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Numerous technological solutions for wave energy converters (WECs), referred as inertial reaction mass (IRM)
systems, incorporate a reacting mass within the floater, coupled with a power take-off (PTO) system, to
shelter all electronic components from the hostile sea environment. While the overall complexity of the
system increases, the current modeling procedures persist in considering only a limited number of modes
of motion, neglecting relevant dynamical effects. In this context, this paper proposes a systematic procedure
for defining the kinematic characteristics and overall analytical model for the dynamics of IRM WECs. The
significance of the proposed procedure lies in the statement of the reaction mass-related dynamic equation,
considering the floater’s parametric excitation in six degrees of freedom (DoF). Additionally, it introduces
the procedure for defining the reaction forces that the inertial mass exerts on the floater, which are often
neglected in the literature for the full simulation of such systems. Furthermore, the proposed analytical
modeling procedure allows the definition of approximated models in more simplified nonlinear forms for
dynamic analysis and ultimately in fully linear approximations. This enables the application of methodologies
and techniques commonly used in the literature for linear systems. The development of the framework is
kept generic, in order to introduce a versatile mathematical procedure, that can be easily adjusted, with
minor modifications, to accurately capture and represent the mechanical interaction for a wide family of
IRM WEC devices. Subsequently, a case study on a vertical-hinged pendulum WEC is analyzed, to showcase
the effectiveness of the proposed methodology. Moreover, to test the reliability of the analytical framework,
a comparison with the output of a commercial software is conducted.

1. Introduction Although wave power has several advantages, e.g. high level of power
intensity source availability over time, wave energy conversion tech-
nologies have not yet reached commercialization stage, when compared
to well-established renewable energy sources, e.g wind and solar. It

is worth highlighting that numerous concepts and prototypes of WEC

In 2019 alone, humans released 36.7 billion tons of CO,, marking
a staggering 50% increase compared to the year 2000, causing con-
sequent increment of heat trapped in the atmosphere. This includes
the use of gas-powered vehicles, livestock farming, intensive agricul-
ture, deforestation, waste generation, and the combustion of coal, oil,
and natural gas for electricity and heat production [1]. The latter
contributes a quarter of global human-driven emissions. It is then abso-
lutely clear that any efforts in mitigating climate change necessitate a

systems have been developed and built by inventors and researchers in
recent decades [4,5], with the final aim of exploiting the reciprocating
motion of the sea wave to produce clean energy.

Since the early beginning, it has been clear that converting wave

reduction in greenhouse gas emissions on a global scale. As the energy
sector plays a pivotal role, the International Renewable Energy Agency
(IRENA) indicates the path, technologically speaking, for decarbonizing
the power sector, which relies on the vast expansion of renewable
electricity generation and on the expansion of smarter and more flexible
electricity grid. In most parts of the world today, renewable energies
have become the lowest cost source of power generation, and are gener-
ally competitive when directly compared with fossil alternatives. In this
context, wave energy emerges is a promising renewable energy source,
potentially fulfilling up to one third of the global energy demand [2,3].

* Corresponding author.

energy into usable power is not straightforward, mostly since me-
chanical and electrical components are challenged by the harsh sea
environment, where the level of corrosion and wear have an enormous
impact on the overall system durability and functionality. Therefore, to
overcome these difficulties, it is common to install energy conversion
systems within a sealed hull, sheltering all main electronic/mechanical
components from the marine environment. These systems are referred
to as Inertial Reaction Mass (IRM) WECs. Although useful to reduce the
harsh effects from the sea, this development adds further complexity to
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Nomenclature

a Generalized coordinate about &-axis
Generalized coordinate about n-axis

y Generalized coordinate about ¢-axis

Bp Floater Coriolis matrix in R(O'xyz)

By Floater Coriolis matrix in R(OXYZ)

By Mechanism Coriolis matrix in R(Gén¢)

B; Total Coriolis matrix in R(OXYZ)

C 3-D Rotation matrix

C, PTO output force

C, Generator control force

C, Hull-generated parametric excitation

Control damping coefficient

D Analytical Jacobian
D, Mechanism-related Jacobian matrix
R, Mechanism-related rotation matrix
(] 3-Dimensional rotation vector
F,, External hull force in the floater frame
Soxt External hull force in the inertial frame
F,.. Reaction forces in R(GEng)
Sre Reaction forces in R(O'xyz)
Fre Full mechanical coupling vector
Sk Damping and stiffness force vector
fe Wave excitation force
I Hydrostatic force
fr Radiation force

m Mechanism inertia matrix
L, Inertial coupling vector
I Pendulum arm
M Floater total mass matrix
Mg Floater mass matrix in R(O'xyz)
M, Floater Coriolis matrix in R(OXYZ)
M; Mechanism mass matrix in R(Gén¢)
M; Total Coriolis matrix in R(OXYZ)
My Linear mass matrix
m*® Added mass at the infinite frequency
m, Pendulum mass
Jr Jacobian matrix to R(O'xyz)
I Jacobian matrix to R(én¢)
J; Jacobin matrix in R(Gén¢)
k, Radiation kernel
K Linear stiffness matrix
p Mechanism pose vector
q Floater pose vector
P, Instantaneous mechanical power
r Mechanism position vector
p Mechanism generalized coordinate
z PTO representative function
Sp Hydrostatic stiffness matrix
T Kinetic energy
v Potential energy
Vi Floater linear velocity vector
Vi Linear velocity vector in R(Géng)

Vy Generator-related reaction force
v, PTO-related reaction force
Viot Reaction force on the mechanism DoF
Vi Linear velocity vector in R(GEH Z)
Ver End-effector linear velocity vector
o Proper mechanism velocity vector
) Pitch rotation angle

Roll rotation angle
7 Yaw rotation angle
Qp Floater angular velocity vector
Qu Angular velocity vector in R(GEH Z)
Q; Angular velocity vector in R(GEnl)
Qpp End-effector linear velocity vector
Wzyz Velocity vector in the R(CEH Z)
Wy Velocity vector in R(O'xyz)

the study of the underlying physical phenomena, since another stage in
the energy conversion chain is included.

While the physical system indeed encompasses modeling of numer-
ous energy transformation stages, addressing fluid-structure interaction
and mechanical couplings represents the first challenge to provide a
glimpse into the WEC potential. The hydrodynamic problem has been
commonly faced, in the wave energy community, through the linear
representation of the fluid effects on the floater, exploiting the so-
called Cummins formulation [6,7]. Instead, mechanical interactions
are commonly simulated through existing software, such as MATLAB®
Simscape (commercial) or WEC-Sim (Wave Energy Converter SIMulator
— non-commercial). The latter represents a suitable option, being
an open-source code properly developed for WEC system simulation
by the National Renewable Energy Laboratory and Sandia National
Laboratories [8]. WEC-Sim uses a very intuitive approach through a
connection of blocks for the description of the dynamic interactions
between rigid bodies. However, an analytical expression is crucial for
performing analysis on the system response and for the synthesis of
model-based control strategies, for energy maximization purposes [9,
10]. In most cases, when an analytical representation is derived within
the literature, several simplifying assumptions are often made, by e.g
reducing the number of modeled degrees-of-freedom (DoF) to either
one or three.

Note that, with reference to Fig. 1, we can classify the IRM WECs
existing in the literature according to the architecture of the reacting
system. In particular, IRM WEC devices rely on the coupling between
two rigid bodies: the floater generates a parametric excitation to an
encapsulated body which, behaving as a prime mover, activates the
internal energy conversion mechanism for electric power production.
The nature of the coupling can vary depending on the selected system
design.

The literature review highlights various wave energy conversion
mechanisms, that will be referred as Inertial Reaction Mass (IRM),
including: (a) pendulum mechanism, (b) gyroscopic system, and (c)
sliding mass. These architectures are classified based on the arrange-
ments of the rotational axis, and on the coupling modes of the IRM with
the WEC hull. The pendulum technology, for instance, can be adopted
in WEC systems with its rotation axis being adjusted on a horizontal or
vertical plane, according to the expected system interaction with the
input wave [11]. As a matter of fact, horizontally-hinged pendulums are
constrained to move on a vertical plane and are coupled with the floater
via the pitch DoF while. The former solutions are usually mounted
into prismatic floaters, hence these are commonly modeled considering
exclusively one rotation DoF (pitch) and two linear displacements,
happening in a plane perpendicular to the pendulum rotation axis.
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Fig. 1. Main mechanism applied to the energy transfer from wave to the electric
generator.
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The PeWEC system is an example of horizontal-axis pendulum WEC,
whose floater pitching motion induces a swinging motion of the pen-
dulum, being the energy extraction performed through the generator
damping action on the harmonic motion of the pendulum [12]. Analysis
on a pendulum-based IRM WEC is conducted also in [13]. Furthermore,
the SEAREV [14] system exploits pendulum effects by connecting an
eccentric mass, referenced to the hull, to an hydraulic PTO, which,
in turn, sets an electric generator into motion [15-17]. Further exam-
ple cases are the AMOG WEC [18], which is a pre-commercial scale
device based on a horizontal pendulum architecture design, and the
Seaquest [19], which incorporates a direct drive PTO, whose swing
mass is itself the rotor of an electric generator. Although belonging to
the horizontal-axis family of pendulum devices, the dynamic response
of the system can change if the pendulum is mounted upside down. This
system, called the inverted pendulum wave energy converter (IPWEC),
is studied for WEC applications in [20].

Alternatively, vertical-axis pendulum are also considered being ex-
cited by vibrations generated from any direction, i.e. involving both roll
and pitch rotations of the floater. For instance, in the study presented
in [21], the use of nonlinear coupling between pitch and roll modes
in a vessel is investigated, to increase power generation from the wave
motion. For such a reason, this family of IRM WECs are mainly coupled
with an axial-symmetric hull or irregular-shaped bodies, as in the
case of the Penguin [22] and the VAPWEC [23]. To improve the sys-
tem conversion capabilities for multi-directional inputs, the gimbaled-
pendulum is a further technological solution that exploit the pendulum
concept. Gimbaled pendulums for energy harvesting can be suspended
by a thread, a universal joint, or multiple coupled shafts [24]. The WITT
omnidirectional pendulum [25] is the most representative example of a
gimbaled-type pendulum-based WEC, exhibiting a frequency response
with three different peaks, whose broad banded operative frequency
range impacts the system functionality [25].

Gyroscope-based systems, considering both inputs and outputs, in-
volve three perpendicular rotation axes. Even though a 6-DoF model
might be more suitable for such a family of systems, even in this case,
for the sake of simplicity, some dynamics are commonly neglected, by
constraining the system representation in a plane. Three prototypes
of gyroscope-based systems have been designed and tested in the
literature, as presented in [26]. In this setup, the electric generator can
be activated by the gyroscopic rotation of a gimbal body referenced to
a spinning flywheel [27]. The latter is the principle applied by both
the ISWEC system [28], which controls the flywheel velocity to change
the device frequency response, and the OCEANTEC device [29]. The
gyroscope can alternatively be mounted with the vertical precession
axis, as is the case of the GWEC [30].

The sliding body device, which involves the interaction between a
floater and a sliding PTO system, is a further wave power absorption
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solutions proposed in the literature. The E-device [31] and the PS Frog
Mk 5 [32] have successfully applied such as technological solution,
allowing the mass t slide on the horizontal plane. For this family
of devices, the mechanical motion is exploited to drive an electrical
generator via a hydraulic transmission [32]. Alternatively, the reacting
mass, encapsulated in the floater can be allowed to move on the vertical
plane. The DR-WEC [33] and TALOS II belong to this class of devices.
The latter system, presented in [34], is a multi-axis point absorber-style
device with a solid outer hull encapsulating all moving parts. Another
example is the vibro-impact WEC, as introduced in [35,36], which
integrates a self-referenced mass mounted inside a semi-submerged
floater to exploit the nonlinear elastic impact of the inner mass with
the buoy, improving its power absorption capabilities.

In every category of IRM WECs under consideration, and across all
existing technological solutions outlined in Table 1, modeling simplifi-
cations are virtually always adopted by the designers, to simplify the
overall system description. These simplifications often involve neglect-
ing certain dynamics or mechanical interactions, which are intention-
ally overlooked for practical reasons. Nonetheless, such assumptions
can lead to misleading system representations, introducing a large
degree of uncertainty in the main variables and indicators used to
measure device performance, and hence actual estimation of the ca-
pabilities of any given IRM WEC. Furthermore, closed-form models
are virtually always employed for control design purposes, which are
fundamental for efficient and safe operation of WEC systems [37-39].

Motivated by the advantages of IRM WECs and the necessity for sys-
tematic and accurate modeling of this family of devices for performance
assessment [40,41], optimization [42], and control purposes [43,44],
this paper introduces a comprehensive yet simple methodology for
modeling IRM WEC systems. This approach considers the full set of
DoF and introduces a theoretical framework for their dynamic simula-
tion, avoiding restrictive simplifications and incorporating all dynamic
effects crucial for system design.

In particular, this paper provides the following main contributions:

» Derivation of the kinematic conversion chain, hence the analytical
expressions describing the dynamic behavior of the reacting mass
and its mechanical coupling with the floater, for a full set of
DoF. This approach offers a comprehensive understanding of the
interactions between rigid bodies in the wave energy conversion
context.

Definition of a generalized, step-by-step procedure for construct-
ing kinematic transformation matrices, which can be applied to
the Lagrange equation, defined for quasi-coordinates, to derive
the equations of motion for a wide range of IRM WEC systems.
This procedure ensures both broad applicability and ease of use.
Loads computation on critical mechanical components, e.g. sup-
porting bearings, addressing a crucial aspect of IRM WEC design
and ensuring that the components are designed to meet the
practical demands of their operational environment.

It is important highlighting the advantages of the analytical model
presented. Specifically, it provides the WEC designer with a compre-
hensive understanding of the energy transformation process, including
the overall occurring nonlinear effects. This model also facilitates the
development of control-oriented models for designing and synthesiz-
ing control technologies. It can be achieved, through the creation
of a simplified linear model for straightforward control algorithms
with practical implementation value. For instance, a linear model
derived from the nonlinear one is essential, especially for impedance-
matching control methods [10,45]. Additionally, the introduction of
the analytical equations allows simplifications that produce intermedi-
ate nonlinear models [37,39], for more effective analysis on the system
response [46-48] and data-driven control algorithms [49], suited for
nonlinear system representation. The remainder of this paper is orga-
nized as follows. Section 2 introduces the IRM WEC simulation loop,
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Table 1
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Classification of IRM WECs and model complexity. The marker color specify the motion axis of the related mechanism: light blue — horizontal
axis, violet — vertical axis, and black — multiple axis. Moreover, the table acronyms are: Pr — Prismatic, Ax — Axial-symmetric, and Ir —
irregular; While for the modeled DoFs: S — Surge, Sw — Sway, H — Heave, R — Roll, P — Pitch, Y - Yaw, M— Mechanism-related DoF.
Finally, Exp stands for performance analysis based on experimental activity.

Ref. Name Inertial mechanism Floater shape Modeled DoF
Pendulum Gyroscope Sliding Mass
[50,51] ISWEC Pr S-H-P-M
[45,52] PeWEC Pr S-H-P-M
[14,16] SEAREV Pr S-H-P-M
[22] Penguin | ] Ir Exp
[25] WITT | ] Ax S-H-P-M
[31,53] E-Motion Pr P-M
[30,54] G-WEC | ] Pr S-H-P-M
[32] PS Frog MK 5 Ir S-P-M
[35] VIWEC [ | Ax H-M
[29] OCEANTEC P Exp
[20] IPWEC Pr H-M
[18] AMOG Pr Exp
[33] DR-WEC [ | Ax H-M
[23] VAPWEC | ] Ax S-Sw-H-R-P-M
[21] WEC by Yerrapragada | ] A R-P-M
[34] TALOS 1I [} Pr Exp
[13] WEC by Ma Pr P-M
[55] Plumb Bob Pr Exp
[26] WEC by Kanki Pr Exp
[19] Seaquest Pr Exp

focusing on mathematical representation of the mechanical interac-
tions. Section 3 addresses the kinematic problem of each interacting
body, while Section 4 details the approach for formulating the complete
set of dynamic equations. In Section 5, the modeling of a specific
vertically-hinged pendulum IRM WEC is presented, while Section 6
introduces a comparison between the output of the analytical model
with the one computed by the commercial software Simscape. Finally,
Section 7 encompasses the main conclusions of this manuscript.

Notation

The notation R(a, k) represents a rotation by an angle « around the
versor k. The symbol 0 is used to denote a zero matrix, with dimensions
that are understood based on the context. Furthermore, for a general
vector ¥ =[xy Xy 7.)7, the corresponding skew-symmetric matrix
is denoted by 7. For a square matrix B € R™" we define B~ as
the transpose of the inverse of B, denoted by (B~!)T. Furthermore, I,
specify the identity matrix in C"™". Defined the matrix M € C™",
we denote its ij-th entry as M;;, with i € N, and j € N,,. Similarly,
for a vector ¥V € R”", we refer to its ith component as V;, where

i € N,. Additionally, we define the canonical basis vector as e{ e R/,

characterized by all components being zero except for the i—th element,
which is 1.

2. On the integration of the mechanical model into the WEC
simulation scheme

IRM WECs are generally identified as point absorbers [56], charac-
terized by an inertial body, installed in a floater, moored to the seabed.
The electrical and electronic components of these systems are enclosed
into the hull to avoid issues with corrosion (as per the discussion
provided in Section 1), enabling the mitigation of issues related to
maintenance and accessibility of these hardware components. As shown
in Fig. 2, this set of devices generally introduces a further step in the
energy conversion process. For instance, the hydrodynamic interaction
between the floater and the wave induces a parametric excitation to the
inertial body installed in the hull. While the inertial system activates
the PTO for electric power generation, the reaction forces are fed
back to floater, impacting significantly its dynamics. Furthermore, the
produced power can then be either stored, or directly supplied into
the grid. Focusing on mechanical power characterization, we introduce

the IRM WEC simulation framework. The fluid—structure interaction
modeling is first generally introduced in Section 2.1. The physical
characterization of the reaction forces is presented in Section 2.2, and
the overall general model is presented in Section 2.3.

2.1. Modeling of the fluid—structure interaction

As mentioned in Section 1, the fluid-structure interaction mathe-
matically represents the initial modeling challenge, when approaching
the simulation of a WEC system. Although the problem can become
significantly demanding [57-59], the use of a linear representation
of hydrodynamic phenomena is well-established for the initial power
assessment of such systems. Particularly, under the assumption of an
irrotational flow and neglecting viscous effects, the linear potential
flow theory [60] provides a suitable approximation for fluid-structure
interactions. This approach models the interactions through a system of
integro-differential equations in the time domain. If the floater position
and orientation is defined by the pose vector p : t — R®, the equation
of motion is expressed through the following function I', written, for
t € R*, as follows

oAM= St ]
“o=»

@

where M € R® encloses the contribution of the floater inertia tensor
M; € RS and the added mass at infinite frequency m® € R%C, ie.
M=M;+m>), f, € R® is the hydrostatic force, directly proportional
to the position vector p, through the hydrostatic stiffness matrix s, €
R and f, € RS is the wave excitation force [61,62]. Moreover,
the radiation force f,, that accounts for the dissipative hydrodynamic
effects, is defined by a convolution integral through the Cummins
equation, involving a corresponding radiation kernel k, € R®® and
velocity vector v = p [63,64].

2.2. Characterization of the reaction forces

Eq. (1) provides a description of the floater dynamics exclusively
considering the fluid—structure interaction. Hence, an analysis on the
loads acting on the inner bodies, responsible for the overall energy
generation process, is effectively required. To facilitate the computation
and understanding of the system, the study of IRM WECs can be divided
into two sub-problems: Computation of the reaction force vector and
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Fig. 2. Schematic representation of an IRM WEC energy transformation process, highlighting the conversion from ocean wave power to grid-compatible electric energy. The

diagram illustrates the transformation process through mechanical power development, which depends on the interaction between the floater and the reacting system, and the

electrical power generation dependent on the PTO nature.

IRM

Fig. 3. Schematic representation of the load distribution along the PTO transmission axis, from the torque generated by the floater (prime mover torque) to the reaction torque

exerted by the reacting system on the floater.

formulation of the dynamical equation describing the motion of the
reacting mass-related DoF.

The reacting systems usually have a single associated DoF, and
therefore are allowed to rotate with respect to the PTO axis, alter-
natively to slide on a plane, but are constrained with respect to the
remaining set of motions. To begin we define a generic generalized
coordinate p : Rt — R,7 — p, which is related to the IRM DoF. A
reaction force vector f,, € RS is exerted following the relation

Jre=Mubp+ 10— foi (2)

where M,, : Rt — R%® is the generalized mass-inertia matrix of the
inertial reacting system, I,,; € R® is the inertia vector coupling the PTO
DOF to the floater, and f,, : R* — R® encloses all the reacting effects
both due to Coriolis and centrifugal forces, and effects due to gravity.
A focused discussion is necessary for the study of the PTO-related
DoF. With reference to Fig. 3, the torque activating the energy extrac-
tion axis is C,, : Rt — R, which excites the inertial mass, since its
motion is not constrained (although it is coupled with a PTO system,
which is rigidly connected to the floater). Nevertheless, keeping the
dynamic equilibrium on the transmission shaft results in the generation
of a reaction force V,,, : Rt — R transmitted to the floater through the
support frame. Note that V,, is defined as the sum of the reaction forces
V,:R* > Rand V, : R* - R, transmitted to the floater through the
PTO frame conditioning stage and the generator, respectively, hence

Ve =V + Vg 3)

Specifically, the reaction forces exerted on the floater, attributed to the
PTO stage, are defined as the difference between the input torque C,;
and the output torque C, (V, = C; — C,). C, corresponds to the control
function, while the former depends on the specific PTO stage, which
can be direct-drive, either mechanical or hydraulic [65,66]. Therefore,

it can be generally expressed as C;, = X(C,), with the operator X
defined according to the type of PTO adopted. For instance, for a
mechanical PTO system, based on a gear stage, C; = ,,C,, where r,, €
7% is the gearbox reduction parameter. Knowing that the generator
transmitted reaction force is exactly the control force C, (V, = ),
the following is implied:

Viar = Ci.- “)

Hence, the dynamical equation that describes the motion of the IRM
WEC system, through its rotational velocity w,, € R, is defined through
the function g : Rt - R®, ¢ — g, is defined as follows

g 1,»,=C,-C =C, - 2(Cy), 5)

where I, is the mass inertia with respect to the rotation axis. For sake
of completeness, note that the extracted mechanical power P, € R is
defined as the product between the control torque C, and the rotational
velocity of the generator side, hence:

P, =G Y w,) = P, = Ca,. (6)
2.3. Coupled mechanical-hydrodynamic model

With reference to the previous sections, specifically Egs. (1), (2)
and (5), we define the overall equation of motion of a generic IRM
WEC. In particular, the wave force f,, which is exogenous, induces the
motion of the floater. The floater, influenced by hydrodynamic forces
such as f, and f}, induces vibrations on the inner mechanical system.
It behaves as a parametrically excited vibratory entity, as it is coupled
with the floater and controlled by the PTO action C,. A representation
of the IRM WEC simulation loop is schematized in Fig. 4. However,
due to partial constraints to the hull, the inertial mechanism gener-
ates reaction forces that are then applied back to the floating body.
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Reaction forces

Control action )
S I I PE— j/\ﬁ

Y

Fig. 4. Schematic representation of an IRM WEC simulation loop, encompassing the
input wave and main simulation blocks. These blocks include the floater, which
activates the inertial mechanism. The control action influences the set of reaction forces,
which, together with the input wave, impact the floater dynamics.

Within this section, we provide the coupled mechanical-hydrodynamic
model I'’, by considering the inherent mechanical coupling between
the mechanism and the floater, and the hydrodynamic motion of the
device activated by the wave input force, i.e.

(MM lmf] [ﬁ]:[fe+fh+f,+fbk
Ifm Im 1 Cn—C

m

@)

where [, =1 Tm is the coupling vector linking the floater acceleration
to the inertial effect on the IRM DOF. As highlighted in Eq. (7), the IRM
WEC dynamics involve hydrodynamic modeling, the wave environment
representation through the function f, [67,68], the simulation of the
PTO transformation function, and the mechanical coupling. It is worth
highlighting that such a general scheme can be adapted according to
the wave environmental conditions and by changing the definition of
the PTO system. The latter can be tuned through the general function
X, knowing that its effect on the mechanical system dynamics is defined
by C;, according to the generator exerted torque C,.

However, this study specifically focuses on modeling the mechanical
interaction, which includes determining the prime mover torque C,,,
analyzing reaction forces transmitted from the inner mass to the floater
(denoted as f,), and assessing inertial couplings, such as M,,, I,, o and
I

Although the general scheme is presented in Eq. (7), a further
nonlinear force F,; can be added to the PTO DoF if a nonlinear stiffness
mechanism is introduced. For instance, as demonstrated in [69,70] a
spring attached to the mass can emulate a nonlinear varying recall force
dependent on the pendulum’s rotation angle [71]. These mechanisms
aim to exploit bistability effects in wave energy systems [72,73]. It is
crucial to note that if a nonlinear force acts on the PTO DoF according
to the R(Gén¢) frame, the corresponding reaction force on the floater
must be defined using the transformation matrix mapping procedure.
The literature analysis of gross output power indicates that rotating
motion, whether chaotic or periodic, enhances energy harvesting per-
formance by increasing power and broadening the system operating
bandwidth [74]. On this scenario, nonlinear energy harvesting meth-
ods have been proposed, including nonlinear stiffness and nonlinear
damping, acting even on raft-type WEC systems [75,76].

3. Dynamic modeling of the mechanical couplings

This section provides a clear derivation and analysis of the me-
chanical interaction between the floater and the IRM. The discussion is
intentionally kept general, in order to introduce a versatile framework
that can be easily adjusted with minor modifications, to accurately
capture and represent the mechanical interaction for a wide family
of devices. The proposed modeling procedure begins with the com-
putation of the matrix that characterizes the kinematic chain of the
mechanism: This includes the corresponding Jacobian matrix, which
maps the system velocity from the inertial frame to the mechanism-
fixed frame. Subsequently, the velocities of the bodies are directly
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formulated, allowing for the calculation of both kinetic and potential
energy. In particular, starting with the kinematic characterization of
the bodies involved, Section 3.1 introduces the reference frame to
be set. Moreover, Section 3.2 describes the kinematic chain mapping
the floater velocity from the inertial frame to the IRM-fixed refer-
ence frame, while Section 3.3 states the overall velocity vector of the
reacting mass.

3.1. Reference frames definition

During operations, the dynamics of an IRM WEC device involve the
mechanical interaction between two bodies: the floater and an inertial
reacting system. These two bodies are interconnected and influence
each other motion and behavior. Both of them need to be defined in
relation to an inertial reference frame. This is achieved by using a set
of generalized coordinates that captures the motion and behavior of
virtual joints. The generalized coordinates are defined according to the
reference frames shown in Fig. 5. In particular, a vertical axis pendulum
device, installed in an axial-symmetric floater, e.g. a spherical cup,
is selected as a representative case-study. Note that, the vertically-
hinged pendulum is the most relevant technological solution, hence
it is adopted as a reference benchmark in the following preliminary
computations. Therefore, according to Fig. 5, the following reference
frames are subsequently introduced:

+ The inertial frame R(OXYZ), whose origin coincide with O.

+ The hull-fixed reference frame, denoted as R(O’xyz), is centered
at the hull’s center of gravity (CoG), marked as O'. The frame
R(O'xyz) is capable of moving freely in space and accommodates
the complete range of motions, including both linear and rota-
tional movements. Specifically, the orientation of this frame is
determined using the roll-pitch-yaw convention, which involves
subsequent rotations relative to the axes in the order: z, y and x.
The inertial reacting system motion is defined by the R(GEH Z)
frame, whose Z-axis, for the specific case study of Fig. 5 is point-
ing upward, according to the PTO axis. The axis £H Z are always
parallel to x, y, z-axis, but having the origin in G. In particular,
the position of G with respect to R(O'xyz) is determined by the
vector r = [xg yo Zol-

R(GENE) is the IRM-fixed reference frame. For instance, such
a frame follows the vertically-hinged pendulum rotation with
respect the ¢-axis.

It is worth noting that the kinematic characterization of each mech-
anism is closely interrelated, requiring the development of a generic
scheme. The dynamics of the inner reacting mass, within the floater,
are influenced by parametric excitation and external forces. While the
latter can be defined by the user through a proper control algorithm, as
discussed in [45,77,78], the parametric excitation is inherently linked
to the hull motion, which activates the entire energy transformation
process. Specifically, the motion of the floater, and its derivatives, sig-
nificantly affects the IRM motion. Meanwhile, the interaction between
DoF varies depending on the type of mechanism selected for the WEC.
In details, the position and orientation of the floater in the inertial
reference frame, is indicated by the vector p = [XT QT]T, whose vector
X =[x y z]" € R establishes the surge, sway and heave motion of the
floater, respectively, while the vector @ = [0 5 w]" € R? determines its
roll, pitch and yaw rotation. When considering the reacting mass, an
additional generalized coordinate is required, resulting in the definition
of the ‘augmented’ vector g = [p7 p]T. Consequently, with the identi-
fication of the main bodies involved in the power conversion chain,
we state the nonlinear set of differential equations, which describe the
floater-mechanism interaction, in the following sections.
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Fig. 5. Diagram illustrating the reference frame setup for IRM WECs, from the inertial frame to the reactive mass-fixed frame. It moves through the floater-fixed reference frames,

one defined at the floater’s CoG and the second at the inertial mass position.

3.2. Kinematics chain description

This section aims to define, unequivocally, the kinematics of the
rigid body interconnected to the electric generator for the energy trans-
formation process. Following a step-by-step procedure, the kinematic
transformations in between the reference frames allow for the defini-
tion of the overall velocity of the inner reacting mass. For this purpose,
an IRM WEC can be schematized as a chain of rigid links and joints.
In particular, the inertial conversion unit can be represented through a
translational or rotational joint, according to the adopted technological
solution. As previously discussed, for technological constraints, the IRM
has a single DoF, i.e. m = 1, which is coupled with the PTO system.
The number of DoFs can be increased, as in the case of the gimbaled
pendulum, where the mass motion is described by a set of two joints.

Furthermore, the floater can be modeled as a 6 DoF joint, ie. it is
allowed to move in space and rotate with respect to the x-, y- and z-axis.
For instance, the velocity mapping from the inertial frame R(OXYZ)
to the floater frame R(O'xyz) is the first transformation to be defined.
Subsequently, the velocity is transported on R(GEHZ) frame, under
the assumption that the origin @' of the R(O’'xyz) frame does not lie on
the line defining the energy transmission axis toward the PTO system.
Finally, the velocity projection from the R(G=H Z) frame into the IRM-
fixed reference frame R(GEn¢) is required, since a further DoF is added
by the mechanism itself.

The floater velocity vector Vi =[x v, v,]", where v,, v, and v,
are surge, sway, and heave velocities defined in the floater reference
frame R(O'xyz), is obtained through a kinematic transformation from
the vector X. Such linear vector projection involves a set of three trans-
formations, characterized by roll, pitch and yaw rotations, incorporated
into the matrix C € R¥3, whose transpose is explicitly defined as
follows

CT=R@O.D"RE, NHTRy. b)". 8

About the rotational velocity, it is well known that the velocity
vector in the body-frame, e.g R(O'xyz), does not correspond to the
derivative of the generalized coordinates vector @. For instance, the
computation of w,, w, and w,, the angular velocities defined in the
floater-fixed reference frame R(O’xyz), is dependent on the analytical
Jacobian D € R*3. On this purpose, the analytical Jacobian matrix
Jr € R, which links the vector of the derivative of generalized coor-
dinates to the floater velocity, defined in the body frame, is explicitly

stated as follows

.
o] [5 0

Furthermore, the velocity vector wsy>; = [V, @] 17, defined in
R(GEH Z), considering the position of the origin G with respect to ¢’
dependent on the position vector r, is expressed through the following
relation

R |

where J,, € R®® is the Jacobian matrix linking p to wszy ;. The
Jacobian J,, in Eq. (10) can be written in, compact form, using the
fact that the velocity V,, of a generic point in a rigid body is defined
as

Vi =V +Quyu Xr=Vp+Q,r=V,—i2,. 11)

Please note that an additional transformation is necessary to express
the IRM WEC velocity in the mechanism-fixed reference frame R
(G&ng), whose dynamics are described by the generalized coordinates
p. The specific definition of the coordinate p is contingent upon the
nature of the chosen inertial reacting device, i.e. rotating or sliding, as
discussed in the following.

Rotating inertial reacting system. For rotation-based mechanical systems,
such as the case of pendulums and gyroscopes, a further rotation is nec-
essary for the velocity vector to be defined into R(Gén¢). The additional
coordinate p represents an angle, characterized, in this general context,
by means of three canonical angles «, §, and y, whose association to a
specific IRM depends on the orientation of the rotation axis, whether
vertical or horizontal. The rotation matrix associated to p is generally
referred to as R, € R¥.

The kinematic link matrix, which maps the generalized velocity
vectors X and @ into the mechanism-based velocity V; and £, for
rotational mechanisms, termed Ji;, is defined as follows

T _ ~
R,C RurD] ’ a2)

JG:[ 0 R,D

and the following holds

Vel _ [R.CT -R,D] [X
el =5 )
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Up to this point, the velocity of the floater is projected onto the
reference frame of the mechanism. However, the proper velocity of
PTO system is required to be added to the projected floater velocity.
These are subjected to its own rotational velocity w,, € R, and then
total rotational velocity vector £2; is computed through the following
equation:

Q=095+ w,. a4

The total system velocity w,, = [V, 2]]" expressed in the R(G'én¢)
frame is stated through the matrix J;

_[r,CT -R,D 0
J"[ 0 R,D D,|’ as
and hence the following relation
X
Vil _[rR.CT -R,j#D 0]];
AR

holds, where D, € R is defined in terms of the basis vector ¢’ for
a single-DoF mechanism, e.g D, = eg =[0 0 1]T for the vertical-axis
pendulum system of Fig. 5. It is worth noting that V; = [v; v, ug]T,
whose elements are vg, v, and v, and the angular velocity vector
Q; = o; o, wg]T, defined by the components g, @, and w;, are the
linear and angular velocity vectors, respectively, defined with respect
to the R(Cén¢) frame.

For a multi-DoF mechanical component, e.g. the gimbaled pendu-
lum, where p = [a f], the block matrices R, and D, in Eq. (16)
are distinctly defined. Their characterization takes it account that two
consecutive rotation, ¢ and g, occur with respect t the &- and #- axis,
respectively. In particular, the rotation matrix is consequently stated as
R, =RjR, while D, is defined as follows

cosfp O
D,=( 0 1]. a17)
sinf 0

Sliding reacting system. These systems are subjected to their linear
velocity v,, € R3, and then the total linear velocity vector V; is
computed through the following equation:

Vi=Vy + 0y (18)

The Jacobian matrix J; € R+ for sliding mechanism is then
computed as

X
vi]_[cT -fD &l
af-[5 72 dlje) o

To sum up, the system velocity is defined through an associated
Jacobian matrix, which states a precise relation between the set of
generalized coordinates and the velocity into the mechanism frame.
To streamline the procedure, the characterization of the velocity into
the mechanism reference frame starts with the projection of the floater
velocity vector in the body frame, through the matrix J,. While the
matrix J,, allows a further velocity representation with respect to
the rotation axis, then allowing the following mapping R(O'xyz) —
R(GEHZ) to encompass the velocity projection from the floater frame
to the IRM reference position, defined by the r vector. Conversely, the
matrices J; and J; are responsible for incorporating the additional
DoF from the IRM. These matrices project the floater’s velocity into
the R(Gén¢) frame using the rotation matrix associated with the IRM’s
generalized coordinates. This process is used exclusively for rotating
systems, such as pendulums and gyroscopes. Additionally, a block ma-
trix is added to incorporate the contribution of the mechanism velocity.
The reader can refer to Table 2 for a summary of the Jacobian matrices
required during the main transformation steps.
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3.3. End-effector velocity

As discussed previously within this section, every mechanical IRM
system can be modeled as an assembly of several rigid bodies. There-
fore, the spatial velocity vector [Vpy Q2pp]T must be defined, where
Vgr € R3 and Qg € R represent linear and angular velocities of
each single body, respectively. In particular, these depend on the ar-
chitecture of the selected mechanism hence, in the following, we define
the end-effector velocity for the three main subfamilies of IRM systems
considered: gyroscopes, pendulum, and sliding mass. The reader can
refer to Table 3 for further details.

Gyroscope. A gyroscope system consists of two main components: the
gimbal and the flywheel. The velocity vector of the gimbal corresponds
to the ne described by Eq. (16). However, the flywheel experiences an
additional velocity, i.e. its spinning velocity about its polar axis, de-
noted as ¢. Therefore, the angular velocity component of the flywheel
wgy = € ¢, where m depends on the versor orientation, knowing it has
to be parallel to the flywheel polar axis. Without loss of generality the
following relation holds:

_QEF=.QI+wfw. (20)

Pendulum. For pendulum-based systems, although the angular velocity
is invariant with respect ©;, the linear velocity V is defined accord-
ing to the position vector of the pendulum mass with respect to the
R(G'¢én¢) frame, through the vector r,, ie.

Ver = Vi + Q1 21

In particular, r,, can be defined differently according to the orientation
of the swinging mass. For horizontal pendulum-based devices, the arm
vector is r,, . = 00 — lp]T, where | p 18 the length of the link defined
from the &-axis for a horizontal-axis pendulum and gimbaled pendulum
while, for the vertical pendulum, my, = [, 0 0]7, where I, is the
distance between the vertical axis ¢ and the mass CoG, knowing that
the pendulum mass lies on the &-axis.

Sliding mass. In a sliding mass system, the end effector’s velocity is
dependent on the generalized coordinate itself. Specifically, the rota-
tion velocity of the sliding mass corresponds to the velocity vector
£,, and the linear velocity is described by Eq. (21). Additionally, the
mass position is instantaneously changing in time, since it is defined
by the coordinate p. For instance, for the horizontal sliding body the
position vector is Ty = [ 0 0], while for the vertical configuration, it
is T, = [00y].

4. Computation of the dynamic equation of IRM WECs

From the definition of an appropriate set of reference frames to
properly describe system motion, this section introduces the procedure
for the derivation of the mathematical model characterizing such de-
vices, focusing on the derivation of the coupling between the floater
and the associated PTO system, mainly governed by nonlinear effects
such as centrifugal and Coriolis forces. The resulting nonlinear model
allows for the evaluation of WEC performance with high fidelity, pro-
viding detailed insights into its behavior. Furthermore, the nonlinear
model serves as a foundation for developing a linear counterpart. Such
a linear model offers simplicity, facilitating the study of the system
and the assessment of its dynamic performance, as well as design and
synthesis of real-time energy-maximizing control technology. For this
purpose, Section 4.1 states the Euler equations for defining the floater’s
motion in 6 DoF, and Section 4.2 addresses the analytical expression for
the reaction mass dynamics and the definition of the reaction forces.
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Table 2
Jacobian matrix for transforming from R(OXY Z) to R(Génd).
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Reference frame transformation Jacobian matrix

=
7
R(OXYZ) = R(O'xyz) 0 D
c" -iD
R(O'xyz)~ R(CEHZ) 0 D
. T ~ 3
S _[RuCT R, g ] JI:[C —iD ezw
RGEHZ)- RGN 0 R,D . 0 D 0

4.1. Floater dynamics and reaction forces

The mechanical power transmitted from the wave to the IRM sys-
tem, through the floater motion, is converted into electric power by a
suitable control action exerted by the PTO system. The power output of
a wave energy device is then ultimately integrated into the grid through
power converters and an associated conditioning process [79]. On the
basis of this, the focus is now dedicated to the first body (primary
mover) acting as part of such process, ie. the floater. Let m, € R*
and I, = diag([1, I, I.]), with I.,1,1I, € R*, be the mass and inertia
matrix of a generic floater. Then, the dynamic equations in 6 DoFs with
respect to the body axis can be expressed through the Euler equation.
For further details the reader can refer to Appendix A. In particular the
equation describing the floater dynamics can be rewritten as follows:

Mwayz + BF(wxyz)wxyz = Fext’ (22)

where w, . = [v, v, v, ®, ®, ®,]" is the floater velocity vector in the
floater-fixed reference frame and F,,, € R® is the generalized external
force vector. Note that the velocity vector and its derivative w,,, are

defined with respect to the vector of generalized coordinates p, i.e.

Wiy, = JE P,

wxyz = JFP+JF1.7-~
This can be used to compute, in compact form, the dynamics into the
inertial reference frame R(OXYZ):

(23)

M ()b + By(p, )P = foxts (24)

where f,,, € R is the vector of external forces expressed in the inertial
frame, and the matrices M /(p) : p~ M, and B/(p,p) : {p.p} = B, are

—gT
{Mf = JIMpJp, 25
By =J MpJp+JlBpJp,
allowing (24) to be explicitly rewritten as
J;MFJFIj+(J;MFjF+J;BFJF)p:fcxt' (26)

4.2. Lagrange equation defined for quasi-coordinates

Even the dynamic coupling between the two bodies happens
through the identification of the reaction forces, which can be a key
factor for determining the design of the mechanical components. This
section characterizes such reaction forces, and compute the overall sys-
tem dynamics, where all the main effects are enclosed into a compact
differential equation, based on the previous derivations. In particular,
the computation of the dynamic equation of the system is derived via
a Lagrangian approach, defined for quasi-coordinates.

For a multi-DoF IRM device, the development of a set of equa-
tions, based on quasi-coordinates, can be more convenient than a
system representation via generalized coordinates [80]. Since the rel-
ative motion between floater and internal mechanism is effectively
exploited during the device operating condition, the quasi-coordinates,

or pseudo-coordinates, allow to solve the dynamic problem on the
PTO-fixed frame, i.e. R(Gén¢). Fr instance, knowing the generalized
coordinate vector p(t), the quasi-coordinates (or pseudo-coordinates) of
the IRM WEC under study [81] are the velocity vectors V; and £,
defined in Egs. (16) and (19), respectively. These are used to define
the force and moment equations in the reacting mass fixed-frame, i.e.
about the axes &, 7, ¢, simplifying the computation of the dynamic equa-
tions for this family of systems. In particular, the Lagrange equations
for quasi-coordinates are expressed in Appendix B. Therefore, in the
R(GEnE) frame the following differential equation holds

Mypibeye + Br(Weye)Weye + Geye = Fe, @7

where M; € R®® and B;(w;,,) € R®® are the mass and damping
matrix respectively, defined in the IRM-fixed reference frame, where
the latter encloses all the nonlinear effects, such as the Coriolis and
centrifugal forces. Moreover, G, € R® includes all the effects of the
gravity on the mechanism, and it is derived from the potential energy
computation, ad detail in Appendix B, and F,, = LF, Tg]T is the reaction
force vector, and F, € R? and T, € R3 represent linear and angular

g
components, respectively. Additionally, F,. is defined as:

.
F,.=|F:F,F,T; T, T;] . (28)

We do note that, the Equation presented in (27), can be written
in compact form, referred to the inertial reference frame, into the
generalized coordinate-space:

M()i + Bi(q,9)i + G(@) = f..

where M, € R, B; € R™ are the mechanism system matrices
written in the inertial space. Moreover, G(g) : R” = R7,q —» G(q)
is the function defining the gravity effect, and f,. = [fT C,|7 is the
augmented reaction force vector, which includes the corresponding
PTO control action. Note that Eq. (29) is obtained through the following
relations

M;(q) = J;I—Ml'lls
Biq)=J MJ;+J]ByJ;.

29

(30)

Therefore, substituting Eq. (30) into (29), the equation characteriz-
ing the reaction forces is the following:

JIM TG+ I M J1g+J]BJ g+ G@) = f,. (3D

To streamline the exposition, the derivatives of the block matrices
composing the Jacobians are presented in the Appendix C. Finally, such
reaction forces are required to be coupled with the floater dynamics,
stated in Eq. (26), recalling that the coupling on the PTO axis is
described by Eq. (3). Additionally, f_,cm is defined:

frc=J}rFrc=[fxfyfzfﬁfﬁfxycl]T' (32)

Finally, the nonlinear expressions for mass matrices and reaction
forces, presented in Eq. (7), are defined in the following expression

[/g,k] =(TMJ; +JTB I - Glg),
m (33)

Mm [mf] T
=J, M;J;.
[Ifm Im L
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Table 3

Jacobian matrix and end-effector velocity definition.

IRM device Reference frame Jacobian Velocity vector
Z

Pendulum: vertical axis

R;"CT —RIFD 0:|

0 RTD el
4 3

] =1z 1]

RTCT —~RTFD 0 A
Pendulum: horizontal axis =" “ \ [Vm] _ [VI] i [0 91] [ 0 ]
0 RID e 2, 2 0 0]|rm,

RIRTCT  —RIRIFD 0 5
Gimbaled pendulum P 2] [VEF] _ [V,] N [0 Q,] [ 0 ]
0 R;RID D, Qpp 2 0 0 Tmy,

Gyroscope: vertical axis

leer] =[]+ L)

RICT —R;FFD 0
0 RTD e
14 3

RICT  -RTFD 0
Gyroscope: horizontal axis =" : VEF] = [Vl] + [ ? ]
0 RID e? Qpr 2 &P
T _Tz 3 o
Sliding mass: vertical axis Jp = % I;D 603] g’;] = [g’l] + [g !(2),] [r(:]

Sliding mass: horizontal axis

] =Ll 1)

Notably, Eq. (33) has been partially validated in a wave tank for a an initial validation attempt, deeper analyses are required. These are

pitching floater coupled with a gyroscopic system, comparing the actual introduced through a case study in the following section.
gyroscopic precession motion with the numerical one [82]. However,
the validation of the reaction forces has been neglected, and due to the 5. A case study

hydrodynamic properties of the floater, only a limited set of motion

modes are coupled between the mechanical system and the floater, We have conducted a very general approach for the definition of
making this a very specific application case. Although this represents the mechanical interaction between the IRM and the floating body. In

10
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this section, we describe the step-by-step computation of the reaction
forces, going through the proposed framework, exploiting a guided
case study, using the vertically-hinged pendulum system (presented in
Fig. 5). Focusing on the case study, the kinematic matrices, kept general
so far, is specifically expressed for the vertically hinged pendulum
in Section 5.1. Section 5.2 presents its dynamic matrices, Section 5.3
introduces the linearization procedure and the statement of the linear
matrices, and Section 5.4 introduces the main interacting modes of
motion between the floater and the IRM, expanding the discussion to
a wide family of WECs.

5.1. Vertically-hinged pendulum: kinematic transformation matrices

During operating conditions, the two rigid bodies involved in the
dynamics of the vertically-hinged device are the floater and the pen-
dulum mass, with the latter free to rotate with respect to a shaft,
referenced to the former. The generalized coordinates are defined
according to the reference frames shown in Fig. 5, recalling that these
are placed respecting the rules presented in Section 3.1.

Recalling the floater pose vector p, as detailed in Section 3.1, the
whole set of generalized coordinates is identifying adding the ?roper
pendulum rotation angle y, i.e. the following holds: ¢ = [p" y] . The
characterization of J; plays a crucial role for the solution of the system
dynamics, recalling that it represents a link between the derivative of
the generalized coordinates vector ¢ = [x, y, z, 0, &, vy, 7]7, and
the pendulum linear and angular velocity vector. In particular, the
procedure detailed for a generic IRM WEC, can be sum up for the
vertically-hinged pendulum through the following matrices:

+ The kinematic link matrix, denoted as J;;, transforms the general-
ized velocity vectors X and @ into the pendulum-based velocity
V, and ,. Specifically, Eq. (12) provides a clear definition by
noting that the general rotation R, corresponds to the rotation of
the angle y, about the axis £. Thus, J; is defined as

RIcT —-RTfD
Jg = 4 14

0 R}D G4

The total system velocity, expressed in the R(G'&n¢) frame, can be
derived recalling that the total velocity is expressed as the sum
of the floater velocity and the proper velocity of the pendulum
system, i.e via the following relation:

HE

Finally, the angular velocity component of the pendulum, seen as
the end-effector of the kinematic chain, can be computed through
the expression reported in Table 3.

The position of the system is defined with respect to the inertial
frame through the position vector p,, € R3, ie.

RICT
14

T 3
0 RyD e

—RT#p o] ¥
r (35)

D|.

=TT, (36)

where /, =[1,00 1" is the position of the pendulum mass with
respect to its rotation axis and the roto-translation matrices T

and T? are
X X
Tl — c y ,T2 — Ry Yo (37)
z 2y
0 1 0 1

5.2. Vertically-hinged pendulum: Dynamic equations

After the definition of the system kinematics, the kinetic energy of
the system under analysis can be derived through the application of
the kinetic and potential energy formulation, as described in Egs. (56)

11
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and (57), recalling that such an IRM system is schematized exclusively
through a single rigid body, ie. n = 1, whose inertia tensor I, =
diag(l,y, I, I,;), encloses the diagonal terms I,, € R*, I,, € R*
and I,, € R*. To avoid overflowing this section, Appendix C reports
the explicit formulation of the energy term for the described system.
However, the Lagrange equation characterizing the pendulum proper

dynamics, on its related DoF is explicitly stated hereafter

d JoT oT oT oT oT

S —w,—— oy — U, +0;— + G, =C}.
dt dw,  "0w;  ow, "ovs ‘ov, ¢ !

(38)
In particular, applying the Lagrange equation, in matrix form, for the
6 DoF, the whole IRM dynamics can be computed on the R(G&n()
reference frame, whose complete expression is stated as follows

m, 0 0 0 0 0 O
0 m, 0 0 0 mpyl, (| 0,
0 0 —m,l 0 )
my 0 Mplp Y4
0 0 0 I 0 0 ||
0 0 -my,l, 0 I, 0 [|o,
LO  m,l, 0 0 0 I, |l
0 —m, o, myw, 0 -myl, o, —m,l,o [ ve
m,we 0 —m,w; 0 —my,l,w; 0 Uy
- 0 0 0 !
my@y my@g Mylp®s | V|
0 0 0 0 T o, -l,0, ||w;
mpyl, 0, —mpyl 0, 0 -l o, 0 I:0s w,
Lm0, 0 -myl,w: Lo, 10, 0 o,
FovT
[
178 F;
dy
il |5
=T)| 0z | _ ¢
IG ww|7|T
vy 4
20
1% T,
95 T,
b ¢
ay |
(39)
Note that m, is the total mass of the pendulum, while the inertia terms

{1, 1,1} C R33 are defined as

=1, (40)

— 2 — 2
L=l +mi2, Ip=1,+mi

Eq. (39) displays the set of equations related to the reacting mass.
Notably, the vertically-hinged pendulum is free to rotate about the
vertical axis, which is defined by the versor . Consequently, the sixth
row of the proposed equation specifies the set of parametric forcing
functions activating the pendulum, hereafter stated:

24 . .
(Izz+mplp)wg+mplpvn+(1yy—lxx)w”w5—mplpugw§+mplpvgwn+G,§ = fotor

(41)

The remaining equations represent the forces generated by the
pendulum that are exerted on the floater, to which it is constrained.
Such a reaction forces, are computed on the IRM frame, hence further
transformation are required to define them on the floater frame, or
inertial frame, according to the requirement, as shown in Section 4.2.
Appendix C computes in detail the potential energy of the system, high-
lighting that the gravity effect generates a coupling of the system with
the roll and pitch DoF, i.e. G, = myg(lysss, +1,¢550¢,). However, the
couplings will be further emphasized in a subsequent section through
the linear representation of the system.

5.3. Vertically-hinged pendulum: Linearized dynamics
This section aims to simplify Eq. (39), and to express the reaction

forces as a function of the generalized coordinate vector ¢. For this
purpose we adopt the assumption of small roll 9, pitch §, and yaw y
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I m, 0 0 0 m,z, =,y 0 i
0 m, 0 —m,z 0 my(xg +1,) mpl,
) 0 0 m, m,yo —my(xo +1) 0
M=| 0 —m,zg myyy L +my(yy + z0)? —mp,yo(Xo +1,) —my,zo(Xg +1,) —myl,z, R
m,zg 0 —m,Xg m,XoYo I, + mpz(z) +m,(l, - x0)? —m,ZzoYo
—m,yy  my(xp+1,) 0 —my(xp +1,)z —m,YoZo I,,+ mpy(z) +m,(xp + lp)2 I, + mpl;‘; + myl,xy
| 0 myl, 0 —-m,l,z, 0 Lz +myl +myl,xg Lo+myl> ] (42)
[0 0 0 0 0 0 0]
0 0 0 0 0 0 0
0 0 0 0 0 0 0
K=[0 0 0 -mygz 0 0 mlgl,
0 0 O 0 -m,gzy 0 0
0 0 0 0 0 0 0
10 0 0 myl,g 0 0 myl,g
Box L

rotation and we consider that the dynamics of the pendulum is close to
the zero equilibrium, implying that the system dynamics, in linearized
form, can be expressed through two different matrices, stated as (see
Box I).

where M € R”™7 and K € R are the linearized mass and stiffness
matrices, respectively. Note that no damping matrix results from lin-
earization. The reader can refer to the Appendix C for further details
on the overall linearization procedure. The linear representation ef-
fectively demonstrates how the main floater modes are coupled with
the IRM. The primary effects arise from stiffness coupling which links
floater’s roll motion with the pendulum rotation angle. Moreover, the
pendulum couples in terms of mass with the sway, heave, and yaw
DoF, noting that the latter DoF is parallel to the pendulum’s axis of
rotation. In particular, the reaction force expression and the system
mass matrices, expressed in nonlinear form in Eq. (43), can be stated,
after the linearization procedure, as follows:

Fok| _ 5
al= Kq,
M 1 “3)
m nfl =M.
[Ifm Im]

5.4. Generalization of the IRM equation of motion

The motion of the floater represents a parametric excitation for
this family of devices. For this purpose, Table 4 displays the equa-
tions of motion that characterize the dynamics of the reacting mass.
Specifically, for each system considered, the nonlinear equation is pre-
sented along with its linearized version. Notably, several adjustments
can be made in cases involving gyroscopic effects and the horizontal
pendulum. Gyroscopes, both vertical and perpendicular, can stall if the
time-varying polar axis of the flywheel becomes parallel to the floater’s
rotation axis. This issue is addressed in the literature by adding a recall
mass [83] or unbalancing the gimbal, which introduces stiffness to
the system and alters the equilibrium point. Meanwhile, the vertical
pendulum stalls if the arm vector r,, becomes perpendicular to the
floater’s rotation axis. This problem is typically resolved by designing
floaters that can pitch and roll simultaneously, such as the unbalanced
floater in the case of the Penguin device [22]. Note that for the
gimbaled pendulum, three equations are introduced because they are
expressed in relation to the frame associated with the last joint, within
the R, frame. Specifically, f is obtained by integrating the second
equation with respect to w, = V;, + p. To determine a, both the
first and third equations are required, where @, = V; + cosfa and
w; =V, +sinfa.
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For each device, under the assumption of small rotations, the cor-
responding linear equations are presented. Specifically, the linear rep-
resentation of the system provides an initial insight into the system
dynamics, highlighting the primary coupling between the floater and
the considered IRM, which are reported in Table 5. It emphasizes
that the pendulum and sliding mass introduce inertial and elastic
interaction, while gyroscopic systems exhibit Coriolis-like coupling,
which is proportional to the spinning velocity of the flywheel ¢. Note
that each system introduces a coupling where rotational and linear
interactions coexist within the same plane. However, the gimbaled
pendulum, because of its nature, is activated regardless of the floater’s
motion. Note that the sliding mass introduces a static effect due to the
weight of the mass, which does not need to be considered in dynamic
analysis since it can be treated as statically balanced.

6. A comparison with a benchmark numerical solver

Following the procedure discussed in the previous section, includ-
ing the computations performed in the Appendix C, we compare the
analytical model derived using the proposed methodology, with a
numerical solution computed using Simscape multi-body, which is part
of the Matlab Simulink suite. In particular, the output of such consid-
ered approaches are compared, to showcase a numerical validation of
the general modeling procedure proposed in this paper. Therefore,
Section 6.1 introduces the comparison of output signals between the
analytical model and the commercial software Simscape, while Sec-
tion 6.2 presents an additional methodology for computing the load
on supporting mechanical components such as the bearings.

6.1. Results

As a case study, we select a hinged vertical pendulum, which has
been modeled through a very basic geometry, based on a parallelepiped
solid, with its main dimensions being the length a, the width b, and the
height . The selected pendulum mass is 65 tons, considering a concrete
solid material, whose main inertia value are reported in Table 6.
Simscape enables the rapid modeling of physical systems within the
Simulink environment by connecting block diagrams and integrating
various modeling paradigms, making it easier to simulate complex,
real-world behaviors. In this environment, kinematic transformations,
are implemented through a structured scheme, generating an intuitive
dynamic representation of the system. A possible base diagram to
model such a system is reported in Fig. 6, whose main characteris-
tics are hereafter introduced: The light orange diagram illustrates the
transformation between reference frames, as specified in Section 3.1.
Specifically, the first two blocks on the left of the figure replicate the
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Table 4
Equation of motion related to the reacting mass dynamics.
IRM type Tipology Dynamic equation
(1.2 +m1,l§)&;4 +mplyty + (Tyy = Low )wnwe —mplpvewe +mplyvewn + Gy, = Cy
Vertical axis
m,,lpij—mplpzoéJr(L.z +m,,l;f,+ml,l,,:tg)ﬁ‘ﬂr(Tzz+mpl;f,)”"/+mpl,,g(7'+7n,,lpg7 =0,
(Lea 4+ mpl2)aog + mplyty + (Iez — Iy — mpl2)wnwe +myplyvewe —mylyvewe + Gy =Cy
Pendulum Horizontal axis
m,,l,,y'Jr(I‘,,x.+m,,l§—m,,l,,zo)€‘+m,,lp:t013“;+(I,.‘,,+mpl;§)d+mz,l,,g6+mpll,ga =C
(Lo + mplg)wg +mply Oy + (L. — Iy — m‘,l;‘:)wnw( +mplyvewe —mplyvewe + G = Ch 4 cos B
. (Iyy +mpl2 )iy — mplyte + (Lea +mpl} — L2 )wewe +mplyvgwe — mplyvcwy + Gr, = Crg
Gimbaled . -
L. ¢ + (Iyy — Lip)wewy + G = Crasin 8
Myl (Leatmpl2—myly20)0-+mylyxots+ (L +mpl2)i+mylygb+mylyga =C o
—mplyi + (Luw + mpl2 — mylyz0)8 + mplyyot + (Luw + mpl2)3 + mylygd + mylygh = Crp
L.wc + (Iyy — Lin)wewy — Lpwng = C1
Vertical axis
L3+ Lo + I, = Cy
Gyroscope
Tpawe + (L2 — Ly )wewy + Lowyp = Cy
Horizontal axis
LigG+ L + 1269 = Oy
M0 — MWy Ve — Mgy + MWy — mawgw + G =0
Vertical axis
msZ +msy +msg = Cy
Sliding mass
Msle — MWy — mawgu + mgwyve — m,.w%oc +Gre=0C1
Horizontal axis
msE + mgcv — mggd = Cy

Table 5
Visualization of the floater DoF coupled with the reacting mass.

Inertial

IRM type
S|Sw/ H|R|P|Y

Tipology

Stiffness
Sw| H | R PlY

Coriolis

Sw|H|R |P|Y |S

Vertical axis

Pendulum Horizontal axis
Gimbaled
Vertical axis
Gyroscope

Horizontal axis

Vertical axis

Sliding mass . .
Horizontal axis

transformation from R(OXY Z) — R(O'xyz), while the hinge block
on the right represents the projection of the kinematics onto R(Gén¢),
through the angle y. The gray ‘Rigid transform’ block facilitates the
mapping of kinematics from R(O'xyz) to R(GEHZ), taking into ac-
count the r vector, which expresses the position of the second frame
with respect to the first one. The body blocks represent a fictitious hull,
included for visualization purposes exclusively, considering that the
system kinematics is posed through the p vector. On the other hand, the
pendulum mass blocks encapsulate all the inertial properties of the IRM
system. Note that the green tag highlights the measured system output,
encompassing the pendulum rotation angle y, the reaction forces f,,
acting on the inertial frame, and the vector of reaction forces acting on
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the shaft. The nature and significance of the latter forces are discussed
in Section 6.2.

Inputs are simple sinusoidal functions, that mimic a prescribed
floater motion obtained through a regular wave condition [62]. In
particular, the input function f(r) € R, t ~ f(r) has the following
prescribed form

f(@) = Ay sin(wyt), (44)

where w, = 2x/T,, with T, = 5 s, that is the most representative
period of the Mediterranean Sea [84], and the amplitude A, is set
equal to 1 m, for the linear DoFs, and 20° for the rotating ones. We
simulate the analytical equations using the Runge-Kutta method [85]
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Hull Motion wrt XY% S
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U Y| i | > ttxyz
Loadsonthe
t - pendulumsshaft

Fig. 6. Block diagram representation in the Simscape environment. Each block color represents a specific meaning: orange blocks denote the joints, including the floater-associated
joint and the mechanism-related joint. The blue blocks represent fictitious bodies, inserted exclusively for visualization purposes. The pink block signifies the pendulum mass,

encompassing its mass and inertia.

in the MATLAB-Simulink environment with the ode4 function, applying
a fixed step size of 0.01 s.

The resolution procedure is summarized in the Algorithm 1, where
every calculation step, executed by the solver, is detailed, ie. the
kinematic definition, the solution for the pendulum rotation, that with
its first and second derivatives, define the forces acting on the floater.

Algorithm 1 Algorithm for dynamic interactions computation

Require: p[n] : Vn €N,
Set the pendulum initial position and velocity (y[0], y[1])
fork =2,k <T,/At k++ do
[Vilk =11 £;[k - 1]] < (35)
[Vilk] 2[k]] < (63)
y(k) < (41)
M [k], Blk], K;[k] < (39)
pendulum space
M;[k], B;lk]l, K;[k] < (30)
space
Sre,, < B1)
end for

> System velocity vector

> System acceleration vector

> Pendulum angular acceleration
> Coupling matrices in the

> Coupling matrices in the inertial

> Reaction forces

Note that the reaction force here incorporates inertial effects, Cori-
olis and centrifugal forces, and action due to the gravity. Neverthe-
less, for a further simulation of a WEC system, the inertial terms
have to be separated and to be added to the floater inertia matrix
to solve the differential equation, avoiding any potential algebraic
loop. Moreover, the pendulum control torque is parameterized through
the damping parameter c,, € R*, which is designed leveraging the
so-called impedance-matching conditions [10,86].

In Fig. 7, we observe a comparison of the pendulum rotation y,
demonstrating a precise match over the simulated 300 s. A zoom in the
last 100 s of simulation showcases the alignment between the proposed
analytical framework and the Simscape simulation, accounting for both
transient and steady-state conditions. Moving to Fig. 8, which presents
the load feedback to the floater, indistinguishable responses can be
appreciated, further validating the proposed analytical framework.

For sake of completeness, Fig. 7 represents the instantaneous ab-
sorbed mechanical power P, € R*,+ — P,, computed as follows:

P,=Ciy = P, =c,,i" (45)
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Table 6

Case study: pendulum main properties.
Name Symbol Value Unit
Pendulum mass m, 65 x 10° kg
Pendulum arm 1, 1.5 m
Pendulum mass length a 3 m
Pendulum mass width b 2 m
Pendulum mass height h 5 m
Pendulum inertia wrt x-axis I, 1.5708 x 10° kgm?
Pendulum inertia wrt y-axis I, 1.8417 x 10° kgm?
Pendulum inertia wrt z-axis I. 7.0417 x 10* kgm?
Pendulum shaft position on wrt x-axis X 2 m
Pendulum shaft position on wrt y-axis Yo 2 m
Pendulum shaft position on wrt z-axis Zy 0 m
Control damping o 5 x 10° Nms/rad

recalling that the control action is C; = c,,7. Note that the Appendix D
provides an explicit expression for the reaction force vector and pen-
dulum angle, considering the associated floater input, generated by an
irregular wave simulation.

6.2. Bearings loads computation

The proposed method for computing dynamic couplings can be
applied to perform an analysis on the loads on the rotating shaft
of the pendulum. This information is crucial for sizing mechanical
components, e.g. the bearings linking the shaft to the floater frame.
These play a crucial role in supporting the pendulum and absorbing
the radial load resulting from the coupling between the IRM and the
floater. Typically, when a vertical rotating shaft is involved, an axial
bearing is chosen to bear the axial load, while a pair of radial bearings
is selected to handle the radial load. Firstly, it is relevant to project
the loads computed through Eq. (27) into the R(GEH Z) frame, and the
following relation

R,MJi+RMJpg+R,BiJ g+ G@) = freeyy,- (46)

holds, where f,._, . = [Fz Fy F; T= Ty T;]", and Fz € R, F € R,
F; e R, T- € R, T}y € R and T; € R are the reaction forces acting
along the pendulum rotating shaft. Moreover, the rotation matrix R,
to project the reaction forces from R(G&n¢) to R(CEH Z) can explicitly
expressed as follows:

_ R 0
I
=7 )

47)
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Fig. 7. Comparison of signals between the analytical model and the Simscape model, simulating a regular wave. (a) Pendulum rotation angle for the entire simulation duration

of 300 s. (b) Zoomed-in view of the pendulum rotation between 200 s and 300 s. (c) Power production considering a predefined damping factor c,,

with a zoom-in on a specific signal window.

for both modeling approaches,
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Fig. 8. Reaction forces acting on the floater through the pendulum constraints: comparison between the analytical model and the Simscape model, simulating a regular wave
signal. The panel figure shows (a) the reaction force acting on the x-axis, (b) the reaction torque acting on the x-axis, (c) the reaction force acting on the y-axis, (d) the reaction
torque acting on the y-axis, (e) the reaction force acting on the z-axis, and (f) the reaction torque acting on the z-axis.
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Fig. 9. Schematic representation of a possible bearing configuration. (a) Bearing configuration with a pair of radial bearings and an axial bearing. (b) Related scheme for load
computation, considering the shaft as a supported beam on two perpendicular planes, A and B. A and B.

The proposed configuration is represented in terms of a schematic
diagram in Fig. 9. The computation of the overall load acting on the
bearings can be decomposed into two different planes, A and B, that
allows to model the bearing configuration in terms of a fixed and a
hinged support, with the former constraining the system over the axial
loads. In particular, knowing that /, is the inter-axial distance between
the two radial bearings, the constraints forces R4, € R and Ry, € R,
acting over the radial direction on the A plane, are computed solving
the beam element, and hence the following relation
Fz Ty F: Ty

=2 T 2=t

holds, while the constraints forces R € R and Rp, € R, acting over
the radial direction on the B plane, can be computed as follows:

_Fy T: T=

Ry Ry (48)

_ B
N A

R Ry = (49)
B : B, = i

s

Finally the total radial force acting on each bearings R,,,,, € R* and
Ryeqr, € R is obtained summing the two components in terms of the

following relation:
YY) 2 _ [r2 2
Rbearl - RAI + RBI’ Rbear2 - RAZ + RBZ’

where Ry, and R, are the radial loads required for a suitable
selection of bearings for such an application. The computation of the
axial load 4,,, € R for sizing the radial bearings is then straightforward,
noting that it corresponds directly to the force F;, i.e. A,, = F;.

(50)

tot

7. Conclusions

This paper presents a comprehensive framework for modeling the
mechanical interactions of IRM WECs. It emphasizes a versatile mod-
eling scheme applicable across a broad spectrum of IRM WECs. The
methodology is detailed through a step-by-step procedure, covering
the derivation of the reacting system’s dynamic equations and the
characterization of the reaction forces exerted by the reacting system
on the floater. This comprehensive mechanical model is valuable for
WEC simulation, taking into account 6 DoF.

The analytical model provides distinct advantages for a deep un-
derstanding of physical interactions and facilitates the formulation
of a modeling approach tailored for control applications. Due to its
analytical nature, the model can be readily linearized, allowing the
application of established linear control strategies.

This approach, in particular, highlights the strongest modes of
motion involved in the interactions between the floater and the internal
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reacting system. Specifically, it has been observed that the pendulum
and sliding system primarily introduce inertial and elastic coupling.
In contrast, for technologies relying on the gyroscopic system the
Coriolis coupling, due to the interaction between the flywheel’s angular
momentum and the floater’s rotational velocity, is the most relevant
effect.

Furthermore, to illustrate the applicability of this framework, we
conduct a case study, choosing a mechanism commonly employed in
the WEC literature for harnessing energy, i.e. the vertically-hinged
pendulum. By comparing the time series of resulting reaction forces
F,., and the rotation angle y with the simulation tool Matlab Simscape,
we verify the consistency of our proposed approach, showing a perfect
match against this well-established numerical solver.
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Appendix A

The Euler equation for a body moving in 6 DoF is expressed as
follows
MmO, +mew,v, —mew; v, = F,,
meo, +mew v, —meo, v, = Fy,
me0, +mrw, v, —merw, U, = F,,
f‘ z Fx%y Sy x z (51)
INONES wywz(lz - Iy) =M,,
Iyd)y +ow,(I, -1, = My,
o, +wxwy(ly -1)=M,

where F,,, = [F, F, F, M, M, M,]" € R® is the vector of external

forces in the body-fixed frame. In matrix form, Eq. (51) can be rewritten
as follows:

Mwayz + BF(wxyz)wxyz = Fext’ (52)
with the matrices M and B explicitly computed as
me 0 0 0 0 O
0 my 0 0 0 O
0 0 m 0o 0 O
_ /
Me=lo 0 o I, 0 of
0 0 o o0 I, O
0 0 0o 0 0 I,
(53)
0 —-mpw, mpw, 0 0 0
mew, 0 —mpw, 0 0 0
By = —mpw,  mew, 0 0 0 0
0 0 0 0 Lo, -lo,
0 0 0 1,0, 0 I o,
0 0 0 Lo, -lLo, 0
Appendix B

This appendix explores kinematic relations and concepts fundamen-
tal for analyzing the kinematics of IRM WECs. Initially, we introduce
the concept of quasi-coordinates. If ¢(¢) is the vector of generalized
coordinates, and ¢, (7) are its components, referred as true-coordinates.
This terminology implies that if the 4, (¢) is a known function of time,
integrating it with respect to time, yields the corresponding vector
component g, (). However, it is also feasible to establish a set of
differential equations that do not solely rely on true coordinates. A
vector w, can be defined as a linear combination of n independent
velocity vector component ¢,. Fr such a case the variables w, cannot
be integrated to obtain the true coordinates ¢,. These variables, called
quasi-coordinates are expressed in the form

®; = a4y + aq + 0+ Agu4p, (54)

where the coefficients «y,, r € N,, are known functions of the gener-
alized coordinates component g,. The Lagrange equations for quasi-
coordinates are expressed, in matrix form, as follows:

dforT\, ~ oT 1 oU . 10U
L )V +68, 22 ;7 2 47 & =F,
dt(aV,> 1oy, Thagx Thage T s
(55)
oT T o 0T 1 oU 10U _

d -
LT ), 0 7Y 7oV 1,
dz<ag,>+ 150, Y gy, thagx Thage T

where j, 1, ji2, Jja1» Jop are the block matrices of the inverse of the

J1a jl,Z]
Ja1 danl
Furthermore 7'(V,,2,) € R and U'(9) € R represent the kinetic and
potential energy of the system, respectively. These are defined for
every discrete body within the mechanical system. In particular, the
expression for the kinetic energy is the following:

r=3
i=1

kinematic link matrix defined in Eq. (12), ie. Jél =

n

1 1

395 r I ek, + 2, 5 Vg, (M Vi, (56)
i=1
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where m,, € R* and I,, € R¥3 are the mass (scalar) and the inertia
tensor referred to the IRM CoG, respectively. Moreover, n represents
the number of discrete masses, on which the reacting system is decom-
posed into. Furthermore, the expression for the potential energy is the
following:
n
UV=- Z My, ggpml, (57)
i=1
where g, is the gravity acceleration vector in the base frame, e.g. g, =
[00 —g]T, and D, is a function only of the joint variable itself, and not
of the joint velocity 4.
Additionally, the development of dynamic equations for IRM WECs
necessitates the computation of the derivative of the Jacobian matrix.
In particular, the derivative of the matrices CT and D, are respectively:

T — T~ pTpT TpT~ pT T pT pT ~
CT=-RydgR; R, — RyR;@;R, — RyR; R, &, (58)

where the matrices @,, @; and @, are the skew-symmetric matrices

172
defined as:
0O 0 0 0 0 6 0 -y O
wp=|0 0 -0lw;=|0 0 O0|,@,=|y 0 0] (59
0 6 0 -5 0 0 0 0 0

Further more the so called analytical Jacobian of an object rotating
into space is defined by the matrix D € R, i.e.

1 o0 -5

D=[0 ¢ 55 (60)
[0 —=sp <56

whose derivative is
[0 0 —bcg

D=|0 sy =—&s550+0cscq]- (61)
10 —Ocy —bsscp —Ocysy

Finally, we can compute the derivative of the Jacobian matrix J;.
Recalling that it appears as follows

R OHTCT —-REHTFD 0
= 3 ~ 2
Ii [ 0 ReOH™D  I|” (62)
can be written as a general block matrix as follows
Jo I 0] . [j, Jr 0]
J, = 11 12 | = J, = 11 12 s (63)
! [ 0 Iy 1 ! 0 Iy 0

where J; € R¥3,J; € R¥3, and J;, € R® are the block matrices,
composing J; and Jp, , Jr,, and J;, are their derivative matrices,
respectively. Furthermore, the following relations hold

P A pTATy_ _pTa T o pTAT

I, = S(RICT) = —R[&,CT + RICT,

. d 1. L .

Jr, = Z(R:rD) = R]®.FD — RJFD, (64
i _dpTp _ _pTs T

Ji, = S (RID)= ~R]®,D + R] D.

where for sake of brevity R, denotes R(y, &), and @, indicates the skew-
symmetric matrix associated to the proper pendulum velocity vector
w,, = [00 Y]T

Appendix C

For the computation of the dynamic equation the Lagrange equation
for quasi-coordinates is applied. On this purpose, the computation of
the kinetic and potential energy is required. On this purpose, the kinetic
energy of the vertically-hinged pendulum is the following:

1 1 1 1
T = Smylvp+©y+ ol + 0 =0yl 14 3 Loz + S 100+ 5 1o,

xxTeT 5Ty Ty (65)
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where its derivatives, with respect to the quasi-coordinates vector V;

and Q; is the following:

O oy — 49T _
v, P T dtov, P E
oT d oT . )
E = mp(v” +60§lp) Ed E@ = mp(un +wC1p),
oT d oT . .
E = mp(vg - wnlp) = Eﬁ = mp(ug - a),,lp),
9T _ I o= 497 _ JN0)
do; T dtdwy
oT ) d oT 2. .
o =, + mplp)w,, —myl, v = Tt S =, + mplp)a)n —mpyl,0g,
n n
oT d oT . )
27 Tz + mylpo +myl,0, = — 2y = Iz +myl )i, +myl,0,.

(66)

Such a derivatives are useful to solve the following Lagrange equations,

explicitly defined for each DoF:

dor T oT

arov; ~“ou, T o T = e

dor or _ or

L 0 0, Z 4G, =F,,

dt oo, T o0, " o0, T T e

dor T . aT

@, +w;— +G =F,,

dt dv, “n v, ?e av, T &

’ 67)

doT 9T | oT _aT _oT
o @y — U+ U + G, =T,
i dw; 0w, T ow; ~ au, T o, T T e
doT 9T _ or o T
Ll ot —w et — S+ G, =T,
dt dw, " 0w, 0w, T on, T ou, T T e
407 _ T 9T 9T 9T L6 =T
dtdo,  "dw;  “dw, "dv; = ov, ¢ &

Finally, substituting Eq. (66) into (67), the following relations hold
my0s — m,wy (U, + ol p) + myw, (v — @,l,) + G,g = Fgf,

mpv,,

— MW, Vg — mpa)g(vg — a),,lp) + Gl,, = an,
m,0r — Myw, Vg — Mywe(v, — o l,) + G,{ = Fgg,

Ifd)xi +U,, - [yy)wncog + G,‘f = Tg

: (68)
a,, + mplﬁ)con —myl oy + I, — I, )00z +m,l vz,

+ mplpa)gv,, + Gr,, = Tg",

Uz +my i, +myl, o, + (I, = I )o,0;

—myl,vews +myl, V0, + Grg = fotor

where Gt~ Gy Gyt > Gy Gyt > Gy, Gt G, Gt e Gy
and G,{,t - Grg are the effect of the gravity force acting on the
system, mapped into the pendulum-fixed reference frame. In particular,
the gravity effects are normally computed with respect to the inertial
reference frame, going through the computation of the system potential

energy:

UV =myg(z—1,s5¢, +1,c5595, — 2085 + ¥oC559 + ZC5Cq)- (69)
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Therefore, the resulting forces are

Gy, =25 =mye.

G, = % =myg(l,c5¢5, + YoCs5h — Z0C550) 0
Gr,, = % =myg(=l,c5c, —1,55595, — XoCs — YoSsSg — Z0S5Co)s

Gr{ = % =m,g(l,s55, + [ ,c550¢,).

Alternatively, the dynamic equation can be directly computed in
linear form, applying the following expression

d 0T oT

dtop  op

o

— =F
op

re*

(71)

For such a case, the velocity of the pendulum is defined in linear force,
neglecting all the nonlinear effects, hence looking as follows:

Vpp, =%+ 298 = oW,
UgF, = Y — 200 + X +1,0 +7),

VgF, = 2+y09—x05—lp5,

. (72)
@EF, = 0,
wpF, = s,
wpp, =Y +7.

Finally, each term of the Lagrangian of Eq. (71) is explicit ally
computed, and expressed as follows

oT . : .
Fry = m,(X + 2p0 — yo¥)
d oT . i .
= T or my(X + 2g0 = yo¥),
oT . ; . Lo
0_)'1 =my(y — zg0 + xg + 1,(§ + &)
d oT . 5 . L
0y my(¥ = zo8 + xoW + 1,4 + 7)),
Frie my(2 + Y00 — x06 — lpé)
d oT . .. . .
- T97 my(Z + yo0 — xp0 — 1,0),
oT . ) . . . . . ) )
% =10 + mpyo(2 + b — xg6 — 1,6) — m,zo(y — 206 + x¥r + [ ¥r)
d oT N . . . .
p % = 1,0 + m,yo(Z + yob — x96 — 1,0)
= m,zo(y — 200 + xo + 1),
T . ) . ) ) . . .
% =1,,0 + m,zo(X + 200 — yo¥r) — my(xg + 1,)(Z + yo0 — x¢6 — 1,,6)
d oT & . 5 .
o % =1,,0 + m,zo(X + 200 — yoi)
= my(xo+1,)(Z+ ¥00 — x¢6 — ng),
oT . : . . ; . .
E = —m,yo(X + 200 — yoW) + (X + I,)m,(y — 290 + (xo + 1§ + [,7)
d oT . % .
qop —m,yo(X + 200 — yoi)
+ (xo + 1,)m,(§ = 200 + (xo + L)W +1,7) + 1, (F + ),
oT . ; . Lo Lo
g =myl,(y — 2o + xo@ + L,y + 1) + I,(§ +7))
d oT - 5 " L Lo
EE =myl (¥ — zgb + xo¥ + 1, +¥) + L.(§ +7)).

(73)
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Fig. 10. Pendulum rotation angle simulating the floater motion generated by an irregular wave signal: (a) Jonswap Spectrum representation and time series of an irregular wave

characterized by T, = 6.2 s and H; = 2 m, (b) Comparison between the analytical model and the Simscape model, simulating an irregular wave signal, (c) Zoom in on the generated
pendulum motion.
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Fig. 11. Reaction forces acting on the floater through the pendulum constraints: comparison between the analytical model and the Simscape model, simulating an irregular wave
signal. The panel figure shows (a) the reaction force acting on the x-axis, (b) the reaction torque acting on the x-axis, (c) the reaction force acting on the y-axis, (d) the reaction
torque acting on the y-axis, (e) the reaction force acting on the z-axis, and (f) the reaction torque acting on the z-axis.

Appendix D and Simscape models. In this case, the pre-defined signal vector q is
generated by an irregular wave, obtained through the simulation of a
Figs. 10 and 11 compare the time series of the reaction forces F,, JONSWAP spectrum [67] characterized by T, = 6.2 s and H; = 2 m.
and pendulum rotation angle y, as obtained from both the analytical
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