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A B S T R A C T

This work sheds the light on the stress amplification in active material particles of electrodes caused by the
localized lithium concentration inhomogeneity due to phase transitions. This is a significant issue usually
neglected in the literature, as generally the ideal Fickian diffusion model is used to describe the lithium
diffusion, which particularly fails when dealing with phase change materials, resulting in the underestimation
of the stress. In turn, this results in the underestimation of the fracture behavior of the electrode and the
battery degradation, ultimately.

To overcome these limitations, this work proposes a mechanical-transport model where the lithium
transport is modeled according to the non-ideal solution theory with an equivalent diffusion coefficient
depending on the potential of the host material vs 𝐿𝑖∕𝐿𝑖+. The results show that the proposed model correctly
describes the concentration distribution within the particle of phase-change materials (graphite is chosen as
a case study), in agreement with the existent experimental measurements. The differences with respect to the
traditional Fickian diffusion model is substantial as the stress is up to 85% higher with the proposed model
and the concentration distribution can capture the inhomogeneity caused by phase transitions.
1. Introduction

Mechanical phenomena play a significant role in the degradation of
lithium-ion batteries (LIBs), and they have been attracting increasing
attention in the last years. Mechanics is strictly coupled to electro-
chemical phenomena in lithium ion batteries electrodes [1,2]: the
electrode microstructure (i.e. the active material particles) deforms
according to the quantity of lithium ions intercalated, impacting the
macroscopic deformation of the battery, as demonstrated with exper-
imental measurements in relevant works [3,4]. Furthermore, lithium
ions are unevenly distributed in the active material particle because of
their diffusion, leading to differential strain and stress ultimately [5–
7]. Comprehensive reviews about modeling the stress in the electrode
microstructure can be found in relevant papers [8,9].

Such stresses result in the mechanical degradation of the electrode
microstructure because of fracture propagation, that was quantified
by the author with finite element models [10–12] as well as with an
analytical method [13,14]. Fracture mechanics in electrodes for LIBs
has been reviewed in relevant papers from the experimental [15] and
modeling [16] point of view. Crack propagation in electrodes triggers
undesired electrochemical processes leading to battery degradation
ultimately [17]. Then, the development of models which accurately es-
timate the stress in the electrode microstructure are meaningful to eval-
uate the electrode damage [18], and thus the battery degradation [19–
21].

E-mail address: davide.clerici@polito.it.

Lithium ions transport and stress in the active material particles
have been modeled in several works in the literature since the early
’00 [5,22,23], starting from the pioneer work of Christensen and New-
man [24]. These models are based on the ideal solution model [25]
and a Fickian diffusion approach, namely lithium ions are driven by
their concentration gradient and by the hydrostatic stress gradient.
Furthermore, they consider the coupling between mechanical and diffu-
sion phenomena with a concentration-dependent diffusion coefficient,
which takes into account the positive influence of mechanical stress on
lithium ions’ diffusion [26,27]. In 2020, the author found an analytical
solution to this problem [26,28], and further studies evaluated the
influence of the shape and the size of the particles on the stress [7,29].

Few more refined models consider the phase-change behavior of
some active materials and its influence on the concentration distri-
bution. To this end, mainly three thermodynamic approaches were
followed: non-ideal solution theory, ‘‘shrinking core’’ model, and Cahn–
Hilliard free energy functional.

The thermodynamics of lithium transport in different intercalation
compounds is reviewed in [30], and deepened in [31] where the
diffusion of lithium ions in the two-phase transition is considered. The
thermodynamic approach describes the changes in the crystal structure
(phase change) according to thermodynamic quantities, such as the
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Nomenclature

Symbols

�̄� Concentration dependent diffusion coeffi-
cient

𝑐 or 𝑐𝐿𝑖𝑆 Lithium ion concentration in intercalated
sites

𝐶𝑟𝑎𝑡𝑒 Current rate
𝑘𝑚 Mechanical constant
𝑁 Lithium ion flux
𝑅𝑔 Gas constant
𝑉 𝑀
0 Molar volume of pure species

𝑥𝐿𝑖𝑆 Mole fraction of intercalated lithium ions
𝑑𝑓 Thermodynamic driving force
A Surface
D Diffusion coefficient
E Young modulus
e electron
F Chemical strain function
F Faraday constant
R Particle radius
r Radial coordinate
S Host site
T Temperature
t Time
U Equilibrium potential
u Displacement
V Volume

Acronyms

DIS Diffusion induced stress
FEM Finite element method
GITT Galvanostatic Intermittent Titration Tech-

nique
LCO Lithium cobalt oxide
LFP Lithium iron phosphate
Li Lithium ion
LIB Lithium ion battery
P2D Partial two dimension
SEM Scanning electron microscope

Greek Symbols

𝛼 Thermodynamic factor
𝛾 Activity coefficient
𝜇𝑖 Chemical potential of species i
𝜈 Poisson ratio
𝛺 Partial molar value
𝜌 Density
𝜎 Stress
𝜀𝑣 Volumetric strain

Recursive subscripts

+ Positive charge
− Negative charge
0 initial
c Circumferential
h Hydrostatic
2 
LiS Intercaled site with lithium ions
max maximum
mech mechanical
min minimum
r Radial
S Vacant site
sf Strain free

Gibbs free energy and the chemical potential. The thermodynamic
properties of the active material are got simply by tracking the elec-
trode potential [30]. As a result, any chemical or structural change of
the electrode material is detected by its potential.

Non-ideal solution theory introduces the thermodynamic factor to
measure the deviation of the intercalation compound from thermody-
namic ideality (ideal solution or Fickian diffusion), being equal to 1
in case of ideal solution. The thermodynamic factor is computed from
the electrode potential with respect to a lithium metallic reference
electrode, and significantly deviates from 1 when phase transitions
occur, as will be explained in Section 2.2.1. Few works [32–35],
starting from the model of Christensen and Newman [24], modeled
the concentration distribution in phase-change materials with the non-
ideal solution theory. In 2018, Baker and Verbrugge [36,37] developed
the so called multi-species multi-reaction (MSMR) model, to account
for the multiple current peaks observed in voltammetry data related to
phase transitions. Indeed, Tavassol et al. [38] showed that transitions
between phases of the host material are manifested as peaks in the
current response during cyclic voltammetry; On the other hand, phase
transitions are manifested as voltage plateaus or equivalently as peaks
in the derivative of capacity with respect to voltage during galvanos-
tatic cycling. Nevertheless, MSMR model does not attempt to quantify
stress due to phase transitions, modeled just from the electrochemical
point of view.

Another approach consists in deriving the chemical potential from
the Cahn–Hilliard free energy functional [39], usually adopted in the
cases where the material shows a marked two-phase diffusion behavior.
In these cases, the Cahn–Hilliard free energy functional is implemented
in a phase-field model and governs the time evolution of lithium con-
centration [40,41]. Phase field models are a powerful tool for modeling
diffusion in these materials because they are particularly accurate in the
regions with sharp concentration gradients and they can treat phase
boundaries without the need to explicitly track interfaces, as it is done
with the ‘‘shrinking core’’ models. Narrowing the field to electrode
materials, the phase transition of lithium iron phosphate (LFP) has
been modeled with this kind of approach, as the diffusion consists
in the movement of the boundary between the lithium-rich and the
lithium-poor phase [42,43].

Finally, the ‘‘shrinking core’’ or ‘‘sharp interface’’ model is a non-
Fickian model which considers the equilibrium concentrations among
two coexistent phases and explicitly computes the movement of the
boundary between the two phases [44]. Different models calculated
concentration and stress with the ‘‘shrinking core’’ model within LFP
[45–47], lithium cobalt oxide (LCO) [44,48] and amorphous/crystalline
silicon [49] electrodes. A general model was proposed as well [50].

A constant partial molar volume was considered in almost all the
models in the literature as far as the authors know, although it is known
that several materials, such as graphite [51–53] and nickel manganese
cobalt (NMC) [54–56], have a concentration-dependent partial molar
volume. Variable partial molar volume was considered just in the
works aiming to compute battery deformation [57–59], and not the full
transport-mechanical problem.

In this work, the author aims to rise the attention about the
diffusion-induced stress amplification in the electrode particles because
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of the phase change of the host material during lithium insertion, re-
sulting in highly localized concentration inhomogeneity and thus stress
amplifications. This fact is of great interest because most models quanti-
fying stress in active material particles, used to study crack propagation
and battery degradation, do not account for stress amplification due
to phase transitions, potentially underestimating degradation. In this
context, this work develops a transport-mechanical model based on the
non-ideal solution diffusion model, allowing to capture the influence
of the phase change of the host material in the lithium concentration
distribution and the resulting amplification of the diffusion-induced
stress. Furthermore, the work proposes a methodology to consider a
concentration dependent partial molar volume from the results of XRD
analysis. Partial molar volume is typically assumed constant, but this
assumption may be incorrect for phase change materials, as different
phases formed at varying lithium contents have distinct structural
arrangements.

The model framework proposed in this work has the great advan-
tage that allows to take into account a complex phenomenon like phase
transitions without increasing the computation complexity. Indeed, the
influence of phase transitions is considered by defining an equivalent
diffusion coefficient 𝐷 = 𝐷0(𝛼 + 𝑘𝑐), where the thermodynamic factor
𝛼 depending on the potential of the host material vs 𝐿𝑖∕𝐿𝑖+ takes into
account the influence of phase transition on lithium diffusion. When
phase transitions are not considered, 𝛼 is set equal to 1, coming back
to the traditional diffusion-mechanical models [26].

The model is applied to a graphite electrode and it is solved with
the finite element approach implemented in Comsol Multiphysics. The
resulting concentration distribution is compared with the experimental
measurements in graphite electrode available in literature, showing
that the proposed model accurately describes the concentration trend
observed experimentally with different in-situ techniques [60–63]. Fur-
thermore, the non linear deformation captured by the concentration
dependent partial molar volume is verified with dilatometry exper-
iments reported in the literature [51]. Finally, it is shown that the
concentration inhomogeneity caused by phase transitions captured by
the non-ideal solution model significantly affects the resulting stress,
with stress amplification up to 85% with respect to the case ob-
tained with the traditional ideal solution model proposed in the liter-
ature. This proves the meaningfulness of considering phase transitions
when computing diffusion-induced stress in electrode’s active material
particles.

2. Methods

Lithium transport and mechanical phenomena are tightly coupled in
the electrodes of LIBs [25,26,64]. In this section, both the models are
deepened to compute the concentration distribution, strain, and stress
during operation. The non-ideal solution theory with concentration-
dependent partial molar volume is proposed, being the most general ap-
proach and suitable to deal with phase-change material. Furthermore,
a couple of simplifications are proposed, making proper hypotheses
suitable for some classes of materials.

The domain is assumed spherical, in agreement with the scan-
ning electrode microscope (SEM) observations of active material parti-
cles [15]. The material is isotropic and linear elastic and the boundary
conditions are axisymmetric. Then, all the equations are written just in
the particle radial coordinate according to the axisymmetric hypothesis.

The isotropic assumption is reasonable because even if the particles
of some kind of electrode materials are made of smaller secondary
particles (such as NMC) or domains (such as graphite), these con-
stituents are randomly oriented, resulting in an homogeneous behavior.
The linear elastic hypothesis is realistic for the intercalation materials,
on the other hand alloying materials such as silicon shows a plastic
deformation because of the huge volume deformation. Nevertheless,
the transport theory delineated herein is applicable to intercalation
materials, which are by far the most common materials used in LIBs.

Furthermore, the diffusion of lithium ions is considered isotropic.
This assumption is true for most of the electrode materials except for
LFP, which has an anisotropic diffusion [42,43].
3 
2.1. Mechanical equations

Traditionally, the mechanical strain of the host material is assumed
linearly dependent on the concentration of the solute (lithium ions)
according to Eq. (1)a [65]. This assumption is valid if the partial molar
volume is constant. In general, electrode materials exhibit different
lattice structures (known as phases) as a function of the concentration
of lithium ions. Each phase has a different volume, and partial molar
volume accordingly. This makes the partial molar volume dependent
on the concentration of lithium ions, and the strain is not linear any-
more. In this general case, the chemical strain is computed according
to Eq. (1)b

⎧

⎪

⎨

⎪

⎩

𝜀𝑐ℎ =
𝛺(𝑐 − 𝑐𝑠𝑓 )

3
; Constant 𝛺 (a)

𝜀𝑐ℎ = 1
3
∫ 𝑐
𝑐𝑠𝑓

𝛺𝑑𝑐 ; General concentration-dependent 𝛺 (b)
(1)

where 𝜀𝑐ℎ is the strain due to lithium concentration (𝑐), 𝛺 is partial
olar volume and 𝑐𝑠𝑓 is the reference concentration in the ‘‘strain-free’’

ondition.
Eq. (1)a–b are graphically represented in Fig. 1a–b, respectively.
The concentration-dependent partial molar volume of graphite is

alculated from the experimental-measured volumetric strain [51] as
xpressed in Eq. (2) [54,57], and it is graphically reported for lithiation
n Fig. 1b and numerically reported in Table C.3. A slight difference
xists between the partial molar volume computed from lithiation and
elithiation measurements.

= 𝑉 𝑀
0

𝜕𝜀𝑣
𝜕𝑛

(2)

where 𝑉 𝑀
0 is the molar volume of pure graphite, 𝑛 is the moles of

lithium ions inserted in the lithiated graphite compound 𝐿𝑖𝑥𝐶6 and
𝜀𝑣 is the volumetric strain of the graphite structure upon lithiation
experimentally measured by Schweidler et al. [51]. In particular, they
measured the crystallographic changes occurring in the graphite unit
cell during lithiation with operando X-ray diffraction. Then, they com-
puted volumetric strain from the changes in lattice parameters of the
unit cell.

In this way, the partial molar volume is exact when there is a
single phase, and it results linearly interpolated between two phases.
Taking as example stage II (𝐿𝑖0.5𝐶6) and stage I (𝐿𝑖𝐶6) of graphite,
partial molar volume is exact when x=0.5 and x=1, and is linearly
interpolated for intermediate values. Actually, there is no points in the
material with concentration comprised between x=0.5 and x=1, except
for the transient phase boundary between stage I and II. Then, the
deformation is caused by the fraction of material with concentration
x=0.5 (according to 𝛺(𝑥 = 0.5)), plus the fraction of material with
concentration x=1 (according to 𝛺(𝑥 = 1)), in accordance with the rule
of mixture.

The constitutive, congruence, and equilibrium equations reported in
Eqs. (3)a–c govern the mechanical field in a spherical particle, further
details can be found in a relevant author’s previous work [26]. It is
pointed out that the general constitutive equations ((3)a) are composed
of the elastic term (first), and the chemical term (second), which de-
pends on the concentration of intercalated lithium ions and links chem-
istry with mechanics. The chemical term can be expressed according
to Eq. (1)a or (1)b in the case of constant or concentration-dependent
partial molar volume, respectively.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜀𝑟 =
1
𝐸

(

𝜎𝑟 − 2𝜈𝜎𝑐

)

+ 𝜀𝑐ℎ; 𝜀𝑐 =
1
𝐸

[

(1 − 𝜈)𝜎𝑐 − 𝜈𝜎𝑟

]

+ 𝜀𝑐ℎ; Constitutive (a)

𝜀𝑟 =
𝜕𝑢
𝜕𝑟
; 𝜀𝑐 =

𝑢
𝑟

Congruence (b)

𝜕𝜎𝑟
𝜕𝑟

+ 2
𝑟
(𝜎𝑟 − 𝜎𝑐 ) = 0 Equilibrium (c)

(3)

where 𝜎𝑟, 𝜀𝑟, 𝜎𝑐 , 𝜀𝑐 are radial and circumferential stress and strain,
respectively, 𝑢 is the radial displacement and 𝜀 is the chemical strain.
𝑐ℎ
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Fig. 1. Partial molar volume and chemical strain of graphite in case of (a) Constant partial molar volume and (b) Concentration-dependent partial molar volume. X-axis refers to
he concentration of lithium ions in the host material.
b
d

2

t
a
c

d
b
c

p
a

m
b
e

2

v
(

The displacement solution is obtained writing the equilibrium Equa-
ion ((3)c) as a function of radial displacement (replacing the congru-
nce and constitutive Equations ((3)a–b)), and integrating twice the
esulting equilibrium equation with respect to the radial coordinate.
urther details concerning this calculation are provided in Appendix A.

Two boundary conditions are applied: the radial stress is set to
ero at the particle boundary (𝑟 = 𝑅), meaning that no mechanical
nteraction with other particles is considered, and the displacement is
o zero at the particle center.

The radial displacement of each point in the particle is got in Eq. (4)
fter the application of the boundary conditions according to the
omputations reported in Appendix A.

(𝑟) = 1 + 𝜈
1 − 𝜈

3
𝑟2 ∫

𝑟

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 +

6(1 − 2𝜈)
1 − 𝜈

𝑟
𝑅3 ∫

𝑅

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 (4)

where 𝜀𝑐ℎ has expression reported in Eq. (1) according to the partial
molar volume hypothesis. It is pointed out that the radial displacement
in Eq. (4) comes back to the expression already known in literature [26]
when a constant partial molar volume is considered (Eq. (1)a).

Radial and circumferential strains are computed with Eq. (3)b,
replacing the displacement solution. The resulting expressions are re-
ported in Eqs. (5).

𝜀𝑟(𝑟) =
(1 + 𝜈)
(1 − 𝜈)

[

𝜀𝑐ℎ(𝑐(𝑟)) −
2
𝑟3 ∫

𝑟

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟

]

+
2(1 − 2𝜈)
(1 − 𝜈)

1
𝑅3 ∫

𝑅

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟

(5a)

𝑐 (𝑟) =
(1 + 𝜈)
(1 − 𝜈)

1
𝑟3 ∫

𝑟

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 +

2(1 − 2𝜈)
(1 − 𝜈)

1
𝑅3 ∫

𝑅

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 (5b)

The strain expressions come back to the expressions known in liter-
ature [26] if a constant partial molar volume is considered (Eq. (1)a).

Stresses are computed by rearranging the constitutive equations
((3)a) as reported in Eq. (6).

𝜎𝑟(𝑟) =
𝐸
[(

𝜕𝑢
𝜕𝑟

− 1
3
∫ 𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

(1 − 𝜈) + 2𝜈
(

𝑢
𝑟
− 1

3
∫ 𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)]

(1 + 𝜈)(1 − 2𝜈)
(6a)

𝜎𝑐 (𝑟) =
𝐸
[(

𝑢
𝑟
− 1

3
∫ 𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝜈 + 2𝜈
(

𝜕𝑢
𝜕𝑟

− 1
3
∫ 𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)]

(1 + 𝜈)(1 − 2𝜈)
(6b)
𝐿

4 
Then, the displacement solution reported in Eq. (4) is replaced in
Eqs. (6) to get the stress solution (Eq. (7)a–b). Furthermore, hydrostatic
stress (𝜎ℎ) is computed in Eq. (7)c.

𝜎𝑟(𝑟) =
2𝐸

(1 − 𝜈)

[

− 1
𝑟3 ∫

𝑟

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 +

1
𝑅3 ∫

𝑅

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟

]

(7a)

𝜎𝑐 (𝑟) =
𝐸

(1 − 𝜈)

[

1
𝑟3 ∫

𝑟

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 +

2
𝑅3 ∫

𝑅

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 − 𝜀𝑐ℎ(𝑐(𝑟))

]

(7b)

𝜎ℎ(𝑟) = 𝜎𝑟(𝑟) + 2𝜎𝑐 (𝑟) =
2
9

𝐸
(1 − 𝜈)

[

9
𝑟3 ∫

𝑅

0
𝜀𝑐ℎ(𝑐(𝑟))𝑟2 𝑑𝑟 − 3𝜀𝑐ℎ(𝑐(𝑟))

]

(7c)

The stress expressions come back to the expressions known in liter-
ature [26] if a constant partial molar volume is considered (Eq. (1)a).

It is emphasized that an analytical solution for displacement, strains,
and stresses is obtained thanks to the spherical geometry, indeed a
closed-form solution cannot be obtained in the more general case, even
for the mechanical field.

At this stage, lithium concentration in intercalated sites (𝑐) has to
e computed with the transport problem, to explicitly determine the
isplacement, strain, and stress.

.2. Transport equations

The concentrated or non-ideal solution model, explained in Sec-
ion 2.2.1, is the most general approach to describe lithium transport
nd intercalation, resulting in a diffusion coefficient dependent on the
oncentration of lithium ions and the electrode potential vs 𝐿𝑖∕𝐿𝑖+.

In Section 2.2.2, the ideal or dilute approach is considered: the
iffusion coefficient is no longer dependent on the electrode potential,
ut the coupling between mechanical and transport equations is still
onsidered.

Finally, the uncoupled model is considered in Section 2.2.3: the cou-
ling between mechanical and transport equations is neglected, as well
s the dependence of the diffusion coefficient on lithium concentration.

In each of the aforementioned models, the dependence of the partial
olar volume on concentration can be either considered or neglected

y adjusting the value of the chemical strain 𝜀𝑐ℎ in accordance with
quation Eq. (1).

.2.1. Non-ideal solution model
The binary solution theory considers li-intercalated sites (LiS) and

acant sites (S) in the host material, according to the reaction in Eq.
8).

𝑖+ + 𝑒− + 𝑆 ⇌ 𝐿𝑖𝑆 (8)
𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑙𝑦𝑡𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 ℎ𝑜𝑠𝑡 ℎ𝑜𝑠𝑡



D. Clerici

𝑁

𝛼

t
i

F
t

𝐿

𝐹

w
m
a

E

𝐹

t
p
c
r

International Journal of Mechanical Sciences 281 (2024) 109541 
It can be referred to concentration of intercalated lithium ions (𝑐𝐿𝑖𝑆 )
or their mole fraction (𝑥𝐿𝑖𝑆 ) interchangeably, even if concentration is
preferred in this work. The relation linking these two quantities is the
following: 𝑐𝐿𝑖𝑆 = 𝑥𝐿𝑖𝑆𝑐𝑚𝑎𝑥, where 𝑐𝑚𝑎𝑥 is the maximum concentration
of lithium ions in the host material. For sake of brevity, 𝑐𝐿𝑖𝑆 (con-
centration of intercalated sites) and 𝑐𝑆 (concentration of vacant sites)
are differentiated just in Section 2.2. Instead, 𝑐 will be employed in
place of 𝑐𝐿𝑖𝑆 throughout the rest of this work to denote the lithium
concentration in intercalated sites.

The thermodynamic potential driving the diffusion of lithium ions
within the particle can be split into two contributions: chemical (𝜇𝐿𝑖𝑆 )
and mechanical (𝜇𝑚𝑒𝑐ℎ), as expressed in Eq. (9)a. Constant temperature
is assumed within the particle, then no thermal diffusion is considered.

The gradient of the thermodynamic potential drives lithium ions
according to the thermodynamic driving force (𝑑𝑓𝐿𝑖𝑆 ) expressed in
Eq. (9)b [24].

𝜇 = 𝜇𝐿𝑖𝑆 + 𝜇𝑚𝑒𝑐ℎ =
(

𝜇0
𝐿𝑖𝑆 + 𝑅𝑔𝑇 ln

(

𝛾𝐿𝑖𝑆
𝑐𝐿𝑖𝑆
𝑐𝑚𝑎𝑥

))

+ (−𝛺𝜎ℎ) (9a)

𝑑𝑓𝐿𝑖𝑆 = 𝑐𝐿𝑖𝑆

(

∇𝜇𝐿𝑖𝑆 −𝛺∇𝜎ℎ

)

(9b)

where 𝜇0
𝐿𝑖𝑆 is the chemical potential at the reference state, 𝑇 is the

temperature, 𝑅𝑔 is the gas constant and 𝛾𝐿𝑖𝑆 represents the activity
correction taking into account the non-ideality of the solution. In the
calculation of Eq. (9)b, the term ∇𝛺 is neglected as it is a differential
of greater order.

From Eq. (9) it results that lithium ions are driven from areas with
higher concentration to areas with a lower concentration of lithium
ions, and from areas in compression to tensile areas.

The molar flux (𝑁𝐿𝑖𝑆 ) is defined in Eq. (10) according to Eq. (9)
and assuming that the saturation concentration of lithium ions in the
host (𝑐𝑚𝑎𝑥) remains constant [32].

𝑁𝐿𝑖𝑆 = − 𝐷
𝑅𝑔𝑇

𝑑𝑓𝐿𝑖𝑆

𝐿𝑖𝑆 = − 𝐷
𝑅𝑔𝑇

𝑐𝐿𝑖𝑆

[

∇𝜇𝐿𝑖𝑆 −𝛺∇𝜎ℎ

]

= − 𝐷
𝑅𝑔𝑇

𝑐𝐿𝑖𝑆

[

𝜕𝜇𝐿𝑖𝑆

𝜕𝑐𝐿𝑖𝑆
−𝛺

𝜕𝜎ℎ
𝜕𝑐𝐿𝑖𝑆

]

∇𝑐𝐿𝑖𝑆

(10)

where the diffusion coefficient of lithium in the host material is given
by the term 𝐷.

The gradients of chemical potential and hydrostatic stress in
Eq. (10) depend on lithium concentration, which depends on the radial
coordinate in turn. Then, both the gradients are differentiated with
respect to lithium concentration, and an explicit expression of 𝜕𝜇𝐿𝑖𝑆

𝜕𝑐𝐿𝑖𝑆
and 𝜕𝜎ℎ

𝜕𝑐𝐿𝑖𝑆
is studied.

Starting considering the term 𝜕𝜇𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

, the chemical potential of the
specie 𝐿𝑖𝑆 (𝜇𝐿𝑖𝑆 ) is reported in Eq. (11).

𝜇𝐿𝑖𝑆 = 𝜇0
𝐿𝑖𝑆 + 𝑅𝑔𝑇 ln(𝛾𝐿𝑖𝑆𝑐𝐿𝑖𝑆 ) (11)

Then, Eq. (12) reports the differential of the chemical potential of
the specie 𝐿𝑖𝑆 with respect to the lithium concentration 𝑐𝐿𝑖𝑆 .
𝜕𝜇𝐿𝑖𝑆

𝜕𝑐𝐿𝑖𝑆
= 𝜕

𝜕𝑐𝐿𝑖𝑆

[

𝑅𝑔𝑇 𝑙𝑛(𝛾𝐿𝑖𝑆𝑐𝐿𝑖𝑆 )
]

=𝑅𝑔𝑇
𝜕

𝜕𝑐𝐿𝑖𝑆

[

𝑙𝑛(𝛾𝐿𝑖𝑆 ) + ln(𝑐𝐿𝑖𝑆 ) − 𝑙𝑛(𝑐𝑚𝑎𝑥)
]

=

=
𝑅𝑔𝑇
𝑐𝐿𝑖𝑆

[

𝜕 ln(𝛾𝐿𝑖𝑆 )
𝜕 ln(𝑐𝐿𝑖𝑆 )

+ 1
]

=

=
𝑅𝑔𝑇
𝑐𝐿𝑖𝑆

𝛼

(12)

=
[

𝜕 ln(𝛾𝐿𝑖𝑆 )
𝜕 ln(𝑐𝐿𝑖𝑆 )

+ 1
]

(13)

The parameter 𝛼 in Eq. (13) considers the non-ideality of the solu-
ion and it is the so-called ‘‘thermodynamic factor’’. The expression
n Eq. (13) cannot be quantified from experimental measurements.
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or this reason, the correlation between equilibrium potential and
hermodynamic factor is investigated.

The equilibrium potential 𝑈 of active material with respect to
𝑖∕𝐿𝑖+ is expressed in Eq. (14).

𝑈 = 𝜇0
𝐿𝑖 + 𝜇𝑆 − 𝜇𝐿𝑖𝑆 (14)

here 𝜇0
𝐿𝑖, 𝜇𝑆 and 𝜇𝐿𝑖𝑆 are the chemical potential of pure lithium

etal, vacant and li-intercalated sites in the host material, respectively
nd 𝐹 is the Faraday constant.

Then, Eq. (14) is differentiated with respect to 𝑐𝐿𝑖𝑆 resulting in
q. (15).

𝜕𝑈
𝜕𝑐𝐿𝑖𝑆

=
𝜕𝜇𝑆
𝜕𝑐𝐿𝑖𝑆

−
𝜕𝜇𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

(15)

Furthermore, 𝜇𝑆 is isolated from the Gibbs–Duhem equation
(𝑐𝐿𝑖𝑆𝑑𝜇𝐿𝑖𝑆 + 𝑐𝑆𝑑𝜇𝑆 = 0) and derived with respect to 𝑐𝐿𝑖𝑆 in Eq. (16).
𝜕𝜇𝑆
𝜕𝑐𝐿𝑖𝑆

= −
𝜕𝜇𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

𝑐𝐿𝑖𝑆
𝑐𝑆

(16)

The differentiation term 𝜕𝜇𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

is got in Eq. (17) by replacing Eq. (16)
in Eq. (15), and considering that the maximum concentration is the sum
of the concentration of vacant and occupied sites (𝑐𝐿𝑖𝑆 + 𝑐𝑆 = 𝑐𝑚𝑎𝑥).
𝜕𝜇𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

= −𝐹 (1 −
𝑐𝐿𝑖𝑆
𝑐𝑚𝑎𝑥

)
𝜕𝑈 (𝑐𝐿𝑖𝑆 )
𝜕𝑐𝐿𝑖𝑆

(17)

Finally, the thermodynamic factor is got in Eq. (18), equating
Eq. (12) and Eq. (17).

𝛼(𝑐𝐿𝑖𝑆 ) = 1 +
𝜕 ln(𝛾𝐿𝑖𝑆 )
𝜕 ln(𝑐𝐿𝑖𝑆 )

= − 𝐹
𝑅𝑔𝑇

𝑐𝐿𝑖𝑆

(

1 −
𝑐𝐿𝑖𝑆
𝑐𝑚𝑎𝑥

)

𝜕𝑈 (𝑐𝐿𝑖𝑆 )
𝜕𝑐𝐿𝑖𝑆

(18)

The thermodynamic factor can be estimated from potential mea-
surements of the electrode material vs 𝐿𝑖∕𝐿𝑖+ thanks to Eq. (18). The
potential curve is flat where the two-phase reaction occurs, making
the thermodynamic factor nearly zero, and eventually decreasing the
chemical driving force (Eq. (12)), creating the concentration jump
between the phases. The influence of the thermodynamic factor on
diffusion during phase transitions will be better explained in Section 3.

The equilibrium potential and its derivative 𝜕𝑈
𝜕𝑐𝐿𝑖𝑆

are functions
of lithium concentration, then the thermodynamic factor makes the
diffusion coefficient dependent on lithium content. The validity of the
non-ideal theory is supported by Baker et al. [32], who showed that the
diffusion coefficient measured with Galvanostatic Intermittent Titra-
tion Technique (GITT) fits pretty well with the composition-dependent
diffusion coefficient computed with non-ideal theory. Similar results
are also obtained by Latz et al. on LMO [66], showing that diffusion
coefficient decreases when a phase transformation is occurring.

Now the term 𝜕𝜎ℎ,𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

in Eq. (10) is considered. The hydrostatic stress
(Eq. (7)c) is derived with respect to the particle radius (𝑟) in Eq. (19).
The integral term in Eq. (7)c is constant with respect to the radius,
then its derivative vanishes. The derivative of the chemical strain 𝜀𝑐ℎ
with respect to the radius is equal to 𝛺

3
𝜕𝑐
𝜕𝑟 , regardless of the assump-

ion made on partial molar volume in Eq. (1): The case of constant
artial molar volume (Eq. (1)a) is trivial. On the other hand, in the
ase of concentration-dependent partial molar volume (Eq. (1)b), the
esult is got considering the chain derivation rule ( 13

𝜕
𝜕𝑟 ∫

𝑐𝐿𝑖𝑆
𝑐𝑠𝑓

𝛺𝑑𝑐𝐿𝑖𝑆 =
1
3

𝜕
𝜕𝑐𝐿𝑖𝑆

(∫ 𝑐𝐿𝑖𝑆
𝑐𝑠𝑓

𝛺𝑑𝑐𝐿𝑖𝑆 )
𝜕𝑐𝐿𝑖𝑆
𝜕𝑟 ).

𝜕𝜎ℎ
𝜕𝑟

=
𝜕𝜎ℎ
𝜕𝑐𝐿𝑖𝑆

𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

= − 2𝐸𝛺
9(1 − 𝜈)

𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

;
𝜕𝜎ℎ
𝜕𝑐𝐿𝑖𝑆

= − 2𝐸𝛺
9(1 − 𝜈)

(19)

Eq. (19) is consistent with the results already found in literature in
the case of constant partial molar volume [26].

The terms 𝜕𝜇𝐿𝑖𝑆
𝜕𝑐𝐿𝑖𝑆

(Eq. (17)) and 𝜕𝜎ℎ
𝜕𝑐𝐿𝑖𝑆

(Eq. (19)) are replaced in the

lithium molar flux (𝑁𝐿𝑖𝑆 ) Eq. (10), resulting in Eq. (20)a.

𝑁𝐿𝑖𝑆 = −𝐷
[

𝛼 + 𝑘𝑚𝑐𝐿𝑖𝑆

]

𝜕𝑐𝐿𝑖𝑆 = −�̄�(𝑐𝐿𝑖𝑆 )
𝜕𝑐𝐿𝑖𝑆 (20a)
𝜕𝑟 𝜕𝑟
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�̄�(𝑐𝐿𝑖𝑆 ) = 𝐷
[

𝛼(𝑐𝐿𝑖𝑆 ) + 𝑘𝑚(𝑐𝐿𝑖𝑆 )𝑐𝐿𝑖𝑆

]

(20b)

𝑘𝑚(𝑐𝐿𝑖𝑆 ) =
2𝐸𝛺2(𝑐𝐿𝑖𝑆 )
9(1 − 𝜈)𝑅𝑔𝑇

(20c)

Eq. (20)a is formulated as the Fick’s law defining the concentration-
ependent diffusion coefficient (�̄�(𝑐𝐿𝑖𝑠)) reported in Eq. (20)b. The

dependence of the diffusion coefficient on the concentration of lithium
is dual: (a) the term 𝑘𝑚 models the coupling between transport and
mechanical equations, as diffusion causes stress and stress affects dif-
fusion reciprocally. (b) The thermodynamic factor 𝛼 models the phase
ransitions of some active materials on the basis of their equilibrium
otential vs 𝐿𝑖∕𝐿𝑖+ (U), according to the non-ideal solution theory.

The mass of lithium ions is conserved within the particle according
o Eq. (21), governing how the concentration of lithium ions changes in
ime within the particle as a result of the boundary molar flux (𝑁𝐿𝑖𝑆 ).
q. (21) is written in radial coordinates (𝑟), taking advantage of the
pherical symmetry of the particle.
𝜕𝑐𝐿𝑖𝑆
𝜕𝑡

+ 1
𝑟2

𝜕
𝜕𝑟

(𝑟2𝑁𝐿𝑖𝑆 ) = 0 (21)

Finally, the lithium molar flux expressed in Eq. (20)a is replaced
n the mass conservation law (Eq. (21)) to obtain the most general
quation governing the transport of lithium ions within the active
aterial particles (Eq. (22)). The boundary conditions consist of a time-
ependent lithium flux 𝑁𝑠𝑢𝑟𝑓𝑎𝑐𝑒(𝑡) over the particle boundary and zero
lux at the particle center.
𝜕𝑐𝐿𝑖𝑆
𝜕𝑡

−𝐷
[

(𝛼 + 𝑘𝑚𝑐𝐿𝑖𝑆 )
(

2
𝑟
𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

+
𝜕2𝑐𝐿𝑖𝑆
𝜕𝑟2

)

+
(

𝜕𝛼
𝜕𝑐𝐿𝑖𝑆

+
𝜕𝑘𝑚
𝜕𝑐𝐿𝑖𝑆

𝑐𝐿𝑖𝑆 + 𝑘𝑚

)(

𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

)2 ]

= 0

𝜕𝑐𝐿𝑖𝑆 (𝑟, 𝑡)
𝜕𝑟

|

|

|

|𝑟=𝑅
= 𝑁𝑠𝑢𝑟𝑓𝑎𝑐𝑒(𝑡), for t ≥ 0

𝜕𝑐𝐿𝑖𝑆 (𝑟, 𝑡)
𝜕𝑟

|

|

|

|𝑟=0
= 0, for t ≥ 0

(22)

where 𝛼 and its derivative with respect to lithium concentration are
reported in Eqs. (23)a–b, respectively.

𝛼 = − 𝐹
𝑅𝑇

𝑐𝐿𝑖𝑠

(

1 −
𝑐𝐿𝑖𝑠
𝑐𝑚𝑎𝑥

)

𝜕𝑈
𝜕𝑐𝐿𝑖𝑠

(23a)

𝜕𝛼
𝜕𝑐𝐿𝑖𝑆

= − 𝐹
𝑅𝑇

[(

1 −
𝑐𝐿𝑖𝑠
𝑐𝑚𝑎𝑥

)

𝜕𝑈
𝜕𝑐𝐿𝑖𝑠

− 𝑐𝐿𝑖𝑆
𝜕𝑈
𝜕𝑐𝐿𝑖𝑠

+ 𝑐𝐿𝑖𝑠

(

1 −
𝑐𝐿𝑖𝑠
𝑐𝑚𝑎𝑥

)

𝜕2𝑈
𝜕𝑐2𝐿𝑖𝑆

]

(23b)

The derivative of 𝑘𝑚 in the case of concentration-dependent and
constant partial molar volume (𝛺) is reported in Eqs. (24)a and (24)b,
respectively.
𝜕𝑘𝑚
𝜕𝑐𝐿𝑖𝑆

= 4𝐸𝛺
9(1 − 𝜈)𝑅𝑔𝑇

𝜕𝛺
𝜕𝑐𝐿𝑖𝑆

(24a)

𝜕𝑘𝑚
𝜕𝑐𝐿𝑖𝑆

= 0 (24b)

The problem in Eq. (22) cannot be computed analytically. Finite
ifference (FDM) [24,32,67] or finite element models (FEM) are usually
mployed, especially implemented in COMSOL Multiphysics [35,68].

.2.2. Ideal solution model
This kind of model is used for modeling materials that do not

ave phase transitions. The interaction between lithium ions is not
onsidered and the activity coefficient 𝛾𝐿𝑖𝑆 is equal to 1. Consequently,
ven 𝛼 becomes equal to 1 according to Eq. (18), and the concentration-
ependent diffusion coefficient (�̄�(𝑐𝐿𝑖𝑆 )), reported in Eq. (20)b,

changes according to Eq. (25)b.

𝑁𝐿𝑖𝑆 = −�̄�(𝑐𝐿𝑖𝑆 )𝑐𝑚𝑎𝑥
𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

(25a)

̄
 (𝑐𝐿𝑖𝑆 ) = 𝐷[1 + 𝑘𝑚𝑐𝐿𝑖𝑆 ] (25b) t

6 
Then, the transport equation changes as reported in Eq. (26).

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑐𝐿𝑖𝑆
𝜕𝑡

−𝐷
[

(1 + 𝑘𝑚𝑐𝐿𝑖𝑆 )
(

2
𝑟
𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

+
𝜕2𝑐𝐿𝑖𝑆
𝜕𝑟2

)

+
(

𝜕𝑘𝑚
𝜕𝑐𝐿𝑖𝑆

𝑐𝐿𝑖𝑆 + 𝑘𝑚

)(

𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

)2]

= 0

𝜕𝑐𝐿𝑖𝑆 (𝑟,𝑡)
𝜕𝑟

|

|

|

|𝑟=𝑅
= 𝑁𝑠𝑢𝑟𝑓𝑎𝑐𝑒(𝑡) for t ≥ 0

𝜕𝑐𝐿𝑖𝑆 (𝑟,𝑡)
𝜕𝑟

|

|

|

|𝑟=0
= 0 for t ≥ 0

(26)

The analytical solution of the problem stated in Eq. (26) was found
y the author in the case of constant partial molar volume exploiting
he solution of the Fick’s problem in Eq. (25), as detailed in the relevant
ublication [26].

The term 𝑘𝑚 still considers the coupling between the transport and
echanical equations, and dependence of partial molar volume on

ithium concentration can be either considered or neglected according
o the expression of 𝑘𝑚 and its derivative reported in Eq. (20)c and (24),
espectively.

.2.3. Uncoupled model
The uncoupled model neglects both the activity correction and the

oupling between mechanical and transport equations, representing the
implest approach to the problem [26].

In this model, the mechanical potential is neglected, then the term
∇𝜎ℎ in the thermodynamic driving force (Eq. (9)b) vanishes, as well

s the activity coefficient is considered equal to one, similarly to the
odel of Section 2.2.2. Then, the diffusion coefficient is no longer

oncentration-dependent and becomes equal to the nominal diffusion
oefficient (�̄� = 𝐷). The lithium molar flux in Eq. (20) is rewritten
ccording to Eq. (27).

𝐿𝑖𝑆 = −𝐷𝑐𝑚𝑎𝑥
𝜕𝑐𝐿𝑖𝑆
𝜕𝑟

(27)

Consequently, the transport equations for the uncoupled model are
reported in Eq. (28).

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑐𝐿𝑖𝑆
𝜕𝑡

−𝐷𝑐𝑚𝑎𝑥
𝜕2𝑐𝐿𝑖𝑆
𝜕𝑟2

= 0

𝜕𝑐𝐿𝑖𝑆 (𝑟, 𝑡)
𝜕𝑟

|

|

|

|𝑟=𝑅
= 𝑁𝑠𝑢𝑟𝑓𝑎𝑐𝑒(𝑡) for t ≥ 0

𝜕𝑐𝐿𝑖𝑆 (𝑟, 𝑡)
𝜕𝑟

|

|

|

|𝑟=0
= 0 for t ≥ 0

(28)

Clearly, a concentration-dependent partial molar volume is mean-
ngless in this model.

The stresses are overestimated in the uncoupled model because the
oupling rises the diffusion coefficient, as the stress gradient is coherent
ith the concentration gradient and enhances the diffusion of lithium

ons [26,28].
The possible expressions of the diffusion coefficient according to the

odel assumptions are reported in Table 1.

. Results

The model is applied to a graphite electrode and it is implemented
n Comsol Multiphysics. Further details about the model implementa-
ion and the customization of the built-in equations are reported in
ppendix B. Graphite is particularly suitable to highlight the feature of

he model explained in this work as it has a concentration-dependent
artial molar volume, and it is characterized by three significant phase
ransitions in its lithiation window.

The operating current is defined as C-rate: 1C corresponds to the
urrent required to completely fill the graphite particle in one hour.
hen, the state of charge (SOC) is considered as the percentage of

ithium ions filling the particle with respect to the maximum concentra-

ion and it is calculated as 𝑆𝑂𝐶 = 𝑐∕𝑐𝑚𝑎𝑥. SOC is also equal to the moles
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Table 1
Expressions of the diffusion coefficient and its terms according to the different model assumptions.

Non-ideal solution Ideal solution

𝛼 − 𝐹
𝑅𝑇

𝑐𝐿𝑖𝑠

(

1 −
𝑐𝐿𝑖𝑠
𝑐𝑚𝑎𝑥

)

𝜕𝑈
𝜕𝑐𝐿𝑖𝑠

1

Concentration-dependent 𝛺 Constant 𝛺 Uncoupled
𝑘𝑚

2𝐸
9(1 − 𝜈)𝑅𝑔𝑇

𝛺2(𝑐𝐿𝑖𝑆 )
2𝐸

9(1 − 𝜈)𝑅𝑔𝑇
𝛺2 0

Non-ideal solution Ideal solution Ideal solution
Concentration-dependent 𝛺 Constant 𝛺 –
Coupled Coupled Uncoupled

�̄� 𝐷
[

𝛼 + 𝑐𝐿𝑖𝑆𝑘𝑚(𝑐𝐿𝑖𝑆 )
]

𝐷
[

1 + 𝑐𝐿𝑖𝑆𝑘𝑚

]

𝐷

Table 2
Graphite material properties and operating conditions.
Property Symbol Value u.m. Ref.

Young modulus 𝐸 15 GPa [69,70]
Poisson ratio 𝜈 0.3 – [24,69]
Density 𝜌 2.10 g

cm3 [24]

Molar volume 𝑉 𝑀
0 34.96 10−6 m3

mol
[24]

Radius 𝑅 10 μm [71]

Zero strain concentration 𝑐𝑠𝑓 0.01𝑐𝑚𝑎𝑥
mol
m3 –

Maximum concentration 𝑐𝑚𝑎𝑥 29 155 mol
m3 Calculated

Initial concentration 𝑐0
Insertion: 0.01𝑐𝑚𝑎𝑥

mol
m3 –

Insertion : 0.97𝑐𝑚𝑎𝑥
mol
m3 –

Constant partial molar volume 𝛺 4.2 10−6 m3

mol
Calculated

Diffusion coefficient 𝐷 2 10−14 m2

s
[72,73]

Operating conditions

Temperature 𝑇 298 𝐾 –
Flux at 1C 𝑁 2.7 10−5 mol

m2s
–

w
n
0
2
T
f
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f
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p
p
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of lithium ions (x) in 𝐿𝑖𝑥𝐶6. Depth of Discharge (DOD) is calculated as
𝐷𝑂𝐷 = 1 − 𝑆𝑂𝐶.

The flux at the particle boundary is computed with Eq. (29), accord-
ng to the C-rate.

𝑠𝑢𝑟𝑓𝑎𝑐𝑒 =
𝑉 𝑐𝑚𝑎𝑥𝐶𝑟𝑎𝑡𝑒
3600𝐴

=
𝑅𝑐𝑚𝑎𝑥𝐶𝑟𝑎𝑡𝑒
3 ⋅ 3600

(29)

here 𝐴 and 𝑉 are the surface area and the volume of the particle.
Then, 1C corresponds to a lithium boundary flux equal to

.7 10−5 mol
m2s , which multiplied by the Faraday constant gives a current

ensity equal to 2.6A∕m2, according to Eq. (29) using the graphite
roperties reported in Table 2.

The Young’s modulus of graphite is taken constant in this work. In
iterature some studies reported that Young’ modulus increases with
OC [70,74]. Nevertheless, few studies exist in literature and a reliable
valuation is missing.

.1. Concentration and stress computed with non-ideal solution model

The concentration distribution resulting from the insertion and the
xtraction at low and high C-rates (C/2 and 2C) are reported in Fig. 2.

The concentration is not evenly distributed in the particle, but local-
zed jumps occur during both insertion and extraction, corresponding
o the three phase transitions taking place in graphite. This result
s consistent with the outcome of Bohn et al. [33], who described
hase transitions in graphite with a different thermodynamic approach.
urthermore, the shape of the concentration jumps at the phase bound-
ries are in agreement also with the work of Song et al. [75], who
omputed concentration and stress resulting from phase separation in
FP particles with a different modeling approach.

Phase transitions can be detected by the shape of the equilibrium
otential: a phase transition is occurring where the potential is flat
 m

7 
ith respect to x, and the resulting thermodynamic factor drops sig-
ificantly. Fig. 3 shows that phase transitions occur in the SOC range
.05–0.12 (transition from phase 1L to 4L), 0.25–0.5 (phase 3L/2L to
), and 0.5–1 (phase 2 to 1), matching the concentration jump in Fig. 2.
he steep concentration gradient is caused by the thermodynamic
actor 𝛼: it tends to zero where the potential is nearly flat, as shown
n Fig. 3, because of the term 𝜕𝑈

𝜕𝑐 in Eq. (18). The low thermodynamic
actor locally decreases the diffusion coefficient (refer to Eq. (20)),
ausing the concentration drop observed in Fig. 2.

When a phase transition occurs, the boundary between the two
hases moves within the particle. The boundary moves towards the
article center during insertion, and the li-rich phase grows at the
xpense of the li-poor phase. Vice versa during extraction.

The shift of the phase boundary from the surface to the core is
learly evident during extraction across all phase transitions. During
nsertion, the moving boundary between phases 1L and 4L, as well as
etween phases 3L/2L and 2, is visible; however, the boundary between
hases 2 and 1 is not discernible. It is likely that a non-Fickian diffusion
odel would more effectively describe this transition.

From the experimental point of view, Yang et al. [60] measured
ynchronously the strain and concentration field of graphite electrodes
n real-time, and Shi et al. [61] measured just concentration. They
bserved a concentration trend at electrode scale pretty similar to the
ne reported in Fig. 2, suggesting that lithium diffusion at particle
nd electrode scale follows a similar mechanism. Funabiki et al. [62]
erformed a potential-step chronoamperometry and AC impedance
pectroscopy and observed the nucleation and phase-boundary move-
ent of different phases within a graphite electrode, coherent with the
hase boundary movement in Fig. 2. At particle scale, Heß et al. [63]
pplied the thin-layer technique to study graphite particle properties.
hey suggested a concentration distribution and phase boundary move-
ent in agreement with the results of Fig. 2. In particular, the shape
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Fig. 2. Concentration of lithium ions within the graphite particle. Blue shades refer to different times: starting from dark blue at the beginning of the operation and gradually
fading to light blue towards the end. (a) and (b) refer to extraction at C/2 and 2C, (c) and (d) refer to insertion at C/2 and 2C.
Fig. 3. Open circuit potential (𝑈) and thermodynamic factor (𝛼) of Graphite. The three
main phase transitions are depicted in the SOC range where they belong.

of the concentration profile, characterized by jumps between different
phases is reported in Figures 10 and 12 in Ref. [63], and the phase
boundary movement in Figures 11 and 13 in Ref. [63].

To prove the correctness of the concentration results, it is essential
to emphasize that the concentration levels at which phase transitions
occurs in Fig. 2 correspond precisely to those observed experimentally.
Furthermore, since the stress distribution depends uniquely on the
concentration distribution within the active material particle (Eq. (7)),
the agreement between the concentration distribution predicted by the
8 
model and the experimental observation allows to safely infer that
also the stress distribution inside the particle, that cannot be measured
experimentally, is correct.

Concerning the effect of the current rate, a higher current causes
a steeper concentration gradient because of the greater boundary flux,
leading to greater stress.

Radial and hoop stresses within the graphite particle are reported
in Fig. 4 for a current rate equal to 1C.

The stresses in the two hoop directions are equal because of the
spherical symmetry. Radial stress vanishes at the particle boundary,
according to the boundary condition. Furthermore, stress is hydrostatic
at the particle center as the stresses in the radial and hoop (principal)
directions are equal. Stress sign is exactly the opposite comparing
insertion and extraction.

It is worth mentioning that tensile hoop stress is the driving force for
cracks propagation, which are likely to grow at the center of the particle
during insertion and at the boundary during extraction [12,15,16].
Then, an accurate prediction of hoop stress is needed to evaluate
battery degradation in physics based model, considering also fracture
mechanics [19,20].

The stresses as a function of the SOC at different current rates are
reported in Fig. 5, both in extraction and insertion. The stresses are
computed in the most critical position within the particle: radial stress
is always computed at the particle center, hoop stress is computed
at the particle center during insertion and at the boundary during
extraction. Radial and hoop stress at the particle center, reported in
Fig. 5, are identical because the stress state is hydrostatic. The current
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Fig. 4. Stress within the graphite particle. Shades refer to different times: starting from blue at the beginning of the operation and gradually fading to green towards the end. (a)
and (b) refer to radial and hoop stress during extraction, and (c) and (d) refer to radial and hoop stress during insertion.
rates are considered up to 3C in extraction (corresponding to the
discharge of the full battery) and 2C in insertion (corresponding to the
charge of the full battery).

The stress trend is dominated by phase transitions: a stress peak
is identifiable at the SOCs where phase transitions occur, namely in
the SOC ranges 0.05–0.12, 0.25–0.5, and 0.5–1. The peak is due to
the steep concentration gradient at the boundary between the two
phases. The stress peaks are wider when longer phase transitions occur
(e.g. transition 2–1, which spans half of the SOC window from SOC
0.5 to 1). On the other hand, stress peaks are more localized when the
transitions occur in a narrow SOC range (e.g. transition 1L–4L from
SOC 0.05 to 0.12).

SOC and DOD are calculated normalizing the capacity with respect
to the C/5 capacity, to capture the capacity reduction at higher rates.
This ensures that the stress peak remains well-aligned at various current
rates. Indeed, stress peaks are caused by phase transitions occurring at
the same lithium occupancy (and thus battery capacity), independently
on current rate. Some minor misalignments of the stress peaks are
observed, probably due to computational errors.

The volumetric strain of the graphite particle, calculated as ex-
plained in Eq. (30), is reported in Fig. 6a–b.

𝜀𝑣 = 𝛥𝑉 =
𝑉 − 𝑉0 = 3𝑢𝑅2 + 3𝑢2𝑅 + 𝑢3 ∼ 3𝑢 (30)
𝑉0 𝑉0 𝑅3 𝑅

9 
The volumetric strain of graphite has the characteristic 3-stage
shape when the concentration-dependent partial molar volume is con-
sidered, according to the data reported in Fig. 1b [51,53]. Then, it
is evident that this characteristic is lost as soon as a constant partial
molar volume is assumed, as demonstrated by the comparison of solid
and dashed lines in Fig. 6a–b. The model results in Fig. 6 fit satisfac-
torily the volumetric strain measured in lithiated graphite lattice by
Schweidler et al. [51].

3.2. Comparison between non-ideal and ideal solution model

In this section, the comparison of the concentration and the stress
obtained with the non-ideal solution model proposed in this work and
the traditional ideal model, as well as the influence of the
concentration-dependent partial molar volume assumption, are dis-
cussed.

At first, the comparison between the concentration distribution
obtained with the non-ideal and ideal solution model is shown in Fig. 7.

The hypothesis about partial molar volume does not affect the
concentration field significantly, keeping similar both with the constant
and concentration-dependent assumption. For this reason, a figure
justifying this result is not provided. The concentration trend change
significantly between non-ideal (Figs. 7a, c) and ideal solution model
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Fig. 5. Stress within the graphite particle as a function of SOC for different current rates. DOD is 1-SOC. SOC and DOD are calculated normalizing the capacity with respect to
the C/5 capacity, to capture the capacity reduction at higher rates. The model is the non-ideal solution with concentration-dependent partial molar volume. (a) and (b) refers to
radial and hoop stress during extraction, respectively. On the other hand, (c) and (d) refers to radial and hoop stress during insertion, respectively. The red dot in the particle
sketch shows the position within the particle where the stress is computed.

Fig. 6. Volumetric strain of the particle during (a) insertion and (b) extraction at different current rates. Solid and dashed lines refer to the model with concentration-dependent
and constant partial molar volume assumptions, respectively. Crosses refer to the experimental measurements [51].
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Fig. 7. Comparison among concentration computed with different models: (a) and (c) refer to the non-ideal solution with concentration-dependent partial molar volume, and (b)
and (d) refer to the ideal solution with constant partial molar volume. Insertion is reported in (a) and (b), extraction in (c) and (d). Blue shades refer to different times: starting
from dark blue at the beginning of the operation and gradually fading to light blue towards the end.
(Figs. 7b, d), as the concentration drops due to phase changes vanish,
and a smooth concentration evolution occurs.

With regard to stresses, the same comparison is reported in Fig. 8.
The most significant difference exists between the non-ideal (solid

and dashed lines) and ideal solution model (dotted line), with differ-
ences up to 85%. The stress trend of the ideal model is flat or linear, on
the other hand, the stress trend computed with the non-ideal solution
model shows peaks in correspondence of the phase transitions. Indeed,
three peaks are observed at SOC 0.1, around SOC 0.4, and from SOC 0.5
to 1, corresponding exactly to the three phase transitions of graphite.

The difference between concentration-dependent and constant as-
sumptions on partial molar volume models is meaningful when consid-
ering stress, even if differences are less evident than the ideal/non-ideal
comparison. The main change is the reduction (about 40%) of the stress
peak due to phase change 3L/2L-2, as it is characterized by a partial
molar volume lower than the constant value (refer to Fig. 1a–b). The
partial molar volume of the phases 1L/4L is greater than the assumed
constant value, reflecting in higher stress (about 30%). On the other
hand, constant partial molar volume is similar to the concentration-
dependent in the range where the phase transition 1/2 occurs, resulting
in similar stress peaks (differences lower than 10%). It is pointed out
that these results are obtained for graphite, but they can substantially
change for other materials. In the case where partial molar volume
shows a greater change, the stress computed with a concentration-
dependent partial molar volume becomes substantially different with
respect to the constant case.
11 
4. Conclusions

This work assesses the diffusion-induced stress amplification in
active materials for electrodes of LIBs showing phase transitions, adopt-
ing the non-ideal solution diffusion model. Indeed, the lithium ions
concentration inhomogeneity at the phase boundary causes a local-
ized strain mismatch, leading to a severe stress magnification that
cannot be captured by the traditional ideal model proposed in the
literature. The influence of phase transitions on the lithium diffusion
and the consequent stress magnification is considered by defining
an equivalent diffusion coefficient, dependent on the equilibrium po-
tential of the host material with respect to 𝐿𝑖∕𝐿𝑖+. Furthermore, a
concentration-dependent partial molar volume is implemented in the
model, in agreement with experimental measurements on phase-change
materials.

Graphite is chosen as a case study. The concentration distribution
computed with the model is in agreement with the alternating phase
transitions observed experimentally with in-situ imaging techniques.
The stress is strongly affected by the concentration inhomogeneity due
to phase transitions, and it is up to 85% higher with respect to the
result of the ideal solution model usually applied in the literature.
Stress is influenced by the assumption made on partial molar volume
as well, with differences up to 40% with respect to the traditional
constant value considered in the literature. In conclusion, this work
demonstrates the necessity to include the effects of phase transitions
on the diffusion-induced stress calculation, otherwise the stress may
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Fig. 8. Comparison among stresses computed with different models: (a) and (b) are Radial and hoop stress in extraction, and (c) and (d) in insertion, respectively. Solid lines
refer to the non-ideal solution with concentration-dependent partial molar volume, dashed lines refer to the non-ideal solution with constant partial molar volume, and dotted
lines refer to the ideal solution with constant partial molar volume. The red dot in the particle sketch shows the position within the particle where the stress is computed. The
SOC ranges where phase transitions occur are displayed with different colors, and the names of the phases are reported at the top of the plots.
p

w

be significantly underestimated. This kind of approach is meaningful
in the view of evaluating the electrode damage and further elaborate
physics-based battery damaging model.
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Appendix A. Integration of the mechanical field

The mechanical field is obtained by solving the system of constitu-
tive, congruence, and equilibrium equations reported in Eq. (3). At first,
a single equation dependent on displacement is got from the Equation
system (3), replacing the congruence Equation ((3)b) in the constitutive
equation expressed as Eq. (6), and the latter in the equilibrium Equation
((3)c), resulting in Eq. (A.1).

𝜕2𝑢
𝜕𝑟2

+ 2
𝑟
𝜕𝑢
𝜕𝑟

− 2 𝑢
𝑟2

= 1
3
1 + 𝜈
1 − 𝜈

𝜕
𝜕𝑟

(

∫

𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

(A.1)

Eq. (A.1) is integrated for the first time between zero and a general
article radius, leading to Eq. (A.2). The term 2

𝑟
𝜕𝑢
𝜕𝑟 is integrated by parts

leading to 2𝑢
𝑟 + 2 ∫ 𝑟

0
𝑢
𝑟2
𝑑𝑟.

𝜕𝑢
𝜕𝑟

+ 2𝑢
𝑟

+ 2∫

𝑟

0

𝑢
𝑟2

𝑑𝑟 − 2∫

𝑟

0

𝑢
𝑟2

= 1
3
1 + 𝜈
1 − 𝜈

(

∫

𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

+𝐾1 (A.2)

here 𝐾1 is the first integration constant.
Eq. (A.2) is multiplied by 𝑟2 and then integrated a second time
etween zero and a general particle radius, leading to Eq. (A.3). The



D. Clerici

w

m

𝑢

b

i

a
g

t
s

A

m
p
s

International Journal of Mechanical Sciences 281 (2024) 109541 
term 𝑟2 𝜕𝑢
𝜕𝑟 is integrated by parts leading to 𝑢𝑟2 − 2 ∫ 𝑟

0 𝑟𝑢 𝑑𝑟.

𝑢𝑟2 + −2∫

𝑟

0
𝑟𝑢 𝑑𝑟 + 2∫

𝑟

0
𝑟𝑢 𝑑𝑟 = 1

3
1 + 𝜈
1 − 𝜈 ∫

𝑟

0

(

∫

𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝑟2 𝑑𝑟 +𝐾1
𝑟3

3
+𝐾2

(A.3)

here 𝐾2 is the second integration constant.
Eq. (A.3) is rearranged in Eq. (A.4) to express the radial displace-

ent.

= 1
3
1 + 𝜈
1 − 𝜈

1
𝑟2 ∫

𝑟

0

(

∫

𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝑟2 𝑑𝑟 +𝐾1
𝑟
3
+𝐾2

1
𝑟2

(A.4)

The two integration constants are determined by imposing the
oundary conditions.

At first, null displacement at the particle center is imposed, resulting
mmediately in 𝐾2 = 0.

The first integration constant (𝐾1) is got imposing null radial stress
t the particle boundary. Then, Eq. (A.4) is derived with respect to 𝑟 to
et 𝜕𝑢

𝜕𝑟 in (A.5).

𝜕𝑢
𝜕𝑟

= 1
3
1 + 𝜈
1 − 𝜈

[

∫

𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐 − 2

𝑟3 ∫

𝑟

0

(

∫

𝑐

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝑟2 𝑑𝑟
]

+
𝐾1
3

(A.5)

Then, the particle radius (𝑅) is replaced in Eq. (A.4) to get 𝑢(𝑅), and
in Eq. (A.5) to get 𝜕𝑢

𝜕𝑟 |𝑟=𝑅, as reported in Eq. (A.6).

𝑢(𝑅) = 1
3
1 + 𝜈
1 − 𝜈

1
𝑅2 ∫

𝑅

0

(

∫

𝑐(𝑅)

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝑟2 𝑑𝑟 +𝐾1
𝑅
3

(A.6a)

𝜕𝑢
𝜕𝑟

|

|

|

|𝑟=𝑅
= 1

3
1 + 𝜈
1 − 𝜈

[

∫

𝑐(𝑅)

𝑐𝑠𝑓
𝛺𝑑𝑐 − 2

𝑅3 ∫

𝑅

0

(

∫

𝑐(𝑅)

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝑟2 𝑑𝑟
]

+
𝐾1
3

(A.6b)

Eq. (A.6) are replaced in the radial stress (Eq. (6)), which is imposed
equal to zero, finally obtaining the value of 𝐾1.

The values of the integration constants together with the respective
boundary conditions are reported in Eq. (A.7).

⎧

⎪

⎨

⎪

⎩

𝑢(𝑟 = 0) = 0 ⟶ 𝐾2 = 0

𝜎𝑟(𝑟 = 𝑅) = 0 ⟶ 𝐾1 =
2(1 − 2𝜈)
1 − 𝜈

1
𝑅3
∫ 𝑅

0

(

∫ 𝑐(𝑅)

𝑐𝑠𝑓
𝛺𝑑𝑐

)

𝑟2 𝑑𝑟

(A.7)

The integration constants reported in Eq. (A.7) are replaced in
he general displacement solution (Eq. (A.4)) to get the displacement
olution reported in Eq. (4).

ppendix B. Model implementation

The model is implemented in Comsol Multiphysics. A 2D axisym-
etric semicircle is chosen as the domain to model the spherical
article, and the vertical axis is the symmetry axis. A polar reference
ystem is chosen, where 𝑟 is the radial coordinate, 𝜙 is latitude and 𝑧

is longitude. The model is implemented using the ‘‘solid mechanics’’
and the ‘‘transport of diluted species’’ interfaces. It is preferred to use
the latter instead of ‘‘the transport of concentrated species’’ interface
because of the greater versatility.

The chemical strain is modeled as ‘‘hygroscopic swelling’’, adding
the chemical strain contribution written as Eq. (1) to the elastic
strain. Then, the concentration calculated with the ‘‘transport of diluted
13 
Table C.3
Graphite properties.

Partial molar volume −2.50 10−3(𝑠𝑜𝑐)7 + 9.70 10−3(𝑠𝑜𝑐)6 − 1.46 10−2(𝑠𝑜𝑐)5

+1.05 10−2(𝑠𝑜𝑐)4 − 3.62 10−3(𝑠𝑜𝑐)3 + 5.14 10−4(𝑠𝑜𝑐)2

Lithiation −2.70 10−5(𝑠𝑜𝑐) + 6.66 10−6

Partial molar volume −2.53 10−3(𝑠𝑜𝑐)7 + 9.91 10−3(𝑠𝑜𝑐)6 − 1.49 10−2(𝑠𝑜𝑐)5

+1.06 10−2(𝑠𝑜𝑐)4 − 3.41 10−3(𝑠𝑜𝑐)3 + 3.13 10−4(𝑠𝑜𝑐)2

Delithiation +2.84 10−5(𝑠𝑜𝑐) + 2.71 10−6

Open circuit voltage

0.124 + 1.5 𝑒𝑥𝑝(−150 𝑠𝑜𝑐) + 0.0155 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.105
0.029

)
−0.011 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.124

0.0226
) − 0.102 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.194

0.142
)

+0.0347 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.286
0.083

) − 0.0147 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.5
0.034

)
−0.0045 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.9

0.119
) − 0.022 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.98

0.0164
)

−0.035 𝑡𝑎𝑛ℎ( 𝑠𝑜𝑐−0.99
0.05

)

species’’ interface is attributed to the moisture concentration requested
by the ‘‘hygroscopic swelling’’.

The ‘‘transport of diluted species’’ interface is already implemented
in Comsol according to the uncoupled model explained in Section 2.2.3.
The non-ideal solution model with concentration-dependent partial
molar volume explained in Section 2.2.1 is got modifying the flux
equations according to Eq. (B.1). The three equations in (B.1) are the
flux components along the three polar directions, named in Comsol as
‘‘tds.dflux_cr’’, ‘‘tds.dflux_cphi’’, and ‘‘tds.dflux_cz’’, respectively.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐽𝑟 = −𝐷𝑟𝑟(𝛼 + 𝑘𝑚𝑐)
𝜕𝑐
𝜕𝑟 −𝐷𝑟𝑧(𝛼 + 𝑘𝑚𝑐)

𝜕𝑐
𝜕𝑧

𝐽𝜙 = −𝐷𝜙𝑟(𝛼 + 𝑘𝑚𝑐)
𝜕𝑐
𝜕𝑟 −𝐷𝜙𝑧(𝛼 + 𝑘𝑚𝑐)

𝜕𝑐
𝜕𝑧

𝐽𝑧 = −𝐷𝑧𝑟(𝛼 + 𝑘𝑚𝑐)
𝜕𝑐
𝜕𝑟 −𝐷𝑧𝑧(𝛼 + 𝑘𝑚𝑐)

𝜕𝑐
𝜕𝑧

(B.1)

A non-isotropic diffusion coefficient 𝐷 can be defined in Comsol,
anyway all the components have the same value in this model. Then,
the differentials of the flux components are computed in Eq. (B.2).
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𝜕𝑟

)2
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= 0
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](
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)
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𝜕2𝑐
𝜕𝑧2

−𝐷𝑧𝑧

[

𝜕𝛼
𝜕𝑐
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𝜕𝑘𝑚
𝜕𝑐

𝑐 + 𝑘𝑚

](

𝜕𝑐
𝜕𝑧

)2

(B.2)

Finally, the residual equation (named ‘‘tds.Res_c’’ in Comsol) is
modified as follows in Eq. (B.3), with the results of Eq. (B.2).

∇ ⋅ 𝐽 = 𝑅;
𝜕𝐽𝑟
𝜕𝑟

+
𝜕𝐽𝜙
𝜕𝜙

+
𝜕𝐽𝑧
𝜕𝑧

= 𝑅 (B.3)

Appendix C. Interpolated quantities

The interpolated Equilibrium potential of graphite vs 𝐿𝑖∕𝐿𝑖+ taken
from Christensen et al. [24] and the interpolation of partial molar vol-
ume computed with Eq. (2) from the volumetric strain measurements
on lattice structure of graphite [51] are reported in Table C.3.
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