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ABSTRACT

ABSTRACT

Geomagnetic disturbances (GMDs) are wide-area natural hazards caused by solar activity,
which induce low-frequency geoelectric fields on the earthôs surface. The resulting geomag-
netically induced currents (GICs) in the power grid can lead to the half-wave saturation of
transformer, and the pipe-to-soil potential may interfere with the cathodic protection system,
which may pose a potential threat to the reliable operation of large-scale AC transmission grids
and gas pipeline networks. Therefore, understanding the induced voltage and current levels in
the energy system due to extreme GMDs is of great significance for further assessment and
mitigation of geomagnetic hazards. The increasingly interconnected and coupled transmission
grids and gas pipeline networks are subject to complex spatially distributed geoelectric fields,
which requires more efficient and generalized geomagnetic induction models. In this respect,
this dissertation studies the wide-area spatiotemporal distribution characteristics of the geo-
electric fields, proposes several reduced geomagnetic induction models for power grids and
pipeline networks, and further establishes a comprehensive induction model that considering
the coupling between these two networks.

First, the evaluation scenarios of the geoelectric fields induced by extreme GMD are con-
structed for the geomagnetic induction analysis of energy networks, considering the intensity
of geomagnetic activity and the distribution of three-dimensional earth conductivity. Typi-
cal scenarios such as 100-year, 200-year and 10,000-year events are constructed for extreme
geomagnetic variations, by combining the extreme value statistical method with the theoret-
ical upper limit of the disturbance storm time index. Then, a Bayesian inversion method for
horizontally layered earth structure is proposed, which can quantify the impact of measure-
ment noise and shielding effects on the estimation performance from a statistical perspective.
In addition, the nonuniform wide-area geoelectric fields on the earthôs surface are calculated
considering complex earth resistivity distribution such as the coast.

Then, this study proposes a model reduction method for GIC calculation in lumped parameter
circuits of the power grids. A reduced nodal admittance matrix method is proposed for GIC
calculation in power grids based on Kron reduction, which reduces the size of GICmodel while
retaining the positive definiteness and sparsity of the design matrix. Moreover, the impact of
transformer reactive power loss caused by GIC on the voltage security of the power system is
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evaluated. A compressed surrogate computational model for multiple AC voltages is estab-
lished based on the generalized polynomial chaos expansion method and principal component
analysis, which can speed up the uncertainty quantification of AC voltages in bulk transmission
systems during GMD compared to traditional Monte Carlo method.

Furthermore, this study proposes a reduced method for the distributed parameter circuit of
buried pipelines. A modified equivalent pi-circuit model for pipelines excited by nonuniform
geoelectric field is derived based on transmission line theory, which can efficiently solve the
geomagnetic induction in large-scale interconnected pipeline networks in the cases of nonuni-
form geomagnetic source field and complex earth conductivity distribution. Furthermore, the
proposed equivalent circuit can be used to efficiently evaluate the nonlinear polarization effects
of coating breakdown. The proposed equivalent circuit is then extended to the calculation of
other types of electromagnetic interference on buried pipelines, such as the conductive inter-
ference caused by the HVDC earth return currents.

Finally, this study proposes a novel geomagnetic induction calculation model that considers
the coupling between the AC transmission system and the pipeline network. The substation
grounding currents may interact with the leakage currents from nearby buried pipelines through
the earth during GMD, which is not fully considered in classical geomagnetic induction studies.
Hence, a more comprehensive nodal voltage analysis is conducted to evaluate the geomagnetic
induction in integrated systems, where the conductive coupling between grounded nodes is
characterized by ground transfer resistances. The results of several test cases indicate the need
to account for the coupling between the substation grounding grid and the buried pipeline in
order to predict the distribution of the geomagnetic response accurately.

In summary, in this research activity, more generalized modeling methods are developed for
the geomagnetic induction in transmission grids, gas pipeline networks and their integrated
systems, by considering the influence of nonuniform geoelectric fields, uncertain input param-
eters, nonlinear components, and conductive coupling. And the proposed algorithms enable
more rigorous evaluation of the response in energy networks and are promising for online ap-
plications, which lays the foundation for further GMD risk assessment and mitigation.

KEYWORDS:Geomagnetic disturbances; Geomagnetically induced currents; Pipe-to-soil
potentials; Integrated power-gas systems; Model reduction; Uncertainty quan-
tification
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1 Introduction

1 Introduction

1.1 Research Background and Significance

Geomagnetic disturbance (GMD) is a small-probability, but high-impact global natural
hazard caused by solar activities such as coronal mass ejections. According to Faradayôs law
of electromagnetic induction, the changing magnetic field induces low-frequency (0.1 mHz͠
0.1 Hz) geoelectric fields on the earthôs surface, which drives geomagnetically induced currents
(GICs) in the energy systems[1, 2]. GMDmay pose a threat to the reliability of the ground-based
wide-area energy networks, including AC transmission grids and gas pipeline networks[3-8].
Figure 1-1 shows themechanism ofGMDs and the process of their impact on the energy system.

1

Space weather 
initiated by

solar activity
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Figure 1-1 Schematic diagram of the process from the origin of GMD to its ultimate impact on the
energy system.

GICs in power grids give rise to half-cycle saturation of the transformers, causing hot spot
heating[9, 10], increased reactive power loss[11-15] and harmonics injection[16], which may pose a
threat to the reliability of the electrical equipment and the power grid. One of the most serious
accident resulted from the GMD on power systems occurred in March 1989, which caused the
burning of a transformer in the Qu®bec power grid in Canada and a power outage for 9 hours[17].
During strong GMD, the intensity of geomagnetic variations is related to geomagnetic latitude.
Generally, the magnitude of geomagnetic variations is greater in high latitudes. Recent studies
have found that power grids in low-latitude and middle-latitude regions, such as China[18],
South Africa[19], Spain[20], and New Zealand[21], may also be severely interfered by GIC, due
to the characteristics of the power grid and the earth resistivity structure. For instance, during
the GMD event from November 7 to 9, 2004, the peak value of the neutral GIC measured at
the main transformer of Lingôao substation in China reached 75.5 A[18].

The resulting pipe-to-soil potentials (PSP) and GIC in the pipeline networkmay accelerate
the corrosion of the pipeline, interfere with the cathodic protection system and other electrical
equipment along the pipeline, which may have the potential to reduce the service life and
even affect the operational safety of the pipeline[22-27]. Hence, calculation of the geomagnetic
induction in the pipeline is of great significance for evaluating the impacts of geomagnetic
storms and identifying vulnerable pipes for protection.
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Modern power and pipeline networks are expanding in size and transmission distance,
making them more vulnerable to GMD. In ultra-high voltage and extra-high voltage AC trans-
mission systems, the resistances of transmission lines and transformer windings are generally
small in order to reduce losses. As a result, larger GIC levels will occur during GMD. The
metal tubes of natural gas pipelines are usually insulated from the soil with the coating to pre-
vent corrosion. Modern coatings with improved quality have large resistivities, which may
result in larger induced voltages during GMD.

In recent years, the assessment and mitigation of the GMD impacts on ground-based in-
frastructure has received widespread attention from the fields of space physics, geophysics,
and energy engineering. In 2019, the US National Science and Technology Council released
the ñNational Space Weather Strategy and Action Planò, which requires the establishment of
reference space weather events, improving the modeling of its impact on critical infrastruc-
ture and improving corresponding protection capabilities[28]. In 2021, the UK Department for
Business, Energy & Industrial Strategy released the ñUK Severe Space Weather Preparedness
Strategyò, which requires improving the prediction of space weather events and assessing their
effects on the infrastructures[29]. In the European Risk fromGeomagnetically Induced Currents
(EURISGIC) project carried out from 2011 to 2014, the piecewise uniform one-dimensional
layered earth models were established for Europe, which were used to evaluate the GIC lev-
els in the European interconnected power grid[30]. Engineering standards related to the impact
of GMD on the power grid are being formulated and revised. In 2015, an IEEE standard for
transformer capacity evaluation during GMDwas developed to evaluate the operating status of
transformers under different levels of load and GIC[31]. In 2020, the North American Electric
Reliability Corporation developed the TPL-007 standard, which constructs the benchmark and
supplementary 100-year GMD events in North America for long-term planning of the power
system[32].

According to the generation mechanism of geomagnetic induction, the modeling of in-
duced currents and voltages in the energy systems can be divided into two relatively indepen-
dent steps, namely the ñgeophysical stepò and the ñengineering stepò, which are the calculation
of the induced electric field and the calculation of induction in the energy networks, respec-
tively[33].

1. In the geophysical step, the induced geoelectric field on the surface is calculated using
the space current source model or the magnetic field data recorded by the geomagnetic
observatories, combined with the earth conductivity model;

2. In the engineering step, the geoelectric field can be modelled as a DC voltage source
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superimposed on the transmission line, thus the GIC in each branch of the network can
be calculated through the circuit analysis. For quasi-DC geoelectric field excitation,
the power grid and pipeline network are modeled as circuit systems with lumped and
distributed parameters, respectively. It depends on their different grounding charac-
teristics: the power grid is discretely grounded through the substation grounding grid,
while the pipeline is distributed grounded through the leakage resistance of the coating.

Therefore, the modeling and calculation of geomagnetic induction in large-scale power
networks and pipeline networks under extreme GMD scenarios is of great importance, which
lays the foundation for further GMD risk assessment and mitigation. On the one hand, it is
necessary to construct more reasonable worst-case GMD input scenarios and calculate the cor-
responding non-uniform distribution of the geoelectric field in a wide area. On the other hand,
more general and efficient induction models for energy networks are required. In order to rig-
orously and comprehensively assess the level of geomagnetic induction in energy networks, it
is necessary to consider the influences of non-uniform electric fields, random parameters and
nonlinear elements.

1.2 State of the Art of the Research

1.2.1 Existing Study About Modeling Electromagnetic Environments in Ex-
treme GMD Scenarios

It is of great significance to construct typical extreme GMD scenarios to provide guid-
ance for risk assessment of energy systems in engineering practice. Digital geomagnetic data
with sampling period of 1-minute or even smaller have been collected for decades worldwide.
However, it is usually necessary to consider more serious GMD scenarios for risk assessment.
The extreme value analysis (EVA) is widely adopted for generating the 100-year and 200-year
GMD events for North America and Europe, etc. Pulkkinen et al. estimated the 100-year return
level of the induced geoelectric field using one-dimensional layered earth models based on the
assumption of a lognormal distribution[34]. Thomson et al. estimated the 100-year and 200-year
return levels of geomagnetic field variations and their rate-of-change using the geomagnetic
observations in Europe based on extreme value statistical theory[35]. However, these classical
events are not sufficient for safety-critical nodes such as the ultra-high voltage (UHV)/extra-
high voltage (EHV) substations and nuclear power plants. In recent years, the 10,000-year
GMD event has been concerned by researchers and adopted by engineering standards[36, 37].

Earth resistivity structure is the basis for calculating substation grounding parameters,
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which is important for ensuring the safety of electrical equipment and operating personnel[38, 39].
The grounding parameters of high-voltage substations depend on the soil resistivity at depths
of hundreds of meters, which usually presents a layered structure. In addition, the soil resis-
tivity model also plays a key role in evaluating the electromagnetic interference on the power
systems from HVDC earth return currents[40] and geomagnetic disturbances, etc. The electri-
cal sounding method is widely employed to interpret the layered earth, including the resistivity
and thickness of each layer. A reasonable soil structure can be inverted by fitting the measured
apparent resistivity data. The parameter estimation of a layered structure is usually modeled
as a single-objective, multi-parameter, nonlinear optimization problem.

The optimization algorithms for earth inversion can be divided into two categories. The
first category is the traditional non-heuristic optimization algorithms, e.g. Newton method[41],
quasi-Newton method[42], Levenberg-Marquardt algorithm[43-45], etc. It is computationally ef-
ficient, but usually requires the derivative of the objective function. Moreover, it depends on
the selection of the initial guess for iterations, which tends to trap in local optima especially for
themultilayer structures. Alamo compared the performance of eight non-heuristic optimization
methods for the inversion of a two-layer earth[46]. The other category is the heuristic optimiza-
tion algorithms, e.g. genetic algorithm[47-49], particle swarm optimization[50], differential evo-
lution algorithm[51, 52], simulated annealing algorithm[53] and artificial bee colony algorithm[54],
etc. It is more capable of searching the global optimum, but it requires larger computational
cost. Several literature further adopted hybrid heuristic algorithms to improve the inversion
performance[55-57].

However, the accuracy of optimization methods for soil parameter estimation is chal-
lenged by several limitations. The soil parameters obtained by optimization algorithms are
usually deterministic without providing their uncertainties. In practice, the observation of ap-
parent resistivity is affected by measurement inaccuracy and local resistivity variation, thus
reducing the estimation accuracy. For instance, according to the results in Reference [45, 56],
different optimization methods achieve close root mean square errors, but the estimated results
in some layers are quite different. Reference [44, 58] tried to calculate the confidence inter-
val of the estimated soil parameter on the basis of linear approximation of the computational
model, which may lead to additional errors. Moreover, it is mainly applicable to traditional
gradient-based optimization algorithms. Moreover, the inversion of some special soil struc-
tures may be ill-conditioned. For example, if a layer with high resistivity or large thickness
exists in the earth structure, it may have a certain shielding effect on other layers[57]. The esti-
mated results of the optimization technique may deviate greatly from the actual parameters[57],
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even regardless of the measurement error.

The induced geoelectric field on the ground surface is usually spatially nonuniform, which
is affected by the distribution of both the geomagnetic variation and the earth conductivity. For
some types of GMD, such as auroral electrojet in the ionosphere at high latitudes, the space
current system as an external source is relatively complex, and the resulting spatial distribution
of magnetic field disturbances is less uniform than that at low latitudes[59-61]. Another cause
of nonuniform geoelectric field is the complex distribution of earth conductivity[62-67], espe-
cially the lateral variations in coasts, lakeshores, and geodetic fault zones, which may lead to
a local geoelectric field increase near the interface[67-69]. Some previous studies on GIC mea-
surements and simulations have shown that the nonuniform geoelectric field may greatly affect
the induction results in the power grid[60, 62, 64, 65].

Pirjola and Boteler et al. proposed a method to calculate the surface electromagnetic field
of uniform and layered earth under the excitation of infinite line and infinite surface space
current model[70, 71]. Boteler summarized the evolution of Qu®bec 1D layered earth model and
compared the calculated induced geoelectric fields, which illustrates the importance of accurate
earth conductivity models[72]. Zheng compared the effects of large and small source current
models on surface wave impedance, and showed that the former is suitable for calculation of in-
duced geoelectric fields in mid- and low-latitude areas[59]. The TPL-007 standard evaluated the
100-year peak geoelectric field in different regions of North America for transmission system
planning, which is calculated based on the 1D layered earth model[32].

Karami et al. calculated the surface electromagnetic field at the coast generated by the
auroral electrojet using a two-dimensional finite elementmodel and compared it with the results
of the complex image method[69]. Dong et al. calculated the geoelectric field considering the
lateral change of earth conductivity based on the Galerkin method[73]. Wang et al. proposed
a simplified calculation method based on the distributed source transmission line model to
analyze the coast effect on the geoelectric fields, in which the sedimentary layer, crust layer
and mantle layer of the earth are modeled as transmission lines[74].

In summary, it is necessary to construct reasonable worst-case scenarios of the electro-
magnetic environment during extreme GMD for the purpose of geomagnetic risk assessment
of energy systems. Some safety-critical systems, such as ultra-high voltage substations and
nuclear power plants, require more extreme GMD scenarios. However, traditional extreme
value statistical theory may lead to overly conservative estimates, resulting in uneconomical
and unnecessary protection costs. The induced geoelectric field relies on accurate earth con-
ductivity input parameters, whereas the results of traditional optimization-based methods are
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non-unique and uncertain. In addition, the three-dimensional earth conductivity distribution
may lead to great distortion of the surface electric field, which needs to be considered in the
worst-case scenarios.

1.2.2 Existing Study About Geomagnetic Induction in Power Grids

GMDs initiated by the solar activity generate GICs in the bulk transmission networks,
which may lead to adverse effects such as voltage collapse and transformer hot-spot heat-
ing[75, 76]. The assessment of GMD impacts on the AC transmission network includes two
steps. First, the quasi-DC current induced by GMD is calculated using a DC model of the
power grid, in which only the resistance parameters of the power transmission lines and trans-
formers are considered. Then, the reactive power loss caused by the half-wave saturation of
the transformer is incorporated into the AC power flow model of the power system to evaluate
the AC voltage security.

Traditional GIC calculations typically rely on assumed deterministic DC parameters of
electrical components in the power grid. These GIC results are used to evaluate the impacts
on power system voltage stability and transformer temperature rise. Then real-time operation
strategies, such as generation redispatch and load shedding, are developed for mitigating GIC
effects. However, accurate DC parameters of power components are not easily obtained in
engineering practice, which is different from standard AC parameters. The substation ground-
ing resistance is a major source of uncertainty, since it is usually not included in the standard
power flow data and varies with multiple factors such as soil moisture. For example, Blake
et al. reported that the use of an assumed 0.5 ɋ grounding resistance in the Irish power grid
resulted in an underestimation of GIC amplitude by a factor of approximately 2.5[77]. This is
because a rainfall before the geomagnetic storm event caused a greatly decrease in the substa-
tion grounding resistance. Thus, using assumed grounding resistance parameters may result
in the calculated GIC amplitude and spatial distribution in the power grid being significantly
different from the actual situation. In this way, the operational strategy developed may not be
able to adapt to the actual GIC level. In this context, efficient probabilistic GIC analysis plays
a key role in developing robust online operational mitigation schemes against uncertain GMD
hazards.

The efficiency improvement of power grid GIC calculation has attracted much attention
from several scholars in the fields of geophysics and power energy in recent years. The nodal
admittance matrix (NAM) method[75] and the Lehtinen-Pirjola (LP) method[76] are derived on
the basis of the full-node circuit model, i.e. all the substation grounding grids and buses are
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regarded as nodes, which results in a large-scale system of linear equations. Recently, Marsal
et al.[78] proposed a bus admittance matrix (BAM) method for GIC model reduction, and the
newly created matrix to be inverted is asymmetric. The LP method is the earliest proposed
method for GIC calculation. It provides a compact form for solving substation grounding GIC
without the need to solve for nodal voltages, thus the LP method is still widely adopted in
the offline analysis of some small-scale power grids. However, the scale of modern power
grid interconnection has expanded to include tens of thousands of nodes, thus higher require-
ments have been placed on the computational efficiency of GIC. Theoretically, both the NAM
method and the BAM method have their own advantages. The NAM method has the advan-
tage of a positive definite design matrix, and the BAM method has the advantage of a smaller
design matrix. They will have different performance in computational efficiency under differ-
ent simulation configurations. Under the simulation configuration of full matrix factorization,
the calculation efficiency of forward and backward substitution mainly depends on the size of
the factors of the design matrix. Hence, for some small-scale power systems, the calculation
efficiency of BAMmay be better than that of NAMmethod when using the full matrix decom-
position. However, for large-scale grids with thousands of nodes, the full matrix decomposition
is memory intensive and usually takes more time than sparse matrix decomposition.

Horton et al. established a Benchmark power grid case with multiple voltage levels, and
provided the induced voltage and current results under uniform geoelectric fields, which can
be used to verify different GIC algorithms[79]. Boteler proposed an equivalence method for
GIC calculations of two-area interconnected power grids, and the results illustrate the need to
preserve the induced voltage and resistance of the first power transmission line to the neighbor
power system[80]. Boteler and Pirjola demonstrated the equivalence of the LP method and the
NAM method, and discussed the modeling methods for transmission networks with multiple
voltage levels[76]. Guo et al. compared the GICs in UHV power grids when considering and
ignoring the EHV power grid, and the results showed that accurate GIC calculation requires
not only the power grid with the highest voltage level, but also other power grids with lower
voltage levels[81]. Overbye et al. quantified the sensitivity of the transformer effective GIC to
the geoelectric field on each power line, and the results showed that it was mainly affected by
the electric field on adjacent lines[75]. Kazerooni et al. validated the power grid GIC model
by comparing the geoelectric field estimated from the measured GIC and from the measured
magnetic field, and detected outliers in the measurements[82]. Klauber et al. estimated the
multi-zone geoelectric fields from transformer neutral GIC measurements based on linear least
squares method[11, 83].
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In order to analyze the influence of GIC on the power system operation, many schol-
ars have studied the transformer half-cycle saturation characteristics. Rezaei-Zare proposed a
field-circuit coupled model for medium and low frequency transient simulation of transformer,
considering the non-linearity and frequency-dependent parameters of the iron core and tank,
etc[84]. The field-circuit coupled model simulates the flux path in iron core, which is helpful
for analyzing the influence of magnetic circuit structure and magnetization characteristics on
transformer reactive power loss. The field-circuit coupled model has the advantages of high
accuracy, but it requires a large number of input parameters of transformerôs structure and ma-
terials as well as complex simulation process[9, 10]. Bernabeu discussed the magnetizing current
and harmonic characteristics of single-phase transformer under the influence of GMD[85]. Had-
dadi et al. established an electromagnetic transient simulation model for IEEE 118 power grid
test case affected by induced geoelectric fields[86], and compared the accuracy of load-flow,
transient stability type, and electromagnetic transient type methods[87].

The reactive loss of transformer changes linearly with GIC within a certain range and the
proportionality coefficient between them is defined as K-value. Dong et al. first proposed
K-value calculation method based on comparative study of the relationship between GIC and
reactive loss of single-phase, three-phase shell-type, three-phase three-limb and three-phase
five-limb transformers[88]. Overbye et al. improved the K-value calculation method by con-
sidering the influence of AC voltages on the reactive loss and evaluated their impact on the
power system voltage stability via power flow analysis[89]. K-value method has the advantage
of ease of implementation and is suitable for fast calculation of transformer reactive loss in a
large-scale power grid.

In summary, efficient computational models are important for evaluating GIC and its im-
pact on the voltage security of transmission systems, especially when dealing with a large
numbers of random input parameters. In the DC model of the power grid, traditional power
grid GIC analysis does not fully account for the influence of uncertainty in substation ground
resistance parameters, which may lead to underestimation of the tail risk of GIC. In addition,
the impact of GMD on the AC voltage of the power system in traditional studies is usually
based on determined power system operating modes. However, the AC load in the power sys-
tem also fluctuates during a GMD event. Therefore, it is important to quantify the uncertainty
of GIC and AC voltages in the power grid during extreme GMD by comprehensively consid-
ering random inputs such as external geoelectric fields, substation ground resistances, and AC
loads. It requires repeated calculations of DC and AC models of the power system, however,
traditional methods are high-order and time-consuming.
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1.2.3 Existing Study About EMI Calculation for Gas Pipeline Networks

For the pipeline induction analysis, the transmission line model is usually required to ob-
tain the PSP and GIC along the pipeline, which is different from the lumped circuit model used
for GIC calculation in the power grid[3, 90, 91]. The interconnection of pipelines forms a com-
plex network, which requires efficient induction algorithms for large-scale network analysis.
Boteler and Cookson first proposed the distributed source transmission line (DSTL) model
for geomagnetic induction in pipeline in 1986[22]. Pulkkinen et al. adopted the equivalent
Thevenin circuit model of the pipeline, and compared the induction results under different
types of discontinuities such as the bends, junctions and branch points[23]. Boteler proposed the
equivalent-pi circuit model of the pipeline under the uniform geoelectric field in 2013, which
is more suitable for the induction calculation of large-scale pipeline networks[24]. However,
few studies exist on the nonuniform geoelectric field induction in complex pipeline networks.

Yu et al. measured the stray current and PSP of pipelines during GMD, and the results
showed that GMD can bring strong interference to buried pipelines at mid- and low-latitudes,
which is worthy of further study[26]. Ingham et al. analyzed the changes in the output of the ca-
thodic protection system on the New Zealand pipeline network during GMD[92, 93]. The results
showed that the induction in the pipeline not only depends on the local electric field, but is also
affected by the geoelectric field on the whole pipeline network. The authors highlighted that
the disbonding of coating and hydrogen induced cracking may also occur in pipelines during
GMD[93], in addition to the corrosion effects that are traditionally concerned. Trichtchenko
et al. evaluated pipeline corrosion caused by telluric currents generated in GMD at different
latitudes, and the results showed that some pipelines at low latitudes also face high corrosion
risks caused by GMD[94].

For buried pipelines with distributed parameters, a complete distribution of induced volt-
ages and currents along the pipeline is often required for corrosion assessment. Thus, it is more
sensitive to the influence of local non-uniform electric fields, which is not fully considered in
traditional modeling. Traditional modeling generally considers pipeline models to be linear.
However, the insulation coating may break down with age in service. The nonlinear polariza-
tion effects occur where pipe steel and soil are in direct contact, which may affect the accuracy
of PSP and GIC results along the pipeline.

In addition to GMD, the gas pipeline networks are subject to various low-frequency ex-
ternal electromagnetic interference (EMI). Especially nowadays, pipelines and other energy
infrastructures are built in increasingly confined spaces, such as common corridors with power
lines; thus the pipelines may be continuously exposed to strong EMI stresses. The result-
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ing voltage and current responses may accelerate the corrosion of pipelines and interfere with
cathodic protection devices, etc. Assessing their electromagnetic effects and deploying cost-
effective mitigation measures have long been topics of interest in engineering practice. Rig-
orous evaluation of the electromagnetic response in the pipeline network is the first step to
support these work.

Low-frequency EMI to pipelines can be electrically classified into three categories: capac-
itive, inductive and conductive[95, 96]. For buried pipelines, the capacitive coupling occurs only
for pipelines exposed during installation or maintenance, and can generally be ignored during
normal operation due to the shielding effect of the ground. Thus, this research mainly focuses
on the latter two coupling mechanisms. The inductive coupling is caused by time-varying
magnetic flux generated by external current sources, e.g., fundamental frequency AC and har-
monic currents in nearby power lines[97-101], ionospheric source currents associated with geo-
magnetic activity[22-24, 102], etc. The conductive coupling is triggered by the soil potential rise
due to ground fault currents from the power grid[103, 104], HVDC earth return currents[105-109],
metro stray currents[110], etc. The external electromagnetic environment may have a wide foot-
print with spatially nonuniform distribution. For instance, the currents from HVDC electrodes
can affect pipelines several kilometers away, and geomagnetic disturbances initiated by space
weather can produce interference on even continental levels. Moreover, the affected pipeline
networks to be evaluated are usually large-scale and multi-branch.

EMI coupling to buried pipelines can usually be analyzed by using the transmission line
(TL) model with distributed parameters. Noteworthy here is that the arrangement of the excita-
tion source is different in the circuits used for inductive and conductive coupling: the former is
in the longitudinal branch, whereas the latter is in the transverse branch. Taflove et al.[97] pro-
posed the TL model for the inductive coupling of pipelines resulting from nearby power lines.
The model was subsequently extended by Boteler and Cookson[22] for geomagnetic induction
in pipelines. Lagace et al.[105] proposed the TL model for the conductive interference caused
by HVDC earth return currents. Analytical solutions for voltage and current responses can be
acquired simply for a single pipeline, however, it is difficult for networks with complex topol-
ogy. The nodal voltage analysis based on discretization of pipelines usually yields large-scale
computational models. In contrast, the equivalence-based algorithms become a more efficient
scheme.

Several equivalencemethods have been developed specifically for inductive or conductive
coupling to a pipeline. An equivalent Thevenin circuit is normally adopted for the single-port
equivalence of a pipeline to analyze the inductive coupling due to AC power lines[97] and geo-
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magnetic disturbances[23]. It usually starts from a pipe located at the edge of the network and is
then performed sequentially according to the network topology. In addition, an equivalent-pi
circuit was proposed for the two-port equivalence of the pipeline excited by external electric
fields, and the analytical solutions of its parameters were derived in the cases of uniform[24] geo-
electric field induced by geomagnetic disturbances. The two-port equivalence can be applied
to each single-conductor pipeline individually without considering their interaction, which is
more suitable for the large-scale networks. Some efforts have been made for the unified mod-
eling of inductive and conductive coupling. Haubrich et al.[111] presented a universal two-port
equivalent model for inductive and conductive interference through voltage and current trans-
formations. However, it assumes that the electric field along each pipeline is constant.

Furthermore, the literature on pipeline equivalents mentioned above assume the linear-
ity of all elements in the network while ignoring the nonlinear polarization of coating break-
down[112]. The results given by Li et al.[108, 109] show that the neglect of nonlinear polarization
can result in rather conservative estimates of the responses for the analysis of HVDC earth
return currents, which implies uneconomic mitigation measures.

In summary, there are some limitations in traditional methods for the calculation of geo-
magnetic induction in pipelines. The original distributed parameter circuit model is high-order
for large-scale pipeline networks. The effect of nonuniform geoelectric fields on the geomag-
netic induction of buried pipelines is not fully considered, whichmay result in an underestimate
of the response for some segments for long-distance pipelines crossing complex geological
areas. In addition, the nonlinear polarization effect occurring between the metal and soil at
the damaged part of coating is not considered in GMD analysis. Finally, the traditional geo-
magnetic induction models are developed separately for the AC transmission system and gas
pipeline network, without considering the coupling between the substation grounding grids and
the buried pipelines. Therefore, there is a need to develop more general and efficient geomag-
netic induction calculation models in order to accurately evaluate the geomagnetic response in
pipelines.

1.3 Major Research Content and Organization of the Dissertation

The research objective is to investigate the voltage and current response of the power
grids and gas pipeline networks to GMD hazards, as shown in the Figure 1-2. To achieve
this goal, the accurate benchmark GMD scenarios are first required as input, and then several
generalized and efficient models needs be developed to calculate the geomagnetic induction in
energy systems, including the power grids, gas pipeline networks, and their integrated systems.
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1

Chapter 2: Generating extreme GMD input scenarios

Chapter 3: Electrical power grids
(lumped parameter circuit)

Chapter 4: Gas pipeline networks
(distributed parameter circuit)

Chapter 5: Integrated power-gas systems
(conductive coupling through earth)

Objectives: Voltage and current response in energy systems

Developing Generalized and Efficient Induction Models for Energy Systems

Figure 1-2 Main research content of the dissertation.

However, the accurate calculation is challenged by several gaps. Firstly, the observa-
tions of the geomagnetic field and earth parameters are limited. In addition, high-order in-
duction models need be created for large-scale system, and the existing induction models are
developed separately for power grids and pipeline networks. To address these problems, cor-
respondingly, the statistical methods are adopted to generate more reasonable worst-case input
scenarios. Then, several more efficient induction models are developed for the circuit system
with lumped and distributed parameters. Finally, the interaction between the power grid and
pipeline network is modeled in geomagnetic induction analysis.

In Chapter 2, more reasonable GMD input scenarios are constructed. The peak values
of extreme geomagnetic variations are predicted by combining extreme value statistics and
theoretical upper limit of Disturbance storm time (Dst) index. Then, a Bayesian inversion
method is presented for the layered earth structure, which can provide more comprehensive
statistical properties of the soil parameters, e.g. confidence intervals, correlation coefficients,
marginal and joint probability distributions. Finally, the spatio-temporal distribution of the
geoelectric field is calculated by considering the three-dimensional complex earth conductivity.

In Chapter 3, a novel reduced nodal admittance matrix (RNAM) method is proposed for
the GIC model reduction of large-scale AC transmission grid based on Kron reduction. The
proposed RNAM method has a smaller and positive-definite design matrix, which combines
the advantages of both the BAMmethod and the NAMmethod. The novel method is compared
with the classical algorithms including theNAMmethod, the LPmethod, and the BAMmethod,
and its efficiency improvement is illustrated with several power grid test cases. Then, the GIC
impacts on power system voltage stability is evaluated based on polynomial chaos expansions
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(PCE), considering uncertain geoelectric fields, substation grounding resistances andAC loads.
The sparse regression method is used to reduce the number of polynomial expansion terms to
avoid the curse of dimensionality. For bulk power systems with a large number of buses of
interest, principal component analysis (PCA) is further used to compress the multiple outputs,
which can reduce the number of PCE-based surrogate models that need to be built.

In Chapter 4, we propose a more general equivalent-pi circuit model for the induction cal-
culation of pipeline networks excited by the spatially nonuniform geoelectric field based on the
transmission line theory, and study the influence of non-uniformity of geoelectric field on PSP
and GIC along the pipelines. Then, the equivalent-pi model is extended to other types of EMI
analysis of large-scale pipeline networks, which is capable of handling the inductive or con-
ductive EMI as well as the co-existence of both. Furthermore, the pipeline network is divided
into linear pipe segments and nonlinear grounded branches due to locally damaged coatings.
The linear pipe segment excited by electric fields can be reduced to an equivalent-pi circuit.
It is applicable to arbitrary nonuniform electric fields without necessarily being constant or in
a specific function form. The nodal voltage analysis can be performed more efficiently for
large-scale pipeline networks with nonlinear polarization, given each linear pipeline segment
has been simplified as a lumped circuit, thus considerably reducing the model order of the
system of nonlinear equations to be solved.

In Chapter 5, a comprehensive nodal voltage analysis method is proposed for the geo-
magnetic induction modeling in the IPGS considering the interaction between the power grids
and pipelines. The conductive coupling of grounded nodes in the IPGS, including substation
grounding grids and buried pipelines, is modeled with the ground transfer resistance. Several
IPGS test cases are used to illustrate the impacts of the interaction on the induced voltages and
currents. The influences of spatial patterns and resistance parameters of IPGS as well as earth
resistivity structures on the interaction are discussed.

The last chapter presents a summary and a list of the future work.
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2 Modeling Electromagnetic Fields During Extreme GMD
Scenarios

The geoelectric fields on the earthôs surface induced by extreme GMD can cause adverse
effects on wide-area transmission grids and pipeline networks. The spatiotemporal distribution
of the geoelectric field depends on the intensity of geomagnetic activity and the distribution of
the earth conductivity. The occurrence of geomagnetic storms is random, and its intensity and
frequency can be inferred statistically from measured geomagnetic data. For long return peri-
ods such as 10,000 years, extreme value statistical methods may produce overly conservative
results. In addition, the earth conductivity parameters obtained by using traditional optimiza-
tion methods may be biased, which are affected by measurement errors and shielding effects.

To address these issues, in Section 2.1, the extreme return levels of geomagnetic variations
are estimated by combining extreme value statistics and theoretical upper limit of the Dst index,
which are used to generate 100-year, 200-year and 10,000-year typical scenarios. Section 2.2
details the proposed earth structure inversion method based on Bayesian regression, which can
quantify the probability distribution of soil parameters, and its performance is illustrated with
some earth cases. In Section 2.3, the surface induced geoelectric field is calculated taking into
account the complex conductivity distribution. Finally, Section 2.4 concludes the chapter.

2.1 Generation of Worst-Case Extreme GMD Scenarios

2.1.1 Method for Estimating the Return Levels of Geomagnetic Variations

It is of great significance to construct typical extreme GMD scenarios to provide guid-
ance for risk assessment of energy systems in engineering practice. To ensure the long-term
reliable operation of energy infrastructure, attention should be paid not only to their response
in historical geomagnetic disturbance events, but also to the potential maximum stress levels
in the future.

Here is a brief introduction to the procedure for generating the extreme GMD scenario and
assessing its impacts on the energy networks. Firstly, the extreme geomagnetic variation is es-
timated by combining the EVA and theoretical upper limit of GMD. Then, the largest historical
GMD event observed is scaled according to the peak geomagnetic variation. Finally, it can be
used to evaluate the geoelectric field and GIC levels by combining of the earth conductivity
model and power grid and pipeline network model.

14



2 Modeling Electromagnetic Fields During Extreme GMD Scenarios

1̃ Extreme Values Analysis of Geomagnetic Observation

Extreme statistical analysis, especially the generalized Pareto distribution (GPD), is widely
used to estimate the occurrence of extreme GMD scenarios, whose cumulative probability dis-
tribution function is as shown in equation (2-1).

F (x; ɛ, ů, ɝ) = 1−
(
1 + ɝ

x− ɛ
ů

)−1/ɝ

, (x ≥ ɛ, 1 + ɝ
x− ɛ
ů

> 0) (2-1)

where x is the random variable, ɛ denotes the location parameter (i.e., threshold), ɝ and ů
represents the shape parameter and the scale parameter, respectively.

During the GPD modeling process, observed data exceeding a certain threshold are se-
lected, resulting in only a small amount of data available for parameter estimation. The esti-
mates and confidence intervals for GPDmodel parameters can be obtained using the maximum
likelihood estimation method[113, 114].

In fact, there exists uncertainty in the estimation of the return level by EVA due to the
small sample size. The Wald confidence interval is used to characterize the uncertainty of the
return level, which is based on the asymptotic normality of the parameter estimators.

2̃ Data Preprocessing for GPD Analysis

Before performing parameter estimation for the Pareto distribution, some data preprocess-
ing is needed, including threshold selection and data declustering[35].

During the GPD modeling process, observed data exceeding a certain larger threshold
are selected for parameter estimation, so the selection of the threshold is a key issue. If the
threshold is too large, there are only a few excesses, and the variance of the estimator is larger;
if the threshold is too small, the distribution of the excesses may be different from the GPD,
resulting in a biased estimate. Therefore, for threshold selection, it is necessary to take into
account the relationship between bias and variance.

The mean excess function e(u) based on the GPD model is a commonly used method for
threshold selection, which is defined as follows

e (u) = 1
Nu

∑
Xi>u

(Xi − u) , u > 0 (2-2)

where Nu is the number of excess. The point set {(u, en(u)) : u < x1,n} is called the mean
residual life plot. The threshold can be selected according to the following method: if the
excess for a certain threshold u0 follows the GPD, then for u > u0, the excess function of the
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sample is approximately a straight line.

Another method of threshold selection is based on the change in the estimator caused by
the threshold u. If the excess for a certain threshold u0 follows the GPD, then for u > u0, the
estimated value of the shape parameter ɝ̂ and the scale parameter ů̂ should be stable within
a certain range. This method requires model parameter estimation for a series of different
thresholds which leads to a relatively higher computational cost.

In this study, the threshold is selected for one-minute geomagnetic data based on the mean
excess function, since it is much less computationally expensive than the method based on
parameter estimators.

Moreover, we decluster the geomagnetic data above the threshold to eliminate the depen-
dency between data, which means extremes separated by fewer than 12 h non-extremes belong
to the same cluster, and only the maximum in each cluster is considered[35].

3̃ Statistical Inference of GPD Model

Estimates and confidence intervals for GPDmodel parameters and return levels can be ob-
tained using themaximum likelihood estimationmethod[113, 114]. Assuming thatX1,X2, . . . ,XNu

are independent and identically distributed observed data, the log likelihood function of the
GPD with parameters ɝ and ů can be obtained as

L (ů, ɝ) = −Nu log ů −
(
1
ɝ

+ 1
) Nu∑

i=1
log

(
1 + ɝ

ů
xi
)

(2-3)

The maximum likelihood estimation of the parameters ɝ̂ and ů̂ can be obtained by using
a numerical method.

One of the main purposes of EVA is to estimate quantile xp, defined by equation (2-4). The
estimated value of quantile xp can be derived from the parameter estimation of GPD. For the
statistical analysis of GMD, floods and other natural disasters, the return level corresponding
to the return period of T = 1/(1−p) years, commonly known as the 1-in-T-year event needs to
be estimated. For instance, the 100-year and 200-year return levels correspond to quantile x0.99

and x0.995, respectively. This extrapolation is a significant advantage of extreme value statistics,
and the return period T concerned can be much greater than the historical observation time T0.

P
(
x ≥ xp

)
=
∫ ∞
xp

f (x) dx =1− p (2-4)

where f (x) is the probability density function of variable x.
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4̃ Theoretical Upper Limit for Dst Index

Reference[115] proposed the theoretical upper limit for the largest imaginable geomagnetic
storm, corresponding to the value of Dst index of -2500 nT, which has been adopted by some
studies on GICs in the UK power grids[36, 116]. The Dst index indicates the strength of the ring
current, which is one of the main sources of GMD at low latitudes. Thus, the upper limit of the
Dst index provides a valuable reference for GIC study in China.

The geomagnetic variation estimates based on the Dst index can provide scale factors
to study the 1-in-10,000-year extreme event. Assuming a simple dipolar ring current model
on the plane of geomagnetic equator[116], the horizontal geomagnetic variation at geomagnetic
latitude ᶫ can be simplified as ȹBH cos ᶫ, where ȹBH is the horizontal geomagnetic variation
on the geomagnetic equator.

2.1.2 Extreme GMD Scenarios For Sanhua Area

1̃ Geomagnetic Observation in Sanhua Area

The 1-minute geomagnetic data at Beijing Ming Tombs (BMT, 40.3ÁN 116.2ÁE) observa-
tory from 1996 to 2019 are used for EVA. Compared with other observatories in China, BMT
has the advantages of closer distance to the Sanhua UHV grid, relatively higher latitude and
longer measurement time. Moreover, the BMT data are representative since the spatial dis-
tribution of geomagnetic variation at low latitude is relatively uniform[59]. However, for high
latitude areas, it is necessary to use averaging or interpolation methods to integrate the geo-
magnetic data from multiple observatories at the similar geomagnetic latitude, since the spatial
distribution of geomagnetic variation is much more complicated.

The geomagnetic data from SuperMAG have already removed the annual and daily base-
lines to reduce the impacts of other interferences[117]. The historical time series of variation ȹB
are shown in Figure 2-1. Some statistical results about BMT data are provided in Table 2-1. As
some studies on sudden impulse storms have pointed out, the 1-minute data used in this study
may not be able to fully capture high-frequency variations[118, 119], which will be considered in
future studies.

Table 2-1 Maximum variation and rate-of-change of geomagnetic field observed at BMT

Component max(ȹBi)/nT (i = x, y,H) max(dBi/dt)/nT·min−1

Northward Bx 546 130
Eastward By 170 85
Horizontal BH 547 132
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Figure 2-1 Time series of the geomagnetic variations in the north and east directions at BMT ob-
servatory from 1996 to 2019.

2̃ Estimating Geomagnetic Variation Using Extreme Value Analysis

Both the magnitude of variation and rate-of-change of the magnetic field can characterize
the intensity of GMD, and the former is adopted for EVA in this study. Before performing
parameter estimation for the Pareto distribution, some data preprocessing is needed, including
threshold selection and data declustering[35].

The selection of the threshold is relatively subjective but a key issue. That is, if the thresh-
old is too large, there are only a few excesses, then the variance of the estimator is larger; if
the threshold is too small, the distribution of the excesses may be different from the GPD,
resulting in a biased estimate. Therefore, it is necessary to take into account the relationship
between the bias and the variance for threshold selection. In this study, the 0.9997 quantile of
the geomagnetic variation is used as the threshold.

Moreover, we decluster the geomagnetic data above the threshold to eliminate the depen-
dency between data, which means extremes separated by fewer than 12 h non-extremes belong
to the same cluster, and only the maximum in each cluster is considered.

The óextRemesô package in R is used in this study[114]. The 100, 200 and 10,000-year
return levels for the geomagnetic variation and corresponding confidence intervals at BMT
observatory are shown in Figure 2-2 and Table 2-2. In this study, the magnetic variation and
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GIC estimates are rounded to the nearest ten digits. From Figure 2-2, we can observe that there
is a large uncertainty in the estimation of the 10,000-year return level. This can be explained
by the fact that the digital geomagnetic data are only available for a few decades. The upper
bound of 95% Wald confidence interval is adopted to account for modeling uncertainties.
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Figure 2-2 The return level (black curve) of horizontal magnetic variation at BMT and its 95%
Wald confidence interval (gray dashed curves). (The circles indicate the empirical re-
turn level, and the red dashed line represents the 10,000-year return period.).

Table 2-2 Return level and confidence interval of magnetic variation at BMT

Return period/year Return level/nT 95% confidence interval/nT

100 570 [330, 810]
200 620 [290, 950]

10,000 910 [-120, 1930]

3̃ Theoretical Upper Limit of Magnetic Variation in Sanhua Area

The upper limit of geomagnetic variation at BMT observatory is 2150 nT, which is larger
than the upper bound of 95% Wald confidence interval of 10000-year scenarios. For Sanhua
area, the geomagnetic latitude ranges from 15.06∼33.88ÁN, and the corresponding upper limit
of geomagnetic variation is 2080∼2410 nT.

Taking into account all the above-mentioned elements, 1930 nT estimated by EVA is used
in the following GIC study since it has not reached the theoretical upper limit. The theoretical
upper limit 2410 nT may be adopted if more conservative situations need to be considered.

4̃ 1-in-10,000-year Geomagnetic Time Series

A typical historical GMD event at BMT observatory that occurred on July 15-16, 2000
shown in Figure 2-3, is chosen for the following GIC study, which is scaled to 1930 nT for
10,000-year scenario, resulting in a scale factor of 6.0.
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Figure 2-3 Time series of the geomagnetic variations at BMT observatory during the GMD event
occurred on July 15-16, 2000.

2.1.3 Extreme GMD Scenarios For the UK

In this case, themagnitude of the horizontal magnetic field change rate is used as ameasure
of the intensity of the geomagnetic storm. The 1-minute sampling geomagnetic data at Hartland
(HAD) geomagnetic observatory from 1983 to 2017 (35 years in total) are collected, as shown
in Figure 2-4. And the maximum value of the historical measured data is 327 nT/min.
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Figure 2-4 Rate-of-change of horizontal geomagnetic fields at HAD observatory from 1983 to
2017.

According to the extreme value theory, the 100, 200 and 10,000-year return levels for the
rate-of-change of horizontal magnetic field at HAD are shown in Table 2-3.

Table 2-3 Return level and confidence interval of magnetic variation at HAD

Return period/year Return level/nT·min−1 84% quantile/nT·min−1

100 470 610
200 630 840

10,000 3260 5150

In the actual geomagnetic storm event, the duration of extreme conditions of high change
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rate of the magnetic field is short, usually only tens of seconds to minutes. For the period of
time during which the magnetic field changes drastically, a single frequency approximation
waveform is used for simplification[120].

Assuming that the magnetic field in the horizontal direction is sinusoidal as shown by
equation (2-5), the magnetic field strength H0 corresponding to the period T can be calculated
from the average rate of change of the magnetic field according to equation (2-6).

BH = H0 sin
(
2ˊt/T

)
(2-5)

dBH/dt = H0

√
2ˊ
T

(2-6)

Assuming that the period T is 10 minutes, the magnetic field amplitudes corresponding to
the 100, 200 and 10,000-year return periods are 1360, 1880 and 11600 nT.

From theoretical arguments VasyliȊnas has suggested a theoretical upper limit for the
largest geomagnetic storm possible corresponding to a Dst of -2500 nT[115], which is adopted
by British Geological Survey study[36, 116]. And the magnetic variation estimates based on the
Dst index can provide scale factors to study the 1-in-10,000-year extreme event. The estimated
variation of the horizontal component at UK HAD observatory using the exponential extrapo-
lation method and the contribution from the ring current (RC) method are 4000 and 6080 nT,
respectively[116]. And the latter conservative one is adopted in our GIC study.

Then extreme geomagnetic storm scenarios in the UK are modeled combining the 0.84
quantiles and theoretical upper limit. The results at HAD when T=10 min are shown in Table
2-4. For the 10000-year return level of geomagnetic disturbances, the estimated result from
the theoretical upper limit is smaller than that via extreme statistical theory, which can alleviate
the conservatism of the latter method.

Table 2-4 The 100, 200 and 10,000-year return levels of the horizontal magnetic variation at HAD
when T=10 min

Return period/year EVA only/nT EVA & theoretical upper limit/nT

100 1360 1360
200 1880 1880

10,000 11600 6080

The intensity of geomagnetic variations varies with the excitation period, and the esti-
mated results at other periods of geomagnetic fields are presented in Table 2-5. At periods
of 0.5 min and 2 min, the levels of geomagnetic variation estimated based on extreme value
statistical theory are relatively small and do not exceed the theoretical upper limit.
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Table 2-5 The 10,000-year return levels of the horizontal magnetic variation at HAD at different
period of magnetic field

Period of magnetic field/min EVA only/nT EVA & theoretical upper limit/nT

0.5 580 580
2 2320 2320
10 11600 6080

2.2 Parameter Estimation of a Horizontal Multilayer Earth Using Bayesian
Inference

The inversion of earth resistivity structure is of great importance for the electromagnetic
interference and grounding analysis. This research presents a Bayesian regression approach
for the parameter estimation of horizontal multilayer soils. It provides not only the optimal
point estimate of soil parameters, but also more comprehensive statistical properties. The pos-
terior probability distribution of the soil parameters is inferred by combining their prior knowl-
edge with the measured apparent resistivity from Wennerôs method. It allows for statistically
quantifying the influence of measurement errors and shielding effects, thus providing a more
comprehensive understanding of the soil parameters for robust EMI prediction and substation
grounding design. Several multi-layer earth structure cases are used to illustrate the perfor-
mance of the Bayesian inference method.

We propose a novelmethod for earth structure inversion based onBayesian inference[121-124].
The apparent resistivity measurements are used to update the prior knowledge of the parameters
to infer their posterior distribution. It can provide not only a point estimate of soil parameters,
but also the joint probability distributions to describe parameter uncertainties. To quantify the
impact of measurement errors and model inaccuracy on the inversion, an additional random
variable representing the model discrepancy is incorporated into the statistical model.

Then, the Markov chain Monte Carlo (MCMC) algorithm is employed to infer the gener-
alized posterior distributions of soil parameters numerically, not limited to the Gaussian distri-
bution assumptions. The original nonlinear computational model of the apparent resistivity is
adopted in the inversion, thus avoiding additional errors caused by model linearization.

Furthermore, the information criterion[125] is adopted to determine the optimal number
of soil layers to avoid under-fitting or over-fitting issues, by considering the goodness-of-fit,
model complexity, and the availability of observations.

The rest of this section is organized as follows. Section 2.2.1 formulates the problem of

22



2 Modeling Electromagnetic Fields During Extreme GMD Scenarios

earth resistivity interpretation from Wennerôs method and presents the classical optimization-
based inversion model. Section 2.2.2 details the proposed Bayesian inference method for soil
inversion. Section 2.2.3 demonstrates the applicability of the proposed method with some
layered earth structure cases.

2.2.1 Problem Formulation of Earth Structure Estimation

1̃ Measured Apparent Resistivity Using Wennerôs Method

In the electrical sounding method, an excitation current is injected to the soil, and the un-
known soil parameters can be interpreted from the resulting electrical potential. The Wennerôs
method is recommended by IEEE Standard[39] due to its high precision. The four electrodes
C1, C2, P1 and P2 are arranged at equal intervals along a line, as shown in Figure 2-5.
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∞
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SurfaceC1 C2P1 P2
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Figure 2-5 Schematic diagram of Wennerôs method for measuring the apparent resistivity of a
layered earth structure.

Let us denote the distance between adjacent electrodes as d. If it is much larger than the
buried depth, the measured apparent resistivity is given by[39]

ɟm = 2ˊd
V
I

(2-7)

where I is the current injected from electrode C1 and returned from C2, which is generated by
an external DC source, and V is the voltage measured between electrodes P1 and P2.

Suppose the apparent resistivity is measured at M different electrode spacings, where di
and ɟmi represent the i-th electrode spacing and measured apparent resistivity, respectively.
Then, all measurement data obtained from Wennerôs method can be written as a set of obser-
vations in a compact form as follows
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y = {yi}Mi=1 = {(di, ɟmi )}Mi=1 (2-8)

Generally, when the electrode spacing is small, the apparent resistivity is dominated by
the surface soil; whereas when the electrode spacing is large, the apparent resistivity is mainly
affected by the deep soil. It depends on the distribution of current density in the earth.

2̃ Theoretical Apparent Resistivity

For a layered earth structure with known parameters, the apparent resistivity can be cal-
culated analytically using electromagnetic field theory. Assume that the earth has a N layer
structure, where ɟi and hi are the resistivity and thickness of the i-th layer, respectively. For a
two-layer earth, the calculated apparent resistivity can be derived as[38]

ɟc = ɟ1

1 + 4
∞∑
n=1

 Kn√
1 + (2nh1/d)2

− Kn√
1 + (2nh1/d)2


 (2-9)

where K = (ɟ2 − ɟ1)/(ɟ2 + ɟ1) is the reflection coefficient.

For a N-layer earth structure (N ≥ 2), a more generalized formula for the apparent resis-
tivity can be derived as[42]

ɟc = ɟ1
{
1 + 2d

∫ ∞
0

ɓ(ɚ) · [J0(ɚd)− J0(2ɚd)]dɚ
}

(2-10)

where J0(·) is the zero-order BesselĽs function of the first kind, and the kernel function ɓ(ɚ) =
Ŭ1(ɚ)− 1 can be calculated recursively from the bottom layer to the top layer:

Ŭn =1 + Kne−2ɚhn
1− Kne−2ɚhn

, Kn =
ɟn+1Ŭn+1 − ɟn
ɟn+1Ŭn+1 + ɟn

,

(n = 1, . . . ,N− 2)

ŬN−1 =1 + KN−1e−2ɚhN−1

1− KN−1e−2ɚhN−1
, KN−1 =

ɟN − ɟN−1
ɟN + ɟN−1

(2-11)

Given the Sommerfeld integral in (2-10), direct numerical integration is computationally
expensive[45]. Several techniques have been proposed to simplify its calculation by fitting
the kernel function, e.g. complex image method[42], power series approach[48], Chebyshev
polynomial method[52] and segmented 3-order fitting method[126], etc. The complex image
method is adopted in this research, where the kernel function is fitted with a series of NCIM

exponential terms:
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ɓ(ɚ) ≈
NCIM∑
t=1

bt exp(atɚ) (2-12)

where the coefficients at and bt are estimated from some samples of ɓ(ɚ).

Then, using the Lipschitzôs integration for Bessel functions

∫ ∞
0

exp(−ɚ|c|)J0(ɚd)dɚ = 1/
√
c2 + d2 (2-13)

equation (2-10) can be simplified as[42]

ɟc ≈ ɟ1

1 + 2d
NCIM∑
t=1

bt

 1√
a2t + d2

− 1√
a2t + 4d2


 (2-14)

3̃ Classical Optimization-based Soil Estimation

Soil parameters can be estimated by fitting the measured apparent resistivity data in (2-8)
with the theoretical model of apparent resistivity. For a N-layer earth, all 2N-1 soil parameters
to be estimated can be denoted as a vector:

x = (ɟ1, ɟ2, . . . , ɟN, h1, h2, . . . , hN−1)T (2-15)

And the calculated apparent resistivity ɟc in (2-9) and (2-10) can be written as a compu-
tational forward model f as

f : x ∈ Dx → ɟc = f (x, d) (2-16)

where Dx the feasible region of the parameters.

Thus, a regression model can be formulated for the measured apparent resistivity data as
follows:

ɟmi = f (x, di) + Ůi, i = 1, 2, . . . ,M (2-17)

where Ůi is the residual between the i-th measurement and the model output.

Soil parameters can be estimated by solving a nonlinear optimization problem as in (2-18).
The normalized residuals are adopted in the objective function since the measured apparent
resistivity at different electrode spacings may vary greatly, and they can even span multiple
orders of magnitude[43].

x̂ = argmin
x∈Dx

M∑
i=1

[
ɟmi − f (x, di)

ɟmi

]2
(2-18)
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2.2.2 Bayesian Inference of Earth Resistivity Parameters

1̃ A Bayesian Framework for Soil Parameter Estimation

Soil parameters estimated by classical optimization methods are usually deterministic.
In this section, we develop a Bayesian framework for earth resistivity inversion, where the
measurement error and parameter uncertainty are characterized statistically. It can provide a
more comprehensive insight into the soil parameters from available measurements.

Given the characteristics ofmeasured apparent resistivity, a constant relative errormodel[121]

is adopted to describe the residuals in (2-17), i.e. they are assumed to satisfy the following
Gaussian distribution independently:

Ůi ∼ Normal(0, (ůf (x, di))2), i = 1, 2, . . . ,M (2-19)

where ů is the relative error factor. In this model, the base value is taken as the output of the
computational model f (x, di) to suppress the influence of noises, instead of the measured value
ɟmi used in (2-18).

Thus, the observation in (2-17) is a realization of the following Gaussian distribution:

ɟmi ∼ Normal(f (x, di) , (ůf (x, di))2), i = 1, 2, . . . ,M (2-20)

In the Bayesian framework, both the soil parameter x and the relative error factor ů are
quantities of interest, which yields an augmented parameter vector to be estimated:

ɝ = (x, ů) (2-21)

The observations are then used to update the prior knowledge of the parameters to infer
their posterior distributions. It is reasonable to assume a prior-independence between x and ů.
Their prior probability density functions are denoted as ˊprior(x) with support Dx and ˊprior(ů)
with support Dů, respectively. The prior distribution can be specified by expert experience or
historical measurements, etc. Otherwise, the non-informative prior can be used, such as the
parameters are assumed to be uniformly distributed within a certain range.

Given the observation y of apparent resistivity, the posterior probability density function
of the parameters can be derived using Bayesô theorem[122] as

ˊpost(x, ů|y) ∝ ˊprior(x)ˊprior(ů)L(x, ů; y) (2-22)
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where the likelihood function L(x, ů; y) is the sampling probability of observation y given
parameters x and ů

L(x, ů; y) = ˊlike(y|x, ů) =
M∏
i=1

ˊlike(yi|x, ů) (2-23)

and the sampling probability of the i-th measurement can be calculated as follows according
to (2-20):

ˊlike(yi|x, ů) = 1√
2ˊůM(x, di)

exp

−
[
ɟmi −M(x, di)

]2
2
[
ůM(x, di)

]2
 (2-24)

Then, the maximum a posteriori (MAP), as the statistically optimal point estimate, can be
obtained from the posterior distribution as follows:

(xMAP, ůMAP) = argmax
x,ů

ˊpost(x, ů|y) (2-25)

and the posterior distribution of soil parameters x can be calculated by

ˊpost(x|y) =
∫
Dů

ˊpost(x, ů|y)dů (2-26)

Furthermore, for a substation grounding parameter of interest h : R2N−1 → R, we can
predict its probability distribution using the posterior distribution of x. And the conditional
expectation of h(x) can then be derived as

E[h(x)|y] =
∫
Dx
h(x)ˊpost(x|y)dx (2-27)

The procedures described above for Bayesian earth structure inversion are summarized in
Figure 2-6.

2̃ MCMC Algorithm

The posterior distributions of soil parameters in (2-22) are typically non-Gaussian and
difficult to calculate analytically even if the residuals are normally distributed, since the com-
putational model f of apparent resistivity is highly nonlinear. Instead, it can be calculated using
numerical methods such as MCMC. Its basic idea is to create a Markov chain with an invariant
distribution equal to the posterior distribution of the parameters. This is proven to hold if the
Markov chain satisfies the following detailed balance condition[122, 123]:

ˊpost(ɝ(t)|y)P(ɝ(t+1)|ɝ(t)) = ˊpost(ɝ(t+1)|y)P(ɝ(t)|ɝ(t+1)) (2-28)
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Figure 2-6 Flowchart for Bayesian inference of a multilayer earth structure.

where P(ɝ(t+1)|ɝ(t)) is the transition probability from ɝ(t) at the step t to ɝ(t+1) at the subsequent
step t + 1.

Practical MCMC methods include Metropolis͠ Hastings algorithm, Hamiltonian Monte
Carlo algorithm, and affine invariant ensemble sampler (AIES)[122, 124], etc. The AIES algo-
rithm shows better convergence if there is a strong correlation between the posterior distribu-
tions of different parameters, thus it is adopted for soil parameter estimation in this research.

The AIES algorithm runs an ensemble of Nchains chains simultaneously, and they walk
alternately to obtain samples from the posterior distribution. Their transition probabilities are
constructed by using the following procedures to satisfy the detailed balance condition. For
the i-th chain, a new candidate is preliminarily proposed at step t:

ɝ(?)
i = ɝ(t)

i + z(ɝ(t)
j − ɝ(t)

i ) (2-29)

where j is randomly selected from other chains, and z is sampled from the following probability
distribution

p(z) =


1√

z(2
√
a−2/

√
a) , if z ∈ [1/a, a],

0, otherwise
(2-30)

where the tuning parameter a > 1.

Then, the candidate is accepted with the probability Ŭ(ɝ(?)
i , ɝ(t)

i , z) as in (2-31), otherwise
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it is rejected and the i-th chain keeps the value ɝ(t)
i at step t + 1.

Ŭ(ɝ(?)
i , ɝ(t)

i , z) = min

1, z2N−1
ˊpost(ɝ(?)

i |y)
ˊpost(ɝ(t)

i |y)

 (2-31)

The chains draw samples from the posterior distribution, providing more information
about the soil parameters compared to individual point estimates. They can be further used
to calculate substation grounding parameters by quantifying and propagating the uncertainty
of soil parameters during the measurement process. The numerical procedures for Bayesian
inversion of the soil parameters are summarized in Algorithm 2-1.

Algorithm 2-1 Bayesian inference of a layered earth structure via AIES-based MCMC algo-
rithm

Data: Observations y of measured apparent resistivity, computational model f, and
prior probabilistic distribution ˊprior(x) and ˊprior(ů); MCMC configurations,
including the number of steps Nsteps, the number of chains Nchains, and the
tuning parameter a.

Result: Posterior distribution of soil parameters x, descrepancy parameter ů, and
substation grounding parameters of interest h(x).

1 Initialize the seed points ɝ(0)
i (i = 1, 2, ...,Nchains) for all chains;

2 for t = 0, 1, . . . ,Nsteps − 1 do
3 for i = 1, 2, . . . ,Nchains do
4 Select j from other chains {1, 2, . . . ,Nchains} \ {i} randomly;
5 Generate z from p(z) in (2-30);
6 Propose a new candidate ɝ(?)

i = (x(?)
i , ů(?)

i ) via (2-29);
7 Calculate the apparent resistivity f

(
x(?)
i , dk

)
, (k = 1, 2, . . . ,M) using (2-9)

or (2-10);
8 Calculate the likelihood function L(x(?)

i , ů(?)
i ; y) via (2-23);

9 Calculate the acceptance probability Ŭ(ɝ(?)
i , ɝ(t)

i , z) via (2-31);
10 Draw u from the standard uniform distribution;
11 if u < Ŭ(ɝ(?)

i , ɝ(t)
i , z) then

12 ɝ(t+1)
i = ɝ(?)

i ;
13 else
14 ɝ(t+1)

i = ɝ(t)
i ;

15 end
16 end
17 end
18 Calculate the posterior distribution, MAP and confidence intervals of parameters x

and ů from the MCMC samples as in (2-25) and (2-26);
19 Predict the probability distribution and expectation of substation grounding

parameters via (2-27);
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3̃ Earth Model Selection via Information Criterion

In this subsection, we further discuss a quantitative method for determining the optimal
number of layers using the information criterion. For some alternative numbers of layers,
the posterior distributions of the parameters in these models are calculated separately using
Algorithm 2-1 firstly. Then, the optimal model can be selected by minimizing the information
criterion[125]. Several information criteria are discussed:

Akaike information criterion (AIC)[125] contains two terms, as defined in (2-32). The
first term describes the deviance of the fitted model to the observations, and the second term
penalizes the model complexity using the number of parameters.

AIC = −2 log ˊlike(y|ɝMLE) + 2Np (2-32)

where the number of parameters Np = 2N. The maximum likelihood estimation (MLE) ɝMLE

is given by (2-33), and it is equal to the MAP estimate if the flat priors are used.

ɝMLE = argmax
ɝ

L(ɝ; y) = argmax
ɝ

ˊlike(y|ɝ) (2-33)

Bayesian information criterion (BIC)[123] uses a slightly different penalty term that further
takes into account the number of observationsM:

BIC = −2 log ˊlike(y|ɝMLE) + Np logM (2-34)

2.2.3 Earth Structure Case Studies

1̃ Case Study A: Two-Layer Earth Structures

Six two-layer earth cases in [46] are used to illustrate the performance of the adopted
Bayesian method. As shown in Table 2-6, the MAP results of soil parameters are very close to
the optimal solution in [46]. The slight difference arises from the different objective functions
(2-25) and (2-18) of the two methods.

The details of the fourth two-layer earth case are presented as a demonstration example.
Table 2-7 shows field readings of apparent resistivity from [41]. The prior distributions of
the four parameters used for Bayesian inference are given in Table 2-8. U(a, b) denotes the
uniform distribution in the interval [a, b]. The ranges of the three soil parameters ɟ1, ɟ2 and h1
are taken from [47]. The range of relative error factor ů is assumed to be [0, 0.05]. Independent
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uniform prior assumptions are adopted for these four parameters.

Table 2-6 Comparison of the MAP with the best optimization methods in [46] for two-layer struc-
tures

Case ɟ1/ɋ·m ɟ2/ɋ·m h1/m ů Method

1 372.729 145.259 2.690 - 8th[46]
374.804 146.154 2.677 0.037 MAP

2 246.836 1058.620 2.139 - 7th[46]
247.189 1045.105 2.108 0.043 MAP

3 57.343 96.712 1.651 - 5th[46]
58.739 98.123 1.828 0.055 MAP

4 494.883 93.663 4.370 - 7th[46]
496.308 94.946 4.327 0.038 MAP

5 160.776 34.074 1.848 - 8th[46]
161.545 32.866 1.868 0.050 MAP

6 125.526 1093.080 2.713 - 8th[46]
126.670 1102.604 2.733 0.053 MAP

Table 2-7 Measured apparent resistivityðCase study A[46]

No. d/m ɟm/ɋ·m

1 2.5 451.6
2 5.0 366.7
3 7.5 250.2
4 10.0 180.0
5 12.5 144.2
6 15.0 120.2
7 20.0 115.5
8 25.0 96.5

Table 2-8 Prior probability distribution of the parametersðCase study A

Parameter Prior distribution

ɟ1/ɋ·m U(0, 1200)
ɟ2/ɋ·m U(0, 1200)
h1/m U(0, 6)
ů U(0, 0.05)

Then, these prior distributions are updated using Bayesian method. The AIES algorithm
in UQLab[122] is adopted for the soil parameter estimation. Figure 2-7 depicts the posterior
one- and two-dimensional marginal probability distributions and correlation coefficients of
parameters inferred from the MCMC samples. The MAP and 95% confidence interval of the
parameters are given in Table 2-9, which are compared with the results obtained by the opti-
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mization method in [46]. It can be seen that the MAP of soil parameters is very close to the
optimal solution in [46]. The slight difference arises from the different objective functions
(2-25) and (2-18) of the two methods. Compared to optimization methods, Bayesian methods
comprehensively quantify the uncertainty of parameter estimation.
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Figure 2-7 One- and two-dimensional posterior marginals and correlation coefficients of parame-
ters obtained by the Bayesian methodðCase study A.

Table 2-9 Estimated results of the parametersðCase study A

Parameter Results in [46] Bayesian posterior results
MAP 95% confidence interval

ɟ1/ɋ·m 494.883 496.308 [458.803, 543.577]
ɟ2/ɋ·m 93.663 94.946 [88.569, 101.094]
h1/m 4.370 4.327 [3.985, 4.733]
ů - 0.0378 [0.0289, 0.0496]

Furthermore, the MCMC samples of the soil parameters x are used to predict the posterior
distribution of the calculated apparent resistivity at electrode spacing d, namely ˊpost(f (x, d)).
Other grounding parameters of interest can be evaluated similarly. The posterior means and
confidence intervals of the calculated apparent resistivity are compared with the measurements
in Figure 2-8, which illustrates the accuracy of the Bayesian posterior results.

The classical optimization methods are affected by the measurement error since they can
not distinguish whether the error is caused by soil model or measurement data[56]. On the
contrary, the adopted Bayesian method can distinguish the contributions of uncertainty in soil
parameters and discrepancy parameters. Figure 2-9 compares the posterior distribution of ap-
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Figure 2-8 Bayesian posterior predictive distribution and measured apparent resistivityðCase
study A.

parent resistivity with and without residuals at spacing di(i = 1, 2, . . . ,M), which are defined
as ˊpost

(
f (x, di) + Ůi

)
and ˊpost( f (x, di)), respectively. The residual Ůi are drawn from the

Gaussian distribution in (2-19) using the posterior samples of x and ů. The extra impact of
these residuals is clearly shown in Figure 2-9.
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Figure 2-9 Posterior predictive apparent resistivity with and without residualsðCase study A.

2̃ Case Study B: A Three-Layer Earth

Then, a three-layer earth with known parameters from [57] is used to discuss the shielding
effect. As shown in Table 2-10, the second layer has significantly larger resistivity compared to
the other layers. The resulting shielding effect brings difficulties in the estimation of other soil
parameters. The results in [57] show that the deep soil parameters estimated by the optimization
method may deviate from the actual values in this case.

In this research, initially, the theoretical apparent resistivity at eleven electrode spacings
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Table 2-10 Synthetic three-layer earthðCase study B[57]

Layer Resistivity/ɋ·m Thickness/m

1 100 2.5
2 500 50
3 50 ∞

are used to synthesize the measurements by adding Gaussian noise with a standard deviation of
2% of the mean. The electrode spacing values are taken from [57]. The actual and measured
apparent resistivity are given in Table 2-11.

Table 2-11 Synthetic apparent resistivity measurements for Case study B

No. d/m Actual apparent resistivity/ɋ·m Measured apparent resistivity/ɋ·m

1 1 103.09 101.75
2 10 285.54 292.28
3 20 371.86 366.22
4 30 397.75 388.93
5 40 393.76 387.10
6 50 373.08 368.81
7 60 343.64 339.80
8 70 310.61 311.71
9 80 277.29 276.20
10 90 245.70 248.58
11 100 216.90 213.21

In this case, the uncertainty in the soil parameters is emphasized, and the prior distribution
of ů is set to constant 0.02. The posterior estimation of the soil parameters are depicted in Table
2-12 and Figure 2-10. The parameters ɟ3 and h2 have large uncertainties, and they are highly
correlated.

Table 2-12 Estimated results of the parameters in Case study B from eleven measurements

Parameter Actual Bayesian posterior results
MAP 95% confidence interval

ɟ1/ɋ·m 100 96.99 [92.77, 102.62]
ɟ2/ɋ·m 500 459.52 [444.22, 502.32]
ɟ3/ɋ·m 50 5.37 [3.62, 77.04]
h1/m 2.5 2.14 [1.88, 2.55]
h2/m 50 62.82 [45.92, 65.04]

Figure 2-11 compares the posterior predictive distribution and measurements of appar-
ent resistivity, and it clearly shows the uncertainty at electrode spacing beyond 100 m due to
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shielding effects and limited observations.

1 corr(
1
,

2
)

0.3065
MAP

corr(
1
,

3
)

0.1287

corr(
1
,h

1
)

0.6404

corr(
1
,h

2
)

-0.2348

423.7

575.9

2 corr(
2
,

3
)

0.5864

corr(
2
,h

1
)

0.8068

corr(
2
,h

2
)

-0.8363

2.1

105.9

3 corr(
3
,h

1
)

0.3798

corr(
3
,h

2
)

-0.9217

1.5

3.0

h 1 corr(h
1
,h

2
)

-0.6308

87
.4

10
6.8

1

36.1

68.9

h 2

42
3.7

57
5.9

2

2.1
10

5.9

3

1.5 3.0

h
1

36
.1

68
.9

h
2

Figure 2-10 One- and two-dimensional posterior marginals and correlation coefficients of param-
eters in Case study B using eleven measurements.
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Figure 2-11 Bayesian posterior predictive distribution and measured apparent resistivity in Case
study B using eleven measurements.

The performance of soil inversion can be improved by increasing measurements at elec-
trode spacing where the posterior predictive apparent resistivity has a wide confidence interval.
Table 2-13 supplements the apparent resistivity measurements at five large electrode spacings.
Then, the posterior results obtained with sixteen data are shown in Figure 2-12 and Table 2-14.
The MAP of parameters ɟ3 and h2 are close to the actual values, and their confidence intervals
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are narrow. The one-dimensional posterior marginal probability distribution of parameters ɟ3
and h2 is less skewed compared to the results in Figure 2-10. Correspondingly, the uncertainty
of the posterior predictive apparent resistivity is also reduced, as shown in Figure 2-13.

Table 2-13 Supplement apparent resistivity measurements for Case study B

No. d/m Actual apparent resistivity/ɋ·m Measured apparent resistivity /ɋ·m

12 160 108.79 110.53
13 220 71.05 68.91
14 280 58.72 59.75
15 340 54.41 54.14
16 400 52.66 52.84

1 corr(
1
,

2
)

0.2160
MAP

corr(
1
,

3
)

0.0836

corr(
1
,h

1
)

0.6098

corr(
1
,h

2
)

-0.2309

442.8

532.0

2 corr(
2
,

3
)

0.4281

corr(
2
,h

1
)

0.7627

corr(
2
,h

2
)

-0.9459

47.4

52.0

3 corr(
3
,h

1
)

0.2723

corr(
3
,h

2
)

-0.5516

1.7

2.9

h 1 corr(h
1
,h

2
)

-0.7736

88
.9

10
7.0

1

46.4

57.2

h 2

44
2.8

53
2.0

2

47
.4

52
.0

3

1.7 2.9

h
1

46
.4

57
.2

h
2

Figure 2-12 One- and two-dimensional posterior marginals and correlation coefficients of param-
eters in Case study B using sixteen measurements.

Table 2-14 Estimated results of the parameters in Case B from sixteen measurements

Parameter Actual Bayesian posterior results
MAP 95% confidence interval

ɟ1/ɋ·m 100 98.07 [93.18, 102.37]
ɟ2/ɋ·m 500 481.19 [461.47, 504.93]
ɟ3/ɋ·m 50 49.62 [48.33, 50.91]
h1/m 2.5 2.28 [1.99, 2.60]
h2/m 50 52.01 [49.01, 54.81]
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Figure 2-13 Bayesian posterior predictive distribution and measured apparent resistivity in Case
study B using sixteen measurements.

3̃ Case Study C: A Four-Layer Earth

A four-layer earth structure is further used to illustrate the applicability of the Bayesian
approach. The measured apparent resistivity data can be found in [42]. Table 2-15 shows the
estimated soil parameters using different optimization methods in [42] and [45]. They achieve
close goodness-of-fit, with root mean square errors of 2.52% and 2.02%[45], respectively. How-
ever, the estimated results of parameters ɟ2, ɟ3 and h3 are quite different.

Table 2-15 Estimated results of the parametersðCase study C

Parameter Results in [42] Results in [45] Bayesian posterior results
MAP 95% confidence interval

ɟ1/ɋ·m 235.32 233.90 235.26 [227.04, 247.19]
ɟ2/ɋ·m 3518.28 3185.18 4055.47 [2098.71, 5531.67]
ɟ3/ɋ·m 205.53 102.11 194.03 [88.28, 382.15]
ɟ4/ɋ·m 1504.71 1438.67 1417.62 [1219.84, 2221.60]
h1/m 1.20 1.17 1.24 [1.10, 1.32]
h2/m 5.33 6.30 4.64 [3.20, 9.28]
h3/m 21.06 9.36 19.20 [8.60, 50.24]
ů - - 0.0132 [0.0130, 0.0451]

The Bayesian posterior results are given in Table 2-15 and Figure 2-14, where the above
three parameters show large uncertainties. The estimate results in [42] and [45] are all en-
veloped by the 95% confidence interval of the posterior distribution. Figure 2-15 compares the
posterior predictive distribution and measured data of apparent resistivity in this case.

The Bayesian results can be used to evaluate the sufficiency of the measured apparent
resistivity data for achieving accurate estimation of soil parameters. In Case study A, the
measurement points are adequate for a 2-layer simple earth structure. Thus, both the point
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Figure 2-14 One- and two-dimensional posterior marginals and correlation coefficients of param-
eters obtained by the Bayesian methodðCase study C.
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Figure 2-15 Bayesian posterior predictive distribution and measured apparent resistivityðCase
study C.
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estimation of the optimization method and the MAP of the Bayesian method can interpret the
earth structure accurately, and the posterior confidence intervals of the soil parameters using
Bayesian methods are relatively narrow. In other cases, the measured data may not capture
the full details of the changes at some local extreme points in the apparent resistivity curve,
especially when the earth presents a complex multilayer structure, which may limit the perfor-
mance of the optimization method. The Bayesian posterior confidence interval of the apparent
resistivity characterizes the uncertainty around the corresponding electrode spacing, and new
measurements can be added at the electrode spacings with relatively wide confidence interval
to improve the estimation accuracy.

4̃ Case Study D

In this case, the layer number of earth structures is further selected based on information
criterion. The original apparent resistivity data from case TE1 in [55] are fitted with earth
structures ranging from two to six layers. The MAP results are presented in Table 2-16, and
the corresponding calculated apparent resistivity curves are compared with the measurements
in Figure 2-16.

The maximum log-likelihood and information criteria for the earth models with different
layer numbers are shown in Table 2-17. It can be seen that as the number of layers increases,
the increase in maximum log-likelihood gradually slows down. Finally, the three-layer model
is selected according to the minimum AIC and BIC with a penalty for complex models. It can
also be seen from Figure 2-16 that when the number of layers exceeds 3, the MAP estimation
results only change the fitting performance for very few measurements, which may lead to
overfitting of noise parts.
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Figure 2-16 Calculated apparent resistivity curves of the earth models with different layer
numbersðCase study D.
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Table 2-16 Estimated MAP results of the earth models with different layer numbersðCase study
D

Parameters 2-layer 3-layer 4-layer 5-layer 6-layer

ɟ1/ɋ·m 266.96 209.93 62.94 210.76 210.71
h1/m 26.85 2.26 0.10 2.27 2.34
ɟ2/ɋ·m 160.54 389.11 243.19 384.49 388.76
h2/m ∞ 7.07 4.11 9.11 10.03
ɟ3/ɋ·m 187.63 1024.78 129.17 78.80
h3/m ∞ 1.73 19.92 5.28
ɟ4/ɋ·m 188.96 1385.03 96.34
h4/m ∞ 10.97 7.34
ɟ5/ɋ·m 13.20 1371.79
h5/m ∞ 11.46
ɟ6/ɋ·m 13.89
h6/m ∞
ů 0.094 0.027 0.026 0.018 0.016

Table 2-17 Information criteria of the earth models with different layer numbersðCase study D

Number of layers Maximum log-likelihood AIC BIC

2 -40.90 89.81 90.60
3 -29.62 71.23 72.42
4 -28.84 73.69 75.27
5 -26.01 72.03 74.00
6 -25.98 75.96 78.33

2.3 Calculation of Surface Geoelectric Fields Induced by GMD

2.3.1 Modeling and Calculation Method for Induced Geoelectric Field

1̃ Geoelectric Fields Using Different Earth Conductivity Models

During the geomagnetic storm, the geoelectric field is generated by the current source
in space and its induced currents in the ground. The induced geoelectric field on the earthôs
surface is affected by the earth conductivity structure with a depth of hundreds of kilometers.
Since the actual geoelectric structure is highly complex, it is necessary to simplify the earth
conductivity structure whenmodeling the geoelectric field induced byGMDwithin awide area.
The widely used earth conductivity models for induced geoelectric field calculation consist of
one-dimensional (1D) models, two-dimensional models and three-dimensional models.

For GMD study, the 1D earth model is mostly adopted due to its simplicity and acceptable
accuracy. The variable conductivity of the earth can be modeled by a series of horizontal
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layers with specified conductivity and thickness. If there is a large lateral variation in the earth
conductivity, especially in the coastal area, the induced geoelectric field on the land side could
be significantly enhanced, which is called the coast effect, and its influence range is within a
few kilometers from the coast.

As the one-dimensional model includes the uniform conductivity model and the 1D lay-
ered conductivity model, the analytical methods such as the plane wave method and the com-
plex image method (CIM) can be used to calculate the induced geoelectric field. The former
applies to low-latitude areas with large field to source distances, while the latter applies to areas
with relatively small field to source distances. For geoelectric field modeling in a wide area, the
piecewise 1D earth model can be used, that is, the conductivity in each sub-region is uniform
in the horizontal direction, and the geoelectric field in each sub-region is solved separately.

For the geomagnetic induction analysis of the pipe network and power grid, the induced
horizontal electric fieldE = [Ex,Ey]T on the ground surface is required, which can be calculated
by combining the horizontal magnetic field B = [Bx,By]T and the earth conductivity model.
Their relationship at frequency f is as follows[3, 63]:

E (f, x) = K (f, x) · B (f, x) (2-35)

whereK (f, x) is themagnetotelluric transfer function (TF), also calledmagnetotelluric impedance
in practical magnetotellurics[63], which can be inferred from electromagnetic measurements or
numerical simulations; x is the spatial coordinates on the ground surface; and sub-x and sub-y
refer to the components in the north and east directions. The spatial distribution of the magnetic
field can be calculated from the space source currents[3, 59], or obtained by spatial interpolation
from the measurements at one or multiple geomagnetic observatories[61].

For the earth with 3-D complex distribution of conductivity, the response K (f, x) is usu-
ally a full matrix as in (2-36), and changes with the spatial coordinates[63]. In this case, the
magnetic field and electric field on the earth surface are usually not orthogonal, thus resulting
in a spatially nonuniform geoelectric field.

K (f, x) =

Kxx Kxy

Kyx Kyy

 (f, x) (2-36)

For a uniform or 1-D horizontally layered earth model, the TF is reduced to (2-37), which
can be calculated by the plane wave method[3].
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K (f, x) =

 0 K

−K 0

 (f, x) (2-37)

2̃ Plane Wave Method

The plane wave method[3] has been proved to be suitable for low latitude areas. The elec-
tromagnetic field on the earth surface generated by space surface current can be calculated by
using the plane wave theory. The effect of space surface current on the earth can be equivalent
to a plane electromagnetic wave incident perpendicular to the semi-infinite earth.

For a uniform earth, the following equation can be obtained based onMaxwellôs equations:

∂2E(ɤ)
∂z2

= jɤɛ0ůE(ɤ) ,
∂2B(ɤ)

∂z2
= jɤɛ0ůB(ɤ) (2-38)

The general solution form of the electric field in formula (2-38) is given by

E(ɤ) = Ce−kz + Dekz (2-39)

where k =
√
jɤɛ0ů represents the propagation constant of electromagnetic wave in the earth,

ů denotes the earth conductivity.

For the earth with uniform conductivity, the relationship between the surface electric field
and the surface magnetic field in the frequency domain can be obtained

Ey(ɤ) = −
√

jɤ
ɛ0ů

Bx(ɤ), Ex(ɤ) =
√

jɤ
ɛ0ů

By(ɤ) (2-40)

For a 1-D horizontally layered earth with N layers, the geoelectric field and the geomag-
netic field on the earth surface are orthogonal. The transfer function K can be simulated via
plane wave method. First, the transfer function on the upper surface of the bottom half space
can be calculated according to equation (2-41). Then, recursive calculation is performed to
obtain the transfer function of the upper layer based on formula (2-42). Finally, the transfer
function K = K1 on the surface can be obtained.

KN = jɤ
kN

=
√

jɤ
ɛ0ůN

(2-41)

Kn = ɖn
Kn+1

(
1 + e−2knhn

)
+ ɖn

(
1− e−2knhn

)
Kn+1

(
1− e−2knhn

)
+ ɖn

(
1 + e−2knhn

) (2-42)
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where ůn, hn, kn =
√
jɤɛ0ůn, and ɖn = jɤ/kn refer to the conductivity, thickness, propagation

constant and characteristic function of the n-th layer, respectively.

For the actual waveform of geomagnetic field in the time domain, it can be first trans-
formed into the frequency domain by Fast Fourier Transform (FFT), and then the geoelectric
field results in the frequency domain are calculated by using the transfer function of earth
model. Finally, the geoelectric field results in the time domain are obtained by Inverse Fast
Fourier Transform (IFFT).

For the online calculation of geoelectric field, the recursive formulation in the time domain
is more suitable than the frequency domain method. Reference [127, 128] proposes the meth-
ods for fitting the earth responses, and then the geoelectric field can be obtained by recursive
convolution in the time domain.

The transfer function K(s) can be approximated by a rational function based on vector
fitting method[129], expressed in the pole-residue form as

K(s) ≈ r0 +
nvf∑
i=1

ri
s− pi

(2-43)

where s is the Laplace variable; nvf is the order of vector fitting; ri and pi are the residue and
pole of i-th order.

Then the impulse response of the earth model is

ə(t) = r0 · ŭ(t) +
nvf∑
i=1

ri · epit (2-44)

where ŭ(t) is the impulse function.

Let us take the northward geoelectric field Ex as an example, which can be calculated
by (2-45) at discrete instants tk = kȹt(k = 0, 1, . . . , +∞) to match the actual discrete input
measurement.

Ex(tk) =
(
ə ∗ By

)
(tk) =

∫ tk

0
ə(tk − Ű)By(Ű)dŰ

= r0By(tk) +
nvf∑
i=1

(∫ tk

0
riepi(tk−Ű)By(Ű)dŰ

) (2-45)

The i-th convolution term can be defined as an intermediate state xi(i = 1, 2, . . . , nvf),
which can be computed recursively[130] by

xi(tk) :=
∫ tk

0
riepi(tk−Ű)By(Ű)dŰ = epiȹtxi(tk−1) +

∫ tk

tk−1
riepi(tk−Ű)By(Ű)dŰ (2-46)
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3̃ Finite Element Method

If there is a large lateral variation in the earth resistivity, especially in the coastal area,
the induced geoelectric field on the land side with high resistivity may be significantly en-
hanced. As the conventional analytical methods are usually unable to consider the effect of
lateral variation in earth resistivity in the 2-D and 3-D earth model, numerical methods like the
finite element analysis are needed to solve the geoelectric field induced by GMD. The follow-
ing is a brief introduction to the basic equations and boundary conditions of the finite element
method (FEM)[66, 67] for modelling the induced geoelectric fields in the frequency domain. In
this study, the geomagnetic coordinate system is adopted, that is, the north and the east are the
positive directions of the x-axis and the y-axis, respectively, and the z-axis represents the depth
direction of the earth, and z = 0 at the surface. Assuming that the field source changes at an
angular frequency ɤ, the basic equation of the eddy current field is


∇× 1

ɛ∇× Ȧ + ů
(
jɤȦ +∇ ˙ʟ

)
= J̇S

∇ · ů
(
jɤȦ +∇ ˙ʟ

)
= 0

(2-47)

where Ȧ is the magnetic vector potential, ˙ʟ is the electric scalar potential, ɛ is the magnetic
permeability, ů is the conductivity, and J̇S is the current source in the non-conductor region.
If the surface is taken as the upper boundary, J̇S is 0. At the interface between two different
conductivity regions in the ground, the interface conditions are as follows:

en × ( 1
ɛ0
∇× Ȧ2 −

1
ɛ0
∇× Ȧ1) =0 (2-48)

Ȧ2 =Ȧ1 (2-49)
˙ʟ
2 =˙ʟ

1 (2-50)

ů2
(
jɤȦ2 +∇ ˙ʟ

2

)
· en =ů1

(
jɤȦ1 +∇ ˙ʟ

1

)
· en (2-51)

where en is the normal unit vector at the interface.

̂1̃ Upper Boundary

If the surface magnetic field is known, the surface can be taken as the upper boundary,
and equation (2-52) and (2-53) can be obtained according to the continuity condition of the
current.

en × ( 1
ɛ0
∇× Ȧ) =K̇ (2-52)
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ů
(
jɤȦ +∇ ˙ʟ

)
· en =0 (2-53)

where K̇ is the equivalent surface current density based on surface geomagnetic data.

̂2̃ Lower Boundary

The electromagnetic field at the lower boundary of the model decays to a small extent, so
its boundary condition is set as

Ȧ = 0 (2-54)

̂3̃ Horizontal Boundary

The change of the geomagnetic field can be divided into the components of change along
the north-south direction and the east-west direction, which are denoted as ȹBx and ȹBy, respec-
tively. For the above two components, the horizontal boundary conditions are set separately
to solve the model, and then the induced geoelectric field results of the two cases are superim-
posed. Taking case ȹBx as an example, at the east and west boundary of the earth model, the
magnetic field is parallel to the boundary surface.

en × Ȧ = 0 (2-55)

The current in the earth induced by ȹBx is a circulation along the east-west direction.
Therefore, in the solution process, the potentials of the east-west boundary surface must be
equal to satisfy the current continuity condition[67] as

˙ʟ
E = ˙ʟ

W (2-56)

where ˙ʟ
E and ˙ʟ

W represent the potential values on the east and the west boundary surfaces,
respectively.

At the southern and the northern boundaries of the earth model, the magnetic flux is per-
pendicular to the boundary surface as

en × ( 1
ɛ0
∇× Ȧ) = 0 (2-57)

For the calculation of the geoelectric field induced by ȹBy, the horizontal boundary con-
ditions are set similarly.
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2.3.2 Results of Geoelectric Fields Considering Lateral Conductivity Varia-
tions

1̃ A Simple Coast Test Case

The lateral variation of the earth conductivity causes the distortion of the geoelectric field
near the interface, which affects the induction results in power grids and pipeline networks.
Figure 2-17 presents the thin-sheet coastmodel fromReference [67] adopted for demonstration.
The parameters in the model are set as follows: The space source current is a uniform surface
current at 100 km in height, with an amplitude of 1 A/m and a cosine waveform at 0.001 Hz;
the depths of sea and land are 5 km and 500 km, and the conductivity is 4 S/m and 0.01 S/m,
respectively. The finite element method[66, 67, 69] is used to calculate the spatial distribution of
the induced geoelectric field on the earth surface, and the block model is used as a comparison
to illustrate the additional influence of ocean, i.e., the geoelectric fields on the surface of land
and sea are calculated separately by the plane wave method without considering their mutual
influence[3, 62].

Air

SeaLand

Space Source Currents

hc

dl

ds

y

z

x

Figure 2-17 Schematic diagram of coast model excited by space source currents. The earth surface
is on the z = 0 plane, and the coast is along the north direction at y = 0. The height of
the space source currents, the depth of the ocean and land are hc, ds and dl, respectively.

The direction of the space source currents is taken as east and north respectively, and
the resulting surface geoelectric field distribution is shown in Figure 2-18. In the two cases,
the geoelectric fields near the interface show different changes. For the space source currents
perpendicular to the coast, i.e., along the east direction, an eastward geoelectric field is induced
on the earth surface, and the H-polarization[67] causes the geoelectric field to increase on the
land side near the interface. For the space source currents parallel to the coast, a northward
geoelectric field is induced on the earth surface, and the E-polarization[66] causes the geoelectric
field distortion, whose changes are opposite to the H-polarization case.

The ratio of geoelectric field on the land side near the coast obtained by thin-sheet model
and block model E3D/E1D is used to illustrate the extent of the coast effect. As shown in
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Figure 2-18 Comparison of geoelectric field at 0.001 Hz based on thin-sheet and block earth
model.

Figure 2-19, with the frequency increases, the enhancement effect of the H-polarization on the
geoelectric field gradually decreases, whereas the weakening effect of the E-polarization on
the geoelectric field tends to grow gradually stronger.

The effective distances of the coast effect, defined as the distance from the coast within
which the difference between E3D and E1D on the land is greater than 10%[67], at different
frequencies are shown in Fig 2-20. The effective distance of the E-polarization is larger than
that of the H-polarization, and both generally tend to decrease as the frequency increases.
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Figure 2-19 Comparison of geoelectric field results on the land side near the coast using 3-D and
1-D earth model with respect to the frequencies.

2̃ Geoelectric Field Waveforms Due to Coast Effect

Then the impact of the coast effect on the time domain waveform of the geoelectric field
is analyzed. The following waveform[68] of the horizontal magnetic field BH generated by the
electrojet is used as excitation:
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Figure 2-20 Effective distance of coast effect at different frequencies.

BH(t) = 701 exp(0.05(t− 100))
1 + exp(0.0531(t− 100))

(2-58)

The corresponding waveforms of the magnetic field and its rate-of-change are shown in
Figure 2-21. The peak values of the magnetic field and its rate-of-change are 561.2 nT and
500.0 nT/min respectively. In this test case, the 4-layer conductivity model in Table 2-18 is
used as the base earth, which is adjacent to the ocean with a depth of 5 km.
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Figure 2-21 Waveform of magnetic variation and its rate-of-change generated by electrojet.

Table 2-18 One-dimensional layered earth model[131]

Layer Thickness/km Conductivity/S·m−1

1 30 0.005
2 60 0.013
3 60 0.04
4 ∞ 0.3
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When the magnetic field source is parallel to the coast, the waveforms of the electric field
at different distances from the land side to the coast are shown in Figure 2-22. It can be seen that
the amplitude of the geoelectric field waveform near the coast is significantly enhanced due to
the influence of H polarization, which illustrates the importance of 3D earth modeling. As the
distance to the coast increases, the peak value and duration of the geoelectric field waveform
gradually become smaller and tend to the results of the 1D model.
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Figure 2-22 Waveforms of the electric field at different distances from the land side to the coast
when the magnetic field source is parallel to the coast.

In contrast, when the magnetic field is perpendicular to the coast, the waveforms of the
electric field at different distances from the land side to the coast are shown in Figure 2-23.
In this case, the amplitude of the geoelectric field waveform near the coast is significantly
weakened due to the influence of E polarization, which is opposite to the trend in the case of
H polarization. When the distance to the coastline is far enough, the results of the 3D model
tend to be those of the 1D model due to the weakening of the coast effect. The above results
provide a reference for analyzing the impact of complex 3D earth conductivity distribution on
the geoelectric field induced by GMD.
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Figure 2-23 Waveforms of the electric field at different distances from the land side to the coast
when the magnetic field source is perpendicular to the coast.
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3̃ Geoelectric Field Results Considering 3D Complex Conductivity Distribution

The earth conductivity model of the UK is established taking into account the lateral vari-
ations on the surface caused by the ocean around the UK. The conductivity of the surface layer
is based on the BGS2012 model[36, 132], as shown in Figure 2-24. The UK deep earth conduc-
tivity model adopts the GM one-dimensional layered earth model from [133]. Combined with
the above surface and deep earth conductivity models, the finite element model of the UK is
established.

Figure 2-24 Surface earth resistivity model of UK.

In the case of a 200-year return period geomagnetic storm in the UK, the rate of change
of the magnetic field is 840 nT/min. Assuming a period of 10 minutes, the corresponding
amplitude H0 = 1880 nT is used for the calculation of the induced electric field in the UK.

It should be noted that for the UK, since the auroral electrojet system mainly flows in
the east-west direction, the large magnetic field eastward component may only appear in local
areas. In this study, a more rigorous situation is considered that the surface eastward magnetic
field is uniform.

The induced electric field distribution in the UK is studied below in the case of the north-
ward and the eastward magnetic fields, respectively. The magnetic field in any other direction
on the surface can be divided in these two directions, and then superimposed to obtain the
actual inductive electric field distribution.

According to the geoelectric field distribution shown in Figure 2-25, the induced geoelec-
tric field on the east and the west coasts generally increases significantly under the northward
magnetic field excitation, while the induced geoelectric field on the north and the south coasts
generally increases significantly under the eastward magnetic field excitation. The impact
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range of the coast effect is about tens of kilometers. Moreover, the finite element model used
can take into account the enhancement of the geoelectric field induced by the coast effect in
the UK.

(a) Northward magnetic fields (b) Eastward magnetic fields

Figure 2-25 Comparison of the induced geoelectric fields in cases of magnetic source fields with
different directions.

2.4 Concluding Remarks

In this chapter, first, the extreme GMD scenario is established by combining extreme
value statistics and theoretical upper limit method, which may provide a useful reference for
risk assessment and mitigation measures for critical assets in power system. The 10,000-year
GMD scenarios are generated to complement the classical 100-year and 200-year events. The
10,000-year GMD event is required for safety-critical nodes such as the UHV/EHV substations
and nuclear power plants, etc. The return level of geomagnetic variation is estimated using the
geomagnetic observations based on extreme value theory, which is then combined with the
theoretical upper limit of the disturbance storm time (Dst) index to establish the 10,000-year
GMD scenarios.

Then, a Bayesian inversion method is presented for the layered earth structure. Compared
to classical optimization techniques, it can provide more comprehensive statistical properties,
e.g. confidence intervals, correlation coefficients, marginal and joint probability distributions.
It can quantify the uncertainty in soil parameters caused by measurement noises and shield-
ing effects. Furthermore, the posterior samples of soil parameters can be used to predict the
probability distribution of the grounding parameters of interest.

Finally, the peak value and spatio-temporal distribution of the geoelectric field on the
surface in extreme GMD scenarios are modeled taking into account the vertical and horizontal
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variations of the earth conductivity. The results show that the geoelectric field near the coast
can be distorted due to differences in conductivity between seawater and land. The increase or
decrease of the geoelectric field is influenced by the direction of the geomagnetic interference
source. We compared the relative contribution and effective distance of coastal effects on
geoelectric field distortion at different frequencies. These results provide a basis for predicting
voltage and current responses in energy networks to GMD hazards.
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3 Efficient Analysis of GICs in Power Grids and Their Impacts on
AC Voltage Security

GIC in the power grid during GMD can cause the half-cycle saturation of the transformer.
It leads to a collective increase in the additional reactive power losses of the transformer,
thereby affecting the voltage stability of the power system. The GMD impact assessment is
affected by a large number of uncertain factors such as the intensity of geomagnetic source
field variations, substation ground resistances, and AC loads, etc. It needs to be considered in
the analysis of GIC flow and power flow of the power system. Thus, efficient probabilistic
GIC analysis in power grids provides tools for assessing and mitigating small-probability tail
risks of geomagnetic disturbances, especially in early warning and real-time scenarios.

In this chapter, first, a reduced nodal admittance matrix (RNAM) method is proposed to
speed up GIC calculation based on Kron reduction. Moreover, the proposed RNAMmethod is
used to achieve a more efficient analysis of probabilistic GICs, which considers the uncertainty
of the substation grounding resistances. The novel method is compared with the classical al-
gorithms including the nodal admittance matrix method, the Lehtinen-Pirjola method, and the
bus admittance matrix method, and its efficiency improvement is illustrated with several power
grid test cases.

Then, we evaluate the impacts of transformer effective GICs on the AC voltage security
of power system. The sparse polynomial chaos expansion (PCE) method is used to quantify
the impacts of uncertain input parameters, which is more efficient than Monte Carlo method.
For bulk power systems with a large number of buses of interest, principal component anal-
ysis (PCA) is further used to compress the multiple outputs, which can reduce the number of
surrogate models that need to be built.

This chapter is organized as follows. Section 3.1 details the proposed reduced nodal ad-
mittance matrix method for accelerating the calculation of GIC in power grids based on Kron
reduction. In Section 3.2, the uncertainty quantification model for AC voltage evaluation is
established, taking into account the random parameters in the DC and AC models of power
grids. Then, an efficient algorithm based on PCE and PCA is further used to efficiently infer
the probability distribution of AC voltage. Section 3.3 illustrates the computational efficiency
advantages of the proposed methods with several power system test cases. Finally, Section 3.4
summarizes this chapter.
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3.1 Reduced Nodal AdmittanceMatrix Method for Probabilistic GIC Anal-
ysis

This section proposes a more efficient GIC calculation method based on Kron-reduced
nodal admittance matrix (RNAM)[134], which can be easily implemented on the basis of the
classical full-node NAM method. It can reduce the size of the computational model and
preserve the positive definiteness of the matrix, thus it can be efficiently solved by utilizing
Cholesky decomposition. Furthermore, the proposed RNAM method is applied to the prob-
abilistic GIC analysis considering the uncertainty of substation grounding resistance param-
eters[82]. The calculation procedure is accelerated by the proposed RNAM method, which is
demonstrated by several power grid test cases[79, 81, 86, 135].

3.1.1 Classical Full-Node Admittance Matrix Method

In early research on geomagnetic induction modeling and calculation, the geoelectric field
on the earthôs surface was usually calculated using a uniform or one-dimensional horizontally
layered earth model due to a lack of knowledge of the earthôs resistivity. In addition, the com-
ponents in the power grid and pipeline network are considered linear and the parameters are
considered known. In this way, the induced voltages and currents in energy systems excited
by uniform electric fields can be calculated using the linear superposition method. First, the
induced current and voltage are evaluated under the conditions of 1 V/km northward and east-
ward electric field, respectively. Then, the induction results in the case of a geoelectric field
with arbitrary direction and magnitude can be simply calculated using their linear combination.

In power networks with lumped parameters, the substation grounding and transformer ef-
fective GIC are the quantities of interest. The effect of GMD is modeled as a lumped voltage
source on the transmission line and can be calculated by integrating the horizontal geoelectric
field along the line. Traditionally, it is assumed that geoelectric field fluctuations caused by lo-
cal changes in earth resistivity can be smoothed out by integration. Nowadays, however, long-
distance transmission lines may span multiple geological regions, which are subject to more
complex spatial distribution of geoelectric fields. In particular, the geoelectric field is strongly
distorted in areas with sudden geological changes such as coasts. Some measurement and sim-
ulation studies illustrate differences in GIC results in power grids using one-dimensional and
three-dimensional earth models[60, 65]. In addition, substation ground resistance is often uncer-
tain due to local resistivity fluctuations and seasonal changes[136]. Thus, uncertainty quantifi-
cation of GIC and its effect on AC voltage is necessary, which is usually time-consuming and
requires efficient algorithms.
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Consider a transmission network affected by GMD, including ns substations, nb buses
and nt transformers in the GIC flow path. The effect of the wide-area distributed horizontal
geoelectric field E can be modeled as a voltage source in the power line:

V tl, s
ik =

∫
Lik
E · dl (3-1)

where Lik is the geographic path of the power line (i, k).

The single line diagram of the equivalent circuit of the power line (i, k) excited by the
external electric field is shown in Figure 3-1, where yik is the equivalent admittance of a three-
phase power line, which is the product of the per-unit-length admittance and its length. Usually,
only the resistance part of the power line is considered in GIC analysis due to the very low
frequency of the geoelectric field.

 iky
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Figure 3-1 Equivalent circuit of power line (i, k) excited by external electric field.

Then the voltage source can be converted into the current injections at buses Jb with Nor-
ton equivalent system, whereas the current injections at the substation grounding grid nodes Js

are zero:
Jb = ũbE, Js = 0 (3-2)

where ũb ∈ Rnb×2nz is the incident matrix; E ∈ R2nz×nT is the induced geoelectric field matrix,
nz is the number of geological zones, and nT is the number of time instants.

In the classical GIC model for a power grid with multiple voltage levels, the substation
grounding grid node set Ns and the bus node set Nb are combined into a full-node set Ns ∪ Nb.
Then, the full-node voltages V ∈ R(ns+nb)×nT can be calculated by the NAM method[75]:

YV = J =

Js
Jb

 (3-3)

where the nodal admittance matrix Y ∈ R(ng+nb)×(ng+nb) is sparse symmetric positive definite,
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and its nonsingularity needs to be guaranteed by a preprocessing step, i.e. removing the isolated
bus nodes.

Further, the obtained full-node voltages can be used to calculate the transformer effective
GICs[75] as follows

Ieff = |ūV| = |ūY−1J| (3-4)

where ū ∈ Rnt×(ns+nb) is the transformation matrix for the transformer effective GICs.

The substation grounding GICs, depending on the voltages of the substation grounding
grid nodes, can be calculated by

Is =
[
Ys 0

]
V =

[
Ys 0

]
Y−1J (3-5)

whereYs = diag(R−1g,1, . . . ,R−1g,ng) ∈ Rns×ns is the substation grounding conductance matrix, Rg,i

is the grounding resistance of the i-th substation, and 0 ∈ Rns×nb is a zero matrix.

3.1.2 Proposed Model Reduction for Probabilistic GIC Analysis

1̃ RNAM method for Nodal Voltage Calculation

In this section, we detail the model order reduction method for GIC calculation based on
Kron reduction[134]. If we partition the matrices by node type, the nodal voltage equations in
(3-3) can be rewritten as:

 Yss Ysb

Ybs Ybb

 ·
 Vs

Vb

 =

 0

Jb

 (3-6)

It is worth noting that block Yss is a positive diagonal matrix since the coupling between
the grounding grids of the substations through the earth can usually be ignored. Thus, its inverse
(Yss)−1 is easy to find.

Using the voltage equations for substation grounding nodes Ns, Vs can be expressed by
the bus voltages Vb as

Vs = −(Yss)−1YsbVb (3-7)

Substituting (3-7) into the bus voltage equations in (3-6), the calculation of Vb can be
reduced to

ỸVb = Jb (3-8)

where the reduced nodal admittance matrix Ỹ := Ybb − Ybs(Yss)−1Ysb ∈ Rnb×nb is the Schur
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complement of the block Yss of the matrix Y[134].

The above mathematical transformation automatically modifies the topology of each sub-
station, i.e. eliminating the internal grounding grid node, as depicted in Figure 3-2. The pro-
posed RNAM method has the following advantages:

1. The size of the reducedmatrix Ỹ is less than that of the full-nodematrixY ∈ R(ns+nb)×(ns+nb)

in (3-3), thus it may reduce the storage requirements and speed up the GIC simulation
without compromising the computational accuracy.

2. Thematrix Ỹ preserves positive definiteness according to the Schur complement lemma[134].
3. The matrix Ỹ preserves sparsity since eliminating Ns does not create new non-zero

entries between the buses in different substations.
4. The current injections at the bus nodes Jb remain unchanged.

Bus node

Grounding 
grid node

Transformer 
winding

resistance

Grounding
resistance

Kron 
Reduction

Original Substation Topology Modified Substation Topology

Current injection

Figure 3-2 Schematic diagram of substation topology modification by eliminating the substation
grounding grid node based on Kron reduction.

Furthermore, the interconnected power grid may involve multiple transmission system
operators. Suppose we are interested in the GMD impacts on one sub-network whose bus set
is denoted as Nb1. The other buses Nb2 = Nb\Nb1 belong to the neighboring sub-networks.
Then (3-8) can be partitioned as

 Ỹ11 Ỹ12

Ỹ21 Ỹ22

 ·
 Vb

1

Vb
2

 =

 Jb1
Jb2

 (3-9)

where the subscripts 1 and 2 in Ỹij,Vb
i and Jbi (i, j = 1, 2) correspond to the bus subsets Nb1 and

Nb2, respectively.

Then the voltageVb
1 of interest can be calculated by eliminating the bus setNb2 as follows:

(
Ỹ11 − Ỹ12Ỹ−122 Ỹ21

)
Vb

1 = Jb1 − Ỹ12Ỹ−122 Jb2 (3-10)
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2̃ RNAM-based GIC Calculation

The subsequent GIC calculation can be simplified by using the RNAM in (3-8). If we
partition the transformation matrix by node types as ū =

[
ūs|ūb

]
, the formula (3-4) for the

transformer effective GICs can be simplified as

Ieff = |ūV| = |ū̃Vb| = |ū̃Ỹ−1Jb| (3-11)

where ū̃ := ūb −ūs(Yss )−1Ysb ∈ Rnt×nb is the reduced transformation matrix.

Similarly, the formula (3-5) for the substation grounding GICs can be reduced to

Is = YsVs = −Ys(Yss)−1YsbVb = −Ys(Yss)−1YsbỸ−1Jb (3-12)

Alternatively, the substation grounding GIC can also be calculated by eliminating the bus
nodes

Is = −Ys(Yss − Ysb(Ybb)−1Ybs)−1Ysb(Ybb)−1Jb (3-13)

where matrix Yss−Ysb(Ybb)−1Ybs ∈ Rng×ng is typically dense. Hence, equation (3-12) is more
preferred than (3-13) for GIC calculation due to the more sparse matrix and the fewer times of
inversion.

The GIC flow in the transmission lines can be useful for model validation by differential
magnetometry[20]. The GIC in power line (i, k) can be calculated as:

I tlik = yik
(
V b
i − V b

k + V tl, s
ik

)
(3-14)

where yik is the admittance of the power line (i, k), and V b
i and V b

k are the voltages of buses i
and k, respectively.

3̃ Uncertainty Quantification of GIC

The proposed RNAM method is applied to the probabilistic GIC analysis that considers
uncertain resistance parameters in the power grid. Substation grounding resistance values are
a major source of GIC uncertainty, since they are usually not included in the standard power
flow data and are time-varying depending on local soil conductivity[82].

The resulting uncertainty of GIC can be quantified by using the Monte Carlo method. For
each sample of substation grounding resistances, we modify the substation grounding conduc-
tancematrixYs and blockYss. The latter is further used to update the reduced admittancematrix
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Ỹ and the reduced transformation matrix ū̃. Finally we can obtain the probability distribution
of the GICs with the RNAM method.

3.2 Voltage Security Analysis Based on Probabilistic Power Flow

In this section, the impacts of transformer GICs on the static voltage security is evaluated
considering the uncertain factors including the geomagnetic electric fields, substation ground
resistances, and AC loads, etc. Given the local effects of most random inputs during geo-
magnetic storms, the sparse regression method is used to reduce the number of polynomial
expansion terms to avoid the curse of dimensionality. For bulk power systems with a large
number of buses of interest, principal component analysis (PCA) is further used to compress
the multiple outputs, which can reduce the number of surrogate models that need to be built.
The accuracy and efficiency of the adopted algorithm are illustrated by 150-node and 500-node
power system test cases.

3.2.1 Deterministic Power Flow Model During GMD

GICs flowing through the transformer cause the half-cycle saturation due to the nonlinear
excitation characteristics of the iron core. The resulting additional reactive power losses can
affect the voltage stability of the power system. The transformer neutral GIC cannot directly
characterize the saturation degree of the autotransformer since the series winding and the com-
mon winding have a direct electrical connection. In comparison, the effective GIC flowing
through the transformer t can be chosen as a more general metric:

I efft =

∣∣∣∣∣∣I hight + I lowt

Ŭt

∣∣∣∣∣∣ (3-15)

where I hight and I lowt are the GICs flowing through the high-voltage and low-voltage coils, and
Ŭ is the turns ratio.

Then, the additional reactive losses of the transformer t can be calculated using the effec-
tive GIC as follows[87, 137]

Qloss
t = gt(I efft ,V ac

i ) (3-16)

where gt(·) depends on the core type of the transformer t, and V ac
i is the AC voltage magnitude

of the high-voltage side bus i of the transformer.

For a single-phase two-limb transformer, the function gt(·) can be simplified to a linear
relationship[138-140]:
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Qloss
t = ktI efft V ac

i (3-17)

where the factor kt depends on the voltage level, structure and material of the transformer.

The additional reactive losses are further integrated into the power flow equations of the
power system to evaluate their impacts on the AC voltage. In the power flow calculation, all
buses are divided into three categories, including PQ, PV and slack buses. The bus on the
high-voltage side of the transformer usually belongs to the PQ type, i.e. the active and reactive
power injection are known, whereas the magnitude and phase angle of the AC voltage are
quantities to be determined. However, the additional reactive losses caused by GIC are AC
voltage-dependent, which need to be taken into account in the establishment and solving of the
power flow equations.

DuringGMD, bus i needs to satisfy the following balance equations for nodal active power
and reactive power injections:

ȹPi = PGi − PLi − Pi = 0, i ∈ N b
PQ ∪ N b

PV (3-18)

ȹQi = QGi − QLi − QTi − Qi = 0, i ∈ N b
PQ (3-19)

where N b
PQ and N b

PV represent the PQ bus set and PV bus set; PGi and QGi are the active and
reactive power injection of the generator on bus i; PLi and QLi are the active and reactive loads
on bus i; Pi and Qi are the active and reactive power flowing from node i to other branches,
which can be calculated as follows

Pi = V ac
i

nb∑
j=1

V ac
j (Gij cos ɗij + Bij sin ɗij) (3-20)

Qi = V ac
i

nb∑
j=1

V ac
j (Gij sin ɗij − Bij cos ɗij) (3-21)

QTi is the additional reactive power loss of the transformer due to GIC, which depends on the
AC voltage magnitude of the high-voltage side

QTi =
nt∑
t=1

ůitQloss
t =

nt∑
t=1

ůitgt(I efft ,V ac
i ) (3-22)

where ůit is 1 if the high voltage side of transformer t is connected to bus i and 0 otherwise.

Then the nodal power balance equations for all buses in the power system can be summa-
rized as the following vector form. The quantities to be solved include the voltage magnitudes
of the PQ buses and PV buses, Vac ∈ RnPQ+nPV , and the phase angle of PQ buses relative to the
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slack bus, ɗ ∈ RnPQ . ȹP
ȹQ

 = f


 ɗ

Vac


 = 0 ∈ R2nPQ+nPV (3-23)

where nPQ and nPV are the numbers of PQ-type and PV-type buses.

The state in the above nonlinear AC power flow equations can be solved by the Newton-
Raphson method or the decoupled PQ method. The correction at step k is given by

 ȹɗ(k)

ȹVac(k)

 = −J(k)

ȹP(k)

ȹQ(k)

 (3-24)

where J(k) is the Jacobian matrix at step k, which can be calculated by

J(k) =

∂ȹP/∂ɗ ∂ȹP/∂Vac

∂ȹQ/∂ɗ ∂ȹQ/∂Vac


∣∣∣∣∣∣∣∣
ɗ(k),Vac(k)

(3-25)

The absolute values of the elements in the diagonal submatrices of J(k) are generally much
larger than those of the elements in the off-diagonal submatrices. The reactive power loss
caused byGIC needs to be considered when calculating the diagonal elements of the sub-matrix
∂ȹQ/∂Vac, and it mainly affects the AC voltage magnitude.

∂QTi

∂V ac
i

=
nt∑
t=1

ůit
∂gt(I efft ,V ac

i )
∂V ac

i
(3-26)

After solving the AC voltages of the power system, it is necessary to further determine the
reactive power output of the generator connected to the PV bus. If it violates the output limit
of the generator, the bus needs to be converted from PV type to PQ type, and then the power
flow equation needs to be resolved.

In summary, we need to carry out the analysis of the DC circuit and AC circuit of the
power system sequentially during GMD, as shown in Figure 3-3. Finally we can obtain the AC
voltagemagnitude of the bus of interest as the output y ∈ R. The overall computational forward
model involves a large number of uncertain input parameters, including (a) induced geoelectric
fields, (b) substation ground resistances, and (c) AC loads. They can affect the accuracy of the
calculation of the AC voltage magnitude. These random inputs can be collectively represented
as a vector ɝ ∈ RM, and they follows the joint probability density distribution f (ɝ). Thus, a
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more robust assessment of AC voltages can be carried out by taking into account the uncertainty
propagation through the following computational model.

y = f (ɝ) ∈ R (3-27)

where the computational model f contains the steps of GIC flow and power flow analysis in
Figure 3-3.

Geoelectric fields 
induced by GMD

DC circuit analysis
via RNAM method

Transformer 
effective GIC

AC power
flow analysis

Transformer 
saturation model

Reactive power 
loss of transformer 

Output: AC 
voltage magnitude

Substation grounding 
resistances AC loads

Computational forward model

Figure 3-3 Flowchart of the computational forward model to assess the AC voltages of the power
systems during GMD.

3.2.2 PCE Surrogate Model for Single AC Voltage Output

For the uncertainty quantification of AC voltages during GMD, it is time-consuming to
solve the original nonlinear power flow equations of large-scale power grids usingMonte Carlo
(MC) method. PCE provides an efficient surrogate model f̃ by approximating the original
computational model f with a series of multivariate polynomials[141].

y ≈ f̃ (ɝ) =
P∑

k=0
ckɊk(ɝ) (3-28)

where ck ∈ R is the coefficient of the multivariate polynomial, and the polynomial basis Ɋk(ɝ)
can be expressed as a product of each univariate orthonormal polynomials:

Ɋk(ɝ) :=
M∏
i=1

űdi(ɝ i), di = 0, 1, . . . , d (3-29)

where any order polynomial basis of variable ɝ i are orthogonal, given its marginal probability
density function fi(ɝ i).

∫
R
űr(ɝ i)űs(ɝ i)fi(ɝ i)dɝ i =


1, if r = s

0, otherwise
(3-30)

For some common standard random distributions, such as uniform, normal and log-normal
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distribution, the orthogonal polynomial basis can be found in Table 3-1.

Table 3-1 Orthogonal polynomial basis of some random distributions[141]

Random distributions Orthogonal polynomials Support

Uniform Legendre [−1, 1]
Gaussian Hermite [−∞, +∞]
Gamma Laguerre [0,∞)

In the case of d-order truncation, the total number of polynomials generated by the default
tensor product expansion method in (3-29) is P+1 = (d+1)M. In comparison, the total-degree
truncation scheme only considers polynomials whose total order is less than d as in (3-31), thus
its total number of multivariate polynomials is P + 1 = (M + d)!/M!/d!.

M∑
i=1

di ≤ d (3-31)

In these truncation schemes, the total number of polynomials increases exponentially with
the number of input parameters M, which leads to the curse of dimensionality. Hence, it is
difficult to be directly applied to the analysis of large-scale power grids during GMD. And
some additional constraints regarding are introduced to further reduce the size of the surrogate
model. The hyperbolic truncation scheme is amore general scheme that uses q-norm conditions
to reduce the number of polynomials.

(
M∑
i=1

d q
i )1/q ≤ d (3-32)

If we take q < 1, it can further restrict the existence of higher-order multivariate polynomials.
And the total-degree truncation scheme is a special case when q is 1.

In the PCEmodel f̃, the polynomial basis can be determined by the probability distribution
of random inputs. Their coefficients need to be fitted by fitting the training set obtained through
the original calculation model f. Assuming that a training set {ɝ i, yi}Li=1 with L samples is
obtained in advance, the following equation can be established according to (3-28).



Ɋ0(ɝ1) Ɋ1(ɝ1) . . . ɊP(ɝ1)

Ɋ0(ɝ2) Ɋ1(ɝ2) . . . ɊP(ɝ2)
... ... . . . ...

Ɋ0(ɝL) Ɋ1(ɝL) . . . ɊP(ɝL)


·



c1
c2
...

cP


=



y1
y2
...

yL


(3-33)
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It can be rewritten in matrix form as follows:

Hc = y (3-34)

Then, the coefficient c can be obtained by solving the linear equations using the least
squares method.

ĉ = argmin
c
||Hc− y||22 = (HTH)−1HTy (3-35)

In order to further obtain a compact surrogate model with the smallest possible number of
multivariate polynomials, a sparse PCE can be implemented by adding a regularization term
in the objective function.

ĉ = argmin
c
||Hc− y||22 + ɚ||c||1 (3-36)

Then, the expected value and variance of the output y can be directly calculated from
the polynomial coefficients via (3-37)-(3-38). And the full probability distributions can be
evaluated by using the MC samples via the efficient PCE surrogate model.

E[y] = c0 (3-37)

Var[y] =
P∑

k=1
c2k (3-38)

3.2.3 Compressed SurrogateModels forMultiple ACVoltage Outputs Using
Principal Component Analysis

GMD hazards with global impacts can threaten the voltage stability of large-scale trans-
mission networks. In this case, there may be a large number of buses of concern. It usually
requires a lot of work to build surrogate models for each output individually. To this end,
we adopt a compact scheme based on principal component analysis (PCA)[142, 143] in order
to achieve uncertainty quantification for large-scale power grids with multiple outputs during
GMD.

Let us denote the outputs of the computational model as a vector y = (y1, y2, . . . , yN)T,
which collects the AC voltages of multiple buses. This can be calculated using the following
original computational forward model y = f (ɝ) ∈ RN.

A training set {ɝ i, yi}Li=1 can be obtained in the experimental design stage. These outputs
can be expressed as a matrix Ytrain ∈ RN×L arranged as in (3-39), where the elements Y train

ni

represents the m-th output of the i-th sample.
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Ytrain =
[
y1 y2 . . . yL

]
(3-39)

Themean of the output vectors in the training set, ɛ = (ɛ1, ɛ2, . . . , ɛN)T, can be calculated
as

ɛ = 1
L

L∑
i=1

yi ∈ RN (3-40)

Thus, the output matrix can be normalized by subtracting the sample mean

Ỹtrain =
[
y1 − ɛ y2 − ɛ . . . yL − ɛ

]
(3-41)

Then, the economy-size singular value decomposition (SVD) is used to extract the prin-
cipal components in the outputs

Ỹtrain = UɆVT (3-42)

where U, Ɇ, and V are the decomposed factors.

The diagonal matrix Ɇ collects the singular values, which characterize the contribution of
each element in the vector after linear transformation to the total variance. We can select N′

principal components using a threshold Ů as follows:

ůn
ů1

< Ů, ∀n > N′ (3-43)

It allows to compress the original output y ∈ RN of the computational model into a new
output z ∈ RN′ through a linear transformation as follows

z = fPCA(ɝ) = (U′)T(f (ɝ)− ɛ) ∈ RN′ (3-44)

where the matrix U′ consists of the first N′ columns of the matrix U.

In this way, we can use the training set {ɝ i, zi}Li=1 about the compressed outputs to build
the PCE model in (3-45). It can significantly reduce the number of surrogate models.

z ≈ f̃PCE (ɝ) (3-45)

This compressed vector z has no actual physical meaning and is just to save computational
costs. In the subsequent uncertainty quantization, for a new input sample ɝ, we can reconstruct
the AC voltage magnitudes of interest as follows:
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y = U′z + ɛ = U′̃fPCE (ɝ) + ɛ (3-46)

The process of uncertainty quantification of AC voltages during GMD based on the com-
pressed surrogate model can be summarized as follows:

1. Construct a multivariate orthogonal polynomial basis using the probability distribution
of each random input;

2. Obtain a training set {ɝ i, yi}Li=1 using original computational model via MC method;
3. Compress the output using PCA method to obtain a new training set {ɝ i, zi}Li=1;
4. For the compressed output of each dimension, determine the final set of main poly-

nomial orthogonal basis and the coefficients from the training set based on the sparse
regression method;

5. Generate a large number of random input samples using MCmethod, and calculate the
compressed output using the efficient PCE surrogate models;

6. Reconstruct the bus voltage from the compressed outputs, and then calculate their sta-
tistical properties, e.g. the mean, standard deviation, confidence interval and probabil-
ity distribution of the bus voltage.

3.3 Power Grid Case Studies

3.3.1 Results of GIC in Sanhua UHV Grid During Extreme GMD Scenarios

1̃ Results of Geoelectric Field in Sanhua Area

The plane wave method has been proved to be suitable for low latitude areas. The geo-
electric field on the earth surface can be obtained by combining the measured geomagnetic
field with the surface impedance. The 1-D layered earth conductivity model, as shown in Ta-
ble 3-2[91], is used for modeling the geoelectric field in Sanhua region of China based on the
plane wave method. The calculated results of geoelectric field during the GMD event from
July 15th to 16th, 2000 are shown in Figure 3-4, with a peak value of 0.37 V/km.

Table 3-2 1-D layered earth conductivity model for Sanhua area[91]

Layer Resistivity/ɋ·m Thickness/km

1 2000 30
2 770 60
3 2000 60
4 3 ∞
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Figure 3-4 Time series of northward and eastward geoelectric fields for Sanhua area during July
15-16, 2000.

2̃ Characteristics of 10,000-year GICs in Sanhua Grid

The GIC flows in the grid rely on many factors like the geomagnetic source field, the
earth conductivity structure and the characteristics of the power grid. GIC is mainly related to
the DC resistance parameters of the power grid components, including the transmission lines,
the transformer windings and the substation grounding grids. The planned Sanhua UHV power
grid in China is used as the test case, which includes 36 substations and 46 lines[91]. Assume that
there are two transformers in each substation, and the DC resistances of the series winding and
common winding are 0.1827 and 0.1415 ɋ, respectively. Moreover, the grounding resistance
is 0.1 ɋ for all substations.

The spatial distribution and time-varying characteristics of the GIC in the typical historical
magnetic storm scenario are evaluated, as shown in Figure 3-5 and Figure 3-6. The nodes with
large GIC are located at the edges and ñcornersò of the UHV grid, and the largest three-phase
GIC is 137 A at Shanghai substation, which verifies the ñcorner effectò[144].

By scaling the above results, the largest and the average 10,000-year GICs in Sanhua
UHV grid are 830 A and 300 A, respectively. For critical nodes in the UHV grid, appropriate
mitigation measures need to be taken, since the possible GICs exceed the common threshold
of the transformer in engineering standards, such as 75 A/phase of effective GIC in North
American Electric Reliability Corporation (NERC) standard[32].
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Figure 3-5 A snapshot of the GIC distribution in Sanhua grid at the moment of the largest GIC
during the GMD event on July 15-16, 2000. (The positive GIC indicates it flow into
the earth from the neutral point of the substation.)
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Figure 3-6 Time series of average GIC in Sanhua grid during the GMD event on July 15-16, 2000.

3.3.2 Probabilistic GIC Results Considering Uncertain Substation Ground-
ing Resistances

1̃ Probabilistic GICs in EPRI-21 Power Grid Test Case

The probabilistic GICs in the EPRI-21 test case[79] during the GMD event on 2015/08/15
are analyzed for illustration. The geomagnetic data with 1-second time cadence at Yellowknife
observatory from INTERMAGNET are used as inputs. The induced geoelectric fields are then
calculated by using the Qu®bec 1D layered conductivity model[72].

The substation grounding resistances are assumed to be independently log-normally dis-
tributed. Let lnRg,i ∼ Normal

(
ln R̄g,i, (0.5 ln Ŭ)2

)
, where R̄g,i is the base grounding resistance

of i-th substation from[79], and Ŭ is the scaling factor. Thus, the 95% confidence interval of Rg,i
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is [R̄g,i/Ŭ, ŬR̄g,i]. We take Ŭ = 2 as a typical example, then the uncertainty of GIC is quantified
by the Monte Carlo method. Figure 3-7 depicts the grounding GIC of substation 4. The GIC
magnitude at 11:33:03 is 175.6 A using base resistance value, and its 95% confidence interval
is [98.4, 291.1] A, which highlights the importance of uncertainty quantification for GIC.
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Figure 3-7 Mean and confidence intervals of grounding GIC of substation 4 in EPRI-21 test
case[79] during the GMD event on 2015/08/15.

2̃ Comparison of Four GIC Calculation Methods

We have compared the performance of LP, NAM, BAM and RNAMmethods in calculat-
ing the substation grounding GICs. The GIC results of the four methods are strictly consistent.
Table 3-3 compares the GIC results in EPRI-21 power grid test case[79] under 1 V/km eastward
geoelectric field using four calculation methods.

Table 3-3 Comparison of GIC results in EPRI-21 power grid test case[79] under 1 V/km eastward
geoelectric field using four calculation methods

Substation number Substation grounding GIC/A
Results in [79] LP NAM BAM RNAM

2 -189.29 -189.29 -189.29 -189.29 -189.29
3 -109.49 -109.50 -109.50 -109.50 -109.50
4 -124.58 -124.58 -124.58 -124.58 -124.58
5 -65.46 -65.45 -65.45 -65.45 -65.45
6 354.52 354.52 354.52 354.52 354.52
8 134.30 134.30 134.30 134.30 134.30

The design matrices of linear equations in the four methods are decomposed by different
methods. The LU decomposition is used for the matrix in the LP method and the BAMmethod
due to their asymmetry. The Cholesky decomposition, which is more efficient than the general
LU decomposition, is adopted for the matrix Y in the NAM method (3-3) and the matrix Ỹ in
the RNAM method (3-8), since they are symmetric positive definite. Then the nodal voltages
and GICs can be solved using the forward and backward substitution techniques.

In addition to the size and positive definiteness of the designmatrix, its sparsity also affects
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the computational efficiency. Table 3-4 shows the size and number of non-zero entries of the
design matrices of the four GIC calculation methods. Size n is the abbreviation for a n × n
square matrix. It can be seen that for all the four power grid test cases, the design matrix of the
proposed RNAM method has the least number of non-zero entries.

Table 3-4 Size and number of non-zero entries of the design matrices of the four methods

Test cases Size Number of non-zero entries
LP NAM BAM RNAM LP NAM BAM RNAM

EPRI-21[79] 17 17 11 11 63 63 54 43
IEEE 118-GMD[86] 225 225 118 118 797 797 532 476

Sanhua UHV-EHV[81] 279 279 186 186 851 851 715 572
ACTIVSg2000[135] 2,801 2,801 1,551 1,551 10,083 10,083 7,483 6,117

For the ACTIVSg2000 power grid test case[135], the sparsity of the design matrices of the
four methods is compared in Figure 3-8. It can be seen that the design matrices of the LP and
NAM methods have the same sparsity. BAM method reduces the size of the design matrix
at the cost of potentially introducing a large number of new non-zero entries compared to the
matrix blockYbb, whereas only few new non-zero entries are introduced in the RNAMmethod
as shown in Figure 3-8(d).
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Figure 3-8 Sparsity of the design matrices of the four GIC calculation methods for the AC-
TIVSg2000 power grid case[135]. In subfigures (a) and (b), the red dashed lines depict
the boundary between the substation grounding grid nodes and the buses. In subfigures
(c) and (d), the red scatter points show the new non-zero entries in the design matrix of
the BAM and RNAM methods compared to the matrix block Ybb.
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In addition, the condition numbers of the design matrices of the four methods are com-
pared in Table 3-5, which may affect the numerical stability of the solution. It can be seen that
RNAM method has the smallest condition number.

Table 3-5 Condition numbers of the design matrices of the four methods

Test cases Condition number of the design matrix
LP NAM BAM RNAM

EPRI-21[79] 7.81E+12 421.89 324.86 276.99
IEEE 118-GMD[86] 3.83E+12 652.27 2544.03 84.34

Sanhua UHV-EHV[81] 2.92E+12 184.41 92.23 91.71
ACTIVSg2000[135] 1.90E+13 3.46E+03 4.10E+04 1.42E+03

The current injections at the buses, calculated by using the geoelectric fields in this subsec-
tion, are added with random components to characterize the influence of spatially nonuniform
geoelectric fields. And the number of time instants is taken as 3, 600×24 = 86, 400 (1-second
time cadence and 1-day duration).

The GIC algorithms are tested using MATLAB R2020b software on a desktop with a 4.0
GHz Intel i7-6700K CPU and 64 GB RAM. Table 3-6 compares the total calculation time,
including design matrix factorization and substation grounding GIC calculation, of the four
methods for several power grid test cases.

Table 3-6 Comparison of algorithm performance of four GIC calculation methods

Test cases Number of MC samples Calculation time/s
LP NAM BAM RNAM

EPRI-21[79] 1,000 29.2 11.5 20.9 8.5
IEEE 118-GMD[86] 1,000 397 164 253 99

Sanhua UHV-EHV[81] 1,000 478 210 353 141
ACTIVSg2000[135] 2,000 14,620 6,329 11,012 4,269

MATLAB provides two built-in functions ñluò and ñdecompositionò for LU factorization,
and two built-in functions ñcholò and ñdecompositionò for Cholesky factorization. The calcu-
lation time here refers to the best result of different functions for sparse matrix factorization in
MATLAB R2020b software. Note that the efficiency ranking of the NAM and BAM methods
may change when using the full matrix factorization. It can be seen that the RNAM method is
more efficient than the classical methods. Taking the IEEE 118-GMD test case as an example,
the RNAMmethod decreases the calculation time to 60.4% of the NAMmethod, 24.9% of the
LP method, and 39.1% of the BAM method.
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3̃ GIC Calculation of Multi-Area Power System

The proposed RNAMmethod can also be used to simplify the calculation of GIC of multi-
area power grids. In this case, only subsystems within one area may be of concern. Boteler
proposed a GIC calculation method when two-area power grids are interconnected through a
single tie line, in which the external power grid can be equivalent to a single-port Thevenin
circuit[80]. In comparison, our proposed RNAM method is suitable for multi-area power grids
interconnected by multiple tie lines.

A three-area IEEE 118 power grid test case, as shown in Figure 3-9, is used to illustrate
the feasibility of the RNAMmethod. It is assumed that the power grid in Area 1 is of concern,
and it is connected to external power grids through multiple tie lines.

Figure 3-9 Three-area IEEE 118 power grid test case[145].

Then the bus nodes of the external power grid can be eliminated using equation (3-10).
Figure 3-10 compares the substation GIC results in Area 1 calculated by the full power grid
model and the reduced model. The results of the two models show consistency, which illus-
trates the feasibility of the RNAM method for dealing with multi-area power grids.

3.3.3 Results of Probabilistic AC Voltages in Power Grids During GMD

1̃ 150-Bus Power System Case

First, we evaluate the impact of substation grounding resistance and AC load uncertainties
on the AC voltages in a 150-node power grid test case[146], as shown in Figure 3-11. The
geoelectric field induced by GMD is taken to be 6 V/km, and the direction is set to north.
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Figure 3-10 Comparison of substation grounding GIC in Area 1 of IEEE 118 power grid test case
using full and reduced models.

The random inputs include 26 substation ground resistances and 90 AC loads. The grounding
resistance is assumed to follow a lognormal distribution as described in Section 3.3.2. And the
AC loads are assumed to be Gaussian distributed with a standard deviation of 5% of the base
value. The outputs of interest are the AC voltage magnitudes of buses 13, 75, 78 and 89.
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Figure 3-11 Topology diagram of the 150-node power system test case[146].

A second-order PCE surrogate model is built for each output of interest to achieve fast
uncertainty quantification of AC voltage. To estimate the coefficients of the PCE models, the
sample size of the training set was chosen to be 580, which is 5 times the number of random
inputs. The creation of the training set and estimation of the PCE models took 8.23 s and 1.08
s, respectively.

Then, a validation set with 10,000 input samples was used to test the fitting accuracy of
the PCE model, and was also used to calculate the probability distribution of the AC voltages.
Figure 3-12 compares the cumulative distribution function (CDF) of the outputs obtained by
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the two models, and they show good consistency. The calculation times of the PCE method
and MC method on the validation set are 0.15 s and 142.03 s, respectively. Thus, the total
calculation time of the PCE method is 9.46 s. In fact, the training set can be obtained offline
in advance, and the resulting surrogate model can be used for rapid online voltage security
assessment.
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Figure 3-12 CDF of the AC voltage magnitude outputs obtained by the MC and PCE methodsð
150-node power system case.

In addition, the output obtained by ignoring the input uncertainty is taken as the base value
in Figure 3-12. The AC voltage of the power system usually adopts 0.95 p.u. as the lower limit
to ensure operational safety. Taking buses 75 and 78 as an example, their AC voltages are
greater than 0.95 p.u. using the average value of the ground resistance and AC load. On the
contrary, they have a certain risk of limit violation due to the uncertainty of parameters in DC
and AC circuits.

2̃ 500-Bus Power System Case

A larger 500-node power system test example[147], as depicted in Figure 3-13, is adopted
to further illustrate the applicability of the adopted PCE method. In this case, the outputs of
interest are the AC voltage magnitudes of all PQ buses, the total number of which is 410. We
consider a more conservative GMD evaluation scenario: the amplitude of the geoelectric field
is 8 V/km, and its direction is randomwithin the interval [0, 360◦]. The total number of random
inputs is 249, including 1 geoelectric field direction variable, 48 grounding resistances, and 200
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AC loads. The maximum output of active and reactive power of generators is scaled by a factor
of 1.2 as a preventive measure against GMD hazard.
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Figure 3-13 Topology diagram of the 500-node power system test case[147].

The sample size of the training set is chosen to be 5 times the number of random inputs,
and the calculation time of this step is 51.81 s. The resulting output matrix of the training set is
compressed using PCA. The threshold of the singular values is selected as 0.01, and the output
dimension can be compressed from 410 to 34, as shown in Figure 3-14.
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Figure 3-14 Normalized singular values of the training setôs output matrixð500-node power sys-
tem case.

Then, the PCE model is built for each compressed output, which took a total of 82.05 s.
Finally, the probability distribution of the AC voltages is obtained using 50,000 input samples.
The calculation times of the MC method via the original model and the PCE method via the
surrogate model are 2112.60 s and 3.30 s, respectively. In terms of total time, the PCE method
achieves a speed up of more than 15.5 times. Figure 3-15 shows the mean and 95% confidence
interval of the output obtained by the PCE method, where the AC voltage magnitudes at some
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buses have large variability due to the random input parameters. Figure 3-16 and Figure 3-17
compares the mean and standard deviation of the AC voltage magnitudes obtained by the two
methods, respectively.
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Figure 3-15 Mean and 95% confidence interval of the AC voltagemagnitudes obtained by the PCE
methodsð500-node power system case.
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Figure 3-16 Comparison of the mean of the AC voltage magnitudes obtained by the MC and PCE
methodsð500-node power system case.
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Figure 3-17 Comparison of the standard deviation of the AC voltage magnitudes obtained by the
MC and PCE methodsð500-node power system case.
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Figure 3-18 shows the probability distribution of the AC voltages of all buses, which can
be used to analyze the voltage safety margin of the overall system. These comparisons illustrate
the accuracy of the compressed PCE method.

0.94 0.95 0.96 0.97 0.98 0.99 1 1.01 1.02 1.03
Voltage magnitude/p.u.

0

10

20

30

40

PD
F

MC
PCE

Figure 3-18 PDF of the AC voltage magnitude of all PQ buses obtained by the MC and PCE
methodsð500-node power system case.

3.4 Concluding Remarks

In this chapter, first, we propose a RNAM method for uncertainty quantification of GICs
in power grids. The method makes GIC calculation more efficient than the classical full-node
models, which is beneficial to time-critical online operation and control to mitigate GIC im-
pacts. The results of several test cases show that it can save about 25%-40% of the simulation
time compared with the classical full-node NAMmethod. It can provides an uncertainty quan-
tification method for the power grid GIC, considering the uncertainty of substation grounding
resistance parameters. It can provide the probability distribution of GIC for each substation
rather than a single estimate, thus giving a more comprehensive understanding of tail risk with
small probability but high impact. For some important transformers, the upper bound of the
confidence interval of GIC can be used to evaluate the small-probability tail risk. The proposed
RNAM method can help to formulate robust online operation strategies against uncertain GIC
hazards in a more timely manner. For example, the probability distribution of GIC can be
used as an input for robust optimization of power systems to develop more resilient GIC effect
mitigation schemes.

Then, we evaluate the impacts of transformer effective GICs on the AC voltage security
of power system. The GMD impact assessment is affected by a large number of random factors
such as the intensity of geomagnetic source field variations, substation ground resistances, and
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AC loads, etc. An efficient algorithm based on PCE and PCA is adopted to efficiently quantify
the resulting uncertainty of AC voltages in bulk power system. The accuracy and efficiency of
the adopted algorithm compared to classical Monte Carlo method are illustrated by 150-node
and 500-node power system test cases.
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4 Generalized Equivalence Method for Geomagnetic Induction
Calculation in Gas Pipeline Networks

The geomagnetic induction may accelerate the corrosion of the pipeline, interfere with the
cathodic protection system and other electrical equipment along the pipeline, which may have
the potential to reduce the service life and even affect the operational safety of the pipeline[22-27].
Therefore, calculation of the geomagnetic induction in the pipeline is of great significance for
evaluating the impacts of geomagnetic storms and identifying vulnerable pipes for protection.
However, few studies exist on the induction in complex pipeline networks excited by nonuni-
form geoelectric fields. And the influence of nonlinear polarization of coating breakdown on
the geomagnetic induction are not discussed in existing literature. These factors may signifi-
cantly affect the level and distribution of geomagnetic response, which requires the develop-
ment of more general and efficient models for large-scale pipeline networks.

This chapter is organized as follows. Section 4.1 details the proposed equivalent pi-circuit
model of pipeline under nonuniform geoelectric field, and summarizes the algorithm of induc-
tion in pipeline networks. Section 4.2 discusses the generalized TL model of a pipeline for
inductive and conductive EMI analysis and details the proposed algorithm to solve the voltage
and current responses of a pipeline network considering nonlinear polarization effect. Then,
the induction in the pipe network with nonuniform geoelectric field caused by geomagnetic
source field and lateral conductivity variation is analyzed in Section 4.3. And Section 4.4
presents several illustrative pipeline network cases subjected to the geomagnetic disturbances
and HVDC earth return currents, as typical examples of inductive and conductive interference,
respectively. Finally, Section 4.5 concludes the chapter.

4.1 CalculationModel of Induction in PipelineNetworks Excited byNonuni-
form Geoelectric Field

In this section, we propose a more general induction calculation model of pipeline net-
works under the spatially nonuniform geoelectric field based on the transmission line the-
ory, and study the influence of non-uniformity of geoelectric field on PSP and GIC along the
pipelines. Firstly, the equivalent pi-circuit of the pipeline with a nonuniform geoelectric field
is established. Secondly, a nodal admittance matrix method for large-scale pipeline network
analysis is proposed, and then the induced voltage and current along each pipeline can be ob-
tained. Finally, the proposed algorithm is summarized and verified using a pipeline example.
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The calculation formulas for the uniform geoelectric field, as a special case, are listed in this
section, and are consistent with the results in Reference [24].

4.1.1 Derivation of Modified Equivalent PI-Circuit for a Pipeline Excited by
Nonuniform Geoelectric Field

To analyze the geomagnetic induction of the pipeline, we need to establish the transmis-
sion line model due to the weak conductivity of the external insulating coating of the pipeline
in practice. In this section, the pipeline is represented as a 1-D transmission line along the x-
axis for ease of expression. The DSTL model of the geomagnetic induction in a pipeline[23, 24]

is shown in Figure 4-1, where Et(x) is the tangential component of the geoelectric field along
the pipeline, Z and Y are the per-unit-length series impedance and parallel admittance of the
pipeline respectively, depending on the resistivity and geometric parameters of the steel and
coating. In addition, the reactance and susceptance in the DSTL model are usually ignored
because of the relatively low frequency of GMD (0.1 mHz-0.1 Hz).

0x  x L
x dx

 
iI kI( )I x ( d )I x x 

t ( )dE x x t ( d )dE x x x
dZ x
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−
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−
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−

iV V x( ) V (x  dx) kV

Figure 4-1 Schematic diagram ofDSTLmodel of geomagnetic induction in a pipelinewith nonuni-
form geoelectric field.

The propagation constant ɔ and characteristic impedance ZC of the pipeline can be calcu-
lated as follows:

ɔ=
√
ZY, ZC =

√
Z/Y (4-1)

The transmission line equations of the pipeline under the external electric field are de-
scribed as follows:

dV(x)
dx

+ ZI(x) = Et(x)

dI(x)
dx

+ YV(x) = 0
(4-2)

where V and I are the voltage and current along the pipeline, defined as PSP and GIC in pipeline
induction, respectively.

Suppose the length of the pipe is L, and set the left end x = 0. The solution of the
transmission line equations[148] is
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V(x)

I(x)

 = ū(x)

V(0)

I(0)

+
∫ x

0
ū(x− z)

Et(z)

0

 dz (4-3)

where the chain-parameter matrix ū(x) of the pipeline is calculated by

ū(x) =

 cosh(ɔx) −ZC sinh(ɔx)

− sinh(ɔx)/ZC cosh(ɔx)

 (4-4)

Thus, the relationship of the induced voltage and current between the two terminals of the
pipeline (i, k) is as follows:

Vk = cosh(ɔL)Vi − ZC sinh(ɔL)Ii +
∫ L

0
cosh

(
ɔ (L− z)

)
Et(z)dz (4-5)

Ik =− sinh(ɔL)
ZC

Vi + cosh(ɔL)Ii −
∫ L

0

sinh
(
ɔ(L− z)

)
ZC

Et(z)dz (4-6)

where the convolution term is the equivalent source to characterize the effect of the geoelectric
field.

The pipeline excited by the induced geoelectric field can be modeled as an equivalent
pi-circuit in order to achieve reduction of network induction models. For discontinuities in the
pipeline, such as bends, insulating flanges, leakage points, and branch points, additional nodes
can be added to divide the pipeline into multiple segments, and the equivalent pi-circuit model
is established for each segment.

Boteler proposed the equivalent pi-circuit model for the pipeline with uniform geoelec-
tric field Et(x) = E0

[24], as shown in Figure 4-2. The external uniform geoelectric field is
characterized by an equivalent current source IE, which is computed as follows:

IE = E0

Z
(4-7)

For the more general case of nonuniform geoelectric field, we establish an equivalent pi-
circuit with two equivalent current sources for the pipeline as depicted in Figure 4-3, whose
parameters are derived in detail below.

The relationship betweent the two ends of the equivalent pi-circuit in Figure 4-3 can be
obtained according to Kirchhoffôs voltage and current laws:
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Figure 4-2 Equivalent pi-circuit for induction in a pipeline with uniform geoelectric field proposed
by Boteler[24].
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Figure 4-3 Equivalent pi-circuit for induction in a pipeline with nonuniform geoelectric field.

Vk = Vi − IZ′

Ii = I + Vi
Y′

2
− IEi

Ik = I− Vk
Y′

2
+ IEk

(4-8)

Thus, the voltage and current at node k can be expressed by those at node i as

Vk =
(
1 + Y′Z′

2

)
Vi − Z′Ii − Z′IEi (4-9)

Ik =− Y′
(
1 + Y′Z′

4

)
Vi +

(
1 + Y′Z′

2

)
Ii +

(
1 + Y′Z′

2

)
IEi + IEk (4-10)

Comparing the coefficients in (4-9)-(4-10) with the results in (4-5)-(4-6) via transmission
line theory, the parameters of the equivalent pi-circuit can be derived as

Z′ = ZC sinh(ɔL) (4-11a)
Y′

2
= cosh(ɔL)− 1

ZC sinh(ɔL)
(4-11b)
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IEi = − 1
ZC sinh(ɔL)

∫ L

0
cosh

(
ɔ(L− z)

)
Et(z)dz (4-11c)

IEk = 1
ZC sinh(ɔL)

∫ L

0
cosh (ɔz)Et(z)dz (4-11d)

To calculate the equivalent current sources, different weights are given to the electric field
along the line, hence the nonuniform electric field causes the difference in the amplitude of the
two current sources. The effect of the nonuniform geoelectric field depends on pipeline lengths:
for an electrically short pipeline satisfying L � 1/ɔ[23], we obtain cosh ɔz ≈ 1 (0 ≤ z ≤ L),
thereby the influence of the non-uniformity of geoelectric field is relatively small in this case;
whereas the opposite is true for an electrically long pipeline.

In particular, for a uniform electric field Et(x) = E0, the equivalent current sources in
(4-11c)-(4-11d) can be simplified as

IEi = −E0

Z
, IEk = E0

Z
(4-12)

When the parallel admittance Y of the transmission line tends to 0, the parameters of the
modified equivalent pi circuit in (4-11c)-(4-11d) can be simplified as (4-13a)-(4-13d), which is
equivalent to the circuit model of the power line in Figure 3-1. It means that the derived two-
port equivalent model of the distributed parameter circuit in this chapter is compatible with the
power grid model, and the latter one can be considered as a special case.

Z′ = ZL (4-13a)
Y′

2
= 0 (4-13b)

IEi = − 1
ZL

∫ L

0
Et(z)dz (4-13c)

IEk = 1
ZL

∫ L

0
Et(z)dz (4-13d)

4.1.2 Calculation ofGeomagnetic Induction in PipelineNetworksUsingMod-
ified Equivalent PI-Circuit

1̃ Calculating Nodal PSP via Admittance Matrix Method

The equivalent pi-circuits of pipelines are interconnected to form a network, as illustrated
in Figure 4-4, where the equivalent current sources on the connected pipelines are integrated
into the nodal current injection.
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Figure 4-4 Schematic diagram of the pipeline network, where node i is connected to node k, m,
and n through pipelines.

The pipeline network is represented as an undirected graph Gp =
(
Np,Lp

)
, where Np is

a set containing np nodes and Lp is a set containing ne edges. The voltage of each node in the
network can be calculated using the nodal admittance matrix method[3, 24]:

V =Y−1J (4-14)

where J ∈ Rnp×1 is the current source vector, and Ji is the sum of the equivalent current sources
injected into node i via (4-15); Y ∈ Rnp×np is the nodal admittance matrix, and the diagonal
element Yii and the off-diagonal element Yki are calculated via (4-16).

Ji =
∑

k∈Nnei(i)
jik (4-15)

where Nnei(i) the set of all neighboring nodes that are directly connected to node i, and jik is the
equivalent current source at node i of pipeline (i, k).

Yii = yii0 +
∑

k∈Nnei(i)
(yik + yik0), Yki = −yki (4-16)

where yik and yik0 are parameters of the equivalent pi-circuit of pipeline (i, k) as depicted in
Figure 4-4, and yii0 is the admittance of the additional grounding branch of node i.

The proposed equivalent-pi circuit avoids discretization of pipelines excited by nonuni-
form geoelectric fields, which can greatly reduce the number of nodal voltage equations.
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2̃ Calculating PSP and GIC Along Pipelines

Different from the induction analysis in the power grid that regards the GIC along a line
as an invariant, all PSP and GIC results along a line are usually required in the pipeline analy-
sis. Once the nodal voltage in the pipeline network is obtained through the admittance matrix
method, the voltage along each pipeline can be determined using the terminal voltages and
local geoelectric fields, which can be solved by (4-17)-(4-18) based on the transmission line
theory[23]. In addition, this step can be performed only on some pipelines of interest in the
network.

V(x) = ZC
((
A + P(x)

)
e−ɔx −

(
B + Q(x)

)
eɔx
)

(4-17)

I(x) =
(
A + P(x)

)
e−ɔx +

(
B + Q(x)

)
eɔx (4-18)

where
P(x) = 1

2ZC

∫ x

0
eɔzEt(z)dz

Q(x) = − 1
2ZC

∫ x

L
e−ɔzEt(z)dz

(4-19)

The voltages at two terminals of the pipeline via the nodal admittance matrix method are
used as boundary conditions:

Vi = ZC
(
A−

(
B + Q(0)

))
Vk = ZC

((
A + P(L)

)
e−ɔL − BeɔL

) (4-20)

Thus, the coefficients of the general solution A and B can be calculated as follows:

A =

(
Vk − VieɔL

)
/ZC − P(L)e−ɔL − Q(0)eɔL

e−ɔL − eɔL
,

B =

(
Vk − Vie−ɔL

)
/ZC − P(L)e−ɔL − Q(0)e−ɔL

e−ɔL − eɔL

(4-21)

Especially, for a uniform electric field, the voltage and current along the pipeline in (4-
17)-(4-18) can be simplified into

V(x) =Vk − VieɔL

e−ɔL − eɔL
e−ɔx − Vk − Vie−ɔL

e−ɔL − eɔL
eɔx (4-22)

I(x) = Vk − VieɔL

ZC (e−ɔL − eɔL)
e−ɔx + Vk − Vie−ɔL

ZC (e−ɔL − eɔL)
eɔx + E0

ɔZC
(4-23)
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3̃ Procedure of Induction in Pipeline Network Algorithm

The detailed procedure to calculate the PSP and GIC in pipeline networks generated by
the nonuniform induced geoelectric field is shown in Algorithm 4-1.

Algorithm 4-1 Geomagnetic induction in pipeline networks

Data: A pipeline network Gp =
(
Np,Lp

)
with topology, spatial coordinates of each

node and transmission line parameters of each pipeline; spatial distribution of
horizontal electric field vector E.

Result: PSP and GIC of each pipeline.
1 for (i, k) in Lp do
2 Calculate the parameters of equivalent pi-circuit for pipeline (i, k) using

(4-11a)-(4-11d);
3 end
4 Make the nodal current injection vector J and the network admittance matrix Y as in

(4-15)-(4-16);
5 Calculate the nodal PSP in the pipeline network via (4-14);
6 for (i, k) in Lp do
7 Calculate the induced voltage and current along the pipeline (i, k) via

(4-17)-(4-18);
8 end

For a uniform geoelectric field, the simplified (4-12) can be used to calculate the current
sources in the equivalent pi-circuit, and (4-22)-(4-23) can be used to calculate the PSP and GIC
along the pipeline instead.

For an actual pipeline network on the 2-D ground surface given the nodal coordinates, the
1-D line integrals of the tangential electric field in the above equations need to be extended to
the 2-D line integrals of the electric field vector. The line integrals along the pipeline (i, k) of
the product of a certain function g(x) and the geoelectric field can be calculated as follows:

∫ xk

xi
g(x)E(x)dl =

∫ xk

xi
g(x)Ex(x)dx +

∫ xk

xi
g(x)Ey(x)dy (4-24)

where dx and dy represent the northward and eastward lengths of dl respectively, which can be
calculated via Reference [79] if nodal coordinates are expressed in latitude and longitude.

4.2 AModel ReductionMethod for the Calculation of Low-Frequency EMI
on Pipeline Networks Considering Nonlinear Polarization Effect

Realistic pipelinesmay form amulti-branch interconnected network, and their interactions
need to be considered. In addition, nonlinear polarization occurs between the metal and the soil
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at coating defects, which is also required to be included into the circuit of the pipe network. In
this section, the nodal voltage analysis is used to evaluate the voltage and current responses of
a pipeline network affected by EMI.

4.2.1 Generalized Equivalent Circuit for Inductive and Conductive Coupling
to a Pipeline

1̃ Inductive Coupling Model of Pipeline

The cause of inductive coupling is the magnetic coupling of external source currents to
the pipe. It thus induces electric fields according to Faradayôs law of induction, which in turn
drive stray currents in the pipe.

Let us assume that the pipe is along the x-axis, then a single cell equivalent structure of a
pipe excited by electric fields is depicted in Figure 4-5.

V x( ) ( d )V x x

ind ( )dE x x

x

 ( )I x ( d )I x xdZ x

dY x

dx x

+



+



Figure 4-5 Equivalent TL circuit of a pipeline affected by inductive interference.

The remote earth at infinite depth is taken as the potential reference point. The voltage
of the metal tube to the remote earth is denoted as V and the longitudinal current along the
pipeline is I. The tangential electric field at location x induced by the external source current
along the pipeline is denoted as Eind(x), which can be modeled as distributed voltage sources
in the longitudinal branch of the circuit. Accordingly, the TL equations for inductive coupling
can be written as[97]

dV(x)
dx

+ ZI(x) = Eind(x) (4-25)

dI(x)
dx

+ YV(x) = 0 (4-26)

where Z and Y are the per-unit-length longitudinal impedance and transverse admittance, re-
spectively. The transverse admittance Y is contributed by both the coating and the soil[105], and
the former is usually much lower than the latter for well-insulated pipes.
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2̃ Conductive Coupling Model of Pipeline

The conductive EMI is generated by the soil potential difference along the pipeline due
to external grounding currents. It can also be modeled based on TL theory, as shown in the top
panel of Figure 4-6.

( )I x ( d )I x x

V x( ) ( d )V x x

dZ x

dY x

x

 ( )I x ( d )I x xdZ x

dY x





sca exc( ) ( ) ( )V x V x V x 

exc ( d )V x x

sca ( )V x

x dx x

dx x

exc
con d ( )( )

d
V x

E x
x

 

con ( )dE x x

+



+



+



scaV x ( dx)

+



Figure 4-6 Original (top) and modified (bottom) TL circuit models of a pipeline affected by con-
ductive interference.

In the original TL circuit model, the remote earth at infinite depth is taken as the potential
reference point. The coating can be considered as a branch with a large resistance between
the soil and the metal tube. The soil potential rise at location x along the pipeline due to the
external earthing current, namely the excitation voltage V exc(x), can be modeled as a transverse
voltage source in the circuit. The voltage of the metal side of the coating to the remote earth is
denoted as V(x). Thus, the TL equations for the conductive coupling are given by[105]

dV(x)
dx

+ ZI(x) = 0 (4-27)

dI(x)
dx

+ YV(x) = YV exc(x) (4-28)

We can find that for inductive and conductive coupling, the voltage source is placed on the
longitudinal and transverse branches in the original TL circuit, respectively. Correspondingly,
the source term is imposed in the first and second TL equation, respectively.

The original TL equations are about the voltage V(x) of the metal side to the remote earth.
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We can treat the excitation voltage on the soil side of the coating as local earth. Then, the
voltage V(x) can be decomposed into two parts as in (4-29), namely, the scattered voltage
V sca(x) on the metal side to local earth, and the excitation voltage V exc(x) to remote earth.
In this case, the excitation voltages are created by the external source currents, whereas the
scattered voltages[149] are created by other currents and charges in the pipeline and the ground.

V(x) = V sca(x) + V exc(x) (4-29)

Moreover, the tangential electric field Econ(x) along the pipe generated by the external
earthing current can be expressed as a negative gradient of the excitation voltage:

Econ(x) = −dV exc(x)
dx

(4-30)

Substituting (4-29) and (4-30) into the original TL equations (4-27)-(4-28), the modified
TL equations about the scattered voltage V sca(x) can be derived as

dV sca(x)
dx

+ ZI(x) = Econ(x) (4-31)

dI(x)
dx

+ YV sca(x) = 0 (4-32)

We can find that the modified TL equations (4-31)-(4-32) for conductive coupling have
the same form as those for inductive coupling in (4-25)-(4-26), which yields a modified circuit
as depicted in the bottom panel of Figure 4-6.

In addition, the original TL model of capacitive coupling[99], although not discussed in
detail in this research, is similar to that of conductive coupling. Thus, the circuit transformation
in this subsection is also applicable to the capacitive coupling.

A proof of the modified TL circuit of a pipeline affected by conductive interference is
given as follows. For the top panel of Figure 4-6, we can obtain the two-port representation of
the original TL circuit model

I(x) = [V(x)− V(x + dx)] 1
Zdx

(4-33)

I(x + dx) = I(x)− [V(x + dx)− V exc(x + dx)] · Ydx (4-34)

The scattered voltage is defined as the difference between the voltage of the metal side to
the remote earth and the excitation voltage of the nearby soil:
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V sca(x) :=V(x)− V exc(x) (4-35)

V sca(x + dx) :=V(x + dx)− V exc(x + dx) (4-36)

Substituting equations (4-35)-(4-36) into (4-33)-(4-34), the two-port representation can
be rewritten as

I(x) = [V sca(x)− V sca(x + dx)] 1
Zdx

+ [V exc(x)− V exc(x + dx)] 1
Zdx

(4-37)

I(x + dx) = I(x)− V sca(x + dx) · Ydx (4-38)

The circuit interpretation of equations (4-37)-(4-38) is depicted in Figure 4-7(a), where an
equivalent current source is added to the longitudinal branch of the modified structure. Then,
by converting from Norton to Thevenin equivalent circuit, we can obtain the voltage source
representation as shown in Figure 4-7(b).

x

( )I x ( d )I x x

dZ x
dY xsca ( )V x

sca ( d )V x x

dx x

exc exc 1[ ( ) ( d )]
d

V x V x x
Z x

 

x

 ( )I x ( d )I x xdZ x

dY xsca ( )V x sca ( d )V x x

dx x

exc exc( ) ( d )V x V x x 

(a) (b)

x

( )I x ( d )I x x

dZ x
dY xsca ( )V x sca ( d )V x x

dx x x

 ( )I x ( d )I x xdZ x

dY xsca ( )V x sca ( d )V x x

dx x
(a) (b)

ind exc exc 1[ ( )d ( ) ( d )]
d

E x x V x V x x
Z x

  
ind exc exc( )d ( ) ( d )E x x V x V x x  

+

−

+

−

(a) Current source interpretation
x

( )I x ( d )I x x

dZ x
dY xsca ( )V x sca ( d )V x x

dx x

exc exc 1[ ( ) ( d )]
d

V x V x x
Z x

 

x

 ( )I x ( d )I x xdZ x

dY xsca ( )V x sca ( d )V x x

dx x

exc exc( ) ( d )V x V x x 

(a) (b)

x

( )I x ( d )I x x

dZ x
dY xsca ( )V x sca ( d )V x x

dx x x

 ( )I x ( d )I x xdZ x

dY xsca ( )V x sca ( d )V x x

dx x
(a) (b)

ind exc exc 1[ ( )d ( ) ( d )]
d

E x x V x V x x
Z x
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ind exc exc( )d ( ) ( d )E x x V x V x x  

+

−

+

−

(b) Voltage source interpretation

Figure 4-7 Modified circuit models of a pipeline affected by the conductive interference.

Using the approximation of a difference operator

Econ(x) := −dV exc(x)
dx

= −V exc(x + dx)− V exc(x)
dx

(4-39)

the voltage source can be rewritten as

V exc(x)− V exc(x + dx) = Econ(x)dx (4-40)

In summary, for a pipeline affected by conductive interference, the top panel of Figure
4-6 can be interpreted as the equivalent circuit in the bottom panel of Figure 4-6.
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3̃ Pipeline Affected by Both Inductive and Conductive EMI

Pipelines may be subject to both inductive and conductive EMI in some scenarios. For
instance, an AC power line may have a ground fault near the pipe[103, 104], or geomagnetic
disturbances and HVDC earth return currents may occur simultaneously[18]. Thus, the sources
are present both longitudinally and transversely in the original circuit model, as shown in the
top panel of Figure 4-8. Correspondingly, both TL equations are imposed with the source term:

dV(x)
dx

+ ZI(x) = Eind(x) (4-41)

dI(x)
dx

+ YV(x) = YV exc(x) (4-42)

 ( )I x ( d )I x x

( )V x

dZ x

dY x

ind ( )dE x x

x

 ( )I x ( d )I x xdZ x

dY x





( )dE x x

sca exc( ) ( ) ( )V x V x V x 
exc

ind d ( )( ) ( )
d

V x
E x E x

x
 

exc ( d )V x x

x dx x

dx x

+



+



+



+



V x ( dx)

scaV x ( dx)scaV x( )

Figure 4-8 Original (top) and modified (bottom) TL circuit models of a pipeline affected by both
inductive and conductive interference.

In this case, the voltage and current responses of the pipe are contributed by both the
induced electric field Eind in the pipe and the soil potential rise V exc. We can use the total
exciting electric field E tangential to the pipe, which is the sum of the inductive part Eind and
the conductive part Econ:

E(x) := Eind(x) + Econ(x) = Eind(x)− dV exc(x)
dx

(4-43)

It allows us to obtain the modified TL equations about the scattered voltages, which are
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defined in (4-29), as follows:

dV sca(x)
dx

+ ZI(x) = E(x) (4-44)

dI(x)
dx

+ YV sca(x) = 0 (4-45)

A proof of the modified TL circuit of a pipeline affected by both inductive and conductive
interference is given as follows. For the top panel of Figure 4-8, we can obtain the two-port
representation of the original TL circuit model

I(x) = [V(x)− V(x + dx) + Eind(x)dx] 1
Zdx

(4-46)

I(x + dx) = I(x)− [V(x + dx)− V exc(x + dx)] · Ydx (4-47)

Substituting equations (4-35)-(4-36) into (4-46)-(4-47), the two-port representation can
be rewritten as

I(x) = [V sca(x)− V sca(x + dx)] 1
Zdx

+

[Eind(x)dx + V exc(x)− V exc(x + dx)] 1
Zdx

(4-48)

I(x + dx) = I(x)− V sca(x + dx) · Ydx (4-49)

The circuit interpretation of equations (4-48)-(4-49) is depicted in Figure 4-9(a), where an
equivalent current source is added to the longitudinal branch, which can be further converted
into the voltage source representation shown in Figure 4-9(b).
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(a) Current source interpretation
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(b) Voltage source interpretation

Figure 4-9 Modified circuit models of a pipeline affected by both inductive and conductive inter-
ference.

Given the total exciting electrical field tangential to the pipeline
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E(x) := Eind(x) + Econ(x) = Eind(x)− dV exc(x)
dx

= Eind(x)− V exc(x + dx)− V exc(x)
dx

(4-50)

the voltage source can be rewritten as

Eind(x)dx + V exc(x)− V exc(x + dx) = E(x)dx (4-51)

To summarize, the top panel of Figure 4-8 can be interpreted as the equivalent circuit in
the bottom panel of Figure 4-8.

The above equations (4-44)-(4-45) can be regarded as a general form of (4-25)-(4-26)
for the inductive coupling and (4-31)-(4-32) for the conductive coupling analysis. For purely
inductive coupling, we have V(x) = V sca(x). In summary, by modifying the TL model, the
excitation is unified as the only longitudinal voltage source in terms of the electric fields. This
transformation is applied to arbitrary spatially nonuniform induced fields Eind and soil excita-
tion potential V exc. Furthermore, the simplified equivalent method proposed in Section 4.1.1
for inductive coupling of pipelines can be extended to the analysis of other types of EMI.

In addition, the modified TL equations (4-44)-(4-45) are about the scattered voltages
V sca(x), which is proportional to the leakage current density ileak(x) and pipe-to-soil poten-
tial (PSP) V psp(x) as in (4-52)-(4-53). For well-insulated pipelines, i.e. when the resistivity of
the coating is far larger than that of the soil, the approximation V psp(x) ≈ V sca(x) is generally
considered valid. Thus, V sca(x) is more concerned in engineering practice compared to the
total voltage V(x) to the remote earth in the original TL equations (4-41)-(4-42).

ileak(x) = YV sca(x)
2ˊr

(4-52)

V psp(x) = Y
Ycoat

V sca(x) (4-53)

where r and Ycoat are the outer radius and transverse admittance of the insulation coating, re-
spectively.

4̃ Handling Additional Grounded Branches at Pipe Nodes

The pipe node may be connected to the groundbed in engineering practice. Assuming an
additional grounded branch connects the pipeline node k to the groundbed. Let us denote the
voltage of the metal side of pipe node k to the remote earth as Vk, and the soil potential rise near
node k as V exc

k . And the soil potential rise of the groundbed is V gnd
k . The grounding impedance

of node k is Zk, and the grounding current is I gnd
k .
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For the original circuit model of the grounded branch at node k as depicted in Figure
4-10(a), the voltage of the metal side of pipe node k to the remote earth can be written as

Vk = I gnd
k Zk + V gnd

k (4-54)

Hence, the scattered voltage of node k can be derived as

V sca
k := Vk − V exc

k = I gnd
k Zk + (V gnd

k − V exc
k ) (4-55)
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(c) Modified circuit using the current
source interpretation

Figure 4-10 Circuit models of the additional grounded branch of a pipe node.

The circuit interpretation of equation (4-55) is depicted in Figure 4-10(b), where a voltage
source is added to characterize the difference in excitation voltage between the pipe and the
groundbed. It can be further converted into a current source shown in Figure 4-10(c) with
Norton equivalent system, which can be easily incorporated into the nodal current injection
vector in equation (4-60). Especially, if the pipe node k is close to the groundbed, i.e. their
soil potential rises are approximately equal (V exc

k ≈ V gnd
k ), then the additional current source

is zero.

5̃ Equivalent PI-Circuit for Linear Pipe Segments

The distributed TL model of each linear homogeneous pipe segment can be reduced to a
lumped circuit with symmetric admittance parameters. Consider a pipeline with two terminal
nodes i and k, which is excited by the external tangential electric field E(x) as described in
(4-44)-(4-45).

For such an active two-port circuit, the relationship between the voltages and currents
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of the two ports can be reproduced by using an equivalent pi-circuit, where the effect of the
external electric field is characterized by two lumped current sources at the ports, as shown
in Figure 4-11. The analytical solution of the parameters of the equivalent pi-circuit can be
obtained by (4-56a)-(4-56d), and the derivation is detailed in Section 4.1.1.

yik = 1
ZC sinh(ɔL)

(4-56a)

yik0 = yki0 = 1
ZC

tanh(ɔL
2

) (4-56b)

jEik = −1
ZC sinh(ɔL)

∫ L

0
cosh

[
ɔ(L− x)

]
E(x)dx (4-56c)

jEki = 1
ZC sinh(ɔL)

∫ L

0
cosh (ɔx)E(x)dx (4-56d)

where ZC =
√
Z/Y is the characteristic impedance, ɔ =

√
ZY is the propagation constant, and

L is the length of the pipe.
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+
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Figure 4-11 Equivalent pi-circuit of a pipeline excited by external electric fields.

Compared to the single-port Thevenin equivalent circuit[23, 97], the equivalent pi-circuit
has the advantage that it can be performed for each single-conductor pipe individually accord-
ing to its own TL parameters and tangential exciting electric field.

Moreover, the equivalent structure can be easily established in circuit simulation software
for an intact pipeline, rather than manual segmentation of the distributed circuits[104]. If the
pipeline is electrically short at the frequency of the incident field, a single lumped cell is ad-
equate. Otherwise the usual options are (i) using the cascade connection of basic cells or (ii)
relying on advanced macromodeling tools allowing to generate black-box behavioral models
defined by mathematical relations.

In addition, it is also applicable to pipeline with some nonlinear grounded branches, e.g.,
on the coating defects. In this case, the pipeline can be simply divided into several segments
at these defect nodes, and each segment can be reduced to an equivalent pi-circuit separately.
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4.2.2 Calculation of EMI Coupling to Pipeline Network Considering Non-
linear Polarization Effect

1̃ Nonlinear Polarization of Coating Breakdown

The insulation coating is added between the metal tube and the soil in the intact pipe seg-
ments. However, the coating may be damaged due to mechanical collision during the transport
and burial process, as well as insulation aging. The schematic diagram of the coating break-
down is depicted in Figure 4-12(a). The damaged part is generally small, with a radius of
several centimeters. Thus, each damaged part can be considered as a discrete node in the cir-
cuit[107]. For the breakdown node l, its influence on the pipe can be modeled as an additional
grounded branch, as shown in Figure 4-12(b), which includes contributions from the interface
and the soil.
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l

lly 

pol
lV 



(b)
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(a) Schematic diagram of the cross-
section of the damaged part of the
pipe
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bd pol( )l lI g V 

(b) Equivalent circuit of
the breakdown node

Figure 4-12 Coating breakdown considering polarization effect at the interface. In the equivalent
circuit of the breakdown node l, yll′ is the linear soil conductance, V pol

l′ is the polar-
ization voltage, and Ibdl′ is the leakage current.

At the interface where the coating is damaged, polarization effects occur due to the elec-
trochemical reaction between the metal and the soil. An auxiliary node l′ is added to describe
it in the circuit. The potential difference across the interface, namely the polarization voltage
V pol
l′ , is related to the leakage current density ileak. Their relationship is usually nonlinear and

can be obtained through electrochemical tests. For EMI calculation of pipelines, the piecewise
interpolation method or the Butler-Volmer model in (4-57)[108, 109, 112] can be used to fit the test
data.

ileak = i0[exp(V
pol
l′ − V pol

corr
ɓa

)− exp(−V pol
l′ − V pol

corr
ɓc

)] (4-57)

where the corrosion electrochemical parameters i0,V pol
corr, ɓa, ɓc are the exchange current den-
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sity, the natural corrosion potential, and the Tafel slope of the anode reaction and of the cathode
reaction, respectively. They can be obtained by electrochemical tests. These parameters vary
with the resistivity and pH value of the soil[109].

Assuming that the current is uniformly distributed at a breakdown node, then the polar-
ization effect at the interface can be modeled as a nonlinear voltage-controlled current source.
For instance, if the Butler-Volmer model is adopted, the leakage current I bdl′ of node l′ can be
determined by

I bdl′ = g(V pol
l′ ) = S · ileak

= S · i0[exp(V
pol
l′ − V pol

corr
ɓa

)− exp(−V pol
l′ − V pol

corr
ɓc

)]
(4-58)

where S is the area of the damaged coating.

In addition, the linear admittance of the soil outside a defect depends on the soil parameters
and the area of damaged part. It can be calculated by (4-59) for the analysis of DC or quasi-DC
interference[107].

yll′ = 4ůS
4d +

√
ˊS

(4-59)

where ů is the soil conductivity and d is the coating thickness.

2̃ Nodal Voltage Analysis of the Pipeline Network

The nodal voltage analysis is performed for the electromagnetic coupling analysis of the
pipeline network, which contains linear pipe segments and coating breakdown with nonlinear
polarization. As for node sets, Nnml is the set of normal nodes, including terminals, bends, and
junctions, Nbd is the set of breakdown nodes, and N′bd is the set of auxiliary breakdown nodes.
The cardinal numbers of these node sets are denoted as n1 = |Nnml| and n2 = |Nbd| = |N′bd|.
Thus, the set of full nodes in the network is denoted as Np = Nnml ∪ Nbd ∪ N′bd, and the total
number of nodes is n = n1 + 2n2.

A demonstrative example of the pipeline network is depicted in Figure 4-13. The original
pipeline network consists of four normal nodes {h, i, k,m} and three pipes {(h, k), (i, k), (k,m)}.
Assume there exists a breakdown point l on the pipe (k,m), then the pipe can be divided into
two segments (k, l) and (l,m). Meanwhile, an additional grounded branch, including an auxil-
iary node l′, is added at node l.

The equivalent pi-circuit can be established for each pipe segment according to (4-56a)-
(4-56d). The current sources in the equivalent pi-circuit of each segment due to the external
electric fields are integrated in the nodal current injection vector J ∈ R(n1+n2)×1 for the node
sets Nnml and Nbd as
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Figure 4-13 Schematic diagram of the circuit model of a illustrative pipeline network considering
nonlinear polarization at breakdown node l.

Ji =
∑

k∈Nnei(i)
jEik (4-60)

where Nnei(i) the set of all neighboring nodes that are directly connected to node i.

Then the voltage equation can be formulated for each node. For the normal node i ∈ Nnml,
according to Kirchhoffôs current law, we can obtain

∑
k∈Nnei(i)

[yik(V sca
i − V sca

k ) + yik0V sca
i ] = Ji (4-61)

Similarly, for the breakdown node l ∈ Nbd, one can get

∑
k∈Nnei(l),k6=l′

[ylk(V sca
l − V sca

k ) + ylk0V sca
l ] + yll′(V sca

l − V pol
l′ ) = Jl (4-62)

For the auxiliary node l′ ∈ N′bd, one can get

yll′(V sca
l − V pol

l′ ) = I bdl′ = g(V pol
l′ ) (4-63)

The variables to be solved include the scattered voltages Vsca ∈ R(n1+n2)×1 and the po-
larization voltages V pol ∈ Rn2×1. They can be collectively denoted as the full-node voltages
Ṽ ∈ Rn×1.

To sum up, the voltage equations (4-61)-(4-63) for all n nodes can be expressed in a com-
pact matrix form with respect to Ṽ:
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f(Ṽ) := YinitṼ +

−J
Ibd

 = 0, where Ṽ =

Vsca

V pol

 (4-64)

Yinit ∈ Rn×n is the initial admittance matrix ignoring the grounded branch of the auxiliary
breakdown nodes N′bd. The diagonal entries of Yinit, which depend on the node type, are given
as

Y init
ii =

∑
k∈Nnei(i)

(yik + yik0), if i ∈ Nnml (4-65)

Y init
ll = yll′ +

∑
k∈Nnei(l),k6=l′

(ylk + ylk0), if l ∈ Nbd (4-66)

Y init
l′l′ = yll′ , if l′ ∈ N′bd (4-67)

and the off-diagonal entries are given as

Y init
ik =


−yik, if k ∈ i ∧ k 6= i

0, if k /∈ i ∧ k 6= i
(4-68)

and Ibd ∈ Rn2×1 is the earthing current of the node set N′bd, and its l′-th entry I bdl′ depends on
the polarization voltage V pol

l′ as in (4-58).

3̃ Solving Nodal Voltages via Newton-Raphson Method

The nodal voltage equation (4-64) has no closed-form solution in the presence of the
nonlinear term Ibd. Such a set of nonlinear algebraic equations can be solved by numerical
methods such as Newton-Raphson iteration[150]. The nodal voltages Ṽ iterates from the initial
guess and gradually converges to the exact solution.

One possible method to determine the initial guess of the nodal voltages Ṽ(0) is by ne-
glecting the leakage currents at the breakdown nodes as in (4-69). Alternatively, a different
initial guess of nodal voltages can be obtained by replacing the controlled voltage source with
other linear admittance.

YinitṼ(0) =

J
0

 (4-69)

where 0 ∈ Rn2×1 is a zero vector.

Then, the nodal voltages can then be continuously corrected according to the mismatch in
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(4-64). At step k, the nodal voltages iterates in the following format:

Y(k)ȹṼ(k) = −f(Ṽ(k))

Ṽ(k+1) = Ṽ(k) + ȹṼ(k)

 (k = 0, 1, 2, . . .) (4-70)

where Y ∈ Rn×n is the Jacobian matrix, which consists of the first-order partial derivatives of
the functions in (4-64) with respect to the nodal voltages:

Y := ∂f(Ṽ)
∂Ṽ

(4-71)

It can be found that the Jacobian matrix Y is actually the nodal admittance matrix con-
taining the dynamic conductance of the grounded branch of the auxiliary breakdown nodes.
Thus, the Jacobian matrix Y(k) at the k-th iteration can be obtained by small corrections to the
initial admittance matrix Yinit: the diagonal entries corresponding to the auxiliary nodes N′bd
needs be updated as in (4-72) if the Butler-Volmer equation (4-57) is used to characterized the
polarization effect, whereas other entries in the matrix remain unchanged.

Y(k)
l′l′ = Y init

l′l′ + dg(Ṽl′)
dṼl′

∣∣∣∣∣∣
Ṽl′=Ṽ(k)

l′

= Y init
l′l′ + S · i0[

1
ɓa

exp( Ṽ
(k)
l′ − V pol

corr
ɓa

) + 1
ɓc

exp(− Ṽ(k)
l′ − V pol

corr
ɓc

)], ∀l′ ∈ N′bd

(4-72)

The nodal voltages are considered to have converged if the following criterion is satisfied:

‖f(Ṽ(k))‖∞ = max
i
|fi(Ṽ(k))| < Ů (4-73)

where Ů is the tolerance error of the mismatch.

4̃ Voltages and Currents Along Intact Pipe Segments

Once the nodal scattered voltages are obtained, we can further calculate the responses
along the pipeline of interest. The voltages and currents along the pipe (i, k) can be solved
from the terminal voltages V sca

i and V sca
k :

I(x) =
[
A + P(x)

]
e−ɔx +

[
B + Q(x)

]
eɔx (4-74)

V sca(x) = ZC
{[
A + P(x)

]
e−ɔx −

[
B + Q(x)

]
eɔx
}

(4-75)
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where

A = yik
2

(V sca
i eɔL − V sca

k )− jEik
2

(4-76a)

B = yik
2

(V sca
i e−ɔL − V sca

k ) + jEki
2
e−ɔL (4-76b)

P(x) = 1
2ZC

∫ x

0
eɔɝE(ɝ)dɝ (4-76c)

Q(x) = 1
2ZC

∫ L

x
e−ɔɝE(ɝ)dɝ (4-76d)

where yik, jEik and jEki are the parameters of the equivalent pi-circuit for pipe (i, k) as in (4-56a)-
(4-56d).

5̃ Procedure for EMI Calculation of Pipeline Network

The procedures for calculating the electromagnetic coupling to the pipeline network are
summarized in Algorithm 4-2. Some preprocessing is required to obtain the inputs before
starting the algorithm. Firstly, the spatial distribution of the external exciting electric field
needs to be simulated by using the source currents and earth resistivity structure, etc. Secondly,
the breakdown nodes and auxiliary nodes are added for each pipeline, which can be determined
by coating defect detector[107] or related engineering experience[109]. Thus, it yields a new graph
Gp =

(
Np,Lp

)
for the pipe network, where Np is a set of full nodes and Lp is a set of all pipe

segments.

4.3 Induction Results in Pipeline Networks Excited by Nonuniform Geo-
electric Fields

4.3.1 Validation of Pipeline Geomagnetic Induction Model

1̃ Verification of Pipeline Induction Model Using GIC Measurement

The geomagnetic induction model of the pipeline was verified using publicly available
GIC measurement data. The Finnish Meteorological Institute measured and released the lon-
gitudinal GIC of the pipeline at the Mªntsªlª compressor station in Finland (60.6 N◦, 25.2 E◦)
from 1999 to 2022[151]. In this study, these measured data are compared with calculated GIC
values from the DSTL model.

We selected 14 strong magnetic storm events in the 24th cycle of solar activity (2008-
2018) according the Dst index. The measured magnetic field data were obtained from the
geomagnetic observatory at Nurmijªrvi (NUR) near the Finnish pipeline. The induced geo-
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Algorithm 4-2 Electromagnetic coupling to pipeline networks considering nonlinear polariza-
tion effect

Data:
1. A pipeline network Gp =

(
Np,Lp

)
with topology and nodal coordinates;

2. TL parameters of each pipeline;
3. Polarization characteristics of coating breakdown;
4. Spatial distribution of exciting electric field;
5. Tolerable error Ů and maximum iteration Niter for Newton-Raphson method.

Result: PSPs and currents along the pipes of interest.
1 Initialization;
2 // Calculate the initial guess of nodal voltages using modified equivalent pi circuit
3 for (i, k) in Lp do
4 Calculate the parameters of equivalent pi-circuit for pipeline (i, k) using

(4-56a)-(4-56d);
5 end
6 Make the nodal current injection vector J via (4-60) and initial network admittance

matrix Yinit via (4-65)-(4-68);
7 Obtain the initial guess of full-node voltages Ṽ(0) in the pipeline network by solving

(4-69);
8 // Solve the nodal voltages using Newton-Raphson method
9 Initialize counter k← 0 for Newton-Raphson iteration;
10 repeat
11 Initialize the Jacobian matrix Y(k) ← Yinit;
12 for l′ in N′bd do
13 Update Y(k)

l′l′ using Ṽ(k)
l′ as in (4-72);

14 end
15 Calculate the updated voltages Ṽ(k+1) via (4-70);
16 Increment iteration counter step k← k + 1;
17 if k ≥ Niter then
18 The Newton-Raphson algorithm does not converge. Re-select the initial

guess of nodal voltages Ṽ(0) and goto line 9;
19 end
20 until ‖f(Ṽ(k))‖∞ < Ů;
21 Extract V sca and V pol from Ṽ(k);
22 // Calculate the response along each intact pipe segment
23 for (i, k) in Lp do
24 Calculate the longitudinal currents and scattered voltages along the intact pipe

segment (i, k) using V sca
i and V sca

k as in (4-74)-(4-75);
25 Calculate the leakage current density and PSP along the pipe (i, k) using the

scattered voltages via (4-52)-(4-53);
26 end
27 // Calculate the response at each coating defect
28 for l′ in N′bd do
29 Calculate the leakage current density at the breakdown node l′ using V pol

l′ as in
(4-57);

30 end
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electric field is then calculated using a two-layer earth conductivity model. The resistivities of
the top and bottom layers of earth are 38.5 and 0.385 ɋ·m respectively. The thickness of the
surface layer of earth is 150 km. Then, assuming the electric field is spatially uniform, the pipe
GIC can be calculated using linear superposition:

I(t) = aEx(t) + bEy(t) (4-77)

where the coefficients a = -70 A/(V/km) and b = 88 A/(V/km) are calculated using the topol-
ogy and parameters of the Finnish pipeline network based on the DSTL model[151].

The geomagnetic waveform at NUR observatory during the magnetic storm from Septem-
ber 26 to 27, 2011 is shown in Figure 4-14. The calculated and measured pipeline GIC wave-
forms are compared in Figure 4-15, and their changing patterns show consistency. The scatter
plot of GIC in Figure 4-16 shows that the two waveforms have a strong correlation, and the
corresponding linear correlation coefficient is 0.8602.
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Figure 4-14 Measured geomagnetic field waveform at NUR observatory from September 26 to 27,
2011.

Table 4-1 lists the correlation coefficients of measured and calculated GIC waveforms
in all 14 GMD events. These correlation coefficients are in the range of 0.63-0.86, which
illustrates the applicability of the classic DSTL model. The difference between the calculated
and measured GIC waveforms may be caused by the simplification of the earth model and the
neglect of current injection from the cathodic protection system.
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Figure 4-15 Measured and calculated GIC waveform in pipeline at the Mªntsªlª compressor sta-
tion from September 26 to 27, 2011.

Figure 4-16 Scatter plot of themeasured and calculatedGIC in pipeline at theMªntsªlª compressor
station from September 26 to 27, 2011.

Table 4-1 Correlation coefficients of measured and calculated GIC waveforms in pipeline at the
Mªntsªlª compressor station

GMD event Duration Dst index/nT Correlation coefficient

1 2011.09.26-2011.09.27 -118 0.8602
2 2012.03.09 -145 0.8339
3 2012.07.15-2012.07.16 -139 0.7312
4 2012.10.01 -122 0.6570
5 2012.10.09 -109 0.7974
6 2012.11.14 -102 0.6898
7 2013.03.17 -132 0.8257
8 2013.06.01 -124 0.7065
9 2013.06.29 -108 0.7868
10 2015.10.07 -124 0.8013
11 2015.12.20 -155 0.7585
12 2016.01.01 -177 0.7073
13 2016.01.20 -104 0.6340
14 2016.10.13 -105 0.8270
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2̃ Validation of Proposed Modified Equivalent PI-Circuit for Pipelines

A single pipeline along the north direction with insulated ends is used to validate the in-
duction algorithm for nonuniform geoelectric field. The pipeline length is 500 km. The series
impedance Z is 0.005 ɋ/km, and the parallel admittance Y is 0.05 S/km. The above parame-
ters are from a typical case of electrically long pipes in Reference [23], since the nonuniform
geoelectric field has a relatively greater effect on electrically long pipes as discussed in Section
III-A.

The spatial distribution of the nonuniform geoelectric field is assumed to be Et(x) =
0.001x V/km, where x is the distance along the pipeline in kilometers.

The induction algorithms in this research are implemented in MATLAB R2019b. The
following two methods are used for comparison:

1. Nonuniform method: an equivalent pi-circuit model with nonuniform geoelectric field
is established via (4-11a)-(4-11d), resulting in a 2-node network;

2. Piecewise uniform method: the pipeline is equally divided into 500 sections by length,
and the geoelectric field of each segment is taken as the value located at the midpoint.
An equivalent pi-circuit model with uniform geoelectric field is established for each
segment using (4-7), resulting in a network of 501 nodes.

The PSP and GIC along the pipeline obtained by the two methods are highly consistent,
as shown in Figure 4-17, which illustrates the accuracy of the proposed model in the case of
spatially nonuniform fields.

In addition, the former method can reduce the order of the nodal admittance matrix in
(4-14) by simplifying each pipeline into an equivalent circuit, thereby decreasing the compu-
tational burden.
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Figure 4-17 Comparison of PSP and GIC results with respect to distance x along the pipeline using
nonuniform and piecewise uniform algorithms.
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4.3.2 Influence of Nonuniform Geomagnetic Fields on Geomagnetic Induc-
tion

1̃ Locally Enhanced and Gradually Changing Nonuniform Geoelectric Field Scenarios

The spatial distribution of the nonuniform geoelectric field used in this section is from the
EPRI report[60], provided in a 0.5◦×0.5◦ regular grid, which includes two scenarios visualized
in Figure 4-18.
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(a) Scenario 1: Eastward local enhancement
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(b) Scenario 2: Southeast geoelectric field

Figure 4-18 Spatial distribution of the nonuniform geoelectric field. The arrow in the figure in-
dicates the electric field vector from the EPRI report[60]; the colored map visualizes
the spatial distribution of the interpolated geoelectric field; the blue line shows the
location of the pipes, and the gray curve is the base map.

In scenario 1, there is a local enhancement in the geoelectric field magnitude to 12 V/km
in an area of 1◦×1◦, while the remaining area is 1.2 V/km, and the geoelectric field direction is
modified to east in this research. This type of geoelectric field is caused by the local enhance-
ment of the geomagnetic field occurring in areas of hundreds of kilometers at high latitudes,
rather than the lateral changes in earth conductivity[32]. In scenario 2, both the magnitude and
direction of the geoelectric field vary gradually with the spatial coordinates. The spatial distri-
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bution of space currents at high latitudes is quite complicated, and the above two scenarios are
regarded as typical geoelectric field caused by nonuniform geomagnetic source fields in this
research.

The nodal spatial coordinates of the synthetic modified 9-node and 8-line networks are
shown in Table 4-2. The spatial coordinates of network 1 and network 2 are expressed in
latitude-longitude and distance, respectively. And the pipeline lengths in network 1 are changed
into twice the original data from Reference [24].

Table 4-2 Nodal coordinates of synthetic test pipeline networks

Node Network 1 Network 2
Latitude/◦N Longitude/◦E x/km y/km

1 34.200 -87.000 -3.536 -258.744
2 33.693 -87.035 -31.820 -260.460
3 33.693 -86.388 -31.820 -230.460
4 33.693 -84.231 -31.820 -130.460
5 33.122 -83.547 -63.640 -98.640
6 33.122 -82.797 -63.640 -63.640
7 33.503 -82.341 -42.426 -42.426
8 34.263 -81.424 0 0
9 33.185 -81.961 -60.104 -24.749

2̃ Synthetic Test Pipeline Network 1

A modified 9-node and 8-line test pipeline network presented in Figure 4-19 is used for
induction analysis in this section, whose spatial cooridnates are listed in Table 4-2, including
a main line ñ3-4-5-6-7-8ò and three branch lines ñ1-3ò, ñ2-3ò and ñ7-9ò.
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Figure 4-19 The synthetic 9-node and 8-pipeline network 1. The red labels indicate the number of
nodes, and the black labels are pipeline lengths in kilometers.

The original data are obtained from Botelerôs paper [24], and some parameters have been
adjusted. The length of each pipeline has been modified into twice the original length to match
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the footprint of the geoelectric field in this section. The series resistance of the main and branch
pipeline is 0.00492 and 0.01544 ɋ/km, and the parallel conductance is 0.012 and 0.006 S/km,
respectively.

3̃ Induction Results With Nonuniform Geoelectric Field

For the two nonuniform geoelectric field scenarios, the induction results in the pipe net-
work are compared with the corresponding uniform geoelectric field. The nodal PSP and max-
imum line GIC are shown in Table 4-3 and Table 4-4, and the PSP and GIC along the main
pipeline 3-8 are shown in Figure 4-20.

Table 4-3 Nodal PSP in volts in pipeline network 1

Node Geoelectric field scenario 1 Geoelectric field scenario 2
Nonuniform Uniform Nonuniform Uniform

1 -266.76 -124.84 -297.46 -495.81
2 -299.47 -140.62 -284.65 -508.07
3 -274.63 -88.61 -236.49 -320.09
4 -104.01 4.86 -87.45 3.61
5 228.72 5.93 -7.83 57.37
6 345.66 34.40 130.34 161.00
7 246.97 44.77 165.08 166.21
8 250.29 111.31 504.54 342.27
9 260.46 79.56 384.28 322.46

Table 4-4 Maximum line GIC in amperes in pipeline network 1

From Node To Node Geoelectric field scenario 1 Geoelectric field scenario 2
Nonuniform Uniform Nonuniform Uniform

3 4 979.27 173.49 613.02 649.59
4 5 995.50 173.07 665.63 649.26
5 6 914.65 167.49 666.27 617.93
6 7 617.87 150.90 619.45 528.45
7 8 333.41 104.35 434.52 340.14
1 3 123.42 48.57 123.25 185.57
2 3 100.31 40.05 92.10 144.70
7 9 74.39 18.15 79.83 71.30

If we compare the induction results of nonuniform geoelectric field scenario 1 with those
of 1.2 V/km eastward uniform base case, we can see that the PSP of almost all nodes and
the maximum GIC of all pipelines in the network have increased significantly due to local
geoelectric field enhancement. The spatially locally enhanced geoelectric field covers all of the
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