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ON THE PLURICLOSED FLOW ON OELJEKLAUS-TOMA MANIFOLDS

ELIA FUSI AND LUIGI VEZZONI

ABSTRACT. We investigate the pluriclosed flow on Oeljeklaus-Toma manifolds. We parametrize left-
invariant pluriclosed metrics on Oeljeklaus-Toma manifolds and we classify the ones which lift to an
algebraic soliton of the pluriclosed flow on the universal covering. We further show that the pluriclosed

flow starting from a left-invariant pluriclosed metric has a long-time solution w; which once normalized

collapses to a torus in the Gromov-Hausdorff sense. Moreover the lift of %Hwt to the universal covering

of the manifold converges in the Cheeger-Gromov sense to (H® x C®, @) where oo is an algebraic
soliton.

1. INTRODUCTION

Oeljeklaus-Toma manifolds are a very interesting class of complex manifolds introduced and firstly
studied in [17]. These manifolds are defined as compact quotients of the type
H" x C*
o U x OK
where H C C is the upper half-plane, O is the ring of algebraic integers of an algebraic extension K of Q
satisfying [K : Q] = r+2s and U is a free subgroup of rank r of (’)H*g"|r satisfying some compatible conditions.
The action of U x Ok on H" x C? is defined via some embeddings of K in R and C. Oeljeklaus-Toma
manifolds have a rich geometric structure. For instance, they have a natural structure of T"t25-torus
bundle over a T" and a structure of solvmanifold [13], i.e. they are always compact quotients of a solvable
Lie group by a lattice. The Poincaré metric! wyr = v/—1 Sy % induces a degenerate metric wy
on M which has a central role in the study of geometric flows on these manifolds. The pair (7, s) is called
the type of the manifold. The case of type (r,s) = (1,1) corresponds to the Inoue-Bombieri surfaces [11].

In [2, 7, 29, 32] the Chern-Ricci flow [10, 28] on Oeljeklaus-Toma manifolds M of type (r,1) is studied.
Accordingly to the results in [2, 7, 29, 32], under some assumptions on the initial Hermitian metric,
the flow has a long-time solution w; such that (M, 135) converges in the Gromov-Hausdorff sense to an
r-dimensional torus T" as ¢ — 0o. The result can be adapted to Oeljeklaus-Toma manifolds of arbitrary
type by assuming the initial metric to be left-invariant with respect to the structure of solvmanifold.
Moreover, a result of Lauret in [14] allows us to give a characterization of left-invariant Hermitian metrics
on an Oeljeklaus-Toma manifold which lift to an algebraic soliton of the Chern-Ricci flow on the universal

covering of the manifold (see Proposition 4.1 in the present paper).

Following the same approach, we focus on the pluriclosed flow on Oeljeklaus-Toma manifolds when the
initial pluriclosed Hermitian metric is left-invariant. The pluriclosed flow is a geometric flow of pluriclosed
metrics, i.e. of Hermitian metrics having the fundamental form 00-closed, introduced by Streets and
Tian in [21]. The flow belongs to the family of the Hermitian curvature flows [20] and evolves an initial
pluriclosed metric along the (1, 1)-component of the Bismut-Ricci form. Namely, on a Hermitian manifold
(M,w) there always exists a unique metric connection V¥, called the Bismut connection, preserving the
complex structure and such that

w(TB(-,-),J-) is a 3-form,
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2 ELIA FUSI AND LUIGI VEZZONI

where T8 is the torsion of VB. The Bismut-Ricci form of w is then defined as

PB(X7Y) =V _1ZRB(X,YaXiaXi)7

i=1

where Rp is the curvature tensor of VZ and {X;} is a unitary frame of w. pp is always a closed real
form. Given a pluriclosed Hermitian metric w on M, the pluriclosed flow is then defined as the geometric
flow of pluriclosed metrics governed by the equation

Opwy = *P}g’l(wt)’ Wit=0 = W

The pluriclosed flow was deeply studied in literature, see for instance [3, 5, 6, 9, 12, 19, 22, 23, 24, 25,
26, 27] and the references therein.

Our main result is the following

Theorem 1.1. Let w be a left-invariant pluriclosed Hermitian metric on an Oeljeklaus- Toma manifold

M. Then the pluriclosed flow starting from w has a long-time solution w; such that (M, 1“’—_&) converges

in the Gromov-Hausdorff sense to (T®,d). Moreover, w lifts to an expanding algebraic soliton on the

universal covering of M if and only if it is diagonal and the first s diagonal components coincide. Finally,
Wt

(H* x C®, m) converges in the Cheeger-Gromov sense to (H® x C*, &) where O is an algebraic soliton.

Here we recall that a left-invariant Hermitian metric w on a Lie group G with a left-invariant complex
structure is an algebraic soliton for a geometric flow of left-invariant Hermitian metrics if wy = ¢} (w)
solves the flow, where {¢;} is a positive scaling and {p;} is a family of automorphims of G preserving
the complex structure. Moreover the distance d in the statement is the distance induced by 3w, on
the torus base of M. Now we describe the condition diagonal appearing in the statement of Theorem
1.1. The existence of a pluriclosed metric on an Oeljeklaus-Toma manifold imposes some restrictions,
see [1, Corollary 3|. In particular, the manifold has type (s, s) and admits a left-invariant (1, 0)-coframe
{wh, .. ws ot .. %) satisfying

{dwk:\/?wk/\wk k=1,...,s,
dy' =3 MW Ay = MA@ A =1,
with

Sm Ay = —i@k-

By w diagonal we mean that it takes a diagonal form with respect to such a coframe. The first part of
Theorem 1.1 in the case of the Inoue-Bombieri surfaces is proved in [5, Corollary 3.18].

Theorem 1.1 provides a description of the long-time behavior of the solution w; to the pluriclosed flow
as t — oo. For the definition of the convergence in the Gromov-Hausdorff sense we refer to Section 3 in
the present paper, while here we briefly recall the definition of convergence in the Cheeger-Gromov sense:
a sequence of pointed riemannian manifolds (Mg, gk, pr) converges in the Cheeger-Gromov sense to a
pointed riemannian manifold (M, g, p) if there exists a sequence of open subsets Ay of M so that every
compact subset of M eventually lies in some Ay, and a sequence of smooth maps ¢y : Ap — My which
are diffeomorphisms onto some open set of My, which satisfy ¢ (px) = p, such that

o1(gr) — g smoothly on every compact subset, as k — 0.
See [15, Section 6] for a deep analysis of Cheeger-Gromov convergence both in the general case and in

the homogeneous one and [14, Section 5.1] for the case of Hermitian Lie groups.

Acknowledgment. Authors are grateful to Daniele Angella, Ramiro Lafuente, Francesco Pediconi and
Alberto Raffero for useful conversations. In particular Ramiro Lafuente suggested us how to prove the
convergence in the Cheeger-Gromov sense in Theorem 1.1.
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2. DEFINITION OF OELJEKLAUS-TOMA MANIFOLDS

We briefly recall the construction of Oeljeklaus-Toma manifolds [17].

Let @ C K be an algebraic number field with [K: Q] = r + 2s and r,s > 1. Let 09,...,0.: K= R
be the real embeddings of K and o,41,...,0.42s: K = C be the complex embeddings of K satisfying
Ortsti = Or4q, for every ¢ =1,...,s. We denote by Ok the ring of algebraic integers of K and by O the
group of units of Ok. Let

Ot ={ucOf | oi(u)>0, foreveryi=1,...,7}

be the group of totally positive units of Og. The groups Ok and (’)H’;’+ act on H" x C* as

a- (217 sy Bpy W1 e 7105) = (21 +Ul(a)a .- ~7Zr+0r(a)7w1 +0'r+1(a)7‘ -y Ws +0T+S(a))7 for all a € O
and
u- (Zla sy Ry Wiy - 7ws) = (Ul(u)zh . .,O’T(U)ZT,UT+1(U)1U1, e '30T+S(u)ws) ) for every u € O]T()+ .

There always exists a free subgroup U of rank r of OHZ’JF such that pry- ol(U) is a lattice of rank » in R",
where 1: Op" — R™* is the logarithmic representation of units

l(u) = (logoy(u),...,logo(u),2log|o,r1(u)l,...,21log|oms(u)|)
and prg.-: R™™% — R" is the projection on the first r coordinates. The action of U x Og on H" x C? is free,
properly discontinuous and co-compact. An Oeljeklaus-Toma manifold is then defined as the quotient
_H"xC¢
o U x O]K
and it is a compact complex manifold having complex dimension 7 + s.

The structure of torus bundle of an Oeljeklaus-Toma manifold can be seen as follows:
we have

H" x C*®
Ok
and that the action of U on H" x C® induces an action on R’} X T™+25 such that, for every z € R’ and
u € U, the induced map

=R} x T"*°

w: (2, T2 = (oq(uw)z1, . . ., o0 (w)2,, T"T29)
is a diffeomorphism. Hence
R7, x T"+2s
U
inherits the structure of a T"*2%-bundle over T". We denote by 7 and F the projections

mH xC*—>M, F:M—T".

M =

From the viewpoint of Lie groups, the universal covering of an Oeljeklaus-Toma manifold M has a
natural structure of solvable Lie group G and the complex structure on M lifts to a left-invariant complex
structure [13]. Therefore, Oeljeklaus-Toma manifolds can be seen as compact solvmanifolds with a left-
invariant complex structure. The solvable structure on the universal covering of M can be described in

terms of the existence of a left-invariant (1,0)-coframe {w!,...,w", 7, ...,7°} such that
(1) dwk:@wk/\@k k=1,...,r,
dyl =30 M WA= S00 ARt A i=1,...,s,
where
v—1 1
Aki = ——bri = 5 Cki

and by, cx; € R depend on the embeddings o; as

©) i) = <H<ok<u>>b§i> T enee (),

k=1
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foranyueU,k=1,...,randi=1,...,s. Since U C Ok, it is easy to see that

r+s
Zl‘i = O} .
i=1

) < { —

This fact together with (2) implies that, for every u € U,

S tosrio) (14 3 ) =0,
i=1 k=1
which, since prg. o I(U) is a lattice of rank r in R", is equivalent to
(3) Zbik:—l, foralli=1,...,r.
k=1

The dual frame {Z1,...,Z,, Wy,...,Ws} to {w!,...,w" 4!, ..., ¥®} satisfies the following structure
equations:

_ W) _ _ o
(Zk, Zi) = *T(Zk +2Zy), [Ze,Wi] == Wi, [Zg, Wi] = AW,

fork=1,...,r,i=1,...,s. Consequently the Lie algebra g of the universal covering of M splits as
vector space as

g=bo7
where J is an abelian ideal and b is a subalgebra isomorphic to f& --- @ f, where § is the filiform Lie
———
r-times
algebra f = (e, ea), [e1,€2] = —%el. The complex structure J induced on g preserves both h and J and

its restriction J on b satisfies
Jy=J; @D Jj,
—_————
r-times
where J; is the complex structure on f defined by J;(e1) = e2. Moreover

[hl,ojjo,l] C 30,1 )

3. CONVERGENCE IN THE GROMOV-HAUSDORFF SENSE

We briefly recall Gromov-Hausdorff convergence of metric spaces. The Gromov-Hausdorff distance
between two metric spaces (X,dx), (Y,dy) is the infimum of all positive ¢ for which there exist two
functions F': X — Y, G: Y — X, not necessarily continuous, satisfying the following four properties

|dx (z1,22) — dy (F(21), F(22))| < €, dx(z,G(F(z))) <e,
ldy (y1,92) —dx(G(y1),G(y2))| <€, dy(y,F(G(y))) <k,
for all x, 21,20 € X and y,y1,92 € Y. If {di }1¢[0,00) is a 1-parameter family of distances on X, (X, d;)

converges to (Y,dy) in the Gromov-Hausdorff sense if the Gromov-Hausdorff distance between (X, d;)
and (Y, d) tends to 0 as t — oo.

Let {w:}ieo,00) be a smooth curve of Hermitian metrics on an Oeljeklaus-Toma manifold and let d;
be the induced distance on M. For a smooth curve v on M, let L;(vy) be the length of v with respect to
wi. We further denote by H the foliation induced by h on M.

Proposition 3.1. Let {wt}ie[0,00) be @ smooth curve of Hermitian metrics on an Oeljeklaus-Toma man-
ifold such that

lim w; = weo
t—o0

pointwise. Assume that there exist T € (0,00) and C > 0 such that

1. Li(y) < CLg(y), for every smooth curve v in M ;

2. Li(y) < (C/\V)Lo(7), for every smooth curve vy in M such that 4 € ker we.
Assume further
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3. for every e, £ > 0, there exists T > 0 such that |Li(vy) — Loo ()| < €, for every t > T and every
curve v in M tangent to H and such that Lo () < £.

Then (M,d;) converges in the Gromov-Hausdorff sense to (T",d), where d is the distance induced by woo
onto TT.

Proof. We follow the approach in [29, Section 5] and in [32, Proof of Theorem 1.1]. Let M be an
Oeljeklaus-Toma manifold. Consider the structure of M as T"T2%-bundle over a T". Let F: M — T" be
the projection onto the base and let G: T" — M be an arbitrary map such that F o G = Idy-. We show
that, for every € > 0, there exists T' > 0 such that

(4) |de(p, q) — d(F(p), F(q))| < e,
(5) ld(a,b) — di(G(a),G(b))| <,
(6) di(p, G(F(p))) < e,
(7) d(a, F'(G(a))) < ¢,

for every t > T, p,q € M, a,b € T" which implies the statement.

Note that (7) is trivial since

d(a, F(G(a))) =0,

for every a € T".

Then, we show that (6) is satisfied. Let p,q € M be two points in the same fiber over T". Assume
p = m(z,w). We denote with L. ., the leaf of the foliation ker w on the universal covering of M passing
through (z,w). We easily see that, for all (z,w) € H" x C*, L(, .,y = {z} x C*. In view of [30, Section 2],
for every z € H", w({2} x C®) is the leaf of the foliation ker ws, on M passing through p and it is dense in
the fiber F~1(F(p)). Let Bg be the standard ball in C* about the origin having radius R. We can choose
R so that every point in F~1(F(p)) has distance with respect to dg less than ¢/2C to n({z} x Bg). On
the other hand, given two points in 7({z} x Bg), they can be joined with a curve v in F~!(F(p)) which
is tangent to ker we,. Hence, for any such curve, condition 2. implies

C/
% 9
for a uniform constant C’ depending only on R. Let py = m(z,0), 71 be a curve in F~1(F(p)) connecting

p with pg tangent to ker wo, and 72 be a curve connecting pg with ¢ having minimal length with respect
to do. Hence, by using 1., for ¢ sufficiently large, we have

Li(y) <

/ /

C C €
di(p,q) < L + L < —+4CL < —+=<g,
+(p,q) t(71) t(72) \/i o(v2) Ji T2 €

ie.
di(p,q) <€
and (6) follows.

Next we show (4) and (5). First of all, we denote with g the riemannian metric on T" induced by weo,
for an explicit expression of g see [32, Section 2], and we observe that

(8) Ly(F (7)) < Loo(7), for every curve v in M,
and the equality holds if and only if

. 1 _ .
yey:spanc{m(Zi—Zi) ’ zzl,...m}.
Let p,q € M. We can find a curve v in M connecting p with a point § in the T"+2°-fiber containing ¢

which is tangent to ) and such that F'(vy) is a minimal geodesic on (T7, g), see for instance [29, Proof of
Theorem 5.1] or [32, Proof of Theorem 1.1]. By applying 3. we have

de(p,q) < de(p,q)+de(G,q) < de(p,q)+€ < Li(y) +€ < Loo(7) +2€ = Ly(F(7))+2¢ = d(F(p), F(q)) +2e,
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for t big enough, i.e.

9) di(p,q) — d(F(p), F'(q)) < 2e,

for ¢ sufficiently large.
Next, using again (8), we obtain, for p,q € M,

d(F(p),F(q)) < Lg(F(7)) < Loo(7) < Le(y) + € = di(p, q) + €,

for ¢ big enough, where « is curve which realizes the distance d;(p, q). Hence we obtain

(10) d(F(p), F(q)) — di(p,q) < €.
By substituting p = G(a) and ¢ = G(b) in (9) and (10) we infer
—e < dy(G(a), G(b)) — d(a,b) < 2¢
and (4) and (5) follow. O

4. THE LEFT-INVARIANT CHERN-RICCI FLOW ON OELJEKLAUS-TOMA MANIFOLDS

Given a Hermitian manifold (M, w), the Chern connection of w is the unique connection V on (M, w)
preserving both w and the complex structure such that the (1,1)-component of its torsion tensor is
vanishing. The Chern-Ricci form of w is the real closed (1,1)-form

po(X,Y) :=V-1Y Rc(X,Y,X;, X)),
=1

where R¢ is the curvature tensor of V and {X;} is a unitary frame of w. The Chern-Ricci flow is then
defined as the geometric flow

Oywi = —pc(w) Wjt=0 = W.

In this section we prove the following

Proposition 4.1. Let w be a left-invariant Hermitian metric on an Oeljeklaus- Toma manifold M. Then
w lifts to an expanding algebraic soliton for the Chern-Ricci flow on the universal covering of M if and
only if it takes the following expression with respect to the coframe {w', ... ,w" Y, ..., v} satisfying (1):

T S
(11) w=V=T[AD> WA+ D gV AT

i=1 i,j=1

Moreover, the Chern-Ricci flow starting from w has a long-time solution {w;} such that (M, 1“’—_&) converges
as t — oo in the Gromov-Hausdorff sense to (T",d), where d is the distance induced by ws, onto T".
Finally, (H" x C?, %) converges in the Cheeger-Gromov sense to (H" x C*, ) where @oo is an algebraic
soliton.

The proof of Proposition 4.1 is based on the following Theorem of Lauret

Theorem 4.2 (Lauret [14]). Let (G, J) be a Lie group with a left-invariant complex structure. Then the
Chern-Ricci form of a left-invariant Hermitian metric w on (G, J) does not depend on the Hermitian
metric. Moreover, if P # 0 is the endomorphism associated to po with respect to w, then the following
are equivalent:

(1) w is an algebraic soliton of the Chern-Ricci flow,

(2) P=cl+ D, for some D € Der(g),

(3) The eigenvalues of P are either 0 or ¢, for some ¢ € R with ¢ # 0, ker P is an abelian ideal of
the Lie algebra of G and (ker P)* is a subalgebra.
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Proof of Proposition 4.1. Let M be an Oeljeklaus-Toma manifold. Since the Chern-Ricci form does not
depend on the choice of the left-invariant Hermitian metric, it is enough to compute pc for the “canonical
metric”

I S
(12) w=V=1|Y WA +> 4y Ay
i=1 j=1

We recall that the Chern-Ricci form of a left-invariant Hermitian metric w =+/=1)'_ a®*Aa® on a
Lie group G?" with a left-invariant complex structure takes the following algebraic expression:
(13) po(X,Y) = = > (@([[X, Y], Xo], Xa) + w(([X, Y], Xa], Xa))

a=1

for every left-invariant vector fields X,Y on G, where {a'} is a left-invariant unitary (1,0)-coframe with
dual frame {X,} (see e.g. [31]). By applying (13) to the canonical metric (12) we have

pe(X,Y) ==Y (X, Y], Z], Za) + w(([X,Y]"", Za], Za)}
a=1

= D Aw([[X, Y] W, Wa) + w([[X, YTHO, Wal, Wa)}
b=1
Clearly,
pc(Zi, Z;) =0, foralli#j, pc(W;,W;)=0, foreveryi,j=1,...,s.
Moreover, since J is an abelian ideal and w makes J and h orthogonal, we have:
pc(Zi,W;) =0, foralli=1,...,7r, j=1,...,s.

Moreover we have

12 200 2 Za) = Y 60 (120 200, Za), Z0) = Y
and . .
w([[Zi, Zi)", W), Wh) b w([[Zi, Zi)10, W), Why) = _ij\zb

which imply

and, consequently,
PC = —Weo
where wy is the degenerate metric induced on M by the Poincaré metric on H", namely,

In general, we have that

Pi_ (o gk ae? i {l )
0 otherwise .

Then, part (3) of Theorem 4.2 readily implies that any left-invariant Hermitian metrics of the form (11)
lifts to an expanding algebraic soliton on the universal covering of M with cosmological constant ¢ = ﬁ.

Conversely, let w be an algebraic soliton for the Chern-Ricci flow. Then, thanks to part (2) of Theorem
4.2, we have that

P —cI € Der(g) .
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On the other hand, we can easily see that, if D € Der(g), then b C ker D, see proof of Corollary 5.4 in
the present paper for the details. This readily implies that

1 - 1 - -
—Zg” = —Zg” =c, foralli,j=1,...,r, g7 =0, forallie{l,...,r},j#1i,
from which the claim follows.

Moreover the Chern-Ricci flow evolves an arbitrary left- invariant Hermitian metric w as w; = w4 tweo

Hausdorff convergence, we

1+t

show that % satisfies conditions 1,2,3 in Proposition 3.1. Here we denote by | - |; the norm induced by
Wt.

Condition 2 is trivially satisfied since w345 = wo, for every ¢ > 0, and

for every curve v in M tangent to ker weo.

On the other hand, for a vector v € h, we have

1
\/mh’h < Clvlo,
for a constant C' > 0 independent on v. This, together with condition 2, guarantees condition 1.

In order to prove condition 3, let ¢,/ > 0 and T > 0 be such that

[l _ ooo| < &

Vitt | T
for every v € hand t > T. Let v be a curve in M tangent to H which is parametrized by arclength with
respect to weo and such that Lo () < £. Then

b
L) = LI < [ |75
since b < /.

For the last statement, we identify w; with its pull-back onto H" x C* and we fix as base point the
identity element of H" x C°. Firstly, we observe that the endomorphism D represented with respect to
the frame {Z1,...,Z.,Wy,...,Ws} by the following matrix:

0 0
0 Iy
is a derivation of g. Moreover, we can construct

exp(s(t)D) = <I(;’ es(?)I;,) € Aut(g,J), foreveryt>0,

(\\m

where s(t) = log(y/1 + t) and define the 1-parameter family {¢;} C Aut(H" x C*,J) such that
dpy = exp(s(t)D), for every ¢ > 0.

Trivially, we see that

= 1 t v—1
@*i(Zi,Zj) = \/—717 (915 + 4(5”) — 7(5@‘ ast — oo,

P14t 1+t 4
. Wt _ 65(t)
LF’tl_’_t(zia j): _1m9im—>0 ast — oo,
28(15)
%1+t(WuW) 11+t9r+im_>\/—19r+¢m as t — 0o

These facts guarantee that

o
gptl_'_t—)cuoo—i—wd@d ast — 00,
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hence, the assertion follows. O

5. PROOF OF THE MAIN RESULT

In this section we prove Theorem 1.1.

The existence of pluriclosed metrics on Oeljeklaus-Toma manifolds was studied in [1], [8] and [18]. In
particular from [1] it follows the following result.

Theorem 5.1 (Corollary 3, [1]). An Oeljeklaus-Toma manifold of type (r,s) admits a pluriclosed metric
if and only if r = s and
(14) oi(u)o,y;(W)?> =1, foreveryj=1,....,s andu€eU.

Condition (14) in the previous Theorem can be rewritten in terms of the structure constants appearing
in (1). Indeed, (1) together with (14) forces by; € {0, —1} and by;b;; = 0, for every i, k, 1 =1,...,s with
k # 1. In particular, using (3), for every fixed index k € {1,..., s}, there exists a unique i, € {1,...,s}
such that

bri, = =1, b =0,
for all © # 44 and, if k # [, then 45 # 4;. Hence, up to a reorder of the v;’s, we may and do assume,

without loss of generality, iy, = k, for every k € {1,...,s}, i.e.
1 ep .
—=Cli ifi#k,
15 )\ P = 2
(15) g {;ckkvg ifi=k.

Proposition 5.2 (Characterization of left-invariant pluriclosed metrics on Oeljeklaus-Toma manifolds).
A left-invariant metric w on an Oeljeklaus- Toma manifold admitting pluriclosed metrics is pluriclosed if
and only if it takes the following expression with respect to a coframe {wl,... ,w* v, ..., v°} satisfying
(1) and (15):
s ) ) . . k
(16) w=+1v—1 ZAiw’ A&+ BA AY + /=1 Z (CrwPr AFPT + CoyPr A @PT)
i=1 r=1
for some Aq,...,As,B1,...,Bs € Ry, C1,...,Cx € C, where {p1,...,pr} C{1,...,s} are such that
Nip; =0, forallj#p;, foralli=1,... k.

Proof. We assume s > 1 since the case s = 1 is trivial. Let

S
w=V=1 )" Apgw” A&’ + By’ AF? + Cpgw® AY! + Cpgy? A&
p,q=1
be an arbitrary real left-invariant (1, 1)-form on M, with A,5, Bps € R, for every p=1,...,s, Apz, Bpg €
C, for all p,g=1,...,s with p # ¢, and Cpg € C, for every p,¢=1,...,s.
From the structure equations (1), it easily follows

OO(wP A 07) € (WP Awd A@P A @)
(17) 90(wP A7) € (Wi Awd At AF™)

20(yP A7) € (W A Ay AF™)

and that w is pluriclosed if and only if the following three conditions are satisfied

(18) > Apd0(w Aw) =0;
P,q=1

(19) > Byd0(y" AFY) = 0;
p,q=1

(20) > Cpadd(w? AFT) =0.

p,q=1
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The first relation in (17) yields that (18) is satisfied if and only if
Apg =0, forall p #q.

Next we focus on (19). We have

O(P A7) =0 (— D Ap@ AP AT = AP AD Xg@® A 7q>
6=1 6=1

and
S

00(7P NYT) =Y (Asg — Asp) (00° AP AFT— @ NOYP AFT+ & AP ADT)
6=1
which implies

_ S 1 S _ S
DO(YP AFT) = = (Asg — Aap)w® AD° AP AT =D (Asg — Agp)@® A (Z Aapw® A 7P> A7l

6=1 6=1 a=1

+ (5\&1 - A&p)a’é AP A ( Z 5\aqwa A ’_Yq>
a=1

S
-1 _ -
=5 (g~ Aop)w® A& AP AT+ (Aap = Aag) (Asg — Aap)w® A@® AP A
6=1 é,a
Finally, we get
aé(’Yp Ay?T) = (5‘5q — Asp) (2_ + Asp — )\5q> W’ AN’ AYP AT

) (Pap = Aag)(Asg — Asp)w® A& AP AFY
d#a
and that condition (19) is equivalent to
o V=1
By; ;(qu — Asp) <2 + Xsp — Asg | WP A +§ ap = Mag)Nsg — Asp)w® A@® | =0,

for every p,g=1,...,s
By using our conditions on the by;’s, it is easy to show that the quantity

" < V=1
Z(A(sq - )\617) (2 + )‘517 - )\ ) w” A w + Z ap — a,q )\6q )\5p)w“ N (I}(S
5=1 dF#a

is vanishing for p = ¢ and, consequently, there are no restrictions on the Bys’s. Now we observe that the

real part of
_ 1 _
(Apg — App) (2 + Aop = Apg

is different from 0, for every p, g with p # ¢, which forces B,z = 0, for p # ¢. Indeed, we have

v—1
o sy + i)

v—1 (1 + b6p+b5q)
2 2

- 1
Asg — Asp = 5(0617 — Csq) —

VA - 1
5 T s = Asg = —5(cap — caq) +

which implies

s B . 2
(21) Re (()\6q — Asp) (21 + Asq _/\5p>) _ _ (csp 406q) +i (bép;‘b5q> <1+ b51042'b5q> ,
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Since p # ¢, we have

and so (21) computed for § = ¢ gives

e (G =) (Y5500 = 3) ) = 1 (Hlem = = 1) £0,

as required. Therefore equation (19) is satisfied if and only if
Bpg =0, forallp#gq.
Next we focus on (20). We have

DO(WP AN71) =0 ( v ;lwp/\@p/\ﬁq — WP A <ZA5q@5A'_yq>>

6=1

and

_ v—1 V=1 ..
E)a(uﬂf’/wq):T (— 5 WP AwP AP AJT 4+ wP AP A (—Zquw‘squ))
6=1

S

1. s s
+Z v 5 )\ngp/\w‘sAaﬁAﬁquZ)\ngp/\w‘s A (Z)\aqw“qu> .
=1 =1 a=1

Hence we get

S S
_ e 1
2I(wP AFT) =" 5 Asgw? AP Aw® AT+ 5 Asgw? Aw® A A7
=1 =1
0F#p 0Fp
+ ) Nosgragw? A&’ Aw® AF
J,a
a#p
and
S S
_ T o
PI(wP AFT) =" 5 Aag? AGP A W AT Apghage? AGP Aw® AF
o= =1
5% aZp
S
v—1- -
+Z 5 Asqw? A w® A &d /\’7‘1+Z)\5q)\aqu/\@6 Aw® A7
o=1 J,a
0#p o#p
a#p
Therefore
S
_ _ J—_1 _
AO(wWP A7) = Z Asq (2 + )\pq) WP AP AW’ AFI+
=1
0Fp

S
_ J—1 _ o
ZA5q (2 - /\5q> WP Aw® A@d AFT+ Z Asghaqw? A@d A w® A 71
= o
5#p s

a#p

and (20) is equivalent to

s /7_1 ~ s ] B o

Cpg | D Aog (2 + /\,,q> @AW+ Asg <”2 - qu) WA+ Asghag@® Aw® | =0,
s=1 5=1 s#a
5#p oFp oFp
a#p

11
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for every p,g=1,...,s. Since

V-1

)\pq#i%, forall p,g=1,...,s,

the quantity

s 1 _ s ] ~ o
Epg = s <” + qu> @ A+ Asg (V - )\5(1) WA+ Asghag’ Aw®

2 2
5=1 5=1 S+#a
d#p oF#p 6#p
a#p

is vanishing if and only if
Asg =0, foralld#p.
Since Agq # 0, it follows
E,; #0, for every p,q with p # ¢
and
Ey; =0if and only if ¢5, =0, for all 6 # p.

Hence the claim follows. O

Proposition 5.3. Let
s k
(22) w=V=1> Aw' A& + By  AF + V1> (CrwPr ANFPT + CpyPr A@Pr)
i=1 r=1
be a left-invariant pluriclosed Hermitian metric on an Oeljeklaus- Toma manifold, where the components
are with respect to a coframe {w*, ... ,w® ', ..., v} satisfying (1) and (15) and {p1,...,px} C {1,...,s}
are such that
Xjps =0, forall j #p;, foralli=1,... k.

Then, the (1,1)-part of the Bismut-Ricci form of w takes the following expression:

k
3 CTQ 3 . .
p]él:_/_lz4<1+||)wpr/\wpr_\/jl Z Zwl/\wl
r=1

Ap. By, = € iZ{p1,...,p}
k 2
3 ¢ VST B, C
/=1 _ Y _ PrPr _ PrPr Dr T Dr A ~Dr : tes .
\/7;1 ( = - i > B, |Cr|2w APr 4+ conjugates

Proof. We recall that the Bismut-Ricci form of a left-invariant Hermitian metric w = /—1 ZZ,b:l G5O N
@’ on a Lie group G2" with a left-invariant complex structure takes the following algebraic expression:
(23)
n B n _
pB(X,Y) ==Y gw(([X,Y]"", Xo], Xp)+9"w([[X, V1", Xa), Xp)+V=1 Y gw([X,Y], J[Xa, X)),
a,b=1 a,b=1

for every left-invariant vector fields X,Y on G, where {a'} is a left-invariant (1,0)-coframe with dual
frame {X,} and (¢"*) is the inverse matrix to (g;;) (see e.g. [31]). We apply (23) to a left-invariant
Hermitian metric on an Oeljeklaus-Toma manifold of the form (22).

We have

i _ [0 iti¢{pr,....m}, 5u_ B s A
_#j\cﬂz otherwise, A;B; — |Cy|?’ A;B; —|Cy|?

and taking into account that the ideal J is abelian, we have

4
pB(X7Y) = _ZPZ(X7 Y)7
=1
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where

Zgaa Xle Za]yza)_

p2(X,Y) =Y gt (X, YT, W], Wa) + w([[X, Y], W], Wa)

a=1

Zg””ﬂ’“ (XYM, 2,1, Wy,) = w((X, Y, (2, Wy, ]) + g7 P w(([X, Y], 2, ), W, )

Zg”p”” (X, YTV, W1, Zp, ) + w((X, Y], (W, Z,0)) + 9" P Pr(([X, Y], W, 1, 2,,)

Next we focus on the computation of pp(Z;, Z;). Thanks to (1), we easily obtain that
pp(Zi, Z;) =0, foreveryi,j=1,....s, i#j.
On the other hand,

T e e e R W Ve D i W G 107
P2 2) == 553 (55wt 2= 20) = SR = 58 (550

2 2

Moreover, we have

p2(Ziy Zi) = = 5= g T (20, W, Wa) + w([Zi, W, Wa)

a=1

=—v-1 ZQH“S'T“%Q w([Zi, Wa],W,) .
a=1

Using (1), we have
W([Zi, Wa]7 Wa) =V _1AiaBa 5

_ B, B
Rew([Z:, W], W) = 4bm o

Then,
gs+imBi o \/71 Asz
4 4 AB -G

p2(Ziy Z;) = /1

Next we observe that

p3(Zis Z;) + pa(Zi, Z;) = 0

which implies

1) pp(2.7) = {\/Ti (1 + #ﬁw) if there exists r = 1,..., k such that i = p,,
—/=13 ifi & {p1,..., 0k}
We have
k
50 20) = 3 T 2 iy W) =~ YL S N 2+ 20 W)
j=1 j=1

{0 ifid {p1,...,pr},

gisTrz‘;\iiCi otherwise .
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We compute the three addends in the expression of py separately:

w 7 7 1 A 0 ifig{p1,....,p6} ori#p;
Zi, Z)YO W, 1, Z,) = — =Xip. Cp. = B e #pj,
([[ i 1} pg} pg) 9\ Py { %)\”Cl otherwise ;
w([Z;, Z;),[W,., Z _1 _ 0 ifi  {p1,....,pr} or i#pj,
iy L)y ,,Z ; A Gigan. = _ :
([ ] [ Pi p’]) 9 PiPidistp; {é)\iicz' otherwise ;

_ - 1- 0 if i # p;

w([[Zis Z1ON W 1, Zo) == N G = - 7
(I } »il Zp,) 2 PIIS PP {é)\iici otherwise .

It follows ~

pS(Z’L7ZZ) :p4(Z’LaZ’L) :0 ifZ g{p17"'7pk})
and, for i € {p1,...,pr},

_ _ 1 —- =1 _ -1 _ —. 1
p3(Zi, Zi) + pa(Zi, Z;) = —5915“/\%@ - gs+“§)\iici + gs+”§)\ii0i + QS’Lmi/\n‘Ci =0.
Now, we focus on the calculation of pp(Z;, W;). We have

= . a@y v—1 = > T
p1(Zi, Wi) =Y 9"\ (—QW(WmZa = Za) +w([Wj, Za], Za)
a=1

0 otherwise,
I RVAS YLl p Y (@ —j\n‘) ifi=je{p,. ..o},
and since J is abelian B
pQ(Zi, W]) = 0 .
Furthermore
ps(Zi, W) = Zgpjs+pjw([[zi’Wj}o,17zpj}7ij) - —‘/—1ngjs+pj/\i,j>\pjpj9ms+pj
=1 j=1
)0 otherwise,

—V=IX3, ¢ HB;  ifi=j€{p,...,px}

and
k B B k o
ng+p7pgw & Wil [ij’ ij]) =1 ng+pjpj /\ij)\pjpj Ististn,
j=1 j=1
0 otherwise
\/ gsﬂj)\”)\ﬂB ifi=j5¢€{p,...,pr}-
It follows that pp(Z;, W;) # 0 if and only if i = j € {p1,...,pr}. In such a case, we have
_ i _ VA
pB(Zj;Wj) ==V -1 (9 TIB; (1A = X5;) + 97 Cidys (2 =X ) ) -

Since B.O B,C

s+j7 _ A ] _ J

g B; =—————— and C 7,
T AB - |GG 7T 4B - |Gy

we infer

_ _ /=1 _ 5 o B.C.
pB(Z;, W; :_w/—1(x‘(—x» — (NP =23 ) —L L.
B( J J) 7] 9 77 (‘ JJ| j]) Aijf|C’j|2

Taking into account that A;; = ——VZI — 017’, we obtain

o 3 ¢ Vol B;C;
pB(Zg,WJ>——ﬁ<—m—4‘ 4 ) AB; |G
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and the claim follows. O

Corollary 5.4. Let w be a left-invariant pluriclosed Hermitian metric on an Oeljeklaus-Toma manifold
M. Then w lifts to an algebraic expanding soliton of the pluriclosed flow on the universal covering of M
if and only if it takes the following diagonal expression with respect to a coframe {w',... w* ', ..., v*}

satisfying (1) and (15):
(25) w= V=1 Aw' A&+ By AT .
i=1
Proof. Let w be a pluriclosed left-invariant metric on an Oeljeklaus-Toma manifold M. In view of [14,

Section 7], w lifts to an algebraic expanding soliton of the pluriclosed flow on the universal covering of
M if and only if

1
P}g’l('a ) = CW(-, ) + 5 (W(D'v ) + OJ(', D)) 5
for some ¢ € R_ and some derivation D of g such that DJ = JD.

Assume that w takes the expression in formula (25). Proposition 5.3 implies that pp is represented
with respect to the basis {Z1, ..., Zs, W1,..., W} by the matrix

3 (I, ©
P__4A<O 0>‘
3.0 0
4A\0 I,

induces a symmetric derivation on g, w lifts to an algebraic expanding soliton of the pluriclosed flow on
the universal covering of M and the first part of the claim follows.

Since

In order to prove the second part of the statement, we need some preliminary observations on deriva-
tions D of g that commute with J, i.e. such that

D(gl,O) g 9170, D(go,l) g 90,1.
We can write
DZ,L' = Z k;ZJ + méWJ and DZZ = Z Z;Z] + T;Wj .
Jj=1 j=1
Since D is a derivation, we have, for alli =1,...,s,

D[Z;, Z] [DZ“Z] [Z:;,DZ,].
On the other hand

_ V=1 [ . , -
DZ;, Z)) = = ~5— N KZy+ U Zy+ miW W |
j=1
_ V-1,
[DZi, 2i) = — ——ki(Zi + Zy) Zm i Wi,
_ NEw _ s i
[Zi,DZi] = — le(Z,- + Zz) + Z’I"j)\ijo

j=1
and
0=DlZ;,Z)| - |DZ;, Zi] - |Z;, DZ;
YIS kg ez Y i Yz Ymd (- Y Wt (Y ) W
i =
which forces DZi,DZi =0, foralli=1,...,s. It follows that D“) =0.
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Moreover, for all I,1’ € J, we have
0=D[I,I'|=[DI,I'| + [I,DI'],

which implies
[DI, '] = —[I,DI'].

Assume
DW; = kT Zi+mit W, and DW= IV Z 4t
j=1 j=1
then
[DWZ‘, Wz] ES Z k;-”[Zj, Wz] S 30’1 and [Wi, DWIL] = Z l;-H[Wi, Z]] S 31’0 .
j=1 j=1

This implies

J J

DWZ‘ = st+in 5 DWZ = ZTS+in ,
j=1 j=1
i.e. D(J) € J. Moreover, for all i = 1,..., s, we have that
D[Z;,W;] = =Xii DW; = — Z )\iiijWj ,
j=1
while [DZ;, W;] = 0 and
[Zi, DW= =Y mitiN, W
j=1
Using again the fact that D is a derivation, we have
DWi = Z ijj
J€J:
where
With analogous computations, we infer
DW,L = Z T‘;Jrin .
JE€J;

Clearly, i € J;. On the other hand, for all ¢ = 1,...,s, we know that Sm()\;;) # 0, while, for all ¢ # j,
Aij € R. This guarantees that, for all ¢ =1,...,s,

Ji ={i}.
This allows us to write
DW,; = m{T'W,, DW,; =riT"W,.
From the relations above, we obtain that
Der(g)*? = {E € End(g)'° | b Cker(E), E(W;)) C (W;), foralli=1,...,s}.
First of all, we suppose that w is a pluriclosed Hermitian metric which takes the following diagonal

expression with respect to a coframe {w!,...,w* v, ..., 7} satisfying (1) and (15):

w= \/—12Aiwi A@'+ By AT
=1
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such that there exist 4,5 € {1,..., s} such that A; # A, and we suppose that w is an algebraic soliton.
Thanks to the facts regarding derivations proved before, we have that

3 _ o ) )

V=15 = p8lZi, i) = cw(Zi, Zi) + 5 (w(DZi, Zi) + w(Zi, DZy)) = V=TeA;,
3 _ g ) )

_,/_11 =pp(Z;,Z;) =cw(Z;, Z;) + 3 (w(DZ;,Z;) +w(Z;,DZ;)) = V—1cA;,

which is impossible, since 4; # A;.

Now suppose that w is a pluriclosed metric on M which is not diagonal. So, we suppose that there
exists j = 1,...,s such that C; # 0. Then, assume that there exist a constant ¢ € R and D € Der(g)
such that

1
(p5)"4 (1) =l ) + 5 (D) +w( D)), DI =JD.
On the other hand

— — 1 — — v/ =1 s s
0= pB(Wi,W-;) :cw(W;,W;) —+ 5 (UJ(DW;,W;) +W(W5,DW3)) = \/—103} + T(r‘;‘w —+ mf‘y)B; y
_ _ 1 _ _ \/fl -
pB(Z}’W3> :CM(Z;,W;) + 5 (w(DZ;, W;) —‘rw(Zj,DW;)) = \/—1003 + TTi—HCj s
_ _ 1 _ _ _ —1 547 =
pB(Z5, W) =cw(Z3, W) + 5 (€(DZ;, W5) +w(Z;, DW;)) = —v=1eC; = Y= —miC;,

which implies that
_ Lo st st
Cc= _5 (7"5 + m‘; ) s
On the other hand,

pB(Z3,W;) = V-1KCj,

where )
K<3+655+V_1053> B

16 4 4 A;B; — |C'3|2
Then,

K=c+ 1r§+5 = —1m§+3

27 2 7

and ) .

K —c+4 -miti = _Zpsti

K=c+ 2mj 27’], .

From this we obtain that B
c=K+ K =2Re(K) > 0.
On the other hand, we have

3 G512 . ~. 1 _ _
VT2 <1 t g tiop) G B — w5 g (w(DZ5,2;) + (25, DZ;)) = V=Ted;,
which implies that ¢ must be negative. From this the claim follows. O

Corollary 5.5. Let w be a pluriclosed Hermitian metric on an Oeljeklaus-Toma manifold which takes
the form (16). Then the pluriclosed flow starting from w is equivalent to the following system of ODEs:

A;:% if i &€ {p1,.. ., Pk},
o) A;/,Ti(u%gffflw) forallle,...,k,
B: =0 forallj=1,... s,
Cl=— (1373 + CTZJZPT + \/le”“’T) Amgﬁf&z‘lz forallr=1,...,k.
Moreover, |Cy| is bounded, for all r = 1,...,k, the solution exists for all t € [0,4+00) and A; ~ %t, as

t — 4o0, foralli=1,...,s.
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In particular,
Wt

1+4+¢

— 3Weo
ast — o0.

Proof. Observe that, for every r € {1,...,k},

3 B,.|C,|?
c2y=—|(2 PrDr pr | “r <0
(IC:[%) <8+ 5 )ApTBpT|Cr|2_ ;

which guarantees that |C,|? is bounded. On the other hand, denote, for all r =1,...,k,
Ur = Aperr - |Cr|2'

We have that

3 9 2 B. IC |2
[ A’ B — Cr 2y —-B < PrPr pr |G >0
Uy = Ay, By, = (IC:[%)" = 7 Bp, + (8 + ) B op 2

3 |C|? 3 K
A =21+ ————— | < [1+ —
Pro 4 ( * Ap, By, — |Cr|2> 4 ( * ur(0)> 7

where K > 0 such that |C,.|? < K, for all ¢+ > 0. This implies the long-time existence. As regards the
last part of the statement, it is sufficient to prove that

This guarantees

. C,|?
tllinoo % =0

But,

ul, > ngr :
So,

Up > ZBprt—&—ur(O) — 400, t— +00.
Then,
i un(t) = +oo,

and, since |C,|? is bounded, the assertion follows. O

Proof of Theorem 1.1. Let w be a left-invariant pluriclosed metric on an Oeljeklaus-Toma manifold.
Corollary 5.5 implies that pluriclosed flow starting from w has a long-time solution w; such that
%7

— 3w as t—o00.

We show that 1“j:t satisfies conditions 1,2,3 in Proposition 3.1. Here we denote by | - |; the norm induced
by wy.

Taking into account that
Wt|393 = Wol387T »
condition 2 follows.
Thanks to the fact that condition 2 holds,

s
i=1

Ail) 4 3 a5 ¢ — 0o and there exist C,T > 0 such that, for every vector v € b,

with T 1

v vlg,
V14t b= 0

for every t > T, condition 1 is satisfied.
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In order to prove Condition 3, let €, ¢ > 0 and let v be a curve in M tangent to H which is parametrized
by arclength with respect to 3ws and such that Lo (v) < £. Let v =% and T > 0 such that

Ai(t) 3 <g
1+t 4| 402’

for t > T. Then

1 2 2 - Ait) 3 2 €
_ <§ —_ 22 < =
‘1 +t|v‘t |v‘oo — P ‘ 1+t 4 ‘vl| — 52
and
|Le(y) — L ()|</b L le = oo | da < 5b <
- Lo = - [e’e] > 70X €,
t\Y Y 0 \/mlyt /7 E
since b < /.

Now we show the last part of the statement, using the same argument as in Proposition 4.1, and
we prove that (H® x C*%, 5) converges in the Cheeger-Gromov sense to (H* x C* o) where woo is
an algebraic soliton. Again, here we are identifying w; with its pull-back onto H*®* x C* and we are
fixing as base point the identity element of H*® x C*. It is enough to construct a l-parameter family of

biholomorphisms {¢;} of H* x C* such that

Yt~
Peipy e

As we already observed, since J is abelian the endomorphism represented by the matrix
0 0
D= (O Ig>
is a derivation of g that commutes with the complex structure J. Then, we can consider

1 0
dpr = exp(s(t)D) = (()b es(t)Ig) € Aut(g, J)

where s(t) = log(v/1 + t). Using dep;, we can define

o € Aut(H® x C*,.J).

Fori=1,...,s we have
1 (orw)(Zi, Z;) 1 (Zz Z)%3 1 t—
—(piw A wi(Z;, Z; - , as 0,
T4t 7t T+t 4
1 _ 1
—— (i) (Z;, W;) = w(Z;,W;) =0, ast— o0,
1 . _
m(%%)(wu Wi) =w (Wi, W;) = v—1B;(0)
Then,
L o — W t—
1+t¢twt Woo 5 as o,
where

(Doo = 30000 + W‘j@j .

Notice that W is an algebraic soliton diagonal since w3q5 is diagonal in view of Proposition 5.2. 0
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6. A GENERALIZATION TO SEMIDIRECT PRODUCT OF LIE ALGEBRAS

From the viewpoint of Lie groups, the algebraic structure of Oeljeklaus-Toma manifolds is quite rigid
and some of the results in the previous sections can be generalized to semidirect product of Lie algebras.

In this section we consider a Lie algebra g which is a semidirect product of Lie algebras

g=bhx\7,
where A: h — Der(J) is a representation. We further assume that g has a complex structure of the form
J=Jy D Js

where Jy and J; are complex structures on h and J, respectively.
The following assumptions are all satisfied in the case of an Oeljeklaus-Toma manifold:
i. bhas (1,0)-frame such that {Z1, ..., Z,.} such that [Z, Z] = —Q(Zk—i—zk), forallk=1,...,r
and the other brackets vanish;
ii. Jis a 2s-dimensional abelian Lie algebra and J5 is a complex structure on 7J;
iii. A(h10) C End(T)"°;

iv. J has a (1,0)-frame {Wy,... W} such that \(Z) - W,. = \.(Z)W,., for every r = 1,..., s, where
Ar € AYO(h);

v. Yoo, Sm(A(Z;)) is constant on i.
vi. J has a (1,0)-frame {W7y,... W} such that \(Z) - W, = X.(Z)W,., for every r = 1,...,s, where
A€ AYO(h) and Y0 _, Sm(X\,(Z;)) is constant on i.
Note that condition i. is equivalent to require that h = §& - - - & § equipped with the complex structure
—_——

Jy = J; @ --- @ Jj, while in condition iv. the existence of {%:ingid A is equivalent to require that
MNZ)oXNZ')=NZ") o NZ),
for every Z,7' € h1.0,
The computations in Section 5 can be used to study solutions to the flow
(27) Ohwr = —pp (wr)
in semidirect products of Lie algebras (this flow coincides to the pluriclosed flow only when the initial

metric is pluriclosed). We have the following

Proposition 6.1. Let g = hx T be a semidirect product of Lie algebras equipped with a splitting complex
structure J = Jy ® Jy and let w be a Hermitian metric on g making b and J orthogonal. Then the Bismut
Ricci-form of w satisfies pjlg"lh@j = p}éllj@j =0.

If i-iv hold and w)ygy is diagonal with respect to the frame {Z;} then the (1,1)-component of the
Bismut-Ricci form of w does not depend on w and the solution to the flow (27) starting from w takes the
following expression

1,1
we=w—tpg (w).

If i —iv and vi hold and wygy is a multiple of the canonical metric with respect to the frame {Z;},

then w is a soliton for flow (27) with cosmological constant ¢ = 1 + 3" | Sm(X,(Z;)).

The previous Proposition does not cover the case when properties i-iv are satisfied and the restriction
to b & b of the initial Hermitian inner product

T S
w=V=1Y g A+ V=1 g r" AT

a,b=1 a,b=1
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is not diagonal with respect to {Z;}. In this case flow (27) evolves only the components g;; of w along
w' A@" via the ODE

_ ]' - aa 1 - mr+c T, 7 T,
Ogii = 1 ;::19 Re gia — 3 c%;g {w([Zi, We], Wa) + w([Zi, We], Wa) }

where g;; depends on ¢. Note that the quantities —3 3% ;| grtdrte {w([Z;, We], Wa) + w([Z;, We], Wa) }
appearing in the evolution of g;; are independent on t.
The same computations as in Section 4 imply the following

Proposition 6.2. Let g = hx,J be a semidirect product of Lie algebras equipped with a splitting complex
structure J = Jy @ Jy. Assume that properties i,ii,iii are satisfied and let w be a left-invariant Hermitian
metric on g. Then

pcises = Popes =0,
while pojyey s diagonal with respect to {Zy, ..., Z}.
If further also iv. holds, then

_ 1 s
pc(Zi, Z;) = —v/—1 5~ g Sm(A(Z5)) |, foralli=1,...,r.
a=1

If, in addition, v. holds, then w is a soliton for the Chern-Ricci flow with cosmological constant
c=1-30_,Sm(\(Z)) if and only if wyey is a multiple of the canonical metric on b with respect to
the frame {Z;} and wyez = 0.
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