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A kernel-based approach to errors-in-variables
identification of stable multivariable linear systems

Vito Cerone∗, Member, IEEE, Edoardo Fadda∗, Diego Regruto∗, Member, IEEE

Abstract—In this paper, we present a kernel-based non-
parametric approach to identifying stable multi-input multi-
output linear systems in the presence of bounded noise affecting
both the input and the output measurements. Firstly, we for-
mulate the considered problem in terms of robust optimization
techniques. Then, we show that the formulated robust optimiza-
tion problem can be solved using semidefinite optimization. Since
the involved optimization problem is computationally demanding,
we also provide a result that allows the user to compute a bound
on the approximation error introduced by considering reduced
complexity models. We present some simulation examples to show
the effectiveness of the proposed approach. Finally, we apply
the proposed identification method to the dataset experimentally
collected on a linear electronic filter.

I. INTRODUCTION

In this work, we focus our attention on the identification
of linear time-invariant (LTI) systems. Roughly speaking, we
define system identification as the branch of science aimed at
deriving a mathematical model of a dynamic system based
on a set of experimental input-output data (see, e.g., [1], [2]).
Since we thoroughly describe LTI systems by their impulse
response, system identification in the case of such a class of
systems can be formulated as the problem of estimating the
impulse response. However, in general, direct estimation of
the impulse response of an LTI system is a difficult task since
it leads to the solution of an infinite dimensional, possibly
ill-conditioned, inverse problem (see, e.g., [3]). A possible
approach to overcome such a problem is to consider model
classes where we describe the input-output mapping using
a finite number of parameters, e.g., ARX, ARMAX, Box-
Jenkins, to cite a few [1], [2]. State-space descriptions are,
instead, considered in the context of subspace identification
of MIMO LTI systems (see, e.g., the survey paper [4] and the
references therein). The choice of a model in the above classes
substantially simplifies the identification problem from a com-
putational point of view, as witnessed by the contributions
in the literature [1]. Unfortunately, the approaches mentioned
above potentially suffer from a significant drawback: the
choice of the number of parameters to identify or the order of
the transfer function. On the one hand, we should increase the
number of parameters to improve the estimate accuracy. On
the other hand, too many parameters may cause over-fitting of
the identification data set, leading to models with a reduced
capability to predict the behaviour of the actual system under
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study when we consider different experimental conditions. We
can use some statistical techniques from the literature to deal
with this issue, known as model order or model structure
selection. Popular approaches for the estimation of the order
of input-output models in the transfer function form exploit
the Akaike information criterion (AIC) [5] and the Bayesian
information criterion (BIC) [6]. Bauer discusses the problem
of order selection in the framework of subspace identification
in [7].

Linear and nonlinear non-parametric identification ap-
proaches, inspired by results in the field of machine learn-
ing, have been recently proposed to avoid the model or-
der/model structure selection issue (see, e.g., [3], [8]–[10]).
Such approaches address the problem of finding the impulse
response function that provides the best data fitting in an
infinite-dimensional space. The book by Pillonetto et al. [11]
provides a comprehensive overview of the results obtained
along this line of research. The identification problem formu-
lation leverages Reproducing Kernel Hilbert spaces (RKHSs)
in such a context. An RKHS is a Hilbert space (i.e. an
infinite dimensional vector space equipped with a scalar inner
product complete with respect to the norm induced by the
scalar product) in which point evaluation is a continuous
linear functional. This characteristic plays a crucial role in
the context of RKHSs since it leads to the formulation of
the Representer Theorem, thanks to which we can transform
the infinite-dimensional problem of computing the impulse
response function into an equivalent finite-dimensional one. A
remarkable property is that a kernel function can completely
define these spaces. This property implies that all functions
in the considered RKHS enjoy the same properties of the
kernel function. This fact is noteworthy in system identification
because essential properties, such as stability and causality of
the estimated model, can be a-priori enforced by selecting a
kernel function enjoying such properties. The reader is referred
to the survey [3] and the references therein for a detailed
discussion. Extensions of the kernel-based approach to vector-
valued functions are discussed in paper [12], where the authors
review different methods to design and learn suitable kernel
functions for multiple output problems.

Most of the results on Kernel-based identification available
in the literature assume that the collected data are noise–free or
at most affected by additive output error only. Such methods
cannot deal with the errors-in-variables (EIV) identification
problem, which is common in actual practice, where measure-
ment errors affect inputs and outputs. The interested reader can
find a thorough review of available results on the identification
of parametric EIV models in the recent book by Söderström
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[13]. A stimulating contribution considering the problem of
kernel-based identification in the errors-in-variables (EIV)
case is paper [14], where the authors consider noisy and
incomplete input-output data and propose a statistical approach
(based on the expectation-maximization method) to solve the
identification problem.

All the works mentioned above rely on a statistical descrip-
tion of the noise affecting the data. A common alternative to
the stochastic description, inspired by the seminal work of
Schweppe, in the late sixties [15], is the bounded-error or set-
membership characterization where measurement errors are
assumed to be unknown but bounded (UBB), i.e., measurement
uncertainties are assumed to belong to a given bounded set. We
can choose such a description when either a priori statistical
information is unavailable or the errors are better characterized
deterministically (e.g., systematic and class errors in measure-
ment equipment, rounding, and truncation errors in digital
devices).

This paper proposes an original kernel-based non-parametric
approach for identifying multi-input multi-output (MIMO)
errors-in-variables (EIV) LTI systems. According to the set-
membership (or bounded error) paradigm (see, e.g., [16]–[19]),
both input and output sequences are affected by additive noise
only known to belong to a given ball. This work significantly
extends the preliminary contribution presented by the authors
in the conference paper [20]. First, we generalize the proposed
approach to MIMO systems, while [20] focuses only on SISO
systems. Furthermore, we provide a result that allows the user
to compute a bound on the approximation error introduced
while reducing the number of basis functions involved in the
model. We can use such a bound to handle the complex-
ity/accuracy trade-off and reduce the relevant computational
burden required to solve the underlying optimization problems.
Finally, we apply the proposed identification algorithm to
a dataset experimentally collected on a SISO and a MIMO
linear electronic filter, while in [20], we have considered only
simulated data. We organize the paper as follows. Section
II reviews notations and fundamental results on RKHS. Sec-
tion III presents the problem formulation. In Section IV, we
propose a robust optimization-based algorithm to compute
the solution to the formulated problem. The key ingredient
of the proposed solution is the formulation of the robust
optimization problem in terms of an equivalent semidefinite
programming problem. In Section V, we discuss the problem
of reducing the computational complexity of the proposed
algorithm. We derive a bound on the approximation error
introduced by reducing the number of basis functions exploited
in the identification. Section VI addresses the Kernel selection
problem. In Section VII, we show the effectiveness of the
proposed approach through some simulation examples. Section
VIII applies the presented identification method to datasets
experimentally collected.

II. NOTATION AND BASIC RESULTS

This section reviews some basic definitions and results
related to RKHS. For details, the reader is referred, e.g., to
[21], [22]. In the paper, vectors without subscripts denote

stacks of signal samples collected for different time instants
t.

In the following, we consider Hilbert Spaces whose ele-
ments are functions g : T ⊂ R → R, and we use the symbol
⟨·, ·⟩H to represent the inner product and the symbol || · ||H to
denote the norm induced by such an inner product.

Definition 1: Reproducing Kernel Hilbert Space (RKHS)
A Hilbert Space H is an RKHS iff the point evaluation
operator is a continuous linear functional, i.e.

∀ t ∃ Mt : |g(t)| ≤ Mt||g||H ∀ g ∈ H ■

In view of Riesz Representation Theorem every continuous
linear functional can be uniquely written using the inner
product [22] . The following property holds since the point
evaluation functional is in H∗ from the definition of RKHS .

Theorem 1: Reproducing Property
If H is a RKHS, then: ∀t ∈ T ∃ Kt ∈ H such that

g(t) = ⟨Kt, g⟩H The function Kt is called the representer of
the evaluation functionals at time t. ■

Definition 2: Reproducing Kernel
We call reproducing kernel of H a function K : T × T → R
defined as K(t1, t2) = Kt1(t2) ∀ t1, t2 ∈ T , where
Kt1(t2) = ⟨Kt1 ,Kt2⟩H . ■

It can be proved (see, e.g., [21], [22]) that every function
K : T × T → R that is symmetric and positive semi-definite,
i.e., such that it satisfies the following two conditions

K(t1, t2) = K(t2, t1) ∀ t1, t2 ∈ T (1)
n∑

i,j=1

cicjK(ti, tj) ≥ 0 ∀ n ∈ N, t1, .., tn ∈ T , c1, .., cn ∈ R

(2)

defines a reproducing kernel. The following theorem
highlights the importance of reproducing kernels.

Theorem 2: Moore-Aronszajn theorem ( [22]) Every
RKHS defines a unique reproducing kernel. Conversely, a
reproducing kernel defines a unique RKHS whose elements
are functions defined as g =

∑∞
i=1 αiKti . ■

Remark 1: In the rest of the paper, we assume, without loss
of generality, that {K(ti, t)}i are linearly independent.

Now, we are in the position of stating the Representer
Theorem.

Theorem 3: The Representer Theorem ([22])
Given a set of N pair of points (t1, y1), . . . , (tN , yN ) and a
generic functional V (·) : RN → R, a necessary condition for
g ∈ H to be the minimizer of

V (g(t1), . . . , g(tN ), y) + ζ||g||2H (3)

is g =
∑N

i=1 αiKti , for some N-tuple (α1, . . . , αN ) ∈ RN .
■
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For self-consistency of the paper, we also report the proof of
Theorem 3 since the reasoning exploited in the demonstration
can be helpful to better understand some technical details of
the results presented in the following sections.
The following version of the proof is taken from [23].

Proof: Define H0 as

H0 = {g ∈ H : g =

N∑
i=1

αiKti} ⊂ H.

Let H⊥
0 be the space orthogonal to H0

H⊥
0 = {g⊥ ∈ H :

〈
g⊥, g

〉
H = 0 ∀ g ∈ H0 }.

H0 is a subspace of finite dimension; hence it is closed. For
this reason, we can write H = H0 ⊕H⊥

0 and further, we can
express each function g ∈ H as g = g0 + g⊥0 where g0 ∈ H0

and g⊥0 ∈ H⊥
0 . By orthogonality, the following relation holds

||g||2H = ||g0||2H + ||g⊥0 ||2H.

Furthermore, by exploiting Definition 2, we can write

V (g(t1), . . . , g(tN ), y) = V (⟨g,Kt1⟩H , . . . , ⟨g,KtN ⟩H , y) =

= V (
〈
g0 + g⊥0 ,Kt1

〉
H , . . . ,

〈
g0 + g⊥0 ,KtN

〉
H , y) =

= V (⟨g0,Kt1⟩H , . . . , ⟨g0,KtN ⟩H , y).

where the last equality follows from the fact that g⊥0 is
orthogonal to all the elements in H0, particularly to Kti .
Hence, if we calculate the function V for a generic g ∈ H,
we can write

V (g(t1), . . . g(tN ), y) + ζ||g||2H =

= V (g0(t1), . . . , g0(tN ), y) + ζ
(
||g0||2H + ||g⊥0 ||2H

)
≥

≥ V (g0(t1), . . . g0(tN ), y) + ζ||g0||2H.

The last inequality proves that the minimizer of the functional
must belong to the linear space H0.

Remark 2: The Representer Theorem shows that, for
RKHS, minimizing over a (possibly infinite-dimensional)
Hilbert space boils down to minimizing over RN , where N is
the number of sample points considered in the functional to
be minimized.

Remark 3: We point out that the proof of this theorem
was obtained without considering the nature of the function
V (g0(t1), . . . g0(tN ), y).

Moreover, the following corollary holds.
Corollary 4: The minimizers g1, . . . , gI ∈ H1, . . . ,HI of

the problem

min
g1,...,gI

[
V (g1(t1), . . . , g1(tN ), . . . , gI(t1), . . . , gI(tN ), y)

+ζ(||g1||2H1
+ · · ·+ ||gI ||2HI

)
]

can be written as gj =
∑N

i=1 α
j
iK

j
ti ∀ j = 1 . . . I, for I

N-tuples (α1
1, . . . , α

1
N ) ∈ RN , . . . , (αI

1, . . . , α
I
N ) ∈ RN . ■

- -gt
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Fig. 1. Errors-in-variables basic setup for non-parametric LTI identification

Proof: The proof of Corollary 4 is obtained by applying
the same reasoning exploited in the proof of Theorem 3 to
each function gj ,∀ j = 1, 2, . . . , I.

In the next sections, we show that Theorem 3 is the key re-
sult for deriving a suitable formulation of system identification
problems in the framework of RKHS.

III. PROBLEM FORMULATION

To simplify notation, in the rest of the paper we represent
time dependence using subscripts (i.e., we write gt instead of
g(t)). Let us consider the discrete-time multiple input multiple
output (MIMO) LTI dynamic system shown in Fig. 1, where
ut ∈ Rp, yt ∈ Rq , and gt is the continuous-time impulse
response function.

Since the problem of identifying MIMO systems with p
inputs and q outputs is equivalent to the identification of the
q MISO transfer functions that map the p inputs to every
single output, in the rest of the paper, we consider, without
loss of generality, the problem of estimating the parameters of
MISO systems described by the following general input-output
mapping

yt =

∞∑
s=0

u1,t−sg1,s + · · ·+
∞∑
s=0

up,t−sgp,s (4)

where g1 = [g1,1, . . . , g1,t, . . . ], . . . , gp = [gp,1, . . . , gp,t, . . . ]
are the p impulse response functions describing the effect of
the p inputs on the output y, and each element of gj is gj,t =
gj(t).

We assume that ujt = 0 for all t < 0; therefore the
convolutions in (4) go from s = 0 to s = t. Measurements
of the input and output data sequences are assumed to be
corrupted by additive noises ϵj,t and ηt respectively

ũj,t = uj,t + ϵj,t, ∀j = 1, . . . , p ỹt = yt + ηt. (5)

The error signals ϵj = [ϵj,1 . . . ϵj,N ], ∀j = 1, . . . p, and
η = [η1 . . . ηN ] are bounded and assumed to belong to the
following balls:

ϵj ∈ Bρj = {ϵj : ||ϵj ||22 ≤ ρj} ∀j = 1, . . . , p (6)

η ∈ Bρq
= {η : ||η||22 ≤ ρq}, (7)

where ρ1, . . . , ρp and ρq are known real constants. In common
practice, we can infer the value of such error bounds from
available measurement error information provided by the data
sheets of the equipment used to collect the data. In applications
where such information is not directly available, we must
perform experiments to characterize the measurement device
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and estimate such bounds. We point out that a similar problem
also arises when considering a statistical description of the
noise, where we have to infer the probability distribution of
the measurement error or at least some of its moments.
The system to identify is only known to be LTI. No structural
information (e.g., model order) is assumed to be a-priori
available, and the model to identify is not constrained to
belong to a finite-dimensional model class (e.g., FIR, ARX).
Therefore, according to the kernel-based nonparametric iden-
tification paradigm (see, e.g., [3], [8]–[10]), the following
nonparametric LTI identification problem is considered here

ĝ = argmin
g1,...,gp∈H

{ N∑
t=0

(
yt − ŷt(g1, . . . , gp)

)2

+ ζJ(g)
}

(8)

where H is a generic reproducing kernel Hilbert space, ŷ is
the output of the model to be estimated, J(g) is a regular-
ization term, and ζ is a positive real constant to weight the
regularization term. Constraining the impulse response to lay
inside an RKHS has several advantages (the reader can find a
detailed discussion in the survey paper [3] and the reference
therein). The main property of those spaces is that we can
define them through a function called kernel. This property
implies that all functions in the considered RKHS enjoy the
same properties of the kernel function, thank to which, we
can a priori enforce essential properties (such as stability
and causality) by selecting the kernel function suitably. For
a thorough discussion of the properties that can be enforced
by adequately choosing the kernel function, we refer the reader
to work [24].

By means of equations (4) and (5), we can write the
estimation Problem (8) as

ĝ1, . . . , ĝp =

argmin
g1,...,gp∈H

{ N∑
t=0

(
ỹt − ηt −

p∑
j=0

t∑
s=0

ϵ̃j,t−sgj,s

)2

+ ζJ(g)
}
(9)

where, ϵ̃j,t = (ũj,t − ϵj,t
)

and

ϵ̃j,t ∈ B̃ρj
= {ϵ̃j : ϵ̃j,t = (ũj,t − ϵj,t

)
, ||ϵj ||22 ≤ ρj}

∀j = 1, 2 . . . , p.
(10)

To simplify notation, in the rest of the paper we use the short
form ϵ̃ ∈ B̃ instead of (10). Since ηt and ϵ̃j,t, ∀j = 1, 2, . . . , p,
are uncertain variables only known to belong to the balls (7)
and (10), we estimate the impulse response function by solving
the following robust estimation problem, where we look for the
minimum of the worst-case error between the actual unknown
output of the system and the output of the estimated model

ĝr1 , . . . , ĝ
r
p = argmin

g1,...,gp∈H
max
ϵ̃∈B̃,

ηt∈Bρ2

{ N∑
t=0

(
ỹt − ηt

−
p∑

j=1

t∑
s=0

ϵ̃j,t−sgj,s

)2
+ ζJ(g)

}
,

(11)

where ĝr1, . . . , ĝ
r
p is the robust version of the estimate defined

in Problem (9). For the sake of simplicity, we introduce the

notation

max
ϵ̃j,t,ηt

F (ϵ̃j,t, ηt) = max
ϵ̃∈B̃,ηt∈Bρ2

F (ϵ̃j,t, ηt),

where F (ϵ̃j,t, ηt) is a generic functional.

IV. A ROBUST OPTIMIZATION APPROACH

In this section, we propose an original robust convex opti-
mization approach to solve Problem (11).

For simplicity and without loss of generality, we refer to
the following simplified version of the problem

ĝr1, . . . , ĝ
r
p =

argmin
g1,...,gp∈H

max
ϵ̃j,t,ηt

N∑
t=0

(
ỹt − ηt −

p∑
j=0

t∑
s=0

ϵ̃j,t−sgj,s

)2

,
(12)

obtained from (11) by removing the regularization term. We
discuss the extension to the regularized version of the problem
in Remark 5, reported at the end of Section IV.

The first step towards the derivation of the proposed
algorithm is the following result, derived on the basis of the
properties of RKHS.

Result 1: The minimum of optimization Problem (12) is
given by

min
αj∈RN ,j=1,...,p

max
ϵ̃j,t,ηt

N∑
t=0

(
ỹt−ηt−

p∑
j=0

t∑
s=0

ϵ̃j,t−s

N∑
i=0

αj
iK

i,j
s

)2

(13)
where Ki,j

t = Kti(t)
j and Kti(t)

j is the evaluation at time
t of the kernel function used for the j-th input. Furthermore,
the minimizer has the following form for each t

gj,t =

N∑
i=0

αj
iK

i,j
t . (14)

Proof: First, we note that the argument inside the argmin
operator of (12) depends only on the point evaluation of
function gj ∀ j = 1, 2, . . . , p. Therefore, by applying Corollary
4, we can prove that the minimizer to Problem (12) has the
form (14). Equation (13) is obtained by direct substitution of
(14) into the functional of Problem (12).

Thanks to Result 1 and the fact that ϵ̃j,t−s does not depend
on i, we can write the robust optimization to be solved as
follows

[α̂1, . . . , α̂p] = argmin
αj∈RN ,j=1,...,p

max
ϵ̃j,t,ηt

J =

argmin
αj∈RN ,j=1,...,p

max
ϵ̃j,t,ηt

p∑
j=0

N∑
t=0

(
ỹt − ηt −

t∑
s=0

N∑
i=0

αj
i ϵ̃j,t−sK

i,j
s

)2
,

(15)

where J is implicitly defined in (15). Before stating the main
results of the paper, we rewrite the functional J of (15) in
a suitable equivalent form. To this aim, we first explicitly
write the terms of the summation in (15) for some sample
t = 0, 1, ...

ỹ0 − η0 −
p∑

j=1

ϵ̃j,0

N∑
i=0

αj
iK

i,j
0 ,

ỹ1 − η1 −
p∑

j=1

ϵ̃j,1

N∑
i=0

αj
iK

i,j
0 −

p∑
j=1

ϵ̃j,0

N∑
i=0

αj
iK

i,j
1 , . . .
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By grouping the terms for different t into suitable matrices
and arrays, we obtain the following equivalent description

J =
∣∣∣∣∣∣ỹ − η − E1α1 − · · · − Epαp

∣∣∣∣∣∣2
2
,

where Ej ∈ RN×N has the following form

Ej =


ϵ̃j,0K

0,j
0 . . . ϵ̃j,0K

N,j
0

ϵ̃j,1K
0,j
0 + ϵ̃j,0K

0,j
1 . . . ϵ̃j,1K

N,j
0 + ϵ̃j,0K

N,j
1

. . . . . . . . .∑N
i=1 ϵ̃j,N−iK

0,j
i . . .

∑N
i=1 ϵ̃j,N−iK

N,j
i

 .

By defining the following matrices

Aj
0 =


K0,j

0 . . . KN,j
0

K0,j
1 . . . KN,j

1

. . . . . . . . .

K0,j
N . . . KN,j

N

 , . . . , Aj
N =


0 . . . 0

. . . . . . . . .

0 . . . 0

K0,j
0 . . . KN,j

0

 ,

matrix Ej can be rewritten as

Ej = ϵ̃j,0A
j
0 + ϵ̃j,1A

j
1 + · · ·+ ϵ̃j,NAj

N ,

while, by substituting ϵ̃j,t = ũj,t − ϵj,t, we get

Ej = ũj,0A
j
0 + · · ·+ ũj,NAj

N − ϵj,0A
j
0 − · · · − ϵj,NAj

N .

By defining Ej
0 = ũj,0A

j
0+ ũj,1A

j
1+ · · ·+ ũj,NAj

N we can
write

Ej = Ej
0 − ϵj,0A

j
0 − · · · − ϵj,NAj

N .

Thanks to the introduction of a slack variable λ ∈ R, we can
rewrite optimization Problem (15) in its final form:

[α̂1, . . . , α̂p] = argmin
αj∈RN ,j=1,...,p,λ∈R

λ

s.t.
∣∣∣∣∣∣ỹ − η −

p∑
j=0

(Ej
0 − ϵj,0A

j
0 − · · · − ϵj,NAj

N )αj
∣∣∣∣∣∣2
2
≤ λ

∀ ϵj ∈ Bρj , η ∈ Bρq

(16)

Finally, we are in the position of stating the main result.
Result 2: The solution to Problem (16) can be obtained

through the solution to the convex semidefinite optimization
problem (SDP) in (17) (reported at the top of next page) where:

M(αj) =


...

...
...

Aj
0α

j
... Aj

Nαj

...
...

...

 .

The proof of Result 2 is given in Appendix A. Note that the
matrix defining the constraints of Problem (17) belongs to
R(N(I+2)+1)×(N(I+2)+1).

Remark 4: For SISO systems, Problem (17) simplifies to
α̂ = arg min

α∈RN ,λ∈R,τ0,τ1∈R+

λ

s. t.

τ0I − I +M(α) (ỹ − E0α) 0

+M(α)T τ1I 0 M(α)T

(ỹ − E0α) 0 λ− τ0ρ0 − τ1ρ1 (ỹ − E0α)T

0 M(α) (ỹ − E0α) I


≥ 0.

(18)

Remark 5: As already pointed out at the beginning of this
section, we still have to consider the regularisation terms in
deriving the proposed approach. In this remark, we discuss
how to incorporate Lasso and Ridge regularizations. If we
include the Lasso regularization term, the problem becomes

α̂ = argmin
α∈RN ,λ∈R,τ0,τ1∈R+

λ+ ζ
∑
i

|αi|

s. t.

τ0I − I +M(α) (ỹ − E0α) 0

+M(α)T τ1I 0 M(α)T

(ỹ − E0α) 0 λ− τ0ρ0 − τ1ρ1 (ỹ − E0α)T

0 M(α) (ỹ − E0α) I


≥ 0

(19)

where ζ ∈ R is the parameter used to tune the regularization.
We can consider the regularization term by adding linear

constraints to the optimization problem, which still is a stan-
dard SDP problem, and all the presented results and discussion
apply.

If we include a Ridge regularization term, we have to
perform further transformations. In this case, the problem is
given by

α̂ = argmin
α∈RN ,λ∈R,τ0,τ1∈R+

λ+ ζ||α||2

s. t.

τ0I − I +M(α) (ỹ − E0α) 0

+M(α)T τ1I 0 M(α)T

(ỹ − E0α) 0 λ− τ0ρ0 − τ1ρ1 (ỹ − E0α)T

0 M(α) (ỹ − E0α) I


≥ 0.

(20)

To move the additional regularization term into constraints,
we have to introduce a new slack variable λ1 such that
ζ||α||2H ≤ λ1.

In this way, we can rewrite the objective function as λ+λ1

and, by noticing that ||α||2H = αTGα where G is the Gram
matrix, which is symmetric positive definite, we can transform
the quadratic constraint into the following SDP constraint I G1/2α

αT (G1/2)T λ1/ζ

 ≥ 0. (21)

V. MODEL COMPLEXITY REDUCTION

In this section, we present a method to reduce the computa-
tional burden of the approach proposed in Section IV. For clar-
ity and without loss of generality, we only present a detailed
derivation for the SISO case. We discuss a straightforward
generalization to the MISO case at the end of the section.

Since the size of the LMI constraint in (18) depends on the
length N of the collected data sequence, SDP Problem (18)
might become practically unsolvable for large values of N .
In this case, a possible approach to reduce the computational
burden of (18) is using a number d < N of basis functions,
leading to a reduced complexity model. More specifically,
SDP Problem (18) is solvable in polynomial time with fixed
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[α̂1, . . . , α̂p] = argmin
αj∈RN ,j=1,...,p,λ∈R,

τi∈R+,i=0,...,p

λ

s. t.

τ0I − I M(α1) . . . M(αp) ỹ − (E1
0α

1 + · · ·+ EI
0α

p) 0

M(α1)T τ1I . . . 0 0 M(α1)T

M(α2)T 0 . . . 0 0 M(α2)T

. . . . . . . . . . . . . . . . . .

M(αp)T 0 . . . τpI 0 M(αp)T

[ỹ − (E1
0α

1 + · · ·+ EI
0α

p)]T 0 0 0 λ− τ0ρ0 − τ1ρ1 − · · · − τpρp [ỹ − (E1
0α

1 + · · ·+ EI
0α

p)]T

0 M(α1) . . . M(αp) ỹ − (E1
0α

1 + · · ·+ EI
0α

p) I


≥ 0

(17)

accuracy. In particular, by applying an interior point method,
the complexity for each iteration is O(N6) (see [25]). Thus,
by using d basis functions instead of N , the complexity for
each iteration becomes O(d6). For example, by considering
d = 3

4N , we reduce the number of iterations to about 18%
of those related to the case d = N considered in the previous
section.

However, this approach introduces an approximation error
differently from the optimal solution presented in the previous
section, which considers exactly N basis functions. To quan-
tify such an approximation error, we consider the following
definition.

Definition 3: We define the approximation error L as

L = ||
N∑
i=1

αiKi −
d0∑
i=1

βiKi||2,

where αi and βi are the coefficients of the optimal solutions
obtained with the full-order model exploiting all the N kernel
basis functions and the reduced-complexity model obtained
using only d0 basis functions, respectively.
The following theorem provides a bound on the approximation
error E.

Theorem 5: Given Problem (16) for p = 1, let us assume
that |u0| > ρ0 and that we obtain a solution with d1 < N
kernel basis functions. Then, if we use d0 ≤ d1 kernel basis
functions, the approximation error is bounded as follows:

L = ||
N∑
i=1

αiKi−
d0∑
i=1

βiKi||2 ≤
||ỹ − ŷ||2 + ρ2q

(ũ0 − sign(ũ0)ρ0)2
+

d1∑
i=d0

|γi|2

(22)
for all d0 ≤ d1; γi are the coefficients of the optimal solutions
obtained by applying the Gram-Schmidt orthonormalization to
the kernel basis functions.

Proof: From (1), the linear space generated from N
sections of the kernel has dimension N . If we apply the Gram-
Schmidt orthonormalization procedure to the kernel sections,
we find an orthonormal basis. We call the elements of this
basis {ϕi

t}i. Thanks to the introduction of the orthonormal
basis {ϕi

t}i, the first d coefficients of the optimal solution
obtainable with N basis functions are precisely those of the
optimal solution to the problem obtained using the first d basis

functions. Hence, through a change of basis, from {Ki
t}i to

{ϕi
t}i, we obtain

||
N∑
i=1

αiK
i
t −

d0∑
i=1

βiK
i
t ||2 = ||

N∑
i=1

γiϕ
i
t −

d0∑
i=1

γiϕ
i
t||2 =

N∑
i=d0

|γi|2.

(23)

We cannot calculate this quantity because we assume that the
optimal solution with N orthogonal functions is unavailable.
Nevertheless, we can obtain a bound of this approximation
error by observing that

||
N∑
i=1

γiϕi −
d0∑
i=1

γiϕi||2 =

= ||
N∑
i=1

γiϕi −
d1∑
i=1

γiϕi +

d1∑
i=1

γiϕi −
d0∑
i=1

γiϕi||2

≤ ||
N∑
i=1

γiϕi −
d1∑
i=1

γiϕi||2 + ||
d1∑
i=1

γiϕi −
d0∑
i=1

γiϕi||2

≤ ||g −
d1∑
i=1

γiϕi||2 + ||
d1∑
i=1

γiϕi −
d0∑
i=1

γiϕi||2 =

= ||g −
d1∑
i=1

γiϕi||2 +

d1∑
i=d0

|γi|2

(24)

where we can approximate the first term using the objective
function of the problem obtained by considering a base of d1
elements. In fact,

||y − ŷ||2 = ||u ∗ g − u ∗ ĝ||2 = ||u ∗ (g − ĝ)||2 =

= ||
t∑

s=0

ut−s(gt − ĝt)||2.
(25)

If we set gt − ĝt = g̃ we can write (see, e.g., [26])

||y − ŷ||2 = ||Ug̃||2 ≥ Λmin(U
TU)||g̃||2. (26)

where U is the Toeplitz matrix of the input i.e.

U =


u0 0 . . . . . . 0

u1 u0 0 . . . 0

. . . . . . . . . . . . . . .

uN . . . . . . . . . u0

 . (27)

and Λmin(UUT ) is the smallest eigenvalue of UUT . Let us
define A = UTU . Since U has rank N , A is positive definite
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and, therefore, Λmin(UUT ) = Λmin(A) is positive. Further-
more, since A is symmetric, we can write A = V ΣV T , where
Σ is a diagonal matrix whose entries are the eigenvalues of A
and V is a unitary matrix. We can compute the diagonalisation
of A as follows. First, we rewrite A as

A = UTU = WT (u0I)(u0I)W, (28)

where

W = [w1, w2, . . . , wN ] =


1 0 . . . . . . 0

u1

u0
1 0 . . . 0

u2

u0

u1

u0
. . . . . . . . .

uN

u0

uN−1

u0
. . . . . . 1

 . (29)

Then, to obtain unitary vectors V , we rewrite (28) as follows:

A = V TW−1
N (u2

0I)W
−1
N V. (30)

where V = WNW is the normalized W matrix, and

WN =


1

||w1|| 0 . . . . . . 0

0 1
||w2|| 0 . . . 0

. . . . . . . . . . . . . . .

0 . . . . . . . . . 1

 (31)

W−1
N =


||w1|| 0 . . . . . . 0

0 ||w2|| 0 . . . 0

. . . . . . . . . . . . . . .

0 . . . . . . . . . 1

 . (32)

We finally obtain the diagonalization A = V ΣV T , with Σ =
W−1

N (u2
0I)W

−1
N and V = WNW . The N eigenvalues of the

matrix A are the entries of the diagonal matrix Σ given by
||w1||2u2

0 = (u2
0 + u2

1 + · · · + u2
N ), ||w2||2u2

0 = (u2
0 + u2

1 +
· · · + u2

N−1), . . . , u2
0. Then, the smallest eigenvalue is given

by
Λmin(UUT ) = u2

0 = (ũ0 − ϵ0)
2. (33)

By putting together (33) and (26) we obtain the following
bound

||(g − ĝ)||2 ≤ ||y − ŷ||2

(ũ0 − ϵ0)2
. (34)

Since |u0| ≥ ρ0, the maximum value of such a bound is
achieved for ϵ0 = sign(ũ0)ρ0. Furthermore, since y is not
exactly measurable, we replace y with ỹ − η in (34), which
takes to

||(g − ĝ)||2 ≤ ||ỹ − η − ŷ||2

(ũ0 − sign(ũ0)ρ0)2
≤

||ỹ − ŷ||2 + ρ2q
(ũ0 − sign(ũ0)ρ0)2

.

(35)
We can evaluate the second term of (35) by considering the

difference between the two solutions after a change of basis.
Finally, we derive (22) by putting together (35) and the last
row of (24).

Remark 6: We can easily handle the model complexity
and accuracy trade-off with the proposed approach since d

is the only parameter to be selected, thanks to the result
reported in Theorem 7.

Remark 7: The assumption |u0| > ρ0 is not restrictive
since the amplitude of the input sequence is typically much
greater than the noise in a real experimental setting.

We can extend Theorem 5 to the MISO case, leading to
the following result, which we can prove through the exact
reasoning reported in the proof of Theorem 5 for all the inputs.

Result 3: For MISO systems, the following result holds

||
p∑

j=1

( N∑
i=1

αiK
j
i −

d0∑
i=1

βiK
j
i

)
||2

≤
p∑

j=1

( ||ỹ − ŷ||2 + ρ2q
(ũj,0 − sign(ũj,0)ρj)2

+

d1∑
i=d0

|γj
i |

2
)
.

(36)

Equation (36) can be obtained by applying the statement of
Theorem 5 and by noting that ||v1+ · · ·+vn|| ≤ ||v1||+ · · ·+
||vn||.

The relevance of inequalities (22) and (36) lies in the fact
that by computing the optimal solution for a given number d1
of kernel basis functions, we can directly compute the bounds
on the approximation error corresponding to any choice of
d0 = 1, 2, . . . , d1 − 1. Therefore, we can use inequalities
(22) and (36) to select the number of basis functions d0,
which provides the best trade-off between model accuracy and
complexity.

The idea underlying the approach presented in this section
to reduce the number of kernel basis functions is similar, to
some extent, to the subset of regressors approach proposed by
Smola and Bartlett [27] in the context of Gaussian process
regression [28]. More specifically, the authors of [27] propose
a greedy randomized algorithm to select the minimum number
of basis functions that provide an acceptable level of approx-
imation of the maximum posterior probability (MAP). In this
work, we use Theorem 5 to assess the minimum number of
basis functions needed to ensure a prescribed bound on the
approximation error of the robust optimal solution to problem
(12). Other methods are available in the literature to reduce
the computational load of kernel-based methods, such as [29],
[30], [31] and [32] which, although presenting exciting results,
do not consider RKHS in the EIV settings. Thus, they cannot
be directly applied in the framework considered in this paper.

VI. KERNEL CHOICE

The choice of the kernel is a crucial task, as acknowledged
by many authors (see, e.g. [24], [33], [34] and [35]). In the
machine learning field, most often one uses the class of radial
basis kernels (RBF), i.e. K(x1, x2) = g(||x1 − x2||), and the
most popular Gaussian kernels, i.e. K(x1, x2) = e−ρ||x1−x2||2 ,
with ρ > 0.
In the context of system identification, the choice of the kernel
depends on the available a-priori information on the system.
In this work, we limit our attention to the case of stable
and causal dynamical systems. Extension of the results to
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the case of unstable systems will be the subject of further
investigations. This section discusses the properties of the
specific kernels used in the examples reported in Sections VII,
VIII and IX. A complete discussion on the vast and complex
subject of kernel selection is outside the scope of the work.

We start by recalling two theorems (see [24] for proofs and
additional details) useful to build kernels that provide spaces
of causal and stable functions.

Theorem 6: (see [24]) The RKHS H contains only causal
impulse responses if and only if the reproducing kernel satis-
fies

K(t1, t2) = H(t1)H(t2)K̃(t1, t2), (37)

where H(t) is the Heaviside step function (i.e. H(t) = 0 if
t < 0 and H(t) = 1 if t ≥ 0.) and K̃ is a kernel defined for
non negative values of the time variable.

This theorem states that the kernel must be null for negative
values of the time variable to have a causal impulse response
function.

Let us now consider the problem of enforcing stability. An
LTI system is BIBO stable if and only if its impulse response
is absolutely summable, i.e.,

∑+∞
t=−∞ |gt| < +∞. It can be

proved (see, e.g., [36]) that the following theorem holds.
Theorem 7: A non negative causal kernel, i.e. K(t1, t2)

such that K(t1, t2) ≥ 0, ∀ t1, t2 ∈ T , is stable if and only if
∞∑

t1=0

∞∑
t2=0

K(t1, t2) < ∞ (38)

Remark 8: The Gaussian kernel K(t1, t2) = e−ρ(t1−t2)
2

,
where ρ > 0 is a given constant, is widely used in
approximation with kernel functions. However, in the
continuous-time case, the integral

∫
R+

∫
R+ e−ρ(t1−t2)

2

dt1dt2
diverges, thus violating Theorem (7), which prevents its use
in system identification in the presence of stability constraints.

In this work, we consider the following kernel

K̃(t1, t2) = H(t1)H(t2)
e−ω0(t1−t2)

2

ω1(1 + t1 + t2)4
, (39)

where ω0 > 0, ω1 > 0 are user-defined parameters.
The following theorem proves that the proposed kernel is

stable and causal.
Theorem 8: The Kernel K̃ defined in (39) is stable and

causal.
Proof: Causality is obtained by definition, by observing

that (39) has the same form as (37) with K̃(t1, t2) > 0. In
order to prove stability we have to verify condition (38). We
see that

∞∑
t1,t2=0

e−ω0(t1−t2)
2

ω1(1 + t1 + t2)4
≤

∞∑
t1,t2=0

1

ω1(1 + t1 + t2)4
, (40)

and, thanks to the integral test for convergence (also known
as Maclaurin – Cauchy test), we notice that

∞∑
t1,t2=0

1

ω1(1 + t1 + t2)4

converges if and only if∫ ∞

0

∫ ∞

0

dt1dt2
(1 + t1 + t2)4

converges. On the other hand, we observe that∫ ∞

0

∫ ∞

0

dt1dt2
ω1(1 + t1 + t2)4

=
1

6ω1
< +∞.

The proposed kernel (39) is suitable for system identification
because it is causal and stable, differently from the standard
Gaussian kernel, from which it has been derived.

Remark 9: A wide variety of kernels that impose causal-
ity and stability are available in the literature. Among the
others, we mention the stable spline (SS) [8], the Tuned
Correlated (TC), Diagonal Correlated (DC), and Orthonormal
Basis Functions (OBFs) kernels [37]. In this work, we use
the kernel presented in (39) because it performs better in
the specific examples considered in Sections VII, VIII, and
IX. However, we point out that the analysis of the effects
of the kernel choice on the obtained performance is outside
the scope of the presented contribution. Furthermore, we can
apply the proposed original methodology for nonparametric
identification of EIV-MIMO systems to any stable and casual
kernel in the literature.

VII. SIMULATION EXAMPLES

In this section, we show the effectiveness of the pro-
posed approach through two simulation examples, reported in
Subsection VII-A and Subsection VII-B below. In the first
example, we consider the non-parametric identification of two
SISO systems, while in the second, we examine four MISO
systems. In all the considered examples, given the measured
input ũt and the measured output ỹt of the system, which
are affected by bounded errors, we look for an estimate of
the impulse response gt using the following Lasso regularized
version of Problem (16):

α̂ = argmin
α∈RN ,λ∈R

λ

s.t.
∣∣∣∣∣∣ỹ − η − (E0 − ϵ0A0 − · · · − ϵNAN )α

∣∣∣∣∣∣2
2
+ ||α||1 ≤ λ

∀ ϵ ∈ Bρ1 , η ∈ Bρ2

(41)

All the results presented in the paper for the problem without
regularization also apply to the Lasso regularized version, as
already discussed in Section IV. According to the literature, we
opt for the Lasso regularization because it promotes sparsity
in the solution.

We compare the estimate obtained by solving the robust
Lasso regularized identification (RLR) Problem (41) with the
estimate obtained by solving the following standard Lasso
regularized (SLR) problem

minimizeα
∣∣∣∣∣∣ỹ − E0α

∣∣∣∣∣∣2
2
+ ζ|α|1, (42)

considered in [38]. While the proposed approach boils down to
solving a semidefinite programming problem computed using
the SeDuMi software [39], we can solve Problem (42) through
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the standard MATLAB command lasso.
Although the theoretical results presented in the paper do not
depend on the chosen kernel, we know that the choice of
the kernel class may affect the properties of the estimated
model. We select the kernel defined in (39) in the simulation
examples. This choice is motivated by the fact that through
this kernel, we obtain a casual and stable estimated model
(see Section VI).

We evaluate the parameters ω0, ω1, and ζ through a cross-
validation procedure and grid search. In particular, we choose
ω0 and ω1 on a logarithmic scale in the interval [10−2, 103]
and [10−2, 103], respectively. We select the regularization
parameter ζ minimizing a Generalized Cross Validation (GCV)
score [40] over a logarithmic grid in [10−2, 1]. In particular,
λ = 10−2, ω0 = 10−2 and ω1 = 1 yield the best results, while
other parameter combinations achieve comparable results. In
kernel-based methods, there are automated ways to tune the
hyperparameters via the empirical Bayes approach (see [41]),
i.e., maximizing the marginal likelihood. However, including
such techniques in the framework considered here would
require a rather complex modification of the settings, which
could be considered the subject of future works. We refer the
reader to [24] for a thorough discussion of kernel selection in
the context of RKHS-based system identification.

The simulation input ut is a white noise signal. The errors
ϵt and ηt are independent random variables with uniform
distribution in [−ρu, ρu] and [−ρy, ρy], respectively, where ρu
and ρy take values to obtain the desired signal-to-noise ratio
on the input and the output, defined as

SNRu = 10 log10
||u||22
ρ2u

, SNRy = 10 log10
||y||22
ρ2y

.

For each system considered in the examples reported in
Subsection VII-A and Subsection VII-B, we compare the
proposed approach and the standard one in sixteen simulation
scenarios obtained considering four values of the SNRu (10,
20, 40, 100 dB) and four values of the SNRy (10, 20, 40, 100
dB). We consider the same value of ρu for all the inputs of
the MISO system. To obtain a fair comparison of the proposed
robust approach with the standard Lasso, we perform ten runs
for each one of the sixteen experiments; for each run, we
compute the quadratic impulse response estimation error given

by ||g− ĝ||2 =
√∑N

t=0(gt − ĝt)2. Then, we compute, for all
the experiments, the average and the maximum errors over the
ten runs.

A. Non-parametric identification of simulated SISO systems

In this subsection, we apply the proposed approach to the
identification of two SISO systems, characterized, respectively,
by the following two impulse response functions

g1(t) = e−5t + 2e−t/7, (43)

g2(t) = (3t2 + t)e−t, (44)

We simulate the SISO systems for t ∈ [0, 10]s, with a sampling
time of 0.1s, obtaining input-output data sequences with length
N = 100.

Tables I and II show the results for systems with impulse
response (43) and (44) respectively. As expected, the quadratic
estimation error increases with increasing noise. However,
the proposed robust approach outperforms the standard one
regarding both average and maximum estimation error for all
the experiments. In particular, we point out that the maximum
estimation error obtained with the proposed robust approach
is up to 38 times lower than the one computed through the
standard LASSO regularised estimator.

B. Non-parametric identification of simulated MISO systems

In this subsection, we apply the proposed approach to the
identification of a MISO system with p = 4 inputs. The system
is described by the following four impulse responses to be
identified:

g3(t) = (e−t, t2e−t), (45)

g4(t) = (sin(t)e−t, t2e−t), (46)

g5(t) = (e−t + e−3t, (sin(t) + cos(t))e−t), (47)

g6(t) = (e−(t−3)2 , e−t). (48)

For MISO systems with p inputs, the solution of the
convex semidefinite optimization Problem (17) requires the
estimation of Np unknown by using N input-output samples.
Although optimization Problem (17) makes perfect sense from
a mathematical point of view, the obtained system model
might result in a somewhat inaccurate description of the
actual MISO system. Similar comments apply to the standard
SLR estimator in (42). A possible approach to improve the
estimation accuracy is collecting input-output data performing
a number W of different experiments, each of length N . We
can evaluate the sensitivity of the estimate accuracy to the
number W of performed experiments by computing the ℓ2

error
∣∣∣∣∣∣ỹ − E0α

∣∣∣∣∣∣2
2

obtained for different values of W from
1 to p. We show the results obtained from such an analysis
in Fig. 2, where we report the ℓ2 errors obtained estimating
the considered MISO systems for different values of the ratio
W/p. As can be seen, the ℓ2 error decreases as W increases,
reaching a steady value in the limit for W which goes to p.
The results reported in the rest of the paper refer to the case
where we perform W = p experiments.

We excite the systems under study with random uniformly
distributed input signals of length N = 100 and collect
the input-output noisy data sequences from time t = 0s to
t = 10s with a sampling interval of 0.1 seconds.

Remark 10: We must perform the W experiments starting
from a system at rest (zero initial condition). In this way, the
α variables entering the equations describing the different
experiments are the same.

Remark 11: If we must perform W > 1 different
experiments, we have to replace Problem (17) with a
similar optimization problem where we use

∑W
w=1 λw as the

objective function, and we extend the semidefinite constraints
appearing in (17) in such a way as to consider all the W
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Fig. 2. Average ℓ2 error for different W/p ratios, computed performing 100 random experiments for each value of W/p. The vertical lines represent the
standard deviations.

different experiments.

The results reported in Tables III, IV, V and VI show that
the proposed robust non-parametric approach significantly
outperforms the standard non-parametric one with Lasso reg-
ularization when the measurement of the input and the output
signals are affected by noise. The average decrease of the ℓ2
mean error over all the instances is 73%, while the average
decrease for the maximum error is 76%. From a computational
point of view, the proposed approach is more expensive since
it requires the solution of an SDP problem, while the standard
lasso is a quadratic problem. Indeed, while the computation
of the standard lasso regression takes less than one second for
each run, the proposed approach needs more than ten seconds
to compute the estimation of the impulse response function.

VIII. NON-PARAMETRIC IDENTIFICATION OF AN
ELECTRONIC FILTER

In this section, we test the performance of the proposed
approach on the experimental input-output data collected on
a test bench SISO electronic filter. The considered impulse
response is a transfer function of a third-order low-pass filter,
with a couple of complex conjugated poles with a natural
frequency of 120Hz and a damping factor of 0.5, and a real
pole with a cutoff frequency of 160Hz. A Sallen-Key circuit
implements the complex conjugated poles, and an RC circuit
gives the real pole. A signal generator excites the filter with a
square wave input, and a National-Instruments PXI equipped
with an NI–6221 DAQ board collects the measurements of the
input and the output signals at a sample rate of 4kHz. From
the accuracy of the measurement equipment, we derive the
upper bound on the measurement errors, ∆ξ = ∆η = 0.003V.
We solve the underlying optimization problem using the
software SeDuMi [42]. Fig. 3 shows the collected input-output
data sequences of length N = 500. We use the first 187
samples (Identification Set) to perform the estimation and the
remaining 313 samples (Validation Set) for validation. The
obtained results, reported in Fig. 4, show that the estimated
system accurately reproduces the behaviour of the real-world
system.
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Fig. 3. Measured input and output data. The first 187 samples are used for
identification and the last 313 are used for model validation.

Fig. 4. Comparison between the measured output (blue) and the forecast
given by the estimated impulse transfer function (red) on the validation data.

IX. NON-PARAMETRIC IDENTIFICATION OF A MIMO
SYSTEM

In this section, we apply the proposed approach to the input-
output data collected on a 2-input, 2-output MIMO electronic
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filter, which we consider as an Electronic Process Simulator
(EPS). This EPS is a purposely self-built electronic process
simulator to test the main features of the MIMO identification
procedure proposed in this paper. The experimental setting is
the same as considered in [43].

The EPS is a real plant connected to the data acquisition
equipment for collecting the measurements.

-

-

-

-
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Fig. 5. Block-diagram description of the MIMO process simulator considered
in the experimental test bench section.

The block diagram of the system is depicted in Fig. 5 and
a detailed description of transfer functions G11, G12, G21

and G22 can be found in [43]. The chosen system inputs
are two uncorrelated random input sequences of N = 200
samples, uniformly distributed in the interval [−1,+1]. A
National–Instruments PXI, equipped with a NI–6221 DAQ
board, excites the system and collects the input-output samples
through custom software developed in LabVIEW. We collect
the data with a sampling frequency (fs) of 4kHz. We refer the
reader to [43] for a detailed discussion on the selection of the
sampling frequency. SeDuMi is the software employed to solve
the robust optimization problem discussed in Section IV. From
the accuracy of the measurement equipment, we derive the
upper bounds on the measurement errors, ∆ξ = ∆η = 0.003
V. The validation of the estimated model is carried out using
the input-output data collected by exciting the EPS with the
square-wave inputs depicted in the upper plot of Fig. 7. The
results reported in Fig. 7 show that the output sequences
obtained by simulating the model accurately reproduce the
behavior of the real electronic circuit.

To show the effectiveness of the proposed approach in
reducing the complexity of the identified model, we provide
a comparison between the approximation error L and the
proposed error bound in (36). In particular, we compute the
left-hand side of (36) by taking the norm of the difference
between the full-order solution computed with N basis func-
tions and the one obtained with d0 < N basis functions for
different values of d0. Then, we evaluate the right-hand side
for d1 = d0 + 1 to obtain the error bound. Fig. 6 shows
the results for d0 = 1, . . . , 90, normalized with respect to
||
∑p

j=1

(∑N
i=1 αiK

j
i −βiK

j
1

)
||2. Those results show that the

Fig. 6. Comparison between the real error (solid) and its bound computed
by (36) for d1 = d0 + 1(dashed).

bound converges to a value about 3% greater than the true
error L when we select a number of basis functions d0 = 50.

TABLE I
COMPARISON BETWEEN THE STANDARD AND THE ROBUST

NON-PARAMETRIC LASSO REGULARIZED ESTIMATORS (SLR AND RLR
RESPECTIVELY) IN TERMS OF QUADRATIC ESTIMATION ERROR FOR

IMPULSE RESPONSE FUNCTION g1

SLR ℓ2 error RLR ℓ2 error
SNRu SNRy avg (std dev) max avg (std dev) max

10 10 17.5407(2.8208) 22.9767 0.9030(0.2566) 1.5639
10 20 0.7198(0.4013) 1.5283 0.3862(0.0611) 0.4755
10 40 0.4649(0.3491) 1.0426 0.1509(0.0159) 0.1776
10 100 0.4088(0.3011) 0.9706 0.1450(0.0190) 0.1630
20 10 18.0941(3.8884) 28.1115 0.8670(0.1483) 1.183
20 20 0.7331(0.3254) 1.2862 0.2992(0.0385) 0.369
20 40 0.5641(0.3059) 1.0273 0.1139(0.0076) 0.1251
20 100 0.5057(0.3458) 1.0304 0.1085(0.0071) 0.1174
40 10 18.3684(3.7057) 25.2336 0.8373(0.2361) 1.3171
40 20 0.6744(0.3543) 1.3752 0.3508(0.0607) 0.4552
40 40 0.4204(0.2921) 0.9123 0.0924(0.0067) 0.1042
40 100 0.3910(0.2815) 0.8944 0.0931(0.0082) 0.1066
100 10 17.4595(4.5478) 25.1049 0.8175(0.1998) 1.211
100 20 0.6644(0.2798) 1.0577 0.2893(0.0495) 0.359531
100 40 0.3752(0.2590) 0.9040 0.0698(0.0060) 0.0785
100 100 0.5554(0.3471) 1.0070 0.0898(0.0058) 0.1039

X. CONCLUSIONS

In this paper, we address the problem of robust non-
parametric identification of linear systems when the collected
input and output data are corrupted by measurement errors,
only known to belong to bounded sets. By constraining the
search for the system impulse response to a reproducing kernel
Hilbert space, we show that we can exactly compute the
solution to the estimation problem by solving a semidefinite
programming problem. The proposed algorithm explicitly con-
siders the noise affecting the input and the output sequence,

This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAC.2024.3410835

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: Politecnico di Torino. Downloaded on August 07,2024 at 08:09:45 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. , NO. , 12

0 500 1000 1500 2000 2500 3000 3500 4000

-2

0

2

0 500 1000 1500 2000 2500 3000 3500 4000

-2

0

2

0 500 1000 1500 2000 2500 3000 3500 4000

-2

0

2

Fig. 7. Comparison between the circuit outputs (blue) and the outputs of the estimated MISO model (red) on the validation dataset. From top to bottom:
applied input signals, comparison of outputs y1, comparison of outputs y2.

TABLE II
COMPARISON BETWEEN THE STANDARD AND THE ROBUST

NON-PARAMETRIC LASSO REGULARIZED ESTIMATORS (SLR AND RLR
RESPECTIVELY) IN TERMS OF QUADRATIC ESTIMATION ERROR FOR

IMPULSE RESPONSE FUNCTION g2

SLR ℓ2 error RLR ℓ2 error
SNRu SNRy avg (std dev) max avg (std dev) max

10 10 16.9993(2.4809) 21.2534 0.6110(0.1483) 0.8916
10 20 0.2450(0.0492) 0.3393 0.2288(0.0295) 0.2852
10 40 0.0632(0.0110) 0.0915 0.0300(0.0047) 0.0376
10 100 0.0591(0.0103) 0.0741 0.0148(0.0049) 0.0254
20 10 14.1659(3.2489) 19.7764 0.5546(0.1558) 0.7283
20 20 0.1973(0.0432) 0.2645 0.1855(0.0399) 0.2479
20 40 0.0593(0.0115) 0.0792 0.0227(0.0055) 0.0311
20 100 0.0560(0.0094) 0.0753 0.0041(0.0011) 0.0067
40 10 14.2956(4.0943) 24.3673 0.5851(0.2028) 1.054
40 20 0.2234(0.0545) 0.2888 0.2130(0.0416) 0.2577
40 40 0.0587(0.0072) 0.0732 0.0208(0.0013) 0.0232
40 100 0.0503(0.0058) 0.0580 0.002323(0.0004) 0.003

100 10 14.8368(6.6619) 33.1390 0.5848(0.1683) 0.8576
100 20 0.2144(0.0555) 0.3132 0.2049(0.0451) 0.2833
100 40 0.0586(0.0057) 0.0646 0.0227(0.0038) 0.0269
100 100 0.0550(0.0070) 0.0661 0.0019(0.0003) 0.0025

differently from the nonparametric approaches previously pro-
posed in the literature, including the one based on the stan-
dard Lasso regularization. Although the min-max formulations

TABLE III
COMPARISON BETWEEN THE STANDARD AND THE ROBUST

NON-PARAMETRIC LASSO REGULARIZED ESTIMATORS (SLR AND RLR
RESPECTIVELY) IN TERMS OF QUADRATIC ESTIMATION ERROR FOR

IMPULSE RESPONSE FUNCTION g3

SLR ℓ2 error RLR ℓ2 error
SNRu SNRy avg (std dev) max avg (std dev) max

10 10 2.1299(1.3842) 5.3017 0.5222(0.1305) 0.6513
10 20 1.0398(0.5715) 1.7945 0.2416(0.1867) 0.5549
10 40 0.9568(0.5424) 1.8578 0.1349(0.1159) 0.3607
10 100 0.9408(0.5497) 1.8342 0.1235(0.1583) 0.5496
20 10 1.8107(1.3001) 5.1276 0.4567(0.1634) 0.7400
20 20 0.7334(0.5109) 1.7711 0.1166(0.0869) 0.2968
20 40 0.5496(0.3471) 1.3767 0.0258(0.0300) 0.0857
20 100 0.7446(0.4463) 1.4888 0.0598(0.0659) 0.2326
40 10 1.9025(1.4322) 4.7451 0.4690(0.1379) 0.6689
40 20 0.6423(0.3145) 1.3698 0.0822(0.0757) 0.2894
40 40 0.6975(0.4142) 1.3059 0.0189(0.0362) 0.1151
40 100 0.9104(0.7221) 2.1021 0.0064(0.0048) 0.0170

100 10 1.9078(2.009614) 7.1784 0.5484(0.1930) 0.8425
100 20 1.1066(0.3894) 1.6884 0.0605(0.0291) 0.1307
100 40 1.1192(1.1322) 3.1932 0.0012(0.0011) 0.0041
100 100 0.8993(0.7157) 2.3300 0.0007(0.0007) 0.0024

might potentially suffer from conservativeness, the numerical
results obtained in the performed simulation examples show
that the proposed approach significantly outperforms a stan-
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TABLE IV
COMPARISON BETWEEN THE STANDARD AND THE ROBUST

NON-PARAMETRIC LASSO REGULARIZED ESTIMATORS (SLR AND RLR
RESPECTIVELY) IN TERMS OF QUADRATIC ESTIMATION ERROR FOR

IMPULSE RESPONSE FUNCTION g4

SLR ℓ2 error RLR ℓ2 error
SNRu SNRy avg (std dev) max avg (std dev) max

10 10 1.1843(0.8255) 3.0483 0.2548(0.0562) 0.3428
10 20 0.5751(0.5389) 2.0438 0.1159(0.0697) 0.2338
10 40 0.4381(0.3210) 1.0212 0.0566(0.0450) 0.1362
10 100 0.6957(0.4190) 1.3499 0.1473(0.1245) 0.4537
20 10 1.1944(0.6119) 2.3937 0.2991(0.0868) 0.4520
20 20 1.1737(0.6781) 2.1399 0.1131(0.1081) 0.3279
20 40 0.9289(0.8769) 2.7043 0.0643(0.0577) 0.1666
20 100 0.6652(0.4070) 1.3483 0.0843(0.0717) 0.2181
40 10 1.8531(1.5620) 5.7540 0.4154(0.1412) 0.7437
40 20 0.7200(0.5357) 2.0236 0.0812(0.0381) 0.1641
40 40 0.4422(0.2205) 0.9441 0.010741(0.004273) 0.020825
40 100 0.5944(0.3912) 1.3869 0.0142(0.0099) 0.0311
100 10 2.0088(2.0301) 7.4584 0.4509(0.1389) 0.7502
100 20 0.9289(0.7281) 2.4275 0.0769(0.0530) 0.2100
100 40 0.7370(0.5354) 1.7778 0.0082(0.0023) 0.0133
100 100 0.5978(0.4654) 1.6898 0.0078(0.0016) 0.0107

dard Lasso regularised non-parametric estimation approach.
In the case of MISO systems with p inputs, the problem
requires the estimation of Np unknown using N input-output
samples. In this case, the system model obtained with the
proposed approach might result in a somewhat inaccurate
description of the actual MISO system. However, we can
significantly improve the estimation accuracy by performing a
number W ∈ [2, p] of different experiments, each of length N .
The proposed approach also proves effective on experimen-
tal data collected from electronic process simulators. Future
development of this method may consider other optimisation
settings like stochastic programming and analyse the problem
structures to develop more efficient exact and heuristic solution
methods.
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TABLE V
COMPARISON BETWEEN THE STANDARD AND THE ROBUST

NON-PARAMETRIC LASSO REGULARIZED ESTIMATORS (SLR AND RLR
RESPECTIVELY) IN TERMS OF QUADRATIC ESTIMATION ERROR FOR

IMPULSE RESPONSE FUNCTION g5

SLR ℓ2 error RLR ℓ2 error
SNRu SNRy avg (std dev) max avg (std dev) max

10 10 0.6321(0.3016) 1.1010 0.2956(0.0777) 0.4200
10 20 0.2704(0.2692) 0.9188 0.1235(0.1081) 0.3071
10 40 0.2497(0.1571) 0.5551 0.0368(0.0200) 0.0833
10 100 0.1625(0.2364) 0.8064 0.1013(0.0716) 0.2280
20 10 0.5096(0.2002) 0.7826 0.3490(0.1377) 0.6719
20 20 0.1771(0.1091) 0.4105 0.0737(0.0453) 0.1553
20 40 0.1243(0.1506) 0.4390 0.0315(0.0202) 0.0699
20 100 0.2144(0.1457) 0.5259 0.0334(0.0362) 0.1119
40 10 0.6361(0.4090) 1.3035 0.3410(0.0944) 0.4863
40 20 0.0918(0.0739) 0.2044 0.0461(0.0430) 0.1197
40 40 0.0777(0.0319) 0.1314 0.0048(0.0017) 0.0089
40 100 0.1583(0.1227) 0.4395 0.0247(0.0254) 0.0890

100 10 0.6159(0.1974) 0.8850 0.2757(0.0906) 0.4417
100 20 0.1795(0.1372) 0.4774 0.0974(0.0643) 0.2311
100 40 0.1496(0.1212) 0.3928 0.0028(0.0022) 0.0073
100 100 0.1328(0.1258) 0.4699 0.0230(0.0186) 0.0725

APPENDIX

Proof of Result 2

To prove Result 2, we first review the following Theorem
related to the notion of S-procedure (see, e.g., [44] and [45]
for details).

Theorem 9 (S-procedure): Given Q0, . . . , Qn ∈ Sm×m,
s0, . . . , sn ∈ Rm, and r0, . . . , rn ∈ R If there exist real scalar
τ1, . . . , τn ≥ 0 such thatQ0 s0

sT0 r0

− τ1

Q1 s1

sT1 r1

− · · · − τn

Qn sn

sTn rn

 ≥ 0 (49)

then

f(x) = xTQ0x+ 2sT0 x+ r0 ≥ 0 (50a)

∀x s.t.


h1(x) = xTQ1x+ 2sT1 x+ r1 ≥ 0

. . .

hn(x) = xTQnx+ 2sTnx+ rn ≥ 0

(50b)
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TABLE VI
COMPARISON BETWEEN THE STANDARD AND THE ROBUST

NON-PARAMETRIC LASSO REGULARIZED ESTIMATORS (SLR AND RLR
RESPECTIVELY) IN TERMS OF QUADRATIC ESTIMATION ERROR FOR

IMPULSE RESPONSE FUNCTION g6

SLR ℓ2 error RLR ℓ2 error
SNRu SNRy avg (std dev) max avg (std dev) max

10 10 2.8707(1.5081) 6.4479 1.1214(0.5407) 2.0398
10 20 1.2147(1.1787) 3.9958 0.4423(0.2824) 0.8619
10 40 0.6978(0.6402) 1.7597 0.4204(0.6601) 2.2019
10 100 1.0643(0.8568) 3.2304 0.5359(0.2693) 0.8731
20 10 2.0219(1.9959) 5.8395 0.6921(0.6053) 2.2719
20 20 0.9722(1.4278) 4.8174 0.4291(0.4325) 1.4152
20 40 1.1558(1.0563) 3.9067 0.1377(0.1945) 0.6350
20 100 0.6617(0.7019) 1.7948 0.1264(0.1155) 0.3657
40 10 1.4694(0.6889) 2.4222 0.4721(0.1447) 0.6769
40 20 1.2579(0.8028) 2.7536 0.0602(0.0313) 0.1295
40 40 1.1697(1.0937) 3.4585 0.0361(0.0410) 0.1460
40 100 0.4501(0.4361) 1.5498 0.0553(0.0566) 0.1942
100 10 1.8107(1.7221) 5.9515 0.7228(0.5092) 1.9440
100 20 0.5893(0.6101) 1.7999 0.0664(0.0522) 0.1729
100 40 1.8584(1.6024) 4.9292 0.0088(0.0104) 0.0321
100 100 1.0196(1.1562) 4.0697 0.0805(0.1032) 0.3327

where xT is the transpose of vector x.
Remark 12: Note that the S-procedure stated in its

classical form (as in Theorem 9) is a sufficient condition, i.e.,
(49) implies (50), while the reverse implication is not true
in general. Therefore, if there is no τ1, . . . , τn ≥ 0 such that
(49) holds, we cannot conclude that (50) does not hold. In
fact, condition (49) can be satisfied by τ1, . . . , τn such that at
least one of them is negative. It follows that to enforce that
the condition of Theorem 9 is also necessary, it is enough to
prove that the set B = {(τ1, . . . , τn) ∈ Rn such that τ1 <
0 ∨ · · · ∨ τn < 0 and such that condition (49) holds} is the
empty set.

Proof: (Result 2)
By rewriting the left-hand side of the first constraint of

Problem (16) we obtain∣∣∣∣∣∣ỹ − η −
p∑

j=0

(Ej
0 − ϵj,0A

j
0 − · · · − ϵj,NAj

N )αj
∣∣∣∣∣∣2
2
=

∣∣∣∣∣∣ỹ− (E1
0α

1+ · · ·+Ep
0α

p)−η+ ϵ1,0A
1
0α

1+ · · ·+ ϵ1,NA1
Nα1

+ · · ·+ ϵp,0A
p
0α

p + · · ·+ ϵp,NAp
Nαp

∣∣∣∣∣∣2
2
=

= ||ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)||2 + ||η||2

+(ϵ1,0)
2||A1

0α
1||2 + · · ·+ (ϵp,N )2||Ap

Nαp||2

−2(ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))T η

+2ϵ1,0(ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))TA1
0α

1 + . . .

+2ϵp,N (ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))TAp
Nαp

−2ϵ1,0η
TA1

0α
1 − · · · − 2ϵp,NηTAp

Nαp

+2ϵ1,0ϵ1,1(α
1)TAT

0 A1(α
1)+· · ·+2ϵ1,N−1ϵ1,N (α1)TAT

N−1ANα1+. . .

+2ϵp,0ϵp,1(α
p)TAT

0 A1(α
p)+· · ·+2ϵp,N−1ϵp,N (αp)TAT

N−1ANαp+. . .

+2ϵ1,0ϵp,0(α
1)TAT

0 A0(α
p)+· · ·+2ϵp−1,N ϵp,N (αp−1)TAT

N−1ANαp

which can be written in matrix form as in (53), with M(α)
defined as in (17). In order to apply Theorem 9, we have to
write (53) in the form of (50a) and to write Bρq

, Bρj
j =

1 . . . p in the form of (50b). For both cases we set the vector
x equal to [η, ϵ1, . . . , ϵp]. Eq. (53) has the form

xTΞ0x− 2κT
0 x+ χ0 ≤ λ,

for suitable Ξ0, κ0, and χ0 and we can obtain the same form
of (50a) by simple algebraic manipulation

xTQ0x+ 2sT0 x+ r0 ≥ 0.

where Q0 = −Ξ0, s0 = κ0 and r0 = χ0−λ. Instead, the Bρq
,

Bρj
j = 1 . . . p can be represented by

xTΞqx ≤ ρq, xTΞjx ≤ ρj ∀j = 1, . . . , p (51)

for suitable block diagonal matrices Ξq , Ξj j = 1, . . . , p each
one of them having one block equal to the identity matrix and
all the others equal to zero. Moreover, Eqs. (51) can be written
as −xTΞqx+ρq ≥ 0, −xTΞjx+ρj ≥ 0 ∀j = 1, . . . , p, thus in
the same form of (50b) by setting Q1 = −Ξq , Qj+1 = −Ξj ,
r1 = ρq , rj+1 = ρj , s1 = sj+1 = 0, ∀j = 1, . . . , p. Therefore,
we can apply Eq. (49) of Theorem 9 as: −Ξ0 s0

sT0 λ− r0

−τq

 −Ξq 0

0 ρq

−τ1

 −Ξ1 0

0 ρ1

−· · ·−τp

 −Ξp 0

0 ρp

 ≥ 0.

(52)
Now, we can apply the S-procedure which states that if

there exists τq, τ1, . . . , τp ≥ 0 such that (54) is positive semi-
definite, then (53) holds for each η ∈ Bρq

, ϵj ∈ Bρj
j =

1 . . . p. However, for a block matrix to be positive semi-
definite, all the diagonal blocks must also be positive semi-
definite. Hence, (54) can be positive semi-definite if and only
if all τq, τj j = 1, . . . , p are positive, which is the same as
to prove that B defined in Remark 12 is an empty set. By
splitting the linear part (with respect to α) of (54) and the
quadratic one, we can derive (55). Then by applying the Shur
complement, we obtain Problem (17)
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

η

ϵ1

...

ϵp



T



I M(α1) . . . M(αp)

M(α1)T M(α1)TM(α1) . . . M(α1)TM(αp)

M(α2)T M(α2)TM(α1) . . . M(α2)TM(αp)

. . . . . . . . . . . .

M(αp)T M(αp)TM(α1) . . . M(αp)TM(αp)





η

ϵ1

...

ϵp


− 2



...

ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)

...

...

−M(α)T (ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))

...



T



η

ϵ1

...

ϵp



+ ||ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)||2 ≤ λ

(53)



τ0I − I M(α1) . . . M(αp) ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)

M(α1)T τ1I −M(α1)TM(α1) . . . M(α1)TM(αp) −M(α1)T (ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))

M(α2)T M(α2)TM(α1) . . . M(α2)TM(αp) −M(α2)T (ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))

. . . . . . . . . . . . . . .

M(αp)T M(αp)TM(α1) . . . τpI −M(αp)TM(αp) −M(α2)T (ỹ − (E1
0α

1 + · · ·+ Ep
0α

p))

ỹ − (E1
0α

1 + · · ·+ Ep
0α

p) −M(α1)T (ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)) . . . . . . λ− τ1ρ1 − · · · − τpρp

−||ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)||2



,

(54)



τ0I − I M(α1) . . . M(αp) ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)

M(α1)T τ1I . . . 0 0

M(α2)T 0 . . . 0 0

. . . . . . . . . . . . . . .

M(αp)T 0 . . . τpI 0

ỹ − (E1
0α

1 + · · ·+ Ep
0α

p) 0 . . . 0 λ− τ1ρ1 − · · · − τpρp



−



0

M(α1)

. . .

M(αp)

ỹ − (E1
0α

1 + · · ·+ Ep
0α

p)


I
[
0, M(α1), . . . , M(αp), ỹ − (E1

0α
1 + · · ·+ Ep

0α
p)

]

(55)
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