. Moreover, any other solution of the n-th LIEN flow with bending κ is congruent
to γ.

Proof. We begin by proving a Lax pair formulation of the n-th KdV equation
(7.3) which is suitable for our purposes. Fix n ≥ 0 and consider the polynomial
differential functions

(7.10)



x21 = 1√
2
(an + ubn − 1

2D
2bn),

x31 = 1
2Dbn,

x41 = 1√
2
bn,

x22 = − 1
2Dan,

x32 = − 1√
2
an,

x23 = − 1√
2
(bn + uan − 1

2D
2an).

Let K, Pn be the g-valued polynomial differential functions

(7.11) K =


0 0 0

√
2√

2 0
√
2u 0

0
√
2 0 −

√
2 u

0 0 −
√
2 0

 , Pn =


0 x41 x31 x21
x21, x22 x23 0
x31 x32 0 −x23
x41 0 −x32 x22

 .



36 EMILIO MUSSO AND ÁLVARO PÁMPANO

Recall that g is the Lie algebra g = {X ∈ R2,2 |Xtg + gX = 0} (see Section 2).
Using (7.6), (7.8) and taking into account the Lenard recursive formula (7.2) it

follows that a smooth function κ : J × I ⊆ R2 −→ R is a solution of the n-th KdV
equation (7.3) if and only if the exterior differential 1-form Γ = K|js(κ)ds+Pn|js(κ)dt
satisfies the Maurer-Cartan equation dΓ + Γ ∧ Γ = 0.

Let γ : J × I ⊆ R2 −→ AdS be a solution of the n-th LIEN flow (7.9). Then
the Cartan frame field F is a solution of the linear system dF = F Γ. Then,
from what was said above, it follows that the bending is a solution of the n-th
KdV equation (7.3). Conversely, suppose that κ is a solution of the n-th KdV
equation. Consider the 1-form Γ. Since dΓ + Γ ∧ Γ = 0, there exist a smooth

map F : J × I ⊆ R2 −→ C↑
+(R2,2) (unique up to the action of the restricted

automorphism group) such that dF = F Γ. Let γ : J × I ⊆ R2 −→ AdS be the
first column vector of F . Then γ is a variation of null curves parameterized by the
proper time whose bending evolves according to the n-th KdV equation (7.3) with
Cartan frame field F . From (7.10) and (7.11) it follows that γ is a solution of the
n-th LIEN flow. □

Since the bending of a solution of the LIEN flow evolves with the KdV equation,
we deduce the following result.

Corollary 7.3. The functionals γ 7−→
∫
γ
hn|js(κ)ds are constant along the solutions

of the LIEN flow.
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