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On the Role of Torsion and Higher Forms in Off-Shell
Supergravity

Lucrezia Ravera

The presence of a nonvanishing totally antisymmetric (super)torsion,
equivalent to an axial vector, and higher forms in the “new minimal” and “old
minimal” off-shell formulations of = 1, D = 4 supergravity is elaborated.
The geometric superspace approach and study both the geometric Lagrangian
and the off-shell closure of the Bianchi identities in this framework, showing
how the aforementioned axial vector torsion contributes to both the new and
the old minimal set of auxiliary fields is adopted. In particular, to reproduce (a
variant of ) the old minimal set within the geometric setup, two real auxiliary
3-form potentials.

1. Introduction

When we construct supersymmetric Lagrangians based on the
fields of the on-shell representation multiplets, we observe that
the algebra of supercharges closes only for field configurations
satisfying the equations of motion. This is the reason why the
associated actions are called on-shell.
There are cases where additional (auxiliary) fields can be ap-

propriately added to the Lagrangian such that the supersymmetry
algebra based on the full set of fields closes without implement-
ing the equations of motion. In this case, themultiplet composed
of the original and the auxiliary fields forms an off-shell represen-
tation of the supersymmetry algebra. The equations of motion
of the auxiliary fields are algebraic, meaning that such fields are
not dynamical and their degrees of freedom (d.o.f.) vanish on-
shell. In other words, the introduction of auxiliary fields makes
the supersymmetry transformation lawsmodel-independent and
closed off-shell, without changing the physical content of the
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theory. In addition, auxiliary fields are
crucial for the spontaneous breaking of
supersymmetry.[1,2]

Off-shell formulations of supersym-
metric theories are believed to be nec-
essary in view of quantization. Indeed,
in off-shell representations, supersym-
metry is manifest from the description
of the particles in the supermultiplet,
allowing us to separate the representa-
tion theory from the physics (i.e., the La-
grangian), thus facilitating quantization
(see, e.g.,[3] and references therein). In

particular, when supersymmetry is linearly realizable off-shell,
it can be preserved manifestly in the quantization procedure.
On the other hand, when the supersymmetry algebra does not
close off-shell, then, typically, spacetime supersymmetry is not
preserved in the quantum theory. Thus, even if the theory can
be quantized, it would not be manifestly supersymmetric at the
quantum level.
However, the off-shell matching of d.o.f. in supersymmet-

ric theories is in general problematic for theories with more
than eight supercharges, that is for extended supergravities in
four dimensions and for higher-dimensional models (dimen-
sions larger than six). The case of off-shell supergravity with
eight real supercharges had received a lot of attention in the last
decades and there exist various formalisms, including covariant
ones, to construct matter coupled supergravities involving hy-
permultiplets (see, e.g., the recent comprehensive reviews[4–6]),
while this is not yet the case for matter coupled off-shell super-
gravity theories with more than eight real supercharges. On the
other hand,  = 1 supergravity in four spacetime dimensions
has two well-known minimal off-shell formulations, which are
the so-called old minimal[7–9]1 and newminimal[11–13] ones. Both
of them have 6 auxiliary bosonic d.o.f., in such a way that, tak-
ing into account the 6 off-shell d.o.f. of the vielbein Va

𝜇
(with

a, b,… = 0, 1, 2, 3, denoting anholonomic tangent space indices,
and 𝜇, 𝜈,… = 0, 1, 2, 3), the off-shell matching of bosonic and
fermionic d.o.f. is realized (the gravitino 𝜓𝛼

𝜇
carries 12 d.o.f. off-

shell).2 More specifically, the auxiliary fields of old minimal su-
pergravity are a complex scalar (2 d.o.f.) and a vector field not
associated with a gauge symmetry (4 d.o.f.), while those of new
minimal supergravity are an antisymmetric tensor B𝜇𝜈 = −B𝜈𝜇
(which can be described as a gauge 2-form and hence carries
3 d.o.f.) and a gauge vector field A𝜇 (3 d.o.f.). These two ver-
sions of minimal off-shell supergravity were later understood

1 See also, e.g.,[10] for its relation with the superstring.
2 In the following we will most frequently neglect the spinor index 𝛼 =
1, 2, 3, 4 to lighten the notation.
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to be two different gauge fixings of  = 1, D = 4 conformal
supergravity[14–19] (see also[20,21]).3

Several techniques have been developed which allow the con-
struction of on-shell and, consequently, (whenever it is possible)
off-shell actions given the on-shell one, most of which are based
on superspace formulations. There are various approaches to su-
perspace, based on different geometrical ideas, but they all have
in common the fact that the notion of Grassmann variables (an-
ticommuting c-numbers) as coordinates is essential. Superspace
approaches are equivalent to ordinary spacetime ones, with the
advantage that the superspace framework gives a better geomet-
rical insight (see, for instance,[20,23] for details on the geometry of
superspace). In particular, on superspace onemay have an under-
standing of supergravity analogous to that of general relativity on
spacetime. All the approaches to supergravity in superspace in-
volve a large symmetry group and a large number of fields, so
that one eventually has to impose constraints in order to recover
ordinary supergravity on spacetime. On the other hand, one can
exploit the power of symmetry to construct general theories in a
systematic way.
Concerning new minimal supergravity, compatibility of the

description in terms of a gauge super 2-form has been used,
for instance, in the consistent 𝜅-symmetric formulation of four-
dimensional strings in off-shell supergravity backgrounds. The
existence of a 2-form gauge potential (and, more precisely, of a
closed 3-form describing its field strength) constructed by us-
ing the torsion superfields of a geometry associated with the new
minimal model was employed in ref. [24], where it was also ob-
served that one can dualize one of the vector superspace tor-
sion/curvature into an antisymmetric rank-3 tensor. Moreover, in
[25] a superspace geometry for the newminimalmodel admitting
a super closed 3-form was constructed out of a vector superfield
obeying the superspace differential constraint (see also[26] for a
description of a closed 3-form constructed within new minimal
supergravity in superspace).
In the scenario described above, the geometric approach to su-

pergravity in superspace,[27] also known as the “rheonomic ap-
proach”, gives a geometric interpretation to the supersymmetry
transformations rules as diffeomorphisms in the fermionic di-
rections of superspace. For recent comprehensive reviews of this
topic we refer the reader to.[28–30] The rheonomic approach is a
powerful framework for the formulation of supergravity and rigid
supersymmetric theories; It has proven to be a valuable asset in
the construction of supersymmetric theories in various dimen-
sions and amount of supersymmetry, providing a consistent for-
mulation also in certain cases where a spacetime action descrip-
tion was not available.
In ref. [27, 31] new minimal supergravity was developed in

the geometric superspace approach, where the theory was shown
to be based on a free differential algebra (an extension of the
Maurer-Cartan equations to include higher-degree differential
forms) involving, in particular, an auxiliary 2-form gauge poten-
tial B(2). In other words, the newminimal theory turned out to be
the local theory of an appropriate free differential algebra. More-
over, in ref. [32], off-shell formulations of  = 1, D = 4 super-

3 Other gauge fixings are discussed in ref. [22].

gravity have been revisited, always in the geometric approach, by
studying the off-shell closure of the Bianchi identities (we will
review this concept in Section 2). Especially, starting from the
16⊕ 16 (16 bosonic d.o.f. ⊕ 16 fermionic d.o.f.) set of physical
and auxiliary fields that one can use to describe matter coupled
supergravity, a consistent truncation to the 12⊕ 12 sets of the
new and old minimal models have been provided (the scenario is
well-summarized in Table VI.9.VII of[32]). In particular, both the
old and new minimal auxiliary sets involve a vector ta. The latter,
in the context of the old minimal model, carries 4 off-shell d.o.f.,
while in the newminimal case it is constrained to be divergence-
less (which can be also seen as reminiscent of the constraint on
the vector superfield considered in ref. [25]) and therefore carries
3 off-shell d.o.f., as the antisymmetric tensor B𝜇𝜈 of the original
formulation. The fact that ta is associated with the auxiliary ten-
sor B𝜇𝜈 of the new minimal model emerges in the geometric ap-
proach as the super-field strength F(3) of the auxiliary 2-form B(2)

appearing in the free differential algebra underlying the theory
is parametrized (off-shell) by ta. On the other hand, as also ex-
plained in ref. [32], in four spacetime dimensions the vector ta

can be naturally identified with the dual of a (totally antisymmet-
ric) torsion.4

Driven by this construction, in the present paper we elaborate
on the presence of such completely antisymmetric (that is, axial
vector) torsion and higher forms in both the new minimal and
the old minimal supergravity theories in the geometric super-
space approach. In both cases, we study the off-shell closure of
the Bianchi identities and the construction of the geometric off-
shell action. In particular, we review the new minimal model in
the geometric setup to highlight that, at least at the level of the
Bianchi identities, the auxiliary 2-form is unnecessary if we en-
dow the theory with a nonvanishing divergenceless axial vector
torsion. Nevertheless, the auxiliary 2-form is useful to write the
off-shell supergravity action (as done in refs. [27, 31]). We also
elaborate on the redefinition of the spin connection to reabsorb
the torsion field. Consequently, we show that one can reproduce
(a variant of the) old minimal theory within the geometric setup
by considering as auxiliary fields an (unconstrained) axial vector
torsion and two real 3-form potentials.
There already exist two variants of the old minimal formula-

tion for = 1 supergravity in four dimensions in which one or
each of the two auxiliary scalars is replaced by the field strength of
a gauge 3-form (i.e., 3-form supergravity and complex 3-form su-
pergravity, see[33–35] and references therein). The two real 3-form
gauge potentials we will consider, in fact, can be seen as corre-
sponding to the real and imaginary parts of the complex form
introduced in the alternative formulation of old minimal super-
gravity where the complex auxiliary field has been replaced by a
complex 3-form gauge potential. Similarly to what we have men-
tioned regarding the case of the 2-formgauge potential in the case
of newminimal supergravity, a remarkable property of the (com-
plex) 3-form supergravity theory is that it can be used to formu-
late a consistent 𝜅-symmetric Green-Schwarz membrane action
(see also[36] for a description and detailed analysis of real 3-form
supergravity).

4 Here and in the following, with the term torsion we will mean, actually,
supertorsion, just as with the term curvatures we will mean supercur-
vatures, that is super-field strengths.
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The fact that torsions can play a role in the context of off-shell
supergravity is not a novelty (see, e.g.,[37,38]). In this context, the
analysis we perform in the present paper is a further confirma-
tion and evidence of the fact that one can interpret supertorsion,
which in supergravity is naturally zero on-shell, as a useful aux-
iliary field to go off-shell, its relevance being particularly evident
in the geometric formulation of the old minimal model.
The remainder of this paper is structured as follows: In Sec-

tion 2 we summarize some important aspects of the rheonomic
approach, in order to facilitate the understanding of the content
of the subsequent sections. In Section 3 we review the geomet-
ric construction of the new minimal model, focusing on the role
of torsion in this context and giving to its totally antisymmetric
component a freshen interpretation. In Section 4 we develop the
oldminimal supergravity model in the geometric approach to su-
pergravity in superspace, showing that the old minimal set of
auxiliary fields is reproduced considering a nonvanishing axial
vector torsion and two real 3-forms as auxiliary fields. Section 5
is devoted to a final discussion and future developments. In Ap-
pendix A we collect our conventions and some useful formulas.

2. Key Aspects of the Geometric Superspace
Approach to Supergravity

Let us list in the following some key points regarding the rheo-
nomic approach to supergravity (focusing on = 1, D = 4):

1. The theory is given in terms of 1-form superfields 𝜇(x𝜇 , 𝜃𝛼)
defined on superspace,4|4(x𝜇, 𝜃𝛼), where x𝜇 are commut-
ing bosonic coordinates and 𝜃𝛼 are fermionic Grassmann co-
ordinates.5 The set 𝜇 includes the supervielbein (Va ,𝜓),
which defines an orthonormal basis of superspace, with Va

the bosonic vielbein and 𝜓 the gravitino 1-form, and the
Lorentz spin connection 𝜔ab = −𝜔ba.

2. The set 𝜇 defines the Maurer-Cartan 1-forms of the theory,
which encode the algebraic structure of the given supergrav-
ity theory through their Maurer-Cartan equations. The latter
provide, out of the vacuum, the definition of the supercurva-
ture 2-forms R, which are the field strengths of the theory
(also referred to as super-field strengths).6

3. Supersymmetry transformations on spacetime are associ-
ated with diffeomorphisms in the fermionic (𝜃𝛼) directions
of superspace. Supergravity theories are formulated from
the condition of invariance under “general super-coordinate
transformations”, generalizing to superspace the geometric
description of general relativity in terms of spacetime diffeo-
morphisms.

4. The superfield 1-forms 𝜇, together with their field
strengths R, are functions of all the coordinates of super-
space, and they are related to the corresponding spacetime
quantities by the restriction 𝜃 = d𝜃 = 0. In order for the the-
ory on superspace to have the same physical content as the
theory on spacetime, some constraints (named “rheonomic
constraints” in ref. [27]) have to be imposed on the supercur-
vatures.

5 The index collectively labels all the 1-forms of the theory.
6 In other words, the vacuum value of the supercurvatures (R = 0)
gives the superalgebra in its dual Maurer-Cartan formulation.

More precisely, the supercurvatures can be actually ex-
pressed in two different ways, that have to be equivalent:
They are defined from their symmetry properties and have
to satisfy consistency constraints given by the closure of
Bianchi identities; On the other and, being 2-forms in su-
perspace, they can also be expanded along the supervielbein
basis (Va ,𝜓) of superspace,

R = R
abV

a ∧ Vb + R
a𝛼V

a ∧ 𝜓𝛼 + R
𝛼𝛽𝜓

𝛼 ∧ 𝜓𝛽 , (2.1)

where the superspace tensors R
ab are referred to as inner

components, while the ones which appear in the decomposi-
tion along at least one fermionic direction, namely R

a𝛼 and
R

𝛼𝛽 , are the outer components. The above equation gives
the so-called rheonomic parametrization of the supercurva-
tures.
The components in the parametrization of the supercurva-
tures can be determined by requiring the supercurvatures
to satisfy the corresponding Bianchi identities (or better,
in this context, “Bianchi relations”) also when expressed in
terms of their parametrizations. One generally finds that
the outer components of the supercurvatures have to be
expressed as linear tensor combinations of the inner ones
(which are actually known in the literature as supercovariant
field-strengths). These conditions (rheonomic constraints)
guarantee that no additional d.o.f. is introduced in the theory
in superspace compared to those already present on space-
time.

5. The same conclusion can be reached from the study of the
Lagrangian, which is constructed geometrically,[27]7 by de-
composing the related field equations with respect to inde-
pendent sectors along supervielbein polynomials in super-
space.

6. There are cases (in particular, in the following we will con-
sider that of  = 1, D = 4 supergravity) in which one can
also add auxiliary fields,8 which allow the matching of the
number of bosonic and fermionic off-shell d.o.f. and the off-
shell closure of the supersymmetry algebra. When this hap-
pens, the Bianchi identities close without applying/implying
the equations of motion.

7. The rheonomic parametrization of the supercurvatures also
provides the supersymmetry transformation laws leaving in-
variant the spacetime Lagrangian up to boundary terms. In-
deed, as the supersymmetry transformation laws of the fields
in superspace can be read as diffeomorphisms generated by
tangent vectors 𝜀 = 𝜀̄Q in the fermionic directions of super-
space (Q𝛼 being the supersymmetry generators and 𝜀𝛼 an
infinitesimal spinor to be identified with the supersymmetry
parameter), they can be expressed in terms of Lie derivatives.
This means that we can write the supersymmetry transfor-
mation of a generic 1-form superfield Φ(x, 𝜃) as

𝛿𝜀Φ = 𝓁𝜀Φ = 𝚤𝜀(∇Φ) + ∇
(
𝚤𝜀Φ

)
, (2.2)

7 For the building rules of a geometric supergravity Lagrangian we refer
the reader to.[27]

8 In general, the off-shell formulation of supersymmetric theories may
require an infinite number of auxiliary fields. Nowadays, the generally
recognized most natural geometric framework for more complicated
cases is harmonic superspace.[3]
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where ∇ generically denotes the covariant derivative with re-
spect to the tensorial structure of the given superfield Φ and
𝚤𝜀 is the contraction operator along odd directions of super-
space with parameter 𝜀 (in particular, 𝚤𝜀𝜓 = 𝜀 and 𝚤𝜀𝜇

 = 0
for 𝜇 ≠ 𝜓). In performing the contraction, one has to use
for ∇Φ its rheonomic parametrization as a 2-form in super-
space. The same argument can be naturally generalized to
0-forms and to higher-degree forms.

8. The action is obtained by integrating the (bosonic) super-
space Lagrangian 4-form [𝜇] on a generic bosonic hyper-
surface4 ⊂4|4 immersed in superspace,

 = ∫4⊂4|4
[𝜇] . (2.3)

9. The Lagrangian is written in a background-independent (ge-
ometric) way, independent of the choice of a metric, and it
is therefore invariant under general coordinate transforma-
tions in superspace. For this to be possible, the Lagrangian
4-form has to be entirely expressed as wedge product of dif-
ferential forms and their exterior derivatives. For this reason,
in particular, the kinetic terms have to be written at first-
order, thus avoiding the use of the Hodge dual of the field
strengths. One can exploit general super-coordinate trans-
formations to freely choose any 4 ⊂4|4 as the bosonic
submanifold of integration in superspace, since any local de-
formation of the integration manifold can be reabsorbed by
a superdiffeomorphism.

10. The invariance of the action does not coincide with the in-
variance (modulo total divergences) of the Lagrangian, and
the diffeomorphisms in superspace are an off-shell invari-
ance of the general geometrical action (2.3) if[27]

d
([𝜇]

)
= 0 , (2.4)

that is, if [𝜇] is a closed form in superspace. The latter is
therefore a requirement that must be fulfilled to produce an
off-shell supergravity action within the geometric formula-
tion.

11. Gauge potentials described by p-forms (p > 1) and associated
to p-index antisymmetric tensors, which are typically con-
tained in supergravities in D ≥ 4, are accommodated into
the theory in the framework of supersymmetric free differen-
tial algebras (FDAs)[27,31,39–43] (FDAs are sometimes also re-
ferred to as Cartan integrable systems or Chevalley-Eilenberg
Lie algebras cohomology framework in supergravity), an ex-
tension of the Maurer-Cartan equations to involve higher-
degree differential forms.
Strictly speaking, one can write (p+1)-cochains (Chevalley
cochains) Ωi|(p+1) in some representation Di

j of a Lie group,
which are (p+1)-forms, in terms of the 1-forms at disposal.
If these cochains are closed (dΩi|(p+1) = 0), they are called co-
cycles. If a cochain is exact, it is called a coboundary. Of par-
ticular interest are those cocycles that are not coboundaries,
which are elements of the Chevalley-Eilenberg cohomology.9

9 If the closed cocycles are also coboundaries (exact cochains), then the
cohomology class is trivial.

In the case in which this happens, we can introduce a p-form
Ai|p and write the closed equation

dAi|p + Ωi|(p+1) = 0 , (2.5)

which, together with the Maurer-Cartan equations of the Lie
algebra, constitutes the first germ of a free differential alge-
bra, containing, besides the starting Maurer-Cartan 1-forms,
also the new p-form Ai|p. Note that (2.5) should be intended
as defining the new p-formAi|p (as a gauge potential now triv-
ializing the cocycleΩi|(p+1)), which cannot be expanded in the
basis of the 1-forms appearing in the dual formulation of the
Lie algebra. On the other hand, Ai|p can be added to the set of
Maurer-Cartan forms, thus enlarging the Maurer-Cartan ex-
pression of the algebra to a free differential algebra. This pro-
cedure can be now iterated taking as basis of new cochains
the full set of forms and looking again for cocycles. The pro-
cedure can be iterated again and again, till no more cocycles
can be found. In this way, we obtain the largest free differen-
tial algebra associated with the initial Lie algebra.
In the supersymmetric case a set of nontrivial cocycles is
generally present in superspace due to the existence of Fierz
identities obeyed by the wedge products of gravitino 1-forms.
There, one further imposes the physical request that the
FDA should be described in terms of fields in ordinary super-
space, whose cotangent space is spanned by the superviel-
bein. This corresponds to the physical request that the Lie
superalgebra has a fiber bundle structure, whose base space
is spanned by the supervielbein, the rest of the fields span-
ning a fiber H. It follows that possible gauge fields and the
Lorentz spin connection, belonging to H, must be excluded
from the construction of the cochains.
Supersymmetric FDAs provide the algebraic (vacuum) struc-
ture underlying supergravity theories in 4 ≤ D ≤ 11. To
study the dynamics of the theory, one switches on the su-
percurvatures associated with the p-form gauge potentials
appearing in the FDA, analogously to what is done for the
1-form fields.

We are now ready to face the geometric superspace construc-
tion of minimal D = 4 off-shell supergravity.

3. New Minimal Supergravity with Torsion in the
Rheonomic Approach

In this section, we revisit the new minimal formulation of su-
pergravity in the rheonomic approach, proposing a new usage of
the (super)torsion as an auxiliary field of the off-shell multiplet.
More specifically, we will consider a (divergenceless) axial vector
torsion ta defined as

ta ≡ 1
3!
𝜖abcdTbcd , (3.1)

where the tensor Tabc denotes the components of the supertor-
sion 2-form Ta along two vielbeins. We will have, off-shell, Ta =
Ta

bcV
bVc, with Tabc totally antisymmetric. Before presenting this

construction, let us briefly recall what was done in refs. [27, 31]
regarding the new minimal model.

Fortschr. Phys. 2023, 71, 2300036 2300036 (4 of 13) © 2023 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH
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In the geometric superspace approach, the vacuum structure
of new minimal supergravity is given by the following FDA,[27,31]

which is indeed equivalent to the Sohniu-West model of new
minimal supergravity[11–13]:

d𝜔ab − 𝜔a
c ∧ 𝜔cb = 0 ,

Va − i
2
𝜓̄ ∧ 𝛾a𝜓 = 0 ,

𝜓 − i
2
𝛾5𝜓 ∧ A = 0 ,

dA = 0 ,

dB(2) − i
2
𝜓̄ ∧ 𝛾a𝜓Va = 0 , (3.2)

where  ≡ d − 𝜔 is the Lorentz-covariant derivative, 𝜔ab the
Lorentz spin connection, Va the vielbein, 𝜓 the gravitino 1-form,
A a 1-form potential associated with a chiral charge, and B(2) a
2-form gauge potential. As we are going to see, the 2-form gauge
potential B(2), whose introduction in the context of new mini-
mal supergravity, as we have previously reported on, was already
considered in the literature (and not only in the rheonomic ap-
proach), see, e.g.,[24–26] will play the role of an auxiliary 2-form in
superspace and will be particularly useful to write the off-shell
action. The d2-closure of (3.2) relies in the Fierz identity (A.4).
Then, out of the vacuum one writes the supercurvatures associ-
ated with (3.2), which are defined as

ab ≡ d𝜔ab − 𝜔a
c ∧ 𝜔cb ,

Ta ≡ Va − i
2
𝜓̄ ∧ 𝛾a𝜓 ,

𝜌 ≡ 𝜓 − i
2
𝛾5𝜓 ∧ A ,

F ≡ dA ,

F(3) ≡ dB(2) − i
2
𝜓̄ ∧ 𝛾a𝜓Va .

(3.3)

The corresponding Bianchi identities read10

ab = 0 ,

Ta +abVb − i𝜓̄𝛾a𝜌 = 0 ,

𝜌 + 1
4
ab𝛾ab𝜓 + i

2
𝛾5𝜌A − i

2
𝛾5𝜓F = 0 ,

dF = 0 ,

dF(3) − i𝜓̄𝛾a𝜌V
a + i

2
𝜓̄𝛾a𝜓T

a = 0 .

(3.4)

Taking into account this field content, in refs. [27, 31] it was con-
sidered the action

nm = ∫4⊂4|4
nm , (3.5)

10 In the following, to lighten the notation, wewill frequently omit writing
the wedge product between differential forms.

where nm is the geometric 4-form superspace Lagrangian11

nm =abVcVd𝜖abcd + 4𝜓̄𝛾5𝛾a𝜌V
a − 4F ∧ B(2)

+ 𝛼
(
taF(3)Va +

1
24

tmt
m𝜖abcdV

aVbVcVd
)
.

(3.6)

The associated field equations are

𝛿𝜔ab : 2𝜖abcdT
cVd = 0 , (3.7)

𝛿ta : 𝛼F(3) = 𝛼FabcV
aVbVc = −𝛼

3
𝜖abcdt

dVaVbVc , (3.8)

𝛿Va : 2bcVd𝜖abcd − 4𝜓̄𝛾5𝛾a𝜌 −
i𝛼
2
tb𝜓̄𝛾a𝜓V

b − 𝛼taF(3)

+ 𝛼

6
tmt

m𝜖abcdV
bVcVd = 0 , (3.9)

𝛿𝜓̄ : 8𝛾5𝛾a𝜌V
a − 4𝛾5𝛾a𝜓T

a − i𝛼𝛾a𝜓V
atbV

b = 0 , (3.10)

𝛿A : F(3) = 0 , (3.11)

𝛿B(2) : −4F + 𝛼Vata − 𝛼ta
(
Ta + i

2
𝜓̄𝛾a𝜓

)
= 0 . (3.12)

Note that (3.8) is a kinematical equation. The above equations sat-
isfy the vacuum condition, namely they admit the vacuum so-
lution ab = Ta = 𝜌 = F = F(3) = ta = 0, independently of the
value of the parameter 𝛼. Observe that the on-shell content of the
theory is identical to the one of  = 1, D = 4 pure supergrav-
ity. From the sector-by-sector study of the on-shell Bianchi iden-
tities (or, equivalently, of the equations of motion), one can prove
that the on-shell rheonomic parametrization for the curvatures
is

ab = ab
cdV

cVd + 𝜓̄Θab
cV

c ,

Ta = 0 ,

𝜌 = 𝜌abV
aVb ,

F = 0 ,

F(3) = 0 ,

(3.13)

with

Θab|c = −2i𝛾[a𝜌b]c + i𝛾c𝜌ab . (3.14)

The quantitiesab
cd and 𝜌ab are the so-called supercovariant field

strengths, and they differ, in general, from the spacetime pro-
jections of the supercurvatures. The tensor ab

cd and the tensor

11 As we shall see in the following, the parameter 𝛼 along the first-order
kinetic term will be constrained by the requirement dnm = 0. Here
we also correct some misprints appearing in ref. [27].

Fortschr. Phys. 2023, 71, 2300036 2300036 (5 of 13) © 2023 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH
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spinor 𝜌ab above satisfy the propagation equations

am
bm − 1

2
𝛿abR

mn
mn = 0 , (3.15)

𝛾m𝜌mn = 0 . (3.16)

Now, regarding the off-shell theory, in ref. [27] the off-shell
parametrization of the supercurvatures was constructed by set-
ting the supertorsion to zero. However, one can write a more
general off-shell parametrization in which the supertorsion is
nonvanishing, completely antisymmetric, and given in terms of
an auxiliary axial vector field ta as12

Ta = Ta
bcV

bVc = 𝜖abcdtdVbVc , Tabc = T[abc] = 𝜖abcdt
d , (3.17)

with [ta] = L−1. In this case, the complete off-shell parametriza-
tion is

ab = ab
cdV

cVd + 𝜓̄Πab
cV

c − i𝜓̄𝛾d𝜓𝜖
abcdtc ,

Ta = 𝜖abcdtdVbVc ,

𝜌 = 𝜌abV
aVb + ia𝛾5𝜓 taV

a ,

F = FabV
aVb + 𝜓̄𝛾5𝜙aV

a + i(1 − a)𝜓̄𝛾a𝜓 t
a ,

F(3) = −1
3
𝜖abcdt

dVaVbVc ,

(3.18)

with

Πab|c = −2i𝛾[a𝜎b]c + i𝛾c𝜎ab + 2i𝛾ab𝜎c + 2i𝛾c[a𝜎b] − 2i𝛿c[a𝜎b]

− 4i𝛾abc𝜎 + 4i𝛿c[a𝛾b]𝜎 ,

𝜙a = 2(1 − a)𝜎a − 6(1 + a)𝛾a𝜎 ,

(3.19)

where we have introduced the irreducible components 𝜎ab, 𝜎a,
and 𝜎 of the gravitino supercovariant field strength 𝜌ab, that is

𝜌ab = 𝜎ab − 𝛾[a𝜎b] + 𝛾ab𝜎 , (3.20)

with

𝛾a𝜎ab = 𝛾a𝜎a = 0 . (3.21)

Besides, let us stress that, having defined

ta = btaV
b + 𝜓̄𝜔a , (3.22)

12 In ref. [32] a similar argument was considered, introducing such su-
pertorsion with a parameter 𝜅2, which, in particular, can be set to zero
(here, instead, we fix 𝜅2 = 1). However, there the role of torsion was
not considered as pivotal in the geometric off-shell construction there,
since the field ta already appears in the parametrization of the other su-
percurvatures (including F(3)). Here we take a slightly different point
of view with respect to the one of,[27,31,32] considering the axial vector
torsion as the actual fundamental auxiliary field to reproduce the new
minimal set of auxiliary fields, and the 2-form B(2) just as an auxiliary
2-form useful to write rather straightforwardly the geometric off-shell
Lagrangian (moreover, here we fix some typos appearing in ref. [32]).
The prominent role of torsion will be more evident in the old mini-
mal case.

we find

𝜔a = − i
2
𝜖abcd𝛾

b𝜌cd = 𝛾5𝜎a + 3𝛾5𝛾a𝜎 (3.23)

and the constraint13

ata = 0 . (3.24)

Let us mention that the latter can be simply solved by

ta = 𝜖abcd𝜕bBcd , (3.25)

where Bab = −Bba is a 2-index antisymmetric tensor (0-form). In
particular, this implies F(3) = −2𝜕aBbcV

aVbVc.
We stress that the whole mechanism continues to work well,

and the same occurs for the counting of off-shell d.o.f., if we ex-
clude the 3-formF(3) from the theory, keeping only the axial vector
torsion ta (obeying (3.24)) and the 1-form gauge field A as auxil-
iary fields.
Finally, as we have recalled in Section 2, in the geometric su-

perspace approach the off-shell invariance of the action requires
the geometric Lagrangian to be a closed 4-form. In the case at
hand, we have

dnm = 2abTcVd𝜖abcd + 4𝜌̄𝛾5𝛾a𝜌V
a − 4𝜓̄𝛾5𝛾a𝜌T

a − 4F ∧ F(3)

+𝛼taF
(3)Va + 𝛼ta

(
i𝜓̄𝛾b𝜌V

b − i
2
𝜓̄𝛾b𝜓T

b
)
Va

−𝛼taF(3)
(
Ta + i

2
𝜓̄𝛾a𝜓

)
+ 𝛼

12
tmt

m𝜖abcdV
aVbVcVd

+𝛼
6
tmt

m𝜖abcd

(
Ta + i

2
𝜓̄𝛾a𝜓

)
VbVcVd = 0 . (3.26)

Once (3.18) is used, this equation has two relevant projections,
namely 𝜓𝜓VVV and 𝜓VVVV , both implying

𝛼 = −16(1 − a) . (3.27)

Therefore, the final form of the Lagrangian is

nm = abVcVd𝜖abcd + 4𝜓̄𝛾5𝛾a𝜌V
a − 4F ∧ B(2)

− 16(1 − a)
(
taF(3)Va +

1
24

tmt
m𝜖abcdV

aVbVcVd
)
.

(3.28)

We are left with a parameter a (appearing in (3.18) and (3.28)),
which reflects the freedom we have of redefining the U(1) con-
nection A,

A′ = A + 2ataVa . (3.29)

Thus, fixing the value of a is equivalent to fixing a particular def-
inition of A. Once the value of a has been fixed by a particular

13 This can be easily checked, for instance, by looking at the V4 sector of
the Bianchi identity of F(3).

Fortschr. Phys. 2023, 71, 2300036 2300036 (6 of 13) © 2023 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH
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choice of A, the parameter 𝛼 is also fixed. If a = 1, then 𝛼 = 0,
the off-shell rheonomic parametrizations boil down to

ab = ab
cdV

cVd + 𝜓̄Πab
cV

c − i𝜓̄𝛾d𝜓𝜖
abcdtc ,

Ta = 𝜖abcdtdVbVc ,

𝜌 = 𝜌abV
aVb + i𝛾5𝜓 taV

a ,

F = FabV
aVb + 𝜓̄𝛾5𝜙aV

a ,

F(3) = −1
3
𝜖abcdt

dVaVbVc ,

(3.30)

where, in particular,

𝜙a = −12𝛾a𝜎 , (3.31)

and the action takes the very simple and elegant form

nm = ∫4⊂4|4
(abVcVd𝜖abcd + 4𝜓̄𝛾5𝛾a𝜌V

a − 4F ∧ B(2)
)
. (3.32)

Thus, requiring the independence of the action from the specific
choice of the spacetime section of superpace, namely off-shell
supersymmetry invariance, fixes the action completely (which is
done, in practice, by imposing the condition dnm = 0).
The 12⊕ 12 multiplet given by {Va , A , ta}⊕ {𝜓} satisfies an

off-shell closed superalgebra.14 The supersymmetry transforma-
tions leaving the action constructedwith (3.28) invariant and clos-
ing the aforementioned off-shell algebra are

𝛿𝜀𝜔
ab = 𝜀̄Πab

cV
c − 2i𝜀̄𝛾d𝜓𝜖

abcdtc ,

𝛿𝜀V
a = i𝜀̄𝛾a𝜓 ,

𝛿𝜀𝜓 = 𝜀 + i
2
𝛾5𝜀A + ia𝛾5𝜀taV

a ,

𝛿𝜀A = 𝜀̄𝛾5𝜙aV
a + 2i(1 − a)𝜀̄𝛾a𝜓 t

a ,

𝛿𝜀B
(2) = i𝜀̄𝛾a𝜓V

a ,

(3.33)

where 𝜀 is the supersymmetry parameter and Πab
c and 𝜙a are

given in (3.19). Fixing a = 1, one ends up with the following su-
persymmetry transformations leaving the action (3.32) invariant:

𝛿𝜀𝜔
ab = 𝜀̄Πab

cV
c − 2i𝜀̄𝛾d𝜓𝜖

abcdtc ,

𝛿𝜀V
a = i𝜀̄𝛾a𝜓 ,

𝛿𝜀𝜓 = 𝜀 + i
2
𝛾5𝜀A + i𝛾5𝜀taV

a ,

𝛿𝜀A = 𝜀̄𝛾5𝜙aV
a ,

𝛿𝜀B
(2) = i𝜀̄𝛾a𝜓V

a ,

(3.34)

where 𝜙a is given by (3.31). Hence, we are left with the new min-
imal set of auxiliary fields {A , ta}, where A = A𝜇dx

𝜇 is a gauge

14 One can also prove that the spinorial derivatives of Rab
cd, 𝜌ab, and Fab

can be all expressed in terms of the fields we have already introduced.

field and ta satisfies (3.24). Indeed, regarding the off-shell d.o.f.
counting, we have 6 + 3 + 3 = 12 off-shell bosonic d.o.f., given,
respectively, by Va

𝜇
, A𝜇 , and t

a (fulfilling ata = 0), which match
the 12 off-shell fermionic d.o.f. carried by the gravitino 𝜓𝜇.
It would be interesting to seewhether it is possible to write geo-

metrically the off-shell supergravity action without using B(2) and
introducing, instead, Ta explicitly into the action in such a way to
keep F present in the appropriate way. However, at first sight it
seems this would require at least a term −4A ∧ Ta ∧ Va, in which
the gauge 1-form field A appears in a “bare” form.15 We leave
this point to a future investigation and move on, instead, to our
proposal for the old minimal theory in the geometric superspace
approach, where the key role of actual auxiliary field attributable
to an axial vector torsion will be more evident.
On the other hand, here let us observe that the presence of the

axial vector torsion in the description above can be interpreted
as a different choice of conventional constraints by appropriate
field redefinitions. In particular, the totally antisymmetric torsion
can be reabsorbed by performing the following redefinition of the
spin connection:

𝜔ab → 𝜔̂ab = 𝜔ab − 𝜖abcdVctd . (3.35)

By doing so, one ends up with the (torsionless) off-shell rheo-
nomic parametrizations obtained in refs. [27, 31, 32], namely16

̃ab = ab
cdV

cVd + 𝜓̄Πab
cV

c − 3
2
i𝜓̄𝛾d𝜓𝜖

abcdtc ,

Ta = 0 ,

𝜌 = 𝜌abV
aVb + i𝛾5

(
ta +

1
2
𝛾abt

b
)
𝜓Va ,

F = FabV
aVb + 𝜓̄𝛾5𝜙aV

a ,

F(3) = −1
3
𝜖abcdt

dVaVbVc ,

(3.36)

where, indeed, the supertorsion vanishes and the parametriza-
tions of ̃ab = ab − 𝜖abcdtcVd − tptpV

aVb − 2tct
[aVb]Vc and 𝜌

get slightly modified with respect to the torsionful case, due to
the redefinition of the spin connection involving the axial vector
field ta; All of this, however, does not spoil the off-shell closure of
the Bianchi identities. Therefore, in the analysis above, we have
achieved a field redefinition where some of the dependence upon
the axial vector field and the 3-form F(3) has been appropriately
reabsorbed in torsionful supercurvatures.

4. Geometric Formulation of Old Minimal
Supergravity with Torsion and 3-Forms

In this section we develop an off-shell formulation of  = 1,
D = 4 supergravity in the rheonomic approach whose set of

15 In fact, it can be shown that adding this term alone would not be suf-
ficient, since in this case the condition d = 0 cannot be retrieved.
Therefore, writing a Lagrangian for the newminimal supergravitymul-
tiplet with torsion remains a nontrivial task, which will be the subject
of future investigations.

16 With a = 1 and where we have also corrected some typos appearing in
refs. [27, 31, 32].
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auxiliary fields coincide with the one of oldminimal supergravity.
In particular, we will reproduce a variant of the old minimal set
of auxiliary fields considering a nonvanishing axial vector torsion
and two real 3-forms as auxiliary fields.
Before moving on to our construction, let us mention that

there already exist two variants of the old minimal formulation
for = 1 supergravity in four dimensions in which one or each
of the two auxiliary scalars is replaced by the field strength of
a gauge 3-form (these theories are known as 3-form supergrav-
ity and complex 3-form supergravity, respectively[33–35]). Our con-
struction yields a rheonomic description of the complex super
3-form supergravity with a choice of conventional constraints for
the superspace geometry that leads to a nontrivial torsion for the
standard bosonic geometry.
Let us therefore consider the following vacuum FDA underly-

ing the theory:

d𝜔ab − 𝜔a
c ∧ 𝜔cb = 0 ,

Va − i
2
𝜓̄𝛾a𝜓 = 0 ,

𝜓 = 0 ,

dA(3)
− − 1

2
𝜓̄𝛾ab𝜓V

aVb = 0 ,

dA(3)
+ − i

2
𝜓̄𝛾ab𝛾5𝜓V

aVb = 0 ,

(4.1)

whose d2-closure relies in the Fierz identities

𝜓̄𝛾ab𝜓𝜓̄𝛾
a𝜓 = 0 , (4.2)

𝜓̄𝛾ab𝛾5𝜓𝜓̄𝛾
a𝜓 = 0 . (4.3)

The 3-forms A(3)
− and A(3)

+ are real. One may observe that they can
also be recast in a single complex 3-form

A(3) = A(3)
+ + iA(3)

− , (4.4)

such that, in vacuum,

dA(3) − i
2
𝜓̄𝛾ab𝛾5𝜓V

aVb − i
2
𝜓̄𝛾ab𝜓V

aVb

= dA(3) − 1
4
𝜓̄𝛾ab

(
𝕀 + 𝛾5

)
𝜓VcVd𝜖abcd = 0 . (4.5)

It is well-known that a 3-form does not give any dynamical con-
tribution to a four-dimensional theory: In four spacetime dimen-
sions, its derivative is a top form in spacetime, while its field
strength (whose components along four vielbeinmust be propor-
tional to the volume element in four dimensions) can be related
to the presence of fluxes.[44–51] The fact that, in D = 4, 3-forms
are nondynamical just predisposes them to be well-suited auxil-
iary fields for the construction of an off-shell supergravity theory.
Then, out of the vacuum, one can switch on the complex 4-form
field strength of A(3),

F(4) ≡ dA(3) − i
2
𝜓̄𝛾ab𝛾5𝜓V

aVb − i
2
𝜓̄𝛾ab𝜓V

aVb = dA(3)

−1
4
𝜓̄𝛾ab

(
𝕀 + 𝛾5

)
𝜓VcVd𝜖abcd . (4.6)

The latter can be split into two real 4-forms F(4)+ and F(4)− as follows:

F(4) = F(4)+ + iF(4)− . (4.7)

In particular, the associated 3-form gauge potentials can be seen
as the real and imaginary parts of the complex 3-form gauge
potential introduced in the complex 3-form supergravity theory.
Hence, let us define the supercurvatures associated with (4.1) as

ab ≡ d𝜔ab − 𝜔a
c ∧ 𝜔cb ,

Ta ≡ Va − i
2
𝜓̄𝛾a𝜓 ,

𝜌 ≡ 𝜓 ,

F(4)− ≡ dA(3)
− − 1

2
𝜓̄𝛾ab𝜓V

aVb ,

F(4)+ ≡ dA(3)
+ − i

2
𝜓̄𝛾ab𝛾5𝜓V

aVb .

(4.8)

The corresponding Bianchi identities are

ab = 0 ,

Ta +abVb − i𝜓̄𝛾a𝜌 = 0 ,

𝜌 + 1
4
ab𝛾ab𝜓 = 0 ,

dF(4)− − 𝜓̄𝛾ab𝜌VaVb + 𝜓̄𝛾ab𝜓TaVb = 0 ,

dF(4)+ − i𝜓̄𝛾ab𝛾5𝜌V
aVb + i𝜓̄𝛾ab𝛾5𝜓T

aVb = 0 .

(4.9)

One can then prove that the rheonomic off-shell parametriza-
tions of the supercurvatures (4.8) are

ab = ab
cdV

cVd + 𝜓̄Π̃ab
cV

c − i𝜓̄𝛾d𝜓𝜖
abcdtc

+ 2i𝜓̄𝛾5𝛾
ab𝜓𝜙− − 2𝜓̄𝛾ab𝜓𝜙+ ,

Ta = 𝜖abcdtdVbVc ,

𝜌 = 𝜌abV
aVb − 2𝛾5𝛾a𝜙

−𝜓Va + 2i𝛾a𝜙
+𝜓Va + i𝛾5𝜓 taV

a ,

F(4)− = 𝜙−𝜖abcdV
aVbVcVd ,

F(4)+ = 𝜙+𝜖abcdV
aVbVcVd ,

(4.10)

where we have introduced two auxiliary real scalar fields 𝜙− e
𝜙+, equivalent to a complex scalar 𝜙 = 𝜙+ + i𝜙− (with [𝜙] = L−1),
which parametrize F(4)− and F(4)+ , respectively, and also appear in
the outer components of ab and 𝜌. Note that also ta, which
parametrizes the off-shell supertorsion, appears in the outer com-
ponents of the supercurvatures ab and 𝜌. Moreover, using the
decomposition (3.20), we have

Π̃ab|c = −2i𝛾[a𝜎b]c + i𝛾c𝜎ab + 2i𝛾ab𝜎c + 2i𝛾c[a𝜎b] − 2i𝛿c[a𝜎b]

−2i𝛾abc𝜎 + 4i𝛿c[a𝛾b]𝜎 . (4.11)
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Furthermore, having defined

ta = btaV
b + 𝜓̄𝜔̃a , (4.12)

and

d𝜙− = a𝜙
−Va + 𝜓̄𝜆− ,

d𝜙+ = a𝜙
+Va + 𝜓̄𝜆+ ,

(4.13)

we find

𝜔̃a = 𝛾5𝜎a − 𝛾5𝛾a𝜎 , (4.14)

together with

𝜆− = − i
12
𝛾5𝛾

ab𝜌ab = i𝛾5𝜎 ,

𝜆+ = 1
12
𝛾ab𝜌ab = −𝜎 .

(4.15)

Let us highlight that, unlike what happens in the case of the new
minimal construction, here the off-shell closure of the Bianchi
identities does not imply any differential constraint on ta.
We may then write the action

om = ∫4⊂4|4
om , (4.16)

with17

om = abVcVd𝜖abcd + 4𝜓̄𝛾5𝛾a𝜌V
a

+ 𝛽1
(
𝜙−F(4)− − 1

2
𝜙−2𝜖abcdV

aVbVcVd
)

+ 𝛽2
(
𝜙+F(4)+ − 1

2
𝜙+2𝜖abcdV

aVbVcVd
)
.

(4.17)

The field equations of the theory are

𝛿𝜔ab : 2𝜖abcdT
cVd = 0 , (4.18)

𝛿Va : 2bcVd𝜖abcd − 4𝜓̄𝛾5𝛾a𝜌 − 𝛽1𝜙−𝜓̄𝛾ab𝜓V
b

− 2𝛽1𝜙
−2𝜖abcdV

bVcVd

− i𝛽2𝜙
+𝜓̄𝛾ab𝛾5𝜓V

b − 2𝛽2𝜙
+2𝜖abcdV

bVcVd = 0 , (4.19)

𝛿𝜓̄ : 8𝛾5𝛾a𝜌V
a − 4𝛾5𝛾a𝜓T

a − 𝛽1𝜙−𝛾ab𝜓V
aVb

− i𝛽2𝜙
+𝛾ab𝛾5𝜓V

aVb = 0 , (4.20)

𝛿A(3)
− : 𝛽1d𝜙

− = 0 , (4.21)

17 We consider the off-shell torsion, whose presence is intrinsic in the
action, to be completely antisymmetric, namely of the form (3.17).

𝛿A(3)
+ : 𝛽2d𝜙

+ = 0 , (4.22)

𝛿𝜙− : 𝛽1F
(4)
− = 𝛽1𝜙

−𝜖abcdV
aVbVcVd , (4.23)

𝛿𝜙+ : 𝛽2F
(4)
+ = 𝛽2𝜙

+𝜖abcdV
aVbVcVd . (4.24)

We observe that (4.23) and (4.24) are kinematical equations. The
above equations satisfy the vacuum condition, namely they admit
the vacuum solutionab = Ta = 𝜌 = F(4)− = F(4)+ = 𝜙− = 𝜙+ = 0.
The requirement of off-shell invariance of the action, that is

dom = 2abTcVd𝜖abcd + 4𝜌̄𝛾5𝛾a𝜌V
a − 4𝜓̄𝛾5𝛾a𝜌T

a

+ 𝛽1d𝜙−F(4)− + 𝛽1𝜙−(𝜓̄𝛾ab𝜌VaVb − 𝜓̄𝛾ab𝜓TaVb
)

− 𝛽1𝜙−d𝜙−𝜖abcdV
aVbVcVd

− 2𝛽1𝜙
−2𝜖abcd

(
Ta + i

2
𝜓̄𝛾a𝜓

)
VbVcVd + 𝛽2d𝜙+F(4)+

+ 𝛽2𝜙+(i𝜓̄𝛾ab𝛾5𝜌VaVb − i𝜓̄𝛾ab𝛾5𝜓T
aVb

)
− 𝛽2𝜙+d𝜙+𝜖abcdV

aVbVcVd

− 2𝛽2𝜙
+2𝜖abcd

(
Ta + i

2
𝜓̄𝛾a𝜓

)
VbVcVd = 0 ,

(4.25)

implies (as it can be proved by analyzing the two relevant projec-
tions 𝜓𝜓VVV and 𝜓VVVV of (4.25))

𝛽1 = 𝛽2 = −16 . (4.26)

Note that all the parameters of the theory are thus fixed.
The 12⊕ 12 multiplet given by {Va , ta ,𝜙− ,𝜙+}⊕ {𝜓} satis-

fies an off-shell closed superalgebra. The supersymmetry trans-
formations leaving invariant the final action

om = ∫4⊂4|4

[abVcVd𝜖abcd + 4𝜓̄𝛾5𝛾a𝜌V
a

− 16
(
𝜙−F(4)− − 1

2
𝜙−2𝜖abcdV

aVbVcVd

+𝜙+F(4)+ − 1
2
𝜙+2𝜖abcdV

aVbVcVd
)]

(4.27)

and closing the off-shell algebra are

𝛿𝜀𝜔
ab = 𝜀̄Π̃ab

cV
c − 2i𝜀̄𝛾d𝜓𝜖

abcdtc + 4i𝜀̄𝛾5𝛾
ab𝜓𝜙− − 4i𝜀̄𝛾ab𝜓𝜙+ ,

𝛿𝜀V
a = i𝜀̄𝛾a𝜓 ,

𝛿𝜀𝜓 = 𝜀 − 2𝛾5𝛾a𝜙
−𝜀Va + 2i𝛾a𝜙

+𝜀Va + i𝛾5𝜀taV
a ,

𝛿𝜀A
(3)
− = 𝜀̄𝛾ab𝜓V

aVb ,

𝛿𝜀A
(3)
+ = i𝜀̄𝛾ab𝛾5𝜓V

aVb ,

(4.28)

where Π̃ab
c is given in (4.11). We are thus left with the old mini-

mal set of auxiliary fields {ta ,𝜙− ,𝜙+}. Indeed, regarding the off-
shell d.o.f. counting, we have 6 + 4 + 1 + 1 = 12 off-shell bosonic

Fortschr. Phys. 2023, 71, 2300036 2300036 (9 of 13) © 2023 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH

 15213978, 2023, 8-9, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/prop.202300036 by C

ochrane G
erm

any, W
iley O

nline L
ibrary on [10/09/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.fp-journal.org


www.advancedsciencenews.com www.fp-journal.org

d.o.f., given, respectively, by Va
𝜇
, ta, 𝜙−, and 𝜙+, which match the

12 off-shell fermionic d.o.f. carried by the gravitino 𝜓𝜇 .
Finally, we observe that the field equations of (4.27) can be

rewritten as

𝛿𝜔ab : Ta = 0 , (4.29)

𝛿Va : 2̂bcVd𝜖abcd − 4𝜓̄𝛾5𝛾a𝜌̂ = 0 , (4.30)

𝛿𝜓̄ : 8𝛾5𝛾a𝜌̂V
a = 0 , (4.31)

𝛿A(3)
− : d𝜙− = 0 , (4.32)

𝛿A(3)
+ : d𝜙+ = 0 , (4.33)

𝛿𝜙− : F(4)− = 𝜙−𝜖abcdV
aVbVcVd , (4.34)

𝛿𝜙+ : F(4)+ = 𝜙+𝜖abcdV
aVbVcVd , (4.35)

where we have defined

̂ab ≡ ab + 16
(
𝜙+2 + 𝜙−2

)
VaVb

− 2i𝜓̄𝛾5𝛾
ab𝜓𝜙− + 2𝜓̄𝛾ab𝜓𝜙+ ,

𝜌̂ ≡ 𝜌 + 2𝛾5𝛾a𝜙
−𝜓Va − 2i𝛾a𝜙

+𝜓Va .

(4.36)

Let us mention that, regarding 𝜙− and 𝜙+, one may write the
solutions 𝜙− = 𝜖abcd𝜕aA

−
bcd and 𝜙+ = 𝜖abcd𝜕aA

+
bcd (that is, F(4)− =

−24𝜕aA−
bcdV

aVbVcVd andF(4)+ = −24𝜕aA+
bcdV

aVbVcVd), whereA−
abc

and A+
abc are totally antisymmetric tensors.

On the other hand, in order to make the physical content of
the on-shell theory clearer, it is first of all useful to decompose
the four component spinor 𝜓 in eigenmodes 𝜓± of the matrix 𝛾5,

𝛾5𝜓 = ±𝜓± , 𝜓 = 𝜓− + 𝜓+ , (4.37)

where the projectors and the corresponding projections are given
by

ℙ± ≡ 1
2
(𝕀 ± 𝛾5) ⇒ ℙ±𝜓 = 𝜓± , 𝜓̄± = 𝜓̄ℙ± . (4.38)

Furthermore, in order to find chiral components of the fermionic
expressions, we list the following useful identities:

ℙ±𝛾5 = ±ℙ± , ℙ±𝛾a = 𝛾aℙ∓ , ℙ±𝛾5𝛾a = ±𝛾aℙ∓ ,

ℙ±𝛾ab = 𝛾abℙ± . (4.39)

The supertorsion and the supercurvatures defined in (4.36) can
then be recast as follows:

Ta ≡ Va − i𝜓̄+𝛾
a𝜓− ,

̂ab ≡ ab + 16𝜙𝜙∗VaVb + 2𝜙∗𝜓̄+𝛾
ab𝜓+ + 2𝜙𝜓̄−𝛾

ab𝜓− ,

𝜌̂+ ≡ 𝜌+ − 2i𝜙𝛾a𝜓−V
a ,

𝜌̂− ≡ 𝜌− − 2i𝜙∗𝛾a𝜓+V
a ,

(4.40)

with

𝜙 = 𝜙+ + i𝜙− , 𝜙∗ = 𝜙+ − i𝜙− , 𝜙𝜙∗ = |𝜙|2 , (4.41)

and where we have also used the fact that

𝜓̄±𝛾
ab𝜓∓ = 0 , 𝜓̄±𝛾

a𝜓± = 0 , 𝜓̄+𝛾
a𝜓− = 𝜓̄−𝛾

a𝜓+ . (4.42)

Now, since, on-shell,𝜙− and𝜙+ reduce to constants,𝜙 and𝜙∗ can
be treated as constant parameters (in particular, scale lengths).
Therefore, one may perform the following rescaling:

𝜔ab → 𝜔ab , Va →
√
𝜙𝜙∗Va , 𝜓+ →

√
𝜙𝜓+ ,

𝜓− →
√
𝜙∗𝜓− . (4.43)

In this way, the curvatures above become

Ta ≡ Va − i𝜓̄+𝛾
a𝜓− ,

̂ab ≡ ab + 16(𝜙𝜙∗)2VaVb + 2𝜙𝜙∗𝜓̄+𝛾
ab𝜓+

+ 2𝜙𝜙∗𝜓̄−𝛾
ab𝜓− ,

𝜌̂+ ≡ 𝜌+ − 2i𝜙𝜙∗𝛾a𝜓−V
a ,

𝜌̂− ≡ 𝜌− − 2i𝜙𝜙∗𝛾a𝜓+V
a ,

(4.44)

that is

Ta ≡ Va − i
2
𝜓̄𝛾a𝜓 ,

̂ab ≡ ab + 4e2VaVb + e𝜓̄𝛾ab𝜓 ,

𝜌̂ ≡ 𝜌 − ie𝛾a𝜓V
a ,

(4.45)

where we have eventually restored the four component spinor 𝜓
and introduced the scale parameter

e ≡ 2𝜙𝜙∗ = 2|𝜙|2 > 0 . (4.46)

The supercurvatures (4.45) are the OSp(1|4) ones. Hence, the on-
shell content of the theory is equivalent to that of pure  = 1
supergravity with a negative cosmological constant Λ = −12e2 =
−3∕𝓁2 = −48|𝜙|4, where 𝓁 is the AdS radius. In particular, the
dynamical generation of a negative cosmological constant is a
known feature of complex 3-form supergravity and, in fact, a
known mechanism in D = 4 theories involving 3-form gauge
fields (see, e.g.,[33–35] and,more in general,[52–58] for the dynamical
generation of a cosmological constant in the presence of mass-
less 3-form gauge fields). To conclude, we report here the on-
shell parametrization of the curvatures (4.45) of AdS supergrav-
ity, which reads as follows:

̂ab = ̂ab
cdV

cVd + 𝜓̄Θ̂ab
cV

c ,

Ta = 0 ,

𝜌̂ = 𝜌̂abV
aVb ,

(4.47)

Fortschr. Phys. 2023, 71, 2300036 2300036 (10 of 13) © 2023 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH
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with

Θ̂ab|c = −2i𝛾[a𝜌̂b]c + i𝛾c𝜌̂ab , (4.48)

and looks formally the same as the one of “flat” (that is, without
supersymmetric cosmological constant)  = 1, D = 4 pure su-
pergravity, but here the supercurvatures are the OSp(1|4) ones.

5. Discussion

From the analysis carried out in this paper it emerges that torsion
and higher forms can play a prominent role in the construction
of off-shell supergravity theories. In particular, regarding the for-
mulation of the new minimal model within the geometric super-
space setup, at the level of the Bianchi identities one can see that
the auxiliary 2-form introduced in [27, 31] is unnecessary if we
endow the theory with a nonvanishing divergenceless axial vec-
tor torsion. On the other hand, the auxiliary 2-form is particularly
useful to write the off-shell action. Our interpretation of the re-
spective role of the axial vector torsion and the auxiliary 2-form is
slightly different with respect to the one given in ref. [32]: There,
the auxiliary 2-form was considered as the fundamental auxiliary
field and the totally antisymmetric torsion was introduced only
since, in any case, the field ta appears in the parametrization of
the other curvatures; Here we take a somewhat different point
of view, considering such axial vector torsion as the main aux-
iliary field and the auxiliary 2-form as a useful tool to properly
write the off-shell action. However, our description can also be
seen as a different choice of conventional constraints by appro-
priate field redefinitions. Indeed, we have observed that, as it is
well-known, (parts of) the supertorsion can be reabsorbed by per-
forming a redefinition of the spin connection. In particular, we
have shown that this can be done to reabsorb the axial vector tor-
sion appearing in the supertorsion and, as a consequence of the
redefinition of the spin connection, also the parametrization of
(some of) the other curvatures gets modified, without spoiling
the off-shell closure of the Bianchi identities. In the study of the
new minimal model with torsion we have achieved a field redef-
inition where some of the dependence upon the axial vector ta

and the 3-form F(3) has been appropriately reabsorbed in torsion-
ful curvatures and field strengths. In this sense, the spacetime
restriction 𝜃 = d𝜃 = 0 of our findings in the rheonomic approach
is equivalent to the description provided in [25]. Here let us also
mention that an alternative way of obtaining the results of[25,26]

is to start from conformal supergravity coupled to a linear multi-
plet compensator, which can also be done in superspace. The lin-
ear multiplet is associated to a closed super 3-form in superspace
(see, e.g.,[59] where such super 3-form is described in a super-
space background for conformal supergravity). By gauge-fixing,
using super-dilatation, the linear multiplet superfield to a con-
stant, the closed 3-form appearing in a superspace background
of newminimal off-shell supergravity arises. However, the result-
ing superspace geometry may have, in principle, a different set
of torsion constraints with respect to the one we employed in our
description. Nevertheless, they will be related by field redefini-
tions.
On the other hand, the prominent role of a nonvanishing axial

vector torsion as an auxiliary field, which in supergravity is natu-
rally zero on-shell, is particularly evident in the geometric formu-

lation we propose for the old minimal model. In this sense, one
may interpret the torsion, in other circumstances maybe even
with all its components, as a useful (set of) auxiliary field(s) to
go off-shell: It can provide extra off-shell bosonic d.o.f. even if it
can be reabsorbed in the spin connection, since, under this per-
spective, such d.o.f. can be interpreted as “hidden” in the latter.
Moreover, always regarding the old minimal case, our geometric
construction, which involves two real auxiliary 3-form potentials
(A(3)

− andA(3)
+ , which can also be recast in a single complex 3-form,

reproducing the real and imaginary parts of the complex 3-form
gauge potential of complex 3-form supergravity18), provides in
a dynamical way the negative cosmological constant of the on-
shell theory, as expected.[52–58] Let us mention that if, instead of
considering a nonvanishing axial vector torsion, one tries by tak-
ing just the trace part of the supertorsion, which is a vector, to
be nonvanishing, the result is that the latter cannot be used to-
gether with the auxiliary three forms A(3)

− and A(3)
+ (that is to say,

together with the auxiliary scalars 𝜙− and 𝜙+ parametrizing the
field strengths F(4)− and F(4)+ ) to go off-shell, as it cannot give a suit-
able parametrization of F(4)− and F(4)+ . In any case, in the context
of minimal = 1,D = 4 off-shell supergravity, the torsion com-
ponents other than the totally antisymmetric one do not seem to
play any role (in the sense, in particular, that they are not needed
to match the bosonic and fermionic off-shell d.o.f.).
We argue that the new and old minimal supergravity theories

with torsion could correspond to gauge-fixed versions of four-
dimensional = 1 conformal supergravity with torsion, involv-
ing field redefintions compared to the already known ones. Some
preliminaries on the formulation of the latter in the rheonomic
approach have been discussed in ref. [60], where, in particular, a
gauge theory of the conformal group in four spacetime dimen-
sions with a nonvanishing axial vector torsion was presented. At
the purely bosonic level, the requirement of conformal invari-
ance implies a differential condition (a Killing equation) on the
axial vector torsion, and something similar is expected at the su-
persymmetric level. It is therefore of particular interest to probe
the introduction of a nonvanishing torsion in the supersymmet-
ric theory.
Furthermore, as both torsion and auxiliary higher forms can

carry bosonic off-shell d.o.f., it appears that a complete study
of the nontrivial cocycles of supergravity theories, including the
disclosure of the hidden gauge structure underlying the associ-
ated FDAs following the lines of refs. [61,62] (see also[63] and[64,65]),
may shed some light on the off-shell construction of more
complicated (possibly, -extended) supergravity theories,maybe
even for cases in which an off-shell formulation is not yet known.
In particular, in the context of the hidden gauge structure under-
lying FDAs, some hints may come from the geometric formula-
tion of supergravity based on the so called Maxwell superalgebra.
Indeed, on one hand, the latter can be viewed as the hidden su-
peralgebra underlying a supersymmetric FDA in four spacetime
dimensions[65] involving a 3-form gauge potential, and, on the
other hand, its dual Maurer-Cartan formulation involves two ex-
tra 1-form fields (besides Va and 𝜓) which could be interpreted

18 Hence, the results obtained in the geometric approach to supergravity
in superspace in Section 4 are equivalent to known supergravity mul-
tiplets.
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as auxiliary fields to go off-shell. They are a bosonic 1-form field
Aab = −Aba and aMajorana spinor 1-form 𝜉. Furthermore, follow-
ing the approach of[66] (see also[67,68]), in ref. [69] it was proved that
the inclusion of these fields by means of boundary terms in flat
supergravity allows to restore supersymmetry when a nontrivial
spacetime boundary is present. Subsequently, in ref. [70] their
role as auxiliary fields for the bulk theory was elucidated: From
the analysis of the equations of motion of the bulk plus boundary
Lagrangian it emerged that, in this context, the field equations of
these fields implement the Bianchi identities of Lorentz and su-
persymmetry, associated with 𝜔ab and 𝜓 . The deepening of this
study is left to future endeavours.
What we have mentioned above, and in particular the study

of the hidden gauge structure of supersymmetric FDAs, could
reveal useful in the off-shell formulation of more complicated
theories, in the presence of hypermultiplets (and hence nonlo-
cality), for which an infinite number of auxiliary fields is needed
and where the most fruitful approach so far has been that of the
harmonic superspace.[3]

Appendix A: Conventions and Useful Formulas

Let us collect here our conventions and some useful formulas
that we have used to derive the results obtained in the present pa-
per.
We work with a mostly minus spacetime signature 𝜂ab =

diag(+,−,−,−) and with Majorana spinors, satisfying 𝜓̄ = 𝜓TC,
whereC is the charge conjugationmatrix. The symbol ≡ d − 𝜔
denotes the Lorentz-covariant derivative. In particular, we have

ab ≡ d𝜔ab − 𝜔a
c ∧ 𝜔cb ,

Va ≡ dVa − 𝜔a
b ∧ Vb ,

𝜓 ≡ d𝜓 − 1
4
𝜔ab ∧ 𝛾ab𝜓 ,

(A.1)

where ab is the Lorentz curvature and 𝜔ab = −𝜔ba the Lorentz
spin connection. The matrices C𝛾a, C𝛾ab, and C𝛾5𝛾ab are symmet-
ric, while C, C𝛾5, and C𝛾5𝛾a are antisymmetric. The gamma ma-
trices in four spacetime dimensions obey

{𝛾a, 𝛾b} = 2𝜂ab ,
[
𝛾a, 𝛾b

]
= 2𝛾ab , 𝛾5 ≡ −i𝛾0𝛾1𝛾2𝛾3 ,

𝛾
†
0 = 𝛾0 , 𝛾0𝛾

†
i 𝛾0 = 𝛾i (i = 1, 2, 3) , 𝛾

†
5 = 𝛾5 ,

𝜖abcd𝛾
cd = 2i𝛾ab𝛾5 , 𝛾ab𝛾5 = 𝛾5𝛾ab , 𝛾a𝛾5 = −𝛾5𝛾a ,

𝛾m𝛾
ab𝛾m = 0 , 𝛾ab𝛾m𝛾

ab = 0 , 𝛾ab𝛾cd𝛾
ab = 4𝛾cd ,

𝛾m𝛾
a𝛾m = −2𝛾a ,

𝛾a𝛾a = 4 , 𝛾b𝛾
ab = −3𝛾a , 𝛾ab𝛾b = 3𝛾a , 𝛾ab𝛾

ab = −12 ,

𝛾ab𝛾 c = 2𝛾 [a𝛿b]c + 𝛾abc = 2𝛾 [a𝛿b]c + i𝜖abcd𝛾5𝛾d ,

𝛾 c𝛾ab = −2𝛾 [a𝛿b]c + 𝛾abc = −2𝛾 [a𝛿b]c + i𝜖abcd𝛾5𝛾d ,

𝛾ab𝛾cd = i𝜖abcd𝛾5 − 4𝛿[a [c𝛾
b]
d] − 2𝛿abcd .

(A.2)

We also report the following useful Fierz identities:

𝜓𝜓̄ = 1
4
𝛾a𝜓̄𝛾

a𝜓 − 1
8
𝛾ab𝜓̄𝛾

ab𝜓 , (A.3)

𝛾a𝜓𝜓̄𝛾
a𝜓 = 0 , (A.4)

𝛾ab𝜓𝜓̄𝛾
ab𝜓 = 0 , (A.5)

together with the following irreducible representations:

Ξa
(12) ≡ 𝜓𝜓̄𝛾a𝜓 ,

Ξab
(8) ≡ 𝜓𝜓̄𝛾ab𝜓 + 𝛾 [aΞb]

(12) ,
(A.6)

which satisfy 𝛾aΞa
(12) = 0, 𝛾aΞab

(8) = 0. Furthermore, we have

𝛾ab𝜓𝜓̄𝛾
a𝜓 = −𝛾a𝜓𝜓̄𝛾ab𝜓 = −𝛾5𝛾a𝜓𝜓̄𝛾ab𝛾5𝜓 = Ξ(12)

b . (A.7)

Finally, some useful spinor identities are

𝜓̄𝜉 = (−1)pq𝜉𝜓 ,

𝜓̄(S)𝜉 = −(−1)pq𝜉(S)𝜓 ,

𝜓̄(AS)𝜉 = (−1)pq𝜉(AS)𝜓 ,

(A.8)

where (S) is a symmetric matrix, (AS) is an antisymmetric one,
and 𝜓 and 𝜉 denote, respectively, a generic p-form spinor and a
generic q-form spinor.
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