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Abstract

Bell inequalities represent one of the cornerstones of quantum foundations, and a fundamental
tool for quantum technologies. Although a lot of effort was put in exploring and generalizing
them, because of the wave function collapse it was deemed impossible to estimate the entire Bell
parameter from one entangled pair, since this would involve measuring incompatible observables
on the same quantum state. Conversely, here it is reported the first implementation of a new
generation of Bell inequality tests, able to extract a Bell parameter value from each entangled pair
and, at the same time, preserve the pair entanglement instead of destroying it. This is obtained by
exploiting sequences of weak measurements, allowing incompatible observable measurements on a
quantum state without collapsing its wave function. On the fundamental side, by removing the
need to choose between different measurement bases our approach stretches the concept of
counterfactual definiteness, since it allows measuring the entangled pair in all the bases needed for
the Bell inequality test, intrinsically eliminating the issues connected with the otherwise
not-chosen bases. On the practical side, after our Bell parameter measurement the entanglement
within the pair remains (basically) unaltered, hence exploitable for other
quantum-technology-related or foundational purposes.

1. Introduction

Since their formulation [1], Bell inequalities [2—4] have been one of the pillars of quantum foundations
investigation, and lately became a fundamental tool for quantum technologies [5], e.g. quantum
communication [6]. Recently, the scientific community worldwide has put a lot of effort towards exploring
them [2, 3, 7-9]; nonetheless, it was deemed impossible to extract information on the full inequality from
each entangled pair, since the wave function collapse forbids performing, on the same quantum state, all the
measurements needed for evaluating the entire Bell parameter. Another consequence of the wave function
collapse is the fact that entanglement is destroyed after the measurement, making it impossible its
exploitation for further foundational or technological purposes.

Conversely, here we present the first single-pair Bell inequality test, able to estimate a Bell parameter
value from each entangled pair without compromising the entanglement within it. This is achieved by
exploiting weak quantum measurements [10—13] in sequence, allowing to measure non-commuting
observables on the same quantum state without collapsing it. Such an approach provides new insights into
understanding the foundations of quantum mechanics, like the concept of counterfactual-definiteness [14].
Furthermore, it grants unprecedented measurement and technological capabilities: indeed, since the

© 2024 The Author(s). Published by IOP Publishing Ltd
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entanglement remains almost unaltered after the Bell parameter measurement allowing to certify it, one can
use it for other practical purposes like, e.g. quantum technology protocols [5].

The huge relevance of Bell inequalities stems from the fact that they allow to discard a whole class of
‘classical’ theories. In these theories, called local hidden variable theories (LHVTs) [2], all measurement
outcomes satisfy the locality principle [3, 4, 15] and are pre-determined by some inaccessible ‘hidden
variables), i.e. they are characterized by an epistemic probabilistic trait entirely due to our lack of knowledge
on these hidden variables (whose knowledge would allow recovering the determinism of classical physics), in
sharp contrast with the non-locality and non-epistemic probability pertaining to quantum mechanics. A long
journey, awarded by the 2022 Nobel prize, has been undergone [2, 3] since their introduction, but eventually
loophole-free violations of Bell inequalities were achieved [7-9]. Along the way, one can recall the very first
tests [16—18] and the first experiment with space-like separated measurements [19]. However, throughout
this whole journey it has always been deemed impossible to extract information on the entire Bell inequality
from every entangled pair measured, since the uncertainty principle and the wave function collapse,
following rank-1 projective measurements, do not allow performing on the same quantum state all the
measurements needed for inferring the entire Bell parameter at once (for this reason, alternative Bell tests
relying on compatible observables measurements have been proposed, see e.g. [20]). This means that the
‘experimenters’ performing the test, conventionally named Alice and Bob, must (randomly) choose, pair by
pair, the measurement basis for each of the two entangled particles, that are then combined to extract the Bell
parameter. In order to avoid opening loopholes in the test, these choices need to be independent
(‘freedom-of-choice’ loophole) and no communication should be allowed between these measurements
(‘locality’ loophole) [4]. Another consequence of the wave function collapse is that entanglement is destroyed
after the measurement, forbidding its exploitation for further foundational or technological purposes.

Here we illustrate an actual paradigm shift in this perspective, since we experimentally demonstrate the
possibility of extracting information on the full Bell parameter from each entangled pair measured and, at
the same time, still conserving most of the pair entanglement after the measurement, leaving it available for
further use (see, e.g. [21]). This is made possible by implementing two weak measurements (WMs) [10-13,
22] in a sequence [23—-28] on each particle forming the entangled pair, not only providing new insights into
understanding quantum foundations (like the concept of counterfactual-definiteness [14]), but also granting
unprecedented measurement/technological capabilities, since our WM approach allows leaving the
entanglement almost unaltered after its certification. We note that, in the original spirit of the paper
introducing them [10], our measurements being weak means that the coupling between the measured system
and the measuring pointer is much smaller than the latter’s spread, but we do not employ any postselection
stage. Therefore, we do not obtain the so-called ‘weak values’ characterizing pre- and postselected quantum
systems.

WM have already represented a significant tool for studies on quantum foundations [12], with relevant
breakthroughs in quantum technologies [29-31]. In connection with entanglement, they found application
in quantum contextuality [32—34], nonlocality [35, 36] and Leggett—Garg inequalities [37—42]. In particular,
some experiments started exploring the possibility of testing Bell inequalities and the
Einstein—Podolsky—Rosen paradox, considering multiple WMs on a single arm only [43], one WM plus one
strong (projective) measurement in both arms [44], or by measuring a hybrid Bell-Leggett—Garg inequality
[45]. Conversely, the aforementioned paradigm shift in our experiment relies on the fact that we evaluate the
entire Bell parameter from each entangled pair detected (although with large uncertainty, typical of WMs):
thanks to the weak interaction exploited, only a tiny decoherence is induced on the entangled state (instead
of the full decoherence due to the measurement-induced collapse of its wave function) throughout the Bell
parameter measurement, allowing to make use of the quantum correlations within the weakly-measured
entangled pair for other experiments or quantum technology protocols [5]. An attempt to extract the Bell
parameter without separate quantification of the single correlators has also been made [46], but the sharp
measurements involved did not allow conserving the state after the measurement, destroying the
entanglement. Since our experiment does not require any ability of speaking meaningfully of the definiteness
of measurements that have not been performed, we avoid any use of counterfactual definiteness [14]
hypothesis, ultimately concluding the debate whether counterfactual definiteness can be an additional
hypothesis in Bell inequality tests [47] and cast challenges to some interpretations of quantum mechanics
(e.g. the modal ones [48, 49]).
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Figure 1. Pictorial scheme of the experiment. An entangled photon source generates polarization-entangled photon pairs in the
state [¢)—) = (|HaVg) — |VaHg))/+/2, addressing them to the Alice (A) and Bob (B) branches. There, each photon undergoes
two weak measurements (WMs) in sequence, each realized by a pair of birefringent crystals preceded by a half-wave plate (HWP).
The HWPs are responsible for setting the parameters a1, &2, 81, 2. These measurements induce just a small decoherence on the
|1 ) state instead of causing the wave function collapse, thus avoiding the total breakdown of the entanglement (represented by
the infinity symbol) within the state. Finally, the entangled photons are detected by two spatially-resolving detectors with a
time-tagging module (&). A detailed description of the experimental setup is reported in appendix A.

2. Experimental results and discussion

Our aim is to measure a violation of the Clauser—Horne—-Shimony—Holt (CHSH) inequality [2]:
|S| = |C(ay, 1) = C(ay,B2) + Ca, 1) + C(2, 82) | <2, (1)

where C(aj, B¢) = (6.(c) ® 6,(By)), j.k = 1,2, and 6,(0) = U(0)o,U' (9), being U(0) = (2 %) and o,
the third Pauli matrix. We do this by generating polarization-entangled photon pairs in the singlet state

|v_) = (|JHaVg) — |VaHg))/V/2, being H (V) the horizontal (vertical) polarization component, and sending
them to Alice (A) and Bob (B), who measure them twice in a row by means of weak-interaction-based
measurements realized by thin birefringent crystals, as illustrated in figure 1 (see appendix A for a detailed
description of the experimental apparatus). Each WM couples (weakly) the photon polarization observable
with an ancillary spatial degree of freedom orthogonal to the photons propagation direction z (specifically:
X,y for Alice’s measurements, xp, yg for Bob’s). This means that, in our scheme, the ancillas are not
separate particles (with respect to the measured ones), but rather separate degrees of freedom pertaining to
the same photons undergoing the WM process. By exploiting detectors with two-dimensional spatial
resolution, Alice and Bob can extract the information on their polarization measurements, as well as on their
cross-correlations, from the X4, Y4, Xp, Y5 coordinates set generated by the detection of each entangled
photon pair. Our setup allows realizing, for the first time, both joint [50] and sequential [25, 26] WMs on a
bipartite state, a task utterly forbidden by traditional (projective) measurement schemes. Specifically, in our
experiment both Alice and Bob perform a sequence of two WMs of their photon polarization on the bases
respectively defined by the a;,a; and 1, 8, parameters, avoiding to collapse the state and, as a consequence,
extracting information on the entire Bell parameter S from each entangled pair.

The results obtained for a; = 0,0, = 5,81 = 5,8, = %’T, allowing for a maximal violation of the CHSH
inequality, are shown in figure 2. Although the very nature of WMs leads to a large uncertainty on a single
measurement event (with the exception of robust WMs [51], that anyway cannot be implemented in this
kind of scenario), when averaging on several events a significant violation (almost 6 standard deviations) of
the classical bound pertaining to LHVTs [2] is achieved: S*¢ = —(2.79 £ 0.14), in perfect agreement with
the Tsirelson bound.

As visible from figure 2, for single measurement events even values of S much beyond the Tsirelson
bound can be obtained, but this should not be regarded as an issue, since the uncertainty associated with
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Figure 2. Single-pair estimation of the Bell parameter S. Plot (a): typical entangled photon pair detection events. The blue
squares indicate the pixels firing in the spatially-resolving detectors at the end of branch A and B, respectively. The xa, ya, x5,y
axes indicate the spatial degrees of freedom in which the information of the four polarization weak measurements shown in
figure 1 is encoded (see equation (A1) in appendix A). Plot (b): spatial distribution of the two photons exiting the Bell parameter
measurement, formed by the integral of all photon pair detection events. Plot (c): estimation of the S parameter for each photon
pair detected. The large variance of the results distribution is the signature of the measurements weakness in the experiment. Plot
(d): histogram representing the integral of all the estimated S values. The blue dot in the inset indicates the average on all the
collected events (dark counts subtracted), S = —(2.79 4 0.14), in perfect agreement with quantum mechanics Tsirelson
bound (S = —2+/2, red line) and highlighting a 5.6 standard deviations violation of the LHVT bound (S"VT = —2, black
line). The uncertainty associated with the $*'¢ value (blue vertical line) includes both statistical and systematic contributions (see
appendix B for details).

them makes them always compatible with the |S| < 2+/2 interval of ‘allowed” values. This situation does not
differ from any experiment where a physical quantity is evaluated with a large uncertainty, with the central
value of the single measurement outcome eventually resulting out of the physical bounds, but still
compatible with them when the associated uncertainty is considered. The aforementioned large variance of
the results in our experiment stems from the fact that the spread of the pointer variable (i.e. the width of the
Gaussian spatial wave function of the photons generated by our source) is much larger than the spatial shifts
induced by our WMs, as required by the definition of WM.

To study the effect of this WM scheme on each entangled pair tested and estimate the entanglement still
available at the end of the protocol, we perform the tomographic reconstruction [52] of the quantum state
both before (figure 3, plots (a) and (b)) and after (figure 3, plots (c) and (d)) the WM sequence. In both

cases, we report as inset the quantum Fidelity F(p™, py, ) = (Tr(y/v/p™py_+/p7))? [53] between the

reconstructed density matrix p* and the singlet state one py,_ = [¢)_) ()|, as well as the reconstructed state

Purity P = Tr [(p™)?]. The values displayed in figure 3(b) testify the high quality of the singlet state
produced by our entangled photon source. The ones shown in figure 3(d) allow appreciating, instead, how
the state outgoing the single-pair Bell parameter measurement is still close to the one entering it, a clear sign
of the tiny decoherence induced by the four weak measurements and, as a consequence, of the
close-to-maximal entanglement still present within the state after the measurement process. Trivially, by
making the measurements even weaker we would further decrease the amount of decoherence on the
entangled state, at the cost of an increased uncertainty in determining the Bell parameter (or, equivalently, at
the cost of increasing the number of required pairs to achieve a certain uncertainty level). Eventually, taking
the coupling strength close to zero will amount to almost zero disturbance and infinite number of pairs to be
tested.

In order to quantitatively estimate the entanglement present in the two-photon state before and after the
Bell parameter measurement, we evaluate the Negativity and Concurrence [54] of the entangled state
entering (A" and C'™, respectively) and outgoing it (V°" and C°, respectively). To do this, we follow two
different methods: (1) we evaluate them directly from the reconstructed density matrices, obtaining
N =0.981 and C™ = 0.979 for the initial state, and A/ = 0.937 and C°" = 0.894 for the final one; (2) we
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Figure 3. Reconstruction of the two-photon state before and after the Bell parameter measurement. Plots (a) and (b), respectively:
real and imaginary part of the quantum tomographic reconstruction of the density matrix of the entangled state undergoing the
WMs needed for the single-pair evaluation of the Bell parameter. The good agreement between the reconstructed density matrix
and the theoretically expected one py, = [1— ) (1| is certified by the quantum Fidelity F reported in the inset of plot (b),
together with the reconstructed state Purity P. Plots (c) and (d), respectively: real and imaginary part of the quantum
tomographic reconstruction of the density matrix of the entangled state after the WMs. Again, in the inset of plot (d) we report
the Fidelity of the state with the singlet state p,;, , as well as the state Purity. The high value of both parameters provides evidence
of the slight disturbance induced on the entangled state by the measurement process (instead of the full wave function collapse),
leaving the initial entanglement within the state almost intact.

exploit some optimal estimators [55-57] suited for this family of entangled states, achieving, without having
to implement the full quantum state tomography procedure, N = C™" = 0.983 4 0.001 and N°% = C°U =
0.927 +0.001. Aside from the good agreement between the outcomes of these two estimation methods, the
extracted Negativity and Concurrence values show how the entanglement of each photon pair is almost
entirely preserved during the Bell parameter measurement, leaving it available for other purposes, e.g. for
further protocols in quantum information, quantum metrology and related quantum technologies. This is
an unprecedented feature in testing Bell inequalities and, more generally, in quantum foundations
investigations, since all other experiments so far (even those partially exploiting weak-interaction-based
measurements, like in [43—45]) involved final strong measurements collapsing the entangled state and, as a
consequence, destroying the entanglement.

3. Conclusion

In conclusion, our result stands out as a unicum in the framework of Bell inequality tests, and even in the
one of quantum measurement itself. This will have a substantial impact on foundations of quantum
mechanics; indeed, by removing the need to choose among different measurement bases, our approach
stretches the concept of counterfactual definiteness, since, by allowing to measure at the same time in all
bases, it avoids counterfactual reasoning [14] of the previous Bell inequalities tests.

Although in this experiment we do not close the three main loopholes, in principle they could be closed
with a more refined version of our scheme. The detection loophole by exploiting high-efficiency detectors
and low-loss optical equipment. The freedom-of-choice loophole by having Alice and Bob still performing

two weak measurements in a row, but with two possible sets of settings aga) , aﬁ“’] and [ 1( v, 52(17)] )

respectively, with a,b = 1,2 determined by independent random number generators); by choosing
{[o"=0.0f" =] [a = 3.0 = 2|; [81" = —%.8" = ;|87 =—3.8 = 7] }. Alice

4 20 4 8 8 K
and Bob obtain the maximal violations S = 2v/2 fora=band S = —2v/2 for a # b. Finally, the locality
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loophole can be closed by checking that the entangled pair generation and the measurement choice, as well as
photon detection in Alice’s and Bob’s labs are spacelike-separated events.

Our work does not only pave the way to a new generation of experiments addressed to quantum
foundations investigation, but also represents a tool of the utmost interest for quantum technologies,
e.g. allowing non-destructive tests of entangled states as a resource and enabling real-time detection of
entanglement during quantum computation and simulation schemes or during entanglement-based
quantum key distribution protocols. Indeed, after the four WMs in our scheme, the polarization information
needed to estimate the Bell parameter is transferred to the spatial domain by the four weak couplings;
provided that one pays attention to keep this information intact, one can always realize a second
polarization-based protocol in cascade (before the photons arrive to the spatially-resolving detectors),
retrieving the information on both protocols once the photon pairs are detected. In particular, our scheme
will provide a formidable method for characterizing entanglement in situations where one disposes, as a
resource, of several identical entangled pairs; indeed, by keeping an extremely faint interaction with the
measuring apparatus, one can obtain a reliable average information on the entangled state realized without
sacrificing even a small fraction of the pairs produced, thus maximizing the quantum resources exploitation.

It would be interesting, in a quantum information protocol, to compare the quantum resources
(i.e. entangled pairs) spent for characterizing entanglement with traditional (projective) measurements, and
the amount of overall information degradation caused by the disturbance induced by our WM-based
method on the entangled pairs used, provided that the same precision on the entanglement characterization
is achieved. This could allow finding a trade-off between the two methods, and choose between them
depending on the amount of resources available and the robustness to noise of the task to be executed; we
leave such an analysis for further investigation.
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Appendix A. Experimental details

A detailed scheme of the experimental setup is presented in figure Al. A CW pump laser at 405 nm enters a
Sagnac interferometer, hosting a periodically-poled Potassium Titanyl-Phosphate (PPKTP) crystal in which
degenerate collinear Type-II Spontaneous Parametric Down-Conversion (SPDC) occurs, creating
orthogonally-polarized photon pairs at 810 nm. The Lpl and Lp2 lenses are placed to obtain a Gaussian
beam with the waist close to the center of the PPKTP crystal. An optical isolator (OI) avoids possible
back-reflections to the laser source and selects the laser light to be in a linear polarization, whose axis is
eventually rotated by a half-wave plate (HWPp). A dichroic mirror (DMp) sends the pump both to the
clockwise and counterclockwise paths of the Sagnac interferometer, allowing to create polarization-entangled
photon pairs. Specifically, the DMp, highly reflective for the pump and highly transmissive for the
down-converted photons, addresses the pump laser to the polarizing beam splitter (PBS). Here, the beam is
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Figure Al. Detailed scheme of the experimental setup. Polarization-entangled photons are generated in a Sagnac interferometer,
fiber coupled and then collimated in a Gaussian spatial mode. Then, each of them undergoes two weak measurements in
sequence, each realized by a pair of birefringent crystals preceded by a half-wave plate, before impinging on a 24 x 24 SPAD array
detecting the photon pairs with 2D spatial resolution. OFC: Optical fiber coupler; L: lens; OI: Optical isolator; HWP: Half-wave
plate; QWP: Quarter-wave plate; DHWP: Dual half-wave plate; DM: Dichroic mirror; M: Mirror; PBS: Polarizing beam splitter;
PC: Principal crystal; CC: Compensation crystal; TM: Triangular mirror; PPKTP: periodically-poled Potassium
Titanyl-Phosphate; SPAD: Single photon avalanche diode.

split between the H (clockwise path) and V (counterclockwise path) polarizations, and sent to the PPKTP
crystal by two high-reflecting mirrors (M1 and M,2). A dual wavelength half-wave plate (DHWP), with an
angle of 45° with respect to the horizontal plane is inserted between the PBS and the PPKTP crystal in the
counterclockwise path, so that in both paths the pump enters the PPKTP crystal horizontally-polarized,
generating Type-II SPDC. The two photons of each down-converted pair produced in both paths are
separated by the PBS and sent, respectively, to the A and B branches, with a finely-tuned relative phase set in
order to form the singlet state [1)_) = (|HaV3) — |VaHg))/v/2, being H(V) the horizontal (vertical)
polarization component. Dichroic mirrors (DM, (p)) stop the pump transmission, whereas they allow the
down-converted photons to pass through. The down-converted photons are then spectrally filtered, coupled
to single-mode fibers and then collimated into Gaussian spatial modes |f;, , ) ® [fy, ;) (with

E&lfe) = m exp (— %) , being £ = x,y and o the Gaussian width in both the x and y directions),
addressed to two symmetrical branches (A, B) in which the weak measurements in sequence take place.
Specifically, the preliminary calibration of our setup yielded, for the initial Gaussian distributions in the two
branches, o4 = 1.722 +0.017 and o = 1.863 £ 0.015 (in pixel units).

The combination of quarter- and half-wave plates (QWP 4(3) and HWP 5, respectively) is used to
compensate the polarization changes due to the single-mode fibers. This way, we are able to initialize the

. C e e ; . N(4,—)+N(—,+)=N(+,+)—=N(—,—

|t)_) state with visibility V'™ = 0.983 4 0.001, being V = NEJD7;+N277+;+NE:+;+N577,; , N(o,0) the
two-photon counts registered while projecting photons A and B onto the |o) and [} states (respectively) and
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|£) = % (|H) £1]V)). Such a high visibility clearly highlights the good quality of the entangled state
produced by our Sagnac interferometer.

The initial bipartite state, then, takes the form [Wi,) = [¢_) ® [fe,) @ [fy,) @ |fas) @ fy)-

In both branches A and B, the sequence of WMs needed for evaluating the Bell parameter is implemented
by exploiting the weak coupling between polarization and transverse momentum induced by two thin calcite
(CaCOs) crystal pairs. In each pair, the principal crystal (PCy(p)) induces a tiny spatial walk-off (on a
transverse direction with respect to the photon propagation) between the H and V polarization components,
together with the temporal separation and phase delay. The compensation crystal CCy(p), instead, is used to
recover the temporal delay and restore the proper phase without introducing any further spatial decoherence.
The optical e-axes of PCy(p)1 and PC,p)2 lie, respectively, along perpendicular planes, i.e. z— x and y — z, in
order to induce the spatial walk-off in the two independent transverse directions, namely x and y. A pair of
half-wave plates in each branch (HWP4(3)1 and HWP 4 (5)2) allows performing WMs of different
(non-commuting) polarizations. Essentially, the ensemble of HWPs and crystal pairs is set in order to realize
the entangling unitary transformation:

N 1 A N
UE;‘K = exp <_hg£jKH (91(1') ®P£i1<) R (A1)

where g¢, < 1 is the weak coupling constant connected with the spatial degree of freedom {jx (K= A, B,
i=126=x&=y), ﬁ(HKj) represents the polarization projector along a direction described by the angle
Ok, (02 =, 05 =), and Pij is the transverse momentum of the photon on the optical plane of the crystal
(for a detailed analysis of the WM dependence on the actual value of g, see e.g. [58]). Then, the photons
are sent to a 24 x 24 Single Photon Avalanche Diode (SPAD) array, i.e. a single photon detector with 2D
spatial resolution recording the arrival time and position of each detected photon [59]. The L1 and L2 lenses
constitute an imaging system needed to match the photon spatial distributions dimensions with the ones of
the SPAD array active area.

Thanks to the internal time-tagger of the SPAD array, it is possible to extract the coincidence counts
tensor N(Xy4, Ya,Xp, Y5), being X4, Y4 and Xp, Yg the coordinates in which the two photon constituting the
entangled pair impinge.

Specifically, N(X4, Ya, Xp, Yp) is evaluated by considering that our SPAD array registers, pixelwise, the
time stamps (with respect to an internal clock) of the photon detections occurred. Coincidences are
evaluated by using a ‘click’ in channel A detector region as a trigger, and registering the time stamps of the
subsequent detection events in channel B detector region. Coincidence counts are defined as two-count
events (between A and B) occurring within a temporal window of ~ 2 ns (chosen while taking into account
the detector jitter) centered on the delay due to the optical path difference between the two channels. Then,
accidental coincidences are evaluated by estimating the average number of events per time bin outside of the
coincidence window, and subtracted from each time bin belonging to the coincidence window.

The N(Xy, Y4, X5, Yg) tensor can be used to evaluate, for each detected pair, the entire Bell parameter S.
Indeed, one can demonstrate that, considering only projections onto the real plane of the Bloch sphere, after
the entangled state undergoes the four weak interactions one has

(64 ® EBYout = (Vourl€a @ €| Pour) == ge,,8e, (W [TT () @ TL(By) [v0-) (A2)
and
(i) out = (Wouel&i| Wour) = ge (V|11 (0x) |v-), (A3)

wherej,1=1,2, =X,6 =Y, f[(OKJ) = w and Vo) = Uy, Uy, Uy, U, |Uyy) is the bipartite state

outgoing the measurement process. Then, the correlation C(c;, ;) can be written as:

. . a® ¢ g g
C(aj7ﬂl) _ <Uz (O[]) ®0'z(ﬂl)> :4<£]A le> 72<5]A> 72<£IB> +1, (A4)
8¢ia8éis 8¢ 8
and, from that, the Bell parameter S can be evaluated as:
Xa@Xy Ya®Xs Xa0Vs Vi@V Vi X
Save:<8>0ut:4 A B+ A B AA B+ A B_ 1A _ 2B + 2. (A5)
gXAgXR g}’Agxn ngg}’li g}’AgJ’B g}’A gXB out
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Eventually, the flipping mirrors FM, 1 and FMjp1 allow sending the photons to a projective measurement
apparatus, comprising, in each branch, a QWP+HWP+-PBS set (not shown in the figure) followed by a
SPAD working as a bucket detector. The outputs of SPAD A and B are then addressed to a time-tagging
controller. With this alternative configuration, we can fully characterize the state by performing a quantum
tomographic reconstruction [52] of its density matrix.

Appendix B. Measurement procedure and statistical analysis

In our experiment, we perform five data acquisitions, with different setup configurations. The first two
acquisitions, required for calibrating the system, consist in sending only H or V photons in each of the two A
and B branches of the experimental setup (figure A1). To do this, we set, in both measurement branches, the
half-wave plates rotation angles to 0, and the pump half-wave plate HWP) in order to enter the Sagnac
interferometer either clockwise or counterclockwise, generating, respectively, the two-photon separable
states |[H4 Vi) and |V4Hg). This way, since the first(second) birefringent crystal pair in each branch shifts the
horizontally(vertically)-polarized photons along the x(y) axis, we obtain the centers of the distributions
corresponding to the two polarizations paths via a linear regression of several subsets and a subsequent
average. We dub the center of the unperturbed (shifted) spatial distribution of the photon as E,KO(I) (i=1,2;
K=A,B).

Subsequently, we acquire a data set for the Bell parameter estimation, from which we obtain a set of £;x
values for the four coordinates. Finally, we remove the birefringent crystals and perform two data
acquisitions with only the half-wave plates set, respectively, at the rotation angles for the Bell parameter
estimation and at the 0 rotation position. We do this to evaluate, by linear regression and subsequent average,
the unwanted spatial deviation induced on the photons by the different half-wave plate angles between
calibration and CHSH acquisition, which we dub as éi[(7shift.

As stated in appendix A, simple algebra shows that the explicit expression for the Bell parameter S reads:

81A81B £AL1B L1A42B 824828 L4 1B

Save:4<élA®élB+£2A®élB_élA@ézB_’_éZA@ézB_éZA élB> s (B1)

The terms (éiK>out (i=1,2K=A,B) and <fiA ® éj3>0ut (i,j = 1,2) can be evaluated as

(Ex)out = <fﬂ< — &k — éiK,shift>out (B2)
<£iA ® éjB>out = <<€m —Eino— giA,shift) (5;‘3 —&po— ng,shift) >0ut , (B3)

being gix = é:um - §~,~K70 (i = 1,2; K= A, B) the interaction strength of each measurement.
By expanding the average, the Bell parameter can be written as:

— < (611~ Euno ) (610 — o — rnin)
(€1a1 =€) (G151 — i)
(24— &an0— Ensnin) (€18 — €m0 — Euin)
(&n1 — €2n0) (15— En0)
(§1A — &0 — Eiasmit (523 — &m0 — s, shlft>
(&
(

)
)
)
(a1 = €10) (&8 — Eano)
)
)

_|_

(sz - £2A,0 - éZA,Shlft §op — 523 0— 523 Shlft)
(ézA,l — &40 (523 1— ng,o)

£2A - £2A,0 - éZA,shift le - ng 0 le shift
— +2
out

_|_

(B4)

EZA,I - £2A,0 EIB 1= ng 0
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Table B1. Uncertainty budget for the average value of the Bell parameter S estimated in our experiment. o s: total uncertainty. o
statistical uncertainty contribution. o, : uncertainty contribution due to the setup calibration procedure. ogf: uncertainty
contribution connected with the correction of the unwanted spatial shifts caused by the half-wave plates.

ave
S T Save O stat Ocal O shift

—2.79 0.14 0.09 0.11 0.02

or, equivalently:

[ (6~ G Eunn) (£ — o~ Eunae
TNk | (51A,1513,o§ Esw,lgm,o) |
(680~ o~ o) (6~ Emo i)
(&r1 — &0 513175130)
(67~ o — ) (65— o — o)

)
o) (6
(élA,l —&ix o)( 28,1 —§2Bo>
) (&
)

(gz(z) - éZA,O - 52A,sh1ft §2B,0 - gZB,shift)
(éZA,l - £2A 0 (623 1 523 0>

_ £§,’? — &0 — Lashie 513 — €18.0 — 18 shift

_|_

+2, (B5)

§24,1 — 24,0 €151 — €m0

where n indicates the nth detection event (n =1,...,N) and fi(K") are the corresponding detection coordinates

(i=1,2K=A,B).
The experimental uncertainty associated with S*¢ is evaluated as:

1/2
2 88 2
2 2
Osme = 5"3" + Z O—éin + b ¢ géiK shift ’ (B6)
i=1,2 zK,] ’ i=1,2 fiK,shift ’
K=A.B K=AB
=01

where o, is the statistical uncertainty contribution, evaluated as the uncertainty on the average, o
(i=1,2;X=A,B;j =0,1) is the uncertainty associated with the calibration procedure, Oé w18 the
uncertainty due to the spatial shift induced by the half-wave plates. Given the very small amount of
accidental coincidence events, the uncertainty contribution associated with them turns out to be negligible
and can be omitted.

The uncertainty budget is reported in table B1. The quantities:

2
oS
= 2
Ocal = —_— 0% (B7)
izzl,z Ok j €ix,j
K=A,B
j=0,1
2
oS
2
Oshift = = o2 (BS)
i;;z a&‘[gshiﬁ &Ik, shift
K=A,B

correspond to the total uncertainty contributions due to, respectively, the calibration process (o) and the
procedure for the correction of the spatial deviations caused by the wave plates (i ):
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