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INFINITESIMAL BRAIDINGS AND PRE-CARTIER BIALGEBRAS

ALESSANDRO ARDIZZONI, LUCREZIA BOTTEGONI, ANDREA SCIANDRA, AND THOMAS WEBER

Abstract. We propose an in�nitesimal counterpart to the notion of braided category. The
corresponding in�nitesimal braidings are natural transformations which are compatible with an
underlying braided monoidal structure in the sense that they constitute a �rst-order deformation
of the braiding. This extends previously considered in�nitesimal symmetric or Cartier categories,
where involutivity of the braiding and an additional commutativity of the in�nitesimal braiding
with the symmetry are required. The generalized pre-Cartier framework is then elaborated in
detail for the categories of (co)quasitriangular bialgebra (co)modules and we characterize the
resulting in�nitesimal R-matrices (resp. R-forms) on the bialgebra. It is proven that the latter
are Hochschild 2-cocycles and that they satisfy an in�nitesimal quantum Yang-Baxter equation,
while they are Hochschild 2-coboundaries under the Cartier (co)triangular assumption in the
presence of an antipode. We provide explicit examples of in�nitesimal braidings, particularly on
quantum 2×2-matrices, GLq(2), Sweedler's Hopf algebra and via Drinfel'd twist deformation. As
conceptual tools to produce examples of in�nitesimal braidings we prove an in�nitesimal version
of the FRT construction and we provide a Tannaka-Krein reconstruction theorem for pre-Cartier
coquasitriangular bialgebras. We comment on the deformation of in�nitesimal braidings and
construct a quasitriangular structure on formal power series of Sweedler's Hopf algebra.
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1. Introduction

Braided monoidal categories were �rst introduced in [JS] as tensor categories (C,⊗, I) endowed
with a categori�cation of the �ip operator, the braiding σ. On objects X,Y of C the braiding is a
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morphism σX,Y : X ⊗Y → Y ⊗X which is compatible with the tensor product in the obvious way
and, as a result, σX,X satis�es the braid relations. For this reason braided monoidal categories
have found numerous applications, particularly in knot theory, leading to topological invariants
of 3-manifolds [RT]. Most relevant for our purpose, braided monoidal categories appear as the
categorical counterpart of (co)quasitriangular bialgebras. The latter are bialgebras H together
with a solution of the quantum Yang-Baxter equation, the universal R-matrix (or universal R-
form), originating in the seminal work [Dr2] of Drinfel'd and expanding on earlier ideas [FT] on the
quantum inverse scattering method. Given a (co)quasitriangular bialgebra (H,R), the monoidal
category (C,⊗, I) of bialgebra (co)modules becomes braided with σ given by the (co)action of R
composed with the tensor �ip [Dr3, Ma3]. On the other hand, a braided monoidal category (C,⊗, I)
satisfying certain representability conditions can be understood as the (co)representation category
of a �reconstructed� (co)quasitriangular bialgebra [Ma4]. This is referred to as Tannaka-Krein
reconstruction of (co)quasitriangular bialgebras. Thus, morally we can think of braided monoidal
categories and (co)quasitriangular bialgebras as two sides of the same coin.

The scope of this paper is to provide an in�nitesimal version of braided monoidal category and
to study the corresponding algebraic counterparts. In fact, the motivating idea is to start in the
algebraic framework and consider a bialgebra H with its corresponding trivial topological bialgebra
H̃ = H[[ℏ]] of formal power series in a formal parameter ℏ given by naive ℏ-linear extension of the
bialgebra structure and replacing the tensor product with its topological completion. Then, given
a (co)quasitriangular structure

(1) R̃ = R(1⊗ 1 + ℏχ+O(ℏ2))

on H̃ we obtain a (co)quasitriangular bialgebra (H,R) and �read� or �declare� the axioms of our

in�nitesimal R-matrix χ as the axioms of R̃ in �rst order of ℏ. This de�nition of in�nitesimal
R-matrix can then be applied to any (co)quasitriangular bialgebra (H,R) independently of an

imagined (co)quasitriangular structure (1) on H̃. Reversing back to category theory we obtain a
braided monoidal category (C,⊗, I, σ) with a natural transformation t : ⊗ → ⊗ now corresponding
to χ. The axioms of χ manifest in a certain compatibility of t with (⊗, σ). It turns out that
the resulting categories generalize Cartier categories, which already appeared in [HV] and trace
back to [Ca]. However, our de�nition is not bound to symmetric braidings (i.e., σ2 = Id) and
our proposed compatibilities of t and (⊗, σ) are less restrictive. For this reason we call the cat-
egories of this paper pre-Cartier braided, while we refer to the ones studied in [HV] as Cartier
symmetric categories. The corresponding bialgebras are called pre-Cartier (co)(quasi)triangular.
The idea to consider in�nitesimal versions of (co)quasitriangular structures goes back to [Dr1],
however exclusively in the framework of quasitriangular Lie bialgebras (g, [·, ·], r) which correspond
to quasitriangular bialgebras (Ug,R). Here, the classical r-matrix r ∈ g ⊗ g (or quasitriangular
Lie bialgebra structure in general), a solution of the classical Yang-Baxter equation, is the in�ni-

tesimal counterpart of a quasitriangular structure R̃ = 1⊗ 1 + ℏr +O(ℏ) on Ug[[ℏ]]. Afterwards,
in [Ma1], the symmetrization 1

2 (r+ rop) of a quasitriangular Lie bialgebra structure has been used
to obtain an �in�nitesimal braiding�, a tool to construct braided Lie bialgebras. To our knowledge
the concept of in�nitesimal braiding has so far only been addressed in the previously mentioned
context of Lie bialgebras (g, [·, ·], r) with corresponding bialgebra (Ug,R = 1⊗1) and in the context
of Cartier triangular bialgebras [HV] (in the dual case it was considered also for comodules over
an abelian monoid algebra, still in [HV]). Our approach goes genuinely beyond the established
theory. The main results include a Tannaka-Krein reconstruction theorem for pre-Cartier coqua-
sitriangular bialgebras and an FRT construction of pre-Cartier categories. The latter extends to
well-known construction [FRT] of coquasitriangular bialgebras from a solution of the braid relation
to pre-Cartier coquasitriangular bialgebras, where additional in�nitesimal braid relations, involv-
ing a second endomorphism, have to be satis�ed. We further prove that an in�nitesimal R-matrix
is a Hochschild 2-cocycle and satis�es the �in�nitesimal quantum Yang-Baxter equation�, while
in the Cartier symmetric Hopf algebra case it corresponds to a Hochschild 2-coboundary. Ac-
companying the de�nitions are explicit examples of in�nitesimal braidings, including on quantum
2×2-matrices, GLq(2) and Sweedler's Hopf algebra. As in�nitesimal objects, pre-Cartier bialgebras
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naturally pose a quantization problem. We comment on the deformation of in�nitesimal braidings,
giving an explicit solution for Sweedler's Hopf algebra and further relating to Etingof-Kazhdan
quantization of Lie bialgebras.

The paper is organized as follows. After the introduction we proceed by setting up the categori-
cal framework of pre-Cartier braided categories. It includes a result on how to transfer in�nitesimal
braidings via a strong monoidal functor. The rest of the article will follow the outlined categorical
setup, but the reader who is mainly interested in the results on Hopf algebras and their repre-
sentations can skip the categorical build-up and understand the following sections independently.
Section 2 treats quasitriangular bialgebras (H,R) endowed with an in�nitesimal R-matrix. We
show that these are characterized by braided monoidal category of H-modules being pre-Cartier.
Several examples are provided, including in�nitesimal R-matrices arising from quasitriangular Lie
bialgebras and a classi�cation of in�nitesimal R-matrices on Sweedler's Hopf algebra. We further
discuss the previously mentioned example of quasitriangular topological bialgebras in detail, which
will motivate us to formulate a quantization problem. We devote Section 2.1 to induce pre-Cartier
quasitriangular structures and Section 2.2 for Drinfel'd twist deformation of them. In Section 2.3
we recall Hochschild cohomology theory for coalgebras and prove the previously mentioned results
about the in�nitesimal R-matrix being a 2-cocycle. Section 3 is the dual counterpart of Section 2.
It mirrors the concepts and constructions for the corepresentation category of a coquasitriangular
bialgebra. We combine both pictures in Section 3.4 about the �nite dual. The �nal Section 4
comprises the aforementioned FRT construction (Section 4.1) and Tannaka-Krein reconstruction
(Section 4.2) of pre-Cartier coquasitriangular bialgebras.

1.1. Preliminaries and notations. Given an object X in a category C, the identity morphism on
X will be denoted either by IdX or X for short. By (M,⊗, I) we denote a monoidal category, where
⊗ : M×M → M is the tensor product functor and I is the unit object. The associativity constraint
a and the left and right unit constraints l, r will be usually omitted when clear from the context.
If M is braided, we denote the braiding by σ. A strong monoidal functor (F, ϕ0, ϕ2) : (M,⊗, I) →
(M′,⊗′, I′) consists of a functor F : M → M′, an isomorphism ϕ2X,Y : F (X)⊗′F (Y ) → F (X⊗Y )

in M′ which is natural in X,Y , for every X and Y in M, and an isomorphism ϕ0 : I′ → F (I) in
M′ such that the following identities hold true

F (aX,Y,Z) ◦ ϕ2X⊗Y,Z ◦ (ϕ2X,Y ⊗′ F (Z)) = ϕ2X,Y⊗Z ◦ (F (X)⊗′ ϕ2Y,Z) ◦ a′F (X),F (Y ),F (Z)

F (lX) ◦ ϕ2I,X ◦ (ϕ0 ⊗′ F (X)) = l′F (X), F (rX) ◦ ϕ2X,I ◦ (F (X)⊗′ ϕ0) = r′F (X)

where a, a′ are the associativity constraints, and l, r, l′, r′ are the unit constraints. If M and M′

are braided, a braided strong monoidal functor F : M → M′ is a strong monoidal functor such
that F (σX,Y ) ◦ ϕ2X,Y = ϕ2Y,X ◦ σ′

F (X),F (Y ) where σ and σ′ are the respective braidings.

All vector spaces are understood to be k-vector spaces, where k is an arbitrary �eld. By a linear
map we mean a k-linear map and the unadorned tensor product ⊗ stands for ⊗k. We denote the
canonical �ip by τM,N :M ⊗N → N ⊗M , m⊗n 7→ n⊗m, for vector spaces M,N , or simply by τ
for sake of briefness. By ring we mean an associative ring with identity. For an algebra we denote
the multiplication and the unit by m and u, respectively, while for a coalgebra the comultiplication
and the counit are denoted by ∆ and ε, respectively. We write H for a bialgebra over k. We
will use the classical Sweedler's notation for calculations with the comultiplication and we shall
write ∆(h) = h1 ⊗ h2 for any h ∈ H, where we omit the summation symbol. In case H admits an
antipode we denote it by S : H → H. The center of an algebra A is denoted by Z (A). For any
right (left) H-module we denote without distinction the action by ·, even when there are di�erent
actions involved. For a right (left) H-comodule M we write the coaction as ρr : M → M ⊗ H,
ρr(m) = m0 ⊗m1, (resp. ρ

l :M → H ⊗M , ρl(m) = m−1 ⊗m0), for any m ∈M .

1.2. Pre-Cartier categories. In this section we introduce the notion of pre-Cartier category. For
this aim, recall that a category is pre-additive when the set of morphisms between any two objects
is an abelian group and the composition of morphisms satis�es the distributive law. A pre-additive
braided monoidal category is a braided monoidal category which is also pre-additive and the tensor
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functor is additive in each entry, i.e., the tensor product and the addition of morphisms satisfy the
distributive laws.

Definition 1.1. A pre-Cartier category is a pre-additive braided monoidal category (M,⊗, σ)
together with a natural transformation t : ⊗ → ⊗ such that the identities

tX,Y⊗Z = tX,Y ⊗ IdZ + (σ−1
X,Y ⊗ IdZ) ◦ (IdY ⊗ tX,Z) ◦ (σX,Y ⊗ IdZ),(2)

tX⊗Y,Z = IdX ⊗ tY,Z + (IdX ⊗ σ−1
Y,Z) ◦ (tX,Z ⊗ IdY ) ◦ (IdX ⊗ σY,Z),(3)

hold true for all objects X,Y, Z in M. In this case we say that t is an in�nitesimal braiding of
(M,⊗, σ). A pre-Cartier category (M,⊗, σ, t) is called Cartier if in addition

(4) σX,Y ◦ tX,Y = tY,X ◦ σX,Y

holds for all objects X,Y in M. In case the braiding is symmetric we refer to the above as
symmetric (pre-)Cartier categories. We summarise these de�nitions in the following table
(where ✗ indicates that the corresponding condition is not required):

Terminology σ−1
X,Y = σY,X σX,Y tX,Y = tY,XσX,Y

braided pre-Cartier category ✗ ✗

symmetric pre-Cartier category ✓ ✗

braided Cartier category ✗ ✓

symmetric Cartier category ✓ ✓

We will sometimes use the term Cartier type category to refer to any of the above notions.

Remark 1.2. We collect here immediate consequences of the de�nition. The �rst two are straight-
forward extensions of [HV, Remark 2.2] from symmetric Cartier to braided pre-Cartier categories.

i) Every pre-additive braided monoidal category is Cartier with respect to the trivial in�nitesimal
braiding tX,Y = 0 for all objects X,Y .

ii) Setting Y = I in (2) and (3) implies tX,I = 0 and tI,X = 0, respectively.
iii) For a symmetric monoidal category with a natural transformation t : ⊗ → ⊗, in presence

of (4), the conditions (2) and (3) are equivalent as shown in [Ka, XX.4]. Consequently, the
notion of symmetric Cartier category in De�nition 1.1 coincides with that of Cartier category
as introduced in [HV], which goes back to [Ca]. Note that in [Ka, XX.4] such a category is
called an in�nitesimal symmetric category in case of a strict tensor category.

The next result deals with transferring the Cartier type structures from one category to another.

Proposition 1.3. Let
(
F, ϕ0, ϕ2

)
: M → M′ be a strong monoidal functor between pre-additive

categories M and M′. Assume F is additive and fully faithful (e.g., F is an equivalence and the
categories M and M′ are additive).

i) If M′ has a braiding (symmetry), then so does M and F is braided strong monoidal.
ii) If M′ has a natural transformation ful�lling (2) and (3), then so does M.
iii) If M′ has a natural transformation ful�lling (4), then so does M.

Proof. The proof is straightforward and, as far as the braiding is concerned, traces back to [Sa,
4.4.3]. We just point out that σ and t for M are uniquely de�ned in terms of σ′ and t′ for M′ by
the commutativity of the following diagrams, for all objects X,Y in M.

F (X)⊗′ F (Y ) F (Y )⊗′ F (X)

F (X ⊗ Y ) F (Y ⊗X)

σ′
F (X),F (Y )

ϕ2
X,Y ϕ2

Y,X

F (σX,Y )

F (X)⊗′ F (Y ) F (X)⊗′ F (Y )

F (X ⊗ Y ) F (X ⊗ Y )

t′F (X),F (Y )

ϕ2
X,Y ϕ2

X,Y

F (tX,Y )

Note also that if F is an equivalence, then it is automatically fully faithful and, being part of an
adjunction, it is also additive if M and M′ are additive, see e.g. [Po, Corollary 1.3]. □
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Example 1.4. Let f : A → B be a morphism of bialgebras which is an epimorphism in the
category of rings. By [St, Proposition XI.1.2], the restriction of scalars functor f∗ : BM → AM,
which is always faithful, is also full. Since BM and AM are additive categories and f∗ is part
of an adjunction, we get that f∗ is an additive functor. Clearly f∗ is strict monoidal. Hence the
previous result applies. As a consequence, if AM is a Cartier type category, so is BM.

In particular, since f induces the surjective bialgebra map f ′ : A → f(A), a 7→ f(a), we get
that, if AM is a Cartier type category, so is f(A)M. A direct proof of this result will be provided
in Proposition 2.13. This can be obtained by looking at the notion of pre-Cartier quasitriangular
bialgebra, which is object of the next section.

Example 1.5. Let A and B be bialgebras such that there is a strong monoidal equivalence between
the categories AM and BM. By Proposition 1.3, AM is a Cartier type category if and only if so
is BM. This applies in particular if A is obtained from B by twisting with a Drinfel'd twist (we
will return to this notion in more detail in the following section). A direct proof of this fact will
be provided in Theorem 2.17.

Example 1.6. Let A and B be two bialgebras which are monoidally co-Morita equivalent, i.e.,
such that there is a strong monoidal k-linear equivalence between the categories AM and BM,
see [Sc2, De�nition 5.6]. By Proposition 1.3, AM is a Cartier type category if and only if so is
BM. Note that, by [Sc2, Corollary 5.9], if H is a �nite-dimensional Hopf algebra, then every Hopf
algebra monoidally co-Morita equivalent to H is obtained from H by twisting with a 2-cocycle.

2. Pre-Cartier quasitriangular bialgebras

We are now going to discuss a class of examples of pre-Cartier categories modelled on the braided
monoidal category (HM,⊗, σR) of left H-modules, where σR is the braiding attached to a quasi-
triangular bialgebra (H,R). Let us recall from [Ka] and [Ma2] some de�nitions and preliminary
results beforehand.

Fix a bialgebra (H,m, u,∆, ε) in the following. For an element T ∈ H ⊗ H we adopt the
short notation T =

∑
i T

i ⊗ Ti = T i ⊗ Ti, omitting the summation symbol. Then, for exam-
ple, τH,H(T ) = T op = Ti ⊗ T i, (IdH ⊗ τH,H)(T ⊗ 1H) = T i ⊗ 1H ⊗ Ti, etc. If T is invert-

ible we write T−1 = T
i ⊗ T i. We further employ leg notation T12 = T ⊗ 1H , T23 = 1H ⊗ T ,

T13 = (IdH ⊗ τH,H)(T12), T21 = T op ⊗ 1H , etc.

A bialgebra H is said to be quasitriangular if there is an invertible element R ∈ H ⊗H, the
universal R-matrix or quasitriangular structure, such that H is quasi-cocommutative, i.e.,

(5) ∆op(·) = R∆(·)R−1,

and the hexagon equations

(IdH ⊗∆)(R) = R13R12,(6)

(∆⊗ IdH)(R) = R13R23,(7)

are satis�ed. If in addition R−1 = Rop, then (H,R) is called triangular. Recall that, by [Ka,
Theorem VIII.2.4], a quasitriangular bialgebra (H,R) satis�es the quantum Yang-Baxter equations

(8) R12R13R23 = R23R13R12, R−1
12 R

−1
13 R

−1
23 = R−1

23 R
−1
13 R

−1
12

and (ε⊗ IdH)(R±1) = 1H = (IdH ⊗ ε)(R±1). Moreover, we have

(9) (S ⊗ Id)(R) = R−1, (Id⊗ S)(R−1) = R.

Thus, we have that

(10) (S ⊗ S)(R) = R, (S ⊗ S)(R−1) = R−1.
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One can prove (see [Ma2, Theorem 9.2.4 and paragraph thereafter]) that a bialgebra H is quasitri-
angular if and only if the monoidal category (HM,⊗) of left H-modules is braided with braiding
determined on objects M,N by

σR
M,N : M ⊗N → N ⊗M, m⊗ n 7→ Rop · (n⊗m) = (Ri · n)⊗ (Ri ·m).

Note that (σR
M,N )−1 : N ⊗M →M ⊗N,n⊗m 7→ R−1 · (m⊗ n) = (Ri ·m)⊗ (Ri · n) in this case.

De�nition and examples.

Definition 2.1. We call a triple (H,R, χ) a pre-Cartier (quasi)triangular bialgebra if (H,R) is
a (quasi)triangular bialgebra and χ ∈ H ⊗H is such that

χ∆(·) = ∆(·)χ,(11)

(IdH ⊗∆)(χ) = χ12 +R−1
12 χ13R12,(12)

(∆⊗ IdH)(χ) = χ23 +R−1
23 χ13R23,(13)

hold. We call such a χ an in�nitesimal R-matrix.
Moreover, the triple (H,R, χ) is called Cartier if it is pre-Cartier and χ satis�es

(14) Rχ = χopR,
in addition.

We summarise these notions in the following table (again, ✗ indicates that the corresponding
condition is not required).

Terminology R−1 = Rop Rχ = χopR
pre-Cartier quasitriangular ✗ ✗

pre-Cartier triangular ✓ ✗

Cartier quasitriangular ✗ ✓

Cartier triangular ✓ ✓

Remark 2.2. The following statements obviously hold.

i) Every (quasi)triangular bialgebra is Cartier with trivial χ = 0.
ii) Given a (quasi)triangular bialgebra (H,R), the set of its in�nitesimal R-matrices forms a

vector space.
iii) By applying Id⊗ ε⊗ Id to (12) and (13), and multiplying, we get

(Id⊗ ε)(χ) = 0,(15)

(ε⊗ Id)(χ) = 0,(16)

respectively.

Example 2.3. Let (H,R) be a (quasi)triangular bialgebra and let Z (H) be its center. If R ∈
Z (H) ⊗ Z (H), then by (5) H is cocommutative. Moreover, (12) rewrites as (IdH ⊗ ∆)(χ) =
χ12+χ13 which means that χ ∈ H ⊗P (H). Similarly, (13) means that χ ∈ P (H)⊗H, so that the
two equalities together are equivalent to χ ∈ P (H) ⊗ P (H). Furthermore, (14) holds if and only
if χ = χop, i.e., χ is symmetric.

1) As an example, since H is cocommutative a possible choice for the quasitriangular structure
is R = 1 ⊗ 1 and in this case (12) and (13) are equivalent to χ ∈ P (H) ⊗ P (H), cf. [Ka,
Proposition XX.4.2].

2) Another example is the case when H is commutative and then one trivially has R ∈ Z (H) ⊗
Z (H) for every quasitriangular structure R. Since (11) is trivially satis�ed in this case, then,
by the foregoing, χ ∈ H ⊗H is an in�nitesimal R-matrix if and only if χ ∈ P (H)⊗ P (H). In
particular, let G be an abelian group and consider the group algebra H = kG. Note that R
needs not to be 1 ⊗ 1 in this case, see e.g. [Ma2, Example 2.1.17]. Since H is commutative
a possible in�nitesimal R-matrix χ must live in P (H) ⊗ P (H) but P (kG) = 0, as a direct
computation shows. Thus χ = 0.
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3) Another example is the universal enveloping algebra Ug of a (complex) Lie algebra (g, [·, ·]).
It is a cocommutative Hopf algebra and thus, if we consider R = 1 ⊗ 1, the above implies
that in�nitesimal R-matrices χ are characterized as elements of P (Ug) ⊗ P (Ug) = g ⊗ g,
such that χ∆(·) = ∆(·)χ holds. The latter condition is equivalent to χ being g-invariant, i.e.,
(adx ⊗ Id + Id ⊗ adx)(χ) = 0 for all x ∈ g, where adx(y) := [x, y] for x, y ∈ g. In summary,
pre-Cartier structures for (Ug, 1⊗ 1) are precisely the elements of (g⊗ g)g and the symmetric
ones among those, i.e., χ ∈ (g ⊗ g)g satisfying χop = χ, correspond to the Cartier structures.
Such elements arise in the study of quasitriangular Lie bialgebras. We brie�y recall that a Lie
bialgebra (g, [·, ·], δ) is a Lie algebra (g, [·, ·]) and a Lie coalgebra (g, δ) such that [·, ·] : g⊗g → g
and δ : g → g⊗ g are compatible. A Lie bialgebra (g, [·, ·], δ) is called quasitriangular if there
is an element r ∈ g ⊗ g such that δ(x) = (adx ⊗ Id + Id ⊗ adx)(r) for all x ∈ g, satisfying the
classical Yang-Baxter equation

[r12, r13] + [r12, r23] + [r13, r23] = 0

and such that r + rop ∈ (g⊗ g)g. If r is skew-symmetric in addition it is called a classical r-
matrix. Thus, the symmetrization of any quasitriangular structure r ∈ g⊗g of a Lie bialgebra
(g, [·, ·], δ) gives a Cartier structure χ = r+ rop and classical r-matrices lead to χ = 0. We refer
to [ES, Sections 2 and 3] for details on (quasitriangular) Lie bialgebras and r-matrices. Note
that the classical Yang-Baxter equation was not used to verify the axioms of De�nition 2.1.

Remark 2.4. The element χ = r+ rop associated to a quasitriangular Lie bialgebra (g, [·, ·], r) we
discussed in Example 2.3 already appeared in [Ma1]. There it was associated with the �in�nitesimal
braiding operator�

ψ : V ⊗ V → V ⊗ V, ψ(v ⊗ w) := χ · (v ⊗ w − w ⊗ v)

for a left g-module V . It was shown in [Ma1, Lemma 2.1] that ψ is a 2-cocycle, a statement
which we are going to generalize in Theorem 2.21. The operator is further used to de�ne �braided
Lie-bialgebras� in [Ma1, De�nition 2.2], a notion which was extended in [HV, Section 5]. It
would be interesting to adapt the concept of braided Lie-bialgebra to our notion of pre-Cartier
quasitriangular bialgebra. However, this goes beyond the scope of the present paper.

Example 2.5. Let (H,R) be a (quasi)triangular bialgebra and let χ ∈ Z (H ⊗H). Then (11) is
trivially satis�ed, (12) and (13) together means that χ ∈ P (H) ⊗ P (H) while (14) means that χ
is symmetric. As a consequence, (H,R, χ) is pre-Cartier if χ ∈ P (H) ⊗ P (H) is central and it is
Cartier when it is further symmetric.

In the following main theorem of this section we prove that pre-Cartier quasitriangular bialgebras
(H,R, χ) correspond to pre-Cartier braided monoidal structures on (HM,⊗, σR) in the same spirit
in which R corresponds to σR.

Theorem 2.6. Let (H,R) be a (quasi)triangular bialgebra. Then, there is a bijection between
pre-Cartier structures of (H,R) and pre-Cartier structures of (HM,⊗, σR). The corresponding
in�nitesimal braiding on HM is de�ned for all objects M,N in HM by

(17) tM,N : M ⊗N →M ⊗N, m⊗ n 7→ χ · (m⊗ n) = (χi ·m)⊗ (χi · n),
where χ = χi ⊗ χi ∈ H ⊗ H is the in�nitesimal R-matrix for H. Moreover, there is a bijective
correspondence between Cartier structures of (H,R) and Cartier structures of (HM,⊗, σR).

Proof. Suppose there is an in�nitesimal braiding t on HM and set χ := tH,H(1H ⊗ 1H). Note
that for every M in HM and m ∈ M we can consider a map lm : H → M in HM by setting
lm(h) = h · m. Since t is natural, for every M,N in HM and m ∈ M,n ∈ N , we have that
tM,N (lm⊗ ln)(1H ⊗1H) = (lm⊗ ln)tH,H(1H ⊗1H), i.e., tM,N (m⊗n) = (lm⊗ ln)(χ). By employing
the notation χ = χi⊗χi, we arrive at tM,N (m⊗n) = (χi ·m)⊗ (χi ·n). Now, the fact that tM,N is
a morphism in HM for all M,N in HM is equivalent to the fact that tH,H is a morphism in HM,
by using the naturality of t. Indeed, if this is true for H, given M and N in HM we obtain that

tM,N (h · (m⊗ n)) = tM,N (h1 ·m⊗ h2 · n) = tM,N (lm(h1)⊗ ln(h2)) = tM,N (lm ⊗ ln)(h1 ⊗ h2)

= (lm ⊗ ln)tH,H(h · (1H ⊗ 1H)) = h · (lm ⊗ ln)tH,H(1H ⊗ 1H) = h · tM,N (m⊗ n)
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for allm ∈M and n ∈ N . By using again naturality of t, the fact that tH,H is in HM is equivalent to
h·(tH,H(1H⊗1H)) = tH,H(h·(1H⊗1H)) for every h ∈ H. This is exactly h1χ

i⊗h2χi = χih1⊗χih2
for every h ∈ H, i.e., (11). Next, we prove that (2) for X,Y, Z in HM is equivalent to (12). In
fact, from naturality of t, we reduce to the case X = Y = Z = H and we have that

tH,H⊗H(1H ⊗ 1H ⊗ 1H) = χi ⊗ (χi · (1H ⊗ 1H)) = χi ⊗ χi1 ⊗ χi2 = (IdH ⊗∆)(χ),

while

(tH,H ⊗ IdH)(1H ⊗ 1H ⊗ 1H) = χi ⊗ χi ⊗ 1H = χ12

and

((σR
H,H)−1 ⊗ IdH)(IdH ⊗ tH,H)(σR

H,H ⊗ IdH)(1H ⊗ 1H ⊗ 1H)

= ((σR
H,H)−1 ⊗ IdH)(IdH ⊗ tH,H)(Ri ⊗Ri ⊗ 1H)

= ((σR
H,H)−1 ⊗ IdH)(Ri ⊗ χjRi ⊗ χj) = Rk

χjRi ⊗RkRi ⊗ χj

= (Rk ⊗Rk ⊗ 1H)(χj ⊗ 1H ⊗ χj)(Ri ⊗Ri ⊗ 1H) = R−1
12 χ13R12.

Similarly, one proves that (3) is equivalent to (13).
Finally, we prove that (4) is equivalent to (14). Assume that (14) holds, then we have

σR
M,N (tM,N (m⊗ n)) = σR

M,N (χi ·m⊗ χi · n) = (Rjχi) · n⊗ (Rjχi) ·m

= (Rχ)op · (n⊗m)
(14)
= (χopR)op · (n⊗m) = tN,M (σR

M,N (m⊗ n))

for all left H-modules M,N and m ∈M , n ∈ N , hence (4) holds. On the other hand, assume that
(4) is satis�ed, then

(χopR)op = χRop = tH,H(σR
H,H(1H ⊗ 1H)) = σR

H,H(tH,H(1H ⊗ 1H)) = (Rχ)op,

so (14) holds and the thesis follows. □

Now we test the notion of (pre-)Cartier bialgebra on some examples. The �rst example we
consider is Sweedler's Hopf algebra. Note that, as it is shown in [Ge], Taft Hopf algebras Hn2 do
not admit a quasitriangular structure for n > 2, while for n = 2, i.e., Sweedler's case, there is a
1-parameter family of triangular structures which is considered below.

Sweedler's Hopf Algebra. Let k be a �eld of characteristic not 2. Consider the free k-algebra
H generated by two elements g and x modulo the relations g2 = 1, x2 = 0 and xg = −gx, where
1 denotes the unity of H. It becomes a Hopf algebra with comultiplication, counit and antipode
determined by ∆(g) = g ⊗ g, ∆(x) = x⊗ 1 + g ⊗ x, ε(g) = 1, ε(x) = 0, S(g) = g and S(x) = −gx,
respectively. In particular, H is neither commutative nor cocommutative. It is the smallest Hopf
algebra with these properties and it is known as Sweedler's 4-dimensional Hopf algebra. There is
an exhaustive 1-parameter family of triangular structures on H given by R-matrices

(18) Rλ := 1⊗ 1− 2ν ⊗ ν + λ(x⊗ x+ 2xν ⊗ xν − 2x⊗ xν)

for λ ∈ k, where ν := 1−g
2 , see [Ma2, Exercise 2.1.7]. Expanding ν gives

Rλ = 1
2 (1⊗ 1 + g ⊗ 1 + 1⊗ g − g ⊗ g) + λ

2 (x⊗ x− xg ⊗ x+ x⊗ xg + xg ⊗ xg).

If (H,R) is quasitriangular then R = Rλ for some λ ∈ k, see [Ra, Exercise 12.2.11]. In the
next result, whose current more conceptual proof was suggested by the referee, we classify the
in�nitesimal R-matrices for Sweedler's Hopf Algebra.

Proposition 2.7. Let (H,Rλ) be Sweedler's Hopf algebra with triangular structure Rλ as in (18).
Then, there is an exhaustive 1-parameter family of in�nitesimal R-matrices χα on H, for α ∈ k,
given by χα = αxg ⊗ x.
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Proof. If H is pre-Cartier, by de�nition there exists an element χ ∈ H⊗H satisfying the equations
(11), (12) and (13). We look at (11) on generators. Clearly (11) on 1 does not give information. The
condition χ∆(g) = ∆(g)χ is equivalent to χ = gχig−1 ⊗ gχig

−1. Let H0 := k⟨g⟩ be the coradical
of H. Then, H = H0 ⊕ xH0. The conjugation by g is trivial on H0 and it is the multiplication by
−1 on xH0. Then, since char(k) ̸= 2, we obtain χ ∈ H0 ⊗H0 + xH0 ⊗ xH0. From (Id⊗ ε)(χ) = 0
and (ε⊗ Id)(χ) = 0, we obtain χ ∈ k(1− g)⊗ k(1− g) + xH0 ⊗ xH0. We observe that (x) = xH0

is a Hopf ideal of H with (x)2 = 0. Therefore, equation 0 = χ∆(x)−∆(x)χ mod (x)⊗ (x) implies
that χ ∈ xH0 ⊗ xH0, since (1 − g)x = x(1 + g). The condition (11) for xg does not give further
information. We write now χ = xh⊗ xh′, for h, h′ ∈ H0. Then, from (12) and R−1

λ = Rop
λ , we get

xh⊗ (x⊗1)∆(h′)+xh⊗ (g⊗x)∆(h′) = χ⊗1+(R0)12(xh⊗1⊗xh′)(R0)12 = χ⊗1+xh⊗1⊗xh′,
so that xh⊗ (x⊗1)∆(h′) = χ⊗1, and hence we can assume h′ = 1. Similarly, from (13) we obtain

(x⊗1)∆(h)⊗x+(g⊗x)∆(h)⊗x = 1⊗xh⊗x+(R0)23(xh⊗1⊗x)(R0)23 = 1⊗xh⊗x+xh⊗1⊗x,
so that (g ⊗ x)∆(h) ⊗ x = 1 ⊗ xh ⊗ x, hence h = αg, α ∈ k. It is immediate to verify that
χ = αxg ⊗ x, α ∈ k, satis�es (12) and (13). □

Remark 2.8. Note that Rλχα = 1
2α(xg ⊗ x− xg ⊗ xg − x⊗ x− x⊗ xg) = −χop

α Rλ, i.e.,

(19) Rλχα = −χop
α Rλ.

If we further assume that χα satis�es (14), i.e., Rλχα = χop
α Rλ, then we get χop

α Rλ = 0, hence
χα = 0 as Rλ is invertible. Thus, Sweedler's Hopf algebra is pre-Cartier through a 1-parameter
family of in�nitesimal R-matrices, while it is Cartier only with the trivial in�nitesimal R-matrix.

Note that (19) rewrites as Rχ = qχopR for q = −1 which could be seen as q-analogue of (14).
For this reason, we were tempted to introduce a notion of q-Cartier category by replacing (4) by
σX,Y ◦ tX,Y = qtY,X ◦ σX,Y for some q ∈ k. However, we could not go too far beyond the example
of Sweedler's 4-dimensional Hopf algebra to justify this new notion.

Topological bialgebra and quantization. Let H be a bialgebra and consider the corresponding
trivial topological bialgebra H̃ = H[[ℏ]] of formal power series with formal parameter ℏ, see for

example [Ka, Section XVI.4, Example 3]. The bialgebra structure of H̃ is obtained by ℏ-linearly
extending the bialgebra structure of H, where one has to replace the tensor product with its
topological completion. If R̃ = R+O(ℏ) ∈ (H⊗H)[[ℏ]] ∼= H̃⊗̃H̃, where ⊗̃ denotes the topological

tensor product, is a quasitriangular structure on H̃, it follows that R is a quasitriangular structure
on H. In particular, R ∈ H ⊗H is invertible and we can write

R̃ = R(1⊗ 1 + ℏχ+O(ℏ2))
for an element χ ∈ H ⊗H. We have the following result.

Proposition 2.9. Given (H̃, R̃) as above, then (H,R, χ) is pre-Cartier.

Proof. The axioms of χ are precisely the de�ning axioms of R̃ in �rst order of ℏ. Explicitly, (5) in
�rst order of ℏ reads Rχ∆(·) = ∆op(·)Rχ. Using that ∆ is quasi-cocommutative with respect to
R implies Rχ∆(·) = R∆(·)χ. Then, multiplying the latter by R−1 from the left gives (11). Next,
(6) in order one of ℏ gives (IdH ⊗∆)(R)(IdH ⊗∆)(χ) = R13χ13R12 +R13R12χ12. Using that R
satis�es (6) and multiplying the former with (R13R12)

−1 from the left implies (12). Similarly, (7)
reads (∆⊗ IdH)(R)(∆⊗ IdH)(χ) = R13χ13R23 +R13R23χ23 in order one of ℏ. Since R satis�es
(7) this gives (13) if we multiply the former with (R13R23)

−1 from the left. □

The above result suggests the following quantization problem.

Question 2.10. Given a pre-Cartier quasitriangular bialgebra (H,R, χ) is there a quasitriangular

structure R̃ on the trivial topological bialgebra H̃ = H[[ℏ]] such that R̃ = R(1⊗ 1 + ℏχ+O(ℏ2))?

This scenario bares similarity to the deformation quantization of Poisson manifolds. In the
following lines we want to give some intuition why this is the case and refer to [Es] for more infor-
mation on symplectic/Poisson manifolds and their quantization. A star product is an associative
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unital product ⋆ on the formal power series of smooth functions C∞(M)[[ℏ]] on a manifold M ,
which is also a smooth deformation of the pointwise product of functions. The skew-symmetrization
of its �rst order structures M as a Poisson manifold and it was shown by Kontsevich in [Kon] that
every Poisson manifold admits a star product quantization. An in�nitesimal R-matrix can be
understood as a �noncommutative bivector �eld�, as it satis�es the axioms (12) and (13) and every
quasitriangular structure on formal power series leads to an in�nitesimal R-matrix , as observed in
Proposition 2.9. The question about existence of a quantization, as formulated in Question 2.10,
is less obvious.

In the symplectic case it is known (see for example [Fe]) that equivalence classes of star prod-
uct deformations are in bijection with formal power series of the second de Rham cohomology
H2

dR(M,C)[[ℏ]]. This last observation motivates the following question about pre-Cartier bialge-
bras.

Question 2.11. Are the �quantizations� R̃ of χ controlled by a certain cohomology class?

In the following we give an a�rmative answer to the Question 2.10 in the case of Sweedler's
Hopf algebra.

Proposition 2.12. Let χ be an arbitrary in�nitesimal R-matrix on Sweedler's Hopf algebra
(H,Rλ) over C and let λ ∈ C. Then R̃ := Rλ exp(ℏχ) = Rλ(1 ⊗ 1 + ℏχ) ∈ (H ⊗ H)[[ℏ]] is
a quasitriangular structure on the trivial topological bialgebra H̃ = H[[ℏ]].

Proof. Recall from Proposition 2.7 that Rλ := 1⊗1−2ν⊗ν+λ(x⊗x+2xν⊗xν−2x⊗xν), with
λ ∈ C and ν := 1−g

2 , is a family of triangular structures for H and that all in�nitesimal R-matrices

on (H,Rλ) are of the form χ = αxg⊗x ∈ H⊗H, with α ∈ C. Since x2 = 0 and xg = −gx we have

exp(ℏχ) =
∑∞

n=0
ℏn

n! χ
n = 1⊗ 1 + ℏχ and thus R̃ := Rλ exp(ℏχ) = Rλ(1⊗ 1 + ℏχ) ∈ (H ⊗H)[[ℏ]].

We prove that R̃ is a quasitriangular structure for H̃. First of all, R̃ is invertible, since its zeroth
order in ℏ, namely Rλ, is. Explicitly, its inverse is R̃−1 = (1 ⊗ 1 − ℏχ)R−1

λ . Next, from the
quasi-cocommutativity of R and (11) we obtain Rλ(1 ⊗ 1 + ℏχ)∆(·) = Rλ∆(·)(1 ⊗ 1 + ℏχ) =

∆op(·)Rλ(1⊗ 1+ ℏχ), i.e., quasi-cocommutativity of R̃. The hexagon equations for R̃ follow from
the ones of R, the relations (12),(13) and the fact that χ13χ12 = 0 = χ13χ23 as a consequence of
x2 = 0. Explicitly,

(Id⊗∆)(R̃) = (Id⊗∆)(R)(1⊗ 1⊗ 1 + ℏ(Id⊗∆)(χ))

(12)
= R13R12(1⊗ 1⊗ 1 + ℏχ12 + ℏR−1

12 χ13R12)

coincides with

R̃13R̃12 = R13(1⊗ 1⊗ 1 + ℏχ13)R12(1⊗ 1⊗ 1 + ℏχ12)

= R13R12 + ℏR13R12χ12 + ℏR13χ13R12 + ℏ2 R13χ13R12χ12︸ ︷︷ ︸
=0

and similarly (∆⊗ Id)(R̃) coincides with R̃13R̃23. This completes the proof. □

One could try to attack the previous quantization problem in greater generality. Here, we just
comment on the relation of Question 2.10 to the quantization of quasitriangular Lie bialgebras.
Recall from Example 2.3 3) that given a quasitriangular Lie bialgebra (g, [·, ·], r) we obtain a Cartier
triangular bialgebra (Ug,R, χ) with R = 1 ⊗ 1 and χ = r + rop. According to [EK] there is a

quasitriangular topological bialgebra (H̃, ∆̃, R̃) such that H̃/ℏH̃ ∼= Ug, ∆̃ = ∆+O(ℏ) and

R̃ = 1⊗ 1 + ℏr +O(ℏ2) ∈ H̃ ⊗ H̃.

Note that the bialgebra structure of H̃ might di�er from the ℏ-linear extension of ∆, it is just
required that in zeroth order of ℏ the bialgebra (H,∆) is recovered. This indicates that Question
2.10 might be too restrictive and should be formulated in terms of arbitrary topological bialgebras
rather than the trivial one.
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2.1. Induced structures. In this subsection we study the behaviour of (pre-)Cartier (quasi)triangular
bialgebras with respect to induced structures, i.e., images, quotients and tensor products.

Proposition 2.13. Let f : H → H ′ be a bialgebra map. If (H,R, χ) is a (pre-)Cartier (quasi)triangular
bialgebra, then so is (f(H), (f ⊗ f)(R), (f ⊗ f)(χ)).

Proof. Assume that (H,R) is a quasitriangular bialgebra, i.e., (5), (6), (7) hold for the invertible
element R = Ri ⊗ Ri ∈ H ⊗ H. It is easy to check that (f(H),R′) is quasitriangular, where
R′ := (f ⊗ f)(R) cf. [Ra, Exercise 12.2.2]. Moreover, if H is triangular, i.e., R−1 = Rop, we get

(R′)−1 = (f ⊗f)(R)−1 = (f ⊗f)(R−1) = (f ⊗f)(Rop) = f(Ri)⊗f(Ri) = (f ⊗f)(R)op = (R′)op,

hence also (f(H),R′) is triangular. Now, assume that (H,R) is a pre-Cartier quasitriangular
bialgebra, i.e., there exists χ = χi ⊗ χi ∈ H ⊗ H which satis�es (11), (12), (13). We show that
(f(H),R′) is pre-Cartier through χ′ := (f ⊗ f)(χ) ∈ H ′ ⊗H ′. Indeed, since (11) holds for χ, we
have that

χ′∆H′(f(x)) = (f ⊗ f)(χ)(f ⊗ f)(∆H(x)) = (f ⊗ f)(χ∆H(x))

= (f ⊗ f)(∆H(x)χ) = (f ⊗ f)(∆H(x))(f ⊗ f)(χ) = ∆H′(f(x))χ′

for any x ∈ H, thus (11) holds for χ′. Next, since (12) holds for χ, i.e., χi ⊗ χi1 ⊗ χi2 =

χi ⊗ χi ⊗ 1H +Rj
χiRk ⊗RjRk ⊗ χi, we have that

(IdH′ ⊗∆H′)((f ⊗ f)(χ)) = f(χi)⊗ f(χi1)⊗ f(χi2) = (f ⊗ f ⊗ f)(χi ⊗ χi1 ⊗ χi2)

= (f ⊗ f ⊗ f)(χi ⊗ χi ⊗ 1H +Rj
χiRk ⊗RjRk ⊗ χi)

= f(χi)⊗ f(χi)⊗ 1H′ + f(Rj
)f(χi)f(Rk)⊗ f(Rj)f(Rk)⊗ f(χi)

= χ′
12 + (f(Rj

)⊗ f(Rj)⊗ 1H′)(f(χi)⊗ 1H′ ⊗ f(χi))(f(Rk)⊗ f(Rk)⊗ 1H′)

= χ′
12 + (R′)−1

12 χ
′
13R′

12,

hence χ′ satis�es (12). Similarly, since (13) holds for χ, then χ′ satis�es (13). Thus, (f(H),R′)
is pre-Cartier through χ′. Furthermore, if the quasitriangular bialgebra (H,R) is assumed to be
Cartier, i.e., χ satis�es (14) in addition, then (f(H),R′) is Cartier. In fact,

R′χ′ = (f ⊗ f)(R)(f ⊗ f)(χ) = (f ⊗ f)(Rχ) = (f ⊗ f)(χopR) = (f ⊗ f)(χop)(f ⊗ f)(R)

= (f ⊗ f)(χ)op(f ⊗ f)(R) = (χ′)opR′.

The Cartier triangular case follows from the previous ones. □

As a consequence, we obtain the following result.

Corollary 2.14. Let H be a bialgebra and I ⊆ H a bi-ideal. If (H,R, χ) is a (pre-)Cartier
(quasi)triangular bialgebra, then so is the quotient bialgebra H/I.

Next, we show that the tensor product of (quasi)triangular bialgebras is (pre-)Cartier if at least
one of them is (pre-)Cartier.

Proposition 2.15. Let (H,R), (H ′,R′) be (quasi)triangular bialgebras. Then, so is H ⊗ H ′

through R̃ = (IdH ⊗ τH,H′ ⊗ IdH′)(R⊗R′), where τ is the canonical �ip. Furthermore, if at least

one of (H,R) and (H ′,R′) is (pre-)Cartier, then so is (H ⊗H ′, R̃).

Proof. The �rst assertion can be obtained as a particular case of [Ch, Theorem 2.2] once observed

that H ▷◁1⊗1 H ′ = H ⊗H ′ and [R,R′] = R̃, using the notations therein.

We show that if R−1 = Rop and R′−1 = R′op then R̃−1 = R̃op. Indeed,

R̃−1 = (IdH ⊗ τH,H′ ⊗ IdH′)(R−1 ⊗R′−1) = (IdH ⊗ τH,H′ ⊗ IdH′)(Rop ⊗R′op)

= Ri ⊗R′
j ⊗Ri ⊗R′j = τH⊗H′,H⊗H′(R̃) = R̃op.

Now, we suppose that (H,R) and (H ′,R′) are quasitriangular bialgebras and that (H,R) is pre-
Cartier and we show that H ⊗ H ′ is pre-Cartier. Since (H,R) is pre-Cartier, there exists χ =
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χi ⊗ χi ∈ H ⊗H such that (11), (12) and (13) are satis�ed. We de�ne χ̃ := χi ⊗ 1H′ ⊗ χi ⊗ 1H′ ∈
H ⊗H ′ ⊗H ⊗H ′. Since χ satis�es (11), we have χic1 ⊗ χic2 = c1χ

i ⊗ c2χi for every c ∈ H, thus

χ̃∆H⊗H′(c⊗ d) = (χi ⊗ 1H′ ⊗ χi ⊗ 1H′)(c1 ⊗ d1 ⊗ c2 ⊗ d2) = χic1 ⊗ d1 ⊗ χic2 ⊗ d2

= c1χ
i ⊗ d1 ⊗ c2χi ⊗ d2 = (c1 ⊗ d1 ⊗ c2 ⊗ d2)(χ

i ⊗ 1H′ ⊗ χi ⊗ 1H′) = ∆H⊗H′(c⊗ d)χ̃,

so that χ̃ satis�es (11). Now, since χ satis�es (12), i.e., χi ⊗χi1 ⊗χi2 = χi ⊗χi ⊗ 1H +Rj
χiRk ⊗

RjRk ⊗ χi, we obtain that

(Id⊗∆H⊗H′)(χ̃) = χi ⊗ 1H′ ⊗ χi1 ⊗ 1H′ ⊗ χi2 ⊗ 1H′

= χi ⊗ 1H′ ⊗ χi ⊗ 1H′ ⊗ 1H ⊗ 1H′ +Rj
χiRk ⊗ 1H′ ⊗RjRk ⊗ 1H′ ⊗ χi ⊗ 1H′

= χ̃12 + (Rj ⊗R′m ⊗Rj ⊗R′
m ⊗ 1H ⊗ 1H′)(χi ⊗ 1H′ ⊗ 1H ⊗ 1H′ ⊗ χi ⊗ 1H′)(Rk ⊗R′n ⊗Rk ⊗R′

n ⊗ 1H ⊗ 1H′)

= χ̃12 + R̃−1
12 χ̃13R̃12,

where in the third equality we use that R′mR′n ⊗R′
mR′

n = R′−1R′ = 1H′ ⊗ 1H′ and so χ̃ satis�es
(12). Similarly, since χ satis�es (13), then χ̃ satis�es (13) and thus H ⊗ H ′ is a pre-Cartier
quasitriangular bialgebra through χ̃. Moreover, if Rχ = χopR, i.e., Rkχi ⊗Rkχi = χiRk ⊗ χiRk,
we obtain that

R̃χ̃ = (Rk ⊗R′j ⊗Rk ⊗R′
j)(χ

i ⊗ 1H′ ⊗ χi ⊗ 1H′) = Rkχi ⊗R′j ⊗Rkχi ⊗R′
j

= χiRk ⊗R′j ⊗ χiRk ⊗R′
j = (χi ⊗ 1H′ ⊗ χi ⊗ 1H′)(Rk ⊗R′j ⊗Rk ⊗R′

j) = χ̃opR̃,

then H ⊗H ′ is Cartier. □

Observe that, if (H ′,R′) is (pre-)Cartier with χ′ = χ′m⊗χ′
m, then H⊗H ′ is (pre-)Cartier with

χ̂ := 1H ⊗ χ′m ⊗ 1H ⊗ χ′
m by analogue computations. In view of Remark 2.2 we can even take a

linear combination of χ̃ and χ̂.

Example 2.16. Given Sweedler's Hopf algebra (H,Rλ) with in�nitesimal R-matrix χα = αxg⊗x,
with α ∈ k, and an arbitrary (quasi)triangular bialgebra (H ′,R′), we obtain that H ⊗ H ′ is

(quasi)triangular with R̃ := (IdH ⊗ τH,H′ ⊗ IdH′)(Rλ ⊗R′) and it is pre-Cartier with in�nitesimal
R-matrix χ̃α := αxg ⊗ 1H′ ⊗ x⊗ 1H′ .

2.2. Twisting pre-Cartier quasitriangular bialgebras. First we recall the notion of Drinfel'd
twist. An invertible element F ∈ H ⊗ H is said to be a Drinfel'd twist if the (dual) 2-cocycle
condition and the normalization properties

(F ⊗ 1H)(∆⊗ IdH)(F) = (1H ⊗F)(IdH ⊗∆)(F),(20)

(ε⊗ IdH)(F) = 1H = (IdH ⊗ ε)(F),(21)

are satis�ed. This notion goes back to Drinfel'd [Dr2].
Given a Drinfel'd twist F we consider the linear map ∆F : H → H ⊗H de�ned via

∆F (·) := F∆(·)F−1.

We employ the short notation ∆F (h) = h1F ⊗ h2F for h ∈ H. Then, HF := (H,m, u,∆F , ε) is a
bialgebra. If H is a Hopf algebra with antipode S, then also HF is a Hopf algebra with antipode
SF given by SF (a) = US(a)U−1, for any a ∈ H, where U := F iS(Fi) is invertible.

If (H,R) is a (quasi)triangular bialgebra, so is HF with universal R-matrix RF := FopRF−1,
c.f. [Ma2, Theorem 2.3.4]. Observe that every quasitriangular structure R on a bialgebra H is a
Drinfel'd twist. In fact, R is normalized and satis�es the 2-cocycle property since

R12(∆⊗ IdH)(R)
(7)
= R12R13R23

(8)
= R23R13R12

(6)
= R23(IdH ⊗∆)(R).

Note that every left H-module is also a left HF -module (and viceversa), since the algebra
structures of H and HF coincide. This de�nes an isomorphism of categories

DrinF : HM → HFM, M 7→MF ,
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where MF is the vector space M endowed with the left HF -action instead of the given H-action.
The inverse functor is denoted by Drin−1

F : HFM → HM,M 7→MF−1 . Note that F−1 is a Drinfel'd
twist on HF . Since the comultiplications of H and HF are di�erent, the monoidal product of HFM
is denoted by M ⊗F N for objects M,N in HFM, where M ⊗F N equals M ⊗N as a vector space
but is understood as a left HF -module via

h · (m⊗F n) := ∆F (h) · (m⊗ n) = (h1F ·m)⊗ (h2F · n)

for all h ∈ HF , m ∈M and n ∈ N . One can show that the functor DrinF is strong monoidal with
natural isomorphisms

MF ⊗F NF
∼=−→ (M ⊗N)F , m⊗F n 7→ F−1 · (m⊗ n) = (F i ·m)⊗ (F i · n),

for all M,N objects in HM. If (H,R) is quasitriangular and F a Drinfel'd twist on H we have
a braided strong monoidal equivalence (HM,⊗, σR) ∼= (HF

M,⊗F , σ
RF ) given by the Drinfel'd

functor DrinF , see e.g. [Ka, Lemma XV.3.7], [AsS, Section 5.3].

Using the Drinfel'd twist F , we can obtain an in�nitesimal R-matrix for HF .

Theorem 2.17. Consider a pre-Cartier (quasi)triangular bialgebra (H,R, χ) and a Drinfel'd twist
F on H. Then, (HF ,RF , χF ) is a pre-Cartier (quasi)triangular bialgebra, where χF := FχF−1.
If (H,R, χ) is Cartier, so is (HF ,RF , χF ).

Proof. We have to prove that χF satis�es (11), (12) and (13). We have that

χF∆F (h) = FχF−1F∆(h)F−1 = Fχ∆(h)F−1 = F∆(h)χF−1 = F∆(h)F−1FχF−1 = ∆F (h)χF

for every h ∈ H, i.e., χF satis�es (11). Next,

(Id⊗∆F )(χF ) = F23(Id⊗∆)(F)(Id⊗∆)(χ)(Id⊗∆)(F−1)F−1
23

(12)
= F23(Id⊗∆)(F)χ12(Id⊗∆)(F−1)F−1

23 + F23(Id⊗∆)(F)R−1
12 χ13R12(Id⊗∆)(F−1)F−1

23

(20)
= F12(∆⊗ Id)(F)χ12(∆⊗ Id)(F−1)F−1

12 + F12(∆⊗ Id)(F)R−1
12 χ13R12(∆⊗ Id)(F−1)F−1

12

(11),(5)
= F12χ12(∆⊗ Id)(F)(∆⊗ Id)(F−1)F−1

12 + F12R−1
12 (∆

op ⊗ Id)(F)χ13(∆
op ⊗ Id)(F−1)R12F−1

12

= (χF )12 + (R−1
F )12F21(∆

op ⊗ Id)(F)χ13(∆
op ⊗ Id)(F−1)F−1

21 (RF )12

(∗)
= (χF )12 + (R−1

F )12F13((Fi)1 ⊗F i ⊗ (Fi)2)χ13(∆
op ⊗ Id)(F−1)F−1

21 (RF )12

(11)
= (χF )12 + (R−1

F )12F13χ13((Fi)1 ⊗F i ⊗ (Fi)2)(∆
op ⊗ Id)(F−1)F−1

21 (RF )12

(∗∗)
= (χF )12 + (R−1

F )12F13χ13F−1
13 (RF )12 = (χF )12 + (R−1

F )12(χF )13(RF )12,

where in the equations (∗) and (∗∗) we used the 2-cocycle property F12(∆ ⊗ Id)(F) = F23(Id ⊗
∆)(F) with τH,H ⊗ IdH applied to both sides.

Similarly, (∆F ⊗ Id)(χF ) = (χF )23 + (R−1
F )23(χF )13(RF )23 is proven.

If Rχ = χopR, it follows that RFχF = FopRF−1FχF−1 = FopχopRF−1 = χop
F RF . We have

thus proved that (HF ,RF , χF ) is Cartier if (H,R, χ) is. □

Remark 2.18. Observe that, on the other hand, given a (quasi)triangular bialgebra (H,R) and a
Drinfel'd twist F on H, if (HF ,RF , χ) is (pre-)Cartier, then (H,R,F−1χF) is (pre-)Cartier.

Remark 2.19. If we have a (pre-)Cartier quasitriangular bialgebra (H,R, χ), by using R as a
Drinfel'd twist, we obtain immediately that (HR,RR, χR) is (pre-)Cartier quasitriangular with
∆R = R∆(·)R−1 = ∆op, RR = Rop and χR = RχR−1.

Example 2.20. It is known (see [AEG]) that Sweedler's Hopf algebra has a 1-parameter family of
Drinfel'd twists Ft ∈ H ⊗H of the form

Ft := 1⊗ 1 + t
2xg ⊗ x,
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for t ∈ k. We know that (H,Rλ) is triangular for every λ ∈ k, thus we have that (HFt
, (Rλ)Ft

) is
triangular with

(Rλ)Ft = Fop
t RλF−1

t = (1⊗ 1 +
t

2
x⊗ xg)Rλ(1⊗ 1− t

2
xg ⊗ x)

= Rλ − t

4
(1⊗ 1 + 1⊗ g + g ⊗ 1− g ⊗ g)(xg ⊗ x) +

t

4
(x⊗ xg)(1⊗ 1 + 1⊗ g + g ⊗ 1− g ⊗ g)

= Rλ +
t

2
(x⊗ xg + x⊗ x+ xg ⊗ xg − xg ⊗ x).

Furthermore, we have shown that, for every λ ∈ k, (H,Rλ) becomes pre-Cartier with χα = αxg⊗x,
α ∈ k. Hence we have that (HFt

, (Rλ)Ft
) becomes pre-Cartier with

(χα)Ft
= FtχαF−1

t = α(1⊗ 1 +
t

2
xg ⊗ x)(xg ⊗ x)(1⊗ 1− t

2
xg ⊗ x) = αxg ⊗ x = χα.

Thus, χα is invariant under Drinfel'd twist deformations. Furthermore, by Remark 2.19, we can
also take F = Rλ and then we obtain that (HRλ

,Rop
λ ,RλχαRop

λ ) is pre-Cartier. But χα = αxg⊗x
and then we can show RλχαRop

λ = −α
4 (x⊗ xg).

2.3. The role of Hochschild cohomology of coalgebras. In this subsection we show one of
the most relevant properties of the in�nitesimal R-matrix χ of a pre-Cartier quasitriangular bial-
gebra (H,R, χ), that is, it is always a 2-cocycle in Hochschild cohomology. Furthermore, if H is a
Cartier triangular Hopf algebra on a �eld k with char (k) ̸= 2, then χ is a 2-coboundary.

We use [Ka, XVIII.5] for the notion of (Hochschild) cohomology for a coalgebra. Let (H,m, u,∆, ε)
be a bialgebra and regard k as an H-bicomodule via the unit u, i.e., with left and right coactions
k 7→ 1H ⊗ k and k 7→ k ⊗ 1H , respectively. Then, we can consider the cobar complex of H

k b0 // H
b1 // H ⊗H

b2 // H ⊗H ⊗H
b3 // · · ·

The di�erential bn : H⊗n → H⊗n+1 is given by bn =
∑n+1

i=0 (−1)iδin where δin : H⊗n → H⊗n+1 are
the linear maps

δin(x1 ⊗ · · · ⊗ xn) =


1⊗ x1 ⊗ · · · ⊗ xn, if i = 0

x1 ⊗ · · · ⊗ xi−1 ⊗∆(xi)⊗ xi+1 ⊗ · · · ⊗ xn, if 1 ≤ i ≤ n

x1 ⊗ · · · ⊗ xn ⊗ 1, if i = n+ 1.

Here, if n = 0, we set H⊗0 = k and δ00(1k) = δ10(1k) = 1H . For instance, for small values
of n, we have b0(k) = 0 for k ∈ k, b1(x) = 1 ⊗ x − ∆(x) + x ⊗ 1 for x ∈ H, b2(x ⊗ y) =
1⊗x⊗y−(∆⊗IdH)(x⊗y)+(IdH⊗∆)(x⊗y)−x⊗y⊗1, for x⊗y ∈ H⊗H, and so on. The elements
in Zn(H) := Ker(bn) are the Hochschild n-cocycles, while the elements in Bn(H) := Im(bn−1) are

the Hochschild n-coboundaries. The n-th cohomology group is Hn(H) = Zn(H)
Bn(H) .

Theorem 2.21. Let (H,R, χ) be a pre-Cartier quasitriangular bialgebra. Then the following equiv-
alent statements hold.

i) χ is a Hochschild 2-cocycle, i.e., χ12 + (∆⊗ Id)(χ) = χ23 + (Id⊗∆)(χ);

ii) the in�nitesimal QYB equation

R12χ12R13R23 +R12R13χ13R23 +R12R13R23χ23

= R23χ23R13R12 +R23R13χ13R12 +R23R13R12χ12
(22)

holds true;

iii) R−1
12 χ13R12 = R−1

23 χ13R23.
1

1As we will see afterwards, this condition is equivalent to say that χ belongs to the cotensor product H□HH =
{hi⊗hi ∈ H⊗H | ρl(hi)⊗hi = hi⊗ρl(hi)}, where ρr, ρl : H → H⊗H are coactions de�ned by ρr(h) = R−1(h⊗1)R
and ρl(h) = R−1(1⊗ h)R.
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Proof. Consider a pre-Cartier quasitriangular bialgebra (H,R, χ). The equivalence between the
above statements i) and iii) follows by the identities (12) and (13). Moreover,

χ12R13R23
(7)
= χ12(∆⊗ Id)(R)

(11)
= (∆⊗ Id)(R)χ12

(7)
= R13R23χ12

so that

R12χ12R13R23 = R12R13R23χ12
(8)
= R23R13R12χ12

and similarly one veri�es that R23χ23R13R12 = R12R13R23χ23. Thus, assumption ii) is equiv-
alent to R12R13χ13R23 = R23R13χ13R12, which itself is equivalent (via multiplication with
R−1

23 R
−1
13 R

−1
12 = R−1

12 R
−1
13 R

−1
23 ) to iii).

We continue to prove that iii) holds in general, which then implies that i) and ii) are satis�ed,
as well, by the previously shown equivalence. On the one hand we have

R23

(
χ12 +R−1

12 χ13R12

) (12)
= R23 (IdH ⊗∆) (χ)

(5)
= (IdH ⊗∆op) (χ)R23

= (IdH ⊗ τ) ((IdH ⊗∆) (χ))R23

(12)
= (IdH ⊗ τ)

(
χ12 +R−1

12 χ13R12

)
R23

=
(
χ13 +R−1

13 χ12R13

)
R23

so that R23χ12 + R23R−1
12 χ13R12 = χ13R23 + R−1

13 χ12R13R23. Since we already proved that
χ12R13R23 = R13R23χ12, the last summand becomes R23χ12 so that the equality is equivalent to
R23R−1

12 χ13R12 = χ13R23, i.e., R−1
12 χ13R12 = R−1

23 χ13R23. □

The following example motivates the terminology �in�nitesimal QYB equation� a posteriori.

Example 2.22. Let H̃ = H[[ℏ]] be a trivial topological bialgebra with arbitrary quasitriangular

structure R̃ = R(1⊗1+ℏχ+O(ℏ2)) ∈ (H⊗H)[[ℏ]]. From Proposition 2.9 we know thatR ∈ H⊗H
is a quasitriangular structure and χ is an in�nitesimal R-matrix for (H,R). Thus, Theorem 2.21
implies that

R12χ12R13R23 +R12R13χ13R23 +R12R13R23χ23

= R23χ23R13R12 +R23R13χ13R12 +R23R13R12χ12.

This is precisely the quantum Yang-Baxter equation (8) of R̃ in order ℏ1.

Example 2.23. If (g, [·, ·], r) is a quasitriangular Lie bialgebra we have seen in Example 2.3 3) that
(Ug,R, χ) is a Cartier triangular bialgebra with R = 1⊗ 1 and χ = r + rop. By Theorem 2.21 χ
is a Hochschild 2-cocycle and (22) is satis�ed.

In particular, all in�nitesimal R-matrices χα on Sweedler's Hopf algebra (see Proposition 2.7)
are Hochschild 2-cocycles and satisfy (22). In fact, we would like to see that Theorem 2.21 provides
an alternative proof of the classi�cation of in�nitesimal R-matrices on Sweedler's Hopf algebra.
To this aim we �rst need the following result.

Proposition 2.24. Let (H,R, χ) be a pre-Cartier quasitriangular Hopf algebra endowed with a
Hopf algebra projection π : H → L onto a commutative Hopf algebra L. Then, we have (π⊗π)(χ) ∈
P (L)⊗ P (L), (Id⊗ π)(χ) ∈ Z (H)⊗ L and (π ⊗ Id)(χ) ∈ L⊗ Z (H).

Proof. Since H is pre-Cartier, by Proposition 2.13, so is π(H) = L and the corresponding in�n-
itesimal R-matrix is (π ⊗ π)(χ). By Example 2.3 2), we get (π ⊗ π)(χ) ∈ P (L) ⊗ P (L). Now
for every h ∈ H the equality (11) means χih1 ⊗ χih2 = h1χ

i ⊗ h2χi. This is equivalent to
χih⊗ χi = h1χ

i ⊗ h2χiS(h3) so that, by applying Id⊗ π on both sides and using the fact that L
is commutative, we get χih⊗ π(χi) = hχi ⊗ π(χi) for every h ∈ H, i.e., χi ⊗ π(χi) ∈ Z (H)⊗ L.
Similarly, by rewriting χih1⊗χih2 = h1χ

i⊗h2χi as S(h1)χ
ih2⊗χih3 = χi⊗hχi and by applying

π ⊗ Id we conclude that π(χi)⊗ χi ∈ L⊗ Z (H). □
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Remark 2.25. We include here the announced alternative proof of Proposition 2.7, where a clas-
si�cation of in�nitesimal R-matrices on Sweedler's Hopf algebra H is given, that takes advantages
of the new techniques developed so far. The Hopf algebra H has a Hopf algebra projection π :
H → H0 := k⟨g⟩ de�ned on the basis by setting π(xmga) := δm,0g

a. By Proposition 2.24, we have
(π⊗π)(χ) ∈ P (H0)⊗P (H0) = 0. SinceH = H0⊕xH0 we get χ ∈ xH0⊗H0+H0⊗xH0+xH0⊗xH0.
Still by Proposition 2.24, we have (Id ⊗ π)(χ) ∈ Z (H) ⊗H0. A direct computation shows that,
since char(k) ̸= 2, one has Z (H) = k1, thus (Id ⊗ π)(χ) ∈ k1 ⊗ H0. On the other hand,
(Id ⊗ π)(χ) ∈ xH0 ⊗H0. Thus, we get χ ∈ H0 ⊗ xH0 + xH0 ⊗ xH0. Once more by Proposition
2.24, we conclude that (π ⊗ Id)(χ) ∈ H0 ⊗ Z (H) = H0 ⊗ k1. But (π ⊗ Id)(χ) ∈ H0 ⊗ xH0,
so χ ∈ xH0 ⊗ xH0. Since (H,R) is pre-Cartier triangular, by Theorem 2.21 we get that χ is a
Hochschild 2-cocycle, i.e., χ12+(∆⊗ Id)(χ) = χ23+(Id⊗∆)(χ). If we write this equality explicitly
on χ = xh ⊗ xh′, for h, h′ ∈ H0, we get χ = αxg ⊗ x, α ∈ k. Note that in this proof we did not
use the speci�c form of Rλ.

Note also that, e.g. by [Da, Lemma 2.13], the second cohomology group H2(H) of Sweedler's
Hopf algebra is one-dimensional and it is generated by xg ⊗ x (in loc. cit. the generator is
x⊗ gx = −x⊗ xg because the given comultiplication is the opposite of the one we are considering
on x). In particular, xg ⊗ x is not a 2-coboundary.

Our next aim is to investigate whether the in�nitesimal R-matrix χ of a Cartier triangular Hopf
algebra is a coboundary. To this end we �rst need to obtain some relations that hold for χ and
that can be deduced by employing two coactions.

Definition 2.26. Given a quasitriangular bialgebra (H,R) we de�ne the maps ρr : H → H ⊗H
and ρl : H → H ⊗H by setting

ρr(a) = R−1(a⊗ 1H)R = Ri
aRj ⊗RiRj ;

ρl(a) = R−1(1H ⊗ a)R = RiRj ⊗RiaRj .

Lemma 2.27. Let (H,R) be a quasitriangular bialgebra. Then, the maps ρr and ρl de�ne a right
and left coaction on H, respectively.

Proof. The map ρr is a right coaction on H as

(IdH ⊗ ε)ρr(a) = Ri
aRj ⊗ ε(RiRj) = Ri

aRj ⊗ ε(Ri)ε(Rj) = a⊗ 1k

and

(Id⊗∆)ρr(a) = Ri
aRj ⊗∆(RiRj) = Ri

aRj ⊗∆(Ri)∆(Rj)

= (Id⊗∆)(R−1)(a⊗ 1H ⊗ 1H)(Id⊗∆)(R)

(6)
= (R13R12)

−1(a⊗ 1H ⊗ 1H)R13R12

= R−1
12 R

−1
13 (a⊗ 1H ⊗ 1H)R13R12

= (RiRj ⊗Ri ⊗Rj)(a⊗ 1H ⊗ 1H)(RkRℓ ⊗Rℓ ⊗Rk)

= RiRj
aRkRℓ ⊗RiRℓ ⊗RjRk = (ρr ⊗ Id)ρr(a).

Similarly, one can prove that ρl is a left coaction on H. □

As a consequence, given a pre-Cartier quasitriangular bialgebra (H,R, χ), we can rewrite (12)
and (13) as

(Id⊗∆)(χ) = χ⊗ 1H + (ρr ⊗ Id)(χ),(23)

(∆⊗ Id)(χ) = 1H ⊗ χ+ (Id⊗ ρl)(χ).(24)

Recall that if (H,R, χ) is pre-Cartier quasitriangular, then by Theorem 2.21 χ is a 2-cocycle
and the property R−1

12 χ13R12 = R−1
23 χ13R23 can be reformulated as (ρr ⊗ Id)(χ) = (Id⊗ ρl)(χ).
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Until the end of the section we consider H as Hopf algebra with antipode S. We are now ready
to show that for a pre-Cartier triangular Hopf algebra the right and left coactions de�ned above
satisfy the following relations.

Lemma 2.28. Let (H,R, χ) be a pre-Cartier triangular Hopf algebra. Then, for all a ∈ H, the
following properties hold:

ρl(S(a)) = τ(S ⊗ S)ρr(a);(25)

(m⊗ Id)(S ⊗ ρl)(χ) = −χ.(26)

Furthermore, if (H,R, χ) is Cartier, then we have

τ(S ⊗ S)(χ) = χ(27)

in addition.

Proof. Recall that R−1 = Rop. For all a ∈ H we have that

ρl(S(a)) = RiRj ⊗RiS(a)Rj
(10)
= S(Ri)S(Rj)⊗ S(Ri)S(a)S(Rj)

= S(RjRi)⊗ S(RjaRi) = τ(S ⊗ S)ρr(a).

Next, from (16) we have that ε(χi)⊗ χi = 0 and then

0 = ε(χi)1H ⊗ χi = (m⊗ Id)(S ⊗ Id⊗ Id)(∆⊗ Id)(χ)

(24)
= (m⊗ Id)(S ⊗ Id⊗ Id)(1H ⊗ χ+ (Id⊗ ρl)(χ))

= χ+ (m⊗ Id)(S ⊗ ρl)(χ).

Thus, we get (m ⊗ Id)(S ⊗ ρl)(χ) = −χ, that is, S(χi)RjRk ⊗ RjχiRk = −χi ⊗ χi. Note that
analogously from (15) we have χi ⊗ ε(χi) = 0 and then (Id⊗m)(ρr ⊗ S)(χ) = −χ.
Furthermore, if H is Cartier, i.e., (14) holds, then we have that

(S ⊗ S)(χ) = S(χi)⊗ S(χi) = S(χi)ε(RjRk)1H ⊗ S(RjχiRk)

= S(χi)Rj1Rk
1S(Rj2Rk

2)⊗ S(RjχiRk)

(6),(7)
= S(χi)RjRkS(RmRℓ)⊗ S(RmRjχiRkRℓ)

(26)
= −χiS(RmRℓ)⊗ S(RmχiRℓ)

= −χiS(Rℓ)S(Rm)⊗ S(Rℓ)S(χi)S(Rm)

(9)
= −χiRℓS(Rm)⊗ S(Rℓ)S(χi)S(Rm)

= −χiRℓS(Rm)⊗ S(RmχiRℓ)

and

χ
(26)
= −S(χi)RjRk ⊗RjχiRk

(10)
= −S(χi)RjS(Rk)⊗RjχiS(Rk)

(9)
= −S(χi)S(Rj)S(Rk)⊗RjχiS(Rk) = −S(RkRjχi)⊗RjχiS(Rk)

(14)
= −S(RkχiRj)⊗ χiRjS(Rk),

hence τ(S ⊗ S)(χ) = χ. □

In order to show that for a Cartier triangular Hopf algebra (H,R, χ) on a �eld k with char (k) ̸=
2, the in�nitesimal R-matrix χ is a 2-coboundary, we �rst prove the following result.

Proposition 2.29. Let H be a Hopf algebra and χ = χi⊗χi ∈ Z2(H). Assume that (Id⊗ ε)(χ) =
0. De�ne γ ∈ H as γ := m(S ⊗ Id)(χ) = S(χi)χi. Then, we get b1 (γ) = χ + τ(S ⊗ S)(χ).
Moreover, if we assume τ(S ⊗ S)(χ) = χ, then b1 (γ) = 2χ. In particular, if char (k) ̸= 2 we have
χ = b1

(
γ
2

)
∈ B2(H).
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Proof. Let χ ∈ Z2(H) = Ker(b2), that is, 1⊗ χ− (∆⊗ Id)(χ) + (Id⊗∆)(χ)− χ⊗ 1 = 0, i.e.,

(28) χi ⊗ χi1 ⊗ χi2 = χi ⊗ χi ⊗ 1H − 1H ⊗ χi ⊗ χi + χi
1 ⊗ χi

2 ⊗ χi.

We have

∆(γ) =∆(S(χi)χi) = ∆(S(χi))∆(χi)

(28)
= ∆(S(χi))(χi ⊗ 1H)−∆(S(1H))χ+∆(S(χi

1))(χ
i
2 ⊗ χi) =

=(S(χi
2)⊗ S(χi

1))(χi ⊗ 1H)− χ+ (S(χi
12)⊗ S(χi

11))(χ
i
2 ⊗ χi)

=S(χi
2)χi ⊗ S(χi

1)− χ+ S(χi
12)χ

i
2 ⊗ S(χi

11)χi

(28)
= S(χi1)χi2 ⊗ S(χi)− S(χi)1H ⊗ S(χi) + S(χi)χi ⊗ S(1H)− χ+ S(χi

21)χ
i
22 ⊗ S(χi

1)χi

=ε(χi)1H ⊗ S(χi)− τ(S ⊗ S)(χ) + γ ⊗ 1H − χ+ ε(χi
2)1H ⊗ S(χi

1)χi

=1H ⊗ S(χiε(χi))− τ(S ⊗ S)(χ) + γ ⊗ 1H − χ+ 1H ⊗ γ

=− χ+ 1H ⊗ γ + γ ⊗ 1H − τ(S ⊗ S)(χ),

where the last equality follows from the assumption (Id⊗ ε)(χ) = 0. Thus, we have

b1 (γ) = 1H ⊗ γ −∆(γ) + γ ⊗ 1H = χ+ τ(S ⊗ S)(χ).

If we assume τ(S ⊗ S)(χ) = χ, we get b1 (γ) = 2χ. In particular, if char (k) ̸= 2 we have
χ = b1

(
γ
2

)
∈ B2(H). □

Let (H,R, χ) be a pre-Cartier quasitriangular Hopf algebra. By Theorem 2.21, we know that
χ = χi ⊗ χi ∈ Z2(H) and by (15) we have that (Id ⊗ ε)(χ) = 0. As a consequence, Proposition
2.29 applies and we can consider the element γ = S(χi)χi that we call the Casimir element of
the pre-Cartier quasitriangular Hopf algebra (H,R, χ). Note that γ is central as, for every h ∈ H,

γh = S(χi)χih = h1S(χ
ih2)χih3

(11)
= h1S(h2χ

i)h3χi = hS(χi)χi = hγ.

Remark 2.30. Given an R-matrix R = Ri ⊗ Ri the element u := S(Ri)Ri is sometimes called
the Drinfel'd element, see e.g. [Ra, De�nition 12.2.9]. This de�nition resembles the one for the
Casimir element γ.

We now prove the announced result for a Cartier triangular Hopf algebra.

Theorem 2.31. Let γ be the Casimir element of a Cartier triangular Hopf algebra (H,R, χ).
Then b1 (γ) = 2χ. In particular, if char (k) ̸= 2 we have χ = b1

(
γ
2

)
∈ B2(H), that is, χ is a

2-coboundary.

Proof. By Lemma 2.28 we have that τ(S ⊗ S)(χ) = χ. Since (15) holds true, we conclude by
Proposition 2.29. □

Note that for a Cartier triangular Hopf algebra with Casimir element γ, one has S(γ) = χiS(χi).
The latter element is in the center even in the pre-Cartier quasitriangular case by the same argu-
ment used for γ.

Example 2.32. Consider a cocommutative Hopf algebra H. Assume (H,R), with R = 1 ⊗ 1,
is Cartier with in�nitesimal R-matrix χ. We have observed in Example 2.3 1) that χ, ful�lling
(12) and (13), must belong to P (H) ⊗ P (H). By Theorem 2.31, we have b1 (γ) = 2χ where
γ = S(χi)χi = −χiχi. Apart the sign, which here di�ers for our choice of the de�nition of b1, this
is essentially [Ka, page 496]. A particular instance of this construction yields the Casimir element
of the universal enveloping algebra Ug of a semisimple Lie algebra g.

Example 2.33. For Sweedler's Hopf algebra H with the in�nitesimal R-matrix χα = αxg ⊗ x of
Proposition 2.7, the Casimir element is αS(xg)x = 0. Thus, in this case, b1 (γ) ̸= 2χ unless α = 0.
This con�rms that (H,Rλ, χ) is not Cartier unless χ is trivial, as we already observed in Remark
2.8.
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Example 2.34. Consider a quasitriangular Hopf algebra (H,R) and let χ ∈ P (H) ⊗ P (H) be a
symmetric central element. In view of Example 2.5, we know that (H,R, χ) is Cartier and we can
consider the Casimir element γ = S(χi)χi = −χiχi. Since χ ∈ P (H)⊗ P (H) and χ is symmetric,
we get τ(S⊗S)(χ) = τ(χ) = χ so that b1 (γ) = χ+τ(S⊗S)(χ) = 2χ and hence χ is a 2-coboundary
if char (k) ̸= 2. Thus, χ can be a 2-coboundary even though (H,R) is not triangular.

3. The dual picture

3.1. Pre-Cartier coquasitriangular bialgebras. Here we want to investigate pre-Cartier cat-
egories modelled on the braided monoidal category (MH ,⊗, σR) of right H-comodules, where σR

is the braiding attached to a coquasitriangular bialgebra (H,R). We refer to [Ka] and [Ma2] for
basic notions about coquasitriangular bialgebras.

Recall that, given a coalgebra C and an algebra A, then Homk(C,A) is an algebra such that,
for every f, g ∈ Homk(C,A), (f ∗ g)(c) = f(c1)g(c2) (convolution product) and 1(c) = ε(c)1A. Fix
a bialgebra (H,m, u,∆, ε) in the following. Given a linear map f : H ⊗ H → k we will employ
leg notation f12 = f⊗ε, f23 = ε⊗f and f13 = (ε⊗f)(τH,H⊗IdH). We also denote f ◦τH,H by fop.

A bialgebra H is called coquasitriangular when the category MH of right H-comodules
is braided. This condition is equivalent to the existence of a convolution invertible linear map
R : H ⊗H → k, called universal R-form, such that

R ∗mH = mop
H ∗ R, i.e., R(a1 ⊗ b1)a2b2 = b1a1R(a2 ⊗ b2), for every a, b ∈ H,(29)

R(IdH ⊗mH) = R13 ∗ R12, i.e., R(a⊗ bc) = R(a1 ⊗ c)R(a2 ⊗ b), for every a, b, c ∈ H,(30)

R(mH ⊗ IdH) = R13 ∗ R23, i.e., R(ab⊗ c) = R(a⊗ c1)R(b⊗ c2), for every a, b, c ∈ H.(31)

The corresponding braiding on MH is de�ned for all X,Y in MH by setting

σR
X,Y : X ⊗ Y → Y ⊗X, x⊗ y 7→ y0 ⊗ x0R(x1 ⊗ y1)

as discussed in [Ma2, Exercise 9.2.9]. The conditions (30) and (31) say that R is a bialgebra
bicharacter (see [Ma2], after De�nition 2.2.1). Furthermore, H is called cotriangular when the
category MH is symmetric, i.e., if R further satis�es

R−1 = Rop, i.e., R(a1 ⊗ b1)R(b2 ⊗ a2) = ε(a)ε(b) for every a, b ∈ H.(32)

As a consequence, by [Ma2, Lemma 2.2.3], a coquasitriangular bialgebra (H,R) satis�es the quan-
tum Yang-Baxter equations

(33) R12 ∗ R13 ∗ R23 = R23 ∗ R13 ∗ R12, R−1
12 ∗ R−1

13 ∗ R−1
23 = R−1

23 ∗ R−1
13 ∗ R−1

12 .

Recall that, if (H,R) is a coquasitriangular bialgebra then R(a⊗ 1H) = ε(a) = R(1H ⊗ a) for
all a ∈ H and, if H is a Hopf algebra, then R(S(a)⊗ b) = R−1(a⊗ b), R−1(a⊗ S(b)) = R(a⊗ b)
and R(S(a) ⊗ S(b)) = R(a ⊗ b) for all a, b ∈ H in addition (see [Ma2, Lemma 2.2.2]). Dual to
De�nition 2.1, we have the following:

Definition 3.1. We call a triple (H,R, χ) a pre-Cartier co(quasi)triangular bialgebra if (H,R)
is a co(quasi)triangular bialgebra and χ : H ⊗H → k is such that

(uHχ) ∗mH = mH ∗ (uHχ),(34)

χ(IdH ⊗mH) = χ12 +R−1
12 ∗ χ13 ∗ R12,(35)

χ(mH ⊗ IdH) = χ23 +R−1
23 ∗ χ13 ∗ R23,(36)

hold. We call such a χ an in�nitesimal R-form.
Moreover, the triple (H,R, χ) is called Cartier if it is pre-Cartier and χ satis�es

(37) R ∗ χ = χop ∗ R,

in addition.
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Observe that (34), (35), (36) and (37) on elements are

χ(a1 ⊗ b1)a2b2 = a1b1χ(a2 ⊗ b2),

χ(a⊗ bc) = χ(a⊗ b)ε(c) +R−1(a1 ⊗ b1)χ(a2 ⊗ c)R(a3 ⊗ b2),

χ(ab⊗ c) = ε(a)χ(b⊗ c) +R−1(b1 ⊗ c1)χ(a⊗ c2)R(b2 ⊗ c3),

R(a1 ⊗ b1)χ(a2 ⊗ b2) = χ(b1 ⊗ a1)R(a2 ⊗ b2).

for any a, b, c ∈ H, respectively.

Theorem 3.2. Let (H,R) be a co(quasi)triangular bialgebra. Then, there is a bijection between
pre-Cartier structures of (H,R) and pre-Cartier structures of (MH ,⊗, σR). The corresponding
in�nitesimal braiding on MH is de�ned for all objects M,N in MH by

tM,N :M ⊗N →M ⊗N, m⊗ n 7→ m0 ⊗ n0χ(m1 ⊗ n1),

where χ : H ⊗H → k is the in�nitesimal R-form for H. Moreover, there is a bijective correspon-
dence between Cartier structures of (H,R) and Cartier structures of (MH ,⊗, σR).

Proof. Suppose there is an in�nitesimal braiding t on MH and set χ := (ε⊗ ε)tH,H . For every M
in MH and α ∈ M∗, de�ne α̂ : M → H in MH by setting α̂(m) = α(m0)m1 and observe that
ε ◦ α̂ = α. Now, let M,N in MH and consider α ∈ M∗ and β ∈ N∗. Since t is natural, we get

(α⊗β)tM,N (m⊗n) = (ε⊗ε)(α̂⊗ β̂)tM,N (m⊗n) = (ε⊗ε)tH,H(α̂⊗ β̂)(m⊗n) = χ(α̂⊗ β̂)(m⊗n) =
α(m0)β(n0)χ(m1 ⊗ n1) = (α ⊗ β)(m0 ⊗ n0χ(m1 ⊗ n1)). Since α and β are arbitrary, we arrive
at tM,N (m ⊗ n) = m0 ⊗ n0χ(m1 ⊗ n1). Now, the fact that tM,N is a morphism in MH for all
M,N in MH is equivalent to (34). The condition (2) is equivalent to (35) and the condition (3) is
equivalent to (36). Finally, (4) is equivalent to (37). □

The following example is the dual version of Example 2.3 2).

Example 3.3. Let (H,R) be a co(quasi)triangular bialgebra and let χ : H ⊗H → k be a linear
map. Assume H is cocommutative and let us check when (H,R, χ) is a pre-Cartier bialgebra. First
note that (29) is equivalent to commutativity of H while (34) is always true. Furthermore, (35) is
equivalent to χ(a⊗ bc) = χ(a⊗ b)ε(c)+ ε(b)χ(a⊗ c) which means that the map χ(a,−) : H → k is
a derivation. Similarly, (36) is equivalent to χ(ab⊗ c) = ε(a)χ(b⊗ c) + ε(b)χ(a⊗ c) which means
that the map χ(−, c) : H → k is a derivation. Thus (H,R, χ) is pre-Cartier if and only if χ is a
biderivation, i.e., a derivation in both entries. Consider Q(H) = H+/(H+)2, the so-called space of
indecomposables of H, where H+ = Ker(ε) is the augmentation ideal, and the canonical projection
π : H → Q(H), h 7→ h − ε(h)1 + (H+)2. Since any derivation vanishes on Ker(π) = (H+)2 ⊕ k1,
we get that χ : H⊗H → k is a biderivation if and only if it factors through π⊗π, i.e., there exists
χ+ : Q(H)⊗Q(H) → k such that χ+ ◦ (π ⊗ π) = χ.

Moreover, since R is convolution invertible, (37) is equivalent to χ(a⊗ b) = χ(b⊗ a), i.e., to the
fact that χ is symmetric. Hence (H,R, χ) is Cartier if and only if χ is a symmetric biderivation.

Let us specify two instances of this situation.

• Let H := kG, where (G,+) is an abelian monoid and let R = ε⊗ ε. Then, χ : H ⊗H →
k gives (H,R, χ) a structure of Cartier cotriangular bialgebra if and only if G × G →
k, (a, b) 7→ χ(a ⊗ b), is a symmetric additive bicharacter. This is consistent with [HV,
Remark 2.2 (3)], where we note that the authors work with left comodules.

• Let H := S(V ) be the symmetric algebra over a vector space V , regarded as a bialgebra
where the elements in V are primitive. Since χ is a derivation on each entry, by the
foregoing it vanishes on Ker(π) = (S(V )+)2 = V ⊗2⊕V ⊗3⊕· · · on each entry and hence it
vanishes everywhere excepted on its restriction to V ⊗V . Thus, χ is completely determined
by χ|V⊗V : V ⊗ V → k on which it only has to be symmetric in order to conclude that H
is Cartier.

Remark 3.4. Note that any derivation ∂ : H → k can be regarded as a primitive element in the
�nite dual H◦ and, by a result due to Michaelis, P (H◦) is isomorphic to Q(H)∗. Explicitly, see
[Mi, �2], we can write this isomorphism as P (H◦) → Q(H)∗, ∂ 7→ [x+ (H+)2 7→ ∂(x)].
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Dually to Example 2.5 we have the following one.

Example 3.5. Let (H,R) be a co(quasi)triangular bialgebra and let χ ∈ Z ((H ⊗ H)∗). Then
(34) is trivially satis�ed, (35) and (36) together mean that χ is a biderivation while (37) means
that χ is symmetric. As a consequence, (H,R, χ) is pre-Cartier if χ is a central biderivation and
it is Cartier when it is further symmetric.

The bialgebra Mq(2) and the quantum groups GLq(2) and SLq(2). Let q ∈ C be a non-
zero complex number. Following the convention of [Ka, Section IV] we recall that Mq(2) is the
(unital) algebra freely generated by α, β, γ, δ, modulo the Manin relations

βα = qαβ, γα = qαγ, δβ = qβδ, δγ = qγδ,
γβ = βγ, αδ − δα = (q−1 − q)βγ.

It is a bialgebra, which is neither commutative nor cocommutative, with coproduct and counit
determined on generators by

(38) ∆

Å
α β
γ δ

ã
=

Å
α β
γ δ

ã
⊗
Å
α β
γ δ

ã
, ε

Å
α β
γ δ

ã
=

Å
1 0
0 1

ã
,

where the former is to be understood as matrix comultiplication, e.g., ∆(α) = α⊗α+β⊗γ. There
is a coquasitriangular structure R on Mq(2) determined on generators by

(39) R

Ü
α⊗ α β ⊗ β α⊗ β β ⊗ α
γ ⊗ γ δ ⊗ δ γ ⊗ δ δ ⊗ γ
α⊗ γ β ⊗ δ α⊗ δ β ⊗ γ
γ ⊗ α δ ⊗ β γ ⊗ β δ ⊗ α

ê
= q−

1
2

Ü
q 0 0 0
0 q 0 0
0 0 1 q − q−1

0 0 0 1

ê
,

c.f. [Ka, Corollary VIII.7.2]. It is straightforward to check that

R−1

Ü
α⊗ α β ⊗ β α⊗ β β ⊗ α
γ ⊗ γ δ ⊗ δ γ ⊗ δ δ ⊗ γ
α⊗ γ β ⊗ δ α⊗ δ β ⊗ γ
γ ⊗ α δ ⊗ β γ ⊗ β δ ⊗ α

ê
= q

1
2

Ü
q−1 0 0 0
0 q−1 0 0
0 0 1 q−1 − q
0 0 0 1

ê
.

Remark 3.6. Note that the free algebra k{α, β, γ, δ} is a N-graded algebra. The degree of an
arbitrary homogeneous element ξ is its length |ξ|, so for instance |αnβmγkδℓ| = n + m + k + ℓ,
where n,m, k, ℓ ∈ N. SinceMq(2) is obtained by factoring out k{α, β, γ, δ} by an ideal generated by
homogeneous elements, then Mq(2) inherits the above graduation and hence becomes a N-graded
algebra, as well. In particular, Mq(2) becomes a left k[X]-comodule algebra, where the coalgebra
structure of the polynomial ring k[X] is the one with X grouplike, with coaction ρl : Mq(2) →
k[X]⊗Mq(2) de�ned by ρl(ξ) := ξ−1⊗ξ0 := X |ξ|⊗ξ, which is an algebra map. On the other hand,
consider the derivation ∂ : k[X] → k de�ned by ∂(Xn) = n1k. Thus the algebra map ε : Mq(2) → k
induces the derivation ∂q : Mq(2) → k de�ned by ∂q(ξ) = ∂(ξ−1)ε(ξ0), for every ξ ∈ Mq(2), in
the sense that ∂q(ξη) = ∂q(ξ)ε(η) + ε(ξ)∂q(η) for all ξ, η ∈ Mq(2). If ξ is homogeneous, we get

∂q(ξ) = ∂(X |ξ|)ε(ξ) = |ξ|ε(ξ). Note that ∂q(ξ1)ξ2 = |ξ|ε(ξ1)ξ2 = |ξ|ξ = ξ1ε(ξ2)|ξ| = ξ1∂q(ξ2). This
is equivalent to the condition ∂q ∈ Z (H∗).

Proposition 3.7. There is a non-trivial in�nitesimal R-form on Mq(2) given by χ = ∂q⊗∂q such
that (Mq(2),R, χ) is Cartier. On homogeneous elements ξ and η it reads χ(ξ ⊗ η) = |ξ||η|ε(ξη).

Proof. According to Remark 3.6, χ = ∂q ⊗ ∂q : Mq(2) ⊗ Mq(2) → k is a well-de�ned symmetric
biderivation. Moreover, since we observed that ∂q ∈ Z (H∗) we have that χ ∈ Z ((H ⊗H)∗), i.e.,
it is central. By Example 3.5, we conclude that (Mq(2),R, χ) is Cartier. □

As we are going to see in Proposition 4.12 the above result also follows as an instance of the
in�nitesimal FRT construction.

The algebra GLq(2) is de�ned as Mq(2)[θ]/ (θdetq − 1) where we used the quantum determinant

detq := αδ − q−1βγ
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and it turns out that the bialgebra structure (38) and coquasitriangular structure (39) pass to
GLq(2), see e.g. [Ka, Theorem IV.6.1 and Corollary VIII.7.4] in such a way that θ is grouplike.

Now, the derivation ∂q : Mq(2) → k of Remark 3.6 induces a unique derivation ∂̂q : Mq(2)[θ] → k
that restricted to Mq(2) is ∂q and maps θ to −2. Note that this forces ∂̂q(θ

n) = −2n.

Proposition 3.8. The derivation ∂̂q : Mq(2)[θ] → k descends to a derivation ∂̂q : GLq(2) → k.
Moreover, χ := ∂̂q ⊗ ∂̂q : GLq(2) ⊗ GLq(2) → k is a non-trivial in�nitesimal R-form on GLq(2)
such that (GLq(2),R, χ) is Cartier.

Proof. We compute ∂̂q (θdetq) = ∂̂q (θ) ε (detq)+ ε (θ) ∂̂q (detq) = −2+ ∂q
(
αδ − q−1βγ

)
= 0. Thus

θ detq −1 ∈ Ker
Ä
∂̂q
ä
∩Ker (ε) and hence the derivation ∂q : Mq(2) → k induces the derivation ∂̂q :

GLq(2) → k. Consider now χ := ∂̂q ⊗ ∂̂q : GLq(2)⊗GLq(2) → k. This is a symmetric biderivation.

Now, for every ξ ∈Mq(2) we have ∂̂q(ξθ
n) = ∂̂q(ξ)ε(θ

n) + ε(ξ)∂̂q(θ
n) = ∂q(ξ)− 2nε(ξ) so that we

get ∂̂q (ξ1θ
n) ξ2θ

n = ∂q(ξ1)ξ2θ
n − 2nε(ξ1)ξ2θ

n = ξ1θ
n∂q(ξ2) − ξ1θ

n2nε(ξ2) = ξ1θ
n∂̂q (ξ2θ

n) . As a
consequence, since every monomial ζ ∈ GLq(2) is of the form ζ = ξθn where ξ ∈Mq(2), we deduce

that ∂̂q (ζ1) ζ2 = ζ1∂̂q (ζ2) for every ζ ∈ GLq(2). Thus ∂̂q is central and hence χ is central. By
Example 3.5, we conclude that (GLq(2),R, χ) is Cartier. □

The algebra SLq(2) is de�ned as Mq(2) where we further quotient the quantum determinant
relation

αδ − q−1βγ = 1

and it turns out that the bialgebra structure (38) and coquasitriangular structure (39) descend to
the quotient, see e.g. [Ka, Corollary VIII.7.4]. However, the in�nitesimal R-form χ of Proposi-
tion 3.7 does not descend, since for example

χ(α⊗ (αδ − q−1βγ)) = 2ε(α2δ)− 2q−1ε(αβγ) = 2 ̸= 0 = χ(α⊗ 1).

Moreover, we can show that SLq(2) does not admit any non-trivial in�nitesimal R-form (excluding
certain values of q).

Proposition 3.9. If q ̸= ±1, there is no non-trivial in�nitesimal R-form on SLq(2).

Proof. Let χ be an in�nitesimal R-form on SLq(2). It is straightforward to check that (34), i.e.,
χ (a1 ⊗ b1) a2b2 = a1b1χ (a2 ⊗ b2) with a, b ∈ SLq(2), holds for a, b generators, if and only if

χ

Ü
α⊗ α β ⊗ β α⊗ β β ⊗ α
γ ⊗ γ δ ⊗ δ γ ⊗ δ δ ⊗ γ
α⊗ γ β ⊗ δ α⊗ δ β ⊗ γ
γ ⊗ α δ ⊗ β γ ⊗ β δ ⊗ α

ê
=

Ü
k 0 0 0
0 k 0 0
0 0 h q−1k − q−1h
0 0 q−1k − q−1h

(
1− q−2

)
k + q−2h

ê
for some k, h ∈ k. For instance let us compute χ (a1 ⊗ b1) a2b2 = a1b1χ (a2 ⊗ b2) for a = b = α.
The left-hand side is

χ (α1 ⊗ α1)α2α2 = χ (α⊗ α)αα+ χ (α⊗ β)αγ + χ (β ⊗ α) γα+ χ (β ⊗ β) γγ

= χ (α⊗ α)αα+ q−1χ (α⊗ β) γα+ χ (β ⊗ α) γα+ χ (β ⊗ β) γγ

while the right-hand side is

α1α1χ (α2 ⊗ α2) = ααχ (α⊗ α) + αβχ (α⊗ γ) + βαχ (γ ⊗ α) + ββχ (γ ⊗ γ)

= ααχ (α⊗ α) + q−1βαχ (α⊗ γ) + βαχ (γ ⊗ α) + ββχ (γ ⊗ γ) .

Equating the two sides yields

q−1χ (α⊗ β) γα+ χ (β ⊗ α) γα+ χ (β ⊗ β) γγ = q−1βαχ (α⊗ γ) + βαχ (γ ⊗ α) + ββχ (γ ⊗ γ) .

Since γγ and ββ cannot be written as a linear combination of the remaining generators in degree
two, the respective coe�cients must be zero, i.e., χ (β ⊗ β) = χ (γ ⊗ γ) = 0. Also γα and βα
cannot be written as a linear combination of the remaining generators so that we get χ (β ⊗ α) =
−q−1χ (α⊗ β) and χ (γ ⊗ α) = −q−1χ (α⊗ γ). Proceeding this way one shows that χ is as desired.
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Now the equality αδ−q−1βγ = 1 and the fact that χ(α⊗1) = 0 imply χ(α⊗αδ) = q−1χ(α⊗βγ).
If we now apply (35) to compute explicitly the two sides of this equality, we get χ(α ⊗ αδ) =
χ(α ⊗ α) + χ(α ⊗ δ) = k + h and χ(α ⊗ βγ) = 0 so that we get h = −k. Similarly, one has
χ(δ⊗αδ) = q−1χ(δ⊗βγ) and one checks that χ(δ⊗αδ) = χ(δ⊗α)+χ(δ⊗δ) and χ(δ⊗βγ) = 0 so
that we get 0 = χ(δ⊗α)+χ(δ⊗δ) =

(
1− q−2

)
k+q−2h+k =

(
1− q−2

)
k−q−2k+k = 2

(
1− q−2

)
k.

Therefore, if q ̸= ±1, we obtain k = 0 and also h = −k = 0. This means that χ is zero on generators.
By means of (35) and (36) one easily gets that χ = 0. □

3.2. Twisting pre-Cartier coquasitriangular bialgebras. Let (H,m, u,∆, ε) be a bialgebra.
Recall from [Ma2, Section 2.3] that a convolution invertible map F : H ⊗H → k is a 2-cocycle
twist if the normalization properties and the 2-cocycle condition are satis�ed. Explicitly,

F(1⊗ a) = ε(a) = F(a⊗ 1), for every a ∈ H,(40)

F(a1 ⊗ b1)F(a2b2 ⊗ c) = F(b1 ⊗ c1)F(a⊗ b2c2), for every a, b, c ∈ H.(41)

Note that (41) is equivalent to

(42) (F ⊗ ε) ∗ F(m⊗ Id) = (ε⊗F) ∗ F(Id⊗m), i.e., F12 ∗ F(m⊗ Id) = F23 ∗ F(Id⊗m).

Given a 2-cocycle twist F : H ⊗H → k we consider the linear map mF : H ⊗H → H de�ned for
any a, b ∈ H by

mF (a⊗ b) = a ·F b := F(a1 ⊗ b1)a2b2F−1(a3 ⊗ b3).

Then, by the dual of [Ma2, Theorem 2.3.4], HF := (H,mF , u,∆, ε) is a bialgebra. If H is
a Hopf algebra with antipode S, then also HF is a Hopf algebra with antipode SF given by
SF (a) = U(a1)S(a2)U

−1(a3) where U(a) := F(a1 ⊗ S(a2)), for any a ∈ H. Moreover, if (H,R) is
co(quasi)triangular, then also (HF ,RF ) is co(quasi)triangular with universal R-form

RF (a⊗ b) = F(b1 ⊗ a1)R(a2 ⊗ b2)F−1(a3 ⊗ b3).

Thus, it follows that (MHF ,⊗F , σ
RF ) is a braided monoidal category. Note that, for any X,Y

in MHF , X ⊗F Y is X ⊗ Y as vector space with right coaction x ⊗ y 7→ x0 ⊗ y0 ⊗ x1 ·F y1,
and the braiding is given by σRF

X,Y (x ⊗ y) = y0 ⊗ x0RF (x1 ⊗ y1). We can consider the functor

Drin : (MH ,⊗, σR) → (MHF ,⊗F , σ
RF ) given by Drin(M) =MF whereMF isM viewed as right

HF -comodule. Given a coquasitriangular bialgebra (H,R) and F : H ⊗H → k a 2-cocycle twist,
then Drin : (MH ,⊗, σR) → (MHF ,⊗F , σ

RF ) is a braided monoidal equivalence of categories (dual
of [Ka, Lemma XV.3.7]).

The following result is dual to Theorem 2.17.

Theorem 3.10. Let (H,R, χ) be a pre-Cartier co(quasi)triangular bialgebra and let F : H⊗H → k
be a 2-cocycle twist on H. Then, (HF ,RF , χF ) is a pre-Cartier co(quasi)triangular bialgebra, where
χF := F ∗ χ ∗ F−1 : HF ⊗HF → k. Moreover, if (H,R, χ) is Cartier, then so is (HF ,RF , χF ).

3.3. The role of Hochschild cohomology of algebras. In this subsection we will show that, if
char (k) ̸= 2, the in�nitesimal R-form χ of a Cartier cotriangular Hopf algebra (H,R, χ) is always
a 2-coboundary in Hochschild cohomology of H with coe�cients in the H-bimodule k (regarded
as a bimodule via the counit ε).

We use the dual of [Ka, XVIII.5] for the Hochschild cohomology of algebras for this setting,
see also [We, Chapter 9]. Consider (H,m, u,∆, ε) a bialgebra over k. Then we can consider the
standard complex

k b0 // Homk(H,k)
b1 // Homk(H ⊗H,k) b2 // Homk(H ⊗H ⊗H,k) b3 // · · ·

where b0(k)(a) = ε(a)k− kε(a) = 0, b1(f)(a⊗ b) = ε(a)f(b)− f(ab) + f(a)ε(b), b2(f)(a⊗ b⊗ c) =
ε(a)f(b ⊗ c) − f(ab ⊗ c) + f(a ⊗ bc) − f(a ⊗ b)ε(c) for a, b, c ∈ H, and so on. The elements in
Zn(H,k) := Ker(bn) are the n-cocycles while the elements in Bn(H,k) := Im(bn−1) are the n-

coboundaries. The n-th Hochschild cohomology group is given by Hn(H,k) = Zn(H,k)
Bn(H,k) .

Now we state the analogue results of Subsection 2.3 and the proofs follow similarly.
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Theorem 3.11. Let (H,R, χ) be a pre-Cartier coquasitriangular bialgebra. Then the following
equivalent statements hold.

i) χ is a Hochschild 2-cocycle, i.e., χ12 + χ(m⊗ Id) = χ23 + χ(Id⊗m);

ii) the in�nitesimal QYB equation

R12 ∗ χ12 ∗ R13 ∗ R23 +R12 ∗ R13 ∗ χ13 ∗ R23 +R12 ∗ R13 ∗ R23 ∗ χ23

= R23 ∗ χ23 ∗ R13 ∗ R12 +R23 ∗ R13 ∗ χ13 ∗ R12 +R23 ∗ R13 ∗ R12 ∗ χ12
(43)

holds true;

iii) R−1
12 ∗ χ13 ∗ R12 = R−1

23 ∗ χ13 ∗ R23.

Dually to De�nition 2.26, we introduce the following right and left �triangle� H-actions on H:

a ◁ b := R−1(a1 ⊗ b1)a2R(a3 ⊗ b2),(44)

b ▷ a := R−1(b1 ⊗ a1)a2R(b2 ⊗ a3).(45)

Employing the above actions (35) and (36) can be rewritten as

χ(a⊗ bc) = χ(a⊗ b)ε(c) + χ(a ◁ b⊗ c),(46)

χ(ab⊗ c) = ε(a)χ(b⊗ c) + χ(a⊗ b ▷ c)(47)

for every a, b, c ∈ H.
Note that by Theorem 3.11 one hasR−1

12 ∗χ13∗R12 = R−1
23 ∗χ13∗R23, i.e., χ(a◁b⊗c) = χ(a⊗b▷c).

Lemma 3.12. Let (H,R, χ) be a pre-Cartier cotriangular Hopf algebra with antipode S. Then, for
all a, b ∈ H, the following properties hold:

S (a ▷ b) = S (b) ◁ S (a) ;(48)

χ(S (a1)⊗ a2 ▷ b) = −χ(a⊗ b).(49)

Furthermore, if (H,R, χ) is Cartier, then
(50) χ(S (b)⊗ S(a)) = χ(a⊗ b) for all a, b ∈ H,

in addition.

We now give for future reference the dual of Proposition 2.29 and Theorem 2.31. Note that we
include a second proof of the latter, employing the Casimir operator.

Proposition 3.13. Let H be a Hopf algebra and χ ∈ Z2(H,k) be such that χ (1⊗ 1) = 0 and de�ne
γ : H → k, x 7→ χ (S (x1)⊗ x2). Then, we get b1 (γ) = χ + χop (S ⊗ S). Moreover, if we assume
χop(S ⊗ S) = χ, then b1 (γ) = 2χ. In particular, if char (k) ̸= 2, we have χ = b1

(
γ
2

)
∈ B2(H,k).

In analogy to the dual setting we can prove that γ(x) = χ (S (x1)⊗ x2) de�ned for x ∈ H is
a central element γ ∈ Z (H∗). We call it the Casimir form of the pre-Cartier coquasitriangular
Hopf algebra (H,R, χ).

Theorem 3.14. Let γ be the Casimir form of a Cartier cotriangular Hopf algebra (H,R, χ). Then
b1 (γ) = 2χ. In particular, if char (k) ̸= 2 we have χ = b1

(
γ
2

)
∈ B2(H,k), i.e., χ is a 2-coboundary.

Proof. By Theorem 3.11, we know that χ ∈ Z2(H,k). If in (46) we take a = b = c = 1, we get
χ(1 ⊗ 1) = 0. Moreover, by Lemma 3.12, we have χ(S (b) ⊗ S(a)) = χ(a ⊗ b). We conclude by
Proposition 3.13.

We also include a second proof. Note that the category MH
f of �nite-dimensional comodules

is rigid. Given an object V in MH
f , its dual is the linear dual V ∗ where the comodule structure

is given, for every f ∈ V ∗, by the equality f0 (v) f1 = f (v0)S (v1), for every v ∈ V . By [Ka,
page 495], for V,W in MH

f , we have that the in�nitesimal braiding tV,W satis�es the equality
2tV,W = CV⊗W − CV ⊗W − V ⊗ CW where CV : V → V , the so-called Casimir operator of V , is
de�ned by setting CV := − (V ⊗ (evV ◦ tV ∗,V )) ◦ (coevV ⊗ V ) . If {ei | i ∈ I} is a basis of V and{
ei | i ∈ I

}
is the corresponding dual basis of V ∗, we can compute

CV (v) = − (V ⊗ (evV tV ∗,V )) (coevV ⊗ V ) (v) = − (V ⊗ (evV tV ∗,V ))
(
ei ⊗ ei ⊗ v

)
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= − (V ⊗ evV )
(
ei ⊗ ei0 ⊗ v0

)
χ
(
ei1 ⊗ v1

)
= −eiei0 (v0)χ

(
ei1 ⊗ v1

)
= −eiχ

(
ei0 (v0) e

i
1 ⊗ v1

)
= −eiχ

(
ei (v0)S (v1)⊗ v2

)
= −ei (v0) eiχ (S (v1)⊗ v2) = −v0γ (v1) .

As a consequence, for every V,W in MH
f and v ∈ V,w ∈W , we have

2tV,W (v ⊗ w) = CV⊗W (v ⊗ w)− CV (v)⊗ w − v ⊗ CW (w)

= −v0 ⊗ w0γ (v1w1) + v0 ⊗ wγ (v1) + v ⊗ w0γ (w1)

= −v0 ⊗ w0γ (v1w1) + v0 ⊗ w0γ (v1) ε (w1) + v0 ⊗ w0ε (v1) γ (w1)

= v0 ⊗ w0b
1 (γ) (v1 ⊗ w1) .

Now, given x, y ∈ H, by the fundamental theorem of coalgebras, there are �nite-dimensional
subcoalgebras Dx, Dy of H such that x ∈ Dx and y ∈ Dy. Clearly Dx and Dy are in MH

f so that

2x1 ⊗ y1χ (x2 ⊗ y2) = 2tH,H (x⊗ y) = 2tDx,Dy (x⊗ y) = x1 ⊗ y1b
1 (γ) (x2 ⊗ y2) .

By applying ε⊗ ε we get 2χ (x⊗ y) = b1 (γ) (x⊗ y), i.e., 2χ = b1 (γ) as desired. □

Dually to Example 2.34, we have the following one.

Example 3.15. Let (H,R) be a co(quasi)triangular Hopf algebra and let χ : H ⊗ H → k be
a central symmetric biderivation. By Example 3.5, we know that (H,R, χ) is Cartier so that
we can consider the Casimir form γ : H → k. Note that if d : H → k is a derivation, then
0 = d(x1S(x2)) = d(x)+dS(x) for x ∈ H, so that dS = −d. Since χ is a derivation in both entries,
we get γ(x) = χ (S (x1)⊗ x2) = −χ (x1 ⊗ x2) and χ (S (y)⊗ S (x)) = χ (y ⊗ x) = χ (x⊗ y). By
Proposition 3.13, we get that b1 (γ) = 2χ and hence χ is a 2-coboundary if char (k) ̸= 2. An instance
of this situation is the Cartier coquasitriangular Hopf algebra (GLq(2),R, χ) of Proposition 3.8.
Thus, being cotriangular is not necessary to have that χ is a 2-coboundary.

We include here two results that will be needed afterwards. The �rst one provides compatibility
conditions between the triangle actions and the product. We omit their elementary proof, merely
noting that these conditions are part of the de�nition of matched pair of bialgebras, see [Ma2,
De�nition 7.2.1], of which (H,H) together with the triangle actions provides an instance in view
of [Ma2, Theorem 7.2.3] and [Ma2, Example 7.2.7] applied to σ = R.

The second result will be needed for the in�nitesimal FRT construction in Section 4.1.

Lemma 3.16. Let H be a bialgebra and let R : H⊗H → k be a convolution-invertible map which is
a bialgebra bicharacter, i.e., it satis�es (30) and (31). De�ne ▷ : H ⊗H → H and ◁ : H ⊗H → H
as in (44) and (45). Then the following identities hold true for every a, b, c ∈ H.

a ▷ (bc) = (a1 ▷ b1) ((a2 ◁ b2) ▷ c) and (ab) ◁ c = (a ◁ (b1 ▷ c1)) (b2 ◁ c2) ,(51)

ε (a ◁ b) = ε (a) ε (b) = ε (a ▷ b) .(52)

Proposition 3.17. Let C be a coalgebra together with two actions ▷ : TC ⊗ TC → TC and
◁ : TC⊗TC → TC such that (51) and (52) holds true for all a, b, c ∈ TC and such that TC▷C⊗n ⊆
C⊗n and C⊗n ◁ TC ⊆ C⊗n. Then every linear map χ11 : C ⊗ C → k induces a linear map
χ : TC ⊗ TC → k satisfying (46) and (47).

Proof. We de�ne χ : TC⊗TC → k through its components χmn : C⊗m⊗C⊗n → k with m,n ∈ N.
We set χmn to be zero if either m = 0 or n = 0. For n > 0, de�ne χ1n : C ⊗ C⊗n → k, by setting
for every a, b1, b2, . . . , bi, . . . , bn ∈ C

χ1n

(
a⊗ b1b2 · · · bn

)
:= χ11

(
a⊗ b1

)
ε
(
b2 · · · bn

)
+

n∑
i=2

χ11

(
a ◁ b1b2 · · · bi−1 ⊗ bi

)
ε
(
bi+1bi+2 · · · bn

)
.

Note that this makes sense since a ◁ b1b2 · · · bi−1 ∈ C ◁TC ⊆ C. By using the de�nition of χ1n and
associativity of ◁ one easily checks that

(53) χ1t (a⊗ b) ε (c) + χ1(n−t) (a ◁ b⊗ c) = χ1n (a⊗ bc)
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for all a ∈ C, b ∈ C⊗t and c ∈ C⊗(n−t). De�ne now χmn : C⊗m ⊗ C⊗n → k, by setting for every
a1, a2, . . . , ai, . . . , am ∈ C and c ∈ C⊗n

χmn

(
am · · · a2a1 ⊗ c

)
:= ε

(
am · · · a2

)
χ1n

(
a1 ⊗ c

)
+

m∑
i=2

ε
(
am · · · ai+2ai+1

)
χ1n

(
ai ⊗ ai−1 · · · a2a1 ▷ c

)
.

Again this makes sense since ai−1 · · · a2a1 ▷ c ∈ TC ▷ C⊗n ⊆ C⊗n. On the one hand, by means
of the de�nition of χm,n and the associativity of ▷, one easily checks that ε (a)χtn (b⊗ c) +

χ(m−t)n (a⊗ b ▷ c) = χmn (ab⊗ c) for every a ∈ C⊗(m−t), b ∈ C⊗t and c ∈ C⊗n. On the other
hand, by using the de�nition of χmn together with the equalities (51) (and an iterated version of it),
(52) and (53), we can prove that χmn (a⊗ bc) = χ(m+s)(n−s) (ab⊗ c) for every a ∈ C⊗m, b ∈ C⊗s

and c ∈ C⊗(n−s). □

3.4. The �nite dual. Let (H,R) be a quasitriangular bialgebra. By [Ra, Proposition 14.2.2],
if we consider the �nite dual H◦ of H and the linear map R◦ : H◦ ⊗ H◦ → k, de�ned by
R◦(p ⊗ q) := (p ⊗ q)(R), for every p, q ∈ H◦, then (H◦,R◦) results to be a coquasitriangular
bialgebra. The convolution inverse of R◦ is given by (R◦)−1 : H◦⊗H◦ → k, p⊗q 7→ (p⊗q)(R−1),

where R−1 = Ri ⊗Ri ∈ H ⊗H is the inverse of R. Note that if (H,R) is a triangular bialgebra
then (H◦,R◦) is a cotriangular bialgebra.

Now we show that the �nite dual of a (pre-)Cartier (quasi)triangular bialgebra is a (pre-)Cartier
co(quasi)triangular bialgebra. Recall that the bialgebra structure of H◦ is given by mH◦ : H◦ ⊗
H◦ → H◦, α ⊗ β 7→ α ∗ β, uH◦ : k → H◦, k 7→ kεH , ∆H◦ : H◦ → H◦ ⊗H◦, α 7→ α1 ⊗ α2, where
α(ab) = α1(a)α2(b), for all a, b ∈ H, and εH◦ : H◦ → k, α 7→ α(1H).

Proposition 3.18. Let (H,R, χ) be a pre-Cartier (quasi)triangular bialgebra. Then, (H◦,R◦, χ◦)
is a pre-Cartier co(quasi)triangular bialgebra, where χ◦ : H◦ ⊗ H◦ → k, p ⊗ q 7→ (p ⊗ q)(χ).
Moreover, if (H,R, χ) is a Cartier (quasi)triangular bialgebra, then (H◦,R◦, χ◦) is a Cartier
co(quasi)triangular bialgebra.

Proof. If (H,R, χ) is a pre-Cartier quasitriangular bialgebra, then χ = χi ⊗ χi ∈ H ⊗H satis�es
(11), (12), (13). De�ne χ◦ : H◦ ⊗H◦ → k, p⊗ q 7→ (p⊗ q)(χ) = p(χi)q(χi), for every p, q ∈ H◦.
We show that χ◦ satis�es (34), (35), (36). Indeed, we have (uH◦χ◦) ∗mH◦ = mH◦ ∗ (uH◦χ◦), as
for every p, q ∈ H◦,

χ◦(p1 ⊗ q1)(p2 ∗ q2)(a) = p1(χ
i)q1(χi)p2(a1)q2(a2) = p1(χ

i)p2(a1)q1(χi)q2(a2)

= p(χia1)q(χia2)
(11)
= p(a1χ

i)q(a2χi) = p1(a1)p2(χ
i)q1(a2)q2(χi)

= p1(a1)q1(a2)p2(χ
i)q2(χi) = (p1 ∗ q1)(a)χ◦(p2 ⊗ q2)

for any a ∈ H, thus (34) holds. Now, for every p, q, r ∈ H◦ we have that χ◦(IdH◦ ⊗ mH◦)(p ⊗
q ⊗ r) = χ◦(p ⊗ q ∗ r) = p(χi)q(χi1)r(χi2). On the other hand, using (12), i.e., (IdH ⊗ ∆)(χ) =
χ12 +R−1

12 χ13R12, for every p, q, r ∈ H◦ we have that

χ◦
12(p⊗ q ⊗ r) + (R◦)−1

12 (p1 ⊗ q1 ⊗ r1)χ
◦
13(p2 ⊗ q2 ⊗ r2)R◦

12(p3 ⊗ q3 ⊗ r3)

= χ◦(p⊗ q)εH◦(r) + (R◦)−1(p1 ⊗ q1)εH◦(r1)χ(p2 ⊗ r2)εH◦(q2)R◦(p3 ⊗ q3)εH◦(r3)

= p(χi)q(χi)r(1H) + p1(R
i
)q1(Ri)r1(1H)p2(χ

j)r2(χj)q2(1H)p3(Rk)q3(Rk)r3(1H)

= p(χi)q(χi)r(1H) + p(Ri
χjRk)q(RiRk)r(χj)

(12)
= p(χi)q(χi1)r(χi2)

hence χ◦(IdH◦ ⊗mH◦) = χ◦
12+(R◦)−1

12 ∗χ◦
13 ∗R◦

12 and (35) holds. Similarly, since H satis�es (13),
then (36) holds for H◦. Moreover, if (H,R, χ) is a Cartier quasitriangular bialgebra, that is, χ
satis�es Rχ = χopR in addition, then we obtain that

(R◦ ∗ χ◦)(p⊗ q) = R◦(p1 ⊗ q1)χ
◦(p2 ⊗ q2) = p1(Ri)q1(Ri)p2(χ

j)q2(χj) = p(Riχj)q(Riχj)

= p(χjRi)q(χjRi) = p1(χj)p2(Ri)q1(χ
j)q2(Ri)

= q1(χ
j)p1(χj)p2(Ri)q2(Ri) = (χ◦τH◦,H◦ ∗ R◦)(p⊗ q).
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Thus, (H◦,R◦, χ◦) is a Cartier coquasitriangular bialgebra. □

Corollary 3.19. Let (H,R, χ) be a �nite-dimensional (pre-)Cartier (quasi)triangular bialgebra.
Then, the dual (H∗,R◦, χ◦) is a (pre-)Cartier co(quasi)triangular bialgebra.

Proof. If H is �nite-dimensional, then H∗ = H◦, and we conclude by Proposition 3.18. □

Given a linear map β : H ⊗ H → k we can consider βl, βr : H → H∗ such that βl(u)(v) =
β(u⊗v) = βr(v)(u). Note that β =

∑n
i=1 fi ⊗ gi, where fi, gi ∈ H∗ and 1 ≤ i ≤ n, is equivalent to

dim(Im(βl)) �nite and to dim(Im(βr)) �nite by [Ra, Exercise 1.3.18] and if this happens β is said
of �nite type. By [Ra, Proposition 14.2.3] we know that if (H,R) is a coquasitriangular bialgebra
with universal R-form of �nite type then R = Ri⊗Ri ∈ H◦⊗H◦ and (H◦,R) is a quasitriangular
bialgebra. We can now show the following result.

Proposition 3.20. Let (H,R, χ) be a (pre-)Cartier coquasitriangular bialgebra with R and χ of
�nite type. Then, (H◦,R, χ) is a (pre-)Cartier quasitriangular bialgebra. In particular, if H is
�nite-dimensional, the result holds for H∗ = H◦.

Proof. If (H,R, χ) is a pre-Cartier coquasitriangular bialgebra with in�nitesimal R-form χ : H ⊗
H → k of �nite type, then we have that χ =

∑n
i=1 pi ⊗ qi ∈ H∗⊗H∗, where n is as small as possible

such that {p1, ..., pn} and {q1, ..., qn} are independent. Then we get that χl(h) =
∑n

i=1 pi(h)qi and
χr(h) =

∑n
i=1 qi(h)pi for all h ∈ H. If h ∈ ker(χl) then pi(h) = 0 for every i = 1, ..., n by linear

independence and then ker(χl) ⊆ ker(pi) for every i = 1, ..., n and H/ker(χl) ∼= Im(χl) which is of
�nite-dimension since χ is of �nite type and then the kernel of every pi contains a co�nite ideal,
thus pi ∈ H◦ for every i = 1, ..., n. Similarly, the kernel of every qi contains ker(χr) which is
co�nite and then also qi ∈ H◦ for every i = 1, ..., n. Then, χ ∈ H◦ ⊗H◦ and we write χ = χi ⊗χi.
Now, knowing that (34), (35), (36) hold for χ : H ⊗ H → k, it is straightforward to prove that
χ = χi ⊗ χi ∈ H◦ ⊗H◦ satis�es (11), (12), (13). □

4. Related constructions

4.1. In�nitesimal FRT construction. We �rst recall the well-known FRT construction [FRT]
following [Ka, Section VIII.6], where a coquasitriangular bialgebra A(c) is obtained from a solution
c ∈ Endk(V ⊗ V ) of the braid equation

(54) c12c23c12 = c23c12c23

on a �nite-dimensional vector space V . Note that (54) is equivalent to the quantum Yang-Baxter
equation

(55) c12c13c23 = c23c13c12

(see [Ra, De�nition 12.1.1]). Explicitly, c is a solution of (54) if and only if τV,V ◦ c satis�es
(55). Afterwards, this procedure is extended to obtain in�nitesimal braidings on the quotient
A(c, t) = A(c)/I(t) from another endomorphism t ∈ Endk(V ⊗ V ) satisfying a series of relations
(see De�nition 4.5). At the end of this section we give a canonical solution to those equations and
describe the resulting non-trivial in�nitesimal braidings on all FRT bialgebras A(c).

Definition 4.1. Recall that a braided vector space (V, c) is a k-vector space V endowed with
an invertible solution c ∈ Endk(V ⊗ V ) of the braid equation (54), see e.g. [AnS, De�nition 1.1].

Fix a �nite-dimensional braided vector space (V, c). Let dim(V ) = N , choose a basis {vi}1≤i≤N

of V and denote the coe�cients of c by ckℓij ∈ k, i.e., c(vi ⊗ vj) = ckℓij vk ⊗ vℓ.
2 We adopt the

compact notation vi1i2···in := vi1 ⊗ vi2 ⊗ · · · ⊗ vin so that, for instance, the previous equality

rewrites as c(vij) = ckℓij vkℓ. Consider the set of indeterminates {T j
i }1≤i,j≤N and denote the free

2Here and in the following we employ Einstein sum convention: we sum over repeated indices, where the indices
run from 1 to N .
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(unital associative) k-algebra generated by these indeterminates by F := k{T j
i }1≤i,j≤N . Then the

quotient of F by its two-sided ideal I(c) generated by

Ckℓ
ij := cmn

ij T k
mT

ℓ
n − Tm

i T
n
j c

kℓ
mn, 1 ≤ i, j, k, ℓ ≤ N

is denoted by A(c) := F/I(c). On F there is a canonical bialgebra structure with coproduct and
counit determined on generators by

∆(T j
i ) := T k

i ⊗ T j
k , ε(T j

i ) := δji

and then extended as algebra morphisms. As one easily veri�es ε(I(c)) = 0 and ∆(Ckℓ
ij ) = Cmn

ij ⊗
T k
mT

ℓ
n + Tm

i T
n
j ⊗ Ckℓ

mn ∈ I(c) ⊗ F + F ⊗ I(c) and thus the bialgebra structure of F descends to

A(c). The bialgebra A(c) coacts from the left on V via V ∆: V → A(c) ⊗ V , V ∆(vi) := T j
i ⊗ vj

and c is left A(c)-colinear with respect to the diagonal coaction given by V⊗V ∆(vij) = T k
i T

l
j ⊗ vkl.

Moreover, given another bialgebra A′ such that (V, V ∆
′) is a left A′-comodule and c is left A′-

colinear, there is a unique bialgebra map f : A(c) → A′ such that V ∆
′ = (f ⊗ Id) ◦ V ∆. It is

shown in [Ka, Theorem VIII.6.1] that A(c) is the unique bialgebra (up to isomorphism) with this
universal property. Up to now, no assumptions on c had to be made. As shown in the following
result (see e.g. [Ka, Theorem VIII.6.4]) the braid equation ensures that A(c) is coquasitriangular.

Proposition 4.2 (FRT). Let (V, c) be a �nite-dimensional braided vector space. There is a

convolution-invertible bialgebra bicharacter R : F ⊗ F → k on the free algebra F = k{T j
i }1≤i,j≤N

given on generators, for all 1 ≤ i, j, k, ℓ ≤ N , by

(56) R(T k
i ⊗ T ℓ

j ) = ckℓji .

Moreover, this map descends to a coquasitriangular structure R on A(c) such that σR
V,V = c.

Recall that the convolution inverse R−1 : A(c)⊗A(c) → k of R is determined on generators by
R−1(T k

i ⊗ T ℓ
j ) = cℓkij , where c

ℓk
ij ∈ k are the coe�cients of the inverse c−1 ∈ Endk(V ⊗ V ) of c, i.e.,

c−1(vij) = cℓkij vℓk.

In the following, given our �xed braided vector space (V, c), we denote the corresponding co-
quasitriangular structure on A(c) by R : A(c) ⊗ A(c) → k. Consider another endomorphism
t ∈ Endk(V ⊗ V ), of arbitrary nature for the moment, with coe�cients tkℓij ∈ k determined by

t(vij) = tkℓij vkℓ. Let I(t) be the two-sided ideal in A(c) generated by

Dkℓ
ij := tmn

ij T k
mT

ℓ
n − Tm

i T
n
j t

kℓ
mn, 1 ≤ i, j, k, ℓ ≤ N

and denote the quotient algebra by A(c, t) = A(c)/I(t).

Lemma 4.3. A(c, t) is a bialgebra. Moreover, the coquasitriangular structure R on A(c) descends
to a coquasitriangular structure of A(c, t) if and only if

c12c23t12 = t23c12c23 or, equivalently, c23t12c
−1
23 = c−1

12 t23c12(57)

t12c23c12 = c23c12t23 or, equivalently, c−1
23 t12c23 = c12t23c

−1
12(58)

hold as equations V ⊗3 → V ⊗3.

Proof. We show that ∆(I(t)) ⊆ I(t)⊗A(c) +A(c)⊗ I(t). For this, it is su�cient to prove

∆(Dkℓ
ij ) = tmn

ij ∆(T k
m)∆(T ℓ

n)−∆(Tm
i )∆(Tn

j )t
kℓ
mn

= tmn
ij T p

mT
q
n ⊗ T k

p T
ℓ
q − T p

i T
q
j ⊗ Tm

p T
n
q t

kℓ
mn

= Dpq
ij ⊗ T k

p T
ℓ
q + Tm

i T
n
j t

pq
mn ⊗ T k

p T
ℓ
q + T p

i T
q
j ⊗Dkl

pq − T p
i T

q
j ⊗ tmn

pq T
k
mT

ℓ
n

= Dpq
ij ⊗ T k

p T
ℓ
q + T p

i T
q
j ⊗Dkl

pq ∈ I(t)⊗A(c) +A(c)⊗ I(t)

since ∆ is an algebra morphism. Clearly ε(I(t)) = 0 and thus A(c, t) is a bialgebra.
Next, observe that by (30)

R(T j
i ⊗Dkℓ

mn) = tpqmnR(T j
i ⊗ T k

p T
ℓ
q )−R(T j

i ⊗ T p
mT

q
n)t

kℓ
pq

= tpqmnR(T s
i ⊗ T ℓ

q )R(T j
s ⊗ T k

p )−R(T s
i ⊗ T q

n)R(T j
s ⊗ T p

m)tkℓpq
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= tpqmnc
sℓ
qic

jk
ps − csqnic

jp
mst

kℓ
pq

for all indices 1 ≤ i, j, k, ℓ,m, n ≤ N . We show that the above vanishes if and only if (57) holds.
This is the case, since, �xing 1 ≤ i,m, n ≤ N ,

vmni
t127−−→ tpqmnvpqi

c237−−→ tpqmnc
sℓ
qivpsℓ

c127−−→ tpqmnc
sℓ
qic

jk
psvjkℓ

equals

vmni
c237−−→ csqnivmsq

c127−−→ csqnic
jp
msvjpq

t237−−→ csqnic
jp
mst

kℓ
pqvjkℓ

if and only if tpqmnc
sℓ
qic

jk
ps = csqnic

jp
mst

kℓ
pq for all 1 ≤ j, k, ℓ ≤ N . By (30),(31) and using that ∆(I(t)) ⊆

I(t)⊗A(c)+A(c)⊗I(t) we observe that R(T j
i ⊗Dkℓ

mn) = 0 for all 1 ≤ i, j, k, ℓ,m, n ≤ N is necessary
and su�cient to the condition R(A(c) ⊗ I(t)) = 0. Thus, R(A(c) ⊗ I(t)) = 0 if and only if (57)
holds. Similarly, one proves that R(I(t)⊗A(c)) = 0 if and only if (58) holds. This means that R
descends to a map R : A(c, t) ⊗ A(c, t) → k (denoted by the same symbol by abuse of notation)
if and only if (57) and (58) are satis�ed. Since the bialgebra structure of A(c, t) is induced from
A(c) it is immediate that R : A(c, t) ⊗ A(c, t) → k satis�es the hexagon equations (30),(31) and
it is quasi-commutative, i.e., (29) is satis�ed. It remains to prove that the convolution inverse
R−1 : A(c) ⊗ A(c) → k also descends to the quotient A(c, t). Repeating the above computations
with R−1 instead of R this is the case if and only if

t12c
−1
23 c

−1
12 = c−1

23 c
−1
12 t23 and c−1

12 c
−1
23 t12 = t23c

−1
12 c

−1
23

hold as equations V ⊗3 → V ⊗3; those equations being clearly equivalent to (57) and (58). The
induced map R−1 : A(c, t)⊗A(c, t) → k is then the convolution inverse of R, which is su�cient to
be checked on generators; an immediate consequence. □

Let (V, c) be a braided vector space and t ∈ Endk(V ⊗ V ) an arbitrary endomorphism with
coe�cients ckℓij , t

kℓ
ij ∈ k as before. Consider for a moment the convolution-invertible bialgebra

bicharacter R : F ⊗ F → k on the free algebra F = k{T j
i }1≤i,j≤N of Proposition 4.2 (we know

that it descends to a coquasitriangular structure on A(c)). Note that F is the tensor algebra TC

of the matrix coalgebra C spanned by the T j
i 's. By Lemma 3.16, the free algebra F together with

its convolution-invertible bialgebra bicharacter R : F ⊗ F → k, allows two triangle actions ▷ and
◁ that ful�l the requirement of Proposition 3.17. Thus the map χ11 : C ⊗ C → k, de�ned on
generators by the assignment T k

i ⊗ T ℓ
j 7→ tkℓij , induces a k-linear map χ : F ⊗F → k satisfying (46)

and (47). Explicitly, it is de�ned inductively by the k-linear extension of

(59) χ(T k
i ⊗ T ℓ

j ) = tkℓij , χ(1⊗ T j
i ) = 0 = χ(T j

i ⊗ 1),

(60) χ(T j
i ⊗ Tm

k T
n
ℓ ) = χ(T j

i ⊗ Tm
k )ε(Tn

ℓ ) + (R−1
12 ∗ χ13 ∗ R12)(T

j
i ⊗ Tm

k ⊗ Tn
ℓ )

and

(61) χ(T k
i T

ℓ
j ⊗ Tn

m) = ε(T k
i )χ(T

ℓ
j ⊗ Tn

m) + (R−1
23 ∗ χ13 ∗ R23)(T

k
i ⊗ T ℓ

j ⊗ Tn
m)

for all indices 1 ≤ i, j, k, ℓ,m, n ≤ N . In terms of coe�cients (60) and (61) read

χ(T j
i ⊗ Tm

k T
n
ℓ ) = tjmik δ

n
ℓ +R−1(T j1

i ⊗ Tm1

k )χ(T j2
j1

⊗ Tn
ℓ )R(T j

j2
⊗ Tm

m1
)

= tjmik δ
n
ℓ + cm1j1

ik tj2nj1ℓ
cjmm1j2

(62)

and

χ(T k
i T

ℓ
j ⊗ Tn

m) = δki t
ℓn
jm +R−1(T ℓ1

j ⊗ Tn1
m )χ(T k

i ⊗ Tn2
n1

)R(T ℓ
ℓ1 ⊗ Tn

n2
)

= δki t
ℓn
jm + cn1ℓ1

jm tkn2
in1

cℓnn2ℓ1 .
(63)

Lemma 4.4. Let (V, c) be a braided vector space and t ∈ Endk(V ⊗V ) arbitrary. Then χ : F⊗F → k
descends to a map A(c)⊗A(c) → k if and only if

t12c23 + c12t23c
−1
12 c23 = c23t12 + c23c12t23c

−1
12(64)

t23c12 + c23t12c
−1
23 c12 = c12t23 + c12c23t12c

−1
23(65)
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hold as equations V ⊗3 → V ⊗3. If (57),(58) are satis�ed the above equations are together equivalent
to the equation

(66) c23t12c
−1
23 = c12t23c

−1
12

of linear maps V ⊗3 → V ⊗3.

Proof. Let t ∈ Endk(V ⊗ V ) be an endomorphism and c ∈ Endk(V ⊗ V ) an invertible solution of
the braid equation. For all indices 1 ≤ i, j, k, ℓ,m, n ≤ N we have

χ(T j
i ⊗ Cmn

kℓ ) = cpqkℓχ(T
j
i ⊗ Tm

p T
n
q )− χ(T j

i ⊗ T p
k T

q
ℓ )c

mn
pq

(62)
= cpqkℓt

jm
ip δ

n
q + cpqkℓc

m1j1
ip tj2nj1q

cjmm1j2
− tjpikδ

q
ℓ c

mn
pq − cp1j1

ik tj2qj1ℓ
cjpp1j2

cmn
pq .

Using the fact that ∆(I(c)) ⊆ I(c) ⊗ F + F ⊗ I(c) and (60),(61) it follows that for the condition

χ(F ⊗ I(c)) = 0 to hold it is necessary and su�cient to prove χ(T j
i ⊗Cmn

kℓ ) = 0. The latter is the
case if and only if (64) holds. This can be shown on a basis, �xing indices 1 ≤ i, k, ℓ ≤ N . Namely,
the sum of

vikℓ
c237−−→ cpnkℓ vipn

t127−−→ cpnkℓ t
jm
ip vjmn

and

vikℓ
c237−−→ cpqkℓvipq

c−1
127−−→ cpqkℓc

m1j1
ip vm1j1q

t237−−→ cpqkℓc
m1j1
ip tj2nj1q

vm1j2n
c127−−→ cpqkℓc

m1j1
ip tj2nj1q

cjmm1j2
vjmn

equals the sum of

vikℓ
t127−−→ tjpikvjpℓ

c237−−→ tjpikc
mn
pℓ vjmn

and

vikℓ
c−1
127−−→ cp1j1

ik vp1j1ℓ
t237−−→ cp1j1

ik tj2qj1ℓ
vp1j2q

c127−−→ cp1j1
ik tj2qj1ℓ

cjpp1j2
vjpq

c237−−→ cp1j1
ik tj2qj1ℓ

cjpp1j2
cmn
pq vjmn

if and only if χ(T j
i ⊗Cmn

kℓ ) = 0 for all 1 ≤ j,m, n ≤ N . This shows the equivalence of χ(F⊗I(c)) = 0
with (64). Similarly, one proves that χ(I(c)⊗ F ) = 0 if and only if (65) holds.

Assume now that c and t satisfy the equations (57) and (58) (in addition to c satisfying the
braid equation). Since c is invertible (57) is equivalent to c12c23t12c

−1
23 = t23c12. Thus, (65) holds

if and only if c23t12c
−1
23 c12 = c12t23, which is equivalent to (66). Similarly, (58) is equivalent to

t12c23 = c23c12t23c
−1
12 . Thus, (64) is satis�ed if and only if so is c12t23c

−1
12 c23 = c23t12 if and only if

(again) (66) holds. □

We now introduce a new notion which will play a central role in Theorem 4.10.

Definition 4.5. An in�nitesimally braided vector space (V, c, t) is a braided vector space
(V, c), see De�nition 4.1, together with an endomorphism t ∈ Endk(V ⊗ V ) such that

(67) c23t12c
−1
23 = c−1

12 t23c12 = c−1
23 t12c23 = c12t23c

−1
12

t12t23 + c12t23c
−1
12 t23 = t23t12 + t23c12t23c

−1
12 , i.e., [t12 + c12t23c

−1
12 , t23] = 0,(68)

t23t12 + c23t12c
−1
23 t12 = t12t23 + t12c23t12c

−1
23 , i.e., [t23 + c23t12c

−1
23 , t12] = 0,(69)

are equalities of linear maps V ⊗3 → V ⊗3.

Note that we can actually combine (68) and (69) in a unique formula, namely

(70) [t23, c12t23c
−1
12 ] = [t12, t23] = [c23t12c

−1
23 , t12].

Example 4.6. Any vector space becomes a braided vector space (V, τ) through the canonical �ip
τ . Now the terms in (67) are automatically all equal to t13 while (68) and (69) become

[t12 + t13, t23] = 0 = [t23 + t13, t12].

These are in�nitesimal pure braid relations in the sense of [Koh, Section 1].

Example 4.7. Any braided vector space becomes an in�nitesimally braided vector space (V, c, t)
by taking t = λ · IdV⊗V for some λ ∈ k. In particular t = 0 and t = IdV⊗V are solutions.
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In the following result we characterise the possible t's on an in�nitesimally braided vector space
of diagonal type.

Proposition 4.8. Consider a braided vector space (V, c) of diagonal type, i.e., such that c(vi⊗vj) =
qijvj ⊗ vi for some qij ∈ k \ {0}. Set t(vi ⊗ vj) = tklijvk ⊗ vl. Then (V, c, t) is an in�nitesimally
braided vector space if and only if the following equalities hold true for all possible indexes.

q−1
kj qbjt

ab
ik = qijq

−1
aj t

ab
ik = qjkq

−1
jb t

ab
ik = q−1

ji qjat
ab
ik ,(71)

q−1
ji qjat

ab
ik t

uv
jb − q−1

ui quat
av
ib t

ub
jk = tbvjkt

au
ib − tabij t

uv
bk = qvuq

−1
ku t

av
bk t

bu
ij − qvjq

−1
kj t

bv
ik t

au
bj .(72)

Proof. Note that c−1(vi ⊗ vj) = q−1
ji vj ⊗ vi. Set vijk := vi ⊗ vj ⊗ vk. Then

• c23t12c
−1
23 (vijk) = q−1

kj c23t12(vikj) = q−1
kj t

ab
ikc23(vabj) = q−1

kj t
ab
ikqbjvajb;

• c−1
12 t23c12(vijk) = qijc

−1
12 t23(vjik) = qijt

ab
ikc

−1
12 (vjab) = qijt

ab
ikq

−1
aj vajb;

• c−1
23 t12c23(vijk) = qjkc

−1
23 t12(vikj) = qjkt

ab
ikc

−1
23 (vabj) = qjkt

ab
ikq

−1
jb vajb;

• c12t23c
−1
12 (vijk) = q−1

ji c12t23(vjik) = q−1
ji t

ab
ikc12(vjab) = q−1

ji t
ab
ikqjavajb.

Thus, (67) is equivalent to (71). Moreover

• t23
(
c12t23c

−1
12

)
(vijk) = t23

Ä
q−1
ji t

ab
ikqjavajb

ä
= q−1

ji t
ab
ikqjat

uv
jb vauv;

•
(
c12t23c

−1
12

)
t23(vijk) = tubjk

(
c12t23c

−1
12

)
(viub) = tubjkq

−1
ui t

av
ib quavauv;

• t12t23(vijk) = tbvjkt12(vibv) = tbvjkt
au
ib vauv;

• t23t12(vijk) = tabij t23(vabk) = tabij t
uv
bk vauv;

•
(
c23t12c

−1
23

)
t12(vijk) = tbuij

(
c23t12c

−1
23

)
(vbuk) = tbuij q

−1
ku t

av
bkqvuvauv;

• t12
(
c23t12c

−1
23

)
(vijk) = q−1

kj t
bv
ikqvjt12 (vbjv) = q−1

kj t
bv
ikqvjt

au
bj vauv.

Thus, (70) is equivalent to (72). □

Example 4.9. Consider a braided vector space (V, c) of diagonal type as before for some qij ∈
k\{0}. Set t(vi⊗vj) = pijvi⊗vj . With notations as in Proposition 4.8, we have t(vi⊗vj) = tklijvk⊗vl
where tklij := pijδ

k
i δ

l
j and δki is the Kronecker delta. It is then easily checked that (71) and (72)

hold true in this case so that (V, c, t) is an in�nitesimally braided vector space. We point out
that, although c is not the canonical �ip, still all the terms in (67) equal t13 as in Example 4.6
so that also in this case (68) and (69) reduce to in�nitesimal pure braid relations which are easily

veri�ed. Note that A(c, t) is the quotient of the free algebra F = k{T j
i }1≤i,j≤N by the two-sided

ideal generated by the elements qijT
k
j T

ℓ
i − qkℓT

ℓ
i T

k
j and (pij − pkℓ)T

k
i T

ℓ
j so that A(c, t) ̸= A(c), in

general, in this case.

We are prepared to prove the main theorem of this section, namely an FRT-construction of
in�nitesimal R-forms.

Theorem 4.10 (In�nitesimal FRT). Given an in�nitesimally braided vector space (V, c, t), there
is a unique in�nitesimal R-form χ on the coquasitriangular bialgebra (A(c, t),R) such that χ(T k

i ⊗
T ℓ
j ) = tkℓij .

Proof. By Lemma 4.3 the coquasitriangular bialgebra (A(c),R) descends to a coquasitriangular
bialgebra (A(c, t),R) since (57) and (58) hold. According to Lemma 4.4 the map χ : A(c) ⊗
A(c) → k is well-de�ned since (66) is satis�ed in addition. We show that χ descends to a map
A(c, t) ⊗ A(c, t) → k, i.e., χ(A(c) ⊗ I(t)) = 0 = χ(I(t) ⊗ A(c)), if and only if (68) and (69) hold.
As before, it is necessary and su�cient to prove the vanishing on generators of A(c) and I(t). This
can be done in complete analogy to Lemma 4.4 by replacing Ckℓ

ij = cmn
ij T k

mT
ℓ
n − Tm

i T
n
j c

kℓ
mn with

Dkℓ
ij = tmn

ij T k
mT

ℓ
n − Tm

i T
n
j t

kℓ
mn. Explicitly,

χ(T j
i ⊗Dmn

kℓ ) = tpqkℓχ(T
j
i ⊗ Tm

p T
n
q )− χ(T j

i ⊗ T p
k T

q
ℓ )t

mn
pq

(62)
= tpqkℓt

jm
ip δ

n
q + tpqkℓc

m1j1
ip tj2nj1q

cjmm1j2
− tjpikδ

q
ℓ t

mn
pq − cp1j1

ik tj2qj1ℓ
cjpp1j2

tmn
pq

=tpnkℓ t
jm
ip + tpqkℓc

m1j1
ip tj2nj1q

cjmm1j2
− tjpik t

mn
pℓ − cp1j1

ik tj2qj1ℓ
cjpp1j2

tmn
pq
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vanishes if and only if the sum of

vikℓ
t237−−→ tpnkℓ vipn

t127−−→ tpnkℓ t
jm
ip vjmn

and

vikℓ
t237−−→ tpqkℓvipq

c−1
127−−→ tpqkℓc

m1j1
ip vm1j1q

t237−−→ tpqkℓc
m1j1
ip tj2nj1q

vm1j2n
c127−−→ tpqkℓc

m1j1
ip tj2nj1q

cjmm1j2
vjmn

equals the sum of

vikℓ
t127−−→ tjpikvjpℓ

t237−−→ tjpik t
mn
pℓ vjmn

and

vikℓ
c−1
127−−→ cp1j1

ik vp1j1ℓ
t237−−→ cp1j1

ik tj2qj1ℓ
vp1j2q

c127−−→ cp1j1
ik tj2qj1ℓ

cjpp1j2
vjpq

t237−−→ cp1j1
ik tj2qj1ℓ

cjpp1j2
tmn
pq vjmn.

Thus, χ(A(c) ⊗ I(t)) = 0 if and only if (68) holds and similarly χ(I(t) ⊗ A(c)) = 0 if and only if
(69) is satis�ed.

It remains to prove that χ : A(c, t)⊗A(c, t) → k is an in�nitesimal R-form for the coquasitrian-
gular bialgebra (A(c, t),R). Namely, we have to check (34),(35) and (36). The last two are satis�ed
on generators by de�nition, see (60) and (61). They hold on arbitrary elements of A(c, t)⊗A(c, t)
by the inductive de�nition of χ, see also Proposition 3.17. Thus, it is left to prove (34) (and again,
this is su�cient on generators). Now, by the de�nition of I(t) we have

χ(T k
i ⊗ T ℓ

j )T
m
k T

n
ℓ = tkℓij T

m
k T

n
ℓ = T k

i T
ℓ
j t

mn
kℓ = T k

i T
ℓ
j χ(T

m
k ⊗ Tn

ℓ ),

which concludes the proof of the theorem. □

We show that also the converse of Theorem 4.10 is true, thus giving a classi�cation of in�nites-
imal braidings on FRT bialgebras.

Proposition 4.11. Let (H,R, χ) be a pre-Cartier coquasitriangular bialgebra and V a left H-
comodule. Then, the k-linear maps c, t ∈ Endk(V ⊗ V ) de�ned on v, v′ ∈ V by

c(v ⊗ v′) = R(v′−1 ⊗ v−1)v
′
0 ⊗ v0, t(v ⊗ v′) = χ(v−1 ⊗ v′−1)v0 ⊗ v′0(73)

yield an in�nitesimally braided vector space (V, c, t).

Proof. Since R is a coquasitriangular structure, the induced braiding σR
V,V = c on the left H-

comodule V satis�es the braid equation (54). Let v, v′, v′′ ∈ V . Then,

c12(c23(t12(v ⊗ v′ ⊗ v′′))) = χ(v−1 ⊗ v′−1)c12(c23(v0 ⊗ v′0 ⊗ v′′))

= χ(v−1 ⊗ v′−2)R(v′′−1 ⊗ v′−1)c12(v0 ⊗ v′′0 ⊗ v′0)

= χ(v−2 ⊗ v′−2)R(v′′−2 ⊗ v′−1)R(v′′−1 ⊗ v−1)v
′′
0 ⊗ v0 ⊗ v′0

(30)
= χ(v−2 ⊗ v′−2)R(v′′−1 ⊗ v−1v

′
−1)v

′′
0 ⊗ v0 ⊗ v′0

(34)
= R(v′′−1 ⊗ v−2v

′
−2)χ(v−1 ⊗ v′−1)v

′′
0 ⊗ v0 ⊗ v′0

(30)
= R(v′′−2 ⊗ v′−2)R(v′′−1 ⊗ v−2)χ(v−1 ⊗ v′−1)v

′′
0 ⊗ v0 ⊗ v′0

= R(v′′−2 ⊗ v′−1)R(v′′−1 ⊗ v−1)t23(v
′′
0 ⊗ v0 ⊗ v′0)

= R(v′′−1 ⊗ v′−1)t23(c12(v ⊗ v′′0 ⊗ v′0)) = t23(c12(c23(v ⊗ v′ ⊗ v′′))),

i.e., (57) is satis�ed. Similarly, one shows that (58) holds by using (31) and (34). Note that the
inverse of c is given by c−1(v⊗ v′) = R−1(v−1 ⊗ v′−1)v

′
0 ⊗ v0. Moreover, one shows that (66) holds

by means of the equality R−1
23 ∗χ13 ∗R23 = R−1

12 ∗χ13 ∗R12 that we know is true by Theorem 3.11.
Finally, equations (68) and (69) are proven using (34). □

We noticed that, given a braided vector space (V, c), then (V, c, λ · IdV⊗V ) is an in�nitesimally
braided vector spaces. This leads to the following proposition.
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Proposition 4.12 (Canonical in�nitesimal braiding on (A(c),R)). For any braided vector space
(V, c) the coquasitriangular bialgebra (A(c),R) admits a 1-parameter family of in�nitesimal R-
forms χλ : A(c)⊗A(c) → k given explicitly on generators by

(74) χλ(T
j1
i1

· · ·T jm
im

⊗ T ℓ1
k1

· · ·T ℓn
kn

) = λmnε(T j1
i1

· · ·T jm
im
T ℓ1
k1

· · ·T ℓn
kn

)

for all λ ∈ k. Moreover, (A(c),R, χλ) is Cartier.

Proof. As noted in Example 4.7, given an invertible solution c ∈ Endk(V ⊗V ) of the braid equation
and choosing t = λ · Id ∈ Endk(V ⊗V ) the tuple (c, t) satis�es all assumptions of Theorem 4.10. In
this case I(t) = 0, since tkℓij = λδki δ

ℓ
j and consequently A(c, t) = A(c). Explicitly, χλ : A(c)⊗A(c) →

k is determined on generators by χλ(T
k
i ⊗ T ℓ

j ) = tkℓij = λδki δ
ℓ
j = λε(T k

i T
ℓ
j ) and extended via (35)

and (36). An easy induction reveals the formula (74).
We include also a direct proof that χλ is an in�nitesimal R-form. By the same ideas of Remark

3.6, the algebra A(c) inherits the graduation from the free algebra F and hence we obtain a
derivation ∂ : A(c) → k that on ξ homogeneous of degree |ξ| is de�ned by ∂(ξ) = |ξ|ε(ξ). Note

that ξ(T j1
i1

· · ·T jm
im

) = mε(T j1
i1

· · ·T jm
im

) so that χλ = λ∂ ⊗ ∂ is a symmetric biderivation. Since we
further have ∂(ξ1)ξ2 = ξ1∂(ξ2) for every ξ ∈ A(c), we get that ∂ is central whence so is χλ. Thus,
by Example 3.5, we conclude that (A(c),R, χλ) is Cartier. □

Example 4.13. Following [Ka, Section VIII.7] for a 2-dimensional C-vector space with basis
v1, v2 ∈ V and for a non-zero scalar q ∈ C we consider the invertible solution c ∈ EndC(V ⊗V ) of the

braid equation determined by c(v1⊗v1) = q
1
2 v1⊗v1, c(v2⊗v2) = q

1
2 v2⊗v2, c(v1⊗v2) = q−

1
2 v2⊗v1

and c(v2 ⊗ v1) = q−
1
2 v1 ⊗ v2 + q−

1
2 (q − q−1)v2 ⊗ v1. Using Proposition 4.12 this gives a Cartier

coquasitriangular bialgebra (A(c),R′, χλ) for any λ ∈ C. According to [Ka, Proposition VIII.7.1
and Corollary VIII.7.2] (A(c),R′) ∼= (Mq(2),R) are isomorphic as coquasitriangular bialgebras.
The induced in�nitesimal R-form on (Mq(2),R) is the one we already discussed in Proposition 3.7.

4.2. Tannaka-Krein reconstruction. Denote by Vecf the category of �nite-dimensional k-vector
spaces. Given a category C and a functor ω : C → Vecf , then Tannaka-Krein reconstruction allows
to build a coalgebra C such that ω factors through the category MC

f of �nite-dimensional right
C-comodules

C Ω //

ω
!!

MC
f

F{{
Vecf

(75)

where F denotes the forgetful functor, see e.g. [Sc1, Corollary 2.1.9]. We will refer to C as the
reconstructed coalgebra. In favorable cases C comes out to be even equivalent to MC

f .
If C is further a monoidal category and ω : C → Vecf is a strong monoidal functor, then C

becomes a bialgebra, eventually with antipode in case C is rigid, see e.g. [Ul, Section 2]. Moreover,
if C is braided, then C inherits a coquasitriangular structure R : C ⊗ C → k, which results to be
cotriangular in case the category is symmetric, see e.g. [Ma2, page 475].

In this section, we are dealing with conditions on (C, ω) guaranteeing that the reconstructed
coalgebra is a (pre-)Cartier (quasi)triangular bialgebra possibly with antipode. Since we are not
interested in �nding the most general possible results, but only eager to �nd applications of the
notions we have introduced so far, it may be that some of our assumptions can be relaxed.

Theorem 4.14. Let (C, σ) be a pre-additive braided monoidal category, ω : C → Vecf be an additive
strong monoidal functor and B be the reconstructed coalgebra with its coquasitriangular bialgebra
structure R : B ⊗ B → k. If there is a natural transformation tX,Y : X ⊗ Y → X ⊗ Y , then there
is a k-linear map χ : B ⊗B → k that veri�es (34). Moreover:

i) if t ful�lls (2), then χ veri�es (35);
ii) if t ful�lls (3), then χ veri�es (36);
iii) if t ful�lls (4), then χ veri�es (37).

As a consequence
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• If (C, σ) is braided (pre-)Cartier, then (B,R) is a (pre-)Cartier coquasitriangular bialgebra;
• If (C, σ) is symmetric (pre-)Cartier, then (B,R) is a (pre-)Cartier cotriangular bialgebra.

Proof. Since C is a monoidal category and (ω, ϕ0, ϕ2) : C → Vecf is a strong monoidal functor,
we can construct a bialgebra B following [Ul, Section 2]. Indeed, the functor Vec → Set,M 7→
Nat(ω, ω ⊗M) is representable. Choose a representing vector space B and natural isomorphisms
θM : Homk(B,M) → Nat(ω, ω ⊗ M). Set α := θB(IdB) : ω → ω ⊗ B, set d := (α ⊗ B)α :
ω → ω ⊗ B ⊗ B and let e : ω → ω ⊗ k be the canonical isomorphism. Then the coalgebra
structure (B,∆, ε) is given by θB⊗B(∆) = d and θk(ε) = e. In this way we obtain the functor
Ω : C → MB

f , X 7→ (ω(X), αX), such that F ◦Ω = ω, as in (75). For the algebra structure, there is
an isomorphism θ2M : Homk(B⊗B,M) → Nat(ω⊗ω, ω⊗ω⊗M) where, for every f : B⊗B →M ,
the natural transformation θ2M (f) : ω ⊗ ω → ω ⊗ ω ⊗ M is de�ned on components by setting
θ2M (f)X,Y : ω(X) ⊗ ω(Y ) → ω(X) ⊗ ω(Y ) ⊗M,x ⊗ y 7→ x0 ⊗ y0 ⊗ f(x1 ⊗ y1). Here we used the
notation αX(x) := x0 ⊗ x1. Denote by µX,Y the following composition

ω(X)⊗ ω(Y )
ϕ2
X,Y // ω(X ⊗ Y )

αX⊗Y // ω(X ⊗ Y )⊗B
(ϕ2

X,Y ⊗B)−1

// ω(X)⊗ ω(Y )⊗B .

This de�nes a natural transformation µ : ω⊗ω → ω⊗ω⊗B and the multiplication m : B⊗B → B
is given by θ2B(m) = µ. The unit u : k → B is de�ned as the composition

k
ϕ0

// ω(I)
αI // ω(I)⊗B

(ϕ0⊗B)−1

// k⊗B
lB // B .

Suppose further that C has a braiding σ. Now, following [Ma2, page 475], we can endow B
with a coquasitriangular structure R : B ⊗ B → k de�ned as the unique map such that θ2k(R) on
components is uniquely determined by the commutativity of the following diagram

ω(X)⊗ ω(Y )

θ2
k (R)X,Y

��

ϕ2
X,Y // ω(X ⊗ Y )

ω(σX,Y ) // ω(Y ⊗X)
(ϕ2

Y,X)−1

// ω(Y )⊗ ω(X)

τω(Y ),ω(X)

��
ω(X)⊗ ω(Y )⊗ k

rω(X)⊗ω(Y ) // ω(X)⊗ ω(Y ).

Although the functor here lands in the �nite-dimensional vector spaces, while in Majid's approach
it lands in vector spaces, still one gets that (29), (30), (31) hold true. Note that R is convolution
invertible with convolution inverse R−1 : B ⊗B → k which is the unique map such that θ2k(R−1)

on components is θ2k(R−1)X,Y = r−1
ω(X)⊗ω(Y )

Ä
ϕ2X,Y

ä−1
ω
Ä
σ−1
X,Y

ä
ϕ2Y,Xτω(X),ω(Y ).

Moreover, B becomes in fact cotriangular in case σ is a symmetry, i.e., σ−1
X,Y = σY,X .

So far everything is well-known. Let us concern now the in�nitesimal braiding.
Suppose further that C has a natural transformation t. Then we can de�ne χ : B ⊗ B → k to

be the unique map such that θ2k(χ) on components is the composition

ω(X)⊗ ω(Y )
ϕ2
X,Y // ω(X ⊗ Y )

ω(tX,Y ) // ω(X ⊗ Y )
(ϕ2

X,Y )−1

// ω(X)⊗ ω(Y )
r−1
ω(X)⊗ω(Y )// ω(X)⊗ ω(Y )⊗ k

One can check that condition (34) is equivalent to the equality

(rω(X)⊗ω(Y ) ⊗B)(θ2k(χ)X,Y ⊗B)θ2B(m)X,Y = θ2B(m)X,Y rω(X)⊗ω(Y )θ
2
k(χ)X,Y

which, in turn, holds in view of the following computation:

(rω(X)⊗ω(Y ) ⊗B)(θ2k(χ)X,Y ⊗B)θ2B(m)X,Y

= (rω(X)⊗ω(Y ) ⊗B)(r−1
ω(X)⊗ω(Y ) ⊗B)(

(
ϕ2X,Y

)−1 ⊗B)(ω (tX,Y )⊗B)(ϕ2X,Y ⊗B)
(
ϕ2X,Y ⊗B

)−1
αX⊗Y ϕ

2
X,Y

= (
(
ϕ2X,Y

)−1 ⊗B)(ω (tX,Y )⊗B)αX⊗Y ϕ
2
X,Y

= (
(
ϕ2X,Y

)−1 ⊗B)αX⊗Y ω (tX,Y )ϕ
2
X,Y

=
(
ϕ2X,Y ⊗B

)−1
αX⊗Y ϕ

2
X,Y

(
ϕ2X,Y

)−1
ω (tX,Y )ϕ

2
X,Y
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=
(
ϕ2X,Y ⊗B

)−1
αX⊗Y ϕ

2
X,Y rω(X)⊗ω(Y )r

−1
ω(X)⊗ω(Y )

(
ϕ2X,Y

)−1
ω (tX,Y )ϕ

2
X,Y

= θ2B(m)X,Y rω(X)⊗ω(Y )θ
2
k(χ)X,Y .

i) It comes out that (35) is equivalent toÄ
ω (X)⊗

(
ϕ2Y,Z

)−1 ⊗ k
ä
θ2k(χ)X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)
= r−1

ω(X)⊗ω(Y )⊗ω(Z)

(
rω(X)⊗ω(Y ) ⊗ ω(Z)

) (
θ2k(χ)X,Y ⊗ ω(Z)

)
+

+

 r−1
ω(X)⊗ω(Y )⊗ω(Z)

(
rω(X)⊗ω(Y ) ⊗ ω (Z)

) (
θ2k(R−1)X,Y ⊗ ω (Z)

) (
τω(Y ),ω(X) ⊗ ω (Z)

)
rω(Y )⊗ω(X)⊗ω(Z)

(
ω (Y )⊗ θ2k(χ)X,Z

) (
τω(X),ω(Y ) ⊗ ω (Z)

)(
rω(X)⊗ω(Y ) ⊗ ω (Z)

) (
θ2k(R)X,Y ⊗ ω (Z)

)
 .

If we compose by rω(X)⊗ω(Y )⊗ω(Z) this equality becomesÄ
ω (X)⊗

(
ϕ2Y,Z

)−1
ä
rω(X)⊗ω(Y⊗Z)θ

2
k(χ)X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)
=

(
rω(X)⊗ω(Y ) ⊗ ω(Z)

) (
θ2k(χ)X,Y ⊗ ω(Z)

)
+

+

 (
rω(X)⊗ω(Y ) ⊗ ω (Z)

) (
θ2k(R−1)X,Y ⊗ ω (Z)

) (
τω(Y ),ω(X) ⊗ ω (Z)

)
rω(Y )⊗ω(X)⊗ω(Z)

(
ω (Y )⊗ θ2k(χ)X,Z

) (
τω(X),ω(Y ) ⊗ ω (Z)

)(
rω(X)⊗ω(Y ) ⊗ ω (Z)

) (
θ2k(R)X,Y ⊗ ω (Z)

)
 .

Let us rewrite the three terms in the order in which they appearÄ
ω (X)⊗

(
ϕ2Y,Z

)−1
ä
rω(X)⊗ω(Y⊗Z)θ

2
k(χ)X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)
=
Ä
ω (X)⊗

(
ϕ2Y,Z

)−1
ä
rω(X)⊗ω(Y⊗Z)r

−1
ω(X)⊗ω(Y⊗Z)

(
ϕ2X,Y⊗Z

)−1
ω (tX,Y⊗Z)ϕ

2
X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)
=
Ä
ω (X)⊗

(
ϕ2Y,Z

)−1
ä (
ϕ2X,Y⊗Z

)−1
ω (tX,Y⊗Z)ϕ

2
X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)
=

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]−1
ω (tX,Y⊗Z)

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]
(
rω(X)⊗ω(Y ) ⊗ ω(Z)

) (
θ2k(χ)X,Y ⊗ ω(Z)

)
=

(
rω(X)⊗ω(Y ) ⊗ ω(Z)

) Ä
r−1
ω(X)⊗ω(Y ) ⊗ ω(Z)

ä Ä(
ϕ2X,Y

)−1 ⊗ ω(Z)
ä
(ω (tX,Y )⊗ ω(Z))

(
ϕ2X,Y ⊗ ω(Z)

)
=
Ä(
ϕ2X,Y

)−1 ⊗ ω(Z)
ä (
ϕ2X⊗Y,Z

)−1
ω (tX,Y ⊗ Z)ϕ2X⊗Y,Z

(
ϕ2X,Y ⊗ ω(Z)

)
=

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]−1
ω (tX,Y ⊗ Z)

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]
and  (

rω(X)⊗ω(Y ) ⊗ ω (Z)
) (
θ2k(R−1)X,Y ⊗ ω (Z)

) (
τω(Y ),ω(X) ⊗ ω (Z)

)
rω(Y )⊗ω(X)⊗ω(Z)

(
ω (Y )⊗ θ2k(χ)X,Z

) (
τω(X),ω(Y ) ⊗ ω (Z)

)(
rω(X)⊗ω(Y ) ⊗ ω (Z)

) (
θ2k(R)X,Y ⊗ ω (Z)

)


=



(
rω(X)⊗ω(Y ) ⊗ ω (Z)

) Ä
r−1
ω(X)⊗ω(Y ) ⊗ ω (Z)

ä(Ä
ϕ2X,Y

ä−1
⊗ ω (Z)

) Ä
ω
Ä
σ−1
X,Y

ä
⊗ ω (Z)

äÄ
ϕ2Y,X ⊗ ω (Z)

ä (
τω(X),ω(Y ) ⊗ ω (Z)

) (
τω(Y ),ω(X) ⊗ ω (Z)

)
rω(Y )⊗ω(X)⊗ω(Z)

Ä
ω (Y )⊗ r−1

ω(X)⊗ω(Z)

ä(
ω (Y )⊗

Ä
ϕ2X,Z

ä−1
)

(ω (Y )⊗ ω (tX,Z))
Ä
ω (Y )⊗ ϕ2X,Z

ä (
τω(X),ω(Y ) ⊗ ω (Z)

) (
rω(X)⊗ω(Y ) ⊗ ω (Z)

)Ä
r−1
ω(X)⊗ω(Y ) ⊗ ω (Z)

ä (
τω(Y ),ω(X) ⊗ ω (Z)

) (Ä
ϕ2Y,X

ä−1
⊗ ω (Z)

)
(ω (σX,Y )⊗ ω (Z))

Ä
ϕ2X,Y ⊗ ω (Z)

ä


=


(Ä
ϕ2X,Y

ä−1
⊗ ω (Z)

) Ä
ω
Ä
σ−1
X,Y

ä
⊗ ω (Z)

ä Ä
ϕ2Y,X ⊗ ω (Z)

ä(
ω (Y )⊗

Ä
ϕ2X,Z

ä−1
)
(ω (Y )⊗ ω (tX,Z))

Ä
ω (Y )⊗ ϕ2X,Z

ä(Ä
ϕ2Y,X

ä−1
⊗ ω (Z)

)
(ω (σX,Y )⊗ ω (Z))

Ä
ϕ2X,Y ⊗ ω (Z)

ä

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=


(Ä
ϕ2X,Y

ä−1
⊗ ω (Z)

) Ä
ϕ2X⊗Y,Z

ä−1
ω
Ä
σ−1
X,Y ⊗ Z

ä
ϕ2Y⊗X,Z

Ä
ϕ2Y,X ⊗ ω (Z)

ä(
ω (Y )⊗

Ä
ϕ2X,Z

ä−1
) Ä
ϕ2Y,X⊗Z

ä−1
ω (Y ⊗ tX,Z)ϕ

2
Y,X⊗Z

Ä
ω (Y )⊗ ϕ2X,Z

ä(Ä
ϕ2Y,X

ä−1
⊗ ω (Z)

) Ä
ϕ2Y⊗X,Z

ä−1
ω (σX,Y ⊗ Z)ϕ2X⊗Y,Z

Ä
ϕ2X,Y ⊗ ω (Z)

ä


=


î
ϕ2X,Y⊗Z

Ä
ω (X)⊗ ϕ2Y,Z

äó−1
ω
Ä
σ−1
X,Y ⊗ Z

ä
ϕ2Y⊗X,Z

Ä
ϕ2Y,X ⊗ ω (Z)

äî
ϕ2Y⊗X,Z

Ä
ϕ2Y,X ⊗ ω (Z)

äó−1
ω (Y ⊗ tX,Z)

î
ϕ2Y⊗X,Z

Ä
ϕ2Y,X ⊗ ω (Z)

äóî
ϕ2Y⊗X,Z

Ä
ϕ2Y,X ⊗ ω (Z)

äó−1
ω (σX,Y ⊗ Z)

î
ϕ2X,Y⊗Z

Ä
ω (X)⊗ ϕ2Y,Z

äó 
=

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]−1
ω
Ä
σ−1
X,Y ⊗ Z

ä
ω (Y ⊗ tX,Z)ω (σX,Y ⊗ Z)

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]
so that the equality we have to check becomes[

ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]−1
ω (tX,Y⊗Z)

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]
=

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]−1
ω (tX,Y ⊗ Z)

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]
+

+
[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]−1
ω
Ä
σ−1
X,Y ⊗ Z

ä
ω (Y ⊗ tX,Z)ω (σX,Y ⊗ Z)

[
ϕ2X,Y⊗Z

(
ω (X)⊗ ϕ2Y,Z

)]
that is

ω (tX,Y⊗Z) = ω (tX,Y ⊗ Z) + ω
îÄ
σ−1
X,Y ⊗ Z

ä
(Y ⊗ tX,Z) (σX,Y ⊗ Z)

ó
.

Since ω is additive, this equality is true by (2).
ii) Similarly, (36) amounts to the equalityÄ(

ϕ2X,Y

)−1 ⊗ ω (Z)⊗ k
ä
θ2k(χ)X⊗Y,Z

(
ϕ2X,Y ⊗ ω (Z)

)
= ω (X)⊗ θ2k(χ)Y,Z +

+

ï (
ω (X)⊗ θ2k(R−1)Y,Z

) (
ω (X)⊗ τω(Z),ω(Y )

) (
rω(X)⊗ω(Z) ⊗ ω (Y )

)(
θ2k(χ)X,Z ⊗ ω (Y )

) (
ω (X)⊗ τω(Y ),ω(Z)

)
rω(X)⊗ω(Y )⊗ω(Z)

(
ω (X)⊗ θ2k(R)Y,Z

) ò .
which follows from (3) and the fact that ω is additive.
iii) One checks that (37) is equivalent to

θ2k(R)X,Y rω(X)⊗ω(Y )θ
2
k(χ)X,Y =

(
τω(Y ),ω(X) ⊗ k

)
θ2k(χ)Y,Xτω(X),ω(Y )rω(X)⊗ω(Y )θ

2
k(R)X,Y .

By starting from the right-hand side and by using (4), we compute(
τω(Y ),ω(X) ⊗ k

)
θ2k(χ)Y,Xτω(X),ω(Y )rω(X)⊗ω(Y )θ

2
k(R)X,Y

=

 (
τω(Y ),ω(X) ⊗ k

)
r−1
ω(Y )⊗ω(X)

Ä
ϕ2Y,X

ä−1
ω (tY,X)ϕ2Y,X

τω(X),ω(Y )rω(X)⊗ω(Y )r
−1
ω(X)⊗ω(Y )τω(Y ),ω(X)

Ä
ϕ2Y,X

ä−1
ω (σX,Y )ϕ

2
X,Y


=

(
τω(Y ),ω(X) ⊗ k

)
r−1
ω(Y )⊗ω(X)

(
ϕ2Y,X

)−1
ω (tY,X)ω (σX,Y )ϕ

2
X,Y

(4)
=

(
τω(Y ),ω(X) ⊗ k

)
r−1
ω(Y )⊗ω(X)

(
ϕ2Y,X

)−1
ω (σX,Y )ω (tX,Y )ϕ

2
X,Y

= r−1
ω(X)⊗ω(Y )τω(Y ),ω(X)

(
ϕ2Y,X

)−1
ω (σX,Y )ω (tX,Y )ϕ

2
X,Y

= r−1
ω(X)⊗ω(Y )τω(Y ),ω(X)

(
ϕ2Y,X

)−1
ω (σX,Y )ϕ

2
X,Y rω(X)⊗ω(Y )r

−1
ω(X)⊗ω(Y )

(
ϕ2X,Y

)−1
ω (tX,Y )ϕ

2
X,Y

= θ2k(R)X,Y rω(X)⊗ω(Y )θ
2
k(χ)X,Y

which completes the proof. □
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