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Abstract

In a previous paper we introduced the concept of semiseparable functor. Here we continue
our study of these functors in connection with idempotent (Cauchy) completion. To this aim,
we introduce and investigate the notions of (co)reflection and bireflection up to retracts. We
show that the (co)comparison functor attached to an adjunction whose associated (co)monad
is separable is a coreflection (reflection) up to retracts. This fact allows us to prove that a right
(left) adjoint functor is semiseparable if and only if the associated (co)monad is separable
and the (co)comparison functor is a bireflection up to retracts, extending a characterization
pursued by X.-W. Chen in the separable case. Finally, we provide a semi-analogue of a result
obtained by P. Balmer in the framework of pre-triangulated categories.

Keywords Semiseparable functor - Idempotent completion - Semifunctor -
Eilenberg—Moore category - Kleisli category - Pre-triangulated category

Mathematics Subject Classification Primary 18A40 - Secondary 18C20 - 18G80

Introduction

The way a functor F' : C — D acts on morphisms is encoded in the natural transformation
F given on components by Fy y : Home(X,Y) — Homp(FX, FY), f — F(f), where
X and Y are objects in C. In the literature, a functor is called separable if there is a natural
transformation P such that P o F = Id and naturally full if one has F o P = Id instead. In
[1], we introduced a weakening of both these notions, by naming semiseparable a functor
F : C — D such that F o P o F = F for some P. Among other results, we obtained
the following characterization: Given a functor G : D — C with a left adjoint F, then G
is semiseparable if and only if the associated monad G F is separable and the comparison
functor Kgr : D — CcF is naturally full. A closer inspection to the functor K¢ in this
setting reveals that it satisfies the following extra properties
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(P1) if it has a left adjoint, this is fully faithful;
(P2) it has indeed a left adjoint if its source category is idempotent complete.

The first problem we address in the present paper is to introduce a new type of functor, that we
call coreflection up to retracts, that catches these two properties, and need to have neither
an adjoint nor an idempotent complete source category a priori. In order to give the rightful
place to this notion, note that there are properties of a functor F' : C — D that transfer to
its (idempotent) completion F? : C* — D" and vice versa (e.g. being either faithful, full,
fully faithful, semiseparable, separable or naturally full, as we will see in Proposition 2.1
and Corollary 2.2). There are, however, other properties that do not share this behaviour. For
instance, if F is an equivalence of categories so is ¥ but the converse is not always true: It is
known that F? is an equivalence if and only if F is fully faithful and surjective up to retracts,
i.e. every D € D is a retract of FC for some C € C, and for this reason a functor F' such
that F! is an equivalence is sometimes called an equivalence up to retracts in the literature.
As we will see, something similar happens to a coreflection, i.e. a functor endowed with a
fully faithful left adjoint: If F is a coreflection so is F’ 1, but, again, the converse is not true in
general. We are so prompted to define a coreflection up to retracts to be a functor /' whose
completion F* is a coreflection. It goes without saying that the functor K¢ results to be a
coreflection up to retracts in case G is semiseparable; this is shown in Theorem 3.5. Since we
noticed that K F is also naturally full, and in [1] we proved that a naturally full coreflection
is the same as a bireflection, i.e. it has a left and right adjoint equal which is fully faithful
and satisfies a suitable coherent condition, we are also led to introduce the stronger notion
of bireflection up to retracts which identifies a functor whose idempotent completion is a
bireflection. Thus, the functor K r is indeed a bireflection up to retracts. Luckily enough, in
Proposition 2.9 and Proposition 2.12 we are able to prove that each coreflection up to retracts
(and a fortiori each bireflection up to retracts) verifies the properties (P1) and (P2) discussed
above.

In order to go deeper into the properties of these functors, we have to deal with semifunc-
tors, a notion studied by S. Hayashi in connection with A-calculus, see [22]. A semifunctor
is defined the same way as a functor, except that it needs not to preserve identities, and
there is also a proper notion of semiadjunction for semifunctors. We show how to construct
a semiadjunction out of a right (left) semiadjoint in the sense of [32]. These tools permit
to pursue a characterization of (co)reflections up to retracts as part of suitable semiadjunc-
tions, see Corollary 2.18, and to provide sufficient conditions guaranteeing that a functor is
a (co)reflection up to retracts, see Proposition 2.20.

Now, given a category C and an idempotent natural transformation e : Id¢ — Id¢ one
can consider the coidentifier category C, which is a suitable quotient category. In Theorem
3.1 we prove that the quotient functor H : C — C, is another instance of coreflection up to
retracts, in fact a bireflection up to retracts, by means of the aforementioned characterization
employing semifunctors (it is noteworthy that this functor is a bireflection if and only if e
splits, see Remark 3.2). Through the same characterization, exceeding the initial expectations,
in Theorem 3.4 we find out that the (co)comparison functor attached to an adjunction whose
associated (co)monad is (co)separable is always a coreflection (reflection) up to retracts.
From this we obtain one of the main results of this paper, namely Theorem 3.5, which is a
semi-analogue of [16, Proposition 3.5] proved by X.-W. Chen: Given a functor G : D — C
with a left adjoint F, then G is semiseparable if and only if the associated monad G F is
separable and the comparison functor Kgr : D — CcF is a bireflection up to retracts. It
is well-known that G F is separable if and only if the forgetful functor Ugr : Cor — C

. . Kg Ug
is a separable functor so that we get the factorization D LS CoF o c ofGasa
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bireflection up to retracts followed by a separable functor. In [1] we proved that when G is
semiseparable we can associate to it an invariant, that we called the associated idempotent
natural transformation e : Idp — Idp, and that G admits a factorization of the form

Ge . . .
D1 D, — C where G, is separable and H is the quotient functor, that, by the

foregoing, is a bireflection up to retracts. Summing up we have two factorizations of the
same type and it is then natural to wonder how they are related. In Proposition 3.18, we prove
there is an equivalence up to retracts (Kgr), : D — CgF such that (Kgr), o H = KgF
and Ugr o (KGgF), = G.. As a consequence of this result, in Proposition 3.22, we show that
when G is semiseparable the idempotent completions of the Kleisli category associated to the
monad G F, of the coidentifier D, and of the Eilenberg—Moore category Cg r are equivalent
categories.

As an application of our results, we achieve for semiseparable functors in the context of
pre-triangulated categories an analogue of P. Balmer’s [6, Theorem 4.1]. More explicitly,
we introduce the notion of stably semiseparable functor by adapting the one of stably
separable functor given in [6, Definition 3.7]. Then Theorem 3.28 shows how, given a stably
semiseparable right adjoint G : D — C with associated idempotent natural transformation e,
under the relevant assumptions, we can transfer the pre-triangulation from C to the coidentifier
category D,. We point out that the original result of Balmer requires G to be stably separable
and induces a pre-triangulation on D rather than D,. Finally, we provide conditions for the
Eilenberg—Moore category Cg f to inherit the pre-triangulation from the base category C, see
Corollary 3.30.

Organization of the paper. In Sect. 1 we recall the known results on semiseparable functors
we will use. Section2 deals with results involving the idempotent completion. We study
how the notions of faithful, full, fully faithful, semiseparable, separable or naturally full
functor behave with respect to idempotent completion. Then we introduce and investigate
(co)reflections up to retracts and bireflections up to retracts. We consider semifunctors and
semiadjunctions as a tool to provide a characterization of (co)reflections up to retracts. We
show that a (co)reflection up to retracts comes out to be always surjective up to retracts and
we give sufficient conditions guaranteeing that a functor is a (co)reflection up to retracts.

Section 3 collects the fall-outs of the results we achieved so far. First we prove that the
quotient functor onto the coidentifier category is a coreflection up to retracts and that so
is the comparison functor attached to an adjunction whose associated monad is separable.
A dual result is obtained for the cocomparison functor in case the associated comonad is
coseparable. These facts allow us to characterize a semiseparable right (left) adjoint in terms
of (co)separability of the associated (co)monad and the requirement that the (co)comparison
functor is a bireflection up to retracts. We prove that two canonical factorizations attached to
a semiseparable right adjoint functor, namely the one through the coidentifier category and
the one through the comparison functor, are the same up to an equivalence up to retracts.
Then we relate the idempotent completions of the Kleisli category and Eilenberg—Moore
category attached to a separable monad and, in case this monad is induced by an adjunction
with semiseparable right adjoint, the idempotent completion of the coidentifier category is
added to the picture. Finally, we show an analogue for semiseparable functors of a result
obtained by P. Balmer in the framework of pre-triangulated categories.

Notations. Given an object X in a category C, the identity morphism on X will be denoted
either by Idy or X for short. For categories C and D, a functor F : C — D just means a
covariant functor. By Idc we denote the identity functor on C. For any functor F : C — D, we
denote Idr : F — F (orjust F, if there is no danger of confusion) the natural transformation
defined by (Idr)x := Idrx. By aring we mean a unital associative ring.
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24 Page4of33 A. Ardizzoni, L. Bottegoni

1 Background on Semiseparability

In this section we recall from [1] some results on semiseparable functors we need. In par-
ticular, in Subsect. 1.1 we provide a characterization of separable and naturally full functors
in terms of semiseparable functors and we explain the behaviour of semiseparable functors
with respect to composition. Subsection 1.2 deals with the idempotent natural transformation
associated to a semiseparable functor, that measures its distance from being separable. Then
we discuss the existence of a canonical factorization of a semiseparable functor through the
coidentifier category attached to this idempotent. Subsection 1.3 concerns a characterization
of semiseparable functors having an adjoint in terms of properties of the attached (co)monad
and (co)comparison functor. In Subsect. 1.4 we explore the connection with (co)reflections
and bireflections.

1.1 (Semi)separability and Natural Fullness

Let F : C — D be a functor and consider the natural transformation
F :Hom¢(—, —) - Homp(F—, F—),

defined by setting F¢ ¢/ (f) = F(f), forany f : C — C’inC.
If there is a natural transformation P : Homp (F—, F—) — Hom¢(—, —) such that

e Po F =1d, then F is called separable [33];
e F o P =1d, then F is called naturally full [2];
e FoPolF =F,then F is called semiseparable [1].

We will write 77, P¥ when needed to stress the dependence on the functor F we are consider-
ing. The following result compares the notions of separable, naturally full and semiseparable
functor.

Proposition 1.1 [1, Proposition 1.3] Let F : C — D be a functor. Then,

(i) F is separable if and only if F is semiseparable and faithful;
(ii) F is naturally full if and only if F is semiseparable and full.

It is well-known thatif F : C — D and G : D — & are separable functors so is their
composition G o F and, the other way around, if the composition G o F is separable so is F,
see [33, Lemma 1.1]. A similar result with some difference, holds for naturally full functors,
see [2, Proposition 2.3]. The following result concerns the behaviour of semiseparability with
respect to composition. It is proved in [1, Lemma 1.12 and Lemma 1.13].

Lemmal12 Let F : C — D and G : D — €& be functors and consider the composite
GoF:C—E&

(i) If F is semiseparable and G is separable, then G o F is semiseparable.
(ii) If F is naturally full and G is semiseparable, then G o F is semiseparable.
(iii) If G o F is semiseparable and G is faithful, then F is semiseparable.

1.2 The Associated Idempotent and the Coidentifier

Recall that an endomorphism ey : X — X in a category C is idempotent if e§( =ex. A
natural transformation e : Id¢ — Id¢ is idempotent if the component ey : X — X in C

@ Springer



Semiseparable Functors and Conditions. .. Page50f33 24

is idempotent for all X € C. The following result uniquely attaches an idempotent natural
transformation to a given semiseparable functor.

Proposition 1.3 [1, Proposition 1.4] Let F' : C — D be a semiseparable functor. Then there
is a unique idempotent natural transformation e : 1d¢c — Id¢ such that Fe = 1d g with the
following universal property: if f, g : A — B are morphisms, then Ff = Fg if and only if
éep o f = €pog.

The idempotent natural transformation e : Idc — Id¢ we have attached to a semiseparable
functor F : C — D in Proposition 1.3 will be called the associated idempotent natural
transformation. Explicitly, e is defined on components by ex := Px x (Idrx) where P is
any natural transformation such that 7 o P o F = F. It controls the separability of F as
follows.

Corollary 1.4 [1, Corollary 1.7] Let F : C — D be a semiseparable functor and lete : 1d¢ —
Id¢ be the associated idempotent natural transformation. Then F is separable if and only if
e=1Id.

Remark 1.5 Let F : C — D, G : D — & be functors. By Lemma 1.2 we know that G o F is
semiseparable in both cases (i) and (ii). Then, in (ii) the idempotent natural transformation
associated to G F is given by

e§F = PG Udorx) = P§ xPly px(derx) = Px x(efx),

where ¢ : Idp — Idp is the idempotent natural transformation associated to the semisepa-
rable functor G. In particular, if G is further separable as in (i), by Corollary 1.4 the idempotent
natural transformation associated to G F' is given by e)G(F = 77)1;, X(egx) = ’P; x(Idrx) =

e§, where e : Ide — Idc is the associated idempotent to the semiseparable functor F.

Given a category C and an idempotent natural transformation e : Idc — Idc¢, the coiden-
tifier C,, see [21, Example 17], is the quotient category C/~ of C where ~ is the congruence
relation on the hom-sets defined, for all f,g : A — B, by setting f ~ g if and only if
ego f =epog.Thus Ob (C.) = Ob(C) and Home, (A, B) = Hom¢ (A, B) / ~. We denote
by f the class of f € Home (A, B) in Homg, (A, B). It is remarkable that the quotient
functor H : C — C,, acting as the identity on objects and as the canonical projection on
morphisms, is naturally full with respect to P4 g : Homg, (A, B) — Hom¢ (A, B) defined
by Pa, s(f) = ep o f. Moreover the idempotent natural transformation associated to H is
exactly e.

Next lemma is essentially the universal property of the coidentifier that can be deduced
from the dual version of [21, Definition 14(1)], see also [1, Lemma 1.14(1)].

Lemma 1.6 Let C be a category, let e : 1dc — 1d¢ be an idempotent natural transformation
and let H : C — C, be the quotient functor. A functor F : C — D satisfies Fe = Idr if
and only if there is a functor F, : C, — D (necessarily unique) such that F = F, o H.
Given F, F' : C — D such that Fe = Idp and F'e = Id g, and a natural transformation
B : F — F', there is a unique natural transformation B, : F, — F, such that B = B H.

The following result shows that each semiseparable functor factors, through the coiden-
tifier category, as a naturally full functor followed by a separable one.

Theorem 1.7 [1, Theorem 1.15] Let F : C — D be a semiseparable functor and let e :
Id¢ — Id¢ be the associated idempotent natural transformation. Then, there is a unique
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24 Page6 of 33 A. Ardizzoni, L. Bottegoni

Sfunctor F, : C, — D (necessarily separable) such that F = F, o H where H : C — C,
is the quotient functor. Furthermore, if F also factors as S o N where S : £ — Dis a
separable functor and N : C — & is a naturally full functor, then there is a unique functor
N, : Co — & (necessarily fully faithful) such that N, o H = N and S o N, = F,, and e is
also the idempotent natural transformation associated to N (by Remark 1.5).

H H

C——~C, C——~C.
\ F, Nl N lFe
F .
Y Log
D E——7D

The natural transformation making F, separable is uniquely determined by the equality
PIP}X Hy ‘= f{;}Y o 73;1/, where 735 y s the one making F semiseparable, for all X, Y inC.

1.3 Eilenberg-Moore Category

In order to present the behaviour of semiseparable adjoint functors in terms of separable
(co)monads and associated (co)comparison functor, we remind some notions concerning
Eilenberg—-Moore categories [19].

Given a monad (T,m : TT — T,n : Ide — T) on a category C we denote by
Ct the Eilenberg—Moore category of modules (or algebras) over it. The forgetful functor
Ut : Ct — C has a left adjoint, namely the free functor

Vr:C— C, CrH (TC,mc), = T).

The unit Id¢c — Ut VT = T is exactly 1 while the counit 8 : VTUt — Id¢- is completely
determined by the equality Ut B(x, ) = u for every object (X, ) in Ct (see [12, Proposition
4.1.4]). Dually, givenacomonad (L, A: 1L — 11, ¢e: 1 — Id¢) onacategory C we denote
by C* the Eilenberg—Moore category of comodules (or coalgebras) over it. The forgetful
functor U+ : ¢t — C has a right adjoint, namely the cofree functor

vi.c>ct, Cw (LC, Ac), [ L(f).

The unit« : Idgr — VLU"L is completely determined by the equality U loz( X,p) = p for
every object (X, p) in C* while the counit U+ V' = 1L — Id¢ is exactly €.

Given an adjunction F 4 G : D — C, with unit n and counit €, we can consider the
monad (GF, Ge F, n) and the comonad (FG, FnG, €). We have the comparison functor

Kgr:D— Cor, Dw (GD,Gep), [fr>G(f)
and the cocomparison functor
Kf6.c - DFS,  Cw (FC,Fne), f+— F(f).

Thus we have the following diagram

UFG
_—
pFé L D
G KGr
\%4
F14LG
VG F
FG - o
K C T Cor
UgFr
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where Ugr o Kgr =G, Kgro F = Vgp, UFC 0 KFG = Fand K9 o G = VTG,

We recall that a monad (T,m : TT — T,n :1Idec — T) on a category C is said to be
separable [13] if there exists a natural transformation o : T — T T such thatm oo = Idt
and TmooT =0 om =mT o To; in particular, a separable monad is a monad satisfying
the equivalent conditions of [13, Proposition 6.3]. Dually, a comonad (L, A : L — 11 €:
1 — Id¢) on a category C is said to be coseparable if there exists a natural transformation
T:11 — | satisfyingroA=1Id; and Llto Al =Aot=1lolA.

The following results characterize the semiseparability of a right (left) adjoint functor
in terms of the natural fullness of the (co)comparison functor and of the separability of the
forgetful functor from the Eilenberg—Moore category of (co)modules over the associated
(co)monad.

Theorem 1.8 [1, Theorem 2.9 and Theorem 2.14] Let F 4 G : D — C be an adjunction.

(i) G is semiseparable if and only if the forgetful functor Ugr : Car — C is separable
(equivalently, the monad (G F, Ge F, n) is separable) and the comparison functor KGF :
D — CgrF is naturally full.

(ii) F is semiseparable if and only if the forgetful functor UFC . DFC — D is separable
(equivalently, the comonad (F G, FnG, €) is coseparable) and the cocomparison functor
KFO . C — DFC s naturally full.

As a consequence of Theorem 1.8, one recovers the following similar characterization for
separable adjoint functors. The first item should be compared with [16, proof of Proposition
3.5] and [3, Proposition 2.16], while the second item is [1, Corollary 2.15].

Corollary 1.9 Let F 4 G : D — C be an adjunction.

(i) G is separable if and only if the forgetful functor Ugr : Cgr — C is separa-
ble (equivalently, the monad (GF, GeF,n) is separable) and the comparison functor
KGr : D — CgrF is fully faithful (i.e. G is premonadic).

(ii) F is separable if and only if the forgetful functor UFY : DFC — D is separable
(equivalently, the comonad (F G, FnG, €) is coseparable) and the cocomparison functor
KFG . ¢ — DFC is fully faithful (i.e. F is precomonadic).

1.4 (Co)reflections and Bireflections

Recall that

e a reflection is a functor admitting a fully faithful right adjoint;

e a coreflection is a functor admitting a fully faithful left adjoint, see [9];

e a bireflection is a functor G : D — C having a left and right adjoint equal, say F :
C — D, which is fully faithful and satisfies the coherent condition n” o €' = 1d, where
€' : FG — Id is the counit of F 4 G while " : Id — FG is the unit of G = F, cf. [21,
Definition 8].

Being a coreflection (respectively, a reflection) is equivalent to the fact that the unit (respec-
tively, counit) of the corresponding adjunction is an isomorphism, see [11, Proposition
3.4.1]. The adjoint of the inclusion of a (co)reflective subcategory is a typical example of
(coyreflection. Bireflective subcategories of a given category C provide examples of bireflec-
tions. It is known that these subcategories correspond bijectively to split-idempotent natural
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24 Page8of33 A. Ardizzoni, L. Bottegoni

transformations e : Idc — Id¢ with specified splitting, see [21, Theorem 13] and [26, The-
orem 1.3]; this fact is connected to the quotient functor H : C — C, which comes out to be
a bireflection if and only if e splits, see [1, Proposition 2.27].

Remark 1.10 (Co)reflections are closed under composition. In fact, if G : D — C,G' : £ —
D are (co)reflections with fully faithful left (right) adjoints F : C — Dand F' : D — &
respectively, then G o G’ is a (co)reflection with fully faithful left (right) adjoint F’ o F.
Moreover, also bireflections are closed under composition. Indeed, if G : D — C, G’ : £ —
D are bireflections with fully faithful left and right adjoints F and F’ respectively, satisfying
the coherent conditions 1" o €/ = Id and 7j’ o & = Id where ¢! : FG — Id is the counit of
F - G,& : F'G' — 1d is the counit of F/ 4 G’ while " : Id — FG is the unit of G 4 F
and " : Id — F'G’is the unitof G’ < F’, then G o G’ is a bireflection with fully faithful left
and right adjoint F’ o F, satisfying the coherent condition F'n" G’ o ij 0 € o F'e!G’ = 1d.

Next result shows how the above notions interact in case the functor is semiseparable.

Theorem 1.11 [1, Theorem 2.24] A functor is a semiseparable (co)reflection if and only if it
is a naturally full (co)reflection if and only if it is a bireflection.

2 Conditions up to Retracts

In order to introduce (co)reflections up to retracts and bireflections up to retracts we have
to deal with general facts about idempotent completions. First in Subsect. 2.1 we recall
the notions of idempotent completion of categories, functors and natural transformations.
In Subsect. 2.2 we prove that a functor F is either faithful, full, fully faithful, semisepa-
rable, separable or naturally full if and only if so is its completion F7. Then we introduce
(co)reflections up to retracts and bireflections up to retracts. We collect some properties of
these new notions and relate the latter one to the concepts of semiseparable and naturally full
functor. Then, in Subsect. 2.4, we show that (co)reflections (and bireflections) up to retracts
verify properties of type (P1) and (P2) discussed in the Introduction. In Subsect. 2.5 we con-
sider semifunctors and semiadjunctions. Among other results, we show how to construct a
semiadjunction out of a right (left) semiadjoint in the sense of [32]. These notions are applied
in Subsect. 2.6 in order to provide a characterization of (co)reflections up to retracts. A first
consequence is that a (co)reflection up to retracts comes out to be always surjective up to
retracts. Then we give sufficient conditions guaranteeing that a functor is a (co)reflection up
to retracts that will be applied to the (co)comparison functor in the next section.

2.1 Idempotent Completion

We recall from [16] what is the idempotent completion of a category C. An idempotent
morphism e : X — X splits if there exist two morphisms p : X — Y andi : ¥ — X such
thate =i o p and Idy = p o i; the category C is said to be idempotent complete or Cauchy
complete if all idempotents split. The idempotent completion or Karoubi envelope [28] C* of
a category C is the category whose objects are pairs (X, e), where X is an object in C and
e : X — X is an idempotent morphism in C; a morphism f : (X,e) — (X', ¢/)inClis a
morphism f : X — X'inCsuchthat f = ¢’o foe.NotethatId(x o) = e : (X, ¢e) = (X, ¢).
There is a canonical functor

c:C—C, X (X,ldy), [f:X—=>Y][f:(X,1dy) — (Y,1dy)],
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which is fully faithful. The functor ¢ is an equivalence if and only if C is idempotent complete.
A functor F : C — D canbe extended to a functor F : C? — DY, the completion of F,which
is defined by setting F¥(X, ) = (F(X), F(e)) and F(f) = F(f),sothatipo F = Flouc,
i.e.

is a commutative diagram. A natural transformation @ : F — F’ induces the natural transfor-
mationa! : F? — (F’)n with components aEX o) = axoFe = F'eoay.Asaconsequence,
an adjunction (F, G, 1, €) induces an adjunction (F*, G¥, n*, €").

2.2 The Completion of Semiseparable Functors

Next aim is to explore the behaviour of semiseparability with respect to idempotent com-
pletion. We also include the case of faithful and full functors although it is known in the
literature at least in one direction.

Proposition 2.1 Let F : C — D be a functor. Then,
(1) F is faithful if and only if so is F*;
(2) F is full if and only if so is F";
(3) F is fully faithful if and only if so is F".
Proof The “only if” part is well-known, see e.g. [37, Lemma 58].
(1) If F? is faithful, then the composite tp o F = F U 6 1c is faithful, hence F is faithful.
(2) If F%is full, then tp o F = F? o (¢ is full. Since ¢p is faithful, we get that F is full.
(3) It follows from (1) and (2).
In the following result, the proof that the semiseparability of F implies the one of F*, was

suggested to us by Paolo Saracco. The “only if”” part of (2) in the following result seems to
be known, see e.g. [38, Lemma 3.11].

Corollary 2.2 Let F : C — D be a functor. Then,
(1) F is semiseparable if and only if so is F°;
(2) F is separable if and only if so is F";

(3) F is naturally full if and only if so is F".

Proof (1) Assume that F? is semiseparable. Since (¢ is fully faithful, it is in particular nat-
urally full, hence, by Lemma 1.2 (ii), F® o (¢ is semiseparable. From ip o F = Flou
it follows that tp o F is semiseparable as well, so that, since (p is faithful, F' is semisep-
arable, by Lemma 1.2(iii). Conversely, if F' is semiseparable, then there exists a natural
transformation P¥ : Homp(F—, F—) — Hom¢(—, —) such that FFpFrf = FF,
Define PF* : Homp; (F*—, Fio) > Homg:(—, —) by PC C,(g) = quc,(g), for every
g : (F(C),F(e)) — (F(C'),F(¢)) in DU Since g = Fe' o g o Fe, by naturality
of PF it follows that ¢ o quc,(g) oce = PCF’C,(Fe’ ogo Fe) = Pg’c,(g), hence

g ¢(8) is a morphism in C?. Moreover, PF " is a natural transformation and it holds

F' pF' rF* F F F F F*
Fe.oPl.oFe.o® =Fe oPe.oFe.c(8®) =Fc (8 =Fe ()
(2) and 3) follow from (l) Proposmon 1.1 and Proposmon 2.1. O
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2.3 (Co)reflections and Bireflections up to Retracts

We are now ready to introduce and investigate the announced notion of (co)reflection up
to retracts. We also recall two notions that are already present in the literature, i.e. those of
equivalence up to retracts and of surjective up to retracts. Recall that an object A in a category
C is a retract of an object B in C if there are morphismsi : A — Band p : B — A such
that poi = 1dg.

Definition 2.3 Consider a functor F : C — D and its completion F .C% — DY Then, F is

e an equivalence up to retracts if F % s an equivalence, see [16, page 47];

e surjective up to retracts,’ if every object D in D is a retract of FC for some object C in
C, see [8, Definition 2.5];

e areflection up to retracts if F" is a reflection;

e a coreflection up to retracts if ! is a coreflection;

e a bireflection up to retracts if 7 is a bireflection.

In the following lemma we collect some basic facts related to the above notions.

Lemma 2.4 The following assertions hold true.

(1) Any equivalence is an equivalence up to retracts.

(2) Any (co)reflection is a (co)reflection up to retracts.

(3) A functor is a bireflection up to retracts if and only if it is a semiseparable (co)reflection
up to retracts if and only if it is a naturally full (co)reflection up to retracts.

(4) Any bireflection is a bireflection up to retracts.

(5) An equivalence is the same thing as a fully faithful bireflection.

(6) A functor is an equivalence up to retracts if and only if it is fully faithful and surjective
up to retracts if and only if it is a fully faithful bireflection up to retracts.

(7) An equivalence up to retracts is both a reflection up to retracts and a coreflection up to
retracts.

Proof (1) If F is an equivalence with quasi-inverse G, then (F?, G%) is an equivalence and
hence F is an equivalence up to retracts.

(2) If G is a coreflection, it has a fully faithful left adjoint F. Thus F% 4 G% and F? is fully
faithful by Proposition 2.1. Thus G is a coreflection, i.e. G is a coreflection up to retracts.
The proof for reflections is similar.

(3) Assume F is a semiseparable (resp. naturally full) (co)reflection up to retracts. By
Corollary 2.2, F? is a semiseparable (resp. naturally full) (co)reflection. Thus, by Theorem
1.11, F? is a bireflection, i.e. F is a bireflection up to retracts. Conversely, by means of
Theorem 1.11 and Corollary 2.2, in a similar way one gets that a bireflection up to retracts is
a semiseparable (resp. naturally full) (co)reflection up to retracts.

(4) A bireflection F is in particular a semiseparable (co)reflection by Theorem 1.11. As a
consequence of (2) and (3), we get that F is a bireflection up to retracts.

(5) An equivalence is clearly a fully faithful bireflection, and conversely a fully faithful
bireflection is an equivalence as the unit and counit of the corresponding adjunction are both
invertible (see [11, Proposition 3.4.3]).

(6) It is well-known that F is an equivalence up to retracts if and only if it is fully faithful
and surjective up to retracts, see e.g. [16, Lemma 3.4(2)]. It is also equivalent to F being a
fully faithful bireflection up to retracts in view of Proposition 2.1 and Theorem 1.11.

1 These functors are also called dense up to retracts see [38, Notation and conventions].
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(7) If F is an equivalence up to retracts, its completion F” is an equivalence and hence
F7is a (co)reflection. This means that F is a (co)reflection up to retracts. O

Remark 2.5 From Remark 1.10, it follows that also (co)reflections up to retracts and bire-
flections up to retracts are closed under composition.

Example 2.6 The canonical functor (¢ : C — C” is an equivalence up to retracts, see e.g. [27,
Theorem A.6].

Recall, see e.g. [14, Definition 3.1], that a functor F : C — D is called a Maschke functor
if it reflects split-monomorphisms i.e. if, for every morphism i in C such that Fi is a split-
monomorphism, then i is a split-monomorphism?. Similarly, F is a dual Maschke functor if
it reflects split-epimorphisms. A functor is called conservative if it reflects isomorphisms.

Remark 2.7 By [33, Proposition 1.2] a separable functor is both Maschke and dual Maschke.
Moreover a functor which is both Maschke and dual Maschke is conservative.

Example 2.8 Let (F, G) be an adjunction. Then, by [39, Corollary 5], the functor F is a
Maschke functor if and only if G is surjective up to retracts. Dually, the functor G is dual
Maschke if and only if F is surjective up to retracts.

2.4 Two Peculiar Features

The following result includes among others the announced property (P1), discussed in the
Introduction, for a coreflection up to retracts, namely that, if it has a left adjoint, then it is a
coreflection.

Proposition 2.9 The following assertions hold true.

(1) If a coreflection up to retracts has a left adjoint, then it is a coreflection.
(2) If a coreflection up to retracts has a right adjoint, then it is a reflection.
(3) If a reflection up to retracts has a right adjoint, then it is a reflection.
(4) If a reflection up to retracts has a left adjoint, then it is a coreflection.
(5) If a bireflection up to retracts has an adjoint, then it is a bireflection.

(6) If an equivalence up to retracts has an adjoint, then it is an equivalence.

Proof (1) If G has a left adjoint F, then F I 4 G If G is a coreflection up to retracts, then
G" is a coreflection. Thus F¥ is fully faithful and hence so is F by Proposition 2.1, i.e. G is
a coreflection.

(2) If F has a right adjoint G, then F® 4 G". If F is a coreflection up to retracts, then
F? is a coreflection. Thus it has a fully faithful left adjoint. Then also the right adjoint G*
is fully faithful by [11, Proposition 3.4.2]. By Proposition 2.1 G is fully faithful, i.e. F is a
reflection.

(3) is dual to (1) and (4) is dual to (2).

(5) If F is abireflection up to retracts, then by Lemma 2.4 F is a naturally full (co)reflection
up to retracts. If F has a left adjoint, by (1), it is a naturally full coreflection while if F has

2 This is equivalent to [15, Remark 6] where F is called a Maschke functor if every object in C is relative
injective. Recall that an object M is called relative injective if, for every morphism i : C — C’ such that
Fi is a split-monomorphism, then the map Hom¢ (i, M) : Hom¢ ', M) - Hom¢g (C, M), f +— foli,is
surjective.
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aright adjoint, by (3), it is a naturally full reflection. In both cases, by Theorem 1.11, F is a
bireflection.

(6) By Lemma 2.4 an equivalence up to retracts is a fully faithful bireflection up to retracts.

If it has an adjoint, by (5), it is a fully faithful bireflection, i.e. an equivalence by Lemma 2.4.

O

Remark 2.10 By Proposition 2.9 and Lemma 2.4, it follows that

e any coreflection up to retracts with a right adjoint is a reflection up to retracts,
e any reflection up to retracts with a left adjoint is a coreflection up to retracts.

We are now going to prove the property (P2), announced in the Introduction, namely that
a coreflection up to retracts whose source category is idempotent complete has a left adjoint
(it is indeed a coreflection). First we need the following lemma.

Lemma 2.11 Let D be an idempotent complete category. A functor G : D — C has a left
(resp. right) adjoint if and only if so does G".

Proof If F 4 G, we know that F - GU. Conversely, assume that L — GY : D? — (Y. Since
D is idempotent complete, the functor tp : D — D! is an equivalence of categories and
hence it has a left adjoint Vp : D! — D. From Vp = tp and L - G, we get VpL - Gp
and hence VpL - (¢ G. Since (¢ is fully faithful, this implies VpLic 4 G.

The case in which G has a right adjoint follows similarly. O

Proposition 2.12 Let D be an idempotent complete category. A functor G : D — Cis a
coreflection (resp. reflection, bireflection, equivalence) up to retracts if and only if it is a
coreflection (resp. reflection, bireflection, equivalence).

Proof If G is a coreflection (resp. reflection) up to retracts, then G* has a left (resp. right)
adjoint so that, by Lemma 2.11, so does G. By Proposition 2.9 G is a coreflection (resp.
reflection). The other implication is always true by Lemma 2.4. Similarly, one deals with the
case of bireflection and equivalence. O

For a deeper understanding of (co)reflections up to retracts, we are now going to investigate
the notion of semiadjunction.

2.5 Semiadjunctions

Recall from [22] that a semifunctor is defined the same way as a functor, except that a semi-
functor needs not to preserve identities. Thus, for a semifunctor F, the natural transformation
FId : F — F needs not to be Idr, but it is just an idempotent natural transformation. The
notion of semifunctor originally appeared in [20, Definition 4.1] under the name of weak
functor. For semifunctors F, F' : C — D, a natural transformation o : F — F' is a family
(ac : FC — F'C) ., of morphismsin Dsuchthatapo Ff = F’ f oac forevery morphism
f :C — D.Ifmoreover ac o F (Idc) = ac, forevery C € C, then « is called a seminatural
transformation. By a semiadjunction we mean a datum (F, G, n, €) where F : C — D and
G : D — C are semifunctors endowed with natural transformations 7 : Id¢ — G F (unit)
and € : FG — Idp (counit) such that Ge o nG = GId and €F o Fn = FId, see [23,
Definition 22]. Although the terminology suggests that it is a weaker notion, a seminatural
transformation « : F — F’ is in particular a natural transformation but the converse is not
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true in general. It is true in case either F or F’ is a functor, see [23, Theorem 16]. For this
reason, n and € as above are also seminatural transformations.

Any semifunctor F : C — D induces a functor F? : C* — D! such that F*(C,¢) =
(FC, Fc) and F”f = Ff.Infact Fild(c,c) = Fc = ld(rc, Fe) = IdF“(C,c)! as observed in
[22, Definition 1.3]. However note that tp o F # F? o 1 unless F is a functor.

Moreover any semifunctor is determined by its completion, cf. [22, Proposition 1.4].

Any seminatural transformation « : F — F’ induces the natural transformation o? :
F?— (F’)J with components O‘Ec,c) :==aco Fc=F'coac, cf. [23, Theorem 20].

As a consequence any semiadjunction (F, G, 1, €) induces an adjunction (F*, G¥, n*, %)
where n{c ) = ncoc: (C.c) > (GFC,GFc)and €y, ;) = d oep : (FGD, FGd) —
(D, d).

Example 2.13 Consider the canonical functor (¢ : C — C". There is also a semifunctor
ve : C' — C which maps an object (C, c) in C’ to the underlying object C and a morphism
f:(C,c) = (C’, ) to the underlying morphism ve f : C — C’ such that ¢’ ovg f oc =
ve f. Itis a semifunctor as ve(Id(c,¢)) = ¢ # Idc in general. By [23, Example 6] we have
that (uc, t¢) and (t¢, vc) are semiadjunctions. Let us exhibit explicitly their units and counits.
Note that tcve (C, ¢) = (C, Id¢).

e The unit of (uc, t¢) is defined by (n¢)(c,c) =c: (C,c) — (C,Idc).
e The counit of (vc, t¢) is €¢ := Idyg,, : vete = Ide — Ide.

e The unit of (i¢, ve) is e¢ := Idy, : Id¢ — Id¢ = vetc.

e The counit of (i¢, ve) is defined by (ve)(c,e) = ¢ : (C,Id¢c) — (C, ©).

One has that n¢ o ve = tcucld and ve o ne = 1d.
We include here the following well-known lemma that will be useful afterwards.

Lemma 2.14 (Cf. [25, proof of Theorem 1]) Let C and D be categories.

(1) For every functor G : C' — DY, then F := vp o G o ¢ : C — D is a semifunctor such
that F* = G.

(2) Given semifunctors F,G : C — D and a natural transformation o : F% — G, then
B = vpatc : F — G is a seminatural transformation such that ° = a.

Lemma 2.15 The following assertions hold true.

(1) Any functor G whose completion has a left adjoint is part of a semiadjunction (F, G).
(2) Any functor F whose completion has a right adjoint is part of a semiadjunction (F, G).

Proof (1) Let G : D — C be a functor whose completion G* : D* — (P has a left adjoint
L : C° — D", From Lemma 2.14, there exists a semifunctor F : C — D such that F¥ = L,
hence F? - GY. Thus, by [24, Theorem 3.5] it follows that (F, G) is a semiadjunction.

(2) It is proved similarly. O

In [32, Definition 1.3], the authors introduced the concept of “right semiadjoint™ (resp.
“left semiadjoint”) which is a priori unrelated to the one of semiadjunction in the sense we
are using here: it consists of functors ¥ : C — D and G : D — C endowed with natural
transformations  : Ide — GF and € : FG — Idp such that Ge o nG = Idg (resp.
€F o Fn =1IdF). The following result essentially shows how to construct a semiadjunction
out of a right (left) semiadjoint.>

3 In order to avoid confusion we have not used the expression “right (left) semiadjoint” in the statement.
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Lemma2.16 Let F : C — D and G : D — C be functors endowed with natural transfor-
mations n :1de — GF and € : FG — Idp.

(1) If Ge o nG = Idg, then there is a semifunctor F' : C — D, that acts as F on objects,
such that (F " G) is a semiadjunction.

(2) If €F o Fn = 1dp, then there is a semifunctor G' : D — C, that acts as G on objects,
such that (F .G’ ) is a semiadjunction.

Proof We just prove (1). Sete := €F o Fn : F — F.Itis well-known that e is idempotent,
see e.g. [32, Lemma 1.4(2)].

Let us check that there is a semifunctor F’ : C — D that acts as F on objects and sends a
morphism f : X — Yto Ffoex.Given f : X - Yand g: Y — Z in C we have

F'goF f=FgoeyoFfoex=FgoFfoexoex=F(gof)oex=F(gof)

so that F’ is a semifunctor. Let us check that (F " G,n, € ) is a semiadjunction where
e = nc and €}, = €p. To this aim, we first note that

€xoegx =€x 0€pGx o Fngx = ex o FGex o Fngx = ex o F (Gex ongx)
=ex o F'(ldgx) = €x,
Gex onx = Gepx o GFnx onx = Gepx oNGFrx o Nx

= (GeonG)rx onx =ldgrx onx = nx,
so that we get the equalities
coeG=¢ and Geon=n. (1)

For every object D in D, we have €, 0 F'Gldp = €p o FGldp = ep = €[, and for every
morphism f : X — Y in D, we have

1
eg,oF/Gf:eyoFGfoer:foexoecx(:)foexzfoés(

so that we can define the seminatural transformation €’ := (¢p)pep : F'G — Ildp.
For every object C in C, we have i old¢ (Idc) = 5. oldc = 1 and for every morphism
f:X — YinC, we have

GF'fony=G(Ffoex)onxy =G (eyoFf)onx = Gey oGFf onx
1
=GeyonyofSnyof=nyof

so that we can define the seminatural transformation ' := (¢)cec : lde — GF'. We
compute

/ !
GGD °Ngp = GGD o NGD =IdGD
and
€mc o F'ne =€epcoF'nc =¢€pcoFncoec =ecoec =ec=Fldc.

Therefore (F " G,n, € ) is a semiadjunction. O
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2.6 Characterization of (Co)reflections up to Retracts

Now, we provide a characterization of (co)reflections up to retracts which are semiadjoint
functors. It will be applied to the quotient functor H : C — C, in Theorem 3.1.

Proposition 2.17 Let (F, G, n, €) be a semiadjunction. Then,

(1) G is a coreflection up to retracts if and only if there is v : GF — Id¢ such that
nov=GFIdandvon=Idy,.

(2) Fisareflectionuptoretractsifandonlyifthereisy : 1dp — FG suchthatyoe = FGId
and € oy = Idyq,,.

Proof (1) Assume there is v : GF — Idc such that n ov = GFId and v o n = Idyq,.
Let us prove that 5% is an isomorphism with inverse v? defined by v?ac) ‘= coVc SO
that F7 is fully faithful, i.e. G is a coreflection up to retracts. Note that ¢ o (¢ o v¢) o
GFc=cocovcoGFc =cococovc = covc and hence we get the morphism
UEC o (GFC,GFc) — (C,c). We compute

ﬂ?c,c)o"(uc,c) =ncococovc=ncocovc=GFconcovc
=GFcoGFId=GFc=1dGrc,GFe),

VECC)OTIECC)=COVC077C0C=C°IdC°C=C°C=C=Id(C-,C)

so that n?c o is an isomorphism in C*. Conversely, assume that G is a coreflection up to

retracts. Then G has aleft adjoint F¥ which is fully faithful, so the unit n” : Idg: — G'F*
of the adjunction (F?, G%, 1, €') is an isomorphism. By Lemma 2.14, there exists a
seminatural transformation v : GF — Id¢ such that v = (»%)~'. Thus we have
o) =nforv® =Idgip: = (GFId)* and (v o n)? = VP oyt = Idig,, = (Ida,)%,
hence by [23, Lemma 23] it follows that 7 o v = GFId and v o n = Idyq,., respectively.
(2) The proof follows by the same arguments. o

Proposition 2.17 allows us to characterize a (co)reflection up to retracts as part of a
semiadjunction as follows.

Corollary 2.18 (Characterization of (co)reflections up to retracts) Let C and D be categories.

(1) A functor G : D — C is a coreflection up to retracts if and only if it is part of a
semiadjunction (F, G, n, €) and there is v : GF — Id¢ such that n ov = GFId and
von=Idyq,.

(2) A functor F : C — D is a reflection up to retracts if and only if it is part of a semi-
adjunction (F, G, n, €) and there is y : ldp — FG such that y o ¢ = FGId and
€oy = Idup.

Proof We prove (1), the proof of (2) being similar. In view of Proposition 2.17, it suffices
to check that a coreflection up to retracts G : D — C is always part of a semiadjunction
(F, G, n,€). In fact for such a G, the completion G7 has a fully faithful left adjoint and we
conclude by Lemma 2.15. O

The following result is a consequence of Corollary 2.18.

Corollary 2.19 Any (co)reflection up to retracts is surjective up to retracts.
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Proof Let G : D — C be a coreflection up to retracts. By Corollary 2.18 (1), G is part of a
semiadjunction (F, G, 1, €) and there is v : GF — Idc¢ such that v o n = Idq,. Given an
object C in C we get vc o n¢ = Id¢ and hence C is a retract of GFC, i.e. G is surjective
up to retracts. Similarly, any reflection up to retracts is surjective up to retracts by Corollary
2.18 (2). O

Now we give further conditions for a functor to be a (co)reflection up to retracts. We will
apply it in the next section to study the (co)comparison functor attached to an adjunction.

Proposition2.20 Let F : C — D and G : D — C be functors endowed with natural
transformations ) : Id¢ — GF and e : FG — Idp.

(1) If there is a natural transformation v : GF — ld¢ such that v o n = Id and vG = Ge,
then G is a coreflection up to retracts.

(2) If there is a natural transformation y : ldp — FG suchthate oy =Idand y F = Fn,
then F is a reflection up to retracts.

Proof We just prove (1). Given v as in the statement, note that Ge o nG = vG o nG =
(v o) G = Idg so that we are in the setting of Lemma 2.16. For any C in C define v’c =
vc o Gec, where e := €F o F1. Then v, o GF' (Id¢c) = vc o Gec 0o Gec = ve o Gee = v
and for every morphism f : X — Y in C, we have

v;,oGF/f:vYoGeyoGFfoGex:vyoGFfoGexoGex
= fovyoGex = fovy

so that we can define the seminatural transformation v/ := (v) cec t GF' — Tdc. We
compute

1
U/COT]/C=\)COG€Cor}C(=)vconczIdc,

n/C [©] v’C =nNcovco Gec na=t.v VGFC © GFT}C o Gec
= GEFC o GFUC o Gec = G(:'C o Gec = GF/Idc.

By Proposition 2.17, we conclude. O

3 Quotient and (Co)comparison Functor

This section collects the fall-outs of the results we achieved so far. First we prove that the
quotient functor H : C — C, onto the coidentifier category is always a coreflection up to
retracts. Then also the (co)comparison functor attached to an adjunction whose associated
(co)monad is (co)separable is shown to be a coreflection (reflection) up to retracts. This result
allows to characterize a semiseparable right (left) adjoint in terms of (co)separability of the
associated (co)monad and the requirement that the (co)comparison functor is a bireflection up
toretracts. To complete the picture, we study the (semi)separability of a pair of functors whose
source categories are not idempotent complete. Namely, given a ring morphism ¢ : R — S,
since the induction functor S ®g (—) : R-Mod — S-Mod preserves free modules, we
consider what we call the free induction functor S ®g (=) : R-Mody — §-Mod  between
the categories of free left modules (which are not idempotent complete) and its right adjoint,
that we call the free restriction of scalars functor.

In Subsect. 3.1 we compare the two canonical factorizations we have attached to a semisep-
arable right adjoint G : D — C, namely the one through the coidentifier category and the
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one through the comparison functor, showing they are connected by an equivalence up to
retracts.

In Subsect. 3.2, we show that in presence of a separable monad, the associated Kleisli
category and Eilenberg—Moore category have equivalent idempotent completions. Moreover,
given a semiseparable right adjoint G : D — C these idempotent completions result to be
equivalent to the idempotent completion of D,, where e is the idempotent natural transfor-
mation associated to G.

In Subsect. 3.3 we apply the foregoing achievements to obtain a semi-analogue of a result
due to P. Balmer concerning pre-triangulated categories. Finally, we provide conditions for
the Eilenberg—Moore category Cg r to inherit the pre-triangulation from the base category C.

The quotient functor. We start by proving that the quotient functor H : C — C, of Subsect.
1.2 is a coreflection up to retracts. Since we know that H is naturally full (as recalled in
Subsect. 1.2), it reveals to be indeed a bireflection up to retracts.

Theorem 3.1 LetC be a category, lete : 1d¢ — 1d¢ be an idempotent natural transformation.
Then, the quotient functor H : C — C, is a coreflection up to retracts whence a bireflection
up to retracts.

Proof Define the semifunctor L : C, — C as the identity on objects and by (f : X — ¥) >
(ey o f : X — Y) on morphisms. Note that it is really a semifunctor as Lldy = exoldy =
ex # Idyx in general. Moreover, it is well-defined as f = g ifand only ifey o f = ey 0 g.
Now we show that (L, H) is a semiadjunction with unit n : Ide, - HL, nx = Idy :
X — HLX = X, and counite : LH — Id¢, €y := ey : LHY =Y — Y. First, observe
that 5 and € are seminatural transformations. Indeed, for every f : X — Y in C,, we have
HLfonX = H(eyo f)oldy = HeyoHfoHIdy = IdgyoHfoldyx =Hyof = nyof,
hence in particular H LIdy o ny = nx o Idx = ny, thus 7 is a seminatural transformation.
The same holds fore€,aseyo LHf = eyoL f = eyoeyof =eyof = foex = foey and
in particular ey o LHIdy = Idy o €y = €y. Moreover, for every X € C and Y € C, we have
the identitiese  yoLny = eLXoLHX = eXOLHX =exoexoldy = exoldy = LHX and
Hey ongy = Hey oldyy = Hey = Idyy = HIdy. So (L, H, n, €) is a semiadjunction.
Since for every object X € C,, HL(X) = X, and for every morphism f in C,, HLf =
H(eyo f)=HeyoHf =Idgyo f = f, we have HL = Id¢,, and thus n = Idldce,hence
there exists v = Idldce :HL — Id¢, suchthatpov = Idldce =HLIdandvon = Idldce.
By Proposition 2.17 H : C — C, is a coreflection up to retracts. Since H is also naturally
full, then, by Lemma 2.4, H is a bireflection up to retracts. O

Remark 3.2 The functor H : C — C, is a bireflection if and only if the idempotent natural
transformation e : Ide — Id¢ splits, see [1, Proposition 2.27]. Thus, in general it is a
bireflection up to retracts but not a bireflection.

Example 3.3 Let R be a ring and let R-Mod be the category of left R-modules. Denote by
R-Mod  and R-Proj the full subcategories of R-Mod whose objects are free left R-modules
and projective left R-modules, respectively. Let ¥ : R-Mody — R-Proj be the inclusion
functor. It is an equivalence up to retracts as it is fully faithful and any projective module is
aretract of a free module, cf. Lemma 2.4 (6). As a consequence, by [28, Theorem 6.12, page
30], the functor ¥ induces an equivalence W' : R—Modt} — R-Proj, (F, e) — Im(e). This
fact is well-known and, in the finitely generated case, it is written explicitly in [28, Theorem
6.16].

Now set C := R-Mod ;. Given a central idempotent element z € R, with z # 0, 1, define
the idempotent natural transformation e : Id¢c — Id¢ by setting epy : M — M, m +— zm,
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for every free left R-module M. If e splitted, then eg : R — R would split in C and
thus zR = Im(eg) would be a free R-module. Since 0 # z € zR, we have zR # 0
and it is known that a nonzero free module is faithful, i.e. it has trivial annihilator. Hence
1 —z € Anng(zR) = 0 and so z = 1, a contradiction. Therefore e does not split and hence
H : C — C, is a bireflection up to retracts but not a bireflection in view of Remark 3.2. For
example, take R =R x Rand z = (1, 0).

The (co)comparison functor. Now we move our attention to the (co)comparison functor
attached to an adjunction.

Theorem3.4 Let F 4 G : D — C be an adjunction with unit n and counit €.

(1) Ifthe monad (GF, GeF,n) is separable, then the comparison functor Kgr : D — CgF
is a coreflection up to retracts.

(2) If the comonad (FG, FnG, €) is coseparable, then the cocomparison functor K6
C — DFY is a reflection up to retracts.

Proof We just check (1). Set K := Kgr : D — Cgr, U := Ugp : Cgr — C, V =
Vor : C — Cgr and consider A := FU : Cgr — D. Let us construct three natural
transformations ny : Ide;, — KA, € : AK — Idp and vi : KA — Idg,, that fulfill
the requirements of Proposition 2.20, i.e. such that vj o n; = Id and v K = Ke€;. Since
AK = FUK = FG it makes sense to define €] := ¢, the counit of the adjunction (F, G).
Since KA = KFU = VU we can set v; := B, the counit of the adjunction (V, U), which
is defined by U B(c, ) = u for every object (C, ) in CgF.

Since the monad (G F, Ge F, n) is separable, then the functor U is separable and hence, by
Rafael Theorem, there is a natural transformation 7y : Id¢;, — VU such that 8 o gy =1d,
ie.vyon =1d.

Moreover UBgp = UBp,Gep)y = GeD = UKe D so that BK = Kep,ie. viK =
Key. O

Theorem 3.4 allows to obtain the following characterization improving Theorem 1.8.

Theorem 3.5 Let F 4 G : D — C be an adjunction with unit n and counit .

(1) G is semiseparable if and only if the monad (GF, GeF, n) is separable and the com-
parison functor Kgr : D — CgF is a bireflection up to retracts.

(2) F is semiseparable if and only if the comonad (FG, FnG, €) is coseparable and the
cocomparison functor K¥C : C — DFC is a bireflection up to retracts.

Proof We just prove (1). By Theorem 1.8, G is semiseparable if and only if the monad
(GF, GeF,n) is separable and K¢ F is a naturally full. When (GF, GeF, 1) is separable,
K is a coreflection up to retracts by Theorem 3.4, and hence it is naturally full if and only
it it is a naturally full coreflection up to retracts if and only if it is a bireflection up to retracts
by Lemma 2.4. O

Theorem 3.5 allows to retrieve the following characterization improving Corollary 1.9.

Corollary 3.6 Let F 4 G : D — C be an adjunction with unit n and counit €.

(1) [16, Proposition 3.5] G is separable if and only if the monad (GF, Ge F, 1) is separable
and the comparison functor Kgr : D — CgF is an equivalence up to retracts.

(2) [38, Proposition 2.3] F is separable if and only if the comonad (FG, FnG, €) is cosep-
arable and the cocomparison functor K¥¢ : C — DFY is an equivalence up to retracts.
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Proof We just prove (1). By Proposition 1.1, G is separable if and only if it is semiseparable
and faithful. By Theorem 3.5, G is semiseparable if and only if the monad (GF, GeF, 1) is
separable and K F is a bireflection up to retracts. On the other hand, since G = Ugr o KgF
and UgrF is faithful, we have that G is faithful if and only if so is Kgr. Summing up G is
separable if and only if (GF, GeF, n) is separable and K¢ is a fully faithful bireflection
up to retracts. By Lemma 2.4, the latter requirements on K r means it is an equivalence up
to retracts. O

The special features we proved for coreflections up to retracts yield the following result.

Corollary 3.7 Let F - G : D — C be an adjunction with comparison functor Kgr : D —
Cg F and cocomparison functor K¥9 : ¢ — DFO.

(1) Assume G is semiseparable. If KgFr has a left adjoint, then KgF is a bireflection.

(2) Assume F is semiseparable. If K¥C has a right adjoint, then K*9 is a bireflection.

(3) (Cf. [35, Proposition, page 93] and [3, Proposition 2.16(3)]) Assume G is separable. If
KGrF has a left adjoint, then K is an equivalence (i.e. G is monadic)

(4) (Cf. [31, Proposition 3.16]) Assume F is separable. If K¥Y has a right adjoint, then
K¥G isan equivalence (i.e. F is comonadic).

In case D (resp. C) is idempotent complete, if G (resp. F) is (semi)separable, then KgFr
(resp. K¥C) has a left (resp. right) adjoint so the previous assertions apply.

Proof We just prove (1) and (3). If G is semiseparable (resp. separable), by Theorem 3.5
(resp. Corollary 3.6) we know that K is a bireflection (resp. equivalence) up to retracts.
Then, if K¢ has a left adjoint, by Proposition 2.9 K F is a bireflection (resp. equivalence).
By Proposition 2.12, if D is idempotent complete, then Kgr has a left adjoint as it is a
bireflection (resp. equivalence) up to retracts. O

What follows is an example of a coreflection (up to retracts) which is not an equivalence
(up to retracts) and not even a bireflection (up to retracts).

Example 3.8 Consider the forgetful functor G : Top — Set and its left adjoint F : Set —
Top which assigns to each set X the topological space X equipped with the discrete topology
(all subsets of X are open), see [30, page 144]. This adjunction defines on Set the identity
monad [ = (Idset, Id, Id). The Eilenberg—Moore category of modules over I is then Set, thus
the comparison functor K r : Top — Sety = Set is the given forgetful functor G. Note that
the identity monad I is separable, thus by Theorem 3.4 K¢ F is a coreflection up to retracts
and then a coreflection either by Proposition 2.12, as Top is an idempotent complete category
(it has in fact equalizers, see [24, Theorem 2.15]), or by Proposition 2.9, as Kgr = G has a
left adjoint. Since K g is not an equivalence, again by Proposition 2.12 it follows that K r
is not even an equivalence up to retracts. By Corollary 3.6 we have that G is not separable
and, since G is faithful, G is not semiseparable by Proposition 1.1. Then, by Theorem 3.5
K F isnot even a bireflection up to retracts, and hence not a bireflection by Proposition 2.12.

Remark 3.9 Let F 4 G : R-Mod — S-Mod be an adjunction. Since the source category of
G is idempotent complete, Corollary 3.7 applies. This means that, in view of Theorem 3.5,
the functor G = UgFr o KgF is semiseparable if and only if the associated monad G F is
separable (equivalently, the forgetful functor U r is separable) and the comparison K¢ F is
a bireflection. As obtained in [1, Corollary 2.28], any factorization as a bireflection followed
by a separable functor is the same given by the coidentifier (i.e., G = G, o H),upto a
category equivalence (see Subsect. 3.1 for a more general treatment). Examples are e.g. [1,
Proposition 3.5, Corollary 3.12, Proposition 3.24].
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Next aim is to exhibit examples of (semi)separable adjoints to whom Theorem 3.5 and
Corollary 3.6 apply even if the relevant categories are not idempotent complete, namely the
free induction functor and the free restriction of scalars functor.

The free induction and restriction functors. In order to study the (semi)separability of the
free induction functor and of the free restriction of scalars functor, we will use the following
lemma, inspired by [5, Lemma 2.9].

Lemma3.10 Let F 4 G : C — D be an adjunction of functors and let S : C' — C and
T : D' — D be fully faithful functors. Assume that there exist functors F' : D' — C' and
G’ : C' — D’ such that both squares

c—5S ¢

F/T iG’ FT%\LG
p—L 5D
are commutative, i.e. FoT = So F' andT o G' = G o S. Then, (F', G') is an adjunction
in a unique way such that the pair of functors (S, T) is a map of adjunctions in the sense of
[30, IV.7].
Moreover, if G (respectively, F) is (semi)separable, then also G’ (respectively, F’) is
(semi)separable.

Proof Consider D' € D/, C’ € C'. The composition of natural isomorphisms yields the

natural isomorphism ¢p/ ¢ = (F G,C,) o Yrp .sc’ © ]:F,D, ¢~ By construction the
diagram
]:}'S:’D’ c’
Home/ (F'D’, C'y ————————— Hom¢(SF'D’, SC) Hom¢(FTD', SC)
(ﬂp/ c’ l‘ﬂru’ sc’
, ]:D/ G'c’ ,
HomD/(D G'C') ———————= Homp(T D', TG'C") =——=Homp(T D', GSC')

commutes and this means that the pair of functors (5, T') is a map of adjunctions.

Finally, assume that G is semiseparable. Since S is fully faithful, by Lemma 1.2 (ii) Go S
is semiseparable, and then T o G’ is semiseparable, hence, since T is faithful, by Lemma 1.2
(iii) it follows that also G’ is semiseparable. If G is separable, the proof follows analogously.
The case with F and F’ is similar. O

As in Example 3.3, denote by R-Mod f the full subcategory of R-Mod consisting of free
left R-modules. Given a ring morphism ¢ : R — S, the induction functor ¢* = S Qg (—) :
R-Mod — S§-Mod has aright adjoint, namely the restriction of scalars functor ¢, : S-Mod —
R-Mod. Moreover ¢* preserves free modules as S @ R®) = (S @ R)B) = §B) giving
rise to the functor

go}’i =S ®g (—) : R-Mod; — S-Mod,

that we call the free induction functor.
We have the following result.

Proposition 3.11 Let ¢ : R — S be a ring morphism. The following assertions are equiva-
lent.
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(1) The free induction functor go? : R-Mod s — S-Mod s has a right adjoint ¢, .
(2) S is free as a left R-module.
(3) The restriction of scalars functor ¢, : S-Mod — R-Mod preserves free modules.

In case the above equivalent conditions hold, then @,y is induced by ¢, and the unit and
counit of ((p}’i, @« ) are the restrictions of the ones of (¢*, ¢x). Moreover, if S # 0, then ¢ is
injective and <p;§ is faithful.

We call the functor ¢, s the free restriction of scalars functor.

Proof (1) = (2). Assume that go;ﬁ- has a right adjoint G : S-Mody — R-Mod . Then, we
have the following isomorphisms of left R-modules: § = gHom(sS, s5) = sHom(S ®g
R, 58) = sHom(¢}(R), sS) = kHom(g R, RG(S)) = rG(S).

Since R G(S) is a free left R-module, then so is S.

(2) = (3). Assume that S is a free left R-module. Then, § = R, If X is a free left
S-module (i.e. X = § (A)), then it can be regarded as a left R-module where the action of R
is given by R x X — X, (r, x) — @(r)x. Then g, (X) = g X = (xS = (RUVHYA =
RUAXY) s a free left R-module.

(3) = (1).If ¢, preserves free modules, it induces ¢, ¢ : S-Mod ; — R-Mod f. Since the
inclusion functors ig : S-Mod s < S-Mod and ig : R-Mody < R-Mod are fully faithful,
then the assumptions of Lemma 3.10 are satisfied and ((p")i, @« f) results to be an adjunction.
Indeed, the square

$-Mod; —2 = §-Mod

q);T lw*f wH%

R-Mod; —% = R-Mod

is commutative, i.e. ig 0 @ r = @y o ig and ig o (p?- = ¢* o i, since ¢, and (p} have
been defined as the restrictions of ¢, and ¢* respectively. Since the pair (is, ig) constitute
a morphism of adjunctions, by [30, Proposition 1, page 99] we know that the unit n s and
counit €5 of ((p}i, @4 ) are related to the unit 7 and counit € of (¢*, ¢,) by the equalities
nir = igny and €is = igey. This means that n and €y are just the restrictions of 7 and
€ respectively. Explicitly, the unit is defined as (ns)y : M — S®@r M, m — ls Qg m,
for any M € R-Mods. Note that (n7)y = (p Qg M) o l;,ll where Iy : RQpr M — M is
the canonical isomorphism. Assume S # 0. Since M if a free left R-module, then it is flat,
so that (177) » is injective as so is ¢ since Ker(¢) € Anng(S) and the annihilator is zero as
every non-trivial free left R-module is faithful. Then, (p}’i is faithful. O

We recall the following known facts:

e ¢, is separable if and only if S/R is separable, i.e. the multiplication mg : S Qg S — S,
s ®r s’ > ss’ splits as an S-bimodule map, see [33, Proposition 1.3];

e ¢* is separable if and only if ¢ is split-mono as an R-bimodule map, i.e. if there is
E € rHomg (S, R) such that E o ¢ = Id, see [33, Proposition 1.3];

e ¢* is semiseparable if and only if ¢ is a regular morphism of R-bimodules, i.e. there is
E € RHomg(S, R) such that ¢ o E o ¢ = ¢, see [1, Proposition 3.1].

Note that the free restriction of scalars functor ¢, 7 is a faithful functor, so by Proposition
1.1 it is semiseparable if and only if it is separable. Assuming that S # 0 is free as a left
R-module, then by Proposition 3.11 the functor (p;‘i is faithful, hence again by Proposition
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1.1 it is semiseparable if and only if it is separable. It remains to check when ¢,y and w’; are
separable functors. ‘

Proposition 3.12 Let ¢ : R — S be a morphism of rings, with S a free left R-module.

(1) The free induction functor (p;v = S®g (=) : R-Mody — S-Mod; is separable if and
only if ¢ is a split-mono as an R-bimodule map.

(2) The free restriction of scalars functor ¢y : S-Mody — R-Mod is separable if and
only if S/R is separable.

Proof (1) Assume that go? is separable. Then, by Rafael Theorem, there exists a natural
transformation v € Nat (g, f(p;, Id R-Mod j.) such that v o n = Id, where 7 is the unit of
(go}?, osf)ieny M — SQrM, m— lg@gm,forany M € R-Mod . Now, since R is
a free R-module, we consider E € gHomg (S, R) defined by setting E(s) := vg(s ®r 1),
forevery s € S (note that the right R-linearity of E descends from the naturality of v). Then,
forevery r € R, we get (E o ¢)(r) = E(p(r)) = vr(@(r) ®r 1gr) = vr(nr(r)) = r. Thus
E o ¢ = Id. Conversely, if ¢ is a split-mono as an R-bimodule map, we mentioned that ¢*
is separable. By Lemma 3.10, so is ga”;.

(2) Assume now that @, s is separable. Then, by Rafael Theorem, there exists a natural
transformation y € Nat(Ids-pMod £ gu}i(p* f) such that € o y = Id, where € is the counit of
((p;‘,, psf)ie. ey : SQrN — N, s @n + sn,forany N € S-Mod . Now, since S is a
free S-module, we consider ys € sHomg(S, S ®r S) (note that the right S-linearity of ys
descends from the naturality of y).

Since €5 o ys = Id, we conclude that the multiplication mg = €5 : S g S — S splits as
an S-bimodule map so that S/R is separable. Conversely, if S/R is separable, we mentioned
that ¢, is separable. By Lemma 3.10, so is ¢4 r. O

Example 3.13 (1) Consider the morphism of rings ¢ : R — R x R, r + (r,r). The R-
bimodule structure induced on R x R via ¢ is the canonical one so that it is free. The canonical
projection E : RxR — R, (a, b) > a, is amorphism of R-bimodules such that Eo¢p = Id.
By Proposition 3.12, the free induction functor (pj? =R?®g (—) : R-Mod = R?-Mod f
is separable.

(2) Let R be aring and let ¢ : R — M, (R) be the canonical inclusion into the ring of
n x n matrices over R. Itis well-known that M, (R) /R is separable (see e.g. [ 18, Example I1])
and clearly M,,(R) = R is free as a left R-module. By Proposition 3.12, the free restriction
of scalars functor ¢y s : M,,(R)-Mod y — R-Mod is separable.

3.1 Comparing the Factorizations of a Semiseparable Adjoint

Let F 4 G : D — C be an adjunction. So far we have seen that if G is semiseparable, then
it admits two canonical factorizations as a bireflection up to retracts followed by a separable
functor, namely G = G, o H (cf. Theorems 1.7 and 3.1) and G = UgF o KgF (cf. Theorems
1.8 and 3.5).

G, K U
il C and D or CGF or C

biref. w.t.r. ¢ sep. biref. w.t.r. sep.

Similar factorizations have been obtained also for F' in case it is semiseparable. Next aim
is to compare these factorizations. First we need Lemma 3.14, an easy result concerning
the idempotent completeness of the coidentifier, and the useful Lemma 3.15, regarding the
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composition of (co)reflections (up to retracts). The subsequent Proposition 3.16 provides a
factorization of bireflections up to retracts.

In order to state next result, we adopt the following terminology: A functor F : C — D
lifts idempotents whenever each idempotent morphism in D is of the form F(g) for some
idempotent morphism ¢ in C. It is clear that, given such a functor, if C is idempotent complete
sois D.

Lemma 3.14 Let C be a category and let e : 1dc — Id¢ be an idempotent natural transfor-
mation. Then the quotient functor H : C — C, lifts idempotents. As a consequence, if C is
idempotent complete so is the coidentifier C,.

Proof Leth : C — C be an idempotent morphism in C.. Then s o h = hi.e. h o h = h and
hence ec ohoh =ecoh.Setq :=ecoh:C — C.Thengogq =ecohoecoh =
ecoecohoh=ecohoh =ecoh = q and hence ¢ is an idempotent morphism in C.
Moreover Hg =g = ec o h = h. O

Lemma3.15 Let G : D — Cand U : C — C' be functors.

1) If G is a (co)reflection and U is conservative, then U is an equivalence if and only if
U o G is a (co)reflection.

2) If G is a (co)reflection up to retracts and U is separable, then U is an equivalence up to
retracts if and only if U o G is a (co)reflection up to retracts.

Proof Set G’ :=U o G.

(1) Since U is conservative, if G’ is a coreflection, by [4, Corollary 4.9], which is a conse-
quence of [9, Lemma 1.2], we get that U is an equivalence. Conversely, if U is an equivalence
then it is in particular a coreflection and hence, by Remark 1.10, G’ is a coreflection as a
composition of coreflections. The statement for G a reflection is proved dually.

(2) By Corollary 2.2, since U is separable so is U%. In particular U? is conservative, by
Remark 2.7. Therefore we have that (G’ )n = U% o G" where G is a (co)reflection and UY is
conservative. By 1), we get that U" is an equivalence (i.e. U is an equivalence up to retracts)
if and only if (G’)J is a (co)reflection (i.e. G’ is a (co)reflection up to retracts). O

Proposition 3.16 Let F : C — D be a bireflection up to retracts. If we consider the associated
idempotent natural transformation e : Id¢ — Id¢ and the corresponding factorization
F = F, o H, then the unique functor F, : C, — D is an equivalence up to retracts. If C is
idempotent complete, then F, is an equivalence.

Proof If F is a bireflection up to retracts, it is a semiseparable coreflection up to retracts
by Lemma 2.4. In particular, F admits the associated idempotent natural transformation
e : Id¢ — Id¢, see Proposition 1.3. By Theorem 1.7, there is a factorization F = F, o H
for a unique functor F, : C, — D which is separable. Since both F and H are coreflections
up to retracts (see Theorem 3.1) and F, is separable, by Lemma 3.15, we get that F, is an
equivalence up to retracts.

If C is idempotent complete so is C, by Lemma 3.14. Then F, is an equivalence in view
of Proposition 2.12. O

Example3.17 Let F : C — D be a bireflection up to retracts. Thus F* : C! — Disa
bireflection. In particular, by Lemma 2.4, it is a bireflection up to retracts whose source
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category C is idempotent complete. By Proposition 3.16, (F1), : (C%)q — D’ is an equiv-
alence where « : Ide; — Ide: is the idempotent natural transformation associated to F 7. By
definition and running through again the proof of Corollary 2.2, we get that

F* F©
acc.e) = Pic.oyc.o0ddrac.e) = Pic ey c.o)Mdre, Fe)

= Pg’C(Fc) = 'Pg’C(Ich) oc=ecoc

so that @ = e where e : Ide — Idc is the idempotent natural transformation associated to
F. This shows that (F?),: : (C%),: — D" is an equivalence and hence D* = (C%),:.

In particular, in Theorem 3.1 we proved that H : C — C, is a bireflection up to retracts.
By the foregoing, (Ht)et : (C”)ea — (C,)" is an equivalence and hence (C,)* = (C”)et.

We are now able to compare the two factorizations we are interested in.

Proposition 3.18 Consider an adjunction F 4 G : D — C.

(1) If G is semiseparable and e : 1dp — Idp is the associated idempotent natural transfor-
mation, then there is aunique functor (Kgr), : Do — Cgr suchthat(Kgr),o0H = KGgF
and UgFro(KGF), = Ge. Moreover, the functor (KGF), is an equivalence up to retracts.
If D is idempotent complete, then (KgF), is an equivalence of categories.

(2) If Fis semiseparable and e : 1d¢ — 1d¢ is the associated idempotent natural transforma-
tion, then there is a unique functor (KFG)E : Co — DFO such that (KFG)E oH =KFG
andUF%0 (KFG)e = F,. Moreover, the functor (KFG)e is an equivalence up to retracts.
If C is idempotent complete, then (K F G)e is an equivalence of categories.

H H

p—".p, c—se,
Kcr (K,GF)‘e Ge KFGl (KFG).e Fe
P p
Cor ——=C pFé D
UGk ure

Proof We just prove (1). The existence of a unique functor (K¢r), that makes commutative
the diagram in the statement has already been observed in [1, Remark 2.10]. Moreover
the functors G, and UgF are separable while the functors H and KgF are naturally full.
Furthermore, by Theorem 1.7 G and Kgr have the same associated idempotent natural
transformation e.

Since e is the associated idempotent natural transformation for K, the factorization
Kcr = (KGgF), o H is necessarily the one of Proposition 3.16, once observed that K is
a bireflection up to retracts by Theorem 3.5. As a consequence (K¢ r), is an equivalence up
to retracts (an equivalence in case D is idempotent complete). O

Although in the present paper we usually deduced the general results from weaker ones
(e.g. we deduced results on separable functors from those on semiseparable functors), we
could, in some cases, also have done the opposite. For instance, given an adjunction (F, G)
with G semiseparable, since the equality (Kgr), o H = KgF holds and the functor H is a
coreflection up to retracts, by Lemma 3.15 we can conclude that K is a coreflection up to
retracts (whence a bireflection up to retracts) if we know that (K ), is an equivalence up to
retracts. In other words, we can give a different proof of Theorem 3.5, by first showing that
(KGF), 1s an equivalence up to retracts. To this aim we first need the following lemma.
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Lemma3.19 Let G, : D, — C be a functor. If G := G, o H : D — C has a left adjoint F
with unit n and counit €, then F, := H o F is a left adjoint of G, with unit n, and counit
€. uniquely defined by the identities n, = n and e,H = He. Moreover the adjunctions
(Fe, Ge) and (F, G) have the same associated monad (whence Cg,r, = Cgr) and the
respective comparison functors are related by the equality Kg,r, o H = KGF.

H
D,
xﬁ /eFe

D
Fl4|G Cer =Cq,F, Fe|4|Ge

y %
c L c

Proof Given € : FG — Idp we have He : HFG — H. By the universal property of the
coidentifier, since (F.G,) o H = HFG and Idp, o H = H, we have (HFG), = F,G,
and H, = Idp, and hence there is a unique natural transformation €, : F,G, — Idp, such
that e, H = He (see Lemma 1.6). Since G, o0 F, = G, 0o H o F = G o F, it makes sense to
define 1, := n. Then

GeeeH oneG.H =G,He on,G,H = Ge onG =1dg =1dg,n.
Since H is the identity on objects, we deduce that G.¢€, o n.G. = Idg,. Moreover
€F,oFm, =€, HF o HFn, = HeF o HFn = Hldr =1dyr =1dF,.

Since G, o F, =Go F, Goe,F, = G,e,HF = G,He F = GeF and n, = n we have that
the adjunctions (F,, G.) and (F, G) have the same associated monad. Thus Cg,r, = CGF.
Note that

K, R, HX = (G.HX,Gee,HX) = (G, HX,G.HeX) = (GX, GeX) = KgrX,
K, r,Hf = G.Hf =Gf = Kgrf

sothat Kg,F, o H = KgF. O

By Lemma 3.19, the adjunctions (F, := H o F, G,) and (F, G) have the same associated
monad (whence Cg,r, = Cgr) and the respective comparison functors are related by the
equality Kg,r, o H = K¢ F. Since the functor (Kgr), : De — Cgr of Proposition 3.18 is
uniquely determined by the equality (Kgr), o H = KgFr, we get (Kgr), = Kg,F,. Since
G, is separable, by [16, Proposition 3.5], we get that K¢, F, is an equivalence up to retracts.
Thus (KGF), is an equivalence up to retracts as desired.

In a similar way, given an adjunction (F, G) with F semiseparable, we can conclude that
K FG is a reflection up to retracts if we know that (K F G)e is an equivalence up to retracts.
This is a consequence of the following dual of Lemma 3.19.

Lemma3.20 Let F, : C, — D be a functor. If F := F, o H : C — D has a right adjoint G
with unit n and counit €, then G, := H o G is a right adjoint of F, with unit n, and counit €,
uniquely defined by the identities ne H = Hn and €, = €. Moreover the adjunctions (F,, G,)
and (F, G) have the same associated comonad (whence D¥¢C¢ = DFC) and the respective
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cocomparison functors are related by the equality K*e%e o H = KFG,

Id

D

’DFeGé F. |+|Ge

/ m
H c,

3.2 Idempotent Completion of Kleisli Category

As another application of the results about conditions up to retracts, we now focus on the
Kleisli construction for a monad (T,m : TT — T,n :Idc — T) on a category C. Recall
that a T-module is free when it is isomorphic to one of the form V+C = (TC, m¢), for
some object C € C, and the full subcategory of Ct generated by the free T-modules is
equivalent to the so-called Kleisli category T-Freec of free T-modules (see [29]). Explicitly
the objects of T-Freec are those of C and a morphism f : C - D in T-Freec is a morphism
f : C — T(D) in C; the composite of two morphisms f : C - D, g : D - E in T-Freec
is given in C by the composite

c—L T O TTE) s TE),

and the identity C - C on an object C of T-Freec is the unit nc : C — T(C) in C. There
is (see [12, Proposition 4.1.6]) a fully faithful functor

Jr: T-Freec > Cr, Cr (TC,mc), [f:C - D]l mpoT(f),

that fits into the following diagram

C
Uy vr
vi o Ur @
T-Freec(ﬁ Cr,
T

where the adjunction (V, UT) restricts to an adjunction (VZ, U’T) between C and T -Freec,
thatis, U, = Ut o JT and J o V4 = V7 (see [12, Corollary 4.1.7]). Explicitly U and V7
are given by
Uy : T-Free¢c —> C, Cr> T(C), fr>mpoT(f), 3)
V4:C— T-Freec, C+C, fr>npof )

In the next result we investigate the functor JT in case the monad T is separable.

Proposition 3.21 Let (T, m, n) be a separable monad on a category C. Then, the canonical
functor J1 : T-Freec — CT is an equivalence up to retracts. In particular T-Freetc = C-Jl—.

Proof By [10,2.9 (1)] the separability of the monad (T, m, ) is equivalent to the separability
of the forgetful functor Ut : Ct — C, hence, by Rafael Theorem this is also equivalent to
the fact that the counit 8 : VUt — Id¢; of the adjunction (VT, Ut) is a split natural
epimorphism. Thus, we get that V7 is surjective up to retracts and hence so is JT in view
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of the equality V1 = J7 o V4. But Jt is also fully faithful, hence it is an equivalence up to
retracts by Lemma 2.4. O

Now, given an adjunction F 4 G : D — C, with unit n, counit €, consider the diagram
(2) for the associated monad (G F, Ge F, n). Then, (see [12, Proposition 4.2.1]) there is the
so-called Kleisli comparison functor

Lgr : GF-Freec - D, C+ F(C), fvr> €rpoF(f),

such that Kgpr o LgF is the functor Jgr : GF-Free¢c — Cgr, C — (GFC, Gepce),
f = GEFD o GF(f).

C

’
VGF UGFr
/? |1e
Usr Ve

G F-Freec

F
D C
LgF \KGF G
H %GF)@
D,

Moreover, G o Lgr = Ujp and Lgp o Vi, = F, where Uy : GF-Freec — C is
defined as in (3), i.e. by setting U n(C) = GF(C), U, (f) = Gerp o GF(f), for every
object C and every morphism f : C - D in G F-Freec, and V. : C — G F-Freec as in
(4), i.e. it is the identity map on objects and, for every morphism f : C — D inC, itis given
by V(’;F(f) = np o f.In particular, since Kgr o Lgr = Jgr and JgF is faithful, then the
functor Lgr : GF-Freec — D is faithful too. Moreover, a morphism / : F(C) — F(D)
in D corresponds by adjunction with the morphism f := Ghonc : C — GF(D) inC,i.e.
amorphism f : C - D in G F-Freec such that Lgr(f) = h, hence LgF is full as well.

The next step is to show that, given an adjunction, the semiseparability of the right adjoint
provides an equivalence between the associated Kleisli and Eilenberg—Moore categories,
after idempotent completion. As a consequence, these categories are also equivalent up to
retracts to the coidentifier category associated to the semiseparable right adjoint.

Proposition3.22 Let F | G : D — C be an adjunction, and consider the diagram
(5). Assume G is a semiseparable functor. Then, the composite functor Kgr o Lgr :
G F-Freec — CgrF is an equivalence up to retracts. Moreover, also the composite H o LgF :

G F-Freec — D, is an equivalence up to retracts and hence G F -Freenc = DE = CE; I

Proof By Theorem 1.8 (i), since G is semiseparable, then the associated monad (G F, Ge F, )
is separable. Since the composite functor Kgr o Lgr : G F-Freec — Cgr equals the canon-
ical functor Jgr : GF-Freec — CgF, by applying Proposition 3.21, we get that it is an
equivalence up to retracts.

Moreover, by Proposition 3.18 there is a unique functor (KGr), : D, — CgF such that
(Kgr)eo H=Kgr and Ugr o (KGgFr), = G, and in particular (KgFr), is an equivalence
up to retracts, so the fact that H o LgF is an equivalence up to retracts follows from the
equality (K )¢ o (H o Lgr)* = (KGr o LGr)*. o

As a consequence of Proposition 3.22, we recover [7, Lemma 2.10] (see also [6, Theorem
5.17 (d)] in the setting of idempotent complete suspended categories), in which the Kleisli and
the Eilenberg—Moore comparison functors Lgr : GF-Freec — D and Kgr : D — CgF
result to be equivalences up to retracts, whenever the counit € : FG — Idp of the adjunction
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(F, G) admits a natural section, i.e. if there is a natural transformation & : [dp — F G such
thate o & = IdIdD-
Explicitly we have the following:

Corollary 3.23 (cf. [7, Lemma 2.10]) Let F 4 G : D — C be an adjunction with G
separable. Then, the functors Lgr : GF-Freec — D and Kgr : D — Cgr are both
equivalences up to retracts. Moreover, if D is idempotent complete, then G is monadic, i.e.
KGr : D — CgrF is an equivalence.

Proof Since G is a separable functor, then, by Corollary 1.4, the associated idempotent
natural transformation e : Idp — Idp is the identity Idy4,,, and hence the quotient functor
H : D — Dy is an equivalence. Thus, by Proposition 3.22, Lgr : G F-Freec — D results
to be an equivalence up to retracts. Concerning K¢ r, it is an equivalence up to retracts, in
view of Corollary 3.6. Furthermore, it is an equivalence if D is idempotent complete, by
Corollary 3.7. O

Remark 3.24 A similar result has been obtained in the setting of idempotent complete trian-
gulated categories in [17, Theorem 1.6] where G is only required to be conservative, which
is always satisfied by a separable functor (Remark 2.7).

3.3 Pre-Triangulated Categories

Our aim here is to extend to semiseparable functors a result obtained by P. Balmer for
separable functors in the context of pre-triangulated categories. First we need to recall the
required definitions. Following [6, Definition 1.1], by a suspended category (C, ¥) we mean
an additive category C endowed with an autoequivalence X : C 5 ¢, called the suspension.
Asinloc. cit., for simplicity we consider ¥ as an isomorphismi.e. 2™ 'oX =Id¢ = ZoX 1.

If C and D are suspended categories, as in [6, Remark 2.7], when we say that F - G :
D — C is an adjunction of functors commuting with suspension we mean that both F' and
G commute with suspension and we tacitly assume that the unit  and counit € commute
with suspension as well. In this case the monad (G F, Ge F, ) is stable, meaning that the
functor GF : C — C, the multiplication Ge F and the unit » commute with suspension, see
[6, Definition 2.1].

Let (C, ¥) and (C’, £') be suspended categories. By adapting [6, Definition 3.7], if a
functor G : ¢’ — C commutes with the suspension, i.e. G o ¥’ = ¥ o G, we say that G
is stably semiseparable if it is semiseparable through some 73)?7 y - Home (GX, GY) —
Home (X, Y) that commutes with suspension, i.e. such that the diagram

Yy
Hom¢ (G X, GY) : Home (X, Y)
fgx,cyl . lf?/y
Home(£GX, SGY) ——— Home (GE'X, GE'Y) —"Y Home (2'X, T'Y)

is commutative. In order to simplify the notation all suspensions will be denoted by the same
letter ¥ from now on.

Given a suspended category (C, X), by a (candidate) triangle in C (with respect to X) we
mean a diagram of the form

u w

X Y V4 zX.
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A pre-triangulated category C is a suspended category (C, X) together with a class of triangles
(withrespect to X)) called distinguished triangles subject to the axioms listed in [6, Definition
1.3]. This definition is equivalent to the one given in [34, Definition 1.1.2] (see the comment
after [6, Definition 1.3]): We just point out that the requirement that ¥ : C — C is additive,
included in [34, Definition 1.1.2], is superfluous as X is part of an adjunction and, if F -
G : C — Dis an adjunction with C and D additive, then both F and G are additive, see e.g.
[36, Corollary 1.3].

A functor between pre-triangulated categories is called exact if it commutes with the
suspension and preserves distinguished triangles. It is well-known that an exact functor of
pre-triangulated categories is additive.*

In order to prove the main result of this section, namely Theorem 3.28, we need the
following further results concerning the coidentifier, see Subsect. 1.2.

Lemma 3.25 Let C be a category and let e : 1d¢ — Id¢ be an idempotent natural transfor-
mation.

(1) If C is pointed (i.e. it has a zero object) so is the coidentifier C,.
(2) If C is (pre)additive so is the coidentifier C, and the functor H : C — C, is an additive
functor.

Proof Recall that C, is the quotient category C/ ~ where the congruence relation ~ is defined,
forall f,g: A — Bbysetting f ~ gifandonlyifego f =epog.

(1) Clearly a zero object in C is zero also in C,.

(2) If C is (pre)additive, for any A, B € C the set Hom¢ (A, B) is an abelian group
via a binary operation +. Note that ~ is an additive congruence relation. In fact, for all
f.g. f.gd A— B,if f~ fandg ~ g/, thenego f =epo fandegog=—cpog
sothatepo (f +g) =epo f+epog=-epo f +epog =epo(f +g’)andhence
f+g~ f + g Asaconsequence it is well-known that the quotient is also (pre)additive
and the quotient functor H is an additive functor. O

Lemma 3.26 Let C be a category and let e : 1d¢ — 1d¢ be an idempotent natural trans-
SJormation. If C has an endofunctor ¥ such that ¥e = eX, then the coidentifier C, has an
endofunctor ¥, such that H o ¥ = ¥, o H, where H : C — C, is the quotient functor.
Moreover, %, is an additive functor whenever X is.

Proof We have HXe = HeX = Idy o X = Idyy so that, by Lemma 1.6, there is a unique
functor ¥, : C, — C, such that H o ¥ = ¥, o H. Since H acts as the identity on objects,
we get that X, acts as X on objects. Moreover X, f = S, Hf = HXf = X f. Since
T (f+8)=%(f+8)=S(+9=Sf+Zg=Xf+Tg=3.f+ %8 we get
that X, is an additive functor if so is 2. O

Lemma3.27 Let F : C — D be a stably semiseparable functor. Then, the associated idem-
potent natural transformation commutes with the suspension.

Proof By definition, F is semiseparable through some P* such that 775 X 3y © ]-'EX Fy =
F ;% Yo’ng. Consider the associated idempotent natural transformation e : Idc — Id¢ which
is defined by setting ex := P;X (Idpx) forevery X inC. Then ey = ]:)%,XP)I(T,X (Idrx) =

ng,zx}%x,n (drx) = ng,zxz (Idrx) = ng,zx (dzrx) = ng,zx (drxx) =
exx and hence Ye = e%, i.e. e commutes with the suspension. O

4 See e.g. https://stacks.math.columbia.edu/tag/05QY.
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We are now ready to prove our announced semi-analogue of Balmer’s [6, Theorem 4.1].

Theorem 3.28 Let C be a pre-triangulated category and let D be an idempotent complete
suspended category. Let F 4 G : D — C be an adjunction of functors commuting with
the suspension. Suppose that the stable monad GF : C — C is an exact functor and that
G is a stably semiseparable functor. Then, the coidentifier D, is idempotent complete and
pre-triangulated with distinguished triangles being exactly the ones whose image through
the functor G, : D, — C (determined by the factorization G = G, o H) is distinguished in
C. Moreover; with respect to this pre-triangulation, both functors G, : D, — C and its left
adjoint F, : C — D, become exact.

Proof Since G is stably semiseparable, by Lemma 3.27, the associated idempotent natural
transformation e : Idc — Idc commutes with the suspension, i.e.eX = Xe.By Lemma3.25,
the coidentifier D, is additive and, by Lemma 3.14, it is idempotent complete. By Lemma
3.26, the coidentifier D, has an endofunctor £, suchthat Ho¥ = X,0 H.From Xe = ¢X we
deduce e ~! = £~ !esothat wealso have anendofunctor X! suchthat HoX~! = £ 1oH.
Wecompute)ﬁ)goZe_1 oH=%,0HoYX '=HoXox !=H =Idp, o H and hence
¥, 0 ;! = Idp, in view of Lemma 1.6. Similarly X! o ¥, = Idp,, so that %, is an
isomorphism.

Since G is semiseparable, by Theorem 1.7 it factorizes as G = G, o H for a
unique separable functor G, : D, — C. Moreover, G, is separable via P defined by
Pg‘kﬂy = fg’y o Pg’y for all X,Y in D. Since G commutes with the suspension,
we have G, 0o X, 0 H = G,o Ho X = GoX = X oG = X o G, o H and hence
Ge,0%, = XoG,,i.e. G, commutes with the suspension as well. Now consider the compos-
ite functor F, = H o F : C — D,, which is the left adjoint of G, with unit 7, and counit €,
given as in Lemma 3.19. Then, X, 0 F, = X, 0 Ho F =HoXoF =HoFoX =F,0%
so that F, commutes with the suspension too. Note that €, X, H = ¢, HY = HeX =
HYe = ¥, He = ¥.,€6,H so that €, X, = X.€,. Moreover 1. X = nX = Xn = X1ne.
Thus also the unit and counit of the adjunction (F,, G,) commute with the suspensions.
Hence F, 4 G, is what we called an adjunction of functors commuting with suspension.
By Lemma 3.19, the adjunctions (F,, G,.) and (F, G) have the same associated monad. As
a consequence, we get that G, o F, is a stable monad and an exact functor by assump-
tion. We have }—Eex,HyngX,HY = fﬁ},mf'f,ypﬁy = f))(:,e)fipg,y = f)l(i,gpg,y =
fgx,w}—)%,ypg,y = fgx,zypgx,zyfgx,w = Pgezx,szfgeHX,GeHY:Pg:Hx,zeHY
]:()i,HX,G(,HY for all X, Y in D. Since H is surjective on objects, this means J:))(:fyngy =
PS:X.E(»YfgﬁX,GeY for all X, Y in D,, i.e. that G, is a stably separable functor.

Then we can apply [6, Theorem 4.1] to the adjunction F, 4 G, : D, — C. As a
consequence, the coidentifier D, is pre-triangulated with distinguished triangles A being
exactly the ones whose image G.(A) through the functor G, : D, — C is distinguished
in C. Moreover, with respect to this pre-triangulation, both functors G, : D, — C and
F, : C - D, become exact. O

Remark 3.29 In [6, Definition 2.4], it is claimed that, when C is a suspended category and
T an additive stable monad on it, then the Eilenberg—Moore category C inherits a structure
of suspended category such that V- - Ut : Ct — C is an adjunction of additive functors
commuting with suspension. Explicitly, the suspension X+ : Ct — C is defined on objects
by setting X1 (C, u) := (XC, £ ) and on morphisms by X1 f := X f.

Given a monad T on a triangulated category C, in [17] the authors investigate whether the
Eilenberg—Moore category Ct inherits the structure of triangulated category from C. They
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also claim this seems to rarely occur in Nature, quoting [6] as a particular occurrence. In the
following result Cg r inherits the structure of pre-triangulated category from C.

Corollary 3.30 Let C be a pre-triangulated category and let D be an idempotent complete
suspended category. Let F 4 G : D — C be an adjunction of functors commuting with
suspension. Suppose that the stable monad GF : C — C is an exact functor and that G
is a stably semiseparable functor. Then, the Eilenberg—Moore category CgF is idempotent
complete and pre-triangulated with distinguished triangles being exactly the ones whose
image through the forgetful functor Ugr : Cor — C is distinguished in C. Moreover, with
respect to this pre-triangulation, both the functor UgFr : Cgr — C and its left adjoint Vg F :
C — CgF become exact. Furthermore, there is a unique exact equivalence of categories
(KGF)e : Do = CgF such that (Kgr), o H= Kgr and UgFr o (KGr), = Ge.

Proof By Proposition 3.18, there is a unique functor (KGr), : D. — Cgr such that
(KGr)e o H = Kgr and UgF o (KGgr)., = G.. Moreover, since D is idempotent com-
plete, then the functor (KgF), is an equivalence of categories. By Lemma 3.14, D, is
idempotent complete so that also Cgr becomes idempotent complete. Note that, since C
is pre-triangulated, it is suspended. Since F < G : D — C is an adjunction of func-
tors commuting with suspension, the monad (G F, Ge F, n) is stable. Moreover the functor
GF : C — Cisadditive being an exact functor between pre-triangulated categories. Thus, by
Remark 3.29, the Eilenberg—Moore category Cg r inherits a structure of suspended category
through the suspension X such that Vgr - Ugr : Cgr — C is an adjunction of addi-
tive functors commuting with suspension. Also the comparison functor Kgr : D — CgF
commutes with suspension. Note that the monad (G F, Ge F, n) is separable in view of The-
orem 1.8. By construction this separability is given by the section 0 := Gy F : GF —
GFGF where y : Id — FG is defined by yx := Px rcx(ncx). We noticed it is sta-
ble. Thus oxx = Gyrzx = GPrxx,r6rx(MGrzx) = GPsrx sr6Fx(NsGFx) =
GPsrx,srorx(Encrx) = GEPrx rerx(Mcrx) = GXyrx = XGyrx = Xox and
hence o commutes with suspension, obtaining that it is a stably separable monad in the sense
of [6, Definition 3.5]. By [6, Proposition 3.11], this means that Ugr : Cgr — C is a stably
separable functor.

Then [6, Theorem 4.1], applied to the adjunction (Vg r, UG F), yields a pre-triangulation on
Cg r with distinguished triangles A being exactly the ones such that Ug ¢ (A) is distinguished
in C. Moreover, with respect to this pre-triangulation, both functors Ugr and Vg become
exact.

Coming back to the equivalence of categories (Kgr), : Do — CgF, note that Xgr o
(Kgr)eoH =%groKgr = KgroX = (Kgr),0HoX = (Kgr), 0 Ze o H and hence
Y6r o (Kgr)e = (KGF), © Z¢, 1.e. (KGF), commutes with suspension.

Since an exact functor of pre-triangulated categories is additive, the functor G, is additive
as it is exact in view of Theorem 3.28. Thus, given morphisms f, g : D — D’ in D, we
have

Ucr (Kr)e (f) + (K6P)e (®)) = Ucr (KGF). (f) + Ucr (KGr)e (3)
=G, (f)+G.® =6G.(f+73)
= Ucr ((Kgr). (f +8))
so that (Kgr), (f) + (KGr). ®) = (Kgr). (f +g) and hence (KgFr), is additive. To

check that (K F), is exact, it remains to prove that it preserves distinguished triangles. Let
A be a distinguished triangle in D,. Then, by Theorem 3.28, G, (A) is distinguished in
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C. Since Ugr o (KGr), = Ge, we get that Ugr ((KGF), (A)) is distinguished in C. By
definition of pre-triangulation on Cgr we obtain that (Kgr), (A) is distinguished in CgF.
Thus (KGF), is exact. ]
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