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A B S T R A C T

This work aims to examine modal damping behavior in a delaminated viscoelastic structure.
A numerical assessment of a viscoelastic delaminated structure using one-dimensional theories
based on the Carrera Unified Formulation (CUF) was conducted to achieve this goal. The CUF-
based models were formulated with Lagrange polynomials and a layer-wise approach, which
made it possible to simulate inter-layer defects with relative ease, computational efficiency,
and accuracy similar to 3D models. The current framework is based on time-domain method
verification and exploits the frequency-based structural damping model to estimate the modal
loss factor and natural damped frequency. The numerical outcomes confirm the approximation
of the viscoelastic damping by the structural damping model and validate the adopted numerical
method for solving the complex frequency-dependent eigenvalue problem with a comparison
of the literature. In conclusion, by evaluating the modal parameters, this research provides
an innovative, comprehensive understanding of the viscoelastic damping mechanism in a
delaminated structure. The proposed numerical method based on the CUF can be used to
simulate inter-layer defects and determine the damping behavior of viscoelastic structures,
which can have significant implications for structural health monitoring and maintenance.

. Introduction

Damage detection is a critical aspect of designing load-sensitive structures in industries (e.g., transportation and aerospace) where
reliable safety method of safety assessment is vital, and the consequences of structural failure can be severe. The goal of damage
etection is to recognize the presence of damage, determine its location, and estimate its extent. By doing so, more efficient structures
an be designed, and the service life of load-sensitive systems can be evaluated and improved. In recent decades, many numerical
nd experimental efforts have been made for damage identification purposes in the structures [1–6]. In the frequency domain data,
he deficiency damage in the structure can be identified by observing modal parameter alterations, including natural frequency [7,8],
ode shape curvature [9,10], and modal damping [11,12]. Previous research has observed that despite its global nature, the natural

requency is generally insensitive to (minor) damages [6]. Also, the locality of the mode shape curvature makes it unlikely to be used
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for detecting defects in the arbitrary locations of the structures. The research’s primary motivation is to investigate the potential
of modal damping as a damage index (DI) for detecting interlaminar delamination in laminate structures. The authors’ previous
experimental research [6] demonstrated significant variations in modal damping with the extent of delamination in a composite
structure. However, the researchers observed that the modal damping variations did not follow a specific pattern with the size
variation of interlaminar delamination in their experimental background. They attributed this inconsistency to different damping
mechanisms in delaminated composite structures, such as viscoelasticity, friction, hysteresis, and others [13,14]. They concluded
that one of these mechanisms likely dominates each vibration mode of the composite structure. To better understand the individual
contributions of different damping mechanisms and their impact on modal loss factor variations, the researchers aimed to provide a
numerical model for characterizing modal damping. They recognized the complexity of numerical modeling for damping, as it is an
extremely sensitive dynamic parameter. Therefore, this study focused on the numerical simulation of the viscoelastic (VE) damping
mechanism. By simulating VE damping, they aimed to explore its role and behavior concerning interlaminar delamination. It is
worth noting that few related studies have utilized modal damping as a damage index, as mentioned in [15]. Therefore, providing a
numerical model to specify the measured modal damping would benefit further research and application of damping-based damage
detection techniques.

Laminated structures may experience various damage modes due to initial geometric imperfections [16], mechanical properties,
oundary conditions, and applied loadings [17]. Failure mechanisms can be categorized based on the defect location, into
ntralaminar [18] and interlaminar [19]. Intralaminar damage can be seen at the free edges of the structure and occurs typically
ue to the extreme stresses on free edges. Interlaminar damage arises in the middle parts of the structure due to geometric defects
uring manufacturing or impact loads. One of the most common forms of interlaminar damage is interlaminar delamination (from
ow on, it is called delamination) [20], which means that large areas or multiple numbers may lead to catastrophic failure of the
tructure. It is thus vital to detect the occurrence, location, and severity.

From the structural health monitoring (SHM) point of view, the presence of delamination leads to fluctuation in the load-
earing threshold of the structure [21]; therefore, identifying the existence and position of delamination can be very helpful in
stimating the structure’s service life. Except for oscillation-based techniques, none of the current Non-Destructive Technique (𝑁𝐷𝑇 )-

based methods can be applied in real-time, online manner. Applying techniques like Ultrasound or Acoustic Emission requires
out-of-service, off-line measurements.

On the other hand, oscillation-based techniques, such as Lamb waves and/or vibration-based techniques, can detect damage in
real-time. The vibration-based SHM techniques (VHM) are logistically relatively simple and low-cost. However, VHM techniques
generally suffer from insensitivity to minor damages [22], valid except for modal damping, which is both a global characteristic of
the structure and sensitive to small damages (delamination) [6]. Due to the non-classical effects of delamination, a numerical method
that can accurately estimate displacement, strain, and stress while incorporating local and nonlinear effects is needed. However,
traditional 3D solid elements are not time-effective for this application. Researchers have proposed various models in the literature to
simulate the dynamic response of delaminated composite plates without resorting to computationally expensive solid elements. These
alternative models aim to capture the intricate behavior of delamination while mitigating computational costs. They often utilize
simplified approaches such as interface elements, which directly represent the delamination interface. This enables efficient modeling
of the interaction between adjacent layers, achieving accuracy without the computational burden of solid elements. Cohesive Zone
Models (𝐶𝑍𝑀s) [23] describe the fracture process at the delamination interface, employing cohesive laws to govern the separation
behavior between layers and striking a balance between accuracy and computational efficiency. Additionally, mixed-mode fracture
criteria [24] assess the mode mix at the delamination front, enhancing accuracy by considering different fracture modes while being
computationally more efficient than full solid element simulations. In this research, higher-order 1D models based on the Carrera
Unified Formulation (CUF) are used to address this issue [25–28]. The power suit of using CUF is that the arbitrary variable in the
expansion function allows for a proper structural theory to be adapted to consider the nonlinear and non-classical effects resulting
from separation in the structure [29]. This paper explores how delamination impacts a laminate structure’s modal parameters,
especially the modal loss factor. In ideal conditions for a pristine composite plate, the matrix’s VE effects are the main damping
source. However, when delaminated, the VE contribution can change, and other damping mechanisms caused by interface contact
can get involved. Although the layered structure considered is not a typical composite, it helps separate the different damping
mechanisms involved in delaminated composite and assess their significance on a modal basis. Therefore, this study serves two
purposes: 1- studying the changes and trends in VE-induced damping due to delamination without considering the effect of other
damping mechanisms. 2- Assessing the performance and validity of modal damping calculations for the layered VE structures when
only measurement data are available. Section 2 is dedicated to presenting a theoretical review of the structural model used in the
study. Section 3 is focused on an assessment of the adopted validation method. Section 4 presents and interprets the numerical
results obtained from the simulation. Finally, Section 5 provides the conclusions of the study.

2. Layer-wise high-fidelity finite beam elements

The unified formulation states that the displacement field (𝑢(𝑥, 𝑦, 𝑧)) can be expressed as a series of generic cross-sectional
functions (𝐹𝜏 ) in the 𝑥–𝑧 plane and for a beam-like structure, generalized displacement vectors (𝑢𝜏 ) along the 𝑦-axis. The generic
cross-sectional functions are chosen a priori based on the structure’s geometry, while the generalized displacement vectors are
2

interpolated using a classic finite element method (FEM). Eq. (1) shows the 3D displacement vector of a beam as a product between
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Fig. 1. (1) Assembly process of the local stiffness matrices in a two-layer laminated beam with LW theory. (2) FE discretization of 1D beam through CUF.

the generic cross-sectional functions (𝐹𝜏 ) and the generalized displacement vectors (𝑢𝜏 ) along the beam axis (𝑦-axis) where the
repeated subscript 𝜏 indicates summation.

𝑢(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝑢𝜏 (𝑦), 𝜏 = 1, 2,… ,𝑀 (1)

Taylor-like (𝑇𝐸) and Lagrange expansion (𝐿𝐸) functions are two common choices of expansion functions that are essential factors
in the accuracy of the CUF model. The 𝐿𝐸 models are particularly suitable for a layer-wise (𝐿𝑊 ) description of multi-layered
structures [28] since they are equipped with pure displacement variables and layer-dependent unknowns. If the 𝐿𝐸 approach is
adopted, the cross-section is divided into sub-domains that can coincide with the physical layers. For each sub-domain, one or more
Lagrange-type elements can be used. The degree of polynomial expansion of each element depends on the type of Lagrange expansion
used. For example, three-node linear (LE3), four-node bilinear (LE4), nine-node quadratic (LE9), and sixteen-node bi-cubic (LE16)
polynomials can be used to formulate various beam theories. Fig. 1(1) shows the representation of the stiffness matrix assembly
for the 2-layer cross-section, while Fig. 1(2) shows the two Lagrange-type elements (LE4) used in the cross-section. For the sake
of brevity, the details of the LE elements, the interpolation functions of Lagrange 1D models, and the displacement fields are not
mentioned. Interested readers are referred to the book by Carrera et al. [30].

The classical 𝐹𝐸𝑀 is adopted here to discretize the beam along the length (𝑦-axis) due to its ease of use for various geometries
and boundary conditions (BCs). The displacement vector is given by Eq. (2)

𝑢𝜏 (𝑦) = 𝑁𝑖(𝑦)𝑞𝜏𝑖 𝑖 = 1, 2,… , 𝑝 + 1 (2)

where in Eq. (2), 𝑁𝑖(𝑦) is the 𝑖th shape function, 𝑞𝜏𝑖 is the vector of nodal unknowns (defined by Eq. (3)) associated with the 𝑖th
shape function, and the summation over 𝑖 ranges from 1 to 𝑝+ 1, where 𝑝 is the order of the shape functions. The FE discretization
of a two-layer beam through CUF and expanded cross-section by LE4 is represented in Fig. 1(2).

𝑞𝜏𝑖 =
{

𝑞𝑥𝜏𝑖 𝑞𝑦𝜏𝑖 𝑞𝑧𝜏𝑖
}T (3)

It is worth noting that in a 𝐶𝑈𝐹 -based 𝐹𝐸 model, the choice of cross-section polynomials is independent of the beam FE along
the 𝑦-axis. The shape functions 𝑁𝑖 used in the beam FE approach can be found in many FEM references, such as Ref. [31]. This
work will adopt the classical 1D four-node cubic elements for the shape function along the 𝑦-axis, which is common in structural
mechanics and provides a good balance between accuracy and computational efficiency. The principle of virtual displacements
(PDVs) is a powerful tool for analyzing the behavior of complex systems, particularly in the context of FE analysis. It is adopted to
drive the equations of motion (𝐸𝑂𝑀𝑠), see Eq. (4)

𝛿𝐿int = 𝛿𝐿𝑒𝑥𝑡 + 𝛿𝐿𝑖𝑛𝑒 (4)

In Eq. (4), 𝐿𝑖𝑛𝑡 and 𝐿𝑖𝑛𝑒 indicate the strain and inertial energies, respectively, 𝛿 stands for virtual variation. Assuming the work
of external loadings 𝐿𝑒𝑥𝑡 is zero Eq. (4) becomes Eq. (5)

𝛿𝐿𝑖𝑛𝑒 − 𝛿𝐿int = ∫𝑉
(𝛿𝑢𝑇 𝜌𝑢̈)𝑑𝑉 − ∫𝑉

(𝜀𝑇𝑝 𝜎𝑝 + 𝜀𝑇𝑛 𝜎𝑛) = 0 (5)

In Eq. (5) 𝑢 and 𝑢̈ are the displacement and acceleration vectors, respectively, and 𝜌 is the material density. The stresses (𝜎) and
strains (𝜀) are defined as Eq. (6)

𝜀𝑝 =
{

𝜀𝑧𝑧 𝜀𝑥𝑥 𝜀𝑥𝑧
}𝑇 𝜎𝑝 =

{

𝜎𝑧𝑧 𝜎𝑥𝑥 𝜎𝑥𝑧
}𝑇

{ }𝑇 { }𝑇 (6)
3

𝜀𝑛 = 𝜀𝑧𝑦 𝜀𝑥𝑦 𝜀𝑦𝑦 𝜎𝑛 = 𝜎𝑧𝑦 𝜎𝑥𝑦 𝜎𝑦𝑦
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In Eq. (6), the subscripts 𝑝 and 𝑛 correspond to the terms on the cross-section and the orthogonal plane to the cross-section,
respectively. Eqs. (7)–(8) describe the linear relations between strain–displacement and stress–strain (Hooke’s law) for an isotropic
material.

𝜀𝑝 = 𝐷𝑝𝑢
𝜀𝑛 = (𝐷𝑛𝑦 +𝐷𝑛𝑝)𝑢

(7)

𝜎𝑝 = 𝐶̃𝑝𝑝𝜀𝑝 + 𝐶̃𝑝𝑛𝜀𝑛
𝜎𝑛 = 𝐶̃𝑛𝑝𝜀𝑝 + 𝐶̃𝑛𝑛𝜀𝑛

(8)

where 𝐷𝑝, 𝐷𝑛𝑦, and 𝐷𝑛𝑝 are differential linear operators [30]. The explicit forms of the terms of
[

𝐶̃
]

are found in Ref. [32]. The
virtual variation of strain energy using Eqs. (1), (2), (7), and (8) is written as Eq. (9)

𝛿𝐿int = 𝛿𝑞𝜏𝑖
𝑇𝐾 𝑖𝑗𝜏𝑠𝑞𝑠𝑖 (9)

where 𝐾 𝑖𝑗𝜏𝑠 is the complex fundamental nucleus of the stiffness matrix defined like Eq. (10).

𝐾 𝑖𝑗𝜏𝑠 = 𝐼 𝑖𝑗𝑙 ⊲ (𝐷𝑇
𝑛𝑝𝐹𝜏𝐼)[𝐶̃𝑘

𝑛𝑝(𝐷𝑝𝐹𝑠𝐼) + 𝐶̃𝑘
𝑛𝑛(𝐷𝑛𝑝𝐹𝑠𝐼)]

+(𝐷𝑇
𝑝 𝐹𝜏𝐼)[𝐶̃𝑘

𝑝𝑝(𝐷𝑝𝐹𝑠𝐼) + 𝐶̃𝑘
𝑛𝑝(𝐷𝑛𝑝𝐹𝑠𝐼)] ⊳𝛺

+𝐼 𝑖𝑗,𝑦𝑙 ⊲ [(𝐷𝑇
𝑛𝑝𝐹𝜏𝐼)𝐶̃𝑘

𝑛𝑛 + (𝐷𝑇
𝑝 𝐹𝜏𝐼)𝐶̃𝑘

𝑝𝑛]𝐹𝑠 ⊳𝛺𝐼𝛺𝑦

+𝐼 𝑖,𝑗𝑦𝑙 𝐼𝛺𝑦 ⊲ 𝐹𝜏

[

𝐶̃𝑘
𝑛𝑝(𝐷𝑝𝐹𝑠𝐼) + 𝐶̃𝑘

𝑛𝑛(𝐷𝑛𝑝𝐹𝑠𝐼)
]

⊳𝛺

+𝐼 𝑖,𝑗,𝑦𝑙 𝐼𝛺𝑦 ⊲ 𝐹𝜏 𝐶̃𝑘
𝑛𝑛𝐹𝑠 ⊳𝛺𝐼𝛺𝑦

(10)

where

𝐼𝛺𝑦 =
⎡

⎢

⎢

⎣

0 0 1
1 0 0
0 1 0

⎤

⎥

⎥

⎦

⊲ ... ⊳ 𝛺 = ∫𝛺 ...𝑑𝛺 (11)

(

𝐼 𝑖𝑗𝑙 , 𝐼 𝑖𝑗,𝑦𝑙 , 𝐼 𝑖,𝑗𝑦𝑙 , 𝐼 𝑖,𝑦,𝑗,𝑦𝑙

)

= ∫𝑙

(

𝑁𝑖𝑁𝑗 , 𝑁𝑖𝑁𝑗,𝑦, 𝑁𝑖,𝑦𝑁𝑗 , 𝑁𝑖,𝑦𝑁𝑗,𝑦
)

𝑑𝑦 (12)

The virtual variation of inertia energies is represented as Eq. (13),

𝛿𝐿𝑖𝑛𝑒 = ∫𝑙 𝛿𝑞
𝑇
𝜏𝑖𝑀

𝑖𝑗𝜏𝑠𝑞𝑠𝑗𝑑𝑦

= ∫𝑙 𝛿𝑞
𝑇
𝜏𝑖𝑁𝑖

[

∫𝛺 𝜑𝑘 (𝐹𝜏𝐼
) (

𝐹𝑠𝐼
)

𝑑𝛺
]

𝑁𝑗𝑞𝑠𝑗𝑑𝑦
(13)

The fundamental mass matrix (𝑀 𝑖𝑗𝜏𝑠) components that have real values are as Eq. (14).

𝑀𝑥𝑥
𝑖𝑗𝜏𝑠 = 𝑀𝑦𝑦

𝑖𝑗𝜏𝑠 = 𝑀𝑧𝑧
𝑖𝑗𝜏𝑠 = 𝐼 𝑖𝑗𝑙 ⊲

(

𝐹𝜏𝜑𝑘𝐼𝐹𝑠
)

⊳

𝑀𝑥𝑦
𝑖𝑗𝜏𝑠 = 𝑀𝑥𝑧

𝑖𝑗𝜏𝑠 = 𝑀𝑦𝑥
𝑖𝑗𝜏𝑠 = 𝑀𝑦𝑧

𝑖𝑗𝜏𝑠 = 𝑀𝑧𝑥
𝑖𝑗𝜏𝑠 = 𝑀𝑧𝑦

𝑖𝑗𝜏𝑠 = 0
(14)

In the homogeneous 𝐸𝑂𝑀𝑠 (Eq. (15)), complex eigenvalues 𝛬∗
𝑛 = 𝛬𝑛 + 𝑖𝛬′

𝑛 and their corresponding complex eigenvectors are
found by assuming a periodic solution 𝑞 = 𝑞𝑒𝑖𝜔∗𝑡. For each mode, the damped natural frequency is given by 𝜔𝑛 =

√

𝛬𝑛, and the
orresponding modal loss factor is defined as 𝜂𝑛 =

𝛬′
𝑛

𝛬𝑛
.

(

−𝛬∗
𝑛𝑀 +𝐾

(

𝜔𝑛
))

𝑞𝑛 = 0 (15)

In solving the eigenvalue problem in Eq. (15), classical eigenvalue methods are unsuitable when the stiffness matrix is dependent
on frequency. Other methods, such as the complex eigenvalue method [33], strain energy method [34], and direct frequency response
method [35], have limitations in their applicability or accuracy. Therefore, numerical methods such as Arnoldi’s method [36], order
reduction [37], and iterative algorithms [38] have been developed to approximate the response of parametric complex eigenvalue
problems. In this research, the numerical model has been verified based on the Approached Complex Eigenmodes (𝐴𝐶𝑀) [39] and
the Iterative Complex Eigenmodes Method (𝐼𝐶𝑀) [40] and compared with the Exact Complex Eigenmodes method (𝐸𝐶𝑀) [39].
Here is a brief description of the 𝐴𝐶𝑀 and 𝐼𝐶𝑀 that the numerical model of this research has been verified based on.

Analysis around the delayed real frequency (ACM)
In this method, the effect of frequency dependency is considered by estimating the stiffness matrix [𝐾(𝜔)] around the natural

frequency corresponding to the delayed elasticity condition, denoted by 𝜔0, See (16) where [𝐾] and [𝑀] are stiffness and mass
matrices, respectively.

([𝐾(𝜔0)] − 𝜔2[𝑀]) {𝑈} = 0 (16)

The solution of Eq. (16) yields the complex natural frequencies 𝜔 and the corresponding complex eigenmodes
{

𝑈
}

.

4

𝑛 𝑛
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Fig. 2. Time-domain analysis steps.

Iterative complex eigenvalue method (ICM)
The solution of Eq. (17) starts at a constant frequency. Then, the eigenvalue problem is solved iteratively and updated for each

frequency individually until the desired frequency range is covered.
(

[

𝐾∗ (𝜔)
]

− 𝜔∗2 [𝑀]
)

{

𝑈∗} = 0 (17)

In Eq. (17), the complex stiffness matrix (𝐾∗(𝜔)) is comprised of the real and imaginary parts (𝐾 ′(𝜔) and 𝐾 ′′(𝜔), respectively), and
the eigenfrequency 𝜔∗ is a complex value with a real part (𝜔′) and an imaginary part (𝜔′′). The eigenfrequency’s real part represents
the system’s damped natural frequency, while the imaginary part represents the decay rate of the dynamic process. Eq. (17) can be
transformed into a nonlinear generalized eigenvalue problem by defining a complex eigenvalue 𝜆∗ = 𝜔∗2 , and this leads to Eq. (18).

𝐾∗ (𝜔)𝑈∗ = 𝜆∗𝑀𝑈∗ (18)

The iterative process ends when the condition in Eq. (19) is established.
‖

‖

‖

𝜔𝑗+1 − 𝜔𝑗
‖

‖

‖

𝜔𝑗
≤ 𝜀 (19)

where 𝜔𝑗 and 𝜔𝑗+1 are the eigenfrequencies obtained in the current and previous iterations, respectively, and 𝜀 is a small tolerance
value that determines the desired accuracy of the solution. In each frequency step, the storage modulus and loss factor are determined
using the frequency in the previous step 𝜔𝑗 , and the complex eigenfrequency 𝜔𝑗+1 is obtained by solving the nonlinear generalized
eigenvalue problem in Eq. (18).

3. Verification of damping identification method

The dynamic properties of VE structures are inherently time-dependent due to the time-dependent nature of 𝑉 𝐸 properties, such
as creep compliance and relaxation modulus [41]. This can lead to complexity in modeling viscous damping in the time domain.
Therefore, a common approach is to transform the 𝐸𝑂𝑀s to the frequency domain [42], apply the structural damping (loss factor)
model in the frequency domain, and solve the frequency-dependent eigenvalue problem to find the resonance frequencies and modal
loss factors. In this respect, 𝐴𝐶𝑀 and 𝐼𝐶𝑀 methods are used. The described VE structure eigen solution methods suffer from 2
difficulties, namely, 1. It is tough to apply it to nonlinear problems when contact (and friction) gets involved in delamination
modeling, and 2. It is does not apply to experimentally measured data, and a means of Experimental Modal Analysis (𝐸𝑀𝐴) is
required. As the most accurate EMA method of identification of the modal damping, the Circle Fit Method (𝐶𝐹𝑀) can be used.

This section aims to verify the modal loss factors of the VE laminate structures calculated by 𝐴𝐶𝑀 and 𝐼𝐶𝑀 methods with those
identified by the 𝐶𝐹𝑀 . To simulate the measured data for Circle Fit (𝐶𝐹 ) analysis, 𝐹𝑅𝐹 s of the laminate structure are computed
through a step-sine time history analysis (see Fig. 2). A frequency-dependent shear modulus based on Prony’s series coefficients is
used to model the 𝑉 𝐸 part of the structure. The Prony’s series coefficients are obtained using frequency-domain dynamic data, and
data curve-fitting is performed for analytical [43] and numerical data. The authors then use this model to reproduce the results of
their previous research [44] in the time domain with acceptable accuracy to confirm the efficiency of the frequency-domain methods
(𝐴𝐶𝑀 and 𝐼𝐶𝑀).

Anelastic Displacement Fields model
Consider a sandwich beam that consists of elastic faces and a VE core. The core is homogeneous, linear, and isotropic, which

its characteristics vary with frequency. The Anelastic Displacement Field (ADF) model is based on the decomposition of strains into
the elastic part, which is proportional to the stress, and the inelastic part, which corresponds to different relaxation processes [45].
The nodal displacement of DOFs is considered as Eq. (20), where 𝑞𝑒 and 𝑞𝑎 indicate the nodal displacement vectors of the elastic
5
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Table 1
Maxwell parameters of 3𝑀𝐼𝑆𝐷112 VE material at 20 ◦C [43] and correspondence
extracted Prony’s series parameters by the present work.
𝑖 𝛥𝑖

a [43] 𝛺𝑖
b [43] 𝑔𝑖c 𝜏𝑖d

𝐺0 = 0.0511 (Mpa) 𝑔∞ = 0.016
1 2.8164 31.1176 0.83169 1.65157e−2
2 13.1162 446.4542 −0.82754 1.50946e−2
3 45.4655 5502.5318 0.97985 9.94618e−4

a Material parameter.
b Material parameter.
c Present work.

d Present work.

nd VE parts, respectively [46], and 𝑖 is Prony series index. By including the strain in the strain energy of the VE material in the
EM, the ADF model can capture the time-dependent behavior of VE structures.

𝑞𝑒 = 𝑞 −
∑

𝑖
𝑞𝑎𝑖 (20)

Using Eq. (20) results in the governing EOMs as Eq. (21) where 𝐾∞
𝑐 = (1 +

∑

𝑖 𝛥𝑖)𝐾0
𝑐 that 𝛥𝑖 represents correspondent relaxation

resistance, 𝐾0
𝑐 is the elastic stiffness of the VE core, and 𝐾𝑝 is the stiffness matrix of the elastic faces.

𝑀𝑞 +𝐷𝑞̇ + (𝐾∞
𝑐 +𝐾𝑝)𝑞 −𝐾∞

𝑐

∑

𝑖
𝑞𝑎𝑖 = 𝐹 (21)

Thus, the 𝐴𝐷𝐹 model is further defined by Eq. (22) which presents a relation where 𝐷𝑂𝐹𝑠 associated with inelastic displacements
re expressed.

𝐶𝑖
𝛺𝑖

𝐾∞
𝑐 𝑞̇𝑎𝑖 −𝐾∞

𝑐 𝑞 + 𝐶𝑖𝐾
∞
𝑐 𝑞𝑞𝑖 = 0 (22)

where 𝐶𝑖 =
1+

∑

𝑖 𝛥𝑖
𝛥𝑖

and 𝛺𝑖 are Maxwell parameters that are interpolated by master curve fitting of experimental values of 𝐺(𝜔). 𝛺𝑖
is the inverse of the characteristic relaxation time at constant strain. Therefore, the VE law is defined as Eq. (23).

𝐺 (𝜔) = 𝐺0

(

1 +
𝑛
∑

𝑖=1

𝛥𝑖𝜔
𝜔 − 𝑗𝛺𝑖

)

(23)

here in Eq. (23), 𝐺0 is the delayed elasticity of shear modulus, and 𝑗 =
√

−1. The loss factor (𝜂) equals the ratio of the imaginary
art to the real part of Eq. (23). It is worth noting that 𝜂(0) = 𝜂(∞) = 0 means that the energy dissipation occurs only in the
ransition zone. At the lower and upper bound of 𝜔, the shear modulus tends to its static (relaxed) and instantaneous (unrelaxed)
alues, i.e., lim𝐺(𝜔)

𝜔→0
= 𝐺0 and lim𝐺(𝜔)

𝜔→∞
= 𝐺∞. The ADF parameters of 3𝑀𝐼𝑆𝐷112 are displayed in Table 1 [43].

Extraction of the Prony series coefficients from dynamic frequency data
Eq. (24) shows the expression for the Prony series, where 𝑔(𝑡) is the relaxation function, 𝑔𝑖 is the amplitude of the 𝑖th exponential

unction, 𝜏𝑖 is the relaxation time associated with the 𝑖th exponential function, and 𝑁 is the number of exponential functions in the
eries. The Prony series can be used to model the time-dependent behavior of VE materials in the linear regime, which is generally
alid in the range of small strains.

𝑔(𝑡) = 1 −
𝑁
∑

𝑖=1
𝑔𝑖(1 − 𝑒−

𝑡
𝜏𝑖 ) (24)

f dynamic frequency data is available for a VE material, the Prony series coefficients can be determined using curve-fitting
echniques and Eq. (25). One common approach is to use the least-squares method to minimize the difference between the frequency-
ependent shear modulus and the Prony series. The process typically involves the following steps: 1. Take an initial guess for the
rony series coefficients, including the relaxation times 𝜏𝑖 and the amplitudes 𝑔𝑖. 2. Calculate the storage shear modulus 𝐺′(𝜔) and the
oss modulus 𝐺′′(𝜔) using the Prony series coefficients, a value for 𝑁 , and the initial guess for 𝜏𝑖 and 𝑔𝑖. 3. Compute the difference
etween the calculated 𝐺′(𝜔) and 𝐺′′(𝜔) and the experimental frequency data [43]. 4. Use an optimization algorithm, such as a
onlinear least-squares algorithm, to minimize the residual between the calculated values and the frequency data by adjusting the
rony series coefficients. 5. Repeat steps 2–4 with different initial guesses for the Prony series coefficients until a satisfactory fit is
chieved. Table 1 shows an example of the Prony series coefficients that the authors extracted from dynamic frequency data using
he method described.

𝐺′(𝜔) = 𝐺0[(1 −
∑𝑁

𝑖=1 𝑔𝑖)+(
∑𝑁

𝑖=1
𝑔𝑖𝜏𝑖2𝜔2

1+𝜏𝑖2𝜔2 )]

𝐺′′(𝜔) = 𝐺0
∑𝑁

𝑖=1
𝑔𝑖𝜏𝑖2𝜔2

1+𝜏𝑖2𝜔2

(25)
6
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Table 2
Comparison of natural frequency (Hz) of frequency-domain models with resonance frequency of time-domain
analysis.

𝜔1 𝜔2 𝜔3 𝜔4 𝜔5

ECMa [39] 63 316.5 823.29 1530.6 –
ICMb [44] 64.99 323.16 840.87 1546.76 1024.84c

FRMd 61 315 804.9 1527.4 1063

a Exact complex eigenmodes.
b Iterative complex eigenmodes.
c Torsion mode.

d Frequency response method, present work.

Fig. 3. Data evaluation of 3MISD112 VE material at 20 ◦C.

Fig. 4. Schematic of sandwich beam, location and type of loading for extracted point-FRFs in Fig. 5.

Data curve fitting of 3M ISD11 VE material
Fig. 3 depicts the curve fitting of the dynamic data and extracted the parameters of the Prony series, where 𝑔∞ is the long-term

normalized shear modulus.
Time-domain analysis using frequency-domain data
As shown in Fig. 4, the case study is a cantilevered thin VE layer bounded between stiffening elements, which are elastic metal

with Young’s modulus 𝐸𝑓 = 69 (GPa), density 𝜌𝑓 = 2766 (kgm−3), and Poisson’s ratio 𝜈𝑓 = 0.3. The 3𝑀𝐼𝑆𝐷112 VE middle core
with the thickness ℎ𝑐 = 0.127 (mm), density, and Poisson’s ratio 𝜌 = 1600 (kg𝑚−3) and 𝜈 = 0.49, respectively [43,47] is considered
(see Fig. 4). The length and width of the beam have been assumed to be equal to 𝐿 = 177.8 (mm) and 𝑏 = 12.7 (mm), respectively.
Filippi and Carrera extracted the damped natural frequencies and the modal loss factors corresponding to the first four bending
modes of the structure in Fig. 4 by the structural damping model [44] using 𝐼𝐶𝑀 . They conducted a convergence study with the
literature where the results obtained from Exact Complex Eigenmodes (𝐸𝐶𝑀𝑠) techniques [39]. In this research, We performed
a time-domain analysis to confirm the accuracy of the previous work results [44] as well as the applicability of the CFM to VE
structures. See the flowchart in Fig. 2.

Fig. 5 shows mobility-frequency Response Function (𝐹𝑅𝐹 ) plots of each mode, and Table 2 indicates a good match between
Resonance frequencies of time-domain analysis and natural frequencies of frequency-domain models.

The Circle Fit Method (𝐶𝐹𝑀) was first introduced by Kennedy and Pancu [48] and is mainly developed with a structural damping
model in mind; here, we will look at its applicability to VE damping. The 𝐶𝐹𝑀 extracts the modal loss factor from the Nyquist plot
of the frequency response function (𝐹𝑅𝐹 ) of a single degree of freedom (𝑆𝐷𝑂𝐹 ) system. The Nyquist plot of the 𝐹𝑅𝐹 is circle-like
7
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8
Fig. 5. Mobility-FRF and corresponding phase angle of five modes of the beam for the beam with BC and loading in Fig. 4 at (0,l,t/2).
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Fig. 6. Modal circle properties.

Table 3
Comparison of modal loss factors of frequency-domain models with modal damping of time-domain analysis.

𝜂1 𝜂2 𝜂3 𝜂4 𝜂5
ECMa [39] 0.196 0.187 0.160 0.0948 –
ICMb [44] 0.22 0.199 0.156 0.0864 0.021
CFMc 0.194 0.186 0.11 0.10 0.023

a Exact complex eigenmodes.
b Iterative complex eigenmodes.

c Circle-fit method, present work.

Fig. 7. (1) Cross-section view of through-the-length delamination. (2) Mesh refinement details in VE core.

arcs near the natural frequency, and if the damping model parameters are appropriately set, the Nyquist plot is an exact circle. The
modal loss factor can be extracted from the geometric relations of the circle-like arcs in the Nyquist plot, as shown in Fig. 6 with
Eqs. (26)–(27)

𝜂 =
(𝜔2

𝐴 − 𝜔2
𝐵)

4𝜔𝑟(𝜔𝐴 tan(𝜃𝐴∕2) + 𝜔𝐵 tan(𝜃𝐵∕2))
(26)

For lightly-damped systems,

𝜂 =
(𝜔𝐴 − 𝜔𝐵)

2𝜔𝑟(𝜔𝐴 tan(𝜃𝐴∕2) + 𝜔𝐵 tan(𝜃𝐵∕2))
(27)

For multi-degree of freedom (𝑀𝐷𝑂𝐹 ) systems, the Nyquist plots of the 𝐹𝑅𝐹 approach circle-like arcs near resonances. The
factors that cause the Nyquist diagram to deviate from a circular form are the interference of the modes or nonlinear effects. If the
underlying damping mechanism is deemed viscous, mobility-FRF data must be used to fit the circle. The Nyquist diagram rotates
90◦ on the Argand plane relative to where receptance-FRF data was used for a system with a structural damping model. An 𝑀𝐷𝑂𝐹
system can be considered a collection of separated 𝑆𝐷𝑂𝐹 systems in the resonance neighborhood in which the effect of other modes
in the 𝐹𝑅𝐹 is negligible or the contribution of the out-of-range modes to the total frequency response is constant. This complex
constant does not affect the circular form of the Nyquist diagram and merely maps the center of the circle. Interested readers are
referred to [48] for a comprehensive study of the 𝐶𝐹𝑀 . Table 3 compares the modal damping values obtained using different
techniques.

The results show that the modal damping values obtained using the 𝐶𝐹𝑀 in the present work are comparable to those obtained
using the 𝐼𝐶𝑀 and 𝐸𝐶𝑀 . The 𝐶𝐹𝑀 method extracted the modal damping values for all modes, including the higher modes, which
is important for accurately modeling of the structure’s dynamic behavior.

After the assessment of 𝐼𝐶𝑀 and 𝐸𝐶𝑀 , a summary of the findings of this section for the 𝐶𝑈𝐹 -based FE model of Fig. 4 can
be observed in Table 4.
9
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Table 4
Natural damped frequencies (Hz) and modal loss factors for the structure Fig. 4 and viscoelastic law Eq. (23).

𝜔1 𝜔2 𝜔3 𝜔4 𝜔5 𝜂1 𝜂2 𝜂3 𝜂4 𝜂5
20 ◦C

ECMa [39] 63.07 316.54 823.29 1530.60 – 0.196 0.187 0.160 0.0948 –
ICMb [44] 65.001 323.228 841.071 1547.264 1042.197 0.220 0.199 0.156 0.0863 0.0205
CUF-LE9c 63.2 319.8 827.32 1541.5 1040.15 0.270 0.20 0.172 0.095 0.0210

27 ◦C

ECM [39] 65.34 326.08 849.49 1567.53 – 0.156 0.255 0.278 0.269 –
ICM [44] 65.80 330.81 866.11 1595.99 1042.47 0.158 0.261 0.284 0.272 0.0469
CUF-LE9 64.31 322.40 833.83 1586.72 1042.99 0.144 0.272 0.30 0.291 0.0484

a Exact complex eigenmodes.
b Iterative complex eigenmodes.

c Approached complex eigenmodes (ACM), present work.

Table 5
Natural damped frequencies (Hz) and modal loss factors for the structure Fig. 4 and viscoelastic law Eq. (23).

𝜔1 𝜔2 𝜔3 𝜔4 𝜔5 𝜂1 𝜂2 𝜂3 𝜂4 𝜂5
20 ◦C

Pristine 63.2 319.8 827.32 1541.5 1040.15 0.270 0.20 0.172 0.095 0.0210
Damaged 39.33 244.3 681.8 1334 10 134 0.039 0.011 0.0054 0.0023 0.01

27 ◦C

Pristine 64.31 322.40 833.83 1586.72 1042.99 0.144 0.272 0.30 0.291 0.0484
Damaged 38.8 242.7 680.2 1331.5 1038.8 0.0025 0.0015 0.009 0.007 0.0204

The results presented in Table 4 show that the 𝐴𝐶𝑀 method is more accurate in estimating 𝜔𝑛 than the 𝐼𝐶𝑀 method. On the
other hand, the 𝐼𝐶𝑀 method slightly outperforms the 𝐴𝐶𝑀 method in estimating 𝜂𝑛. Overall, the authors found no significant
ifference in the estimation of modal parameters between the two methods. However, we note that the computational cost of the
𝐶𝑀 method is lower than that of the 𝐼𝐶𝑀 method.

. Delamination implementation in CUF 1D model

For simulating the delamination in FEM, region-based and layer-wise approaches are commonly used [49]. Since delamination
odeling is complex and requires accurate kinematic fields, the CUF formulation allows various choices to describe the displacement

ields precisely. In an LW model, simulating delamination may entail including an embedded layer at the interface [50–52]. It
epresents the delaminated zone as an artificially separated layer embedded within the structure. The constrained mode delamination
odel can be developed by reducing the stiffness properties of the embedded layer. The cross-section can be discretized, and each

ayer can be modeled using the LE (see Fig. 1(2)).
As the study’s main objective is to exclusively investigate the VE damping mechanism in the delaminated structures, the influence

f other damping mechanisms (contact and friction) is excluded. The mesh in the delaminated part is refined, meaning more 𝐿𝐸s
re used in the debonded zone. This refinement allows a more accurate representation of the delaminated region and its influence
n the dynamic behavior of the structure.

Additionally, the thickness of the debonded layer is chosen to be as thin as possible. In Fig. 7, the embedded layer, whose
hickness is a quarter of the thickness of the 𝑉 𝐸 layer (0.01 of the total thickness of the beam in the whole interface) of the beam
n Fig. 4 can be seen. Table 5 presents the effects of damage on the modal parameters of the structure for the first four bending
odes and the first torsion mode.

In 4.1 and 4.2, the authors investigated the impact of symmetric and asymmetric delamination distributions on the modal
arameters of the structure of Fig. 4. The objective was to comprehend how different delamination patterns affect the structural
esponse. The embedded layer, representing the delaminated region, is positioned at the interface between the 𝑉 𝐸 core and the
lastic face. A high-mesh density is considered in the 𝑉 𝐸 core, as shown in Fig. 8(2), to accurately capture the behavior of the
elaminated zone. The CUF-based FE model used in the study allowed for a thin debonded zone, and contact effects were considered
egligible. To gain further insights into the effects of BCs, the authors examined beams with three different BC configurations:
lamped–free (𝐶𝐹 ), simply-supported (𝑆𝑆), and free–free (𝐹𝐹 ). The mode shapes considered in the analysis can be observed in
ig. 9.

.1. Symmetrical delamination

Fig. 10(1) shows the first stage of damage introduced to the model (referred to as ‘‘damaged (a)’’). Then, Three patterns of
ymmetrical delamination were studied.

1. Through-the-width symmetric delamination, see Fig. 10(2) (referred to as ‘‘damaged (b)’’).
10

2. Through-the-thickness symmetric delamination, see Fig. 14(2) (referred to as ‘‘damaged (c)’’).
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Fig. 8. (1) cross-section dimensions and mesh details and (2) VE core mesh refinement.

Fig. 9. (1) CF bending modes, (2) SS and FF bending modes (3) CF and FF torsion modes.

Fig. 10. (1) Debonded elements along the length in the red. (2) Symmetrical distribution of debonding along-the-width of the VE layer. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

3. Through-the-length symmetric delamination, see Fig. 18(2) (referred to as ‘‘damaged (d)’’).
In Figs. 10(1), 14(1) and 18(1)–(2), the debonded longitudinal elements are highlighted in color to indicate the delaminated

regions. It is worth noting that the delamination size will not grow during the analysis (there is no defect propagation). Symmetric
delamination patterns have been predetermined and compared with the initial damage state.

Through-the-width symmetric delamination
The authors introduced dimensionless modal parameters, namely 𝐻 =

𝜂damaged
𝜂pristine

and 𝛺 =
𝜔damaged
𝜔pristine

, to facilitate a comparison of the
variations in modal parameters between pristine and damaged structures. These parameters allow for a quantitative assessment of
the changes in modal characteristics. Fig. 10 depicts the delaminated zone within the structure. Figs. 11–12–13 present the variations
in 𝐻 and 𝛺 for bending and torsional modes (as depicted in Fig. 9), respectively. These figures provide insights into how the modal
parameters change due to the through-the-width delamination change in size.

Based on the results presented in Figs. 11–13, a transverse increase of the delamination size reduces the modal loss factors
compared to the pristine structure. In bending modes, mode (II) variations are more intense than mode (I), which can be attributed
to the difference in mode shapes. More significant changes in both torsion and bending modes can be observed in CF BCs. According
to Fig. 13, torsional modes capture the symmetric transverse distribution of delamination well, especially for FF BCs. It suggests
that torsional modes may be more sensitive to the symmetric distribution of delamination along the width of the structure.
11
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Fig. 11. Variations of the dimensionless modal loss factor relative to along-the-width symmetric size increment of debonding for CF, FF, and SS boundary
conditions in bending modes.

Fig. 12. Variations of the dimensionless natural frequency relative to along-the-width symmetric size increment of debonding for CF, FF, and SS boundary
conditions in bending modes.

Fig. 13. Variations of the dimensionless modal loss factor and natural frequency relative to along-the-width symmetric size increment of debonding for CF and
F boundary conditions in torsion modes.

Through-the-thickness symmetric delamination
In this section, we study the symmetric, through-the-thickness debonding pattern. Figure 14(1), shows the debonded elements

long-the-length and in the VE layer.
Fig. 15 depicts that in bending modes, the modal damping decreases with the expansion of delamination for mode (I) and

ncreases for mode (II).
Figs. 15–17 show that bending modes are more sensitive to through-the-thickness delamination than torsional modes, even in a

ery small thickness.
12
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Fig. 14. (1) Debonded elements along-the-length in the red. (2) Symmetrical distribution of debonding along-the-thickness of the VE layer. (For interpretation
f the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 15. Variations of the dimensionless modal loss factor relative to through-the-thickness size increment of debonding for CF, FF, and SS boundary conditions
n modal bending modes.

Fig. 16. Variations of the dimensionless natural frequency relative to through-the-thickness size increment of debonding for CF, FF, and SS boundary conditions
in modal bending modes.

Through-the-length symmetric delamination
In Fig. 18, the distribution of the separated elements through-the-length and within the VE core are shown. The variations of 𝐻

and 𝛺 toward the longitudinal damage are found in Figs. 19–20–21 related to the bending and torsional mode shapes.
Fig. 19 provides significant insight in to the effect of symmetrical through-the-length delamination on 𝐻 : for about 10% size

ariation in the longitudinal delamination, H correspondence to bending mode (II) varies more and up to 5%. This indicates a
igh sensitivity of bending modes to longitudinal delamination. However, torsional modes are less sensitive than bending modes in
etecting through-the-length delamination, as shown in Fig. 21.

With the symmetrical size variation of delamination in width, thickness, and length directions, the sharpest 𝐻 changes were
bserved in the CF BC, and the least changes were observed in SS. Figs. 22–23 compare the percentage of variations in the modal
arameters of the damaged and pristine structures for the bending and torsion modes.

Based on Fig. 22, negative values were recorded in the current research for 𝐻 variations in the bending modes. In contrast,
13

oth positive and negative values were observed in previous experimental research of the authors [6]. The authors believe that the
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Fig. 17. Variations of the dimensionless modal loss factor and natural frequency relative to through-the-thickness symmetric size increment of debonding for
F and FF boundary conditions in modal torsion modes.

Fig. 18. (1) longitudinal schematics of damage (a) and (2) damage (d) and (3) debonded cross-sectional element in the VE core. (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 19. Variations of the dimensionless modal damping relative to through-the-length size increment of debonding for CF, FF, and SS boundary conditions in
modal bending modes.

positive values in the last study were probably due to the friction resulting from fiber breakage and highlight the complexity of the
damping mechanisms in composite structures. Figs. 22–23 indicate that with damage expansion, the highest and lowest percentage
variations in 𝐻 and 𝛺 are related to the transverse and longitudinal delamination change in size, respectively.

4.2. Comparison of symmetric and asymmetric delaminated beams

In this section, the effects of symmetric and asymmetric distribution of delamination on the modal behavior of the structure
are compared. This comparison is crucial for understanding the effects of different delamination patterns on the structure’s modal
behavior. The choice of FF BCs for the beam is appropriate as it is geometrically symmetric. Fig. 24 illustrates the conversion of
symmetric to asymmetric debonding distribution.
14
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Fig. 20. Variations of the dimensionless natural frequency relative to through-the-length size increment of debonding for CF, FF, and SS boundary conditions
n modal bending modes.

Fig. 21. Variations of the dimensionless modal loss factor and natural frequency relative to through-the-length size increment of debonding for CF and FF
oundary conditions in modal torsion modes.

Fig. 22. Comparison of percentage changes of modal parameters of damaged and pristine for CF, FF, and SS boundary conditions in modal bending modes.

The comparison of the percentage of variations in mode (I) and mode (II) in Figs. 25–26 indicate that the percentage of variations
n mode (I) is more than in mode (II) when switching from symmetric to asymmetric status. In the torsion mode, Fig. 26 shows that
odal damping changes up to 8 percent for asymmetric distribution compared to symmetric one. This is an important finding as it

uggests that torsional modes may be more sensitive to asymmetric delamination patterns than symmetric ones.

.3. Boundary condition effect

In this part, the delamination in the CF beam around the extreme regions of displacement and strain is studied to understand
he sensitivity of these parameters to delamination. The distribution of delamination in the cross-section is as Fig. 10(2). Fig. 28
epresents the variations in beam modal parameters. As Fig. 28 indicates, the most and the least variations in 𝐻 and 𝛺 are in the
15
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Fig. 23. Comparison of percentage of changes of modal parameters of damaged and pristine for CF and FF boundary conditions in modal torsion mode.

Fig. 24. Debonded elements through-the-length and in the cross-section in color in (1) symmetric and (2) asymmetric separation. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

region where the strain is maximum and minimum, respectively. Therefore, for the bending modes it is more likely to detect the
damage if they are located in the maximum strain zone of the structure (see Fig. 27).

5. Conclusion

This research has focused on implementing layer-wise structural theories for parametric and complex eigenvalue analysis in
1D CUF-based models. The primary objective of this study is to detect the location and expansion of inter-laminar delamination
by observing variations in global modal parameters. To verify the time domain estimation of the eigen parameters and modal
damping, the circle fit method (CFM), an experimental modal analysis (EMA) technique, is used for frequency domain-based modal
damping extraction. The reason for using CFM is that, among all EMA techniques, CFM yields the most accurate account of modal
damping. The results of circle fit analysis were compared with the direct calculation of the modal damping from eigen parameters of
the viscoelastic structure. The comparison revealed that EMA was successful in extracting the modal parameters. Additionally, the
application of direct time-domain calculation of the FRF using the Prony series equivalent of 𝐸 and 𝜂 was compared to the direct
requency-domain eigensolution. The results showed a 5 to 10 percent difference in natural frequencies and a 10 to 30 percent
ifference in modal damping. As modal loss factor variations are much more visibly correlated with the delamination size variation
han those of natural frequency, they are a more suitable parameter to use as a damage index. This finding is consistent with the
uthors’ previous experimental research.

Furthermore, modal damping varies with the delamination location, with more significant variations observed around the
aximum strain zone for bending modes and around the maximum deformation area for torsion modes.

In summary, this research provides valuable insights into using layer-wise structural theories for detecting inter-laminar
elamination in VE structures. The study highlights the importance of modal parameters, particularly the modal loss factor, in
etecting delamination size and location. The findings of this study can help develop non-destructive testing techniques for detecting
nter-laminar delamination in VE structures.
Future work
In future work, the authors plan to model the effect of friction that arises from the contact between two oscillating damaged

urfaces. Friction damping is believed to be one of the primary dissipation mechanisms in a delaminated structure, and its inclusion
n the numerical model could provide additional insights into the damping behavior of the structure.
16
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Fig. 25. Comparison of variation of modal parameters for symmetric and asymmetric damage dispensations for (1) modal bending modes and (2) modal torsion
modes.

Fig. 26. Comparison of percentage changes of modal parameters for symmetric and asymmetric separations.

Fig. 27. Embedding delamination in different zones of the beam is shown in Fig. 4 for modes I and II.
17
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Fig. 28. The effect location of delamination on the modal parameter variations of CF beam (1) Mod I (2) Mod II.
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