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Abstract. In 1965, Motzkin and Straus established a profound connec-
tion between the clique number of a graph and the global maxima of a
quadratic program defined on the standard simplex. Since then, a line
of active and intensive research has been yielding heuristics and bounds
concerning the maximum clique problem, thanks to the discoveries per-
taining to local/global solutions of the Motzkin-Straus program. How-
ever, the Karush-Kuhn-Tucker (KKT) points thereof have received little
to no attention in the literature. In this work, a parameterized version
of the Motzkin-Straus program is discussed, and some results about its
KKT points are obtained. What emerges is a connection between a gen-
eralized notion of KKT point and some regular structures contained in
the graph.

Keywords: Clique - KKT points - Regular graphs - Replicator dynamics
- Standard quadratic optimization.

1 Introduction

In 1965, Motzkin and Straus [12] conducted a study of the quadratic program

.. T
maximize f(x) = Ax,
we @) 1)
with A being the adjacency matrix of a graph G with n nodes, and 4,, denoting
the standard simplex in R™, i.e., the convex hull of the canonical basis of R".
They discovered that the value of Program (T)) is 1 —w(G) ™", where w(G) stands
for the clique number of G. In so doing, they exhibited a way to associate to

* Equal contribution.



2 G. Beretta et al.

every maximum clique of G a global solution for Program , in such a way
that distinct cliques correspond to distinct solutions.

However, as discussed in [14], the Motzkin-Straus program can exhibit spu-
rious solutions, i.e., maximizers not associated with any maximum clique under
this correspondence. Unfortunately, the presence of spurious solutions can be
undesirable when using the Motzkin-Straus program to find maximum cliques,
which is one of the remarkable applications of the results concerning the Motzkin-
Straus program [13]. To address this issue, Bomze [3] introduced a modified ver-
sion of Program , incorporating a convex regularization term into its objective
function. This adjustment resulted in a program with local (global) solutions that
are in one-to-one correspondence with maximal (maximum) cliques [3].

The Motzkin-Straus program and its variations have been extensively ex-
plored in the literature [2,[8,|13,[17}/18], inspiring various heuristics and bounds
for the maximum clique problem, see e.g. [4,/61[19,]23]. However, the majority of
these studies focus on local/global maximizers of Program 7 with little or no
emphasis on its Karush-Kuhn-Tucker (KKT) points [11] (with some exceptions,
see e.g. [8]).

In contrast, our paper presents some results concerning the KKT points of
a parametric version of the program introduced by Bomze in [3,/5]. Specifically,
we outline a relation between a generalized notion of KKT point [3| and some
structural information about the graph underlying the program. After extending
some known results related to regular induced subgraphs, we leverage the notion
of barycentric coordinates [10,{16] to obtain a convenient representation of points
in the standard simplex. This representation helps investigate how the presence
of (generalized) KKT points affects the combinatorial structure of the graph. We
then apply the obtained results to a class of graphs that generalizes the notion of
star graphs. Finally, we mention a connection with replicator dynamics, a model
developed in evolutionary game theory [9] that found applications in diverse
fields, including computer science.

An extended version of this work can be found in [1], which includes more
details on the proofs, as well as additional properties regarding the generalized
KKT points.

2 Notation

For n € N, we set [n] = {i € N: 1 <14 < n}. We denote by 0 (resp. 1) a vector
with every component equal to 0 (resp. 1). In this paper, diag(ri,ra,...7y)
denotes the n x n diagonal matrix having on its main diagonal r; as its i-th
element. The support of a vector € R” is the set supp(x) = {i € [n]: z; # 0}.
The standard simplex in R™ is the set A, = {x € R" | 1Tz = 1, = > 0}. For a
non-empty S C [n], we define:

A, (S)={x € A,: supp(x) C S},
int(A,,(S)) ={x € A,: supp(x) = S},
O(An(S)) = An(9) \ int(An(S)),
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where A, (9), int(4A,(S)) and (A, (S)) are the face of A, associated with S,
its (relative) interior and its (relative) boundary respectively. Given @1, xo, .. .,
x € R", their convex hull is the set {anzl Ym@Tm | Y € Ay}, which we denote
by conv(xy,xs,...,xx). In particular, we set [x1,x2] = conv(zy,x2) for the
closed segment with endpoints x; and xs.

As for the graph-related notation, G = (V, E) denotes in the sequel an un-
weighted undirected graph with no loops on the set V and with set of edges
EC (‘2/) Given two distinct vertices i, j € V', we call i a neighbor of j and write
i~ jif{i,j} € E. The adjacency matriz of G is the symmetric n x n matrix with
coefficient ij equal to 1 if ¢ ~ j and equal to 0 otherwise. Given a non-empty
S C V, we use G[S] for the subgraph of G induced by S. A non-empty subset
C CV is called a clique if i ~ j for every pair of distinct i, j € C. The degree
of a node in a graph is the number of neighbors that node has in the graph. A
graph is said regular if every node in the graph has the same degree.

3 Parametric Motzkin-Straus Program

Consider a graph G = (V,E) on a finite non-empty set V and set n = |V|.
Without loss of generality, we assume V' = [n] to simplify the notation. Let A
be the adjacency matrix of G and write I for the n x n identity matrix. Fix now
a parameter ¢ € R and consider the quadratic program

mrgazn fo(@) =2"(A+cD)x (2)

and the associated Lagrangian
L(z, po, ) = fe(@) + po(1Ta —1) + p'a,

where (x, 1o, ) € R™ x R x R™. Program is discussed in [3| for ¢ = 1 and
in [5| in its more general formulation. Observe that Program is precisely
Program in case ¢ = 0.

Definition 1. Given * € R", we call * a KKT point for Program , and
write x € KKT (¢), if ¢ € Ay, and some (pg, ) € R x R™ exists such that

oL

87(%#0;#) = 07 (38“)
wir; =0, for everyi €V, (3b)
u>0. (3c)

We call © a generalizedﬁ KKT (¢KKT) point for Program , and we write
x € gKKT(c), if x € A, and some (ug, ) € R x R™ exists such that Eq.

and Eq. hold.

5 Ceneralized KKT points appear also in |3| with a slightly different definition.
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Clearly, KKT(c¢) C gKKT (¢), and, given the meaning of the sign condition on
Lagrange multipliers, every element of gkCICT (¢) can be seen as a KKT point of
a suitable modification of Program .

Proposition 1. Let & € A,, and set S = supp(&). Then & € gKKKT (¢) if and
only if  is a KKT point for the program

maximize fe(x).

€ int(An(9))

Proof. By the first-order optimality conditions [11], only Lagrange multipliers
corresponding to inequality constraints are required to be non-negative. a

To prove that Definition [I] is satisfied, it is helpful to use a simpler description
of KKT(c) and giCKT (c), as in [5,8].

Proposition 2. Let x € A,,, set A = f.(x) and for M = A + cI, consider the
statements:

(S1) (Mx); = X for every i € supp(x);
(S2) (Mxz); < X for every i € V \ supp(z).

Then:

(a) (Mx); = (Mwx); for every i, j € supp(x) if and only if|(S1)| holds;
(b) & € KKT(c) if and only if both [(ST)| and[(S2)] hold;
(c) x € gKT (c) if and only if|(S1)| holds.

4 Characteristic Vectors and Convex Hulls

For a non-empty S C V', the characteristic vector representing S in A, is the
vector % € A,, defined by z¥ = 1/|S| for i € S and 27 = 0 fori € V' \ S.
Characteristic vectors representing maximum (resp. maximal) cliques emerge
as global (resp. local) solutions to Program , see e.g. |12,|14[20]. Indeed,
the correspondence mentioned in Sect. [I| maps every non-empty S C V to its
corresponding characteristic vector. We remark that = may be a KKT point
even if S is not a clique, i.e, even if the graph G[S] is not complete. What is
known, however, is that if % is a gKKT then the graph G[S] is necessarily
regular, and this is independent of the value of c.

Proposition 3. Let  be a characteristic vector. Then & € gKKT (¢) if and
only if Glsupp(x)] is regular.

Proposition |3 is proved in [3]| for the case ¢ = % The same proof, as mentioned
in 5], holds also for the case 0 < ¢ < 1, and indeed it is valid for every ¢ € R.
We can say more in the following generalization of |5, Proposition 6].

Proposition 4. Let x € A, and suppose two distinct c1, co € R exist such that
x € gKKT(c;) for j =1, 2. Then x =z for some S CV and G[S] is regular.



On Generalized KKT Points of the Motzkin-Straus Program 5

Proof. Set S = supp(z). By Proposition [2] there exist A1, A2 € R such that for
j =1, 2, the equality ((A+c¢;I)x); = A; holds for every i € S. Therefore, every
non-zero component of & equals (A; — X2)/(c; — ¢2). This entails z = x°, hence
G|S] is regular by Proposition O

Unlike characteristic vectors, which by Proposition [3| are in glCKT (c) either for
every value of ¢ or for no value of ¢, the elements of A,, that are not characteristic
vectors exhibit different behavior.

Proposition 5. Let x € A, and suppose x is not a characteristic vector. Then
x € gKKT(c) for at most one value of c.

The proof of Proposition [f] is immediately obtained by considering the contra-
positive statement of Proposition [

We now introduce a way to represent elements of A,, that is convenient for
our subsequent discussion. To this end, we observe that for a family of non-empty
and pairwise disjoint subsets of V', the corresponding characteristic vectors are
linearly independent.

Definition 2. Consider a family F = {V1,Va, ..., Vi} of pairwise disjoint non-
empty subsets of V. Given x € conv(x"r,x"2,... "), the barycentric coordi-
nates of x with respect to (the characteristic vectors representing the classes of)

F is the um'qu vector y = bary z(x) € Ay, such that x = 25:1 yexVe.

As an example, in case F = {{i} | i € V'}, it is trivial to show that bary r(z) = x
for every & € A,,. Moreover, it is easy to see that bary »(x) lies in int(Ay) if and
only if supp(x) = Uif:lVg. The barycentric-coordinates notation is conveniently
combined with another concept, which qualifies a particular way to partition the
support of an element of A,,.

Definition 3. Let * € A,. We say that a partition P of supp(x) separates
distinct values of @ if for every i, j € supp(x) the relation x; # x; implies that
the nodes i and j belong to distinct classes of P.

Choose now x € A,, and consider a partition P = {Vi,Va,...,Vi} of supp(x)
separating distinct values of x. In this setting, it is not hard to prove that
x € conv(z"1,x"2, ... V%), hence baryp(zx) is well defined.

Moreover, if x is also a gKKT point, then these barycentric coordinates
satisfy some algebraic relations depending on the structure of G. Formulating
this dependency involves the graph-theoretical notion of density |7]. For every
non-empty Sy, So C V, let eq(S1,S2) count the ordered pairs of adjacent nodes
in the set S; x S5 and call edge density between S; and Sy the ratio

ec(S1,52)

dg(S1,52) = 5111%]

Suitable edge densities and barycentric coordinates can be combined to produce
an alternative expression for the multiplication by A.

7 Strictly speaking, to have uniqueness, it is necessary to fix an enumeration of the
classes in F. However, we will omit writing it explicitly to simplify the notation.
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Lemma 1. Let F = {1, V3,.. Vk} be a family of pairwise disjoint non-empty
subsets of V, let © € conv(z"1, wv2 ,xV*) and set y = baryz(x). Then for
every node i € V:

k
(Ail})l = Z dG({Z}7 Vm)ym
m=1

Proof. Since =Y, yez"*, then:

n k k
=S air; =30 S airi =30 ST aii(ym/|Vial)
j=1

m=1jeV,, m=1;€Vn

k k
= > it Va)ymlVin 7 = Y de({i}, Vin)ym

m=1
O
One last definition is needed to introduce the first main result of this section.

Definition 4. For a finite family F = {Vi,Va,...Vi} of distinct non-empty
subsets of V, the edge density matrix of F is the symmetric matriz D € RF¥F
with general coefficient dg pm = da(Ve, Vin).

Theorem 1. Let x € A,, and let P = {V1,Va,...Vi} be a partition of supp(x)
separating distinct values of . Call D the edge density matriz associated with
P and set A = diag(|[Vi|, |Val, ..., |Vi]). If & € gKKT (c) | then baryp(z) is a
KKT point for the program:

., T -1
maximize y (D +cA™)y.
y € int(Ay) (4)

Proof. Set y = bary (x). We may write x = >, y,z"* by definition of y. By
Proposition |2[and Lemma there exists A € R such that for every ¢ in supp(x):

k
A=((A+cha), =Y de({i}, Vin)ym + cz;.

m=1

For every ¢ € [k], it follows that

oy (z dali). v >ym+m>

1€Vy

k.
- Zvi (Z m{v};f)ymﬂ(ye/wn)

k
= > d6(Ve, Vin)ym + (¢/[Vil)ye = (D +cA™ ") y) .

Then y is a KKT point for Program . a

8 The theorem is still true if we replace the condition « € gkCKT (¢) with the more
restrictive & € KK T (c).
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We remark that Proposition [T can be regarded as a trivial corollary of Theorem![T]
when the partition considered is P = {{i} : i € supp(x)}.

5 Highly Regular Families

The converse of Theorem [I| would be helpful in characterizing the elements of
giCKT (¢). Unfortunately, the implication appearing in Theorem [1| cannot be
replaced with a double implication. In fact, suppose G is the graph on V = [4]
with adjacency matrix:
0111
1000
A4=11001 (5)
1010

and consider the vector x = & = (3,1, 1, 1). For Vi = {1,2} and V> = {3,4}
the family P = {V;, V,} partitions supp(x), and in this case:

1/11 20
D_2<11>’ A‘(o2>' (6)
Observe that baryp(z) = (%, %) is a KKT point for Program and also that
x & KKT(c), and this is true regardless of the value of c.
However, Theorem (1| admits a partial converse under stronger hypotheses,

which can be expressed using the notion of highly regular families.

Definition 5. Consider a finite family F = {V1,Va,... Vi} of pairwise disjoint
non-empty subsets of V.. We call F highly regular for G zfﬂ

da(Ve, Vin) = da({i}, Vin)  for every £, m € [k] and every i € V.

What follows is a criterion for assessing whether Definition [f]is satisfied.

Proposition 6. A finite family F = {V1,Va,...Vi} of subsets of V is highly
reqular for G if and only if the following two conditions hold:

(HR1) for every £ € [k] the set Vy is non-empty and G[V,] is regular;
(HR2) for every distinct £, m € [k| the sets V;, Vi, are disjoint and each node
in Vy has the same amount of neighbors in V,,.

We are now in the position to prove Theorem [2]

Theorem 2. Let x € A, and let P = {V1,Va,...Vi} be a partition of supp(x)
separating distinct values of . Call D the edge density matriz associated with
P and set A = diag(|Vi|, |Val, ..., |Vk|). Assume P is highly regular for G. Then
x € gKKT(c) if and only if baryp(x) is a KKT point for Program ({).

9 Equivalently, for every non-empty X C V; and every non-empty Y C V;, we have
dG(X7 ‘/m) = dG(‘/Zy ‘/m) = dG(W7 Y)
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Proof. Assume y = baryp(x) is a KKT point for Program and assume P is
highly regular. Then supp(y) = [k], and there exists A € R such that for every
Ce [kl
-1
(D +cA )y)é =\

Pick any ¢ in the support of x. The node i is in V; for some ¢ € [k] and
de({i}, Vi) = dc(Ve, Vi) since P is highly regular. By Lemma [1}

k
(A+cDz)i =Y da({i}, Vin)ym + cxi = > da(Ve, Vi)ym + (¢/|Ve)ye = A.
m=1 =

Then « € gKKKT (¢) by Proposition The other implication follows immediately
by Theorem [I} O

6 Applications for Bipartitions

We provide here an application of the previous results to a highly regular family
of the form P = {V1,Va}. Let [d;]7 =, be the density matrix associated with
P and set Ozl(P) = |‘/2|(d12 - d22) and QQ(P) = |V1|(d21 - dll)- We observe
that, since P is highly regular, G[V; U V3] is a regular graph if and only if
a1(P) = az(P). For a proof of this technical result, see [1]. We can now state
Corollary |1} which treats the case G[V; U V3] regular.

Corollary 1. Let P = {Vi,Va} be highly regular for G and assume G[Vy U V3]
is a regular graph. Then ¢* = a1 (P) = as(P) is such that:

— Ifc=c*, then gKKT (c)N[z"*, x } [V, 2V2];
— Ifc # c*, then gKKT (¢) N [x i, L xV2] = {aV1 2V, ViUV,

The proof of Corollary [I] is similar to that of Corollary [2] here proved, which
deals with the case G[V; U V5] not regular.

Corollary 2. Let P = {V1,Va} be highly regular for G and assume G[V; U V3]
is not a regular graph. Then the interval I = conv(ay(P), as(P)) is such that:

— Ifc e, then gKKT (c) N [V, 2"2] = {1, 2"2};
— Ifeg 1, then gKKT (c) N [x"1,2"2] = {"1, 22, x.}, where

2
o (c— a(P)IVH v
AR e AR

Proof. For every ¢ € R, both a:vl and "2 are in gK(KT (c) by Proposition l
Consider now some x # a:Vl V2. By T heoreml 2| and thanks to some elementary
algebraic manipulations, it is not hard to see that & € gkKKT () N [2Y1, 2"2] if
and only if © = y2"" + ypx"2, where (y1,y2)" € int(Ay) and

(¢ = a2(P))yr/ V1| = (¢ = aa(P))y2/[Val- (7)

For positive y1, y2 a solution to Eq. @ is possible only in case ¢ € I, and if that
occurs, then it is easy to check that x = x.. a
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Corollary 2] can be applied to star graphs, a class of complete bipartite graphs
in which one node, called center, is an endpoint of every edge in the graph |[7].
Indeed, we are about to show that it also holds for a more general class of graphs.

Definition 6. A graph G’ = (V' E’) is a generalized star with core H' if:

(GS1) H' is a proper non-empty subset of V';

(GS2) Ewvery node in H' is adjacent to every node in V' \ H';
(GS3) H' is a clique, but V' is not a clique;

(GS4) The induced subgraph G[V'\ H'] is regular.

Trivially, a star graph with center z is a generalized star with core {z}.

Corollary 3. Let H, P be disjoint subsets of V' such that GI[H U P] is a gen-
eralized star with core H. There exists an integer b > 1 such that, if ¢ € [1,b],
then gKCKT (¢) contains a vector with support H U P.

Proof. Set h = |H|, p = |P| and assume G[P] is a d-regular graph. By hypothesis,
the family {P, H} is highly regular for G, with edge density matrix:

_ (d/p 1
b= ( 11— 1/h>’
and b = p — d satisfies 1 < b < p since G[P] is not complete. For ¢ € R\ [1, b],

set y1 = (c—1)p/[(c—=Dp+ (c—b)h] and y2 = (c—b)h/[(c—1)p+ (¢ —b)h], and
observe that . = y17 + yox™ is an element of g/lCKT (c) by Corollary ad

7 Link with the Replicator Dynamics

The results we have discussed can be reinterpreted in the context of replicator
dynamics, a term denoting a class of dynamical systems studied in evolution-
ary game theory. Introduced to describe the coexistence of interacting and self-
replicating species [9,[21,|22], replicator dynamics has found applications also in
economics and social sciences [22], as well as in computer science, see e.g., [3,[1§].
To derive one of its possible formulations, consider a matrix M € R™*™ and the
associated ordinary differential equation:

It can be proved [9] that A,, is invariant under the flow defined by Eq. . The
continuous-time replicator dynamicsﬂ with payoff-matrix M is the dynamics
defined on A,, by Eq. . We recall that a point z € A,, is stationary with respect
to (B) if the constant function (t) = z is a solution of Eq. (8). Bomze [3] provides
a characterizatiorﬂ of stationary points of Eq. . The following theorem is a
rewording of that characterization specialized to the case M = cI.

10 This is not the only possible replicator dynamics with M as payoff-matrix |9L15].
11 The reason why Bomze considers generalized KKT points in |3] is precisely due to
the content of Theorem E}
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Theorem 3. A point x € A, is stationary for the replicator dynamics with
payoff-matriz A + cI if and only if x € gKKT (¢).

Thanks to Theorem [3] every result contained in this work concerning g/CICT (¢)
can be restated as a result on stationary points of the replicator dynamics with
payoff-matrix A + cI.

8 Conclusion

In this article, we have discussed some properties of Karush-Kuhn-Tucker (KKT)
points associated with a parametric version of the Motzkin-Straus program. We
have extended some known results regarding characteristic vectors and KKT
points. We have then studied the generalized KKT points by representing them
as convex combinations of characteristic vectors, thanks to a suitable use of
barycentric coordinates. This has led to Theorem [I] and Theorem [2} which clar-
ify how passing to barycentric coordinates can help in describing the generalized
KKT points. To this end, we introduced some convenient ways to describe how
a family of sets of nodes splits both the support of a generalized KKT point
(partition separating distinct values) and the edges of the graph (highly reg-
ular family). Finally, the case of a highly regular bipartition has enabled the
identification of some generalized KKT points associated with generalized star
graphs.

We conclude by mentioning two possible research directions in which the
study here presented could proceed. On the one hand, it could be worth looking
for a weaker version of Theorem [2] that does not involve highly regular families.
This could result in a more accurate description of KKT points and generalized
KKT points. On the other hand, a promising path concerns the connection with
the replicator dynamics. Theorem [I]and Theorem [2] in the context of replicator
dynamics, describe a correspondence between stationary points associated with
two distinct replicator dynamics, occurring on simplices of different dimension-
ality. It is worth investigating whether passing to barycentric coordinates and
simulating the dynamics occurring on the smaller simplex could help in finding
stationary points for the other dynamics. Besides that, we do not exclude that
the replicator dynamics, other than a tool for detecting cliques, could offer a
more powerful tool for graph analysis, and help in identifying regular structures
within a given graph.
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