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Abstract. Machine learning algorithms are fundamental components of
novel data-informed Artificial Intelligence architecture. In this domain,
the imperative role of representative datasets is a cornerstone in shap-
ing the trajectory of artificial intelligence (AI) development. Representa-
tive datasets are needed to train machine learning components properly.
Proper training has multiple impacts: it reduces the final model’s com-
plexity, power, and uncertainties. In this paper, we investigate the relia-
bility of the e-representativeness method to assess the dataset similarity
from a theoretical perspective for decision trees. We decided to focus on
the family of decision trees because it includes a wide variety of models
known to be explainable. Thus, in this paper, we provide a result guaran-
teeing that if two datasets are related by e-representativeness, i.e., both
of them have points closer than £, then the predictions by the classic
decision tree are similar. Experimentally, we have also tested that e-
representativeness presents a significant correlation with the ordering of
the feature importance. Moreover, we extend the results experimentally
in the context of unseen vehicle collision data for XGboost, a machine-
learning component widely adopted for dealing with tabular data.

Keywords: Decision trees - XGboost - Representativeness - Feature im-
portance
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1 Introduction

In the contemporary landscape of technological evolution, the imperative role
of representative datasets stands as a cornerstone in shaping the trajectory
of artificial intelligence (AI) development. As AI algorithms increasingly in-
fluence decision-making processes, the need for robust, unbiased, and compre-
hensive datasets becomes ever more critical [21]. The frameworks that provide
the guidelines and the technical requirements for engineering trustworthy data-
driven Al systems provide at least two possible interpretations of representative-
ness [1,5,10,11,17,22,31]: 1) attribute coverage and completeness: how much
the samples in a dataset describe the phenomena under observations. The ques-
tion mark can be interpreted both in terms of the number of features that have
been recorded in the dataset and the number and sparsity of samples concerning
the dynamics of the system. 2) similarity among datasets: given two or more
datasets, how much are they different, and what is their impact on a data-
driven model derived from the datasets. Attribute coverage and completeness
can be measured with different approaches. Methods such as Population Parity
and Disparate Impact quantify and identify disparities in the distribution of dif-
ferent demographic groups within a dataset [26,33]. Statistical techniques like
Feature Divergence and Kernel Density Estimation can be used to assess the
similarity between feature distributions in the dataset and the real-world popu-
lation [29,30]. Fairness Indicators and Counterfactual Fairness detect and miti-
gate biases in AT models trained on biased datasets [15,34]. Outlier Analysis and
Clustering Techniques can be used to identify the points that might compromise
dataset representativeness [6,20]. Temporal Drift Detection and Cohort Analysis
are explored, shedding light on techniques that ensure the dataset’s representa-
tiveness remains intact as conditions evolve over time [27,32]. Transfer Learning
and Adversarial Training are discussed in adapting models to diverse domains,
mitigating biases associated with domain-specific features [12,25]. Crowdsourc-
ing and Expert Evaluation are presented as methods to incorporate diverse per-
spectives, providing insights into potential biases and limitations in the dataset
from end-users and domain experts [18,19]. Intersectional Approaches and Sub-
group Analysis are considered, emphasizing the importance of examining the
interaction between multiple demographic attributes for a more comprehensive
assessment of representativeness [9)].

On the other hand, assessing the similarity of datasets is crucial for ensuring
that machine learning models trained on these datasets generalize well to real-
world scenarios. Various methods have been developed to measure the likeness
between datasets, to identify potential discrepancies, and to ensure that the data
used for model training accurately represents the target domain. Metrics such as
Wasserstein distance, Jensen-Shannon divergence, and Bhattacharyya distance
offer quantitative measures of dissimilarity between probability distributions,
providing insights into the overall similarity of datasets [3,28]. Additionally, do-
main adaptation techniques, such as Maximum Mean Discrepancy (MMD) and
Kernelized Discrepancy (KMM), focus on aligning feature distributions between
source and target domains, ensuring a seamless transition from one dataset to
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another [14,16]. Understanding and mitigating dissimilarities between datasets
are paramount to building robust and generalizable machine learning models,
as models trained on dissimilar datasets may exhibit poor performance when
deployed in real-world applications. Therefore, a comprehensive assessment of
dataset similarity is indispensable for fostering reliable and effective Al systems.
In this paper, we use the measure proposed in [13] to quantify the similarity
between datasets and how their difference has an impact on a machine learning
component, decision trees and, in particular, for the eXtreme Gradient Boosting
(aka XGBoost). XGBoost stands out as a powerful and versatile machine learn-
ing algorithm with significant implications for trustworthy Al. Its importance lies
in its ability to enhance model performance across various tasks, such as classi-
fication, regression, and ranking. XGBoost excels in handling complex datasets,
mitigating overfitting, and providing robust predictions. The algorithm’s inter-
pretability features, such as the ability to generate feature importance scores and
decision trees, contribute to the transparency of AI models—a crucial aspect for
ensuring trustworthiness. Moreover, XGBoost’s regularized learning objectives
and advanced optimization techniques foster model generalization and prevent
overfitting, reinforcing the reliability of Al systems. The algorithm’s widespread
adoption in both research and industry attests to its effectiveness and under-
scores its role in building trustworthy AI models that prioritize accuracy, inter-
pretability, and generalization [7].

This paper is organized as follows. In Section 2, the main concepts about de-
cision trees are provided. Then, in Section 3, we discuss the relationship between
the e-representativeness measure and the predictions of decision trees proving
theoretical results. In Section 4, we explore experimentally the correlation be-
tween e-representativeness and the similarity between the explanations provided
by decision trees and XGBoost by the ordering of the feature importance. Fi-
nally, conclusions and future work are discussed in Section 5.

2 Classification with decision trees and XGBoost

In this section, we introduce all the needed concepts about classification and the
model family of decision trees. For a further understanding of Machine Learning,
we refer to [23], and for geometric results for point clouds we refer to [4].

Let (X, Ax) be a dataset for classification with X C R”™ the set of data with
size N and A : X — {1,...,c} the class labelling. For each « € X, the d-th
coordinate coordinate of x will be denoted by x4 € R and will be called the
d-th feature of x. The objective of classification is to find a function f : R" —
{1,...,c} that approximates Ax. In the literature, there exist different families
of functions f, such as artificial neural networks and support vector machines,
which are called models. We will focus on the family of decision trees 7 which
are supervised learning models with desirable properties such as that they are
interpretable by definition. The most basic model of the family is decision trees
(DT) (see [23, Section 8.3.3]).
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A (binary) DT is a rooted tree representing a partition of the feature space.
It contains a set of ordered nodes {ni,--- ,n,} where n; will be called the root
node. A node is said to be internal if it is connected to two children nodes,
opening new branches in the tree. Conversely, terminal nodes, also known as
leaves, do not have children and represent the endpoints of a branch in the tree.
Let I C {1,---,r} be the subset of indices corresponding to the internal nodes,
and L be the subset of indices corresponding to the terminal nodes. The root
node n; is considered an internal node, so 1 € I.

Given a data x € X, x traverses the internal nodes of the DT from the root
n1 to one of the terminal nodes. Each internal node n; is associated with one of
the features d; € {1,--- ,n}, and with one condition in terms of an inequality
bounded by a threshold value ¢; € R that will send the data to one of the two
children nodes based on the inequality. This inequality is called a decision rule.
When z reaches an internal node n;, it is sent to its left child if ¢; — x4, > 0
and to its right child otherwise. The margin p; > 0 of an internal node n; is the
minimum value |¢; — x4, | for all the examples x € X reaching n,. Each terminal
node n; is associated with an integer k; € {1,--- , ¢} representing a class label.

There exist different training algorithms for DT. In our case, let us consider
first a DT with just one node that splits the dataset into two subsets based on
one of the features. The feature and the splitting condition are chosen based on
maximizing the purity of the nodes. A node is considered pure when all the data
reaching that node has the same label. Then, the process is iterated recursively
until a desired depth is reached or the purity can not be improved. There exist
different purity measures. The most common ones are the entropy and the Gini
index.

Let us denote by N; the number of data from X reaching the node n;. The
number of examples of class k reaching n; will be denoted by N; ;. Then, let
us use the following notation: p;, = N;/N, p;r = N, /N;. The entropy of a
node n; is E(n;) = —22:1 piklogpik, and the Gini index of n; is G(n;) =
>ty Pik (1 — pi k). Assume that we fix a purity measure and we denote it as 1.
The information gain for an internal node n; whose two children nodes are n;,
and n;, is:

N; N;
Feature importance (FI) quantifies the impact of a particular feature d €
{1,--- ,n} in increasing the purity of the decision tree. It is calculated as:

FI(d)= > N;-IG(n;)
i€l
di=d

The goodness of the classification given by T' € T for the dataset (X, Ax) is
measured by the accuracy, with formula:

Ace(T, (X, Ax)) =Y pj ik,
jeL
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A more complex model belonging to 7 is called XGBoost [8]. A thorough
description of XGBoost is out of the scope of this paper but, roughly speaking, it
is an ensemble of decision trees, i.e., it combines the predictions of several DT's
that are sequentially built, each correcting errors of the previous one. Then,
during the training a gradient descent optimization algorithm is used.

3 Representativeness and decision trees

In this section, we introduce a metric to compare different training datasets and
we show a theoretical result proving the relation between this metric and the
final performance of a DT.

Given a dataset (X, Ax), the ability of a DT to predict new unseen data
will depend on the completeness and quality of the information learned dur-
ing training. It becomes then a vital task to find measures to compare datasets
expected to induce similar predictions. In [13], a measure based on computa-
tional topology was proposed. This measure is called the e-representativeness of
a dataset. Given another dataset (Y, Ay) with the cardinal of Y smaller than
the one of X, we say that y € Y is an e-representative of x € X if ||y — z||oc < €
and Ax(z) = Ay (y), and we say that (Y, \y) is an e-representative dataset of
(X, Ax) if for all z € X there exists y € Y that is an e-representative of x.
In general, we will consider Y to be a subset of X but it is not a necessary
condition. We will add a superscript * (for example N*) when referring to the
dataset (Y, \y). A dataset (Y, Ay) that is representative of (X, Ax) is said to be
~v-balanced if each y € Y is representative of exactly v data examples of X and
each x € X is represented by a single example y € Y.

Knowing the concept of representativeness, we present the following result:

Theorem 1. Let be T € T a binary DT, (X, \x) a dataset and (Y, \y) a -
balanced e-representative dataset of (X, x). If e < M = min;ey u;, then

Ace(T, (X, Ax)) = Acc(T, (Y, \y))

Proof. Let be z = (x1,---,2,)7 € X and y = (y1, -+ ,yn)T € Y an e-
representative of xz. That means that |y; — ;] < e Vi € {1,---,n}. Assume
that y reaches the tree through the root node n; (root node) and is sent to its
left child. That means that 0 < ¢; —yq4,. By the definition of margins, we can im-
prove the inequality by applying that p1 < ¢ — yq4,. Since y is e-representative
of x, we have that x4, < yq4, + €. Combining both inequalities we have that
w1 —e < ¢ —xq,. Since e < M < iy, then 0 < ¢; — x4,, meaning that x is also
sent to the left child. Analogously, if we assume that y is sent to the right child
of ny, we can show that = is also sent to the right child. If we apply this same
reasoning to all the internal nodes that y passes through, we see that x follows
the same path through the tree and, consequently, reaches the same terminal
node n; and is classified with the same label k;.

By the definition of «-balance, for each y € Y of class k there are exactly
v examples from X of class k e-represented by y, and all of them reach the
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same terminal node of 7. It also follows from the definition of v-balance that
N =~-N*, Nj =~-Nj and N;, = v - N;,. Consequently, p; = N;/N =
(v- NI)/(3 - N%) = N3/A# = pt 'and py = N /N; = (7~ N2)/(y - N7) =
Ni/N; = p} . Consequently:

Acc(T, (X, \x)) = ij ik, = Zp; -pix, = Ace(T, (Y, Ay))
jeL jeL

4 Experiments

The experiments developed are organized as follows. Firstly, a 2D synthetic
dataset was used as an illustration of the proposed methodology. Then, the ex-
perimentation was extended to the Vehicle Platooning (also called Collision)
dataset [24]. Given a dataset, subsets of the set with different values of e-
representativeness will be considered and the ordering of the features based on
the importance compared. The results suggest that the lower values of ¢ will
produce similar explanations of the input data and similar decision boundaries.
The code for the experiments is available in a GitHub repository °.

4.1 Synthetic 2D dataset

In this experiment, we used a 2D dataset generated using the Python Scikit-
learn package® as an example. The dataset comprises 200 data distributed in
two noisy concentric circles representing distinct classes as shown in Figure 1.

The methodology followed in the experiments is summarized in the following
steps. The dataset was split into a training set composed of the 75% of the data
and a test set with the remaining 25%. Then, two random subsets containing
the 40% of the training set were considered, from now on Subset 1 and Subset 2,
and their e-representativeness was computed, obtaining € = 0.756 for the Subset
1 and € = 0.497 for the Subset 2. A DT was trained with the training set and
the subsets using the Gini index and a maximum depth of 4 obtaining the DT's
of Figure 2. As we can see, the resultant decision rules after training the DT
with the training set are similar with a lower value of €. The accuracy values
for the DTs on the test set were: 0.84 for the train dataset, 0.94 for Subset 1,
and 0.82 for Subset 2. To determine the similarities between the DTs, we will
consider the ordering of the features importance. The first feature ranked the
most important for both the training set and Subset 2 while the ordering was
the opposite for Subset 1 (See Table 1).

® https://github.com/Cimagroup/Application_Representative_Measure_
Reliability_DT
S https://scikit-learn.org/stable/index.html
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Full Train dataset

Subset 1 Epsilon: 0.756 Subset 2: Epsilon: 0.497

=20 -15 -10 -0 00 05 L0 15 20
x % %

=20 -15 -10 -05 00 05 10 15 20

Fig. 1. Full synthetic dataset generated using Scikit-learn and the two random subsets.
From left to right: (1) the training set; (2) a subset composed of a 40% of the training
set and e = 0.756; (3) a subset composed of 40% of the training set and ¢ = 0.497. We
can also see the decision boundaries of the DT trained using each set of data.

Table 1. Feature importance percentage for the training set, Subset 1, and Subset 2.
We can see that the most important feature for the training set and Subset 2 is the
same.

Data T1 )

Training set 40.4 59.6
Subset 1 50.37 49.62
Subset 2 18.4 81.6

4.2 The collision dataset

In this experiment, we used the binary classification Collision Dataset [24] which
consists of predicting whether a platoon of vehicles will collide based on features
such as the number of cars or their speed. It is composed of 107,210 data with
23 numerical features. Each class is composed of 69,348 examples and 37,862
examples, respectively.

We followed a similar methodology to the one proposed for the experiment
in Section 4.1. The dataset was split into a training set composed of the 75%
of the data and a test set with the remaining 25%. Then, two random subsets
containing the 10% of the training data were considered, from now on Subset 1
and Subset 2, and their e-representativeness was computed, obtaining £ = 0.539
for Subset 1 and € = 0.655 for Subset 2. A DT was trained with the training set
and the subsets using the Gini index and a maximum depth of 10. The following
accuracy values were obtained on the test set: 0.874 for the training dataset, 0.841
for Subset 1, and 0.84 for Subset 2. To determine the similarities between the
DTs, we will consider the ordering of the feature importance. For comparing the
ordering of the feature importance, we used a metric developed in [2, Section 4.2].
Let = and y be two ordered sets whose elements are the features of the dataset
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DT of the Training set

y <= -0.297
gini = 0.48

samples = 125

DT of subset 1. Epsilon-representativeness: 0.756

x <= 0.574
gini = 0.499
samples = 60
value = [31.0, 29.0]
Yy

x <= -0.58

gini = 0.478

samples = 48
value = [19, 29]
- -

DT of subset 2. Epsilon-representativeness: 0.497

Fig.2. DT for the sets in Figure 1. From top to bottom: (1) the training set; (2) a
subset composed of a 40% of the training set and e = 0.756; (3) a subset composed of
40% of the training set and € = 0.497.

ordered by their importance. Then, for each feature, we compute the absolute
value of the difference between the position of the feature in x and y. Finally,
the mean of these differences is computed. For Subset 1, we obtained a value of
1.74 for this metric, and for Subset 2 the value was 1.83, where we can highlight
the higher similarity of variable importance for the decision tree generated by
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the subset with lower epsilon, that is the Subset 1. The ordering of the feature
importance for the three DTs is displayed in Table 2. Finally, the experiment
was repeated for 100 subsets and the Spearman’s correlation (Sp) between the
e-representativeness and the metric of the ordering of the feature importance was
computed obtaining significant correlation (Sp = 0.51, p-value= 5.2 x 1078).

Additionally, we trained Gradient Boosting Classifier(XGBoost) with the
training set and the subsets using the Friedman Mean Squared Error as a crite-
rion and a maximum depth of 10. The number of boosting stages to perform was
set to 25. The following accuracy values were obtained: 0.912 for the training
dataset, 0.882 for Subset 1, and 0.876 for Subset 2. In this case, Subset 1 has
a similarity of 0.696 for the feature importance, and Subset 2 has a similarity
value of 1.823, reaching better similarity with lower €. The ordering of the fea-
ture importance for the three XGBoost trained models is displayed in Table 2.
Finally, the experiment was repeated for 20 subsets and the Spearman’s correla-
tion (Sp) between the e-representativeness and the metric of the ordering of the
feature importance was computed obtaining significant correlation (Sp = 0.673,
p-value= 1.79 x 10714).

5 Conclusions and future work

The results of this paper are two-fold. Firstly, we proved that similar accuracy
is obtained when certain conditions about representativeness are satisfied when
using DTs. Secondly, by experimentation, we have compared the feature impor-
tance ordering for different subsets of the training data with different values of
representativeness reaching a significant correlation between them. According
to our results, representative sets produce similar explanations of the dataset.
Finally, we extend our experiments to a more complex decision tree model, XG-
Boost. In the future, we would like to provide theoretical guarantees regarding
the ordering of the importance of the features and distance-based comparison
between the decision rules of DT.
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