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INFINITESIMAL BRAIDINGS AND PRE-CARTIER BIALGEBRAS

ALESSANDRO ARDIZZONI, LUCREZIA BOTTEGONI, ANDREA SCIANDRA, AND THOMAS WEBER

ABsTRACT. We propose an infinitesimal counterpart to the notion of braided category. The
corresponding infinitesimal braidings are natural transformations which are compatible with an
underlying braided monoidal structure in the sense that they constitute a first-order deformation
of the braiding. This extends previously considered infinitesimal symmetric or Cartier categories,
where involutivity of the braiding and an additional commutativity of the infinitesimal braiding
with the symmetry are required. The generalized pre-Cartier framework is then elaborated in
detail for the categories of (co)quasitriangular bialgebra (co)modules and we characterize the
resulting infinitesimal R-matrices (resp. R-forms) on the bialgebra. It is proven that the latter
are Hochschild 2-cocycles and that they satisfy an infinitesimal quantum Yang-Baxter equation,
while they are Hochschild 2-coboundaries under the Cartier (co)triangular assumption in the
presence of an antipode. We provide explicit examples of infinitesimal braidings, particularly on
quantum 2 X 2-matrices, GL4(2), Sweedler’s Hopf algebra and via Drinfel’d twist deformation. As
conceptual tools to produce examples of infinitesimal braidings we prove an infinitesimal version
of the FRT construction and we provide a Tannaka-Krein reconstruction theorem for pre-Cartier
coquasitriangular bialgebras. We comment on the deformation of infinitesimal braidings and
construct a quasitriangular structure on formal power series of Sweedler’s Hopf algebra.
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1. INTRODUCTION

Braided monoidal categories were first introduced in [JS] as tensor categories (C, ®,I) endowed
with a categorification of the flip operator, the braiding o. On objects X,Y of C the braiding is a
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morphism oxy: X ®Y — Y ® X which is compatible with the tensor product in the obvious way
and, as a result, ox x satisfies the braid relations. For this reason braided monoidal categories
have found numerous applications, particularly in knot theory, leading to topological invariants
of 3-manifolds [RT]. Most relevant for our purpose, braided monoidal categories appear as the
categorical counterpart of (co)quasitriangular bialgebras. The latter are bialgebras H together
with a solution of the quantum Yang-Baxter equation, the universal R-matrix (or universal R-
form), originating in the seminal work [Dr2] of Drinfel’d and expanding on earlier ideas [ET] on the
quantum inverse scattering method. Given a (co)quasitriangular bialgebra (H,R), the monoidal
category (C,®,I) of bialgebra (co)modules becomes braided with o given by the (co)action of R
composed with the tensor flip [Dr3,[Ma3|. On the other hand, a braided monoidal category (C, ®,I)
satisfying certain representability conditions can be understood as the (co)representation category
of a “reconstructed” (co)quasitriangular bialgebra [Mad]. This is referred to as Tannaka-Krein
reconstruction of (co)quasitriangular bialgebras. Thus, morally we can think of braided monoidal
categories and (co)quasitriangular bialgebras as two sides of the same coin.

The scope of this paper is to provide an infinitesimal version of braided monoidal category and
to study the corresponding algebraic counterparts. In fact, the motivating idea is to start in the
algebraic framework and consider a bialgebra H with its corresponding trivial topological bialgebra
H = HJ[[h]] of formal power series in a formal parameter % given by naive A-linear extension of the
bialgebra structure and replacing the tensor product with its topological completion. Then, given
a (co)quasitriangular structure

(1) R=R(1®1+hy+Oh?)

on H we obtain a (co)quasitriangular bialgebra (H,R) and “read” or “declare” the axioms of our
infinitesimal R-matrix x as the axioms of R in first order of . This definition of infinitesimal
R-matrix can then be applied to any (co)quasitriangular bialgebra (H,R) independently of an
imagined (co)quasitriangular structure on H. Reversing back to category theory we obtain a
braided monoidal category (C,®,1, o) with a natural transformation ¢: ® — ® now corresponding
to x. The axioms of x manifest in a certain compatibility of ¢ with (®,0). It turns out that
the resulting categories generalize Cartier categories, which already appeared in [HV] and trace
back to [Cal. However, our definition is not bound to symmetric braidings (i.e., 02 = Id) and
our proposed compatibilities of ¢ and (®,0) are less restrictive. For this reason we call the cat-
egories of this paper pre-Cartier braided, while we refer to the ones studied in [HV] as Cartier
symmetric categories. The corresponding bialgebras are called pre-Cartier (co)(quasi)triangular.
The idea to consider infinitesimal versions of (co)quasitriangular structures goes back to [Drl],
however exclusively in the framework of quasitriangular Lie bialgebras (g, [-, |, 7) which correspond
to quasitriangular bialgebras (Ug, R). Here, the classical r-matrix r € g ® g (or quasitriangular
Lie bialgebra structure in general), a solution of the classical Yang-Baxter equation, is the infini-
tesimal counterpart of a quasitriangular structure R = 1 ® 1 + fir + O(h) on Ugl[[h]]. Afterwards,
in [Mall, the symmetrization % (r+r°P) of a quasitriangular Lie bialgebra structure has been used
to obtain an “infinitesimal braiding”, a tool to construct braided Lie bialgebras. To our knowledge
the concept of infinitesimal braiding has so far only been addressed in the previously mentioned
context of Lie bialgebras (g, [, -], ) with corresponding bialgebra (Ug, R = 1®1) and in the context
of Cartier triangular bialgebras [HV] (in the dual case it was considered also for comodules over
an abelian monoid algebra, still in [HV]). Our approach goes genuinely beyond the established
theory. The main results include a Tannaka-Krein reconstruction theorem for pre-Cartier coqua-
sitriangular bialgebras and an FRT construction of pre-Cartier categories. The latter extends to
well-known construction [FRT] of coquasitriangular bialgebras from a solution of the braid relation
to pre-Cartier coquasitriangular bialgebras, where additional infinitesimal braid relations, involv-
ing a second endomorphism, have to be satisfied. We further prove that an infinitesimal R-matrix
is a Hochschild 2-cocycle and satisfies the “infinitesimal quantum Yang-Baxter equation”, while
in the Cartier symmetric Hopf algebra case it corresponds to a Hochschild 2-coboundary. Ac-
companying the definitions are explicit examples of infinitesimal braidings, including on quantum
2% 2-matrices, GL,(2) and Sweedler’s Hopf algebra. As infinitesimal objects, pre-Cartier bialgebras
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naturally pose a quantization problem. We comment on the deformation of infinitesimal braidings,
giving an explicit solution for Sweedler’s Hopf algebra and further relating to Etingof-Kazhdan
quantization of Lie bialgebras.

The paper is organized as follows. After the introduction we proceed by setting up the categori-
cal framework of pre-Cartier braided categories. It includes a result on how to transfer infinitesimal
braidings via a strong monoidal functor. The rest of the article will follow the outlined categorical
setup, but the reader who is mainly interested in the results on Hopf algebras and their repre-
sentations can skip the categorical build-up and understand the following sections independently.
Section [2] treats quasitriangular bialgebras (H,R) endowed with an infinitesimal R-matrix. We
show that these are characterized by braided monoidal category of H-modules being pre-Cartier.
Several examples are provided, including infinitesimal R-matrices arising from quasitriangular Lie
bialgebras and a classification of infinitesimal R-matrices on Sweedler’s Hopf algebra. We further
discuss the previously mentioned example of quasitriangular topological bialgebras in detail, which
will motivate us to formulate a quantization problem. We devote Section 2.1] to induce pre-Cartier
quasitriangular structures and Section for Drinfel’d twist deformation of them. In Section [2.3
we recall Hochschild cohomology theory for coalgebras and prove the previously mentioned results
about the infinitesimal R-matrix being a 2-cocycle. Section |3|is the dual counterpart of Section
It mirrors the concepts and constructions for the corepresentation category of a coquasitriangular
bialgebra. We combine both pictures in Section [3.4] about the finite dual. The final Section [
comprises the aforementioned FRT construction (Section and Tannaka-Krein reconstruction
(Section of pre-Cartier coquasitriangular bialgebras.

1.1. Preliminaries and notations. Given an object X in a category C, the identity morphism on
X will be denoted either by Idx or X for short. By (M, ®,I) we denote a monoidal category, where
®: MxM — M is the tensor product functor and I is the unit object. The associativity constraint
a and the left and right unit constraints [, will be usually omitted when clear from the context.
If M is braided, we denote the braiding by o. A strong monoidal functor (F,¢°, ¢?) : (M, ®,I) —
(M, &', T') consists of a functor F : M — M’, an isomorphism ¢% y : F(X)®' F(Y) = F(X®Y)
in M’ which is natural in X,Y, for every X and Y in M, and an isomorphism ¢° : I’ — F(I) in
M’ such that the following identities hold true

Flaxyz)© ¢xey.z© (Qfx,y ®' F(Z)) = ¢%(,Y®Z o (F(X) & éf’%/,z) © Up(x),F(Y),F(Z)
F(lx)o¢f x o (¢° @' F(X)) = Fxy Flrx)o a0 (F(X) e ¢') = TR(x)

where a, o’ are the associativity constraints, and [, r,l’,r’ are the unit constraints. If M and M’
are braided, a braided strong monoidal functor F' : M — M’ is a strong monoidal functor such
that F(ox,y)o ¢y y = ¢3 x © O'p(x),r(y) Where o and o’ are the respective braidings.

All vector spaces are understood to be k-vector spaces, where k is an arbitrary field. By a linear
map we mean a k-linear map and the unadorned tensor product ® stands for ®g. We denote the
canonical flip by Ty v : M ® N = N® M, m®n — n®m, for vector spaces M, N, or simply by 7
for sake of briefness. By ring we mean an associative ring with identity. For an algebra we denote
the multiplication and the unit by m and u, respectively, while for a coalgebra the comultiplication
and the counit are denoted by A and e, respectively. We write H for a bialgebra over k. We
will use the classical Sweedler’s notation for calculations with the comultiplication and we shall
write A(h) = hy ® hg for any h € H, where we omit the summation symbol. In case H admits an
antipode we denote it by S : H — H. The center of an algebra A is denoted by Z(A). For any
right (left) H-module we denote without distinction the action by -, even when there are different
actions involved. For a right (left) H-comodule M we write the coaction as p" : M — M ® H,
p"(m) = mo ®my, (resp. p' : M — H® M, p'(m) =m_1 ® my), for any m € M.

1.2. Pre-Cartier categories. In this section we introduce the notion of pre-Cartier category. For
this aim, recall that a category is pre-additive when the set of morphisms between any two objects
is an abelian group and the composition of morphisms satisfies the distributive law. A pre-additive
braided monoidal category is a braided monoidal category which is also pre-additive and the tensor
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functor is additive in each entry, i.e., the tensor product and the addition of morphisms satisfy the
distributive laws.

DEFINITION 1.1. A pre-Cartier category is a pre-additive braided monoidal category (M, ®, o)
together with a natural transformation ¢: ® — ® such that the identities

(2) txyoz =txy ®Idz + (U;(,lY ®Idz) o (Idy X tX,Z) o (U)gy ®1dz),

(3) txeyz =ldx @ty z + (dx ®oyy) o (tx,z @ 1dy) o (Idx ® oy 2),

hold true for all objects X, Y, Z in M. In this case we say that ¢ is an infinitesimal braiding of
(M, ®,0). A pre-Cartier category (M, ®,0,t) is called Cartier if in addition

(4) oxyolxy =tyvxo0oxy

holds for all objects X,Y in M. In case the braiding is symmetric we refer to the above as
symmetric (pre-)Cartier categories. We summarise these definitions in the following table
(where X indicates that the corresponding condition is not required):

‘ Terminology a;(ly =0y,x ‘ oxytxy =ty xoxy
braided pre-Cartier category X X
symmetric pre-Cartier category v X
braided Cartier category X v
symmetric Cartier category v v

We will sometimes use the term Cartier type category to refer to any of the above notions.

REMARK 1.2. We collect here immediate consequences of the definition. The first two are straight-
forward extensions of [HV] Remark 2.2] from symmetric Cartier to braided pre-Cartier categories.

i) Every pre-additive braided monoidal category is Cartier with respect to the trivial infinitesimal

braiding txy = 0 for all objects X, Y.

ii) Setting Y =1 in and implies tx 1 = 0 and 1 x = 0, respectively.

i41) For a symmetric monoidal category with a natural transformation ¢: ® — ®, in presence
of , the conditions and are equivalent as shown in [Kal XX.4]. Consequently, the
notion of symmetric Cartier category in Definition coincides with that of Cartier category
as introduced in [HV], which goes back to [Cal]. Note that in [Kal, XX.4] such a category is
called an infinitesimal symmetric category in case of a strict tensor category.

The next result deals with transferring the Cartier type structures from one category to another.

ProprosITION 1.3. Let (F7 ¢0,¢2) : M — M’ be a strong monoidal functor between pre-additive
categories M and M'. Assume F is additive and fully faithful (e.g., F is an equivalence and the
categories M and M’ are additive).

i) If M’ has a braiding (symmetry), then so does M and F is braided strong monoidal.
it) If M’ has a natural transformation fulfilling (2)) and , then so does M.
iii) If M’ has a natural transformation fulfilling (4), then so does M.

Proof. The proof is straightforward and, as far as the braiding is concerned, traces back to [Sal,
4.4.3]. We just point out that o and ¢ for M are uniquely defined in terms of ¢’ and ¢’ for M’ by
the commutativity of the following diagrams, for all objects X,Y in M.

!’ !’
TF(X),F(Y) tR(X),F(Y)

F(X)® F(Y) F(Y)® F(X) F(X)® F(Y) F(X)® F(Y)
¢§(,yl ¢‘2y,xl ¢§(,Yl ¢§(,Yl
F(XoY) — "9 | piy e Xx) F(XoYy) — Y pixgy)

Note also that if F' is an equivalence, then it is automatically fully faithful and, being part of an
adjunction, it is also additive if M and M’ are additive, see e.g. [Pa, Corollary 1.3|. O
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ExXAMPLE 1.4. Let f : A — B be a morphism of bialgebras which is an epimorphism in the
category of rings. By [Stl Proposition XI.1.2], the restriction of scalars functor f, : pM — A M,
which is always faithful, is also full. Since pM and 4 M are additive categories and f, is part
of an adjunction, we get that f,. is an additive functor. Clearly f,. is strict monoidal. Hence the
previous result applies. As a consequence, if 4 M is a Cartier type category, so is g M.

In particular, since f induces the surjective bialgebra map f' : A — f(A),a — f(a), we get
that, if 4M is a Cartier type category, so is y4)M. A direct proof of this result will be provided
in Proposition 2.I3] This can be obtained by looking at the notion of pre-Cartier quasitriangular
bialgebra, which is object of the next section.

ExAMPLE 1.5. Let A and B be bialgebras such that there is a strong monoidal equivalence between
the categories 4 M and g M. By Proposition [I.3] 4 M is a Cartier type category if and only if so
is pM. This applies in particular if A is obtained from B by twisting with a Drinfel’d twist (we
will return to this notion in more detail in the following section). A direct proof of this fact will
be provided in Theorem [2.1

EXAMPLE 1.6. Let A and B be two bialgebras which are monoidally co-Morita equivalent, i.e.,
such that there is a strong monoidal k-linear equivalence between the categories A M and B M,
see [Sc2l Definition 5.6]. By Proposition AM is a Cartier type category if and only if so is
B M. Note that, by [Sc2, Corollary 5.9], if H is a finite-dimensional Hopf algebra, then every Hopf
algebra monoidally co-Morita equivalent to H is obtained from H by twisting with a 2-cocycle.

2. PRE-CARTIER QUASITRIANGULAR BIALGEBRAS

We are now going to discuss a class of examples of pre-Cartier categories modelled on the braided
monoidal category (g M, ®, ™) of left H-modules, where o is the braiding attached to a quasi-
triangular bialgebra (H,R). Let us recall from [Ka| and [Ma2] some definitions and preliminary
results beforehand.

Fix a bialgebra (H,m,y,A,a) in the following. For an element 7' € H ® H we adopt the
short notation 7" = Y~ . T"®T; = T" ® T;, omitting the summation symbol. Then, for exam-
ple, Ty p(T) =T% =T, T, (Idy ® Tu)(T ® 1) = T"® 1y @ T;, etc. If T is invert-
ible we write 7! = T' ® T;. We further employ leg notation Tio = T ® 1y, Tos = 1y @ T,
Tis = (Idg @ 7,15)(Th2), Tor = T ® 1, etc.

A bialgebra H is said to be quasitriangular if there is an invertible element R € H ® H, the
universal R-matriz or quasitriangular structure, such that H is quasi-cocommutative, i.e.,

(5) AP() = RA(IR™,
and the hexagon equations

(6) (Idg ® A)(R) = R13R12,
(7) (A®Idy)(R) = Ri3Ras,

are satisfied. If in addition R™! = R°P, then (H,R) is called triangular. Recall that, by [Kal
Theorem VIII.2.4|, a quasitriangular bialgebra (H, R) satisfies the quantum Yang-Bazter equations

(8) RisRisRas = RogRiaRiz,  Rip RizRay = Ry Ry Ry
and (¢ ® Idg)(R*!) = 1y = (Idg ® €)(R*!). Moreover, we have

(9) (S®I)(R) =R, (Id® S) (R =R.

Thus, we have that

(10) (S®S)(R)="R, (S®S)(RH=Rr""
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One can prove (see [Ma2, Theorem 9.2.4 and paragraph thereafter]) that a bialgebra H is quasitri-
angular if and only if the monoidal category (g M, ®) of left H-modules is braided with braiding
determined on objects M, N by

O'E)N:M(@N—)N@M, men— RP-(n@m)=(R; -n)@(R"-m).
Note that (Uﬁ]\,)’l N@M - M@N,n@m— R (m@n)= (ﬁi -m) ® (R; -n) in this case.
Definition and examples.

DEFINITION 2.1. We call a triple (H, R, x) a pre-Cartier (quasi)triangular bialgebra if (H,R) is
a (quasi)triangular bialgebra and xy € H ® H is such that

(11) XA() = AC)x,
(12) (Idg ® A)(x) = x12 + Riz x13R12,
(13) (A@Tdg)(x) = x23 + Rz x13R23,

hold. We call such a y an infinitesimal R-matrix.
Moreover, the triple (H, R, x) is called Cartier if it is pre-Cartier and y satisfies

(14) Rx = xR,
in addition.
We summarise these notions in the following table (again, X indicates that the corresponding
condition is not required).
‘ Terminology ] RT=RoP ‘ Rx = x°R ‘
pre-Cartier quasitriangular
pre-Cartier triangular

Cartier quasitriangular
Cartier triangular

ANER IR NE-

NN x| x

REMARK 2.2. The following statements obviously hold.
i) Every (quasi)triangular bialgebra is Cartier with trivial x = 0.
ii) Given a (quasi)triangular bialgebra (H,R), the set of its infinitesimal R-matrices forms a
vector space.
iii) By applying Id ® ¢ ® Id to and (13)), and multiplying, we get
(15) (Id®e)(x) =0,
(16) (e@Id)(x) =0,

respectively.

EXAMPLE 2.3. Let (H,R) be a (quasi)triangular bialgebra and let 2°(H) be its center. If R €

Z(H) ® Z(H), then by H is cocommutative. Moreover, rewrites as (Idg ® A)(x) =

X12 + X13 which means that y € H ® P(H). Similarly, means that x € P(H)® H, so that the

two equalities together are equivalent to x € P(H) ® P(H). Furthermore, holds if and only

if x = x°P, i.e., x is symmetric.

1) As an example, since H is cocommutative a possible choice for the quasitriangular structure
is R =1®1 and in this case and are equivalent to x € P(H) ® P(H), cf. [Kal
Proposition XX.4.2].

2) Another example is the case when H is commutative and then one trivially has R € Z(H) ®
Z(H) for every quasitriangular structure R. Since is trivially satisfied in this case, then,
by the foregoing, x € H ® H is an infinitesimal R-matrix if and only if x € P(H) ® P(H). In
particular, let G be an abelian group and consider the group algebra H = kG. Note that R
needs not to be 1 ® 1 in this case, see e.g. [Ma2l, Example 2.1.17]. Since H is commutative
a possible infinitesimal R-matrix x must live in P(H) ® P(H) but P(kG) = 0, as a direct
computation shows. Thus y = 0.
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3) Another example is the universal enveloping algebra Ug of a (complex) Lie algebra (g, [-,]).
It is a cocommutative Hopf algebra and thus, if we consider R = 1 ® 1, the above implies
that infinitesimal R-matrices x are characterized as elements of P(Ug) ® P(Ug) = g ® g,
such that yA(-) = A(:)x holds. The latter condition is equivalent to x being g-invariant, i.e.,
(ad, ® Id + Id ® ad,)(x) = 0 for all = € g, where ad,(y) := [z,y] for 2,y € g. In summary,
pre-Cartier structures for (Ug,1 ® 1) are precisely the elements of (g ® g)? and the symmetric
ones among those, i.e., x € (g ® g)? satisfying x°P = , correspond to the Cartier structures.
Such elements arise in the study of quasitriangular Lie bialgebras. We briefly recall that a Lie
bialgebra (g, [-,-],d) is a Lie algebra (g, [+, -]) and a Lie coalgebra (g, §) such that [-,-]: g®g — g
and §: g — g ® g are compatible. A Lie bialgebra (g, [-,-],d) is called quasitriangular if there
is an element r € g ® g such that 6(z) = (ad, ® Id + Id ® ad,)(r) for all z € g, satisfying the
classical Yang-Baxter equation

[r12,713] + [r12,723] + [r13,723] = 0
and such that r + r°P € (g ® g)%. If r is skew-symmetric in addition it is called a classical r-
matrix. Thus, the symmetrization of any quasitriangular structure r € g ® g of a Lie bialgebra
(g,[,],9) gives a Cartier structure x = r + r°P and classical r-matrices lead to y = 0. We refer

to [ES, Sections 2 and 3] for details on (quasitriangular) Lie bialgebras and r-matrices. Note
that the classical Yang-Baxter equation was not used to verify the axioms of Definition 2.1

REMARK 2.4. The element x = r + r°P associated to a quasitriangular Lie bialgebra (g, [-,-],) we
discussed in Examplealready appeared in [Mall]. There it was associated with the “infinitesimal
braiding operator”

V: VRV VRV, PYoRw)=x-vRWw—wRv)

for a left g-module V. It was shown in [Mall, Lemma 2.1] that ¢ is a 2-cocycle, a statement
which we are going to generalize in Theorem The operator is further used to define “braided
Lie-bialgebras” in [Mall Definition 2.2], a notion which was extended in [HV| Section 5]. It
would be interesting to adapt the concept of braided Lie-bialgebra to our notion of pre-Cartier
quasitriangular bialgebra. However, this goes beyond the scope of the present paper.

EXAMPLE 2.5. Let (H,R) be a (quasi)triangular bialgebra and let x € 2 (H @ H). Then is
trivially satisfied, and together means that xy € P(H) ® P(H) while means that x
is symmetric. As a consequence, (H, R, x) is pre-Cartier if y € P(H) ® P(H) is central and it is
Cartier when it is further symmetric.

In the following main theorem of this section we prove that pre-Cartier quasitriangular bialgebras
(H,R, ) correspond to pre-Cartier braided monoidal structures on (g M, ®,0%) in the same spirit

in which R corresponds to .

THEOREM 2.6. Let (H,R) be a (quasi)triangular bialgebra. Then, there is a bijection between
pre-Cartier structures of (H,R) and pre-Cartier structures of (g M,®,0%). The corresponding
infinitesimal braiding on g M is defined for all objects M, N in gM by

(17) tun: MON 5 M®N,  m@nw—x-(mon)= (" m)e (x-n)

where x = X' ® x; € H ® H is the infinitesimal R-matriz for H. Moreover, there is a bijective
correspondence between Cartier structures of (H,R) and Cartier structures of (g M, ®,0™%).

Proof. Suppose there is an infinitesimal braiding ¢ on g M and set x := tg g(lg ® 1g). Note
that for every M in yM and m € M we can consider a map I, : H — M in g M by setting
Im(h) = h-m. Since ¢ is natural, for every M, N in yM and m € M,n € N, we have that
tM,N(lm ®ln)(1H (9 1H) = (lm®ln)tH,H(1H ®1H), ie., tM7N(m®n) = (lm ®ln)(X) By employing
the notation x = x*® x;, we arrive at tyr y(m®n) = (x*-m) @ (x; -n). Now, the fact that ¢y, y is
a morphism in gz M for all M, N in y M is equivalent to the fact that ¢y g is a morphism in z M,
by using the naturality of ¢. Indeed, if this is true for H, given M and N in g M we obtain that

tM»N(h ' (m & n)) = tM,N(hl me h2 . TL) = tM,N(lm(hl) ® ln(hZ)) = tM,N(lwz ® ln)(hl ® h2)
=Un@l)tgah- Agelg)=h-(n@l)tgg(lp®ly) =h- -ty n(men)
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forallm € M andn € N. By using again naturality of ¢, the fact that ¢y g is in M is equivalent to
h-(tH,H(lH(X)lH)) = tH’H(h-(lH(X)lH)) for every h € H. This is exactly hlxi@)hgxi = Xihl ®xiho
for every h € H, i.e., (1I). Next, we prove that for X,Y,Z in g M is equivalent to (12). In
fact, from naturality of ¢, we reduce to the case X =Y = Z = H and we have that

trner(lp®@1lp@1p) =X ® (xi- (1g ® 1)) = X' @ xi1 @ xi2 = (Idg ® A)(x),
while

(tgr@ldg)(lg@1lg@1lg) =X @ x: ® 1y = x12

and
(R )t @ld)(dy @ tau)(of g ©1dg)(ly @ 1y @ 1)
= (0} p) " @1dy)(dy @ty ) (Ri ® R' ® 1y)
— (R p) ' ®Idn)(R; @ ¥R @ x;) = R ¥R @ ReRi @ x;
—R'OR 1) @1y ® ;) (RE@R; @ 1y) = Ry X13R12.

Similarly, one proves that (3] is equivalent to ((13).
Finally, we prove that (4] is equivalent to (14). Assume that holds, then we have

o n(tun(men)) =0 y(X' - m®xi-n) = (Rjxi) - n @ (RIx') -m
= (R) - (n@m) = (PR (n@m) =t (0 (m @ n))
for all left H-modules M, N and m € M, n € N, hence holds. On the other hand, assume that
is satisfied, then

(XPR)P = XxR® =ty u(of g(lu @ 1u)) = 0 g (tun(ln © 1g)) = (Rx)°,
SO holds and the thesis follows. O

Now we test the notion of (pre-)Cartier bialgebra on some examples. The first example we
consider is Sweedler’s Hopf algebra. Note that, as it is shown in [Ge], Taft Hopf algebras H,> do
not admit a quasitriangular structure for n > 2, while for n = 2, i.e., Sweedler’s case, there is a
1-parameter family of triangular structures which is considered below.

Sweedler’s Hopf Algebra. Let k be a field of characteristic not 2. Consider the free k-algebra
H generated by two elements g and & modulo the relations g2 = 1, 22 = 0 and g = —gx, where
1 denotes the unity of H. It becomes a Hopf algebra with comultiplication, counit and antipode
determined by A(g) =g®g, Alz) =21+ gz, e(9) =1, e(z) =0, S(g) = g and S(z) = —gx,
respectively. In particular, H is neither commutative nor cocommutative. It is the smallest Hopf
algebra with these properties and it is known as Sweedler’s 4-dimensional Hopf algebra. There is
an exhaustive 1-parameter family of triangular structures on H given by R-matrices

(18) Ry=1@1—-2v@v+AzQ2x+22v Qv — 2z Q xv)

for A € k, where v := l%g, see [Ma2, Exercise 2.1.7]. Expanding v gives

Ra=11®1+901+109-gRg) +5@@Rz—1gR@2+2R® 19+ g ® 29).
If (H,R) is quasitriangular then R = R, for some A € k, see [Ral, Exercise 12.2.11]. In the

next result, whose current more conceptual proof was suggested by the referee, we classify the
infinitesimal R-matrices for Sweedler’s Hopf Algebra.

PROPOSITION 2.7. Let (H, R)) be Sweedler’s Hopf algebra with triangular structure Ry as in .
Then, there is an exhaustive 1-parameter family of infinitesimal R-matrices xo on H, for a € k,
given by xo = axg @ x.
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Proof. If H is pre-Cartier, by deﬁnition there exists an element x € H® H satisfying the equations
. 2)) and . We look at (11)) on generators. Clearly on 1 does not give information. The
condltlon xA(g) = A(g)x is equlvalent to x = gx'g ' ® gxig~!. Let Hy :=k(g) be the coradical
of H. Then, H = Hy & xHy. The conjugation by ¢ is trivial on HO and it is the multiplication by
—1 on zHy. Then, since char(k) # 2, we obtain x € Hy ® Ho +2Hy ® xHy. From (Id®e)(x) =0
and (e ® Id)(x) = 0, we obtain x € k(1 — ¢g) ® k(1 — g) + zHy ® xHy. We observe that (z) = zHj
is a Hopf ideal of H with (z)? = 0. Therefore, equation 0 = YA(z) — A(z)x mod (z) ® (z) implies
that x € xHy ® xHy, since (1 — g)x = z(1 + g). The condition for xg does not give further
information. We write now y = zh @ zh/, for h,h’ € Hy. Then, from and R_ =R3P, we get

rh®@ (@ 1AW )+2h@ (gz)AR) = x®@1+ (Ro)12(zh®1 ®xh')(7€0)12 =x®1+zh1®zh,
so that zh® (z®1)A(R') = x®1, and hence we can assume A’ = 1. Similarly, from we obtain
(z@1)Ah)@z+(9g@x)A(h) @z =10xh®@x+(Ro)23(h®@1®x)(Ro)23 = 1®zh@r+zh® 1w,
so that (¢ ® )A(h) ® x = 1 ® xh ® x, hence h = ag, o € k. Tt is immediate to verify that

X = arg ® x, a € k, satisfies and (13). O
REMARK 2.8. Note that Ryxo = %a(wg Rr—rgRrg—rRr—r®xg) =—XPR,, ie.,
(19) RAon = —Xa Ra.

If we further assume that y, satisfies , ie., Raxa = X2PR,, then we get xoPRy = 0, hence
Xo = 0 as R, is invertible. Thus, Sweedler’s Hopf algebra is pre-Cartier through a 1-parameter
family of infinitesimal R-matrices, while it is Cartier only with the trivial infinitesimal R-matrix.

Note that rewrites as Ry = qx°PR for ¢ = —1 which could be seen as g-analogue of (14).
For this reason, we were tempted to introduce a notion of g-Cartier category by replacing y
ox,y otxy = gty x ocox,y for some ¢q € k. However, we could not go too far beyond the example
of Sweedler’s 4-dimensional Hopf algebra to justify this new notion.

Topological bialgebra and quantization. Let H be a bialgebra and consider the corresponding
trivial topological bialgebra H = H|[[/i]] of formal power series with formal parameter h, see for
example [Kal Section XVI.4, Example 3]. The bialgebra structure of H is obtained by h-linearly
extending the bialgebra structure of H, where one has to replace the tensor product with its
topological completion. If R = R+ O(h) € (H® H)|[[h]] = H&H, where & denotes the topological
tensor product, is a quasitriangular structure on H, it follows that R is a quasitriangular structure
on H. In particular, R € H ® H is invertible and we can write

R=ROA®1+hx+ O(h?))
for an element x € H ® H. We have the following result.
PROPOSITION 2.9. Given (H,R) as above, then (H,R,x) is pre-Cartier.

Proof. The axioms of y are precisely the defining axioms of R in first order of i. Explicitly, in
first order of & reads RxA(:) = A°P(-)Rx. Using that A is quasi-cocommutative with respect to
R implies RYA(-) = RA(+)x. Then, multiplying the latter by R~ from the left gives . Next,
@ in order one of & gives (Idy ® A)(R)(Idg ® A)(x) = Rizx13R12 + R13R12X12- Using that R
satisfies @ and multiplying the former with (R13R12)~! from the left implies . Similarly, (|7)
reads (A @ Idg)(R)(A ® Idm)(x) = Risx13Ras + R13RasX23 in order one of i. Since R satisfies
this gives if we multiply the former with (R13R23)~! from the left. O

The above result suggests the following quantization problem.

QUESTION 2.10. Given a pre-Cartier quasztrmngular bialgebra (H, R, X) is there a quasitriangular
structure R on the trivial topological bialgebra H = HI[[R]] such that R = R(1® 1 + hy + O(h?))?

This scenario bares similarity to the deformation quantization of Poisson manifolds. In the
following lines we want to give some intuition why this is the case and refer to [Es] for more infor-
mation on symplectic/Poisson manifolds and their quantization. A star product is an associative
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unital product * on the formal power series of smooth functions ¥>°(M)[[A]] on a manifold M,
which is also a smooth deformation of the pointwise product of functions. The skew-symmetrization
of its first order structures M as a Poisson manifold and it was shown by Kontsevich in [Kon| that
every Poisson manifold admits a star product quantization. An infinitesimal R-matrix can be
understood as a “noncommutative bivector field”, as it satisfies the axioms and and every
quasitriangular structure on formal power series leads to an infinitesimal R-matrix , as observed in
Proposition The question about existence of a quantization, as formulated in Question [2.10]
is less obvious.

In the symplectic case it is known (see for example [Fe]) that equivalence classes of star prod-
uct deformations are in bijection with formal power series of the second de Rham cohomology
H2R (M, C)[[h]]. This last observation motivates the following question about pre-Cartier bialge-
bras.

QUESTION 2.11. Are the “quantizations” R of x controlled by a certain cohomology class?

In the following we give an affirmative answer to the Question [2.10]in the case of Sweedler’s
Hopf algebra.

PROPOSITION 2.12. Let x be an arbitrary infinitesimal R-matriz on Sweedler’s Hopf algebra
(H,Rx) over C and let A € C. Then R := Ryexp(hix) = RA(1® 1+ hx) € (H® H)[[h]] is
a quasitriangular structure on the trivial topological bialgebra H = HI[[A]].

Proof. Recall from Proposition that Ry =11 -2vQv+Az®z+2zvQav — 2z @av), with
A€eCandv:= 1779, is a family of triangular structures for H and that all infinitesimal R-matrices
on (H,Rj) are of the form y = arg®x € H® H, with o € C. Since 22 = 0 and g = —gz we have
exp(hy) = 300 o Bx" = 1® 1 + hy and thus R := Ry exp(hy) = Ra(1® 1 + hix) € (H ® H)[[h]].
We prove that R is a quasitriangular structure for H. First of all, R is invertible, since its zeroth
order in A, namely R, is. Explicitly, its inverse is R = 1l®1l- hx)R;l. Next, from the
quasi-cocommutativity of R and we obtain Ry(1 ® 1+ Ax)A() = RAAG)(A ®@ 1+ hx) =
A°P()RA(1® 14 hy), i.e., quasi-cocommutativity of R. The hexagon equations for R follow from
the ones of R, the relations , and the fact that x13x12 = 0 = x13)X23 as a consequence of

z? = 0. Explicitly,
(@ A)R) = (1de A)R)1©1® 1+ h(Ide A)y))
Ri3R12(1®1® 1+ hxiz + AR X13R12)

coincides with

RisRiz = Ri3(1®1® 1+ hixi3)Ri2(1 ® 1 ® 1 + ixia)

= Ri3Ri2 + hR13R1aX12 + iR13X13R12 + 2 Rizx13Ri2X12
——— ———
=0

and similarly (A ® Id)(R) coincides with R13Ro3. This completes the proof. O

One could try to attack the previous quantization problem in greater generality. Here, we just
comment on the relation of Question to the quantization of quasitriangular Lie bialgebras.
Recall from Example[2.3|3) that given a quasitriangular Lie bialgebra (g, [+, -], 7) we obtain a Cartier
triangular bialgebra (Ug,R,x) with R = 1® 1 and x = r + r°P. According to [EK] there is a
quasitriangular topological bialgebra (f[, A, 7~2) such that ﬁ/hﬁ ~Ug, A=A+ O(h) and

R=1®1+hr+ 0O e Ho H.

Note that the bialgebra structure of H might differ from the h-linear extension of A, it is just
required that in zeroth order of k the bialgebra (H, A) is recovered. This indicates that Question
might be too restrictive and should be formulated in terms of arbitrary topological bialgebras
rather than the trivial one.



INFINITESIMAL BRAIDINGS AND PRE-CARTIER BIALGEBRAS 11

2.1. Induced structures. In this subsection we study the behaviour of (pre-)Cartier (quasi)triangular
bialgebras with respect to induced structures, i.e., images, quotients and tensor products.

PROPOSITION 2.13. Let f : H — H' be a bialgebra map. If (H, R, Xx) is a (pre-)Cartier (quasi)triangular
bialgebra, then so is (f(H),(f @ f)(R), (f ® f)(X))-

Proof. Assume that (H,R) is a quasitriangular bialgebra, i.e., , @, hold for the invertible
element R = R' @ R; € H® H. It is easy to check that (f(H),R’) is quasitriangular, where
R = (f ® f)(R) cf. [Ral Exercise 12.2.2]. Moreover, if H is triangular, i.e., R~! = R°P, we get

R =(feHR) = (2R =(fRNRP) = f(R)2 f(R) = (f& ) (R)™ = (R),
hence also (f(H),R') is triangular. Now, assume that (H,R) is a pre-Cartier quasitriangular
bialgebra, i.e., there exists ¥ = x* ® x; € H ® H which satisfies , , 113). We show that
(f(H),R') is pre-Cartier through x" := (f ® f)(x) € H' ® H'. Indeed, since (|11 holds for x, we
have that

XA (f(2))=(f@HO)f @ Ar(z) = (f ® /)(xAu(z))
= (fo HAu()x) = (f@ [)(Ar(@)(f @ )(x) = Au (f(2)X
for any » € H, thus holds for x’. Next, since holds for y, ie., X' ® xi;, ® Xi, =
X' ®xi ®1g + RX'R* @ R;Ry @ xi, we have that
(Idm @ A )((f @ £)()) = F(X) @ fFxan) @ flxi) = (f @ F @ (X' @ Xir @ Xia)
=(fofo N ®xi®ly+ R XRF @ RRi @ xi)
= FO) ® F06) @ L + FRDFOADFRY) @ f(R)) F(R) © F(xa)
=X + (FR) @ FR) @ 1) (f(X') @ 1 @ f(x:)) (F(R¥) @ f(Ry,) @ L)
= X1z + (R X13R12,
hence x’ satisfies (12). Similarly, since holds for x, then X’ satisfies (13). Thus, (f(H),R’)

is pre-Cartier through x’. Furthermore, if the quasitriangular bialgebra (H,R) is assumed to be
Cartier, i.e., y satisfies in addition, then (f(H),R') is Cartier. In fact,

RX =@ HR)(f@ ) =& NRX)=(f@HXPR)=(f@ H(X™)(f & f)(R)
= (@ H)P(f e HR)=(K)TR.
The Cartier triangular case follows from the previous ones. O

As a consequence, we obtain the following result.

COROLLARY 2.14. Let H be a bialgebra and I C H a bi-ideal. If (H,R,x) is a (pre-)Cartier
(quasi)triangular bialgebra, then so is the quotient bialgebra H/I.

Next, we show that the tensor product of (quasi)triangular bialgebras is (pre-)Cartier if at least
one of them is (pre-)Cartier.

PROPOSITION 2.15. Let (H,R), (H',R') be (quasi)triangular bialgebras. Then, so is H @ H’
through R = (Idg @ 7. ar @ Idg ) (R @ R'), where T is the canonical flip. Furthermore, if at least
one of (H,R) and (H',R') is (pre-)Cartier, then so is (H ® H',R).

Proof. The first assertion can be obtained as a particular case of [Chl, Theorem 2.2] once observed
that H ='®! H' = H @ H' and [R, R'] = R, using the notations therein.
We show that if R~! = R°P and R'~! = R’°P then R~! = R°P. Indeed,

R =(dy @ 7gp @1dg ) (R @R = (Idg @ 5 @ Idgr ) (R @ R'P)
=R, ® R; ® RY X R = TH@H’,H@H’(,’Q) = 7~2°p.

Now, we suppose that (H,R) and (H',R’) are quasitriangular bialgebras and that (H,R) is pre-
Cartier and we show that H ® H' is pre-Cartier. Since (H,R) is pre-Cartier, there exists x =
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X' ®x; € H® H such that (11)), and are satisfied. We define X := x' ® 1g @ x; @ 1 €
H® H' ® H® H'. Since x satisfies , we have x%c; ® xice = c1X’ ® ca; for every ¢ € H, thus

VAnen(c®d) = (X' @1lp @xi @1yl ®@d ®@co ®da) = x'e1 ®dy ® xic2 @ do

=ax' ®@di®axi®d=(0d ®ced) (X' @l X ®ly)=Argn (c®d)X,

so that X satisfies (11). Now, since y satisfies (12), i.e., X' ® xi, @ xi, = X' @ xi © 1 TRV RE @
RjRi ® Xi, we obtain that
1d® Apen)(X) =X @ 1o ® Xi, © 1gr @ Xiy @ 1
=X @l Xl g @1y +RXNRF @1y @RRe @ 1 @ xi @ 1
=+ R® OR"OR;OR, @1y 1g) X' ®1ly @1lg @1l @ X ® 1p)(RF@R™ @Ry @R, ® 1y ® 177)
= %12 + Ry X13Raz,
where in the third equality we use that RMRM ®ﬁ:n7€; =R 'R =1 ® 1y and so Y satisfies
(12). Similarly, since y satisfies (I3), then Y satisfies and thus H ® H' is a pre-Cartier

quasitriangular bialgebra through y. Moreover, if Ry = x°PR, i.e., RFx* @ Rixi = i R* ® X' R,
we obtain that

Ri=RFORVORLOR) (X' ® 1w @ x; ® 1) = R¥ X' @ R7 @ Rixi ® R}
=xRFORTOXNRLOR, = (xi ®1p @ X' @ 1) (R¥ ® R @ Ry, ® R}) = YPR,
then H @ H' is Cartier. O

Observe that, if (H', R’) is (pre-)Cartier with x' = x'™ ® x/,,, then H ® H' is (pre-)Cartier with
X:=1lg®@x™®1g ® x,, by analogue computations. In view of Remark we can even take a
linear combination of ¥ and x.

ExaMPLE 2.16. Given Sweedler’s Hopf algebra (H, R ) with infinitesimal R-matrix x, = azg =z,
with o € k, and an arbitrary (quasi)triangular bialgebra (H’,R’), we obtain that H ® H' is
(quasi)triangular with R := (Idg ® 7 g ® Idg:)(Ry ® R') and it is pre-Cartier with infinitesimal
R-matrix Yo = axg @l @ x ® 1g.

2.2. Twisting pre-Cartier quasitriangular bialgebras. First we recall the notion of Drinfel’d
twist. An invertible element 7 € H ® H is said to be a Drinfel’d twist if the (dual) 2-cocycle
condition and the normalization properties

(20) (Felm(Aeldy)(F) = (1x @ F)(dr © A)(F),
(21) (e ®1dg)(F) = 1y = (Idg ® £)(F),

are satisfied. This notion goes back to Drinfel’d [Dr2].
Given a Drinfel’d twist F we consider the linear map Ar: H — H ® H defined via

Ar() = FA(C)F L

We employ the short notation Ax(h) = hi, ® ha, for h € H. Then, Hr := (H,m,u, Ar,c) is a
bialgebra. If H is a Hopf algebra with antipode S, then also Hr is a Hopf algebra with antipode
Sz given by Sr(a) = US(a)U™!, for any a € H, where U := F'S(F;) is invertible.

If (H,R) is a (quasi)triangular bialgebra, so is Hr with universal R-matrix Rz := FPRF 1,
c.f. [Ma2, Theorem 2.3.4]. Observe that every quasitriangular structure R on a bialgebra H is a
Drinfel’d twist. In fact, R is normalized and satisfies the 2-cocycle property since

7) b
Ri2(A ®1dg)(R) = R12R13R23 = Ra3Ri13Ri2 &) Rosz(Idg ® A)(R).

Note that every left H-module is also a left Hr-module (and viceversa), since the algebra
structures of H and Hr coincide. This defines an isomorphism of categories

Dring: gM — g, M, M — Mg,
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where Mr is the vector space M endowed with the left Hr-action instead of the given H-action.
The inverse functor is denoted by Drin;_-1 sy M — gM, M — Mx-1. Note that F~! is a Drinfel’d
twist on Hx. Since the comultiplications of H and Hr are different, the monoidal product of 5 .M
is denoted by M ®x N for objects M, N in g, M, where M ®x N equals M ® N as a vector space
but is understood as a left Hz-module via

h-(m®zFn):=Ar(h)  (m@n) = (hi -m)® (ha