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Abstract: The prediction of separated flows at low Reynolds numbers is crucial for several appli-
cations in aerospace and energy fields. Reynolds-averaged Navier–Stokes (RANS) equations are
widely used but their accuracy is limited in the presence of transition or separation. In this work,
two different strategies for improving RANS simulations by means of field inversion are discussed.
Both strategies require solving an optimization problem to identify a correction field by minimizing
the error on some measurable data. The obtained correction field is exploited with two alternative
strategies. The first strategy aims to the identification of a relation that allows to express the local
correction field as a function of some local flow features. However, this regression can be difficult or
even impossible because the relation between the assumed input variables and the local correction
could not be a function. For this reason, an alternative is proposed: a U-Net model is trained on
the original and corrected RANS results. In this way, it is possible to perform a prediction with the
original RANS model and then correct it by means of the U-Net. The methodologies are evaluated
and compared on the flow around the NACA0021 and the SD7003 airfoils.

Keywords: RANS; separation; transition; field inversion; machine learning; U-Net

1. Introduction
1.1. Background

Several applications in aerospace and energy production are characterized by flows
with low or moderate values (104–105) of the Reynolds number. Some examples are
represented by flows in advanced air mobility systems like propellers for unmanned aerial
vehicles (UAV) [1–6], low-pressure gas turbines in turbofan engines [7,8] or small scale
wind turbines [9,10]. In these flows a significant portion of the boundary layer can remain
laminar and this increases the risk of separation. Transition to turbulence and separation
are phenomena that cannot be easily predicted with the presently available computational
techniques. In particular, the design process of industrial components requires to evaluation
of a large number of different geometries with limited computational power. As a result, the
use of expensive and accurate scale-resolving techniques like Direct Numerical Simulations
(DNS) or Large Eddy Simulations (LES) is limited in the design process and is avoided
in the preliminary design. On the contrary, Reynolds-averaged Navier–Stokes (RANS)
models are widely used for industrial applications because of their limited computational
requirements and they are expected to remain crucial in the aerospace industry for several
years [11].

1.2. Motivation
The RANS models provide reasonable estimates of the average flow field but their

accuracy is limited in the presence of transition or separation since they rely on some
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simplifications which are approximately satisfied only in fully turbulent and attached
flows. In recent years, several research efforts have been devoted to the development of
new turbulence models that can avoid the limitations of classical RANS models. On one
side, the growing computational power allows us to perform scale-resolving simulations
which can provide high-fidelity databases and insight into turbulence physics. On the
other side, the development of new machine learning techniques also paves the way for
the application of these techniques in the prediction of turbulent separated flows. The use
of machine learning in fluid dynamics has been investigated with several strategies [12]:
field inversion and machine learning [13,14], correction of the Boussinesq assumption
in the computation of the Reynolds stresses [15,16], evaluation of the subgrid stresses
in LES [17,18], RANS modeling of vortex breakdown in complex flows [19], transition
modeling [8,20]. The original field inversion and machine learning (FIML) paradigm was
originally introduced by [13], who proposed to correct the RANS error by introducing a
multiplier in the production term of the turbulent eddy viscosity transport equation. This
approach was applied and investigated for several applications and provided encouraging
results. However, in some problems, it is difficult to perform the regression step through
machine learning because it is not clear what input flow features should be considered and
it could be impossible to find a set of local flow features that allows the evaluation of the
local correction factor through a function. For this reason, the FIML paradigm is considered
in this work but then an alternative approach is investigated.

1.3. Main Contribution
The idea behind this work is that field inversion can be used to exploit easily mea-

surable data to correct the entire flow field and to improve the prediction of variables that
cannot be easily measured. Then it is possible to exploit these improved fields in two
ways: the first approach is the classical FIML approach in which machine learning is used
to identify a function of some local flow features that can provide the local value of the
correction [8,21,22]. In this work, we propose a second approach involving the training of a
U-Net model, a type of convolutional neural network (CNN) commonly used to accelerate
computations in computational fluid dynamics (CFD). The U-Net model has demonstrated
significant potential in various CFD applications. For instance, the authors in [23] employed
the U-Net model for fast and precise prediction and optimization of wind environments
around buildings. Similarly, a modified U-Net architecture has been successfully applied
to predict flow field information in porous media, showcasing the ability of deep learning
to efficiently handle complex fluid dynamics problems [24]. Beyond flow field prediction,
U-Net architectures have also been employed in thermal–hydraulic analysis for reactor sim-
ulations. An example of this is the Unet-IMR, an intelligent mesh refinement method that
improves mesh quality by predicting and refining poor mesh regions, thereby enhancing
simulation accuracy in complex fluid dynamics scenarios [25].

High-fidelity CFD simulations are essential for the analysis and optimization of com-
ponents like heat exchangers in thermal management systems, particularly in electric
aircraft propulsion. These simulations, however, are computationally intensive, especially
during sensitivity analyses and geometry optimizations. To address these challenges, a
deep-learning-based surrogate model, specifically a geometry-adaptive CNN, was de-
veloped to predict RANS mean flow fields in heat exchangers with varying geometries.
By integrating a physics-informed approach, this CNN model achieved high accuracy in
predicting velocity, pressure, and temperature distributions while adhering to governing
equations and boundary conditions [26].

In our study, we utilize the U-Net model to learn and correct the turbulent eddy
viscosity field obtained from the original RANS model, thereby producing an augmented
flow field provided by the field inversion procedure. Unlike approaches that seek to
develop analytical corrections for the RANS model, our method focuses on providing a
global correction to the entire RANS flow field.
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The motivation behind adopting the second strategy originates from the limitations
of using a simple feed-forward neural network (FFNN). By using an FFNN, there is no
guarantee that a function describing the correction field obtained through optimization will
exist. This is primarily due to the complexity involved in selecting the input variables, a
task that is challenging and may not yield a set of inputs that are universally optimal across
different test cases. Another issue arises when integrating the model into CFD software.
Since the training is based on a database containing results at convergence, the model
must handle numerical transients and input values that were not encountered during
training and may significantly deviate from those seen in the training data. This can lead to
numerical instability, which can be difficult to mitigate, even by reducing the CFL number.

The second approach, using a U-Net model, addresses these concerns more effectively
because it is applied as a post-processing tool. Unlike the FFNN, the U-Net does not attempt
to establish a relationship between the correction field and specific input variables. Instead,
it performs a global correction based on the original RANS model fields to produce an
augmented field that represents the optimal solution. This corrected field is then imposed
on the CFD solver, and if it is accurately determined, the solver converges within a few
iterations. The only drawback of this method is the interpolation process required to obtain
the appropriate input shape for the U-Net model. All the details of these methods are
explained in the dedicated sections of this paper. We believe that the second approach
represents the main contribution of this work, as it overcomes the disadvantages associated
with the traditional use of a simple FFNN in the context of the FIML paradigm.

To implement these methods, we utilized two test cases: the NACA0021 and SD7003
airfoils. We selected these airfoils primarily because experimental results are available
for these configurations. Furthermore, these airfoils are widely recognized for their sig-
nificance in studying separation and transition phenomena at low Reynolds numbers, as
they are used in various applications. This makes them ideal candidates for evaluating
our strategies.

1.4. Work Outline
In Section 2, the proposed methodology is described. In particular, in Section 2.1,

the baseline Spalart–Allmaras [27] RANS model is described. In Section 2.2, the field
inversion procedure is explained, while Section 2.2.1 discusses the definition and properties
of the goal function. In Section 2.3, the machine learning regression which is used to
identify the local model correction is described, and Section 2.3.1 presents a discussion on
the selection of input variables for the feed-forward neural network. In Section 2.4, the
U-Net approach used to perform global corrections to the RANS prediction is introduced.
Section 3 presents the findings of this study. In Section 3.1, the details of the computational
mesh used for the simulations are provided. The numerical results for the SD7003 and
NACA0021 test cases are discussed in Sections 3.2 and 3.3, respectively. For the SD7003
airfoil, Section 3.2.1 is dedicated to the results obtained using different definitions of the
goal function. Additionally, Sections 3.2.2 and 3.2.3 showcase the results of the two different
strategies, namely the feed-forward neural network and U-Net models. Similarly, for the
NACA0021 airfoil, the results are presented in Sections 3.3.1 and 3.3.2. Finally, conclusions
and future perspectives are reported in Section 4.

2. Methods
2.1. Baseline RANS Model

In our study, we utilize the Spalart–Allmaras (SA) turbulence model without the trip
terms ft1 and ft2. The original SA model allows for the imposition of transition locations via
the trip term ft1 as defined in [28]. However, this approach is seldom used in the literature
because the transition location is generally unknown a priori. Additionally, activating ft1
necessitates the use of a second term, ft2, to delay natural transition and make ft1 effective.
By omitting these trip terms, the SA model performs well at high Reynolds numbers but
struggles to predict transition and separation at lower Reynolds numbers. This often results
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in an overestimation of turbulent eddy viscosity for such flows, making the model a suitable
baseline for testing the field inversion approach and evaluating potential improvements.

To address situations where the turbulence eddy viscosity may become negative,
particularly in coarse grids and transient states, we employ the negative Spalart–Allmaras
model as proposed by Allmaras et al. in [27]. The negative SA model is designed to handle
undershoots in the turbulence solution that might occur at the edges of boundary layers
and wakes. This is achieved through a continuation of the SA model into the realm of
negative ñ solutions. This formulation ensures non-negative solutions and addresses issues
related to under-resolved grids and non-physical transient states in discrete settings.

The governing equations used in our simulations are the mass-averaged RANS equa-
tions, which are expressed as follows:

∂r

∂t
+r · (ru) = 0 (1)

∂ru
∂t

+r · (ruu) = �rp +r · t (2)

∂E
∂t

+r · (u(E + p)) = r · (t · u � q) (3)

∂rñ

∂t
+r · (ruñ) = r(P � D) +

1
s
r · (r(n + ñ)rñ) +

cb2
s

r(rñ)2 � 1
s
(n + ñ)rr ·rñ (4)

Since we are using the negative S-A model, in cases where ñ becomes negative, the
following equation is solved instead of (4):

∂rñ

∂t
+r · (ruñ) = r(Pn � Dn) +

1
s
r · (r(n + ñ fn)rñ) +

cb2
s

r(rñ)2 � 1
s
(n + ñ fn)rr ·rñ (5)

where r, u, p, E, n, ñ, x, and t denote density, velocity, pressure, total energy per unit volume,
molecular viscosity, modified eddy viscosity, spatial position, and time, respectively. A
fluid with a constant specific heat ratio g and constant viscosity is considered. The equation
for the energy is given by:

E =
p

g � 1
+

1
2

r|u|2 (6)

The viscous stress tensor t includes contributions from both the molecular and eddy
viscosity. Its components are given by:

tij = 2r(n + ñ fv1)

 
∂ui
∂xj

+
∂uj

∂xi
� 2

3
dij

∂uk
∂xk

!
(7)

where n denotes molecular viscosity, ñ denotes modified eddy viscosity, and fv1 is a function
of the viscosity ratio.

The production P and destruction D terms in the turbulence model are computed
as follows:

P = cb1S̃ñ (8)

D = cw1 fw

✓
ñ

d

◆2
(9)

where fw is given by:

fw = g

 
1 + c6

w3
g6 + c6

w3

!1/6

(10)

g = r + cw2(r6 � r) (11)
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r = min
✓

ñ

S̃2k2d2 , rlim

◆
(12)

The term S̃ represents the modified vorticity magnitude defined as:

S̃ =

(
S + S : S � �cv2S

S + S(cv2
2S+cv3S)

(cv3�2cv2)S�S : S < �cv2S
(13)

where S is the vorticity magnitude and S is:

S =
ñ

k2d2 fv2 (14)

The functions fv1 and fv2 depend on the viscosity ratio c = ñ
n :

fv1 =
c3

c3 + c3
v1

(15)

fv2 = 1 � 1
1 + c fv1

(16)

In the case of the negative model, the production Pn and destruction Dn term are
written as follows:

Pn = cb1(1 � ct3)Sñ (17)

Dn = �cw1

✓
ñ

d

◆2
(18)

and fn is a modification to the diffusion coefficient defined as follows:

fn =
cn1 + c3

cn1 � c3 (19)

The constants s, cb1, cb2, cv1, and cw1, ct3 and cn1 are defined in [27].
Finally, the heat flux q is described by Fourier’s law:

q = �
✓

cpµ

Pr
+

cprñ

Prt

◆
rT (20)

where T denotes the temperature, cp the constant pressure specific heat capacity, Pr the
Prandtl number, and Prt the turbulent Prandtl number. For the test cases considered, corre-
sponding to experiments with air, the following values are assumed: g = 1.4, Pr = 0.72,
and Prt = 0.9.

2.2. Field Inversion
Recently, there has been a notable shift in turbulence modeling towards data-driven

approaches, leveraging machine learning techniques to enhance the accuracy of current
models. Several reviews have explored these advancements within the computational
fluid dynamics (CFD) community, highlighting how these new algorithms can reduce
costs and improve prediction accuracy [29–31]. By incorporating data-driven techniques,
such as Artificial Neural Networks (ANNs), Support Vector Machines (SVMs), Gaussian
Process Regression (GPR), and Genetic Expression Programming (GEP), turbulence models
can potentially better predict turbulent flows and augment RANS models with additional
experimental or simulation data.

According to [32], there are three primary approaches to implementing data-driven
algorithms in turbulence modeling. Firstly, these algorithms are used to estimate parame-
ters within turbulence models, often fine-tuned based on experimental data, particularly
focusing on the Reynolds stress tensor and the Boussinesq hypothesis [33]. This approach
includes methods that enhance neural networks with Galilean invariance, thereby increas-



Appl. Sci. 2024, 14, 8382 6 of 33

ing flexibility in handling fluid flow complexities [15,34–36]. Secondly, traditional closure
models are replaced with fully connected neural networks (FCNN) or networks employing
gated recurrent units (GRU) to address stability issues over longer time frames [37–39].
Finally, a third approach substitutes the entire PDE-based model with autoencoders or
Physical Informed Neural Networks (PINNs) [40–43].

One particularly promising data-driven approach is the field inversion and machine
learning paradigm [13,20,22], which is based on the solution of an optimization problem
in which high fidelity data are used to find a correction field to the production term of a
baseline RANS model. This correction field is then analyzed through machine learning
tools to express the local correction as a function of local flow variables. FIML has shown
significant potential in improving the accuracy of RANS models by integrating additional
experimental or simulated data. Various studies have demonstrated its effectiveness across
different applications. For example, Fidkowski [44] used FIML in gradient-based shape op-
timization by replacing RANS models, while Yang and Xiao [45] enhanced a four-equation
transition model. Additionally, Ferrero et al. [8,21] applied FIML to improve RANS model-
ing in turbomachinery flows, and Brenner et al. [46] utilized it in incompressible turbulent
flow to directly adjust turbulent viscosity.

In this work, we apply the field inversion approach to enhance the SA model. The
classical field inversion approach modifies the production term of the SA model to improve
its transition prediction capabilities. Specifically, the production term P is adjusted using a
correction field b which is inferred through an optimization process. This process involves
solving an inverse problem to minimize the discrepancy between model predictions and
experimental data.

The modified SA model is expressed as:

∂rñ

∂t
+r · (ruñ) = r[h(b)P � D] +

1
s
r · (r(n + ñ)rñ) +

cb2
s

r(rñ)2 � 1
s
(n + ñ)rr ·rñ (21)

where h(b) is a function mapping the correction field. The mapping function ensures that
b remains non-negative, following the approach outlined in [46]. The equations defining
this mapping function are provided below:

h(b) =

(
b + 1 : b � 0
exp(b) : b < 0

(22)

The correction field b is determined through the optimization problem:

b⇤ = arg min
b

G(ũ, uexp) s.t. (23)

R(u(x, b(x)), b(x)) = 0 (24)

where G denotes the objective function and R represents the residuals of the equations.
Since we are using the negative SA model, the correction is also applied to the negative

production term when ñ becomes negative. In such cases, the equation becomes:

∂rñ

∂t
+r · (ruñ) = r(h(b)Pn � Dn)+

1
s
r · (r(n + ñ fn)rñ)+

cb2
s

r(rñ)2 � 1
s
(n+ ñ fn)rr ·rñ (25)

To solve an optimization problem, evaluating the gradient of the objective function
with respect to the correction field is essential. In the context of CFD, the discrete adjoint
method is particularly efficient for this purpose.

The discrete adjoint method is effective because it allows for the calculation of gradi-
ents with respect to a large number of design variables using only one additional adjoint
simulation, rather than requiring multiple forward simulations. This approach not only
reduces computational costs but also enhances the accuracy and efficiency of gradient
computations. By solving the adjoint equations discretely, we obtain precise sensitivity
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information crucial for refining the optimization process. The equations governing this
approach are detailed in the following:

dG
db

=
∂G
∂b

+ yT ∂R
∂b

(26)


∂R
∂ũ

�T
y +


∂G
∂ũ

�T
= 0 (27)

where y represents the adjoint field.
Classically, the discrete adjoint method involves solving a linear system directly. While

this method can be effective, it may struggle with convergence issues in larger or more
complex problems, particularly when dealing with viscous or three-dimensional flows. The
process often requires high memory usage and can become inefficient as the number of
Krylov subspaces increases with each optimization iteration.

To overcome these difficulties, a promising alternative is the use of pseudo-time
stepping for solving adjoint Equations [47]. This approach leverages the mathematical
concept of duality between flow and adjoint systems and allows the adjoint field to evolve
in pseudo-time. By applying the same time-marching algorithms used for the primal
equations, or other time integration schemes, this method provides flexibility in timestep
selection. Unlike physical time, the choice of timestep in pseudo-time is arbitrary, enabling
both fixed and increasing timestep techniques. This method not only mitigates convergence
issues but also manages numerical transients effectively, making it a robust solution for
handling complex adjoint problems. As a result, Equation (27) can be expressed as follows:

DV
∂y

∂t
+


∂R
∂ũ

�T
y +


∂G
∂ũ

�T
= 0 (28)

where DV represents the discrete cell volumes of the mesh.
Once the gradient is found, we update the correction field through the optimization

iteration using a modified version of the Gauss–Newton method, as detailed in [46]. The
following equations illustrate this process:

bk+1 = bk � w
Gk � Gtol

dG
db

���
k
· dG

db

���
k

dG
db

���
k

(29)

where w represents the under relaxation factor w 2 [0, 1] and Gtol is a tolerance for the
goal function.

2.2.1. Goal Function Selection
The goal function that drives the optimization procedure in field inversion is crucial for

finding physically consistent corrections. This function must meet some important criteria:
• It should be easy to measure with sufficient accuracy.
• It should be closely related to the performance of the system.
• It should be sensible to the correction introduced by field inversion.

The basic idea is that the goal function should represent the RANS error on a variable
that can be easily measured or evaluated through scale-resolving simulations (such as force
coefficients or pressure and skin friction distribution). This information is then used to find
corrections for other variables (for example, the modified turbulent eddy viscosity), which
cannot be directly measured in an experiment.

It is important to note that experimental results can also contain uncertainties, which
may affect the optimization process. In a previous study [48], a sensitivity analysis was
performed by perturbing the experimental data to identify the regions within the domain
where these uncertainties have the greatest impact on the correction provided by field
inversion. This approach can be used to define accuracy requirements that the reference
experimental data should satisfy to be suitable for the field inversion procedure.
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The goal function is augmented with a penalization term, often referred to as Tikhonov
regularization. This term helps prevent extreme values in the correction field during
optimization, ensuring that the correction field is active only in regions where it can
significantly contribute to the reduction in the error. An example of a goal function based
on the pressure distribution, including the penalization term, is shown below:

G =
Z

∂W
(Cp � Cpexp)

2dl + l
Z

W
(b � b0)

2dW (30)

The first term is a line integral performed along the airfoil’s wall, which evaluates the
norm-2 error in the wall pressure distribution. The second term is a surface integral over
the computational domain W where l is the penalization term. This second term penalizes
the goal function when the correction field deviates significantly from its initial value b0.

One of the key strengths of the field inversion approach is its flexibility in optimizing
the correction field by defining a goal function that can be tailored to various objectives.
This flexibility allows for the optimization of different aspects of the flow, whether it is
a global performance metric or specific local characteristics. In our work, we utilized
both local and global coefficients to define the goal function. Specifically, we focused on
skin friction distribution, pressure distribution, lift and drag coefficients. By choosing
an appropriate norm, we aggregated these coefficients into a single value that effectively
guides the optimization process.

A discussion on the use of global (force coefficients) or local (pressure or skin friction
distributions) goal functions is presented in Section 3.2.1. Global goal functions, based on
integral quantities, can be more easily measured, but pressure and skin friction distributions
can provide more physical insight.

We analyze two test cases: the NACA0021 and the SD7003 airfoil. All results for
the turbulent viscosity and velocity fields are non-dimensionalized using the reference
kinematic viscosity nre f =

µre f
rre f

and the reference velocity Vre f =
q

RTre f , where µre f and
rre f are the reference dynamic viscosity and reference density, respectively, evaluated in
the far-field. Here, R is the gas constant for air and Tre f is the reference static temperature
in the far-field.

For the SD7003 airfoil, we have both local and global coefficients, allowing us to test
the effects of defining the goal function using either global or local coefficients. We observed
that using global coefficients (lift and drag coefficients) does not effectively predict flow
separation, unlike using local coefficients such as skin friction and pressure coefficient.

2.3. Regression for Local Model Corrections
The FIML paradigm involves two main steps. The first step explained in Section 2.2 is

an optimization procedure. This procedure aims to find a correction field that alters the
source term of the SA equation, specifically the production term in this work. By solving
this modified equation alongside the Navier–Stokes equations, we can find a solution that
minimizes the objective function, thereby matching the experimental or high-fidelity data
used as the objective.

The second step of the classical FIML approach involves using a machine learning
algorithm, such as a neural network, to augment the result and find a correlation for the
correction field. Specifically, a feed-forward neural network is typically used.

A FFNN is a type of artificial neural network where connections between nodes
do not form cycles. It consists of an input layer, one or more hidden layers, and an
output layer. Each layer is composed of units called neurons, which process input data by
applying weights and activation functions to produce an output. The FFNN learns to map
input variables to the desired output by adjusting the weights through a process called
backpropagation during training.

In this work, we utilized a FFNN with 5 hidden layers, each consisting of 10 nodes.
The FFNN takes 5 input features (discussed in Section 2.3.1) and outputs the correction
field, as shown in Figure 1.
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Figure 1. Feed-forward neural network architecture.

We used the Adam backpropagation algorithm, which offers adaptive learning rates,
computational efficiency, robustness to hyperparameters, and bias correction, enhancing
convergence speed and stability. The Rectified Linear Unit (ReLU) activation function was
chosen for its simplicity, computational efficiency, ability to induce sparse activation, and
mitigation of the vanishing gradient problem, making it suitable for deeper networks.

The dataset includes simulations from different angles of attack. For SD7003, data
from two angles were used, while for NACA0021, six angles were included. The dataset
was divided into 70% training and 30% validation.

A variable learning rate was employed for faster initial learning and stable conver-
gence. Early stopping, based on validation loss, was used to prevent overfitting by stopping
the training when the validation loss ceased to improve, ensuring the maintenance of the
best model parameters.

The strength of the field inversion approach lies in its flexibility to use both global and
local coefficients obtained experimentally or from high-fidelity data. Typically, measuring
integral coefficients such as lift or drag is straightforward and depends exclusively on the
fields calculated at the boundary layer. Consequently, the correction field will primarily
alter the equation in the boundary layer region.

When constructing the training dataset for the neural network, it is advisable to select
a specific region of the domain rather than using the entire domain. This is because the
correction field will remain equal to its initial value in regions where it is not necessary
to alter the original SA model. Focusing only on the regions of the domain where the
correction field shows significant variations reduces the complexity of the problem and
improves the efficiency of the training process.

The correction field is expected to differ from its initial value only near the body. To
select the portion of the domain of interest, we utilize a modified version of the shield
function that was initially adopted in the Detached Eddy Simulation (DES) [49] model to
blend the LES and RANS models. The values of the shield function range between 0 and 1,
with 0 indicating a region inside the boundary layer and 1 indicating a region outside the
boundary layer. Using this parameter, we can target the region where the correction field is
expected to be active.

By leveraging this approach, we select the dataset values from the region of the domain
where the modified shield function f d0 takes values less than or equal to 0.9. The definition
of the modified shield function is given below.

rd =
n + ñ

d2k2|ru| (31)
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where d is the distance function while k = 0.41 is the von Kármán costant.

f d
0
= 1 � tanh(rd0.5) (32)

2.3.1. Input Selection
The use of the FFNN aims to find a relation between some local flow features and

the local correction, which ideally can be used in any CFD code to solve the modified SA
equation over time. This is a critical step, as the choice of input variables greatly influences
the results. General rules suggest selecting local variables that are Galilean-invariant and
based on RANS simulations. However, the final selection of input variables is up to the
researcher, who must consider the specific needs and objectives of the study.

A disadvantage of this approach is that an exact relation might not exist, or the right
inputs to describe the correction field might not be found. Even worse, the FFNN might find
a relation that does not represent physical behavior, leading to problems during simulations,
such as numerical instability during the transient phase.

Different researchers have chosen various sets of input variables depending on their
specific needs and objectives. The choice often depends on the particular flow characteristics
being studied and the aspects of the turbulence model that require correction. In this work,
we choose the following five input variables:

• Modified turbulent viscosity ratio:

n/(ñ + n) (33)

• Reynolds thickness number:
Req = Rev/2.193 (34)

where

Rev =
rd2

µ
S (35)

• Streamwise pressure gradient:
(rpu)d
|u|p (36)

• Magnitude of the turbulent viscosity gradient:

|rñ|d
(n + ñ)

(37)

• Modified shield function:
f d

0
(38)

Since we use non-dimensional variables as input, in Equations (36) and (37), the
streamwise pressure gradient and the magnitude of the turbulent viscosity gradient are
non-dimensionalized using, respectively, the distance function, the pressure, and the sum
of the kinematic viscosity and the turbulent viscosity.

The first input is an index of the intensity of the turbulent viscosity, as also used
in [22]. The second input was chosen because it appears in a variant of the SA model
called SA-BCM [50]. In this version, the authors use an algebraic function to evaluate an
intermittency multiplier for the production term. Since the correction field acts similarly to
an intermittency value, we include the Reynolds thickness number as an input to our FFNN.

The third input is the streamwise pressure gradient, which is crucial as it directly
affects boundary layer behavior. In regions with an adverse pressure gradient, the flow is
more prone to separation from the surface. This separation is a key factor in the transition
from laminar to turbulent flow. Including the streamwise pressure gradient helps the model
predict and correct for regions prone to separation, thus enhancing the turbulence model’s
accuracy. It could be argued that the use of the streamwise pressure gradient introduces
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a violation of the Galilean invariance: this problem can be avoided by substituting the
absolute velocity in Equation (36) with the velocity relative to the closest solid wall. Since
in this work, all the bodies are at rest with respect to the chosen frame of reference, the two
velocities coincide.

The fourth input is the non-dimensional magnitude of the turbulent viscosity gradient,
reflecting changes in turbulent viscosity and providing information on the spatial variation
in turbulence.

Finally, we include the modified shield function, which was used to select the region
for constructing the dataset. Including this in the inputs allows us to leverage variations
within the boundary layer to establish a meaningful relationship with the correction field.

2.4. U-Net for Global Corrections
As mentioned in Section 2.3.1, establishing a physical relationship between the cor-

rection field and the selected inputs is not guaranteed. This can lead to instability during
numerical transients which cannot be suppressed even reducing the CFL value. For ex-
ample, we had good results in the SD7003 test case, but for the NACA0021, the same
architecture and choice of inputs did not yield satisfactory outcomes. These results will be
discussed in Sections 3.2.2 and 3.3.1.

Therefore, we explored a different approach to mitigate this problem. Staying within
the neural network framework, we decided to use a different structure, specifically a
convolutional neural network. We opted for the U-Net model due to its ability to handle
complex spatial relationships effectively.

The U-Net model is a type of convolutional neural network designed for image
segmentation tasks. It consists of a contracting path to capture context and a symmetric
expanding path that enables precise localization. The contracting path follows the typical
architecture of a CNN, where repeated applications of convolutions and max-pooling
operations reduce the spatial dimensions. The expanding path consists of upsampling
operations and concatenations with corresponding feature maps from the contracting path,
followed by convolutions. This structure allows the network to combine high-resolution
features with context information from larger regions, making it particularly suitable for
tasks where precise localization is required.

A schematic of the architecture used in this work is shown in Figure 2.

Figure 2. U-Net model architecture.
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Inspired by the work of Thuerey et al. [51], we similarly use the U-Net model. The
authors used a U-Net-based model to predict the velocity and pressure fields around airfoils.
Their model took as input the airfoil mask and the initial velocity field, and it predicted the
steady-state velocity and pressure fields for various airfoil shapes and flow conditions.

In this work, starting from a converged solution of the original SA model, we use
the streamwise and spanwise velocity, pressure, temperature, and turbulent viscosity as
inputs to our model with the objective of predicting the corrected turbulent viscosity field.
This approach avoids the need to find a local function for the correction field. Instead, we
predict the turbulent viscosity field directly, which is the field of interest.

With this approach, we no longer need to alter the SA equation. Instead, we delegate
the task to the U-Net model. First of all, a RANS simulation with the original SA model
is performed. Then the steady solution is provided to the U-net to compute the corrected
eddy viscosity field. This corrected field is imposed as a frozen field in a second simulation
in which only the other conservative variables are integrated until a new steady state
is reached.

Since convolutional layers typically operate on structured uniform grids, but turbulent
CFD simulations are often based on unstructured grids, a preprocessing step is necessary.
We extract the fields of interest within a defined region around the airfoil and interpolate
these values onto a new structured grid with lower resolution using linear interpolation.
This preprocessing step ensures the data are in a suitable format for the U-Net model while
managing computational costs.

If the U-Net model accurately predicts the optimal turbulent viscosity, the solver will
quickly converge to the correct steady-state solution with minimal iterations, replicating
the field inversion results.

There are some disadvantages to this approach. For example, the need to interpolate
results onto a structured grid introduces errors in the dataset used for training the model.
This step, although necessary for compatibility with convolutional layers, can affect the
overall accuracy of the predictions.

According to our initial tests, this approach shows promising results. However, the
model’s ability to generalize across different airfoil shapes remains untested. Training the
model on a variety of airfoil shapes would increase the parameter space, complicating
the training process, especially given that we already account for variations in the angle
of attack.

The proposed U-Net-based methodology offers a robust alternative to classical FFNN
approaches for predicting turbulent viscosity fields in CFD simulations. By leveraging
the strengths of the U-Net architecture and careful preprocessing of CFD data, we achieve
accurate predictions while mitigating the issues of numerical instability and input variable
selection inherent in traditional methods.

3. Results and Discussion
3.1. Computational Mesh

For both airfoils used in this study, the computational meshes were generated using
GMSH software 4.11.1 [52]. The mesh for the NACA0021 airfoil is an O-type mesh, featuring
a combination of structured and unstructured elements. Figure 3 provides an overall view
of the mesh details.

The mesh for the NACA0021 airfoil was created using a combination of structured and
unstructured elements to accurately capture the flow characteristics around the airfoil. To
maintain solution accuracy while reducing computational cost, the far-field boundary was
meshed with larger elements, resulting in a total of 14,824 elements. As in the study by [53],
the domain boundaries were placed 20 chord lengths away from the airfoil to prevent any
influence on the flow field.
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Figure 3. NACA0021 computational mesh.

A structured grid was applied near the airfoil’s surface, particularly in the boundary
layer region, to achieve precise resolution of the flow, especially close to the wall. The first
cell height was determined to meet the minimum y+ requirements for the low Reynolds
number turbulence model used in this study. A total of 27 structured layers with linear
progression were employed to fully capture the boundary layer thickness; the details are
shown in Figure 4. Additionally, transfinite lines were utilized to control point distribution
along critical areas, such as the leading and trailing edges, enabling finer mesh refinement
in these regions. Regarding the boundary conditions, a far-field boundary condition was
applied where the flow enters, a pressure-outlet condition was used at the downstream
boundary, and a no-slip boundary condition was imposed on the airfoil surface.

Figure 4. Detailed view of the boundary layer mesh around the NACA0021 airfoil.

For the SD7003 airfoil, a C-type mesh was employed. The overall configuration of this
mesh is illustrated in Figure 5. The total number of elements is 149,120.
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Figure 5. SD7003 computational mesh.

The mesh is entirely structured, with enhanced refinement near the wall to accurately
capture boundary layer characteristics. The size of the first cell adjacent to the wall was
determined based on the y+ value calculated using the Reynolds number for this simulation.
Details of the mesh near the airfoil boundary are shown in Figure 6.

Figure 6. Detailed view of the boundary layer mesh around the SD7003 airfoil.

The boundary conditions used in this test are the same as the ones used for the NACA0021.

3.2. Flow around the SD7003 Airfoil
The SD7003 airfoil, designed by Selig and Donovan, is a well-known airfoil optimized

for low Reynolds number applications, typically in the range of 104 to 105. This airfoil is
widely used in small-scale aircraft, unmanned aerial vehicles (UAVs), and model aircraft
due to its favorable aerodynamic performance at low speeds. The SD7003 airfoil performs
well in low Reynolds number regimes, making it an ideal choice for applications where
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low-speed aerodynamics are critical. A key characteristic of the SD7003 is its tendency to
form laminar separation bubbles. These bubbles occur when laminar flow separates from
the suction side of the airfoil, then it becomes turbulent and subsequently reattaches. The
presence of these laminar separation bubbles significantly impacts the airfoil’s performance,
particularly in terms of lift and drag characteristics.

In this study, we utilized the SD7003 airfoil to analyze separation behavior using
the Spalart–Allmaras turbulence model. The simulations were conducted at a Reynolds
number of 60,000 and angles of attack of 4� and 8�. These conditions were chosen to
investigate the flow separation and transition phenomena that are critical for low Reynolds
number aerodynamics.

At an angle of attack of 4�, the airfoil is expected to exhibit moderate flow separation,
primarily near the trailing edge. At a higher angle of attack of 8�, more pronounced
separation and the formation of laminar separation bubbles are expected.

It is well known that the SA model has limitations in accurately predicting separation,
especially at low Reynolds numbers where complex laminar-to-turbulent transition pro-
cesses occur. This makes the SD7003 airfoil a suitable test case for applying field inversion
and machine learning approaches to verify whether they can improve the baseline model.

By using field inversion, we can identify regions where the SA model deviates from
high-fidelity data, allowing us to modify the turbulence model to better capture the separa-
tion phenomena.

The results of the original SA model are shown in Figure 7. The turbulent viscosity
and velocity fields exhibit similar behavior at both angles of attack. However, we should
expect a clear difference, as the separation is anticipated to start near the trailing edge at
a = 4� and extend towards the leading edge at a = 8�.

(a) (b)

(c) (d)

Figure 7. Results of the Spalart–Allmaras model for the SD7003 test case. (a) Velocity magnitude and
(b) turbulent viscosity at a = 4�. (c) Velocity magnitude and (d) turbulent viscosity at a = 8�.

More exhaustive results are presented in Table 1, where CL and CD are compared to
the high-fidelity results from a LES simulation [54]. There is not a significant difference in
terms of CL for both angles of attack, even though the correct separation is not observed.
In the next section, we will also show results in terms of CP and CF. For CD at a = 8�, we
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observed good agreement with the experimental results, while a relative error of 52% is
present for a = 4�.

Table 1. Comparison of lift and drag coefficients for SD7003 airfoil.

CL CD

a = 4� LES 0.59 0.021
SA 0.551 0.0099

a = 8� LES 0.92 0.043
SA 0.895 0.0435

3.2.1. Comparison of Different Goal Functions
As previously mentioned, we have access to various high-fidelity values for this

test case, including wall pressure distribution CP, skin friction distribution CF, lift CL
and drag CD coefficients. This allows us to define four different objective functions. We
tested all these goal functions and compared the results across the different optimizations.
Each optimization alters the turbulent viscosity field differently, consequently affecting all
other fields.

The differences are visible in Figure 8 below.

(a) (b)

(c) (d)

Figure 8. Turbulent viscosity results after field inversion optimization for the SD7003 airfoil at a = 4�.
(a) CL optimization, (b) CD optimization, (c) CP optimization, and (d) CF optimization.

As a result, we observe different outcomes in terms of both local and global coefficients.
There is an evident difference in the shape of the pressure and skin friction coefficients, as
illustrated in Figure 9.

We also illustrate in Table 2 below the results in terms of CL and CD for each optimization.
Additionally, Figures 10 and 11, along with Table 3, illustrate the differences in turbu-

lent viscosity, as well as local and global coefficients for a = 8�.
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Table 2. Comparison of lift and drag coefficients for SD7003 airfoil at a = 4�.

CL CD

LES 0.59 0.021
SA 0.551 0.0099

SA (FI�CL) 0.586 0.0147
SA (FI�CD) 0.571 0.0191
SA (FI�CP) 0.571 0.0052
SA (FI�CF) 0.602 0.011

(a) (b)

Figure 9. Comparison of local coefficients for different goal function definitions for SD7003 at a = 4�.
(a) Pressure coefficient. (b) Skin friction coefficient on the suction side.

(a) (b)

(c) (d)

Figure 10. Turbulent viscosity results after field inversion optimization for the SD7003 airfoil at
a = 8�. (a) CL optimization, (b) CD optimization, (c) CP optimization, and (d) CF optimization.

From both angles of attack, we observed the same effects. The use of objective functions
based on the error on global coefficients yields good results in terms of global coefficients
prediction but fails to predict the correct shape distributions, missing import flow features
like separation. On the contrary, the use of local distributions in the goal function provides
more physical insights and allows us to achieve corrected fields that are closer to the
reference one.
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(a) (b)

Figure 11. Comparison of local coefficients for different goal function definitions for SD7003 at a = 8�.
(a) Pressure coefficient. (b) Skin friction coefficient on the suction side.

Table 3. Comparison of lift and drag coefficients for SD7003 airfoil at a = 8�.

CL CD

LES [54] 0.92 0.043
SA 0.895 0.0435

SA (FI�CL) 0.917 0.0436
SA (FI�CD) 0.894 0.044
SA (FI�CP) 0.939 0.0372
SA (FI�CF) 0.935 0.0411

3.2.2. Local Model Training
In this section, we present the results obtained using the FFNN for the SD7003 test

case. As mentioned earlier, we have ground truth data for two angles of attack for this
test case. In Section 3.2.1, we demonstrated the superiority of using local coefficients
instead of global ones by showing the different results of field inversion using different goal
functions. However, to maintain coherence with the NACA0021 test case for which only
global coefficients are available, we train the neural network using only global coefficients.
Specifically, we use the results obtained by using the CL error as the objective function.
These results are used to train both the FFNN and U-Net models.

The details of the FFNN were already explained in Section 2.3. The loss function is
defined as the mean squared error between the simulated correction field and the one
obtained from the field inversion process. In Figure 12, we show the trend of the train and
validation loss. As explained, we use an early stopping method to automatically stop the
training in order to avoid overfitting. We used the R-squared (R2) coefficient to determine
the goodness of the neural network training. The R2 value measures the proportion of the
variance in the dependent variable that is predictable from the independent variables. It is
calculated as:

R2 = 1 � SSres
SStot

(39)

where SSres is the sum of squares of residuals defined as:

SSres =
n

Â
i=1

(yi � ŷi)
2 (40)

and SStot is the total sum of squares defined as:

SStot =
n

Â
i=1

(yi � yi)
2 (41)

In these equations, n, yi, ŷi and yi are, respectively, the total number of data points, the
ground truth value, the predicted value and the mean of the ground truth value. The R2

values range from 0 to 1, where 1 indicates perfect prediction and 0 indicates that the model
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does not explain any of the variability. Thus, higher R2 values indicate better fit and more
accurate predictions by the model. The value obtained in this training was R2 = 0.862.

Figure 12. Training and validation loss for the FFNN model trained on SD7003 data.

Figure 13 shows the results of using the FFNN implemented in the CFD solver. The
simulation starts from the converged solution of the original SA model. To better under-
stand the results, Table 4 presents the results in terms of CL and CD. It is evident that for
a = 8�, we had a good match in terms of CL with the optimized result of the field inversion.
This is not the case for a = 4�, where it is clear that the trained model did not learn the
correct relation to predict the correct value of CL, which remains the same as the original
SA model.

By examining these results, it becomes apparent that while the FFNN showed promis-
ing results for certain angles of attack, it did not consistently achieve the desired accuracy
across different conditions. This suggests that the model may require further tuning or a
different approach to improve its generalization and prediction capabilities.

We left an angle of attack a = 6� out of the training set and did not perform field
inversion for this angle. Instead, we used it as a test to understand how well the trained
model can predict an angle not included in the training set. Figure 14 shows the results
in terms of velocity and turbulent viscosity fields. Table 5 provides a comparison of the
global coefficients between high-fidelity, original SA, and augmented SA models. For this
test case, we observed an improvement in CL but not in CD, which was expected since we
trained the model with data optimized for CL.

Table 4. Comparison of lift and drag coefficients for SD7003 airfoil.

CL CD

a = 4� LES 0.59 0.021
SA 0.551 0.0099

SA (FI�CL) 0.586 0.0147
SA (FFNN�CL) 0.550 0.0103

a = 8� LES 0.92 0.043
SA 0.895 0.0435

SA (FI�CL) 0.917 0.0436
SA (FFNN�CL) 0.917 0.0435
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(a) (b)

(c) (d)

Figure 13. Results of the FFNN-augmented Spalart–Allmaras model for the SD7003 test case. (a) Ve-
locity magnitude and (b) turbulent viscosity at a = 4�. (c) Velocity magnitude and (d) turbulent
viscosity at a = 8�.

(a) (b)

Figure 14. Results of the FFNN-augmented Spalart–Allmaras model for the SD7003 test case. (a) Ve-
locity magnitude and (b) turbulent viscosity at a = 6�.

Finally, these results indicate that the classical FFNN approach is not sufficiently
robust to capture all corrections for the angles of attack used in the training. However,
it performed surprisingly well for an angle of attack outside the training set. It is worth
noting that the error in terms of CL for the SD7003 airfoil was already low in the original SA
model. This test case served as our initial exploration of the model’s capabilities, and we
were limited by a small dataset with only two angles of attack. In Section 3.3, we explore
another test case with more experimental results at different angles of attack, providing a
more comprehensive evaluation of the model’s performance.

Table 5. Comparisonof lift and drag coefficients for SD7003 airfoil at a = 6�.

CL CD

LES [54] 0.748 0.0319
SA 0.735 0.023

SA (FFNN�CL) 0.746 0.0237
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3.2.3. U-Net Model Training
In this section, we present the results obtained using an alternative approach, as

explained in Section 2.4. We trained a U-Net model using the data from the two angles of
attack for which field inversion was performed. The inputs to the U-Net model are the
converged results of the original model, including velocity, pressure, temperature, and
turbulent viscosity fields. The U-Net model then generates a turbulent viscosity field,
which is compared with the corrected field obtained through field inversion optimization.

In this approach, the U-Net model leverages the converged results of the original
SA model to determine the correct turbulent viscosity field, which is then imposed in the
solution. After imposing this field in the solution, we allow the other fields to evolve to
achieve an improved steady solution.

In Figure 15, (b) and (d) show the corrected turbulent viscosity obtained from the U-
Net model, while (a) and (c) represent the velocity magnitude after imposing this corrected
turbulent viscosity in the RANS equations. The turbulent viscosity from the U-Net model
is in agreement with that obtained from field inversion, as shown in Figures 8a and 10a.

(a) (b)

(c) (d)

Figure 15. Results of the U-Net-augmented Spalart–Allmaras model for the SD7003 test case. (a) Ve-
locity magnitude and (b) turbulent viscosity at a = 4�. (c) Velocity magnitude and (d) turbulent
viscosity at a = 8�.

Table 6 provides a detailed comparison of the results in terms of CL and CD. Since the
data were optimized to match CL, the CL values obtained in this simulation align closely
with those from the optimization. For a = 4�, the CD value is consistent with the optimized
value but still differs from the experimental data. For a = 8�, the CD is higher compared to
the experimental data. This discrepancy is expected, as the turbulent viscosity field was
specifically optimized to match CL. Nevertheless, in the case of a = 4�, the CD shows an
improvement compared to the original model.

We use the a = 6� case to test the performance of the U-Net model outside the training
data. In Figure 16, we show the velocity and turbulent viscosity fields. From the velocity
field, it is evident that the separation moves towards the leading edge compared to the
a = 4� case. More detailed results are shown in Table 7. The results from the U-Net
model still show a discrepancy in CL similar to the original SA model, but this time CL is
overestimated. Notably, the CD value in this case is close to the LES value.
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Table 6. Comparison of lift and drag coefficients for SD7003 airfoil.

CL CD

a = 4� LES [54] 0.59 0.021
SA 0.551 0.0099

SA (FI�CL) 0.586 0.0147
SA (U-Net�CL) 0.584 0.0147

a = 8� LES [54] 0.92 0.043
SA 0.895 0.0435

SA (FI�CL) 0.917 0.0436
SA (U-Net�CL) 0.917 0.0494

(a) (b)

Figure 16. Results of the U-Net-augmented Spalart–Allmaras model for the SD7003 test case. (a) Ve-
locity magnitude and (b) turbulent viscosity at a = 6�.

Table 7. Comparison of lift and drag coefficients for SD7003 airfoil at a = 6�.

CL CD

LES [54] 0.748 0.0319
SA 0.735 0.023

SA (U-Net�CL) 0.759 0.033

3.3. Flow around the NACA0021 Airfoil
We also evaluated the FIML approach using the NACA0021 airfoil. This airfoil is a

notable test case frequently used to assess the performance of transitional RANS mod-
els. For this analysis, we referenced the work of Choudhry et al. [53]. The mentioned
study investigated the flow around a two-dimensional NACA0021 airfoil at low Reynolds
numbers and turbulence intensities to examine long separation bubbles and their impact
on performance. Two transition models were evaluated: the correlation-based g � Req

intermittency model and laminar–kinetic-energy-based k � kL � w model. The authors
compared experimental and computed lift and drag coefficients for the NACA0021 airfoil
at a Reynolds number of 120,000. The g � Req model under-predicted both lift and drag
coefficients, with increased divergence at higher angles. It also predicted a gradual stall
behavior typical of thick airfoils at high Reynolds numbers. Conversely, the k � kL � w
model showed better agreement with experimental lift coefficients in the attached-flow
regime and accurately predicted drag coefficients and stall behavior, capturing the abrupt
stall due to the separation bubble bursting at low Reynolds numbers. However, a deviation
from the experimental lift coefficient is still present at a higher angle of attack. In this
work, our objective is to understand the ability of the FIML paradigm to improve the SA
model in order to predict flow separation and achieve good results in terms of lift and drag
coefficients at higher angles of attack. For this test case, we had experimental CL and CD
for a 2 [0�, 20�]. We used six angles of attack, specifically a = 8�, 10�, 12�, 14�, 16� and 20�.
In Figure 17, we show the velocity and turbulent viscosity fields of the original SA model
for a = 8�, 12�, and16�.
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(a) (b)

(c) (d)

(e) (f)

Figure 17. Results of the Spalart–Allmaras model for the NACA0021 test case. (a) Velocity magnitude
and (b) turbulent viscosity at a = 8�. (c) Velocity magnitude and (d) turbulent viscosity at a = 12�.
(e) Velocity magnitude and (f) turbulent viscosity at a = 16�.

The velocity field shows a growing separation starting from the trailing edge of the
airfoil, which leads to an increase in turbulent viscosity in this region. However, this is
insufficient for predicting accurate CL and CD values.

In Figure 18, we show the results of running the original SA model for various angles
of attack, covering both pre-stall and post-stall conditions. The CL behavior indicates that
as the angle of attack increases, the original model failed to accurately capture the stall and
subsequent separation.

We begin by performing an optimization based on the experimental values of CL.
In Figure 19, we present the velocity and turbulent viscosity fields after the optimization
has been completed for angles of attack a = 8�, 12�, and16�. Notably, there is a signifi-
cant difference, particularly for a = 16�. At this angle of attack, a marked separation is
evident in the velocity field, and the shape of the turbulent viscosity distribution is also
substantially altered.

Figure 20 illustrates the comparison between experimental data, the original SA model,
and the augmented SA model. The augmented model incorporates the correction field
obtained after the optimization using field inversion. An improvement in CL is observed
with the augmented SA model compared to the original SA model. This improvement
is noticeable in the pre-stall region but becomes significantly more pronounced in the
post-stall region, where flow separation is prominent.
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Figure 18. Lift and drag coefficients predicted for the NACA0021 test case by the Spalart–Allmaras
model at various angles of attack.

We also perform the optimization using CD as the goal function. Below we present
the results of this optimization with CD as the target.

In Figure 21, we observe significant differences in both the velocity and turbulent
viscosity fields compared to the original model, as well as the results from the optimization
using CL. The shape of the turbulent viscosity field is completely different from that
obtained with the CL optimization. This indicates that using different objective functions
leads to distinct correction fields. Ideally, it would be desirable for different objective
functions to yield the same results, but we have already observed this behavior in the
SD7003 test case.

In Figure 22, we present the results in terms of CL and CD. As expected, the CD values
match exactly with the experimental data. However, the CL values degrade, even when
compared to the original SA model.

(a) (b)

(c) (d)

Figure 19. Cont.
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(e) (f)

Figure 19. Results of field inversion optimization for CL for the NACA0021 test case. (a) Velocity
magnitude and (b) turbulent viscosity at a = 8�. (c) Velocity magnitude and (d) turbulent viscosity at
a = 12�. (e) Velocity magnitude and (f) turbulent viscosity at a = 16�.

Figure 20. Lift and drag coefficients predicted for the NACA0021 test case after field inversion
optimization for CL at various angles of attack.

(a) (b)

(c) (d)

Figure 21. Cont.
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(e) (f)

Figure 21. Results of field inversion optimization for CD for the NACA0021 test case. (a) Velocity
magnitude and (b) turbulent viscosity at a = 8�. (c) Velocity magnitude and (d) turbulent viscosity at
a = 12�. (e) Velocity magnitude and (f) turbulent viscosity at a = 16�.

Figure 22. Lift and drag coefficients predicted for NACA0021 test case after field inversion optimiza-
tion for CD at various angles of attack.

3.3.1. Local Model Training and Testing
As in the SD7003 test case, we also use data optimized for the CL in the NACA0021

test case for testing the classical FIML paradigm. In this section, we present the results
obtained by using the FFNN. The architecture and input variables are consistent with those
used for the SD7003 test case. As shown previously, we have more angles of attack available
for training and additional angles of attack to test the model outside the training set.

Figure 23 illustrates the train and validation loss function through the epochs.
By including more angles of attack in the training set, we aim to improve the robustness

and generalizability of the model. This expanded dataset should allow the FFNN better to
capture the complex aerodynamic behaviors across different flow conditions.

For this test case, we did not apply any mapping function to the correction field.
Avoiding negative values of b reduces the ability to capture the experimental results
effectively during optimization. Unlike the SD7003 test case, the trained model did not
perform well in prediction, despite achieving a high R2 value of 0.758. This high value led
us to expect good results at least at the training points.

As mentioned in Section 2.3.1, the model might find a relationship that does not cor-
rectly represent the physical behavior, potentially introducing instability during numerical
transients. This issue was evident in this case, even when starting from a converged solu-
tion of the original SA model. Although reducing the CFL number can mitigate instability,
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the solver could not find a new converged solution that accurately predicts the corrected
turbulent viscosity field.

Figure 23. Training and validation loss for the FFNN model trained on NACA0021 data.

Figure 24 presents the results obtained at different angles of attack using the FFNN.
There is an improvement in CL at higher angles of attack after incipient stall (a = 12�),
but a significant discrepancy still exists with the experimental results. We did not observe
any improvement for angles of attack before stall, and at a = 12�, the model performs
worse than the original SA model. We tested two additional angles of attack, one before the
incipient stall (a = 11�) and one in the post-stall region (a = 17�). For these angles, which
were not part of the training set, we observed the same behavior.

Figure 24. Lift and drag coefficients predicted with FFNN-augmented Spalart–Allmaras model for
the NACA0021 test case at various angles of attack.
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3.3.2. U-Net Model Training and Testing
In this section, we present the results obtained using the U-Net model. As previously

explained, this model helps us to avoid the instability of the classical FFNN approach. In
our initial approach, we attempted to find the correlation of the correction field with some
local flow variables. This correlation might not exist, leading to instability problems during
the numerical transient, even if we started from the converged SA original model. By using
the U-Net model, we leverage the converged results of the original SA model to find the
correct turbulent viscosity field, which we then impose as the solution. We allow the other
fields to evolve to find a new steady solution while the eddy viscosity field remains frozen
as predicted by the U-Net model. Below, we show the results for a = 8� and a = 16�.

From Figure 25, the results are in agreement with those obtained using field inversion,
as shown in Figure 19. Despite some differences in the turbulent viscosity field at a = 16�,
we can clearly see that the separation in the velocity field is closer to the field inversion
results than to the original SA model.

To demonstrate the improvement gained with the U-Net model, Figure 26 compares
the results in terms of CL and CD among the experimental data, the original model, the
field inversion augmented model, and the U-Net model. Additionally, we tested the model
for angles of attack not included in the training process: a = 9�, 11�, 13�, 15�, 17� and 18�.
We did not observe significant improvements in the pre-stall region, but we did observe
substantial improvements in the post-stall region, even for the untrained angles of attack.
Thus, we can conclude that the new augmented model has good predictive capabilities
even in the presence of transition and separation.

(a) (b)

(c) (d)

Figure 25. Results of the U-Net-augmented Spalart–Allmaras model for the NACA0021 test case.
(a) Velocity magnitude and (b) turbulent viscosity at a = 8�. (c) Velocity magnitude and (d) turbulent
viscosity at a = 16�.
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Figure 26. Lift and drag coefficients predicted with U-Net-augmented Spalart–Allmaras model for
the NACA0021 test case at various angles of attack.

4. Conclusions
In this work, the potential of field inversion for improving the prediction of the flow

field around airfoils at low Reynolds number was investigated and critically discussed.
First of all, a discussion on the choice of the goal function which drives field inversion was
performed: the minimization of the error on a physical distribution (for example wall static
pressure) provided better results with respect to the error on an integral quantity.

Two different strategies for exploiting the results of field inversion are then discussed.
The first considered approach is the classical local FIML paradigm which was originally
proposed by [13]. This approach is promising but the results obtained on the considered test
cases enlightened some criticalities. First of all, the regression step of the FIML paradigm
requires us to assume a list of input variables for the FFNN: this choice is not trivial and
it is possible to find problems where the correction is not a function of the chosen input
variables because it is possible to find in the database different values of the correction
for the same values of the input variables. Furthermore, even if the chosen set of input
variables provides a suitable regression, this function can lead to numerical instabilities
when integrated into a RANS solver and used for predictive CFD simulations. This
behavior can be explained by the fact that the FFNN is trained on a set of steady solutions
and so, during the numerical transient of a predictive simulation, it can encounter input
values that are far from the training range. In the present work, it was observed that a
significant source of instability is related to the development of negative corrections during
the transients: in order to solve this problem, a mapping function on the correction is
introduced during the field inversion optimization in order to guarantee the positivity of
the correction. This significantly improved the numerical behavior of the corrected model
during the predictions but it limited its correction capability.

This last limitation was not observed in the global U-Net approach. This approach
has already demonstrated promising results. For instance, Wang et al. in [55] utilized a
U-Net model as a surrogate, referring to it as a physics-informed CNN (PI-CNN) because
they enhanced the loss function with physical constraints. They applied this model to
predict the turbulent mixing layer over time at various Reynolds numbers. In contrast, our
work employs a different strategy. Rather than providing an augmented RANS model like
the FIML paradigm, our method offers a post-processing procedure that globally adjusts
the flow field predicted by the baseline RANS model. Since the corrected eddy viscosity
is directly imposed as a frozen field in the CFD simulation, the numerical instabilities,
which represent a problem for FIML, are not observed in the global U-Net approach. In the
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present implementation, the U-Net correction acts on a Cartesian grid and so it is necessary
to interpolate the CFD solution provided by the baseline RANS model from the original
unstructured mesh to a Cartesian mesh and back. Interpolating data onto a Cartesian
mesh for U-Net can lead to significant errors if the mesh is too coarse, particularly in the
boundary layer region. This issue is also highlighted in [56], where the authors opted to use
a simple FFNN to circumvent the problem. In our study, we integrated the FFNN within
the CFD software, but this introduced instability, unlike in their work where the FFNN
served as a surrogate model to predict flow quantities based on airfoil shape, Mach number,
and angle of attack. The interpolation issue can be mitigated by using a sufficiently fine
Cartesian mesh, limited to the region of interest (typically near the solid wall where the
goal function is computed), or by employing U-Nets that operate on unstructured meshes.
This latter approach aligns with the method proposed by [57], in which the authors used
a graph convolutional network (GCN), a variant of the convolutional neural network, as
described in [58]. This extension is left for future work.

In this study, we evaluated the proposed methodology only in 2D problems because in
this way it was possible to perform several tests due to the low cost of the 2D simulations.
However, there are no theoretical limitations to the extension of the method in 3D since it
would be sufficient to modify the architecture of the U-Net model.

The two strategies were investigated on two test cases characterized by transition and
separation (NACA0021 and SD7003 airfoils): these flow features are not correctly captured
by the chosen baseline Spalart–Allmaras model which was developed for fully turbulent
flows. However, the field inversion shows its potential by providing a correction field
which can significantly improve the prediction in both cases. The correction field was
then exploited with both the local FIML and the global U-Net approaches: both strategies
are able to improve the prediction of the original RANS model but the FIML showed
some instability problems which limited the exploitation of field inversion results. On
the contrary, the global U-Net approach avoided these instability problems and provided
significant improvements in the predicted flow field. Furthermore, the global U-Net
approach is less intrusive since does not require us to implement the correction to the
production terms in the turbulent eddy viscosity equation inside the CFD solver.
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