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Summary

In this thesis we deal with some problems regarding zero-dimensional schemes
related to different areas of Algebraic Geometry. In particular, we draw inspiration
from the investigation of the Jacobian scheme of a plane algebraic curve to define a
new class of schemes, which we call symmetric schemes. We study the algebraic and
geometric properties of these schemes and we use them to define some new varieties
parameterising symmetric and partially symmetric tensors. Thanks to these new
varieties we recover some already known results about tensors and we are able
to prove some generalisations of them. Finally, we study the Hilbert functions
of zero-dimensional reduced schemes lying on Veronese surfaces and we use our
characterisation to classify the complete intersection zero-dimensional schemes lying
on Veronese surfaces and rational normal curves.
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Lasciamo il paladin ch’errando vada:
ben di parlar di lui tornerd tempo.
Quanto, Signore, ad Angelica accada
dopo ch’usci di man del pazzo a tempo;
e come a ritornare in sua contrada
trovasse e buon navilio e miglior tempo,
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L. Ariosto, Orlando Furioso (XXX, 16)



Contents

List of Tables

List of Figures

Introduction

1 Preliminaries

1.1

1.2
1.3
1.4

1.5
1.6
1.7

2 The
2.1
2.2
2.3
2.4
2.5

Hilbert functions . . . . . . . . . . ... ..
1.1.1 Macaulay inequalities and 0-sequences . . . . .. .. .. ..
1.1.2  The first difference function . . . . . .. ... .. ... ...
1.1.3 Castelnuovo Functions . . . . . .. ... ... ... .. ...
Fat Points . . . . . . . . . ...
Apolarity Theory and Inverse Systems . . . . . . .. .. ... ...
Veronese varieties . . . . . . ... Lo Lo L
1.4.1 Waring problem and secant varietiesof V,,, . . . . ... ..
1.4.2  Generalised Waring problem and osculating varieties of V,, 4

1.4.3 Catalecticant matrices and idealsof V,,4 . . . . . . . . . ..
Segre varieties and Segre-Veronese varieties . . . . . . . .. ... ..
Méthode d’Horace and Méthode d’'Horace différentielle . . . . . . .
Singularities of plane algebraic curves . . . . . . . ... ... ..

Jacobian scheme of a plane algebraic curve

The Mather-Yau Theorem for algebraic curves . . . . . . .. .. ..
Jacobian schemes at ordinary singularities . . . . . ... ... ...
Ordinary singularities with 7 < . . . . . . . .. ... ... ..
Jacobian schemes at double points. . . . . . . ... ... .. ...
A remark on the Tjurina number . . . . . .. ... ... ... ...

3 Superfat points and associated tensors

3.1
3.2
3.3

Symmetric and superfat points in P* . . . ... ... 0L
Superfat and m-symmetric points in P2 . . . ... ... ... ...
2-squares on Veronese surfaces . . . . . . . . . ... ... ... ...
3.3.1 The cuckoo varieties QQ(Vag) . . . . . . o oo

VI

VIII

IX

13
13
17
20
21
25
30
35
39
43
44
46
20
23

59
60
63
68
79
79



3.4  2-squares on Segre-Veronese surfaces . . . . .. .. ... ... ... 100

3.4.1 The variety ¢2(SVa2) . o o o o oo 101

3.4.2  The varieties SV, 4 and their ¢2(SVya), d>3. . . . . . . .. 108

3.4.3  The cuckoo varieties ¢g2(SVaa) - . - - . . . oL 110

4 Postulation of 2-squares 115
4.1 First proof . . . . . . . 116
4.2 Second proof . . ... 127

5 Complete Intersections on Veronese Surfaces 131
5.1 Preliminary results . . . . . . ... .. o 133
5.2 Hilbert functions of points on Veronese surfaces . . . ... ... .. 135
5.3 Complete intersections . . . . . . . . ... L. 144
5.4 More results and open problems . . . . ... ... 148
Bibliography 151

VII



List of Tables

1.1
1.2
2.1
2.2
2.3

An example of O-sequence . . . . . . . ... ... ... 19
An example of Castelnuovo function. . . . . . .. ... .. ... .. 24
Grobner basisof J. . . . . ..o 69
Generators for (LT(J)). . . . . ..o oo 72
Lengthof Y. . . . . . . . . . 73

VIII



List of Figures

1.1
1.2
2.1
2.2
2.3
24
2.5
2.6
3.1
3.2
3.3

3.4
3.5
3.6

4.1

The Castelnuovo set associatedto h . . . . . . ... ... ... ... 25
The graphic representation of mP € P2 . . . . . ... .. ... ... 29
Graphic representation of Y incase B1. . . . ... ... ... ... 73
Graphic representation of Y incase B3. . . . . .. ... ... ... 74
Graphic representation of Y incase B5. . . . . .. ... ... ... 74
Graphic representation of Y in case C5. . . . . .. ... ... ... 75
The domain of /1. . . . . . . . . . . . 77
The domain of £4. . . . . . . . . . .. ... 78
The 2%-tensors. . . . . . . ... 102
The Partially symmetric 2%-tensors. . . . . . . . .. ... ... ... 103
The symmetric 2*-tensors, the colours of the dots signal equal coor-

dinates. . . . . . . 104
Tensors in L(svoo(Qp)) -« v v v v v v i i i 106
(a) Py, Py, Py in P' x P'; (b) XUX specialised. . . .. ... ... 107
The scheme given by two (d — 2)-ple lines with two (d — 1)-jets

sprouting from them. . . . . . . .. ... oL 109
Sketch of the proof of Theorem 4.1.7. . . . . . . .. ... ... ... 123

IX



Introduction

In the wide panorama of Algebraic Geometry, a key role is played by Scheme
Theory and a very noteworthy class of schemes is the one of zero-dimensional
schemes. Indeed, apart from their intrinsic interest, zero-dimensional schemes de-
serve a particular and careful consideration in light of their several interactions with
other fields of Algebraic Geometry. For instance:

i) many problems concerning secant varieties of projective varieties can be trans-
lated, via Apolarity Theory, in problems concerning zero-dimensional schemes;
see [44] and [66] for more details about this topic;

ii) some intensely studied topics regarding plane algebraic curves, such as free-
ness and computation of Tjurina and Milnor numbers, are strictly related to
the analysis of Jacobian schemes, which are zero-dimensional schemes encod-
ing all the information about the singularities of the curve; see [82] and [104]
for more details on free curves and [8] for more details on computations of
Tjurina and Milnor numbers;

iii) zero-dimensional schemes are the constitutive elements of Hilbert schemes of
points, a widely studied branch of Algebraic Geometry; see [72] and [80] for
more details on Hilbert schemes.

Zero-dimensional schemes allow establishing deeper connections between these three
topics; see [29], [30], [31], [32] and [80] for connections between i) and iii), and see
[37] and [55] for connections between i) and ii). Also see [48] for a collection of
topics about zero-dimensional schemes.

Beyond Algebraic Geometry, some other research fields where zero-dimensional
schemes find applications are:

o Commutative Algebra, where they can be used, for instance, for a geometrical
approach to Artin algebras and Gorenstein rings; see [81] for a recent state
of the art;

o Code Theory for error-correcting codes associated to O-dimensional schemes;
see [15] for some application.



Introduction

A particularly interesting class of zero-dimensional schemes is represented by fat
points, which have long been, and still are, at the core of many Algebraic Geometry
problems. Indeed, they represent a powerful tool for the study of many problems,
such as the computation of the defectivity of some secant varieties and the study
of singular points of projective varieties. These two aspects are among those that
will be addressed in this thesis. Nowadays, our knowledge of fat points is certainly
very rich, but nonetheless, there are still important open problems associated with
them, such as the Gimigliano-Harbourne-Hirschowitz-Segre conjecture and, more
in general, the complete classification of fat point schemes with bad postulation.
See [66] for an exhaustive state of the art on fat points and see [2], [4], [5], [6],
(7], [14], [16], [20], [21] for some applications of fat points to the study of secant
varieties.

The main purpose of this thesis is to generalise fat points by introducing a
new class of zero-dimensional schemes. In the literature, there already are some
examples of such generalisations that broaden, for instance, the definition from
P™ to P™ x --- x P™. An important example can be found in [43], where fat
points in multiprojective spaces are used to study a classical problem concerning the
dimension of certain secant varieties of Segre varieties. However, to our knowledge,
there are no generalisations that, given the ambient space, specifically pertain to
the geometry of the scheme itself. This is the type of generalisation that we are
seeking in the thesis. More specifically we state the following question:

Question 1. How can one define a new class of schemes in P™ that generalises the
class of fat points?

There are several motivations behind this question, some more related to the topics
of this thesis.

The first one sprouts from studying the Jacobian scheme of a plane algebraic
curve, which, in recent years, has proven to be of great interest. The two aspects
most carefully considered in connection with the Jacobian scheme are the study
of free divisors and the computation of Tjurina number for isolated singularities;
see [53] for more details on the former, and see [8] for more details on the latter.
However, despite the extensive research on these topics, we are not aware of any
analysis on the geometric structure of the Jacobian scheme. We address this gap
and, carrying on this analysis for ordinary singularities, we note that fat points
play an important role, but are not sophisticated enough to provide a satisfactory
geometric analysis. For this reason, it is necessary to extend the definition of fat
point and consider a broader class of schemes. This concept will be clarified below.

Another motivation comes from the application of algebraic geometry to the
study of tensors. Indeed, zero-dimensional schemes have proven to be very useful
tools for studying many problems in this context. Some important examples in this

2



Introduction

regard can be found in [14], [20], [21], [22], [29], [30], [32], [43], [45], [66], where
zero-dimensional schemes are used to study and generalise secant varieties of some
classical projective varieties, such as Segre, Veronese and Segre-Veronese varieties.
In particular, new classes of zero-dimensional schemes can give new information on
the geometry of tensors. We will show how to get this information via our new
schemes.

This thesis is divided into five chapters. Chapter 1 is totally devoted to present
the mathematical entities which are the objects of our research and to introduce the
tools we will use to describe them. We start by recalling some general definitions
and properties of Hilbert functions and fat points, and by giving a quick overview
on Apolarity Theory and Inverse Systems. After that, we introduce Segre, Veronese
and Segre-Veronese varieties in the setting of Waring-like problems, stressing the
interchangeability of the algebraic, geometrical and tensorial interpretations of these
varieties. We also present the machinery of secant varieties, showing how zero-
dimensional schemes can be used to study the defectivity of secant varieties. In
particular, we briefly describe how the postulation of zero-dimensional schemes can
be studied via the Horace method and the differential Horace method. Finally, we
give some definitions about singularities of plane algebraic curves and we recall the
Jacobian and Milnor schemes related to a plane algebraic curve.

In Chapter 2 we devote our attention to a special type of zero-dimensional
schemes: the Jacobian scheme of a plane algebraic curve. To this purpose we start
by proving an algebraic version for plane curves of the famous Mather-Yau theorem,
stated in [89], which allows us to simplify the next results. After that, we focus
on the Jacobian schemes at ordinary singularities, and this study suggests us the
introduction of a new class of schemes answering Question 1: symmetric schemes.
In Chapter 2 we give the definition only for the projective plane. We also provide
some examples of ordinary singularities whose Tjurina number is strictly less than
the Milnor number, so partially recovering, with more algebraic tools, some results
of [27] and [87].

In Chapter 3 we give the definition of symmetric scheme for any P" and we point
out how symmetric schemes are a generalisation of fat points. We also introduce
the definition of superfat points and we study the geometry of these new schemes.
Since it is quite difficult to manage symmetric schemes in P”, after some general
results, we narrow down to symmetric schemes of P2, After showing some of their
properties, we use them to define some new varieties parameterising symmetric
and partially symmetric tensors. We study the defectivity of these varieties and
the shape of the tensor parameterised by them.

In Chapter 4 we prove the good postulation of generic unions of 2-squares in P2
To do that, we use the Horace method ad we provide two different proofs. The two
proofs only differ in proving the good postulation with respect to curves of even
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degrees, which are the hardest ones: in the first proof we use the differential Horace
method, while in the second one we avoid using the differential Horace method
and we solve the problem giving an argument based on a particular property of
2-squares.

Finally, in Chapter 5 we deal with the classification of reduced zero-dimensional
schemes lying on Veronese varieties. We show how this problem can be considered
as a generalisation of the Cramer-Euler problem and we completely solve it for
the case of Veronese surfaces. The main tool we use to give our classification is
an accurate study of the possible Hilbert functions of reduced points on Veronese
surfaces. We conclude the chapter with a conjecture on complete intersections
lying on Veronese varieties, inspired by the case of Veronese surfaces and by other
experimental evidences.

From Jacobian schemes to symmetric schemes

The reasons that led us to pose Question 1 arose from studying a particular
type of zero-dimensional schemes: the Jacobian scheme of a plane algebraic curve.
However, before bringing up the “more sophisticated” Jacobian schemes, let us
explore the origin of the idea of using zero-dimensional schemes, in particular fat
points, to study the singularities of plane algebraic curves.

The first well-known remark is that if C : F' = 0 is a reduced curve of P? passing
through a point P, then saying that C has a singular point of multiplicity m at P
means that C contains the fat point mP but not the fat point (m + 1)P. This is a
very rough information, because it does not allow to distinguish different analytical
classes of singularities having the same multiplicity. Nevertheless, there are other
0-dimensional schemes contained in C which could characterise the singularity more
carefully. For example, if P is an A,, singularity, then P is a nodal-type singularity
if and only if for any ¢ > 1 there is a curvilinear scheme supported at P of length /¢
contained in C, while P is a cuspidal singularity As, if and only if for any ¢ < 2r+1
there is a curvilinear scheme supported at P of length ¢ contained in C, and no
curvilinear scheme supported at P of length > 2r 4 1 is contained in C (see [68],
Theorem 2.3). So, one possible approach to study a singularity is to understand
which kind of “maximal” zero-dimensional schemes supported at P are contained
in C but, since the curve C is 1-dimensional, it might contain curvilinear schemes
supported at P of arbitrary lengths. We can undertake another way by using X(C),
the Jacobian scheme of C, which is defined as the subscheme of P? associated to
the Jacobian ideal

OF OF OF
=(=—,—,— | C _
J(C) (ax()? 8.1:1’ 81‘2) — C[x07x17x2]

Indeed, the Jacobian scheme is the zero-dimensional scheme encoding all the infor-
mation, up to analytical equivalence, of all the singularities of C.

4
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An analogue of the Jacobian algebra Clzg, x1,x2]/J(C) can be defined, mutatis
mutandis, also in the set of analytic geometry and it is a highly studied topic; see
for instance [70] and [71]. As proved by a famous theorem of J. N. Mather and S.
S.-T. Yau in [89], the Jacobian algebras of two analytical germs at O, both having
an isolated singularity at O, are isomorphic as C-algebras if and only if the two
germs are analytically equivalent. Clearly, this result greatly simplifies the study
of singularities up to analytical equivalence. However, it has the disadvantage, in
case one wishes to work in an algebraic context, of requiring a transition from the
algebraic setting to the analytic one. In order to avoid this transition, we prove, in
Chapter 2, an analogue of Mather-Yau Theorem in a purely algebraic context.

Theorem 1. (Theorem 2.1.6) Let C: f =0, D : g = 0 be reduced algebraic curves
in A% with a singular point at O. Then the analytical germs of C and D at O are
analytically equivalent if and only if their (algebraic) Jacobian schemes at O are
isomorphic as schemes over C.

After proving this theorem, we focus on the geometry of Jacobian schemes
at ordinary singularities and on their Tjurina and Milnor numbers. In doing so,
we remark that these schemes possess a particular symmetry property: each line
passing through their support intersects them with the same length. Let us be
more precise.

Definition 1. (Definition 2.2.4) Let Y be a 0-dimensional scheme supported at one
point P € P2, We say that Y is k-symmetric if, for every line r passing through P,
(Y Nr) =k Wesay that Y is a k-symmetric local complete intersection (k-slci
for short) if it is a local complete intersection of two curves D, £ with no tangent
in common at P and such that mp(D) = k,mp(E) = k, this implying ((Y) = k?.

Clearly, a k-slci is k-symmetric.

Theorem 2. (Theorem 2.2.7) Let P be a multiple ordinary point of multiplicity
m for a plane curve C in P? and let Zp be its Milnor scheme at P and Xp be its
Jacobian scheme at P. Then:

1. the tangent cones of the derivative curves C,,C, have no lines in common, hence
Zp = (C,NCy)p is a (m —1)-slci, so that p = 0(Zp) = (m — 1)?;

2. Xp is a (m — 1)-symmetric scheme and 7 = {(Xp) < (m —1)?;

3. in particular, if C is a union of m distinct lines through P, then Xp = Zp, so
that £(Xp) = (m — 1)2.

It is precisely this theorem that has inspired Question 1. In fact, the only case
in which the Jacobian scheme of an ordinary singularity is a fat point is the case of
nodes, that is, double points with two distinct principal tangents. In all other cases,

5
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the obtained schemes are not fat points, but share with them the symmetry property
stated in Definition 1. Note that one can wonder if all symmetric schemes arise as
Jacobian schemes at ordinary singularities, however, there are many examples of
symmetric schemes that cannot be obtained in this way; see Remark 2.2.6 for some
examples.

We will shortly discuss how Theorem 2 not only inspired Question 1 but also a
possible answer to it. Before that, however, we want to emphasise that Theorem 2
also suggests another question:

Question 2. Do there exist ordinary singularities whose Tjurina number is strictly
less than the Milnor number?

Questions of this kind date back to Zariski and appear quite often in Algebraic
and Analytic Geometry; see for instance [8] and [107]. In fact, Question 2 already
has a complete answer, which can be recovered using some results of [27] and [87].
In Chapter 2, we state the result in the form of following theorem.

Theorem 3. (Theorem 2.2.10) Let C be a plane algebraic curve and assume that
P € SingC is a multiple ordinary point of multiplicity m > 2. Then

3m? —2m — 4
4

J < 70(0) < (m— 17"

Moreover, the bounds are sharp and all the values of Tp(C) occur.

Despite Question 2 being fully answered, in Chapter 2 we provide some explicit
examples of ordinary singularities whose Tjurina number is strictly less than the
Milnor number. Our examples are special cases of a more general class of curves
given in [27], but there is a main difference: the approach used in [27] is analytical,
while ours is entirely algebraic. We consider the family of curves

Coe:x™+y™+ xbyc =0

with b + ¢ > m, having an ordinary singularity at O and we compute the Tjurina
number 76(Cp ) using Grobner basis. In particular, we prove in Theorem 2.3.6 that
for m > 5 the curves C, . attain the lower bound in Theorem 3.

Symmetric schemes and tensors

As anticipated, the symmetric schemes inspired by Theorem 2 give a satisfying
answer to Question 1. In Chapter 3 we start by generalising the definition of m-
symmetric scheme and m-symmetric local complete intersection as follows.

Definition 2. (Definition 3.1.1) A 0-dimensional scheme X supported at one point
P € P" is said to be
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o m-symmetric if {(X N L) =m, for every line L passing through P;

o an m-symmetric local complete intersection (m-slci for short) if it is a local
complete intersection of n hypersurfaces having multiplicity at P equal to m
and whose tangent cones at P have no line in common.

The reason why m-symmetric schemes are good candidates to generalise fat points,
is that m-fat points are the prime example of m-symmetric schemes and, moreover,
any m-symmetric scheme supported at P € P" contains the fat point mP. In other
words, fat points are the m-symmetric schemes which are minimal with respect to
the schematic inclusion. In light of that, we found quite natural to ask the following
questions:

Question 3. Among all the m-symmetric schemes supported at the same point P,
which are the maximal ones with respect to schematic inclusion?

Question 4. What is the mazimum length of an m-symmetric scheme?

Since these points are, in some sense, “fatter” than fat points, we call the
maximal m-symmetric schemes m-superfat points and we answer to both questions
thanks to the following theorem.

Theorem 4. (Theorem 3.1.9) A scheme X C P" is an m-superfat point supported
at P € P" if and only if it is an m-slci. Thus, any m-superfat point in P" has
length m™ and it is a Gorenstein scheme.

We also stress the existence of a special class of m-superfat points of P”, that of m-
hypercubes, i.e. m-superfat points defined by an ideal of the form (¢7*, 65", ... ")
for ¢1,...,¢, € Clzg,...,x,]; linearly independent linear forms. However, even
though up to this moment we mentioned just m-fat points, m-superfat points and
m-hypercubes, there are other schemes possessing m-symmetry; see, for instance,
Remark 3.1.11.

This last remark shows how bad the situation can be in P”. For this reason,
after we have given some general results on symmetric schemes, we narrow down to
the case of P2, where the situation is easier to manage. The first noteworthy result
in this direction is the coincidence of 2-superfat schemes of P? with 2-squares, i.e.
with the 2-hypercubes of P2.

Proposition 1. (Proposition 3.2.2) Ewvery 2-superfat scheme X C P? is a
2-square, i.e. Ix can be written, up to some projectivity, as Tx = (z3,x3).

This identification has nothing similar neither in higher dimension nor in higher
degree; see Example 3.2.3. The other main result about superfat schemes in P? is
the following theorem, which allows us to relate fat points and superfat points.

7
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Theorem 5. (Theorem 3.2.6) For every P € P? and for any m > 1, the schematic
union of all m-squares supported at P is the fat point (2m — 1)P.

A very classical issue when dealing with zero-dimensional schemes is the study
of their postulation. For this reason, after analysing the aforementioned properties
of 2-squares, we deemed appropriate to investigate the postulation of a generic
union of 2-squares.

Question 5. What is the postulation of a generic union of 2-squares in P??

In Chapter 4 we answer this question by showing that a generic union of 2-
squares always has good postulation. The proof strategy we use is the “Horace
method”, introduced by J. Alexander and A. Hirschowitz in several papers, which
we briefly recall in §1.6. We provide two different proofs, which agree for odd
degrees but differ for the even ones. Indeed, the odd degree case can be solved
using some simple specialisations, while the even one is more challenging.

In the first proof, we solve the problem by introducing a new specialisation: we
collapse two 2-squares together, thus finding a new scheme that, with the help of
differential Horace method, allows to bypass the arithmetic obstruction.

The idea of the second proof for even degrees is the following: we start by
substituting one of the 2-squares with a double point contained in it, so obtaining
a subscheme of the initial scheme and proving by induction that the number of
conditions imposed on the degree d curves by this new scheme is one less than the
expected number of conditions imposed by the initial scheme. After proving that,
we conclude coming back to the original scheme and proving that when we pass
from the double point to the 2-square, we actually impose one more condition.

As we have already mentioned, zero-dimensional schemes have proven to be
very useful in the study of varieties parameterising tensors. For this reason, once
enough tools to handle the 2-squares are obtained, it is quite natural to pose the
following question:

Question 6. Is it possible to obtain new information about tensors using our new
class of symmetric schemes? If so, what kind of information?

We partially answer this question for the special case of 2-squares but, as we
will recall in the list of open problems at the end of this introduction, we reckon
that a general insight of symmetric schemes can provide considerable information
about symmetric and partially symmetric tensors. In our analysis, we consider some
embeddings of 2-squares on Veronese and Segre-Veronese varieties, constructing a
“bridge” between 2-squares and (partially) symmetric tensors. By doing so, we
define new varieties, that we briefly describe here.
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e Q(Va4) (Considered in §3.3)
We define

Vo) = |J L(a(Q Q(Vaa) = Q°(Vaa)
QCp?

where the union is taken on all the 2-squares Q of P2. Even though we show that
Q(Vaa) = 1(Vaa), and thus Q(Va4) is an already known variety, this new way
of defining it gives a more refined description of the forms in 75(V5 4); see Propo-
sition 3.3.2. As a consequence, we can show that 75(V54) is always contained in
04(Va,4); see Corollary 3.3.3.

e QQ(Va4) (Considered in §3.3)

The description given by Q(V24) highlights that the variety m2(V54) contains a
1-codimensional subvariety parameterising more particular forms, namely the
ones that can be written (up to a projectivity in P?) as 53~ %y19,. Let d > 3 and
consider the morphism

o P(17) x P(Tl) x P(Ty) — TQ(‘/de) - ]P(Td)
([6o], [41], [£2]) = [£52010]

The cuckoo variety QQ(Va,q) of V5 4 is defined to be the scheme theoretic image
of @, that is,

QQ(V2,4) :==Im @.
We investigate the geometrical properties of QQ(V2,4) in Proposition 3.3.7.

e ¢2(SVya4) (Considered in §3.4)

After considering Veronese varieties, we move on to Segre-Veronese varieties and,
more precisely, we consider the (d, d)-embeddings

P! x Pt — SV, 4 C PEL

Clearly, to do that we need to specify what we mean by a 2-square in P* x P*:
given a point P = [ag, ay; by, b1] we call 2-square of P! x P! supported at P the
O-dimensional subscheme Qp C P! x P! defined by the bihomogeneous ideal
(630, 051) € R, where

51,0 = ai1ri1,0 — AQor1,1, by = 5113270 - bol"2,1-

The reason why we choose these subschemes is explained in Remark 3.4.1. At
this point we can define, for any d > 2, the following varieties:

@(SVaa) == |J  L(svaa(Qp))

PePlxP!

9
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whose points correspond to partially symmetric tensors of the form
(CLQSO + alSl)d(boto + bltl)d.

We show that ¢2(SVy4) and its secant variety oa(g2(SVyq)) have the expected
dimension for any d > 2; see Proposition 3.4.6 and Proposition 3.4.7. In par-
ticular, for d = 2 the secant variety o2(q2(SVaaq)) fills the whole P®, thus any
partially symmetric tensor in P® can be written as the sum of two partially
symmetric tensors which depend only on four parameters each.

e qq2(SV(a,q)) (Considered in §3.4)

Analogously to the cuckoo varieties QQ(V2,4), we define the cuckoo varieties
qq2(SVyq) as the image of the morphism

P(TY) x B(TY) x BT x B(T) = g2(SVia) € P(Taa)

([ms], [na], [ma], [nd]) = [md e g

For d = 2, qq2(SVa2) is the Segre Variety Sio, which is well-known to be 2-
defective, i.e. dimoy(S22) = 7. This does not happen for d > 3, as shown in
Proposition 3.4.13.

Zero-dimensional schemes on Veronese varieties

In Chapter 5, we change a bit our perspective and we consider the following
problem related to the geometry of Veronese varieties:

Question 7. What are the possible complete intersections lying on a Veronese
variety Vy, q?

There are several reasons that make this question interesting. Indeed, complete
intersections and their algebraic counterpart, regular sequences, play a central role
in Commutative Algebra and in Algebraic geometry. We have examples ranging
from the more classical and still open Hartshorne conjecture to modern applications
in the field of geometry of tensor. In fact, complete intersections have recently been
shown to have unexpected applications. For example, in [18] and [25], the strength
and the slice rank of polynomials are studied using complete intersections. For a
more exhaustive overview on complete intersections, we advise to see [69].

Note that, for d = 1 and n = 2, the Veronese surface Va; is the plane P2, so
that our problem in this special case is exactly the Cramer-Euler problem, which
consists in characterising the sets of points in P? that are complete intersections.
We answer Question 7 in the case of Veronese surfaces, showing that for d > 2 the
only reduced complete intersections of PV=¢ lying on V5 4 are finite sets of either one
or two points while, for the Veronese surface V55 C P?, one also has plane conics
and their intersections with suitable hypersurfaces. More precisely, we prove the
following theorem.

10
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Theorem 6. (Theorem 5.3.5) If X C V54 C P24 s q reduced complete intersection
of type (aq,...,a,), with a; < --- < a,, then one of the following holds:

1. (d,r,(ay,aq,...,a,)) = (2,4,(1,1,1,2)), that is, X is a conic lying on Vas;

2. (d,r,(ay,a9,...,a.)) = (2,5,(1,1,1,2,a5)), any as € N, that is, X is a set of
2a5 complete intersection points of a conic lying on Voo and a hypersurface
of degree as;

3. (d,r, (ar,az,...,a,)) = (d,Nag, (1,1,...,1)) for any d > 2, that is, X is a
reduced point;

4. (d,r,(a1,a9,...,a,)) = (d, Nag, (1,1,...,1,2)) for any d > 2, that is, X is a
set of two reduced points.

In order to prove this theorem, we characterise the possible Hilbert functions
of reduced subvarieties of Veronese varieties; see Theorem 5.1.11. Beyond their
application to the proof of our theorem, Hilbert functions play a central role in
Commutative Algebra and in Algebraic Geometry, for example see [24], [90] and
[99]. In recent times Hilbert functions have also been used as tools in other fields,
such as the study of Waring rank, that is the tensor rank for symmetric tensors,
see [36], and the study of the identifiability of tensors.

In characterising these Hilbert functions, we generalise the notion of 0-sequences
and of differentiable 0-sequences introduced in [67]. We give a more effective char-
acterisation for the case of the rational normal curves V4 in Theorem 5.1.7, thus
recovering a classical result, and for the case of the surfaces V5 4 in Theorem 5.2.4.

Moreover, in Theorem 5.3.3 we show that, except for the case d = 2, the only
complete intersections lying on rational normal curves V; 4 are the trivial ones, that
is one single point or the set of two points. The case V) 5, that is of a plane conic,
is different. In fact, by cutting with any properly chosen curve, one will produce a
complete intersection set of points. Inspired by this evidence, we formulate Conjec-
ture 5.4.2: the only reduced complete intersections of V,, 4, d > 3, are finite sets of
either one or two points, while for d = 2 one also has plane conics and their inter-
sections with suitable hypersurfaces. We also checked the validity of the conjecture
for Vs 5, see Proposition 5.4.1.

Open problems

We list here some open problems related to the topics of this thesis.

1. The Jacobian scheme of a plane curve whose singularities are just double and
triple ordinary points is a zero-dimensional scheme whose components are

11
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reduced points and 2-squares. What can be said about the freeness of the
curve?

. For m = n = 2, all the m-superfat points of P"” have maximal Hilbert function.
This is not true for any other value of m > 2 and n > 2, but there is
some evidence that the generic m-superfat point of P* has maximal Hilbert
function. Is this true?

. Would it be possible to generalise the varieties Q(V2.4), QQ(Vaa), ¢2(SVia),
qq2(SVa2) by considering m-symmetric schemes more general than 2-squares?
Clearly, this would require a deeper study of m-symmetric schemes.

. Is it true that any generic union of m-hypercubes in P" has good postulation?
We just know that for m =n = 2.

. Is it possible to find an “effective” characterisation of the Hilbert functions
of subvarieties of V,, 4 for n > 3 similar to the one we found for n = 27

. Is it true that the only reduced complete intersections lying on a Veronese
variety are the ones we listed in Conjecture 5.4.27

12



Chapter 1

Preliminaries

If it is not different specified, we always work over the base field C. This chapter
is devoted to the introduction of some preliminary notions that will be widely used
in this thesis. In particular, we describe the mathematical entities which are the
objects of our research and we introduce the tools we will use to describe and
analyse them.

1.1 Hilbert functions

In this section, we recall the notion of Hilbert function with a special focus on
the Hilbert functions of standard graded algebras, that are strictly related to the
geometry of projective varieties.

We start by setting some notation.
Notation 1.1.1. Let A be a Z-graded commutative and unitary ring. Given a

Z-graded A-module M we denote by M, its homogeneous summand of degree t,
getting the following decomposition of Abelian groups.

M:®Mt

t=—o00

In our case, the elements of the Z-graded modules have non-negative degree, thus
we write

M= M, and My =0V ¢ <0.

t=0

For any d € Z we denote by M (d) the Z-graded A-module defined as
M (d)t = Mg,

and we call M(d) the d-th twist of M. In particular, a homogeneous ideal I C A is
a Z-graded A-module and we denote, in agreement with the previous notation, the

13
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degree t homogeneous part of I by [;. In the following, we will refer to Z-graded
modules simply as graded modules. We will also need to use multigraded modules,
but we prefer to postpone the introduction of the notations related to them until we
begin using them. Finally, given n € N, we denote by R the ring R := Clzy, . .., z,]
with the standard grading.

Definition 1.1.2. If M is a finitely generated R-module, then the Hilbert function

of M is the function

where dim(M;) is the dimension of M; as C-vector space.

The Hilbert function of a module can be defined in a much more general setting
but, for the purposes of this thesis, we only need this more specific case. The
following theorem is a first fundamental result on the Hilbert function of a graded
module.

Theorem 1.1.3. If M is a finitely generated R-module, then there exist a unique
polynomial HPy(t) € Q[t], of degree less or equal than n, and t € N such that
Hy(t) = HPy(t) for any t > 1.

Proof See [57], Theorem 1.11 and Lemma 1.12. n

Definition 1.1.4. With the notation of Theorem 1.1.3, we call H Py (t) the Hilbert
polynomial of M and t the reqularity index of M.

Now we want to consider the case where M is the algebra defining a scheme.

Notation 1.1.5. We denote by P" the projective space of dimension n over the
base field C and we use in P" homogeneous coordinates [z,...,x,] so that R
is the ring of coordinates of P™. For any scheme X C P", we denote by Z(X),
or equivalently by Zx, the only homogeneous and saturated ideal of R for which
X = Proj(R/Z(X)). Moreover, we denote by R[X] := R/Z(X) the homogenecous
coordinate ring of X.

The Hilbert function and the Hilbert polynomial of R[X] encode several geo-
metrical information about the scheme X and about its embedding in the projective
space. Let us be more precise by giving the following definition.

Definition 1.1.6. Given a closed subscheme X C P"™ we define:
o the Hilbert function of X to be Hx(t) := Hpgx(t);
o the Hilbert polynomial of X to be HPx(t) := H Prx|(1);

o the regularity index of X to be the regularity index of Hx(t).
14
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Remark 1.1.7. For a given X C P" the value Hx(t) represents the “number of con-
ditions” that the containment of X imposes to the degree t hypersurfaces. Indeed,
we have

Hx(t) = dim(R/Z(X)); = dim R; — dim(Z(X)),

and Z(X), is exactly the linear system of the degree ¢ hypersurfaces of P" containing
X.

Usually, given a scheme X, its dimension is defined to be the maximum of the
lengths of chains of irreducible Zariski closed subsets of X, while its degree is defined
to be the number of points where a general linear space of the “right” codimension
intersects X. Using the Hilbert polynomial of X we can define, in a more algebraic
way, both the dimension and the degree of X as follows.

Definition 1.1.8. Given a scheme X we call the degree d of H Px(t) the dimension
of X and we call the leading coefficient of H Px(t) multiplied by d! the degree of X.
We denote the dimension of X by dim X and the degree of X by deg X. If dim X = 0,
the degree of X is also called the length of X and it is denoted by ¢(X).

It is easy to show that these algebraic definitions agree with the geometrical
ones; more details can be found, for instance, in [59] Chapter I1I, §II1.3.1, I11.3.2,
I11.3.3 and in [73] Chapter I, §7.

Example 1.1.9. If X = P" then R[X] = R[P"| = R and thus

Hpn(t) = dim R, = (” j t)

and HPpn(t) = Hpn(t) for all ¢ € N agreeing with the fact that dimP" = n and
degP" = 1.

Example 1.1.10. Let X C P™ a degree e hypersurface. Clearly Z(X) = (F)) and,
for each t € N, we have the following short exact sequence

0 —— R(—e)y —— R, —— (R/(F)); —— 0
where the first map is the multiplication by F' and the second is the projection to
the quotient. As a consequence, we get
m, ift<e—1
B () i

n

Hx(t) = dim(R/(F)); = dim R; — dim R(—e); = {é

Hence, the Hilbert polynomial of X is

o= (1) (1) e

agreeing with the fact that dimX =n — 1 and degX =e.
15
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Remark 1.1.11. If X, X’ C P" are two schemes and X C X' then Z(X') C Z(X)
and thus Hx(t) < Hx/(t) for any ¢ > 0. Note that the equality Hx(t) = Hx (t) holds
if and only if dim Z(X), = dim Z(X"), or, equivalently, if and only if Z(X), = Z(X'),,
that is, if and only if all the hypersurfaces of degree ¢ containing X also contain X'.

If X is a O-dimensional scheme, its Hilbert polynomial is just a constant, but we
can say something more on the behaviour of Hx(t).

Proposition 1.1.12. If X C P" is a 0-dimensional scheme of length d and regu-
larity index t then

Hx(t—l)<Hx(t>SdVOStSf@ndHPXa):d.

Proof See [59] Proposition I11-59. n

The Hilbert function of a 0-dimensional scheme X also allows to understand
why the first cohomology of the ideal sheaf of X can be interpreted as a measure of
the “speciality” of X. To make that clearer, we fix some more notation.

Notation 1.1.13. Given a projective space P", we denote by Opn its structure
sheaf and by Ly the linear system |Opn(d)| of hypersurfaces in P*. If X C P" is
a closed subscheme, we denote by Jx the ideal sheaf of X in Opr and by L4(X)
the linear system |Opn(d) ® Jx| of hypersurfaces in P containing X. In order to
simplify some computations, when we write dim £, or dim £4(X) we refer to the
vector dimension of the linear system; in particular we have

dim £, — (";d)

Moreover, if Y is a closed subscheme of P", we denote by Jx y the ideal sheaf of X
restricted to Y.

Remark 1.1.14. If X is a 0-dimensional subscheme of P, we have
Hy(t) = dim R, — dim Z(X); = h%(Opx(t)) — h°(Ix(t)) = £(X) — h* (Tx(t))
so that
h'(3x(t)) = €(X) — Hx(t)

is exactly the measure of how X fails to impose on hypersurfaces of degree t as
many conditions as its points counted with multiplicity. Moreover, by this formula
we get that

Hx(t) = ((X) & h'(Jx(t)) = 0.

Properties of Hilbert functions of schemes can also be studied, in a more alge-
braic way, through the so-called standard graded algebras.

16
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Definition 1.1.15. Let K be a field and A be a graded K-algebra. We say that A
is a standard graded K-algebra if Ay = K and A is generated, as K-algebra, by a
finite number of elements of A;.

Proposition 1.1.16. A is a standard graded K-algebra if and only if Ay =K and
there exist n € N and an ideal I C K[z, ..., x,] such that A = K[xg,...,x,]/I as
K-algebras, where Kz, ..., x,] is endowed with the standard grading.

Proof Since A is a standard graded K-algebra, there exist yo,...,y, € A; that
generate A as K-algebra. The map

v: Klzg,...,z,] — A
1k — 1a ,
T = Y

extended in the obvious way, is a surjective homomorphism of K-algebras and thus
A = Klzg, ..., x,]/ ker p. The vice versa is immediate. n

Proposition 1.1.16 shows that studying Hilbert functions of closed schemes of
P" is equivalent to studying the Hilbert functions of standard graded C-algebras.
In the rest of the thesis we use these two points of view interchangeably.

1.1.1 Macaulay inequalities and 0-sequences

Proposition 1.1.12 is a special case of a much more general result on the be-
haviour of Hilbert functions. Indeed, the possible values that a Hilbert function can
attain in ¢ are in a range depending only on the value of the Hilbert function in ¢ —1
and these ranges are called Macaulay inequalities. In order to define the Macaulay
inequalities, we have first to introduce the binomial expansion of a non-negative
number c.

Proposition 1.1.17. For any non-negative integers i, c there exist m;, m;_1, ..., m;
non-negative integers with m; > m;_y > --- >m; > j > 1 such that
my; mi— m;
c=1|( . |+1. Rl ol B
1 1—1 7
and the integers m;, ..., m; are unique.
Proof See [85] §1. n

Definition 1.1.18. Given ¢ and c¢ positive integers, the expression

() )

is called the i-binomial expansion of c.

17
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Note that Proposition 1.1.17 guarantees the well-posedness of Definition 1.1.18.

Definition 1.1.19. If ¢ is a positive integer having i-binomial expansion as in
Definition 1.1.18, we set

, i+ 1 i1+ 1 i+ 1
7= m+ + (™ 1.+ +-+ m]_'— :
1+ 1 1 741

Moreover, we set 0<> = 0 for any i € N.

Example 1.1.20. If ¢ = 153 and ¢ = 5 then we have

()6
- (3 () () ()

Definition 1.1.21. A sequence of natural numbers (¢;)ez is called a 0-sequence if
cg=0forany t <0,co=1and ¢,y < 7 Vi > 1.

and thus we get

In order to state the next theorem in all its generality, we need to give the
definition of order ideal of monomials.

Definition 1.1.22. Let K be a field and M C K|[zy,...,z,] a non-empty set of
monomials in the variables x, . .., x,. We say that M is an order ideal of monomials
if the following condition holds:

mée M,m'|m=m'e M.

Note that, in general, an order ideal of monomials is not an ideal. As we
mentioned above, these definitions allow us to characterise the Hilbert function via
the following famous theorem, originally stated by Francis S. Macaulay in [88] and
then rephrased by Richard P. Stanley in [99].

Theorem 1.1.23. Let
N

_>
—  hy

and let K be any field. The following conditions are equivalent:

h: Z
t

1. There exists a standard graded algebra A with Ay = K and with Hilbert func-
tion h.

2. The sequence (hy)iez s a 0-sequence.

18
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3. hy=0 foranyt <0, hg =1 and hy 1 < h™ for any t > 0.

4. Let s = hy and, for each t > 0, let M, be the set of the first hy monomials
in the variables xq, ..., xs_1 with respect to the graded reverse lexicographic
order. Then the set

M = U M,

>0

is an order ideal of monomials.
Proof See [99], Theorem 2.2. n
Example 1.1.24. We consider the sequence (h;);cz defined by the following table

t |0 1 2 3 4 t>5
he|1 4 9 16 19 4t+1

Table 1.1: An example of 0-sequence

and we ask if there exists a standard graded algebra having (h;)cz as Hilbert
function. By Theorem 1.1.23 it is enough to check that h;,; < A" and, in fact,
we have

hil? =452 =10> 9 = hy
hy*> = 9<%> =16 > 16 = hs
hy> = 16% =25 > 19 = hy
hi*> = 19<% =26 > 21 = hs,.

Moreover, one can see that h; < hft> for any t > 5 and thus there exists a
standard graded algebra with Hilbert function (h;);cz. The proof of Theorem 1.1.23
also gives us a way to explicitly construct such a standard graded algebra; we
describe the construction just in this specific example without any presumption of
generality, which would be outside the purposes of this thesis. First of all, since
hy = 4, we work in the algebra R = Clzg, x1, 2, z3], although for this construction
we could use any other base field. Consider the monomial ideal I C R whose
generators are defined as follows: for any ¢ > 1 a monomial in R; is a generator of
I if and only if it is one of the last (3;”) — h; monomials of R; with respect to the
graded reverse lexicographic order. We describe more in details the first steps of

the construction of I.

o« t=1
We have
Ry =< o, 71,73, 74 >

and (34{1) — hy =4 —4 =0 so that I have no generators of degree 1.
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o t =2
We have

2 2 2 2
Ry =< x3, xo71, ¥, ToTa, X122, T3, ToT3, T1T3, Tol'3, T3 >

and (3;2) — hy =10 — 9 =1, so that the only generator of degree 2 of I is 2.

e t =3
We have

3 ,.2 2 .3 .2 2 2 2 .3 .2

2 2 2 2 2 3
ToT1T3, T1T3, ToT2T3, L1X2T3, ToX3, Loxy, T1T3, T2T3, Ty >

and (3J§3) — hy = 20 — 16 = 4 so that we have to add to I the generators

Tox3, 1173, Tox3 and T3,

By Dickson’s Lemma I has a finite basis of monomials and thus the procedure
ends, that is, there exists a degree ¢ such that any generator of degree t > £ can be
obtained by the generators of smaller degrees. In particular, more computations
show that is enough to reach the step ¢ = 7 to determine [ and finally one finds

2 .3 2 2 2 2 4 3
I = (.733,.’E2x37$1l‘2$3,l’0$2$3,$1$2$3,1'0.%1.’1321'3,$0$2$3,$1x3,$01‘1$3,
2,2 3 4 6 5 5 ,.3,.4

and the standard graded algebra we were looking for is R/I.

1.1.2 The first difference function

In this subsection we analyse the first difference of a Hilbert function or, equiv-
alently, of a 0-sequence.

Definition 1.1.25. If M is a finitely generated R-module then the first difference
of its Hilbert function is the function AH () := Hpy(t) — Hpy(t — 1),

For the first difference of the Hilbert function of a scheme X we use an analogue
notation. We define the first difference of a 0-sequence as follows.

Definition 1.1.26. Given a O-sequence (¢;);cz we define its first difference to be
the sequence of integers (Ac;);ez defined as A, = ¢ — ¢—;.

Remark 1.1.27. If A is a reduced standard graded K-algebra, then there exists a
non-zero-divisor ' € A; and the sequence

0 —— A(-1), —£= A, —"— (4/(F)), —— 0

is exact for any t € N. As a consequence, we get
AHA(t) = Ha(t) = Ha(t — 1) = Hayr)(t)
so that, in particular, AH4(t) is itself a Hilbert function.
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The previous remark shows that a necessary condition for a 0-sequence (¢;)ez,
to be the Hilbert function of a reduced standard graded K-algebra is that (Ac;)sez
is a 0-sequence but, actually, even more is true. For this purpose, we recall the
definition of differentiable 0-sequence.

Definition 1.1.28. A 0-sequence (¢;)iez is called a differentiable 0-sequence if its
first difference (Ac;)iez is a O-sequence.

A.V. Geramita, P. Maroscia and L. G. Roberts proved in [67] that being a
differential 0-sequence is also a sufficient condition for a 0-sequence to be the Hilbert
function of a reduced standard graded K-algebra; in particular, they proved the
following theorem.

Theorem 1.1.29. Let K be an infinite field and let (¢;)iez be a differentiable 0-
sequence with ¢y = n + 1. There exists a radical ideal I in Kz, ..., x,] such that
(¢t)iez 1s the Hilbert function of K[z, ..., x,]/I.

Proof See [67], Theorem 3.3. u

Hence, differentiable 0-sequences completely characterise the Hilbert functions
of reduced standard algebras.

Remark 1.1.30. The first difference of the Hilbert function of a scheme also has a
geometrical interpretation. Let X C P" be a variety and let o : F' = 0 be a general
hyperplane in P". Since X is a reduced scheme, R[X] is a reduced C-algebra and
[F], the equivalence class of F' in R[X], is a non-zero-divisor. As a consequence, we
have

AHx(t) = Hgxqe (1),

that is, AHx(t) is the Hilbert function of the generic hyperplane section of X. Thus,
if X is reduced, one can study AHx rather than Hx. Indeed, Hx(t) can be totally
recovered by AHx(t) through the formula

FiAlt) = 3" AH (1)

1=0

but AHx(t) is the Hilbert function of a variety whose dimension is one less than
X and embedded in a P!, In more algebraic terms, when we work with AHx(#),
we have one variable less and the degree of the Hilbert polynomial is one less than
the previous one.

1.1.3 Castelnuovo Functions

The study of Hilbert functions of O-dimensional subschemes of P? goes back to
G. Castelnuovo, see for instance [42], and still plays an important role in Algebraic
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Geometry. It is a very powerful tool allowing a deep understanding of the geometry,
for example, of point configurations in P? and it also provides several numerical
invariants of O-dimensional subschemes of P?. In this subsection we recall some
results that we will need in the next chapters; for a more detailed treatise we refer
to [50] and [83], this subsection being a short summary of these two papers. Let us
start with some definitions.

Definition 1.1.31. Let X be a 0-dimensional subscheme of P2. We say that a
curve C € L, (recall Notation 1.1.13) defined by F' € Ry is a fized curve of L(X)
if every member of £,(X) contains C or, equivalently, if Z(X), C R, _4F for every
s < t. If C is the greatest common divisor of £;(X) (viewed as a set of divisors) or,
equivalently, if F' is the greatest common divisor of the set of polynomials Z(X),,

then we say that C is the fized curve of L£(X).

Definition 1.1.32. If X is a 0-dimensional subscheme of P? we set:
o a(X) :=min{t | Li(X) # 0};
o [(X) :=min{t | L(X)

has no fixed curve};

e 7(X) := min{t | Hx(t) = ((X)} = min{t | h'(Ix(¢)) = 0}, that is 7(X) is the
regularity index of Hx(t).

One has a(X) < f(X) < 7(X) 4 1, where the first inequality is immediate from
the definition and the second one follows from the fact that Z(X) is generated by
forms whose degree is at most 7+ 1 (see [51] (3.7)). We are now ready to introduce
the notion of Castelnuovo function and some of its properties.

Definition 1.1.33. If X is a O-dimensional subscheme of P2, the first difference
AHx(t) is called the Castelnuovo function of X.

Remark 1.1.34. The Castelnuovo function of a O-dimensional subscheme X of P?
can also be interpreted as a measure of the trend of the speciality of X with respect
to the curves of degree d. Indeed, we have

AHx(t) = Hx(t) — Hx(t — 1) = £(X) = h*(Tx(t)) — (((X) = h'(Tx(t — 1)) =
= h'(Jx(t — 1)) — A (Tx(1)).

The following theorem is a collection of results on the Castelnuovo function of a
O-dimensional scheme. They are mainly due to P. Dubreil (see, for instance, [56]),
which is why we refer to the theorem as Dubreil Theorem, while the form in which
we state the theorem is the same used by E. Davis in [50] and by E. Davis, A.V.
Geramita and P. Maroscia in [51].
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Theorem 1.1.35 (Dubreil). For any 0-dimensional scheme X C P? one has:
o« AHx(t) >0 for anyt € Z and AHx(t) # 0 < 0 <t < 7(X);
o AHx(t)<t+1 foranyteZ and AHx(t) =t+1<0<t<aX)—-1;

)
AHx(t) < AHx(t — 1) for any t > a(X);
AHx(t) < AHx(t — 1) for any f(X) <t < 7(X) 4+ 1;
d
e Y AHx(t) < U(X) and the equality holds if and only if d > 7(X).
t=0
Proof See [50] (2.1). n

Actually, in [50] the author also proved other results on Castelnuovo functions
that we recall in Proposition 1.1.37.

Definition 1.1.36. Given any function f : Z — N we denote by f;(t) := min{ f(¢), d}
the truncation of f at d.

Proposition 1.1.37. If X is a 0-dimensional subscheme of P2, then the following
hold:

o Ifd < aX) andC € Ly, then {(XNC) < 4(X). Moreover, if the equality holds,
then AHxnc(t) = AHx(t)q and C is a fized curve of L(X) for every t such that
AHx(t) > d,'

o IfC € Ly is a fixred curve of L+(X) and t > a(X) then d < AHx(t) and if the
equality holds then (X NC) = £4(X);

o If AHx(t) = AHx(t — 1) # 0, then S(X) > t > «(X) and the fized curve of
L:(X) has degree AHx(t);

o If a(X) < B(X) and AHx(B(X)) = AHx(B(X) — 1) — 1, then the fixed curve of
Lsx)-1(X) has degree AHx(5(X) —1).

Since Theorem 1.1.35 gives a complete characterisation of Castelnuovo func-
tions, B. Kreuzer and M. Kreuzer gave, in [83], the definition of Castelnuovo func-
tion with assigned invariants a and 7. The definition below is equivalent to the one
given in [83], but slightly different in order to preserve consistent notations with
respect to Dubreil Theorem.

Definition 1.1.38. Let ap, > 1 and 7, > a3, — 1 be natural numbers and

h: Z — N
t — h(t)

be such that
23



Preliminaries

e h(t) >0foranyt € Zand h(t) #0 < 0 <t <y
e h(t)<t+1lforanyte€Zand h(t)=t+1<0<t<a,—1;
o h(t) <h(t—1) forany ap, <t <7, + 1.

Then h is called a Castelnuovo function with invariants «y and 7.

Given a Castelnuovo function h, in [83] the authors introduced some 0-dimensional
subschemes of P? associated to h and defined as follows.

Definition 1.1.39. Let K be an algebraically closed field of arbitrary characteristic.
Let h : Z — N be a Castelnuovo function with invariants oy and 75, and let

{807817"'757'h} QK, {t(]atl)"')tah—l} QK
be sets of pairwise distinct elements. The reduced 0-dimensional subscheme of P?
X(h) = {[1,s:,t;] €P* [0 <i+j <7, 0< 5 <h(i+j)}

is called the Castelnuovo set for h with parameters so, ..., s,

Land to, ..., ta,—1-

Castelnuovo sets allow to construct 0O-dimensional subschemes of P" with a
prescribed Castelnuovo function, as shown by the following theorem.

Theorem 1.1.40. Let K be an algebraically closed field of arbitrary characteristic.
If h is a Castelnuovo function with invariants oy and 1, and so,s1,...,5;, € K
and to,t1, ..., ta,—1 € K are pairwise distinct elements, then the Castelnuovo set
X(h) for h with parameters sg, ..., Sy and to,...,tq,—1 has Castelnuovo function
AHyxy = h. Moreover, if we set m(i) = min{n > oy, | h(n) < i}, we have

Z(X(h)) = (Fy, ..., F,,)
where

m(i)—i—1
F, = H (x1 — tjzo) Hxl—s]xo

J=0

Example 1.1.41. Let us consider, over C, the Castelnuovo function A : Z — N
defined by the following table

t |01 23 45 6 t>7
ht)[1 2 3 4 43 2 0
Table 1.2: An example of Castelnuovo function

We want to construct a Castelnuovo set for h above. Since h(t) =t + 1 if and only
if 0 <t < 3 we have, by definition, that «; = 4 and since h(t) # 0 if and only if
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0 <t < 6 we have, again by definition, that 7, = 6. To construct a Castelnuovo
set associated to h we have to choose the two sets of pairwise distinct elements
{s0,81,---,86} C C and {to,t1,t2,t3} C C and the easiest way to do that is to
choose s; = 4 for any 0 < i < 6 and t; = 7 for any 0 < ¢ < 3. In doing so, the
Castelnuovo set associated to h with respect to the chosen parameters is

Xo={[L,i,j] €P*|0<i+j<6,0<j<h(i+])}
and its affine representation is

N N N N
AN AN AN N

Figure 1.1: The Castelnuovo set associated to h

1.2 Fat Points

Among all the O-dimensional schemes there is a very interesting family, that of
fat points, which, due to its large number of interactions in different fields of Alge-
braic Geometry, deserves a more in-depth study. Historically, these O-dimensional
schemes were introduced in the study of linear systems of hypersurfaces of P"* with
a fixed set of singularities; let us see this in more detail.

Notation 1.2.1. For the ideal of a reduced point we use a specific notation, that
is, if P is a point of P" we will denote by g its ideal Z(P).

Remark 1.2.2. We fix a point P in P" defined by the ideal g and, up to a projec-
tivity, we can suppose P = [1,0,...,0] and p = (x1,22,...,2,). Any F € g, can
be written as

d
F=ui " fi+ad ot +mofor+fa=>257f
j=1
with f; € Clxy,...,2,];. The hypersurface defined by F' has a singularity at P if

and only if
oF

al’i

(P)=0foranyi=1,...,n
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and we have

= d j—1 8F d-1
(d—J P)=S(d—)f0,....00=0
e, -2 ;= 5o ®) = L {d=0)f(0....0)
8F d d—]af] F d 8f 8f1 '
- P) = 2(0,...,0) = f =1,...
oz, j:1xo Bz, = 8xi( ) ; D, (0,...,0) B, or any 1 )

so that P is singular for the hypersurface defined by F' if and only if

9

3 —0foranyi=1,....,.na fi =0& F € p*.
T

This shows that (p?); is the linear system of the degree d hypersurfaces of P"
having a singularity at P or, equivalently, that all the hypersurfaces of P" having
a singularity at P contain the 0O-dimensional scheme defined by @2 A similar
argument shows that, more in general, (p™)4 is the linear system of the degree d
hypersurfaces of P* having at P a point of multiplicity at least m. Note that all the
ideals p™ are p-primary, that is they are primary and /p™ = p. This discussion
justifies the following definition.

Definition 1.2.3. Let P € P" be a point defined by the prime ideal p € R. If m
is any positive integer, then the subscheme Proj(R/¢™) of P™ is called the fat point
of P supported on P of multiplicity m and it is denoted by mP.

From the point of view of the Hilbert function, a fat point of multiplicity m

behaves like (ngf;l) reduced points, as shown by the following lemma.

Lemma 1.2.4. Let P € P*. Then H,,p(t) = min{("”), <"+m_1)}.

t m—1

Proof We can suppose P = [1,0,...,0] so that p = (xy,...,2,). We start by
computing dim(p™); for any ¢ € N. Clearly, if ¢ < m then we have dim(p™); =
and thus we can suppose, for the moment, ¢ > m. The vector space (p™); can be
written in the following way

(™) = Clz1, ..., 20t ® 20Clz1, .. Tt B -+ Dl "Clan, .., Tolm

S0, as a consequence, we have

dim(pm)t:i(n_,1+i>zz<n_1+z> 7”2:1<n—}+i>:

i=m ¢ =0 i=0
_(n—1+t+1> (n—1+m—1+1> (n ) <n+m—1>
- t B 1
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where the second equality follows by the hockey-stick identity. Hence, we have

) _ et ift<m
H,p(t) = dim Ry — dim(p™); = {Eni2—1> £1>m

m—1

Clearly we can consider a scheme made up of more than one fat point.

Notation 1.2.5. If X and Y are two projective subschemes of P", we denote by
X + Y their schematic union, that is, the closed subscheme of P™ defined by the
ideal Z(X) N Z(Y).

Definition 1.2.6. Let Py, ..., P, be distinct points in P™ and let my, ..., ms € Ny,.
The subscheme of P"

m1P1+m2P2+'--—i—msPs

is called a scheme of fat points in P".

Inspired by Lemma 1.2.4, one can wonder if s fat points in general position and
of multiplicity my, ..., mg in P" have the same Hilbert function of

i<n+mi—1>

s\ il

reduced points in general position in P". Unfortunately, however, the answer to
this question is negative, and the situation is much more complicated, even though
there are two notable results due to J. Alexander and A. Hirschowitz: the first one
classifies, for m; < 2 for any ¢ = 1, ..., s, all the cases when the Hilbert function is
not the expected one, while the second one is an asymptotic result.

Theorem 1.2.7 (Alexander-Hirschowitz). Let X be a scheme of s double points in
general position in P™. Then,

Hx(t) = min { (n;i—t)) (n+1)s, }

except in the following cases:

o t=2,2<s<mn and in this case Hx(2) =

/N

n;Z) . (n—;+2);
e n=2,t=4, s=5 and in this case Hx(4) = 14;
e n=23,t=4, s=9 and in this case Hx(4) = 34;

e n=4,t=3, s=7T and in this case Hx(3) = 34;
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e n=4,t=4, s =14 and in this case Hx(4) = 69.

Proof The original proof of the theorem can be found in [7], while more self-
contained explanations and proofs of the theorem can be found in [26] and in [91].m

Unfortunately, up to our knowledge, there is no analogous result for higher
multiplicities of the points. However, the following two theorems, again due to J.
Alexander and A. Hirschowitz, give an asymptotic behaviour of the union of fat
points of any multiplicity.

Theorem 1.2.8 (Alexander-Hirschowitz). For any m > 0 there exists to such that
any scheme of fat points

X=miPi+moPs+ - +mgPs

with m; < m foranyi=1,...,s and the P;’s in general position in P™ has Hilbert
function

Hx(t) = min , Vit > tp.

o =mn{("V) (") ez

Proof This theorem is a special case of the much more general Theorem 1.1 in [4].
n

The previous theorem can also be stated in a more or less equivalent formulation
as follows.

Theorem 1.2.9 (Alexander-Hirschowitz). For any m > 0 there exists an integer
¢ such that any scheme of fat points

X=mi P +moPs+ -+ msPs

with m; < m for any i = 1,...,s, the points P;’s in general position in P" and
(X)) > ¢ has Hilbert function

HX(t):min{<nz_t>,i<n+mi_1>} VtezZ.

i—1 m; — 1
Proof This theorem is a special case of Corollary 1.2 in [4]. n

These two theorems stress that the defective cases appear only for low degrees
and low lengths of the scheme.

We conclude this section giving a way to graphically represent a fat point in
P? and, more in general, the 0-dimensional subschemes of P? whose support is just
one point and whose defining ideal is monomial.
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Remark 1.2.10. Let us consider X = Proj(R/p) a 0-dimensional subscheme of
P? supported at just one point which, up to projectivity, we can suppose to be
P = [1,0,0] and such that g is monomial. Since X is supported at just one point,
representing it is equivalent to representing X, the affinised scheme of X in the
affine plane A? with coordinate ring R = Clz, y|, where z = i—é and y = i—i Since p
is monomial, its dehomogenised p with respect to xy is monomial too, that is there
exists a set A C N? such that

o= (2"y)ijea € R
and, since R is Noetherian, we can suppose that A is finite, say

A= {(ilajl)a tet (27“7]7“)}

Clearly, if (/,j') € A then any generator of the form z'y’ with ¢ > i’ and j > j'
is redundant, thus can be removed and in this way we can suppose that i,, # i,
and 7, # jp for any m,n =1,...,7, m # n. At this point we can order A so that
i1 <1y < --- <1, (as a consequence, j; > jo > --- > j,.) and setting in the plane N?
all the points (i1,71), ... (ir, J») we will never find two distinct points among these
having at least one of the two coordinate equal, that is, none of the lines joining two
of the points will be vertical or horizontal. Finally, for any m =1,...,r—1 we draw
the segment joining (4,,, jm) t0 (im+1, Jm) and that joining (4,41, Jm) 10 (Tma1s Jma1)-
In doing so we obtain a figure similar to a stair that can be interpreted as follows:
the monomials contained in the stair are all and only the ones not contained in [
and the number of squares inside the stair equals the length of X.

Example 1.2.11. Let us consider the fat point mP € P? with P = [1,0,0]. Its
defining ideal is " = (x1, z2)™ whose dehomogenised with respect to xq is

gm — (x7y)m — (me,l'm_ly, o ,xym_l, ym)

so that its graphic representation is

m
Yy

zy™

™

Figure 1.2: The graphic representation of mP € P?
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Note that the number of inner square of the stair is exactly

e ()

according to Lemma 1.2.4.

1.3 Apolarity Theory and Inverse Systems

A very powerful tool to study many questions concerning 0-dimensional sub-
schemes of P" is given by the theory of Apolarity and Inverse Systems, originally
introduced by Macaulay and then rediscovered and applied to the study of 0-
dimensional schemes by A. Iarrobino. In this section, we give a quick overview on
this topic using as main reference [66]. We only treat the case when the base field
is C, but a much more general theory has been developed for an arbitrary base field.

Since in this and other sections we need to deal with different polynomial rings,
some of which will be considered as coordinate rings of projective spaces, others as
rings of polynomials and others as rings of derivations, we fix now some notations
in order to avoid ambiguity and confusion.

Notation 1.3.1. For any n € N we denote by 7T the ring 7" = Clyy, . . ., y») and we
think of the elements of T" just as polynomials. We write a linear form F € Tj in
the following form

F =xoyo + T1y1 + -+ + TpYn
so that the variables y; are the indeterminates, the variables x; are the coefficients,

and we think of the projective space P" having as coordinate ring R = C[xy, . .., ;]
as the projective space P(T}) through the identification given by

P(T1) 2 [xoyo + 191 + - -+ + TnYn] < [T0, 21, ..., x,] € P™.

n+d
d

space P(Ty) = P(Clyo, ..., ¥nla) and by ay,...,an,, we denote the multi-indices

For any n,d € N5y we denote by N, 4 := ( ) — 1 the dimension of the projective

of {0,1,...,d}"*" such that |a;| = d ordered by the usual lexicographic order.
Moreover, we denote by Ng“ the set of such multi-indices, that is

N3+1:{(’i0,i1,...,’in> GN”JFI|’i0+i1+“'+’in:d}:{()éo,Odl,...,OéNn’d}.

We set

L = ($07"'7xn)
and, if a; = (g, ..., anj), we set

Y =yl
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and analogously for y and y®/. For any multi-index «;; we denote by «;! the number
OZj! = H Ckij!
i=0

and by (dv) the multinomial coefficient

@
(d)_( d )_d!_ﬁ<aoj+---+aij>
Q; QOjy - - o5 O ajl Qij '

A basis of the vector space T, is given by

g J
a;j 5=0,....Nn.q

so that we can write a form G € T}; in the following way

for some coefficients z; € C. We think of PN=¢ as the projective space P(T;) with
homogeneous coordinates [z, ..., zx, ,] through the identification given by
d
P(T,;) >
(Ta) N

J

Nn,d
Z Zj(
j=0

and we denote by S := Clz, ..., 2w, ,] the coordinate ring of P*»¢. Finally, for any
n € N we denote by U the ring U = Clwg, wy, . . ., w,] and we think of its elements
as derivations on 7. We use the notations w and w® analogously to z and x®

Remark 1.3.2. For any n,d € N and for any 8 = (Bo,...,3,) € N;™ and

ie{l,...,n} we set
oy° if B; > 0
wioyﬁzz{ayi !

0 otherwise

)yo‘j] < [20,...,2N4] € PNn.a

Nn,d

The map
o: UxT — T
(F,G) — FoG

obtained by extending in the obvious way the action of the variables wy, ..., w,
previously defined, is an action of U on T and makes 7" an U-module. Note that,
since the action of U lowers the degree, T is not a finitely generated U-module.
Moreover, the action o respects the grading of U and T in the sense that for any
1,7 € N it restricts to
o: UxT; — T
(F,G) — FoG"
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Definition 1.3.3. The map o : U x T' — T is called the apolarity action of U on
T.

We introduce now a lemma, whose proof is trivial, that we will need in the
following.

Lemma 1.3.4. Let 3,7 € N"' (not necessarily with 5| = |v|). If we set
B=(Boy.--y0n) andy = (Yo,.-.,%), then
B .y _ 0 if By
LU=\ Ay |
G-d T

Remark 1.3.5. Since o makes T a U-module, the apolarity action induces a
C-bilinear pairing
U x Ty — C

for any t € N. As a consequence we have two induced C-linear maps:

¢: U — Home(T;,C) or: T, — C

F — Or where G — FoG
and ( )
x: Ty — Home(U;,C xqg: U — C
G o where F o FoG-

Proposition 1.3.6. The C-bilinear pairing U; x Ty — C induced by the apolarity
action is a perfect bilinear paring, i.e. the C-linear maps ¢ and x described in
Remark 1.5.5 are isomorphisms of C-vector spaces.

Proof See [66] Proposition 2.3. u

We are now ready to give the definitions of perp and inverse system.

Definition 1.3.7. Let V' be a vector subspace of U; and W be a vector subspace
of T;. The perp of V' (with respect to o) is the vector subspace of T; defined as

VE={GeT, | FoG=0VFcV}y={GeT|xaV)=(0)}

and analogously the perp of W (with respect to o) is the vector subspace of U
defined as

W ={FeU |FoG=0YGeW}={FecU | pa(W) = (0)}.

Definition 1.3.8. Let I be a homogeneous ideal of the ring U. The inverse system
of I, denoted by I~!, is the U-submodule of T' defined as

I'''={GeT|FoG=0VFclI}.
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Remark 1.3.9. The inverse system of a homogeneous ideal I C U is a graded
submodule of T but, in general, it is not closed under multiplication, i.e. I~!
is not, in general, an ideal of 7. Moreover, unfortunately, I=! is not a finitely
generated U-submodule of T, as the next easy example will show.

Example 1.3.10. Let us fix n = 1, so that U = Clwy,w;] and T' = C[yo, y1| and
let us consider the ideal I = (wy) C U. By definition, we have

[_1:{G€T’8G20}
Yo

and easy computations show that

(e 9]

I"=Cao@yo oo = G_9<yi>-

In particular, I=! is not finitely generated as U-submodule of 7" and it is not an
ideal of T

As their definition suggest, the perp and the inverse system are related, as shown
by the following proposition. Also note that, since I~! is graded, the proposition
gives a way to construct, grade by grade, the entire submodule 771,

Proposition 1.3.11. If I is a homogeneous ideal of U, then (I7'), = I;-.

Proof See [66] Proposition 2.5. n
Remark 1.3.12. Let us consider a homogeneous ideal I C U = Clwy, . .., w,]. We
have

dim(I™"), = dim [;* = N,,;, — dim [, = dim R;/I, = Hg/(t),

where the first equality follows from Proposition 1.3.11 and the second from the
fact that o : Uy x T, — C is a perfect pairing. Clearly, this can be used in two
directions: on the one hand we can compute Hp//(t) by discussing the dimension
of the inverse system of I, on the other hand we can compute the size of (I71); if
we know Hp/r(t).

Remark 1.3.13. Using Remark 1.3.12 we can find a necessary and sufficient condi-
tion for an ideal I C U to have a finitely generated inverse system. Indeed, keeping
in mind that the apolarity action lowers the degree of polynomials, we have that
I7! is finitely generated as U-submodule of T if and only if dim(7~1); = 0 for all
t > 0 and, by Remark 1.3.12, this happens if and only if Hg,;(t) = 0 for all £ > 0.
But this is true if and only if I is an artinian ideal, so that one has

I7! is finitely generated as U-module < [ is an artinian ideal.
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Remark 1.3.14. We can use Proposition 1.3.11 to characterise the inverse system
of a monomial ideal I C U. Since [ is monomial, for any ¢ € N there exists
A, € N7 such that

[t = <waj>aj614t

and by Lemma 1.3.4 we easily find that

It = @%)weNﬁl\At

and thus, by Proposition 1.3.11, we get

= @(1_1)75 - @[f - @<Haj>ajeNf+1\At - (yﬁ | w” ¢ 1).
t=0 t=0 t=0

The perp has a good behaviour with respect to the intersection and the sum of
vector spaces, as shown by the following lemma.

Lemma 1.3.15. Let Wy and Wy be two vector subspaces of Ty, or of U;. Then the
following hold:

(Wl N WQ)J_ == Wll + WQJ_ and (Wl + WQ)J_ == le_ N WQJ_

Proof See [66] Lemma 2.7. u

The inverse system of the intersection of two ideals can be computed using the
following proposition, which follows immediately from Lemma 1.3.15.

Proposition 1.3.16. Let I and J be ideals of U. Then
InJ)yt=1rt+J"

We conclude this section describing the inverse system of a union of fat points.
In order to preserve the coherence with the previous notations and with how we
defined inverse systems, we consider fat points in the projective space P(U;) thus
defined by ideals of U. However, when in the following we will deal with fat points
of P = P(77) we will be able to apply all the results of this section using the trivial
isomorphism P(U;) = P(T).

Theorem 1.3.17. Let Pi,..., P be points of P(Uy) with Z(P;)) = g; and let
mi, ..., mg be positive integers. Suppose that P; = [pio, i1, - - -, Pin) and set

Lp, = pioyo + pinth + -+ + Dinyn € T1
and I = M N-.npmstl € U. Then we have
(1), = T; for j < max{m,}
b LM T A+ L ™ T, for j > max{m; + 1}
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Proof See [66] Theorem 3.2. u

Corollary 1.3.18. Let {L1,...,Ls} be a general set of linear forms in Ty. Then,
for any integer t, the vector space V. =< LY, ... L. > has the maximal possible
dimension, i.e.

dim¢ (V') = min{s, dimc¢ 73 }.

Proof See [66] Corollary 3.7. u

1.4 Veronese varieties

As its name suggests, the Veronese surface was originally introduced and studied
by G. Veronese in [105] and [106]. The definition was then extended to the more
general class of Veronese varieties that are interesting thanks to several peculiar
characteristics, that we discuss in this section.

Definition 1.4.1. For any n,d € Ny the (n,d)-Veronese embedding is the map

Und ' P — PNn.d
[0y ...,xp] — [z%0,... &% Nnd]

and the (n, d)-Veronese variety is V,, 4 == vy, 4(P™).

It is easy to show that V,, 4 is a variety and that v, 4 is an isomorphism of
algebraic varieties between P and V,, 4; see [97], §4.4, Example 1.28 for a detailed
proof.

Remark 1.4.2. Given a linear form
F=xoyo +x1y1+ -+ xuyn €T
by the multinomial theorem we have
n d Nn,d d Nn,d d
F'= <Z$zyz> = Z ( )xajyaj = Ziaj << )yaj> .
i=0 j=0 \%j - j=0 @)
Thus, using the identification mentioned in Notation 1.3.1, we have

P(T,;) > F ¢ [z, ..., 2%Vna] € PNnd

Vn,d ([0, Zn])
so that another way to see the Veronese embedding is the following

Und: ]P(Tl) — P(Td)
L] = L9
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and Veronese varieties can be thought of as the varieties parameterising powers of
linear forms.

This point of view on Veronese varieties immediately brings with it another one
connected to tensors. Indeed, the polynomial algebra T' is isomorphic as graded
algebra to the symmetric algebra

Sym(T) = é Sym'(Th)

=0

and, more in particular, we have T; = Symd(Tl) as vector spaces. In light of this,
we could also see the Veronese embedding as

Und P(Sym'(Ty)) — ]P’(Symd(Tl))

[v] = v ®u -

d times

We will mainly use the first or the second point of view; the purpose of introducing
the last is just for the sake of completeness and coherence with Segre and Segre-
Veronese varieties.

Remark 1.4.3. Let us consider a hypersurface C in P" defined by the polynomial
F e Ry. If we write F' as

Nn,(i
F=Y a
=0

we can construct the linear form

Nn,d
Lin(F) := Z a;z; €51

i=0
defining a hyperplane He in PV~ and an easy check shows that
I/n’d(C) = HC N Vn,d-

In particular, if we now consider another hypersurface D in P" defined by the
polynomial G € R4 and we define the hyperplane Hp analogously to He, we find
that

z/n,d(C N D) =HeNHpNV,4.

Hence, the embedding v, 4 allows to translate problems concerning intersection of
hypersurfaces of degree d in P" into problems concerning intersections of hyper-
planes in PV»d with the Veronese variety Vid-

A first important property of Veronese varieties is described by the following
proposition.
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Proposition 1.4.4. Let Py,..., P, € V,,q C PNnd be distinct points in V4. If
s<d+1, then dim L(Py,...,P;) =s— 1.

Proof It is enough to prove the statement for s =d+ 1. Forany s =1,...,d+ 1
we set Qg = V;}I(PS) C P* and for any s = 1,...,d let F, € T; be a linear form
such that Fy(Qs) = 0 and Fs(Qsy1) # 0. The form

d
FZ:HFSGTd

s=1

defines, as in Remark 1.4.3, a hyperplane of PV¥»¢ containing the linear space
L(P,...,P;), but not Py, and this ends the proof. [ ]

We now state a useful proposition providing a link between Veronese embedding
and Apolarity Theory; note that in this case, the considered apolarity action is the
one of U on the ring R, which is obviously analogous to the apolarity action of U
onT.

Notation 1.4.5. Given X a projective subscheme of P", we denote by L(X) the
smallest linear projective subspace of P" containing X.

Proposition 1.4.6. Let X be a projective subscheme of P"*. Then
L(vn4(X)) = P(Z(X);) € P(Ua)
and the isomorphism is natural.

Proof Given the scheme X and its ideal Z(X) = (F}, ..., Fs), we denote by r the
number r := [{F € {Fy,..., Fs}, deg(F) = d}| and, up to a change of the order of
the generators, we can suppose that deg(Fy) = deg(Fz) = --- = deg(F,) = d. We
write the polynomials Fi, ..., F, as

Nn,d
Jpp— i
Fy = Z Qij L
1=0

and we set
Nn,d
Hi = Lm(E) = Z Q524
i=0
for any j = 1,...,r. Using the same argument of Remark 1.4.3, we get

Z(Wna(X))y = (Hy,Ho, ..., H,) C S
and, since L(v, 4(X)) = V(Z(v,.4(X))1), we find

1=0

Nn,d
L(v,,4(X)) = {[Zo, N, EPY | S g =0V =1, ,r} =
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1=0

Nn,d
GHJ)Nn,d ’ Zaijzizovj: 17.__’7*} QPNn,d.

[E()e

Now we pass to describe the vector subspace Z(X)+ C U;. We have
I(X)y=(F1,..., F)

and, by definition of perp and Lemma 1.3.15, we obtain

100F = V()i = NG € Ua| GoFy =0},

A generic G € Uy can be written as (recall the notation a; = (o, - .., Q4n))
Nn,d d o
G = Z t; w
i=0  \%
and for any j = 1,...,r we have
Nn,d d Nn,d d
GOF}-:Zti( )waiozaijak: Z akjti< >wai0$ak:
i—0  \% k=0 0<i<N, 4 i
0<k< Ny
d Nn,d d Nn,d
Z (ijti O{klélk = Z Clij Cklltl = d‘ Z aijti
0<i<Nn.q & i=0 Q i=0
0<k<Ny.a
where 0, is the usual Kronecker delta. Thus, we get
N”Lyd d Nn,d
I(X)j‘g{ZlZ( )waiGUdlZaijti:()Vj:l,...,r}.
=0\ i=0

Hence, the linear projective subspace P(Z(X)7) C P(Uy)) is naturally isomorphic
to L(vp,q(X)) via the trivial identification y; <+ w; and this concludes the proof. m

Notation 1.4.7. In light of the proof of Proposition 1.4.6, we use in P(U,) an iden-
tification analogous to the one we introduced for P(T};). More precisely, we identify
P(T;) with P¥»¢ endowed with homogeneous coordinate [to, ..., tx, ] through

Np.a
> tj(
j=0

In fact, we will need to work in P(Uy) only in Chapter 3, and there we will use the
natural isomorphism given by Proposition 1.4.6. Hence, we will never again use ho-
mogeneous coordinates [to, ..., ty, ] in PY»<, but we will always use [z, ..., 2w, ]
as in Notation 1.3.1. (We gave this notation just to make things clearer and to
stress the identification used in the proof of Proposition 1.4.6.)
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1.4 — Veronese varieties

1.4.1 Waring problem and secant varieties of V,, 4

In 1770 the British mathematician E. Waring, in his book Meditationes Alge-
bricae, stated that every natural number is a sum of at most 9 positive cubes and
of at most 19 fourth powers and supposed that, for every natural number d > 2,
there existed a number g(d) such that every natural number is a sum of at most
g(d) d powers of natural numbers. Waring did not prove any of these statements
that, nevertheless, turned out to be true, as proved by D. Hilbert and other math-
ematicians.

We can follow Waring’s footsteps and pose a similar question in the context of
homogeneous polynomials.

Definition 1.4.8. Let F' € T; be a homogeneous polynomial of degree d. The
Waring rank, or symmetric rank, of F', or simply the rank of F', is defined to be the
number

stk(F) = min{r €N |3 Ly, Lo, ..., L, €T such that F' = ZL?} :
i=1
Note that the well-posedness of the definition follows by Corollary 1.3.18. When
no confusion can arise, we will refer to the Waring rank of a polynomial F' just as

the rank of F'. The reason why the Waring rank is also called symmetric rank is
explained by Remark 1.4.16.

Remark 1.4.9. Clearly, given F' € T, and A € C*, one has srk(F) = srtk(AF) or,
in other words, stk(F) = stk(G) for any G € [F] € P(T;) = PN»4. Hence, in some
sense, the notion of Waring rank is a “projective” notion, and when one deals with
problems regarding the Waring rank, one can work in PV rather than Tj,.

At this point we can ask two questions:

» Does there exist a minimum integer g(d) such that srk(F) < g(d) for all
[F] € PNna ?

« Does there exist a minimum integer G(d) such that there exists a non-empty
Zariski open subset W of PNnd such that stk(F) < G(d) for all [F] € W ?

Clearly, one has G(d) < g(d) and Corollary 1.3.18 guarantees that g(d) exists and
that g(d) < dim 7T}. Questions related to G(d) and g(d) or, more in general, to the
Waring rank of homogeneous polynomials are all called Waring problems.

Now we want to highlight the link between Waring problems and Veronese
varieties and the consequent usefulness of the Veronese variety geometry knowledge
in the study of the Waring problems. This link is mainly given by secant and
osculating varieties of Veronese varieties and by the fact that, as we have already
said, the points of Veronese varieties can be seen of as powers of linear forms. Let
us clarify what we mean.
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Definition 1.4.10. Let X C P" a projective variety. We define

V(X)) = U L(Py,...,P)
Pi,...,PseX
P;#P; for i#j

and -
0s(X) := 0V CP".

The variety o,(X) is called s-secant variety of X. Moreover, given a point P € P"
we say that the X-rank of P is the minimum integer 7 such that P € ¢%(X), and
the X-border rank of P is the minimum integer ' such that P € o,/ (X).

As we will soon see, the notion of border rank is strictly necessary, since it can
be different than the rank.

The s*"-secant variety of a variety X has an expected dimension obtained by a
rough computation of the parameters, but it can happen that the true dimension
of the secant variety is less than the expected one.

Definition 1.4.11. Let X C P" be a projective variety. The expected dimension of
05(X) is
expdim(o4(X)) := min{s(dim(X) + 1) — 1,n}

and the number
d(05(X)) := expdim(os(X)) — dim(os(X))

is called the defect of o4(X). If §(04(X)) > 0, then the variety o4(X) is called
defective.

The effective dimension of a secant variety can be computed by using the famous
Terracini Lemma. To recall this result, we first introduce the osculating spaces to
a variety, which we will also use in the section on osculating varieties.

Definition 1.4.12. Let X C P" a projective variety and P € X. The k*"-osculating
space to X at P is the projective linear space

Tk7p(X) = L((k + 1)P N X)

Note that 7 p(X) is the classical tangent space to X at the point P; see [59]
§I11.2.4. for more details.

Lemma 1.4.13 (Terracini Lemma). Let X be a variety in P™ and let py,...,ps € X
general points and z € L(p1,...,ps) a general point. Then

71,2(06(X)) = L(71,(X), -, 715, (X)).
Now we analyse in more detail the secant varieties of Veronese varieties.
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Remark 1.4.14. Let us now consider the s'"-secant variety of the Veronese variety
Vi.d- Keeping in mind that we can view V,, 4 as

Via={[LY| LT} CPVnd

we have

Jg(vn,d) = U L([Ltli]v SRR [Lgl]) =

[LilL“'v[Llsi}GVn,d

> ;L]

j=1

- {[F] & P | [F] =

for some a; € C, L; € Tl} =

= {[F] € PNnd | srk(F) < s}

that is 0%(V,,4) is the set of the degree d form of T, having Waring rank equal or
less than s and in particular we have

o\ ooy = {[F] € P | stk(F) = s}

and hence the Waring rank coincides with the V,, ;-rank. This characterisation of
02(Vp.a), together with Corollary 1.3.18, gives the following chain of inclusions

Vn,d - 0-(1)(Vn,d) g Ug(vn,d> g e g U?(Vn,d> - ]P)Nn’d

for some r < N,, 4 (among all the possible values of r we choose the minimal one)
and, consequently, there exists also ' € N with " < r (we choose again the minimal
') such that

Vid = 01Vng) C02(Voa) C -+ C o (Vi) = PV,

The expected value of 7’ is
min{r € N | expdim(o,(V,,.4)) = Npa}

and, as we will see, this expected value coincides with the actual value of 7’ except
in some classified cases.

Unfortunately, 02(V},4) is not, in general, an algebraic variety so it is easier to
work with its closure o4(V}, 4) but unfortunately, again, the points on the border
of 05(V,,,a) can have a Waring rank greater than s. All this brings us to introduce
another notion of Waring rank: the border Waring rank, which is nothing but the
Vi, a-border rank.

Definition 1.4.15. Let F' € T; be a homogeneous polynomial of degree d. The
border Waring rank of F, or simply the border rank of F, is defined to be the
number

stk(F) =min{r e N| [F] € 6,(V,,a)} .
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Note that, clearly, it is always true that stk(F) < stk(F). As for the Waring
rank, when no confusion arises, we will refer to the border Waring rank of F' just
as the border rank of F.

Remark 1.4.16. Given a symmetric tensor T € Symd(Tl), its symmetric rank
and its symmetric border rank are defined analogously to the Waring rank and the
border Waring rank of a homogeneous polynomial through the secant varieties of
Veronese varieties. Since we have a natural identification between homogeneous
polynomials and symmetric tensors, we use for the symmetric rank and the border
symmetric rank the same notations of the polynomial case, that is srk(7") and
stk(T).

In general, computing the rank or the border rank of a polynomial is very hard,
see [76], but it is possible to determine, at least, the value of G(d) for any d by
using the secant varieties to Veronese varieties and Theorem 1.2.7. Before stating
the theorem giving the exact value of G(d) note that, with the notion of secant
varieties, the numbers g(d) and G(d) can be redefined as follows:

e g(d) =min{r € N| 0%V}, 4) = PVnd};
o G(d) = min{r € N| 0,(V,q4) = PVnd}.

Determining g(d) is harder than determining G(d), since 0?(V}, 4) need not be closed,

and, up to our knowledge, it is still an unsolved problem. To determine G(d) we
need instead to understand when expdim(os(V,,4)) = dim(os(V;,.4)). The key to do
that is the following theorem.

Theorem 1.4.17. Let Py, ..., P; be generic points in P" and
X=2P +2P,+ -+ 2P,.

Then
dim(as(Vnﬁd)) = Hx(d) — 1.

Proof See [66] Theorem 6.1. u

Using this latter theorem and Theorem 1.2.7 one gets the following theorem,
giving all the cases in which o,(V;, 4) is defective and thus all the values of G(d).

Theorem 1.4.18. For anyn,d, s € N it holds that expdim(cs(V,,.4)) = dim(os(V,.4))
except in the following cases:
e d=2,2<s<n and in this case 6(0s(V,2)) = S(ST_I);

e n=2,d=4,5s=>5 and in this case 0(o5(V24)) = 1;

42



1.4 — Veronese varieties

e n=23,d=4,5s =09 and in this case 6(o9(V34)) = 1;
e n=4,d=3,5="7 and in this case §(o7(Vi3)) = 1;
e n=4,d=4,s =14 and in this case 0(014(Vy4)) = 1.

Note that the defectivity in the case n = d = s = 2 is a classical result due to
Severi, who proved in [96] that the Veronese surface V55 C P® is, up to projectivity,
the only irreducible non-degenerate surface, not a cone, of P° whose second secant
variety is defective.

1.4.2 Generalised Waring problem and osculating varieties
of de

Waring problems can be generalised as follows: given F' € Ty and k < d, what is
the minimum r € N for which there exist Lq,...,L, € T} and Fi, ..., F, € T} such
that F = L¢™"Fy + - + LI=*F, ? These kinds of problems are called generalised
Waring problems and as well as the study of Waring problems can be carried out
through the secant varieties of Veronese varieties, so the study of the generalised
Waring problems can be reduced to the study of the secant varieties of the osculating
varieties of V,, 4. Here we will be very concise; a more detailed treatise of this topic
can be found, for instance, in [21] and [46].

Definition 1.4.19. Let X C P" a smooth projective variety. The k*"-osculating
variety of X is the variety

Tk(X) = U Tk,p(X).

PeX

As for secant varieties, we have an expected dimension for the osculating vari-
eties of V,, 4:

k
expdim (7, (V,,.4)) = min {Nn,d, n+ <n :L_ ) — 1} )

In contrast to the case of secant varieties, the osculating varieties of V,, ; are never
defective, as stated in the following proposition.

Proposition 1.4.20. The dimension of 7,(Vy,.q) is always the expected one, that is

dim(73,(V,,4)) = min {Nn,da n+ <n * k) — 1} )

n

Proof See [21] Lemma 3.3. |
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Remark 1.4.21. The relevance of the osculating varieties 74(V}, 4) in the study of
the generalised Waring problems is given by the following fact: if P € V,, 4 is the
point corresponding to [L9], with L € T}, then it can be shown that (see [46], §1)

Tk,P(Vn,d) = {Ld_kF | F e Tk}
and, as a consequence, we have
T (Va) = {[F] € PMnd | F = L**F for some L € Ty, F € T} }.

With this in mind, it is clear that determining the minimum r such that the generic
F €T, can be written as F = L?f_kFl + -4 Lf*kFr with L; € T1 and F; € T}, is
equivalent to finding the minimum 7 such that o, (74(V;, 4)) = PNea.

The previous remark motivates the study of the osculating varieties of V,, 4
and of their secant varieties, which, unfortunately, looks more difficult than the
secant varieties case. A concrete evidence comes from the fact that we do not
have a complete classification of the defective cases, and there are some exam-
ples in which the defect of these secants variety is very high. To show how un-

favourable the situation can be, we report in the following table the dimensions of
05(14(V5)) C P*! obtained from [21], §4, Example 4:

s | expdim(oy(1a(Ves)))  dim(os(na(Ves))) 0(0s(a(Ves)))
2 431 345 86
3 461 417 44
4 461 452 9
> 5 461 461 0

See [21] §4 for a list of solved cases, conjectures, and open problems on the
topic.

1.4.3 Catalecticant matrices and ideals of V}, 4

Catalecticant matrices were introduced by J. J. Sylvester in 1851 in [101], even
though the author used this name to refer to them only the following year in [102]
and [103]. They were originally investigated because the study of their determinant
allows to determine the Waring rank of binary forms. Here, we give a very quick
treatise following a more modern approach to catalecticant matrices.

Definition 1.4.22. For every n € N and i, € Nyo such that ¢ < j the
(i, 7 —i;n+ 1)-catalecticant matriz Cat(i,j —i;n+ 1) is the (":L”) X (”JFTJL*’) matrix
with row and column indices respectively given by the multi-index sets {o € N7}

and {3 € N/}, whose (a, 3)-entry is equal to za4.
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Note that Cat(i,j —i;n + 1) = Cat(j — i,i;n + 1)" and Cat(i,j — i;n + 1) is
a square matrix if and only if ¢ = j — 7. For instance, the catalecticant matrix
Cat(2,2;3) is

2400 <3,1,0 <3,0,1 <220 <211 £20,2
23,10 22,2,0 <2,1,1 21,30 1,21 <1,1,2
Cat(2,2; 3) _ |01 2211 2202 Z121 21,12 41,03
2220 £1,30 <1,21 <040 <031 <022
2211 21,2,1 21,12 20,31 20,22 <0,1,3
220,22 *1,1,2 1,03 20,22 <1,0,3 20,04

Once one has defined the generic Cat(i, j —i;n + 1), it is possible to associate to a
homogeneous polynomial its catalecticant matrices.

Definition 1.4.23. Given F' € T; = Clyo, . . ., Yn]q and a positive integer i < d, its
(i,d — i;n + 1)-catalecticant matriz is the matrix Catg(i,d — i;n + 1) obtained by
substituting in the catalecticant matrix Cat(i,d —i;n + 1) to 2z, the coeflicient of
y" divided by the number of occurrences of z, in Cat(i,d —i;n + 1).

Example 1.4.24. Let us consider F' =y + 2y2y1y2 — 3y2 +yi — vo + yoy; € Ty. If
we want to construct Catp(2,2;3), following the definition, we have to substitute

1

2400 =1, 2011 = 30 2202 = =1, 2004 =—1, 2040=1, 2130 = 3

and z; ; = 0 in all the other cases. Hence, we obtain

1 0 0 03 -1
0 0 4 120 0
O 2 =100 O
Catp(2,2;3) = 0 % 0 10 0
% 0 0 00 O
-1 0 0 0 0 -1
Lemma 1.4.25. Given F € Ty = Clyo, ..., ynla and a positive integer i < d we
have
S , , ‘ i di At
F=(v vor - i) Cate(i,d—izn+1) (s~ w6y - y2)
where (y§  yiyr - Yl) are all the monomials of T; ordered by the lexicographic
order and similarly for (yd=" y& "y, oo ydTY).
Proof The proof is a straightforward check. ]

We will see more facts about catalecticant matrices in the following chapters;
time being, we conclude this section presenting an important theorem that allows
to compute the ideals of Veronese varieties through catalecticant matrices.
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Theorem 1.4.26. For any n > 1, d > 2 and i = 1,...,d — 1 the ideal of
Via C PNod has a system of generators given by the 2 X 2 minors of
Cat(i,d —i;n+1).

Proof See [92] Corollary 5.5. n

1.5 Segre varieties and Segre-Veronese varieties

In the same way one can parameterise symmetric tensors of symmetric rank 1
through the Veronese varieties, one can use the so-called Segre varieties to param-
eterise tensors having tensor rank 1, which are also called decomposable tensors.
We start by recalling the definition of tensor rank and tensor border rank and then
we give the definition of Segre varieties.

Definition 1.5.1. Let V;...V, be finitely generated C-vector spaces and
TeVi®: - ®V,. The tensor rank of T is defined to be

tk(T) :=min{r e N| T = Z%‘l ® -+ - ® vy, for some v;; € V;}
i=1
and the tensor border rank is defined to be

tk(T) :=min{r e N|T = Jim 7 with tk(T}) <rVt}.

Notation 1.5.2. Given ny, ns,...,n; with £ > 2, we denote the homogeneous coor-
dinates of P™ by [x,..., %, and the multihomogeneous coordinates of
P P2 x -« x P™ by [Z10, .-+, T1ng}- - Tkos - - - s Thny |- We set

RO = Clzig, -, Tin;,]) and R := Clx10, - ., T1ngs - -+ Tk0y - - - s Thny |-

Moreover, on the set of all the variables x;;, we use the lexicographic order with
the variables ordered so that x;,;, < x;,;, if i1 < iy or ¢y = i3 and j; < ja.

Definition 1.5.3. Let nq,...,n; be positive integers. The (nq,...,ny)-Segre em-
bedding is the map
Snyomp - Pt x P2 x ... x P N P(n1+1)(n2+1)...(nk+1)—1
[Ilo, ey XTingy e 3 TR0y - - ,Iknk} — [ -y X1 L2409 - - - Ty - - ]

where the products x1;, 9, ...z, are all the possible ones, ordered according to
the lexicographic order described in Notation 1.5.2. The image of s,,, _,, is called
the (ny,...,ng)-Segre variety, and it is denoted by Sy, n,-

Notation 1.5.4. When we deal with s, ., we use in PuFmz+h(n+1)=1 o
mogeneous coordinates [u;, ;, ] withi; € {0,1,... ,n;} forany j =1,..., k. With
this notation, we have that S, ., has parametric equations given by

Wiy ig,..ify — L1iyT2ig - - - Lhiy, -
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Remark 1.5.5. It is easy to see that the Segre embeddings can also be viewed in
following way:

thm’nk : IP)(CTL1+1) X oo X P(an+1) - ]P)(CTL1+1 R ® an+1)
([Ul]’h}?]?"'v[vk]) — [U1®"'®Uk]

One can repeat all the discussion on the secant varieties of V,, 4, substituting V,, 4
with Sy, ., and in this way one obtains that the tensor rank and the border tensor
rank respectively coincide with the Sy, . -rank and the S,, ., -border rank. For
this reason, the secant varieties of Segre varieties are widely studied, but a complete
classification of the defective cases is still missing. However, there are several partial
results; see [23] for an exhaustive description of the state of the art.

Segre and Veronese varieties can be “combined”; giving rise to the Segre-Veronese
varieties, which parameterise the so-called decomposable partially symmetric ten-
sors. We want to conclude this section with a quick overview on this topic.

Definition 1.5.6. Let nq,...,n;,dy,...,d; be positive integers and set
n:=ny,...,n), d:=(d,....d;), n:=m+1)+-+(my+l), d:=di+ --+d.
We say that a tensor T' € (C*)®? is a (n; d)-partially symmetric tensor if

T € Sym™(C"™) ® Sym®(C™™) ® - - - ® Sym®(C™*) C (C")®4
Definition 1.5.7. The partially symmetric rank of a (n;d)-partially symmetric

tensor T is the number

i’

pstk(T) := min{r € N|T" = ZU®1dl Q- & Uz'@jzdl for some v; ; € C*'}
=1

and the partially symmetric border rank of T is the number
pstk(7T") ;= min{r e N | T = Jim T} with psrk(T}) < rV t}.

In the same way that symmetric tensors can be identified with homogeneous
polynomials, partially symmetric tensors can be identified with multihomogeneous
polynomials. To clarify this concept, we need to introduce some cumbersome, but
necessary, notations; we imitate Notation 1.3.1 in a multigraded setting.

Notation 1.5.8. Given ny,na,...,n;, di,ds, ..., d; positive integers we set
n:= (nlu"’ynl>7 d:= (dl,...7dl).

We denote by T® := Clyio, .-, ¥in,] and we think of the elements of T just as
polynomials. We write a linear form F® € T in the following way

F(Z) = xi70yi70 + xi’lyiJ + et + Ii,niyi,ni
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so that the y; ;, are the indeterminates, the z;j, are the coefficients and we think

of the projective space P with coordinate ring R as the projective space IP’(’Tl(i))

through the identification given by
P(ﬂ(i)) S [TioYio + Tin¥in + 0 F Tin Vi) < [0, Tig, - - -, Tim,] € P
At this point we consider the ring

T = C[y1,07 e Yingy -5 YLOy - - 7yl7nl]

endowed with the multigrading induced by 70, ..., 7®W. The multihomogeneous
part of 7 with multidegree (di, ..., d;) is denoted by 7Ty, .. 4 and it has dimension

7’Ll+d1 nl—l—dl
n n ,

and we set Np.q := dim 7y, 4 — 1. An analogous notation is used for the multi-
homogeneous parts of a multihomogeneous ideals of 7. A basis of the vector space

4, is given by
l
d] (o7
I, |u" :
7=1 15 ail)6N311+1><'~~><an+l

dy

1

-----

so that we can write a form G' € Ty, 4, in the following way

1

Lld\ .
G = Z v(ail,...,ail)H< ]>yj i

nq+1 ny+1 =1 7
(O‘ip"'vail)ENdll ><---><Ndll J J

for some coefficients v(a;,, ..., q;) € C depending on G and on o, ..., ;. Given
any multi-index o = (ag, ay, . .., a,) € NI we can associate to it a d-ple (iy, ... ,iq)
as follows:
*
(ag,a1,...,a,) — (0,0,...,0,1,1,....1,... ;n,n,...,n) =: x((ag,as,...,a,)).
ag times a1 times an times

In what follows, it will be useful to write

U(aiw s Jaiz) = Uling,eesindy )oeeos (i 5eidy)

where (7;1,...,1;q,) is obtained by o, using the association *. Note that
41 . . . . .
{*(Oéij) | oy, € sz } = {(%1, codgay) |0 <idgn Sdjp < -ee iy, < nj}~
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We think of the projective space PV¥nid as the projective space P(74,.. 4,) with ho-

l

-----

l
Nn;d
72117 7d ZU(ZIL S1dy )sees (0150 00ay) H <a ) ] « [U(in,m,ildl),--~7(il1,--~7izdl)] el
: 15

and we denote by S := C[v(iuwildl),”.7(”1,”.7”(11)] the coordinate ring of PV»d . Finally,
we denote by U the ring

U:=Clwig, ..., Winye W05, Wi,

and we think of its elements as derivations on 7. For the multigraded apolar
action of U on T we refer to [63]. We will sometimes identify the projective space
P(Uy, ds....q,) With PVnd through identifications analogous to the one we introduced

fOI' P(%l,dg,“.,dl)-
Remark 1.5.9. Let T be a (n,d)-partially symmetric tensor, which means that
T € Sym™ (C"*) ® Sym™(C™™) ® - - - @ Sym® (C™+Y).

Via the isomorphisms .
Sym® (C+1) = 7

we get

Sym®(C"*!) @ Sym®(C*) @ - -- @ Sym™ (C™H) = Ty 4,
(F(1)7...,F(l)) o FO L @

and thus we can identify partially symmetric tensors with multihomogeneous poly-
nomials.

We can now give the definition of Segre-Veronese embeddings.
Definition 1.5.10. Let ny,...,n;,dy,...,d; be positive integers and set
n:=(ny,...,n), d:=(d,...,d).

The (n;d)-Segre- Veronese embedding is

SUnd : Pt ox ... x P™ — PNn,a
. . 10 iiny t10 iny
(@10, -+, Tings 5105 - o5 Timy] > [ XY @y gl Iny oot
A L . i .
where the products zif - - azlnnll x5 -y, " are all the possible ones such that

ijo + - 4 tjn, = d; for any j = 1,...,l, ordered according to the lexicographic
order introduced in Notation 1.5.2. The image of the embedding svy.q is called the
(n;d)-Segre- Veronese variety and is denoted by SVj.q.
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Remark 1.5.11. Using notation 1.5.8, we have that SV;.q has parametric equa-
tions given by

U(in,eindy )yees (@11eeiiay) = Tling =" Lligg, * " Lliy *** Lligg, -

Remark 1.5.12. Using Remark 1.5.9 and the identifications that we introduced
in Notation 1.5.8, it is easy to see that the Segre-Veronese embeddings can also be
viewed as

<P(T") = P(Ti,...a)
x [LO]) = [(LM)D ... (LO)d]

SUnd ° P(T,Y) x -
([LD] x - -
or equivalently as

Stpa: P(CmH) x ... x P(CMH) — }P’(Symdl (C")®...® Symdl(C"l‘H))
(o] x o x o)) = " ® - @ v |

In particular, SV;.q parameterises the partially symmetric tensors having partially
symmetric rank equal to 1. Hence, in a totally analogous way to Veronese and Segre
varieties, one finds that the partially symmetric rank and the partially symmetric
border rank respectively coincide with the SV, q-rank and the SV,,.4-border rank.
For a description of the state of the art on the secant varieties of Segre-Veronese
varieties, see [2].

1.6 Méthode d’Horace and Méthode d’Horace dif-
férentielle

The Horace method, or Méthode d’'Horace, and its stronger differential version
were introduced and developed by J. Alexander and A. Hirschowitz in several papers
having as main purpose the study of the postulation of fat points and other 0O-
dimensional schemes; see [4], [5], [6], [7] and [77]. The strength of this method
lies in its use to make an induction start in order to compute the postulation or,
equivalently, the Hilbert function of a scheme; in particular, the method works very
well under the assumption of generality of the scheme because in this case it can
be combined with specialisation techniques. Here, we do not introduce the Horace
method and its differential version in all their generality and we just focus on what
we will need in this thesis; in order to give a more friendly exposition of the topic,
our main reference for this section is [22].

Definition 1.6.1. Let H C P™ be a reduced hypersurface and X a closed subscheme
of P". The closed subscheme of H given by the schematic intersection

HnX
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1.6 — Méthode d’Horace and Méthode d’Horace différentielle

and defined by the ideal sheaf Jx®Op is called the trace of X on H and it is denoted
by Try(X). The closed subscheme of P" defined by the ideal sheaf Jx : Opn(—H)
is called the residual of X with respect to H and it is denoted by Resy (X).

The canonical exact sequence

0 —— TResy(x)(—H) Jx Itepyx)y,g — 0

is called the residual (or Castelnuovo) exact sequence of X with respect to H.

Lemma 1.6.2 (Lemme d’Horace). Let d be a positive integer. If X is a closed sub-
scheme of P" and H is a reduced hypersurface of P" such that h°(Jy,, x),u(d)) =0,
then

h?(3x) = h"(Tresy(x)(d — deg(H))).

Proof The statement follows immediately from taking the long cohomology exact
sequence induced by the residual sequence of X with respect to H tensorised by

Opn (d). m

Definition 1.6.3. Let X be a 0-dimensional subscheme of P". We say that £;(X)
has the expected dimension if X imposes as many conditions as possible to the
degree d hypersurfaces of P", i.e. if

dim(L4(X)) = expdim(L4(X)) = max{0, dim(Ly) — ¢(X)}.

If dim(L4(X)) = expdim(L4(X)) for every d € N we say that X has good postulation,
otherwise we say that X has bad postulation.

Remark 1.6.4. Let X be a 0-dimensional subscheme of P" (we are not interested
in the case dim(X) > 0) and suppose that we want to prove that the postulation of
X is good. The ingredients that make the Horace method work are the following;:

1. By the semicontinuity theorem (see [73], Chapter I1I, Theorem 12.8) the function
hY is upper semicontinuous so that h°(X) < h%(X’) for any X' obtained by
specialising X. In particular

h?(Jx:(d)) = expdim(Ly(X)) = h°(Tx(d)) = expdim(Ly(X));

2. If we find a specialisation X" and a reduced hypersurface H such that
WO (g )11 (d)) = 0
then, by Lemma 1.6.2, we have
W (3x) = h®(Tresyy(x7)(d — deg(H)))

and, by induction on d and on {(X), we can suppose that
RO (JResy (x1)(d — deg(H))) is the expected one.
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Note that, from a more geometric point of view, when we specialise X to X’ in order
to have h%(Jry, (xy,m(d)) = 0, we are considering a configuration of our points in
such a way that H is a fixed component of the linear system L4(X') so that the
number of the degree d hypersurfaces passing through X’ equals the number of the
degree d — deg(H ) hypersurfaces passing through the part of X’ not lying on H.

Even though the Horace method is a powerful tool, it can be impeded by arith-
metic obstructions. Indeed, it could be impossible to specialise X without “wast-
ing” conditions, that is, without imposing on the trace more conditions than what
we need. In some cases, when ¢(X) > dim L, this could not be a problem but in
other ones, the so-called cas rangé, when ¢(X) = dim £, and all conditions imposed
by X are necessary for the good postulation, this can cause some problems. Luck-
ily, this problem is solved by the differential version of the Horace method, that
allows us to take just one layer of the 0-dimensional component of X that we are
specialising. Let us be more precise.

Definition 1.6.5. In the algebra of formal functions C[[x, y]], where
X = (T1,...,Tpn1),
a vertically graded ideal with respect to y is an ideal of the form:
[=TLh&hyd: &Ly &y")
where for i =0,...,m — 1, I, C C[[x]] is an ideal.

Definition 1.6.6. Let H be a smooth irreducible hypersurface of P*. We say that
X C P" is a wvertically graded subscheme of P™ with base H and support P € H,
if X is a 0-dimensional scheme with support at the point P and there is a regular
system of parameters (x,y) at P such that y = 0 is a local equation for H and the
ideal of X in Opn p = C|[[x,y]] is vertically graded with respect to y.

We can now introduce the differential trace and residual.

Definition 1.6.7. Let X C P™ be a vertically graded subscheme of P with base
H and p > 0 a fixed integer. The p** differential residual of X with respect to H is
the closed subscheme of P™ denoted by Resh; (X) and defined by the ideal sheaf

~ ~ ~ ~ 1\~
JResZ(X) =Jx + (JX : J%Jr )J%

The p*" differential trace of X on H is the closed subscheme of P denoted by
Trh, (X) and defined by the ideal sheaf

~ (M . AP
Ine ), = (Jx : Tgy) @ Owr.
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1.7 — Singularities of plane algebraic curves

Note that Res? (X) is obtained by removing from X the (p + 1) “slice” of X,
while Tr};(X) is exactly the (p + 1)™ slice. Moreover, for p = 0 we obtain the
standard trace and residual.

Notation 1.6.8. Let Xq,..., X, C P" be closed vertically graded subschemes with
base H, X=X, + -+ X, and p = (p1,...,pr) € N'. We set

Tl (X) = Tel (Xy) + - - - + Trl (X)), Res (X) := Resh; (X1) + - - + Res?; (X,)
We are finally ready to state the Horace differential lemma.

Lemma 1.6.9 (Lemme d’Horace différentielle). Let H be a hyperplane in P and
let X be a 0-dimensional closed subscheme of P™. Let Yi,...,Y,, Y|, ..., Y be
0-dimensional irreducible subschemes of P™ such that Y; = Y, for i = 1,...,r,
Y, has support on H and is vertically graded with base H, and the supports of
Y=Y +---+Y, and Y =Y| +---+ Y. are generic in their respective Hilbert
schemes. Let p = (p1,...,p.) € N". If

1. ho(jTrH(X)JrTrg(Y/),H(d)) =0 and

2. ho(jResH(X)-i—Res?I(Y’) (d - 1)) = 07
then
h?(Fxsv(d)) = 0.

Proof See [4] Proposition 9.1. |

In some sense, the Horace differential Lemma tells us that we can differentially
specialise some of our points by taking only of their layers, in order to satisfy the
condition on the trace without “wasting” conditions.

We conclude now the section giving the definition of d-jets.

Definition 1.6.10. Let X be a 0-dimensional scheme of P" with support at the
point P € P". We say that X is a d-jet if there exists a line L. C P" such that
I(X) =Z(P)* + Z(L).

1.7 Singularities of plane algebraic curves
In this last section we recall some basic facts about the singularities of plane
algebraic curves, with a special focus on the Jacobian (or Tjurina) and Milnor

algebras, that are one of our subjects of study in the next chapters. Our main
references for this part are [70] and [71].
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Notation 1.7.1. Given C : F(xg,21,72) = 0 a reduced curve of degree d in P?
we denote by Sing C the union of the singular points of C and if P is a point of
multiplicity m for C , we write mp(C) = m. For the partial derivatives, we use the

following short notation:
OF

8$i ’
Moreover, if X is a subscheme of P? and P is an isolated point of its support, Xp
denotes the component of X supported on P.

O, F = i=0,12.

Definition 1.7.2. Given C : F(zg,71,72) = 0 a reduced curve of degree d in P?,
the degree d — 1 curves
C,‘ &F:O, 220,1,2

are called the derivative curves of C.

Now we can give the definition of Jacobian ideal and Jacobian scheme.

Definition 1.7.3. Given C : F(zg,71,72) = 0 a reduced curve in P2, the
(projective) Jacobian scheme X(C) of C is the 0-dimensional subscheme of P? defined
by the homogeneous (but maybe not saturated) ideal

J(C) = (a()F, 81F7 82F>

called the (projective) Jacobian ideal of C. The length of X(C) is called the global
Tjurina number 7(C) of C.

Note that the support of the Jacobian scheme is SingC, which consists of a
finite number of points since the curve is reduced and thus the definition of 7(C) is
well-posed.

Lemma 1.7.4. Let C : F(xg,71,22) = 0 be a reduced curve in P? and P € C with
mp(C) =m > 2. Then

a) The curve C contains X(C);

b) mp(C;) > m — 1 and for at least one of the C; the multiplicity at P is exactly
m—1;

c¢) In particular, Xp O (m — 1)P and Xp 2 mP.
Proof

a) The Euler relation d - F' = Y z;(0;F) implies that F' € J(C), that is, C D X(C).
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1.7 — Singularities of plane algebraic curves

b) We have that
omLE

m—1—j—h

i h =0
OxpriTy

P

mp(C) =m <

for 0 < j,h < m — 1 and at least one of the derivatives

O"F

J ok m=J—h
Oxatxy

P
is not 0. Hence, for each 7+ = 0,1,2 and 0 < j, A < m — 2 one has

Om=2(9,F)

; —3—j—h
Oxdalay

=0
P

and for at least one 7, one j and one h we have

o1 (9, F)

' 1k
Oxdalhay 7

£0.

c) It is enough to recall that for a curve D we have: mp(D) =k < D D kP and
D does not contain (k + 1)P.

When we want to locally analyse a curve, it is better to work with affine coor-
dinates. For this reason we now introduce the Jacobian scheme in its affine version
and a new scheme, called Milnor scheme of the curve.

Notation 1.7.5. In A? we use affine coordinates (z,y). Let C : f(z,y) = 0 be
a reduced curve of degree d in A%; we use the same notation as in P?, i.e. SingC
denotes the union of the singular points of C, and if P is a point of multiplicity m
for C, we write mp(C) = m. Moreover, we set

_of
foi= G By

_of
-5

and we denote by C,,C, the degree d — 1 derivative curves of C:
C::fz=0, Cy:f,=0.

Definition 1.7.6. Given C : f(z,y) = 0 a reduced curve in A? the (affine)
Jacobian scheme X (C) of C is the 0-dimensional subscheme of A? defined by the
ideal, called the (affine) Jacobian ideal of C,

J(C) = (f; fas J)-
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Note that, since the curve is reduced, Sing C consists of a finite number of points
P,...,P., and X(C) is the wunion of the O0-dimensional schemes
X(C)p,,...,X(C)p,. This guarantees that the following definition is well-posed.

Definition 1.7.7. Given C : f(z,y) = 0 a reduced curve in A2, the Tjurina number
of C at a singular point P is 7p(C) := £(Xp). If no confusion arises, i.e. when we
work locally, looking at the curve C at the point P, we just write 7 instead of 7p(C').

It is easy to see that, if C is a curve in P?, Uy is the affine chart zy # 0, and
C =CnNUy, then X(C) NUy = X(C). Hence, X(C)p = X(C)p for any P € SingC.

Definition 1.7.8. Given C : f(x,y) = 0 a reduced curve in A2, the (affine) Milnor
scheme Z(C) of C is the subscheme of A? defined by the ideal, called the (affine)
Milnor ideal of C,

M(C) = (fe, fy)-

Note that, by [70] Lemma 2.3 p.113, if P is a singular, necessarily isolated
(the curve being reduced), point of C, then P is an isolated point of Z(C). This
guarantees that the following definition is well-posed.

Definition 1.7.9. Given C : f(z,y) = 0 a reduced curve in A% the Milnor number
of C at a singular point P is up(C) := €(Zp). If no confusion arises, i.e. when
we work locally, looking at the curve C at the point P, we just write u instead of

pp(C).

For completeness, we remark that some authors use a different notation than
ours and call Tjurina ideal the one defined in Definition 1.7.3 and Jacobian ideal
the one in Definition 1.7.8.

Now we briefly recall the notion of analytic, or right, equivalence and the ana-
lytic classification of double points, which we will use in the rest of this thesis. The
discussion could be carried out more in general, but for our purposes it is enough
to restrict the treatise just to plane algebraic curves. For more details, see [70],
Chapter I, §1 and §2.

Notation 1.7.10. We denote by C{x, y} the ring of convergent power series in the
two variables x, y.

Definition 1.7.11. Let C: f = 0 and D : g = 0 be reduced curves in A? and let
P = (p1,p2) € C and Q = (q1,¢2) € D. We say that the germs of C at P and of D
at @, which we respectively denote by (C, P) and (D, Q), are analytically (or right)
equivalent if there exists a germ of a biholomorphic function ¢ € C{z — p1,y — pa}
such that o(f) = g(x+q —p1, y+92—p2), and in this case we write (C, P) ~ (D, Q).
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Note that in [70], Definition 2.9, pag. 118, the definition of contact equivalence
is also given, but the notions of right equivalence and contact equivalence coincide
in the case of double points of reduced hypersurfaces, and thus in particular for
the plane curves. At this point we can describe the classification, up to analytic
equivalence, of the double points of reduced plane curves.

Theorem 1.7.12. Let C be a reduced curve in A? and let P € C be such that
mp(C) = 2. Then (C, P) ~ (Ag, O) where O = (0,0) and Ay, : y*> — 281 =0 for a
certain k > 1 and we say that P is an Ag-singularity. Moreover, if k is even we

say that P is a cuspidal point of C while if k is odd we say that P is a nodal point
of C.

Proof See [70], Chapter I, Theorem 2.48. [ ]
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Chapter 2

The Jacobian scheme of a plane
algebraic curve

This chapter is based on a joint work with A. Gimigliano and M. 1da, see [34],
and it is mainly devoted to study the Jacobian scheme of a plane algebraic curve
and to introduce the notion of symmetric scheme, which we will widely study in
next chapters.

If C: F = 0is a reduced curve of P? passing through a point P, then to
say that C has in P a singular point of multiplicity m means that C 2 mP and
C 2 (m+1)P. This is a very rough information, but there are others 0-dimensional
schemes contained in C which could characterise the singularity more carefully. For
example, if P is an A, singularity, then P is a nodal-type singularity if and only
if for any ¢ > 1 there is a curvilinear scheme supported at P of length ¢ contained
in C, while P is a cuspidal singularity As, if and only if for any ¢ < 2r 4 1 there is
a curvilinear scheme supported at P of length ¢ contained in C, and no curvilinear
scheme supported at P of length > 2r + 1 is contained in C (see [68], Theorem 2.3).

So, if we want to study a singularity, one of the possible approaches is to answer
to the following question: which kind of “maximal” 0-dimensional schemes sup-
ported at P is contained in C? But the curve being 1-dimensional, in many cases
it will not be possible to bound the length of these schemes, due to the curvilinear
schemes contained in C. However, there is a very interesting O-dimensional sub-
scheme of the curve that gives information on the singularity, the Jacobian scheme,
which, together with the Tjurina and Milnor numbers, has been an intensive object
of study in recent years, e.g. see [71], [8], [3], [107], [75], [65].

In this chapter, we focus our attention mainly on ordinary singularities. It is
precisely the study of these singularities that will lead us to introduce k-symmetric
schemes, which will be widely studied in the rest of the thesis. The structure of
the chapter is as follows.
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In §2.1 we show that, if b := (g1,...,9:) C C|x,y] is the ideal of a 0-dimensional
scheme with the origin O contained in its support, and m := (z,y), then there is a
canonical isomorphism of C-algebras

C[$7 y]m/b(C[x, y]m = C{ZL’, y}/b@{l‘, y}

This allows us to state in a more algebraic way the Mather-Yau Theorem in [89]
saying that, if V : f = 0 and W : g = 0 are germs of hypersurfaces in C"*! with
isolated singularities at O, then (V,O) is analytically equivalent to (W, O) if and
only if

C{Zlfl, ce ,ZL’n+1} ~ C{fL‘l, e ,[B,H_l}

fﬁ of - dg dg
78%1"”76%714»1 g’ax1""7axn+1

as C-algebras.

In §2.2, in order to study the geometry of the Jacobian schemes at ordinary
m-multiple points, we introduce the notion of k-symmetric scheme, i.e. a scheme
supported at a point P and intersecting each line through P with the same length
k. In Theorem 2.2.7 we show that, if C : f = 0 is a plane reduced curve having an
ordinary multiple point at P, the Jacobian scheme of C at P is (m — 1)-symmetric
and its length 7 is at most (m—1)2. After that we give in Theorem 2.2.10 the sharp
bounds for the Tjurina number of an ordinary singularity, which is an immediate
consequence of more general results in [27] and [87].

In §2.3 we apply the theory of Grébner basis to compute the Tjurina number
at the origin of the family of curves

Coe:x™+y™+ xbyc =0

with b + ¢ > m, having an ordinary singularity at O. In this way, we give a
large family of examples of curves having an ordinary singularity with 7 < p, thus
partially recovering some results of [87]. In particular, we prove in Theorem 2.3.6
that for m > 5 the curves Cp . allow to obtain the minimum expected by Theorem
2.2.10.

In §2.4 we show that, in the case of double points, the characterisation through
the Jacobian scheme is very easy: a double point is of type A, if and only if the
Jacobian scheme of the curve at P is a curvilinear scheme of length n.

Finally, in the last section we prove a result on the global Tjurina number of a
curve in P2, Namely, if C is an irreducible curve of degree d and geometric genus g,

with no infinitely near points, then C has only nodes if and only if 7(C') = (d;) —g.

2.1 The Mather-Yau Theorem for algebraic curves

In [89] the authors proved that the germs of two hypersurfaces in C"*! at one of
their isolated singularities are analytically equivalent if and only if their Jacobian
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(or Tjruina) algebras are isomorphic as C-algebras. In this section, we want to
translate this theorem in a more algebraic language. In particular, as a consequence
of [89], we prove that the analytic germs at O of two reduced algebraic plane curves
C and D, which we may assume to be in A%, are analytically equivalent if and only
if their algebraic Jacobian schemes X (C)o and X (D)o are isomorphic.

Notation 2.1.1. If A is a ring or a C-algebra, with dim A we denote the Krull
dimension of A. If A is a finite C-algebra, i.e. A is finitely generated as C-vector
space, the dimension of the C-vector space A is the length of A.

Lemma 2.1.2. A Noetherian C-algebra A of dimension 0 is a finite C-algebra.

Proof On the one hand, a ring is an Artin ring if and only if it is Noetherian and
of dimension 0, see [13], Theorem 8.5; on the other hand, if A is a finitely generated
K-algebra for a certain field K, then A is an Artin ring if and only if A is a finite
K-algebra, see [13] Exercise 8.3. n

Lemma 2.1.3. Let m := (z,y) in Clx,y|, and consider the injective morphisms of
C-algebras

Cle.yl < Clayyln D Cloy}
and set
A :=Clz,ylm, B:=C{x,y}
The rings A and B are local rings with mazimal ideals respectively mA and mB,

and the map ¢ induces an isomorphism on the completions: p : AS B.

Moreover, (A, B) is a flat couple, which means that B is a flat A-module and
for any ideal a of A the following holds:

aBNA=a

Proof See [95] Proposition 3 for the first statement and [95] Proposition 22 and
Proposition 28 for the second one. ]

Theorem 2.1.4. Let g1, ...,9; € Clz,y]. Assume that the subscheme of A? asso-
ciated to the ideal b := (g1, ..., ;) is O-dimensional with the origin O contained in
its support, and let m := (x,y). Then, there is an isomorphism of C-algebras

Clz, ylm/bC[z, ylw = C{z, y} /6C{z, y}

Proof Let b = (¢1,...,9:) = g1 N --- N g, be a minimal primary decomposition,
with m; = \/q,,...,m, = /q maximal ideals; since O is in the support of the
subscheme defined by b, we may assume m; = (z,y); set q = q;, m = my.
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The Jacobian scheme of a plane algebraic curve

Since /q = (x,y), there exist n,m > 0 such that 2" € q,4™ € q; hence, every
homogeneous polynomial of degree > n +m — 1 is in q, i.e. q 2 (x,y) ™™ L.

Note that
b@{&l, y]m = (q N qz2 AERRAN qn>C[$> y]m = qC[Q?, y]m N qg(C[x,y]m AERRD an[x, y]m

and q,;C[z,y]w = Clz,y|n for j = 2,...,n, since q; £ m for j = 2,...,n. Hence
b@[l‘, y]m = q(c[‘ra y]m’ so that

bC{z,y} = aC{z,y}. (0)
From now on we use the notation of Lemma 2.1.3, and we set a := bA.

The ideal aB = bB is the ideal of B generated by (¢07)(g1),- .., (¢0J)(gt), that is,
aB = (g1,...,9:)B = {o1g1 + -+ + 0491, 01,...,00. € B}. Now consider the map
induced by ¢
®: A/a —  B/aB
f+a — ¢(f)+aB

which is well-defined, since f—g € a = o(f)—v(g9) = ¢(f—g) € p(a) C aB, and is
a morphism of C-algebras. Moreover, the map @ is injective: indeed, if p(f) € aB
then, using Lemma 2.1.3, we have f € ¢~ '(aB) =aBN A = a.

Now we want to prove that ® is surjective. Since A/a is a Noetherian C-algebra
of dimension 0, by Lemma 2.1.2 the C-vector space A/a is finite dimensional and
thus there are fi,..., fs € A such that f; +a,..., fs + a is a basis for A/a. Since
we have the injection

Clz, y] <i> A

the following is true:
VqeClr,y] Jai,...,as € Csuchthat ¢ — (a1 f1 + -+ asfs) € a. (%)

If we prove that ¢(f1) +aB,...,¢(fs)+aB is a basis for the C-vector space B/aB
we are done. The injectivity of the map ¢ gives the linear independence over C of
o(f1) +aB,...,o(fs) +aB. Now we want to prove that for any o € B there are
ai,...,as € C such that

o+aB =Y alp(f) +aB).

=1

We can write

o= >  agry+ Y agay
0<i+j<n+m—1 i+j>n+m—1
and, since the series
i
>, 'y
i+j>n+m—1
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is uniformly convergent around O, we can rearrange its terms, so we get

i, 7 n i—n, j m i, J—m
Y. agaly =u Yo aa Ty |ty Yo aa'y €qB.
i+j>n+m—1 i+j>n+m—1 i+j>n+m—1
i>n <n

By (o) we have aB = bB = qB, so that

o+aB = > a2’y +aB

0<i+j<n+m—1

and we conclude applying () to the polynomial
Z ai’jxiyj.
0<i4+j<n+m—1
]

Corollary 2.1.5. Let C : f = 0 be a reduced curve in A* with a singular point at
O and let J be its Jacobian ideal and M be its Milnor ideal. Let us consider the
analytic germ of C at O and let J*, respectively M*", denote the ideals generated
by f, fu, fy, respectively f., f,, in C{z,y}. Then there are canonical isomorphisms
of C-algebras:

C[ﬁ, y](w,y)/‘](:[x7 y](x,y) = C{l‘, y}/Jan

Clz, Y)(2)/MClz, Y] (o4) = Clz, y} /M.

In particular, the Tjurina number T, respectively the Milnor number u, of C at O
are the dimensions of the analytic algebras C{z,y}/(f, fu, f,)C{z,y}, respectively

Ca,y}/(far fy)C{, y}

Hence, the Theorem in [89] gives

Theorem 2.1.6. Let C: f =0, D : g = 0 be reduced algebraic curves in A? with
a singular point at O. Then the analytic germs of C and D at O are analytically
equivalent if and only if their (algebraic) Jacobian schemes at O are isomorphic as
schemes over C.

2.2 Jacobian schemes at ordinary singularities

In this section we want to study some geometrical properties of the Jacobian
schemes at ordinary singularities; in order to proceed with our investigation, we
give the definition of the k-symmetric schemes.

Notation 2.2.1. In the following, given a polynomial g, we always denote with gy
its homogeneous component of degree k.
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The Jacobian scheme of a plane algebraic curve

First of all, we want to stress that a curve C having a multiple ordinary point
at P can have derivative curves with non-ordinary singularities at P, as shown in
the following remark.

Remark 2.2.2. Let C : f(z,y) = 0 be a reduced curve of degree d in A? with
mo(C) = m; it is not restrictive to assume that the line z = 0 is not a principal
tangent at O, hence writing f as the sum of its homogeneous components we have

f=fut ot fo  fo=y"tomazy" 4+ apr”

and O is an ordinary singularity of C if and only if f,, is the product of m dis-
tinct linear factors, i.e. if and only if the discriminant A(g) is not zero, where
g(t) := fn(t,1). Anyhow, the derivative curves

Cx(fm)z++(fd)x:07 Cy(fm)y++(fd)y:0
may have a non-ordinary singularity at O. For instance, if we take

1 (2a+0b) 5 (2ab+ a?)

:74—
f Y xy” + 5

1 3 22y? — a’bady

with A(f4(1,y)) = A(f(1,y)) # 0, the curve C has an ordinary point of multiplicity
4 at O but

fy =v° — (2a + b)zy® + (2ab + a®)z*y — a*bz® = (y — ax)?*(y — bx).
Hence, C, has a non-ordinary triple point at O.

Before giving the definition of k-symmetric scheme, we recall that if D and &
are two plane curves and P is a point such that mp(D) = k,mp(E) = k, k > 1,
then (D-&)p > k%, with equality if and only if they do not have common tangents;
see for example [61] property (5) in §3.3 or [70] p.190. We also recall the definition
of local complete intersection.

Definition 2.2.3. A closed subscheme Y of P", respectively A", is said to be a local
complete intersection if there exists a complete intersection X C P”, respectively
X C A", such that Y is an irreducible component of X.

Definition 2.2.4. Let Y be a O0-dimensional scheme supported at one point P € P?
or P € A%2. We say that Y is k-symmetric if, for every line r passing through P,
(Y Nr) =k Wesay that Y is a k-symmetric local complete intersection (k-slci
for short) if it is a local complete intersection of two curves D, £ with no tangent
in common at P and such that mp(D) = k,mp(E) = k, this implying /(Y) = k?.

It is immediate to see that a k-slci scheme is k-symmetric.
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2.2 — Jacobian schemes at ordinary singularities

Lemma 2.2.5. IfY is a k-slci scheme, then Y is k-symmetric.

Proof Since our schemes are supported at one point, we can work in A% Let
Y denote the 0-dimensional component of the scheme defined by the ideal (¢, ),
where

k k
¢(Qf,y) = Hlj +¢k+1 + "'(bpa ¢(x7y) = th +wk+1 + ¢q

j=1 j=1
with ;, = 0,...,l; = 0,hy = 0,...,h; = 0 lines through O, [; # h; for
1,7 = 1,...,k. The curves ¢ = 0 and ¥» = 0 have no common irreducible com-
ponent at O (they may obviously have common components away from O), since
their tangent cones have no common lines. Let r be a line through O. Choosing
coordinates we may assume that r : y = 0. We have

o(r) == ¢(2,0) = apa® + ap 2+ Faa®

U(x) == P(x,0) = bpa® + by - 4 bt

where at least one between a; and b, is not zero since, by assumption, if r is
one of the tangents of the curve ¢ = 0 at O, r cannot be in the tangent cone of
1 = 0. Let us say a; # 0. There exists a polynomial f(z) such that f(0) # 0 and
¢(x) = ¥ f(x). Moreover, if i(z) # 0, then there exist a polynomial g(z) with

g(0) # 0 and an n > k such that ¢(x) = 2"g(x). Hence

(Cla, 41/ (61, 9)ioy = (Clal/(09)) = Clal/ (")

Remark 2.2.6. We want now to stress some facts on the relationship between
k-symmetric schemes, k-slci and Jacobian schemes.

1. A k-symmetric scheme needs not to be a k-slci, indeed there are a lot of k-
symmetric schemes supported on P, and the smallest one is kP. For example,
if P = 0O, all the monomial schemes of ideal I with

(z*,y*) C I C (z,y)*

are k-symmetric; the above inclusions give (k'QH) < U(Clz,y]/I) < k2.

2. If P is a multiple ordinary point of multiplicity m < 3 for a plane curve C, then
the Jacobian scheme of C at P is an (m — 1)-slci. If m = 2 this follows by
Theorem 2.4.1. If m = 3, by Theorem 2.51 p.152 in [70], the germ of C at P is
analytically equivalent to the germ of any union of three distinct lines meeting
at O, for example D : 23 — y3 = 0; since the Jacobian ideal of D is (22, 4?), the
conclusion follows by Theorem 2.1.6.
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The Jacobian scheme of a plane algebraic curve

3.

For any m there exist curves with a multiple ordinary point of multiplicity m at
P and such that their Jacobian scheme is a (m — 1)-slci. In fact, let us consider
the curve C : 2™ —y™ = 0, which is the union of the m distinct lines (x —7n;y) =0
where 7y, ..., n,, are the m'" roots of unity. The curve C has a multiple ordinary
point at O of multiplicity m, and no other singularities. Its Jacobian ideal is

J _ (mwm—17mym—1’ xm o ym) — (:Em—l’ ym—l)

and thus its Jacobian scheme is a (m — 1)-slci.

Theorem 2.2.7. Let P be a multiple ordinary point of multiplicity m for a plane
curve C in P? and let Zp be its Milnor scheme at P and Xp be its Jacobian scheme
at P. Then:

1.

the tangent cones of the curves C,,C, have no lines in common, hence
Zp = (C.NCy)p is a (m —1)-slci, so that p = 0(Zp) = (m —1)?;

Xp is a (m — 1)-symmetric scheme and 7 = ((Xp) < (m — 1)%;

3. in particular, if C is an union of m distinct lines through P, then Xp = Zp, so
that ((Xp) = (m — 1)

Proof

1. Without loss of generality, we may assume P = O. Let C : f = 0,

f=fm+- -+ fg; since f,, is a homogeneous polynomial in x and y of degree
m, (fm)z and (fn,), are homogeneous in z and y of degree m — 1. If (f,,), = 0,
we have f,, = ay™ against the assumption that P is an ordinary singularity,
and analogously for f,, hence mp(C;) = mp(C,) = m — 1. The polynomials
(fm)z and (fi)y are products of m — 1 linear factor each, and no factors of (f,;,)
divides (fi,), and vice versa. Indeed, assume they do have a linear factor [ in
common

(fm)e =U1. . b2, (fm)y =1h1 ... hp_o.
By Euler formula
x(fm)x"_y(fm)y:mfm = Ufm = fu=1lg = (fu)e=1lg+lg. =

= ll,g = lg = P|fm

against the assumption that the tangent cone of C at P is the union of m distinct
lines. Hence the curves C, and C, have no tangent in common, and we conclude
that Zp = (C, NC,)p is a (m — 1)-slci of length ¢(Zp) = (m — 1)%
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2.2 — Jacobian schemes at ordinary singularities

2. Let r : h = 0 be a line passing through O; by 1. and Lemma 2.2.5 we have
UZpNr) =m—1. We want to prove that ¢{(Xp Nr) = m — 1; we have
(f, fus fy) + (B) = (f,h) + (fu, fy, h), that is, XpNr = (CNOr)N(ZpNr).
Since P has multiplicity m for C, we have ¢(C N'r) > m, so that Xp N r is
obtained intersecting the subscheme of r of length m — 1 supported on P with a
subscheme of r of length > m supported on P, and the thesis follows. Moreover,
since Zp 2O Xp, we have that {(Xp) < (Zp).

3. Let C : f = 0; since f is homogeneous of degree m, we have mf = zf, + yf,,
hence <f7 fﬁvv fy) = (f:]ca fy)7 ie. Xp = Zp.

Remark 2.2.8. In Remark 2.2.6 we noted that the Jacobian ideal of 2™ — ¢ is
(zm~1 y™ 1) and the associated Jacobian scheme is a (m—1)-slci. At this point one
can wonder if all the k-slci are isomorphic to Spec ((C[x, y]/(x*, yk)>, but Theorem
2.2.7 gives us a quick way to show that this is not true. For example, let C be the
union of the lines z = 0,y = 0,2 +y = 0,2 + 2y = 0 and let D be the union of
the lines t = 0,y = 0,z + y = 0,z + 3y = 0 respectively; then, the germs of C and
D at O are not analytically equivalent (see [70] p.157) so that, by Theorem 2.1.6,
their Jacobian schemes at O are not isomorphic. On the other hand, their Jacobian
schemes are 3-slci by Theorem 2.2.7, hence we found two 3-slci which cannot be
both isomorphic to Spec (Clz, y]/(z?, y?)).

Remark 2.2.9. Let C be a plane curve and assume that P € Sing C' is a multiple
ordinary point of multiplicity m > 2. If Xp is the component of X = X(C) at P,
then, by Lemma 1.7.4, we have Xp D (m — 1)P and it is almost immediate to see
that this inclusion is strict, so that £(Xp) > ("21) However, this bound can be much

improved: indeed, Theorem 3.2 in [8] says that, for any isolated plane singularity,

T > %,u. Hence, keeping in mind that for m > 3 one has (’;) < %(m —1)? and that,

by Theorem 2.2.7, up(C) = (m — 1), we get a better lower bound:
3
Z(m —1)? <7p(C) < (m—1)2

Moreover, the upper bound is sharp because we have already seen in Remark 2.2.6

that the case ¢/(Xp) = (m — 1)? actually occurs, for example if C : ™ — y™ = 0.

However, the lower bound is not sharp but can be made so by applying some results

of [27] and [87], which we collect in the following theorem.

Theorem 2.2.10. Let C be a plane algebraic curve and assume that P € Sing C is
a multiple ordinary point of multiplicity m > 2. Then

{37712 —2m —4

1 <7p(C) < (m—1)%
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The Jacobian scheme of a plane algebraic curve

Moreover, the bounds are sharp and all the values of Tp(C) occur.

Proof The upper bound follows by Remark 2.2.9 and the lower bound can be
computed using the formulas in Proposition 5.14 and Corollary 5.15 of [87] or of
Proposition p. 550 and Tableau 1, p. 543 in [27]. Finally, Theorem 5.2 of [87]
guarantees that all the values occur and thus that the bounds are sharp. ]

2.3 Ordinary singularities with 7 < p

In this section we compute the Tjurina number at the origin of the curves Cj .
defined below, in order to give a large class of examples of ordinary singularities
having 7 < p. At the end of the computation of these Tjurina numbers, we partially
recover a more general result presented in [87], where the curves x% + y* = 0 and
their miniversal p-constant families are analysed. The main purpose of this section
is to present a more algebraic way to carry out these computations through Grobner
basis.

Throughout this section a, b, ¢ denote non-negative integers, and we set
f=fre=a"+y " +2%° a>2, btc>a, b>c
For any fixed a > 2, we study the family of curves
Chpe: 2" +y*+2"%°=0, btc>a

having an ordinary singularity of multiplicity a at O = (0,0), with the further
assumption b > c¢. Clearly, the corresponding results for b < ¢ can be deduced by
symmetry.

In the following we set m := (z,y) in C[z,y] and J = J(Cy.). For generalities
about Grobner basis, we refer to [49] Chapter 2, §7. With “grlex order” we mean
the graduate lexicographic order.

Lemma 2.3.1. We have z% y* € J. In particular, we have that the Jacobian
scheme X (Cp.) is supported at O = (0,0), the Jacobian ideal J is primary with
radical m and 7 = (Cp.) = 70(Cp.c)-

Proof It is enough to notice that:

1

" = e e g (@ Ok~ b+, —ef)

1

V= e = e (e b+ @ =)k — ).

From now on, and for the rest of the section, we set 7 = 79(Cp..).
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2.3 — Ordinary singularities with 7 < p

Proposition 2.3.2. Ifb > a then J = (z* ', y* ') and 7= (a — 1)® = p.
Proof We have
fo=a o bat ),y = a4 (eal oy
f=a"" N+ 2"y + T (y)
then, in the local ring C[x, y],, we have
JClz, ylw = (27 (a + 02"7y°), fy, [)Clo, ylw = (&7, fy, FIClz,yln =

= (Ia_lv ya_la f)(C[I’ y]m = (xa_lv ya_l)c[xv y]m-

In a minimal primary decomposition of the Jacobian ideal J, the primary ideal
with radical m is the contraction of the ideal JC|x,y|n (see [13], Proposition 4.8),
that is, J being primary, the ideal (z%~1, 3% 1). [ ]

Lemma 2.3.3. Assume b < a and set

f(l) — fx — bxbflyc_i_ajxafl7 f(2) _ fy — beycfl _i_ayafl7 f(S) _ xa) f(4) — ya

f(5) _ xa—b—lya—l f(G) _ xa—lya—c—l’ f(?) _ xa_bya_l'

Y

Then a reduced Gréobner basis of the Jacobian ideal J, up to normalization of the
leading term and with respect to the grlex order, is given by the following table (the
cases marked by "-" cannot occur under our assumptions):

A B C
b:“%l %1<b<a—1 b=a—1
4 R ] f(1)7 f(2)7f(3) f(1)7f(2)7 f(3)
2 @@ f@
) R ] f(1)7 f(2)7f(3) f(1)7f(2)7 f(3)
2 @, @,
f(l) f(2) f(3) f(l) f(3)
3 —_ Q _ ) ) )
€72 JONE £ §(6)
" f(l) f(2) f(S) f(l) f(2) f(3) f(l) f(3)
4 C — L b ) ) b )
2 f(4)7f(5)7 f(6) f(4)7 f(5)7f(6) f(5)7f(6)
slat _ oy ] fO @ 6 f£G
2 f@ f6) 6 ) 6
6 c=a—1 - - f(5)7 f(ﬁ)

Table 2.1: Grobner basis of J.
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Proof Given g,h € Clz,y], let S(g,h) denote the S-polynomial of ¢ and h as
defined in [49], Chapter 2, §6, Definition 4. We set

S(g,h) :==aB S(g,h)

where o and [ are the leading coefficients of g and h (see [49], Chapter 2, §2,
Definition 7). For each case, let us denote by G the set of elements appearing in
a single cell of Table 1. We denote by g9 the remainder of the division of g by G
(see [49], Chapter 2, §3, Theorem 3). It is immediate to see that for monomials

p,q one has S(p, q)g = 0. We prove that G is a reduced Grobner basis using the
Buchberger’s Criterion (see [49], Chapter 2, §6, Theorem 6), i.e. showing first that

J = (G), and then that S(f®, f0)) ) =0 Vf®, f4) € G. We consider the cases
summarised in Table 1, depending on the values of b and c.

. B1)c<71,%1<b<a—1

By Lemma 2.3.1, in order to verify that J = (G) is it enough to show that
f€(G)and f € J. We have:

F=Tf (1= 2) 594 19 = f e ()

o i(mab FO) et p) o 0
Moreover,
S(fD, f) = aca® —aby® = acf® —abfD,  S(fY, fO) = az®7 = a2 f®)
S(FM, fW) = gga-lya=e = ya—e 1) _ pub=1 p()

2
a . _ a
Zpe b lya 2Cf(2) _

C

S(f(l), f(?)) — axa—lya—c—l _

S(f(2), f(3)) — axafbyafl — xafbf(Z) . Cycflf(B)
S(f(2), f(4)) — ay2a—c — CLyCL—Cf(4)7 S(f(2), f(7)) — ay2a—c—1 — aya—c—lf(4)
SO, W) = S, £7) = S0, 1) = 0.

Thus we have S(f®, f(j))g =0Vf9, fU) € G, hence G is a Groebner basis and
it is easy to check that it is reduced.

a—b—lya—2c—1 f(4)

. ThecasesCl)c< “db=a-1 B2) c=% % <b<a—1and C2)
C—T b=a—1 are analogous to the case B1.
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2.3 — Ordinary singularities with 7 < p

e B3)c=¢,“H <b<a—1

To prove that J = (G) we have just to check that f(©®)
b a be
6G) - _— c—1 b—1 (2 2balcl
0= (o (G e g )

As in case B1, one can see that

S, 7@) = S(fW, @) = S(fW, J0)° = 5(f@, [&)° = 5(f@, J@)" =0
Moreover we have:
S(f(l),f(S)) — gyt = 9egtlyel — 9pabo1£(2) _ oy £(9)
S(f@), f(5)) — gyteel = gyl @)
S, 1) = 519, 19 = S(#D, ) = 0

so that S(f®, f(j))g =0, Vf9, f0) € G. Hence G is a Grobner basis and again
it is easy to check that it is reduced.

e C3)c=5b=a—1
The proof that (f0), f@ f& @ ¢6)) is a Grobner basis is analogous to the
previous one. However, this is not a reduced Grobner basis. Indeed, we have
fO) = goa=b=lya=l — ya=1 g5 that we can remove f and replace f® b

f(?) . af(S) _ :Ebyc—l _ xa—lya—c—l _ f(ﬁ)
Hence the reduced Grobner basis is G = (1), f&) £ £(6)),
« B) “Hl<cc<a—1, <b<a—1.
In order to prove that J (G) it is enough to verify that f©®), f©® ¢ J. In fact,

we have:
1

O = 2( ey D 4oty 2)+bcxb—1y20—a—1f(4)>
a

f(6 (aya c— lf(l) f(2) + bchb—a—lyc—lf(fﬂ)) )

As in case B1, one can see that

g

SO, @y = S(F, oy = S(Fm, fy’ = 5(f@, fO)° = §(f@, f@)° =
Moreover we have:

S(FW, fO) = qga—lya=el = g O (O fO)y = gg2e=b=1 — gza=b-1¢()
S(F®, fO) = gyra—el = gye—cmlf@  G(F@ fO)) = gga-b-lya=l _ o £(5)
S, 19) = (7, £9) = 579, £0)

S(f(4), f(5)) — S(f(4), f(ﬁ)) — S(f(5), f(6’)) —0.

Hence G is a Grobner basis and, again, it is easy to check that it is reduced.
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The cases Ad) ¢ = 231 b = L and B4) ¢ = 454, “F < b < a—1 are analogous
to the case B5.

C5) “t<c<a—1b=a—1.

The proof that (f1), f@ fO) @ G £6)) is a Grobner basis is analogous to
the case B5, but this is not a reduced one. To show that a reduced Grobner
basis is G = (f0), f®), f®) f6)) one can proceed as in case C3.

C4)c=*Hb=a—1
It is analogous to the case C5.

C6)c=a—-1,b=a—1.

This case follow easily by case C5 noting that f(® = yo=1, f(6) =

21

Corollary 2.3.4. Assume b < a; then a system of generators for the leading terms
ideal (LT(J)) of J is given by the following table:

A B C
b:“TH CLTH<b<a—1 b=a-—1
o l,b—lyc’ LL’byC_l Y 7l,by
c < —&= -
2 a ,a n.a—b,a—1 a—b,,a—1
ry,xr 'y Yy ,L,T Y
o b 1yc ZL’ y b 1yc CL’ y
c="3 -
xa7 ya’ xafbyafl LY ’xa bya 1
b 1 b—1 1
oo Yo, 2ty Yo,y
=3 -
b1, a-1 -1 -1
ma,ya’xa b ya T ’xa ya c
-1 —1 b—1 b—1 1
a1 Y, zy Y| ety ety ey Yo,y
- 2
e b—lya 171.(1 1,,a—c—1 xa—b—lya—l’xa—lya—c—l xa’xa 1ya c—1
b—1,¢c b, c—1 ,.a ,a b 1,¢ ,a—b—1,a—1
T ynL,ay =Y Yy, Yy
atl cc<a—1 - ’ T
xafbflyafl xaflyafcfl T 2l 1ya c—1
) )
¢ b—lya—l
c=a—1 - ;
% 1ya c—1
Table 2.2: Generators for (LT'(J)).
Proof It follows by the definition of Grébner basis and by Lemma 2.3.3. ]
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Proposition 2.3.5. Assume b < a and set
li(a,b,c) =bla—1)+cla+1)—bc—a+1, Lly(a,b,c)=0bla—1)+cla+1)—bc—a
l3(a,b,c) = (a—1)*, Ly(a,b,c) =bla—1) +cla—1) —be

Let Y be the scheme associated to (LT(J)); then €(Y) is given by the following
table:

A B C

b= | Hb<a—1|b=a—1
1 c< 2t - t(a,b,c) t(a,b,c)
2 c=%1 - t(a,b,c) l1(a,b,c)
3 c=% - ls(a, b, c) l3(a,b,c)
4 = ly(a,b,c) ly(a,b,c) l3(a,b,c)
5|l <c<a—1 - ly(a,b,c) l3(a,b,c)
6 c=a-—1 - - l3(a, b, c)

Table 2.3: Length of Y.

Proof The length of a scheme given by a monomial ideal can be easily computed if
we know a system of generators for the ideal, for example using its graphic repre-
sentation, which we described in Remark 1.2.10 (see [49], Chapter 9, §2, Example
1 for more details). In our case, the generators of (LT'(J)) are given by Corollary
2.3.4, and it is enough to prove cases B1, B3, B5, C5 and C6 because the other

ones are analogous.

e Bl)c< st “H <b<a—1.
Since (LT(J)) = (2 1y, 2%y, 2%, y*, 24 Py*~ 1), the graphic representation of
Y is

2@

Figure 2.1: Graphic representation of Y in case B1.
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and

UY) = (a—b)a+(2b—a—1)(a—1)+c+(a—b)(c—1) = bla—1)+c(a+1)—bc—a+1.

B3)c=% 4l <b<a-1
Since (LT(J)) = (a1ye, abyc=t 2 y2, 2% 0" 1y®~ 1), the graphic representation
of Y is

a—b—1, a—1

z¢

Figure 2.2: Graphic representation of Y in case B3.

and

((Y)=(a—b—1)a+(2b—a)(a—1)+c+(a—b)(c—1) = bla—1)+c(a+1)—bc—a.

B5) “ <c<a—1,% <b<a-1
Since (LT(J)) = (b~ 1ye, abyc=t a0, yo, pa=b-1ya—1 ga-lya—c=1) the graphic rep-
resentation of Y is

a—b—1, a—1

Figure 2.3: Graphic representation of Y in case B5.
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and
0(Y) = (a—b—1)a+(2b—a)(a—1)+c+(a—1=b)(c—1)+a—c—1 = b(a—1)+c(a—1)—bc.
« C5 %1<c<a—1,b:a—1.

Since (LT(J)) = (x* 2y, 2%y, 2% 1y*=°1) the graphic representation of YV’
Is

a—2, c

Figure 2.4: Graphic representation of Y in case C5.

and
(Y)=(a—2)(a—1)+c+a—c—1=(a— 1)

e C6)c=a—-1,b=a—1.
Since (LT(J)) = (z*,y* 1) then {(Y) = (a — 1)

[
Theorem 2.3.6. Let a € N with a > 2 and b,c € N with b+c > a. Then the curve
Coe: 2"4y*+ xbyc =0

has an ordinary singularity of multiplicity a at O, and, if b > ¢, then the possible
values for its Tjurina number T at O are:

(a—1)? ifb>aorb=a—1,c>

(IS

bla—1)+cla+1)—bc—a+1 if P <b<a-1,c<%H

bla—1)+cla+1)—bc—a if “tP<b<a-1,c=14

bla—1)+cla—1)—bc if L <b<a-1 H<c<a-1
75



The Jacobian scheme of a plane algebraic curve

The minimum value reached by the Tjurina number T of Cy. at O is

T, = min {7(Cy.)o} = {

3a®> —2a — 4
b,c ENb+c>a '

4

Proof If Y denotes the scheme associated to the leading terms ideal (L7'(.J)), then
the affine Hilbert function of C[z,y]|/J is equal to the affine Hilbert function of
Clz,y]/(LT(J)) (see [49], Chapter 9, §3, Proposition 4), so that, Y being supported
uniquely at O, 7 = ((Y"). Hence, the first statement follows from Lemma 2.3.2 and
Proposition 2.3.5.

3a®—2a—4
4

if @ is even and 7, = if a is odd, and once this is done we can drop the
assumption b > c just exchanging the variables  and y.

For the second statement, we prove, under the assumption b > ¢, that 7, =
3a%2—2a-5
4

If P is a multiple ordinary point of multiplicity a < 3 for any plane curve D, we
have already noticed in Remark 2.2.6 that the Jacobian scheme of D at P is an
(a — 1)-slci, hence 7 = 1if a =2, 7 =4 if a = 3, and in fact 75 = 1 and 73 = 4.
Hence in the following we may assume a > 4.

We use the notation of Proposition 2.3.5; recall that
t=bla—1)4+cla+1)—bc—a+1, ly=bla—1)+cla+1)—bc—a

ly=bla—1)+c(a—1)—bc.

Assume a is even. To prove the statement, it is enough to minimise ¢, ¢ and /4
in their definition domains. We find the minimum of /1, /5 and ¢, and finally the
minimum between these three minima. Let us start with ¢;. Its domain is defined
by the following inequalities:

1 1
btc>a+1, a—g<b§a—1, c<?

(hence b > ¢)

but, since a is even and a, b, c € N, we can refine these inequalities to the following
ones: a a
b+c>a+1, §+1§b§a—1, 2§c§§—1.

The plane region corresponding to these inequalities is the triangle 1" as shown by
Figure 2.5
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2.3 — Ordinary singularities with 7 < p

b+c=a+1

Figure 2.5: The domain of /.

where A= (42,5 —1),B=(a—1,5—1)and C = (a —1,2).
boc) —

v
We have V{;(b,¢) = (a—1—c,a+1—b), so that

Vi (b,c) =(0,0) < (be)=(a+1l,a—1) ¢ T.
Hence the minimum of /; is along the boundary of T'. We have:

_ 3a? — 2a

a 1)_ab+a2—3a
N 4

. a a
(b, &) an = O <b,2— ; = mint; = () (+2,—1>

2 2
l1(b,c)|pc = li(a—1,c¢) :20+a2—3a+2:>rgicnﬁl =l(a—12)=a*—3a+6

0i(b,c)lca =li(ba+1—b) =b"+ (—a—3)b+a*+a+2=
a 1) _ 3a® —2a

2 4

Under our assumptions it easy to check that

) a
= mcknfl =1 <2 + 2,

3a® — 2a

3a% — 2
min{T,a2—3a+6} S

4

3a%2—2a

for a # 5, and since we are assuming a even, we conclude that min £; = =%

Now we find the minimum of /5. The domain of /5 is defined by the following
inequalities:

1
a—;— <b<a-1, c:%, b+c>a+1 (hence b>c)
that, under our assumptions, can be refined as follows:
a a
—+1<b<a-—2 = _.
5 +1<0<a , C 5
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The Jacobian scheme of a plane algebraic curve

Hence, we get:

a) _ (a—2)b+a*—a

a a>_3a2—2a—4
"2 2 N '

ta(b,¢) = Lo (b — minfy — £, (“+1,2 -

2

Finally, we find the minimum of ¢,. The domain of ¢, is defined by the following
inequalities:

1 1
@t <b<a-1, a;§6<a—1, b+c>a+1, b>c

that, under our assumptions, can be refined as follows:
a a
§+1§b§a—2, §+1§c§a—2, b+c>a+1, b>c.

The plane region corresponding to these inequalities is the triangle 7" as shown by

Figure 2.6:
\ c=a—2

b+c=a-+1

Tl

b=a-—2

N

Figure 2.6: The domain of /4.

where A = (a —2,a—2),B=(5+1,5+1)and C' = (a — 2,5 + 1).

Proceeding as we did for ¢; it easy to check that the minimum of /4 is along the
boundary of 7" and it is min {4 = 3“%12.

Finally, an easy computation shows that

(3a®>—=2a 3a®>—2a—4 3a*>—12 302 —2a — 4
min , , =
4 4 4 4

and hence the result is proved for a even. If a is odd the proof is analogous (but it
is easier, since it is not necessary to consider /5). [ |
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2.4 — Jacobian schemes at double points

2.4 Jacobian schemes at double points

We now consider the Jacobian scheme at a double, not necessarily ordinary,
point. Recall that, if £ > 1, a double point of type Asx_1, respectively Aoy, for a
plane curve C is a 2-branched, respectively 1-branched, double point, which needs k
successive blow ups to be smoothed (hence A; is a node, A an ordinary cusp, Az a
tacnode and so on). For any n, even or odd, the normal form for an A, singularity
is: y? — 2™ = 0; in other words, the germ of C at O is analytically equivalent to
the germ of the curve y? — 2" =0 at O.

Theorem 2.4.1. A point P is a double point of type A,, for a plane curve D if and
only if the Jacobian scheme of D at P is a curvilinear scheme of length n. Hence,
a double point P for a plane curve D is of type A, if and only if 7(D)p = n.

Proof Let us consider the curve C, : y*> — "™ = 0; C has a double point of type
A, at O, and no other singularities in the affine plane; its Jacobian ideal is

J=(y* — 2", 2y, (n+ 1)2") = (y,2")

hence its Jacobian scheme is a curvilinear scheme of length n. The conclusion
follows by Theorem 2.1.6. ]

Remark 2.4.2. The case of double points could induce to think that 7 at an
ordinary singularity is always smaller than 7 at a non-ordinary singularity, but the
following example shows that this is not always the case. Let us consider the curve
C:zy(r —y)(x+y)? + 2% + y® = 0, which has a 5-ple non-ordinary point at O. A
computation with CoCoA shows that 7 = 15, while for the curve D : 2° — ¢y° = 0
we have 7 = 16.

2.5 A remark on the Tjurina number

In this short section we give a condition for a curve C to have only nodes, using
the global Tjurina number 7(C).

Proposition 2.5.1. LetC: f(x,y) = 0 be a plane curve. If P € C, m = mp(C) > 2
and P is not a node, then Xp contains properly the 0-dimensional scheme (m—1)P,

so that
U(Xp) > (7;)

Proof First assume that P is an ordinary singularity with m > 3; then,

Xp 2 (m — 1)P by Lemma 174, and by Remark 2.2.9 we have
((Xp) = 7 > 2(m —1)%. Since for m > 3 one has (7;) < 3(m —1)?, we get
Xp 2 (m — 1)P
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The Jacobian scheme of a plane algebraic curve

If m > 2 and P is not an ordinary singularity, we can assume that P = (0,0) and
the tangent cone contains the double line supported on the z-axis, so that

f=vhi hpoto

where hy,...,h,,_o are linear forms and ¢ is the sum of forms of degree > m + 1.
We have
fm - yQ(hl T hm—2)m +¢$7 fy = Qy(hl e hm—2) + yQ(hl T hm—2)y +¢y
degm—1 degm—1

with ¢, = 0 or deg ¢, > m, and ¢, = 0 or deg ¢, > m. Hence the curves
Co: =0, Cy:f,=0

have a singularity at P with mp(C,) = m — 1, mp(C,) = m — 1, and the two
curves have a common tangent at P, i.e. the z-axis, so that C, N C, contains the
0O-dimensional scheme Y union of (m—1) P and of the curvilinear scheme of length m
supported on the z-axis, i.e. Zy = (z,y)" 'N(z™,y) = (2™, 2™ 2y,... zy™ 2, y™1);
we have ((Y) = (7;) + 1. Moreover, Zy 2 (x,y)™, that is, Y C mP.

The Jacobian scheme at P is the schematic intersection C N C, N C, at P, and
C2OmP 2 Y, so we get that Y C Xp, this giving /(Xp) > (g) + 1. [

Proposition 2.5.2. Let C be an irreducible curve of degree d and geometric genus
g in P2, with no infinitely near points. Then C has only nodes if and only if

)= (") -9

Proof Let P, ..., P, be the singular points of C, of multiplicity m,...,m,, and
let X be its Jacobian scheme. Assume 7(C) = (d§1> — g. Since there are no singular

T

infinitely near points, g = p,(C) — >7_,; (”;), that is

() =5(%)

Hence the assumption (d;) —g=1(C) =71 l(Xp) gives:

r

2 (3) -

i=1 =

If P, is a node, then ((Xp) = 1 = <"2“), while if P; is not a node we have
((Xp) > (?) by Proposition 2.5.1, hence all the singular points must be nodes.

The vice versa is immediate. ]
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Chapter 3

Superfat points and associated
tensors

This chapter is based on a joint work with M. V. Catalisano, A. Gimigliano
and M. Ida (see [35]). In all this chapter we will use the identifications defined in
Notation 1.3.1 and in Remark 1.4.2 so that we will interchangeably think of v, 4 as
a map from P" to PVnd or as a map from P(7}) to P(T}).

The ideas for this chapter sprang from the symmetric schemes we encountered
in Chapter 2 during the study of the Jacobian schemes of ordinary singularities (see
Definition 2.2.4). We found surprising that in the wide panorama of studies among
O-dimensional schemes the following simple (and, to us, quite natural) questions
had not been asked:

o What are the possible structures of a 0-dimensional scheme supported at one
point P which are symmetric, i.e. that give the same length m when intersected
with any line through P?

e Given m, how many points can sit “symmetrically” on a point P of the space?

The formulation of the last question deliberately recalls the well known one: “How
many angels can stand on the tip of a needle?” which has become a sort of metaphor
for “useless logic argument” ,“needless point”, even though it is related to Middle
Ages scholastic theology and to its way of debating similar questions (e.g. see [12]
for problems in angelology and [100] or [93] for a discussion about the story and
possible educational use of this kind of questions). We hope that our questions

about 0-dimensional schemes are not so abstruse!

In this chapter, we start by generalising the definition of m-symmetric scheme
and m-slci scheme from P? to P". After that we give the definition of m-superfat
point as a symmetric scheme having the property of maximality with respect to
the inclusion and we show the coincidence of m-slci and m-superfat points.
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Superfat points and associated tensors

At this point the aim of the chapter is to begin the study of such 0-dimensional
schemes, also related to the varieties they can generate via Veronese or Segre-
Veronese embeddings of the space (either projective or multi-projective) where they
are embedded; this aspect could be of interest also for possible applications to tensor
decomposition (e.g. to products of symmetric W-states in evaluating tensor rank
as a measure of entanglement).

The plan of the chapter is the following: in §3.1 we give the main definition
and first properties related to symmetric O-dimensional schemes. In particular, we
show that every m-symmetric scheme is contained in an m-slci and we deduce that
m-slci are m-symmetric schemes which are maximal with respect to the inclusion.

In §3.2 we study in more detail the case of points in the plane. In particular,
we show that the 2-superfat points of P? coincide with the 2-squares and we prove
that the schematic union of all the m-superfat points supported at P € P? is the
fat point (2m — 1)P. After that we stress some intuition-baffling properties of
symmetric schemes.

Finally, in §3.3 and in §3.4 we point our attention to the kind of symmetric and
partially symmetric tensors which are parameterised by points in the span of the
image of such schemes via Veronese or Segre-Veronese embeddings and we study
the varieties that they define, determining the defectivity of some secant varieties
thereof.

3.1 Symmetric and superfat points in P”

We start generalising the definition of m-symmetric scheme and m-slci, which
we originally gave only for P? in Definition 2.2.4.

Definition 3.1.1. A 0-dimensional scheme X supported at one point P € P" is
said to be

o m-symmetric if £(X N L) = m, for every line L passing through P;

e an m-symmetric local complete intersection (m-slci for short) if it is a local
complete intersection of n hypersurfaces having multiplicity at P equal to m
and whose tangent cones at P have no line in common.

Remark 3.1.2. It is easy to see that an m-slci is m-symmetric, and the proof is
analogous to the one of Lemma 2.2.5. Moreover, by [62], Corollary 12.4. one finds
that the length of an m-slci of P™ is m™.

As for the case n = 2, an m-fat point is an m-symmetric scheme in any P".
Actually, the m-fat points are the m-symmetric schemes of smallest possible length
and their peculiarity with respect to m-symmetry is illustrated by the following
lemma.
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3.1 — Symmetric and superfat points in P"

Notation 3.1.3. We will use in the affine space A" coordinates (z1,...,z,) and
we will think of it as the affine chart {xy # 0} of P".

Lemma 3.1.4. Let X be an m-symmetric scheme supported at P € P" and
Ix = (Gu,...,Gy), its defining ideal, where Gy,...,Gs is a minimal set of gen-
erators. Then all the hypersurfaces G; = 0 have multiplicity at least m at P, and
at least n of them have multiplicity exactly m. Moreover, there is no line common
to all the tangent cones of the hypersurfaces G; = 0 which have multiplicity exactly
m at P.

Proof If there were a hypersurface G; = 0 having multiplicity at P less than
m then a line L passing through P and not contained in the tangent cone of
{G; = 0}, would locally intersect {G; = 0} with length m’ < m, hence we would
have /(L N X) < m' < m, thus getting a contradiction.

Now let us suppose that there are r hypersurfaces in Zx with multiplicity exactly m
at P, say Gy, ...,G, and, by contradiction, that r < n. Let {F; =0},...,{F, =0}
be their tangent cones at P and consider the scheme Y C P" with Zy = (Fy,..., F,).
Since Y is a cone and dim(Y') > 1, then there is a line L C Y. By construction, L
passes through P and /(LN X) > m against the hypothesis that X is m-symmetric.

Finally, if there were a line L common to all the tangent cones {F} = 0}, ..., {F, = 0},
then we would have ¢(L N X) > m again contradicting our hypothesis of
m-symmetry. ]

Remark 3.1.5. As an immediate consequence of the previous lemma, we have that
every m-symmetric scheme X C P" supported at P contains the m-fat point mP.
Hence fat points are (with respect to inclusion) the smallest m-symmetric schemes;
in particular, the length reaches its minimum, i.e. for every m-symmetric scheme
X we have ((X) > (mt?_l), with equality if and only if X = mP.

Now we want to find out “how fat can an m-symmetric point be” i.e. we want
to consider the following questions:

e Among all the m-symmetric schemes supported on the same point P, which are
the maximal ones (with respect to schematic inclusion)?

e What is the maximum length of an m-symmetric scheme?

One can think of this problem as a problem of “packaging of points”: given m,
we want to “fit together” infinitesimal points over a point P in such a way that
m—symmetry holds, and we want to know how many of them we can “keep pack-
aging together” without violating m-symmetry.

Remark 3.1.6. The ideal (27", ..., 20") C Clxy, ..., z,] defines a projective scheme
X C P" of length ¢(X) = m", and it is easy to check that it satisfies m-symmetry,
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Superfat points and associated tensors

hence the answer to the second question above is at least m™, i.e. the maximal
length for an m-symmetric scheme in P” is at least m™.

In Theorem 3.1.9 we show that in fact that the symmetric schemes which are
maximal with respect to the inclusion are exactly the symmetric local complete
intersections and thus they all have the same length and the maximum number of
infinitesimal points we can fit over a point P is m". Before doing that we give two
definition.

Definition 3.1.7. An m-symmetric scheme in P" which is maximal with respect
to the inclusion is called an m-superfat point, or just a superfat point if we do not
need to specify m.

Definition 3.1.8. An m-symmetric scheme whose ideal is of type (¢1*, €5, ..., (")
for ¢; € Clxo, ..., T,)1, with £y, ... ¢, linearly independent, is called an m-hypercube.

Theorem 3.1.9. A scheme X C P" is an m-superfat point supported at P € P" if
and only if it is an m-slci. Thus, any m—superfat point in P™ has length m"™ and
it is a Gorenstein scheme.

Proof By Remark 3.1.2, proving the statement is equivalent to proving that any
m—symmetric scheme X supported at P is contained in an m-slci.

We assume P = [1,0,...,0] and we work in A" using affine coordinates (z1, ..., z,).
If we set Zx = (Gy,...,Gs) C Clxy,...,z,| then, by Lemma 3.1.4, we have that
all G;’s have multiplicity at least m at P, and at least n of them have multiplicity
exactly m. Let Gy,...,G,, n < r < s be the ones that have tangent cone of
degree m at P, and let Fy,..., F, € Clxy,...,x,]m be the degree m summands of
G1,...,G,, i.e. the equations defining their tangent cones. If the F;’s are linearly
dependent, and for example F} = asF5> + .... + a,.F,, then GG; can be replaced by
G1 — (a2Gy + . ... + a,G,.), which has tangent cone of degree > m; hence we can
assume that the F;’s are linearly independent, and, again by Lemma 3.1.4, we have
that Fi, ..., ;. do not have any common line.

We want to show that there are n polynomials in (Fi,...F.) C Clxy,...,Tn)m
which have no common lines (actually we will find a regular sequence Hy, ..., H,).
This is obvious if » = n, so we can assume r > n + 1. Consider H; := F} and a
generic linear combination of Fi, ..., F,

CL21F1 + CL22F2 + ...+ CLQTFT =: HQ.

We want to check that dim{H; N Hs} = n — 2. Let C4,...Ck, k < m, be the
irreducible components of {H; = 0} and for any i = 1,...,k let P, € C;\ P. In
order to have that no C; is contained in {Hy = 0} is enough that Hy(P;) # 0 for
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3.1 — Symmetric and superfat points in P"

any ¢ = 1,...,k and this is true for the genericity of the linear combination H:
indeed, for each i, we can view

21 F1(P;) + w00 F5(Py) 4+ ... + 29, F.(P;) =0

as a hyperplane in P!, with respect to homogeneous coordinates a1, ..., z2,],
so it is enough to choose a point [ag, ass . .., as:| not lying on these hyperplanes.
Hence {H; N Hy} has dimension equal to n — 2. Now we repeat this procedure by
defining a generic linear combination

a31F1 + CL32F2 + ...+ a37‘Fr = H3

such that dim{H; N Ho N H3} = n — 3 and so on in order to get Hy,..., H, that
form a regular sequence and their intersection is only supported at P.

Now, let K7 := G and
Ki::ZaijGj, VZ:2,,’I7,
j=1
so K; has H; as tangent cone at P. Since
(N Hi={P}
i=1

the scheme Y defined by the ideal (K7,...,K,) is O-dimensional at P and Yp
is locally complete intersection of n hypersurfaces with multiplicity m at P and
whose tangent cones have no common lines. We have that (Ki,...,K,) C Zx,
hence X C Y and this concludes the proof. [ ]

Remark 3.1.10. Two hypercubes of P" given by the ideals I = (¢7*,..., (") and
J = (h",...,h) with the same support are different, provided that {ly,...l,} #
{h1,..ha}. In fact, hJ* € I, if and only if there exists 7 such that h; = l;, since
the forms 7", ...[;", b7, viewed as points of the Veronese variety V;, ,, are in general
position.

Remark 3.1.11. Even though, up to this moment, we mentioned just hypercubes,
fat and superfat points, there are other schemes possessing m-symmetry. As an
example, consider X C P? defined by the ideal (z3,x3, z2x3): this is 3-symmetric
and ¢(X) = 8. This gives the opportunity of pointing out a few peculiar behaviours
of the 0-dimensional schemes which sometimes baffle our intuition. Let P = [1,0,0],

X =2P and Y the hypercube of P? having ideal (2%, 23). We can observe that:

o Even though the linear sections X N L =Y N L coincide for any line L through
P, we have X #Y.
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o If J;, denotes the 2-jet supported on P and contained in L, we have

Yyn(JL=ynP=Y

L>P

and

U(YDL): U Jp=2P=X

L3P L3P
where L varies on the set of the lines passing through P. Hence the schematic
unions and intersections does not commute, while they do so if we consider just
the support of the schemes.

As we will see, there are other unexpected properties of symmetric schemes.

In defining m—symmetry we have used lines through the support point, but the
following result shows that this is equivalent to using smooth curves.

Proposition 3.1.12. A 0-dimensional scheme X, supported at one point P € P",
is m-symmetric if and only if (X NC) = m for every curve C smooth at P.

Proof Let X C P" be an m—symmetric scheme with support at P € P”, and
C C P" be a curve smooth at P. We have mP C X, and ¢((mP NC) = m, so
(X NC) > m. Since C is smooth, it is locally a complete intersection, i.e. there are
polynomials Fi, ..., F,,_y such that they are smooth at P, the ideal (Fy,... F,_1)
defines C at P, and the intersection of their tangent cones at P is the tangent line
71.p(C). If we consider any F' € Ty, whose tangent cone has multiplicity m and
does not contain 7y p(C') (it must exist since X is m—symmetric), then the length
of the projective scheme defined by the ideal (F, F}, ..., F,_1) is m by [62] Corollary
124, and (F, Fy, ..., Fy—1) CZx +Z¢ € Ixnce hence ((X NC) < m. [ ]

Recall that O-dimensional schemes in P for n > 3 are not all smoothable,
i.e. obtained by collapsing simple points; nevertheless, the m—hypercubes are all
smoothable.

Proposition 3.1.13. Let X C P" be an m—hypercube, then X is smoothable.

Proof Modulo a projectivity, the ideal of any m—hypercube X can be put in the
form Zy = (z7*,...,27") and such an ideal can be seen as lim; ,o Z; where

It = (Fl(Il,t), ce Fn(ZL’n,t))
and
Fi(x,t) = xi(x; + ) (z; +2t) -+ (2 + (m — 1)t)

for each i = 1,...,n. The statement follows by the fact that Z, is actually the ideal
of m™ simple points arranged on a hypercube for any t. ]

86



3.2 — Superfat and m-symmetric points in P?

The above proposition leads the way to its generalisation: also m—superfat
points are not among the “bad 0-dimensional schemes” which are not smoothable
in P for n > 3, i.e. we have the following proposition.

Proposition 3.1.14. Let X C P" be an m—superfat point. Then X is smoothable,
Vm,n € N.

Proof The fact is actually known since every O-dimensional locally complete in-
tersection is smoothable (e.g. see [80] Theorem 4.36) and m-superfat points are
locally complete intersection by Proposition 3.1.9. We just sketch the idea here:
if we have, locally, Zy = (F}, ..., F,,), consider the schemes X; defined, locally, by
Ix, = (F1+1tGy, ..., F, +tG,,), where the G;’s are generic forms of the same degree
as F;. We will have that, locally, X; is given by m"™ simple points, and, as ¢t — 0,
X; — X, so X is smoothable. [

3.2 Superfat and m-symmetric points in P?

In this section we consider the case n = 2, where more detailed results are easier
to get.

Notation 3.2.1. In the case n = 2 we use the notation m-squares instead of
m-hypercubes.

We start showing that in the case m = 2, we have that actually 2—superfat
points are 2—squares.

Proposition 3.2.2. Every 2-superfat scheme X C IP? is a 2-square, i.e. Ix can be
written, modulo projectivity, as x = (z%,x3).

Proof Let P = [1,0,0] be the support of X. By Theorem 3.1.9 X is a local complete
intersection of two conics C; : F' = 0 and Cy : G = 0 such that mp(Cy) = mp(Cz) = 2
and their tangent cones at P have no common line; in other words C; and Cy are
both the union of two distinct lines meeting in P and the four lines are pairwise
distinct. Now, let Y be the 0-dimensional scheme defined by the ideal (F,G). Since
(Y)=4=/((X)and X CY we have X =Y and in particular we get

Ix = (F,G).
Let F' = Ly1Ly, G = L3Ly, where all L; € Clzy, xs];. In the pencil
{aL1L2 + bL3L4}

there will always be two conics of rank 1, since such pencil gives a line in
P(C[zy, s]2) = P? which will intersect in two points the conic representing the
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forms of rank 1 (i.e. the 2-Veronese embedding of P!, parameterising squares of
linear forms). Note that our pencil cannot be represented by a tangent line to
the conic, since such lines represent pencils of conics with a common linear factor.
Hence, the ideal of X can be written, modulo a projectivity, as Zx = (z3,73). =

Example 3.2.3. The coincidence of 2-superfat points of P? and 2-square has noth-
ing similar neither in higher dimension nor in higher degree. Let us see some
examples.

o In P3 the 2-superfat point of ideal (w23, 123, ¥3, vox 172 + 2323, 23, 23) is not a
2-hypercube because it has generic Hilbert function while a 2-hypercube does
not.

e Even in P? the situation for m = 3 is not similar to the case m = 2, i.e. a
3-superfat scheme X is not always a complete intersection of 2 cubics. Of course
any ideal of type

(L1L2L3, M1M2M3)

where L;, M; € Clzy, xs]; and L; # oM, for all i, j € {1,2,3}, gives a 3-superfat
point, but they are not all. For instance, consider the ideal

Ix = ((wg — 21)?, 2820 + 2227, 1023, 27).

It can be seen that it defines a scheme of length 9 which is 3-symmetric, i.e.
a 3-superfat point. Nevertheless, X is not a complete intersection because its
ideal generation is the generic one for a scheme of length 9: one cubic and three
quartics. Anyway, if we consider the intersection of its two first generators at
P =[0,0,1], we get a scheme of length 9, which has to be X; in other words, the
scheme X is the local complete intersection of two curves with a triple point at
P and with no common tangent, in accord with Theorem 3.1.9.

Looking at several examples leads to the following conjecture.

Conjecture 3.2.4. For every m > 2 there exist an m—superfat point in P* having
generic Hilbert function.

Let us note that since the 0—dimensional schemes with maximal Hilbert function
form an open subset in Hilb"(P?), if one can prove that the m—symmetric points
form an irreducible subscheme (or at least a subscheme with only one component of
maximal dimension) in HilbJ? (P2) C Hilb™ (P?), where Hilb? (P?) is the Hilbert
scheme parameterising O-dimensional subschemes of P? of length m? and supported
at a point P € P2, then Conjecture 3.2.4 would imply that the generic m—superfat
point has maximal Hilbert function.

In the following sections, we will be considering m-squares on Veronese and
Segre-Veronese surfaces. To this aim it is useful to check what happens when we
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3.2 — Superfat and m-symmetric points in P?

consider all the m-squares supported at the same point P, so we want to find out
what the schematic union of all m-squares supported at one point P is.

In the sequel, we need the following combinatorial result on binomials (which
we think is also interesting per se). It might be already known, but for lack of a
reference we prove it here.

Lemma 3.2.5. In Z*>, ¥ m,i > 1 consider the two vectors

(7)) ()
() o)

Then Uy, - Wim = 0.
Proof Note that, for i > m + 1, w;,, has (i —m) initial 0’s. We have that:

o For m =1 one has v; = (1,-1,1,-1,...) and w;; = (0,...,0,1,1,0,...), with
(¢ — 1) initial 0’s;

« For ¢ =1, we have wy,, = (m,1,0,...).

Hence, for all 7, we have v; - w;; = 0, and for all m, we have v,, - w;,, = 0.

Now we assume m > 1 and ¢ > 1 and we work by induction on m + i. By the

identity
k k—1 k—1
W) =)0
o o' a—1

we get v, = Up—1 + vl,,, where

e ) ()

and
Wim = Wim—1 + Wi—1,m—1-
Hence
/ /
Um - Wim = (vm—l + ?}m) *Wim = Um—1* Wim + Uy, " Wim =
/
= Um—1" Wim—1 T Um—1 " Wi—1,m—1 T VU, * Wim-

Since v, - Wim = —Up - Wi—1,m, then the three summands above are zero by the
induction hypothesis, and we are done. ]

Theorem 3.2.6. For every P € P? and for any m > 1, we have that the schematic
union of all m-squares supported at P is the fat point (2m — 1)P.
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Superfat points and associated tensors

Proof Without loss of generality, we can work in the affine case and consider the
case P = (0,0) Let A := {(61762) S C[ZL’I,IQ]l X (C[Jfl,xg]l | El 'ffg} What we have

to prove is that
(0 05) = (z1,22) L.
(L1,02)€A
First let us check that

($17x2)2m71 g m (€T7££n>
(21,@2)614

2m—1

Actually, for any choice of (¢1,03) in A, every generator of (z1,x2) can be

written as
aolT" a7 ot A 0 g 1 07T A g2 l1 03 g 1 37

of course with different coefficients a; € C if we change our choice of ({1, ¢5). Since
in every term of this polynomial either ¢, or ¢y appears with power at least m, we
get
(x17x2>2m—1 g m (€T7€£n>
(fl,fz)EA

Now, in order to complete the proof, we have to prove that no form of Clzy,xs]4,
with d < 2m — 2, belongs to

N .

(£1,62)€A
and of course it is enough to prove that this happens for d = 2m — 2. Since the
statement is trivially true for m = 1, we assume m > 2, i.e. 2m—2 > m. We choose
2m — 1 particular m-squares supported at P, and we prove that the intersection
of their ideals has no form of C[z1, xs]e,_o. More precisely, we will prove that the
following ideal
I = (2, )Nz, N, ..n(al, o (e, z3) N, o38Ny, 25N, ..0lr_,, x5,

m—1 m—1»

has no form of degree 2m — 2, where the ¢;’s are distinct linear forms different from
r1 and zs.

In order to prove our result, we study first the ideal (27", (z1 + axs)™) in degree
2m — 2. Since

(21 +az)™ =) <z >x§”_za2x’2
=0

we get that (21", (21 + ax2)™)em_o is generated by the following 2m — 2 forms:

om—1—j j—1 \ -
T Vi =1,...,m—1
m
MY\ 5 el—idti me]—iti )
> (Z,)az:ci” T Y =1, . ,m—1
i=j
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3.2 — Superfat and m-symmetric points in P?

We identify these forms with the following points in P(C[z1, 2]/ —2)

Py=1[10,...,0, P, =[0,1,0,...,0],-++ , Pns = [0,0,...,0,1,0,...,0]
Pom—s—;=10,...,0 ,("7>aj,<m>aj+1,...,<z>am, 0,...0,Vji=1,...,m—1.

j+1
<\ gt
m—1 times 7—1 times

Clearly these points are linearly independent, so they span a single hyperplane. If

Clzo, - - -, Zom_o] is the coordinate ring of P*"~2  then the hyperplane spanned by
the P,’s is
T (mo_l) a2, — (T) a™ 2z, + (mgl) a™ 3zt (=)™ (%”_‘f) Zom—a = 0,

in fact, obviously, Py,..., P, o € w, and P, _1,..., Py, 3 € m by Lemma 3.2.5.
Analogously, if we consider the ideal (23", (x1 + az2)™) in degree 2m — 2, we get
that the forms of degree 2m — 2 correspond to points in P?"~2 which span the
hyperplane

(—1)m1 (2::12) a™ lzg 4+ (m;rl)a%m_g — (T)azm_g + <m51> Zm—1 = 0.
Note that if we start from the m-square (z*, 23"), i.e. for a = 0, we get the hyper-

plane z,,_; = 0. Let 7, ;, 7y, and m,, 4, be the 2m — 1 hyperplanes corresponding
to the m-squares (27, ¢"), (", £7*) and (x7*, 25"), respectively.

Now, in order to prove that the ideal I has no form of degree 2m — 2 it is enough to
prove that the intersection of the hyperplanes 7, ;, 7, and 7, ; is empty. We get a
homogeneous linear system, whose (2m — 1) x (2m — 1) matrix is the following:

| 0 0 0 0
| A 0 0 0 0
... .. ... ] 0 0 00
o 0 0 0 1 0 0 0 0
00 0 0 | |
00 0 0 | A |
00 0 0 | |
The (m — 1) x (m) block A (in the first m — 1 rows) is:
(D) A et (—D)™ (2 )ar L (M ad —(T)ar 1
(=1 B eyt (=)™ (2 )ay L a3 —(T)az 1
A= | (=)™ ey (=)™ (> ))ag ™ .. a3 —(T)as 1
(O )t GO Gi)an o (")ah —(F)amor 1



Superfat points and associated tensors

The block A’ is the same as A, but with the columns and the powers of a in reverse
order. These two blocks have maximal rank m — 1, since they can be viewed as a
Cauchy-Vandermonde matrix where each column is multiplied by a constant. Since
the two blocks lies in the first and in the last m — 1 columns of the matrix and the
middle row of the matrix is (0, ...,0,1,0, ...,0), the rank of the matrix is 2m — 1 and
we are done. ]

Remark 3.2.7. Let us note that the fat point 2m P can never be obtained as union
of squares. Let us show that in the cases m =1 and m = 2:

e M = ]_
Since any 2-square supported at P properly contains the fat point 2P, then
2P should be obtained as a union of 1-squares, but this is impossible, P being
the only 1-square supported at P.

e m=2
Since any 4-square supported at P properly contains the fat point 4P, then 4P
should be obtained as a union of 1-squares, 2-squares and 3-squares supported
at P. Since the unique 1-square is P and it is contained in any 2-square and in
any 3-square supported at P, we can suppose that 4P is a union of 2-squares
and 3-squares supported at P. Let

Ay ={Q | Q is a 2-square supported at P}

As = {Q | Q is a 3-square supported at P}

and suppose, by contradiction, that there exist A, C Ay and A} C Ajz such
that

wp= | 0

QeALUAY
If r is a line through P, we have

aP\r*= | (@\r?),

QEALUAL

where 72 is the double line supported at r and we are considering the schematic
difference. If Q € Ay, then either Q \r* =0 or Q \ r* = P. If Q € A3, then
either Q \ r? is a 2-square or @ \ r? is a 3-jet. Thus, 4P \ 7? = 2P should be
a union of 2-squares and 3-jets, and this is a contradiction.

The proof for higher multiplicities is analogous to the case m = 2.

Remark 3.2.8. Let us note that something quite different can happen if we do not
consider all the pairs of lines as we did in Theorem 3.2.6. For example, consider
P =[1,0,0] € P? and the union of the 2-squares supported at P that are defined via
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3.3 — 2-squares on Veronese surfaces

two lines which are “perpendicular” with respect to the apolar action of Clwy, ws]
on C[z, xs]; in this case we do not get the entire fat point 3P. In fact, if we set
Ap ={(l1,03) € (Zp)1 X (Zp)1| €1 L 5 and (£2,/43) is a 2-square } then

N (&,63) = (a1 + 23,27, viws).
(Zl,fg)GAP

It is quite immediate that each ideal (¢2, /%) contains the ideal ({1, (5)% = (1, x9)3;
if moreover ¢, | (5, we can write {; = ax; — bxo, lo = bxy + axs and thus (¢2,(3)
contains both a’z? + b2 — 2abxize, b*2? + a’x3 + 2abxrizo and we have that
(a® + b?) (23 + 23) € (£3,03), i.e. (23 + 22) is contained in any ideal (¢%,¢3) with
(01,05) € Ap, and the thesis follows.

Note that it is actually enough to intersect two of those ideals to obtain the total
intersection ideal. Note also that (a® + b?) # 0, because the pairs (a,b) for which it
is zero correspond to the only two particular lines through P, namely {z; +izs = 0}
which we have to exclude among the pairs of lines in Ap , because they are isotropic,
i.e. “perpendicular to themselves” and thus the ideal

((33'1 + iIQ)Q, (Z.Z'l F 513'2)2) = ((l’l + i$2)2>
is not the ideal of a 2—square point but of a double line.

It is also interesting to observe that the scheme

Z= U Quu

(fl ,EQ)EAP

where Zg, , = (£3,43), is not 2-symmetric, even if it is an (infinite) union of 2-
symmetric schemes. Indeed, Z N L has length 2 for all lines L, except for the two
lines x; + ix9 = 0 which meet it with length 3. On the other hand, the fat point
3P is 3- and not 2- symmetric, although it is a union of 2-symmetric schemes by
Theorem 3.2.6.

Finally, observe that the scheme Z considered above is 2-symmetric if we consider it
over the reals. Hence Theorem 3.1.9 does not hold over R, in fact (23 + x3, 1229, 23)
defines a 2-symmetric scheme in P% of length 5.

For the moment we stop our treatise on 2-squares and we pass to consider their
embedding on Veronese and Segre-Veronese varieties, but we will come back to them
in Chapter 4, where we will deal with the interpolation problem for 2-squares.

3.3 2-squares on Veronese surfaces

Now we want to begin to see how the m-squares can give, with their immersions
on Veronese surfaces V5 4 (see Chapter 1, §1.4), parameterisations of structured sym-
metric tensors. We will start by considering only 2-squares, which at the moment
are the ones we know the best. Recall Notation 1.3.1.
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Superfat points and associated tensors

Remark 3.3.1. If we have a subscheme X C P2, then, by Proposition 1.4.6, we
know that L(v, 4(X)) C PNnd is naturally isomorphic to P((Zx)7) € P(Uy). In the
following we will identify P((Zx);) to L(v,4(X)). For instance, consider a 2-square
@ C P2 Up to a linear change of coordinates we can suppose that Zg = (22, 2%)
whose perp in degree d is

(Zg)i =< wowiwy >, wowy ', wiw§ * wh >C P(Uy).
With our identification we have
P((Zq)y) = L(v2,4(Q)) = L(lyoy1ys 2], lwovs 1, [y1vs 2], [y3]) C P(Ty) = PN,

In other words we are doing nothing but considering the apolarity action of 1" on

R.

Now we want to consider the variety spanned by all the possible schemes
va4(Qp), on the surface V3 4.

Proposition 3.3.2. Let
V2d U L V2d Q(V2,d) = QO(Vz,d)

QCP2
where the union is made on all the 2-squares Q of P2. Then we have
Q(Va,a) = m2(Vaa).
Moreover, if a point [F| of P24 lies on 15(Vayq), the form F € Ty can be written,
modulo a change of variables in P?, either as
F = 3% (aoyoy2 + a1y + azys + asyoyn), if [F] € Q°(Va,a)

or as
F= 93_2(%98 + ay1ye), if [F] S Q(V2,d) \ QO(V2,d)~

Proof By Theorem 3.2.6 we know that the union of all 2-squares supported at the
same point P in P? is the fat point 3P so we have

Q(Va) = | L(a(Q) = U UL(24(@Qp)) = | LU 1r24(Qp)) =

QCP2 PeP2Qp PeP?2  Qp

= J L(a U Qr) = | L(12a(3P)) = ma(Vaa)

PeP? PcPp?

where (Qp varies on the set of 2—squares supported at P.

By Remark 1.4.21 we know that if [F] € my(V2,4) then F' can be written as
F = y$72G, where G is a conic. We write

G = agyoys + a1y1ye + asys + H(yo, y1)
with H € Clyo, y1]2 and we distinguish two cases:
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3.3 — 2-squares on Veronese surfaces

H(yo,y1) is not a square.
In this case there exist ¢y, 1 € Clyg, y1]1 such that H = lol; and ¢yt 1. As a
consequence, there exist by, by € C such that

aopYo + ary1 = bolo + b1ty
and thus we get

G = ya(agyo + aryn + a2y2) + H(yo, 1) = y2(bolo + b1ly + azys) + loly

and
F = y3 % (boloyz + bilrys + asys + loly).
Note that in this case [F] € L(14(Q)), with Zg = (¢2,¢3), thus [F] € Q°(Va,a).

H(yo,v1) is a square
In this case we have H(yo,y1) = g% for some £y € Clyo, y1]; and we get

F = y32(y2(aoyo + ar1y1 + azyz) + £3)

that, modulo a linear change of coordinate of P2, we can write as

F = y§ % (boyg + biyaye).

Note that in this case [F] & L(1v24(Q)), for any 2-squares Q C P?. Nevertheless,
we know that [F] € 19(Vag) = Q(Va,) and thus [F] € Q(Vay) \ Q°(Vaa). To see
how in this case F' is the limit of forms that lie in Q°(V4,4) consider the linear
form ¢, = yo + €y1, and the 2-square Q. with Zg_ = (¢2,y3). Then we have

L(VQ,d(QE)) = ]P)((IQs)j) = L([yoyg_l], [yoyg_an]v [yg—l&}’ [yg])

11_{% L<V2,d(Qs)) = L([ygyg_2]7 [?Joyg_lL [ygD

and any [F] in there is such that F' can be written, modulo projectivities of the
plane, as

yS’Z(aoyS + a1y1y2).

Since these are all the possible cases the proof is concluded. [

Note that Proposition 3.3.2 gives, in some sense, a more refined way to distin-

guish the form lying on 75(V5 4). Moreover, it has a noteworthy consequence which,
for d = 4, is Lemma 4.1 in [20].

Corollary 3.3.3. The second osculating variety 72(Vaq) of a Veronese surface
Vaa C PN2d g cont@ed in the secant wvariety o4(Vag).  Thus, for every
[F] € 72(Vaq), we have stk(F) < 4.
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Proof We have to prove that if [F] € 72(V54) then [F] € 04(V2,4). By Proposition
3.3.2 we know that

(Vo) = QO(VQ,d) U (Q(Vaa) \ QO(V2,d))-

Thus, if [F] € 12(Va,4) then either [F] € Q%(Vaq) or [F] € Q(Vaa) \ Q°(Vaa). We
distinguish two cases:

o [F] € Q(Vay)
By Proposition 3.3.2 there exist a 2-square @ C P? such that [F] € L(r94(Q)).
Hence, since £(Q)) = 4 and @ is smoothable by Proposition 3.1.13, we have that
[F] is a P* which is the limit of a family of P?’s which are 4-secant to V54 and
thus [F] € o4(Va,4).

o [F] € Q(Vaa) \ Q(Vaa)
By Proposition 3.3.2 we know that, up to a projectivity of P2, I can be written
as

F =y (aoyg + arynya).
If ag = 0, then F = ayy,93~ " and thus

[F] € 11(Vaa) € 02(Vaa) € 04(Vaa)
and we are done. If a; = 0, then F = aoygyS’Q and thus
[F'] € 72(Ca) C 03(Vaa) C 04(Vaa)

for some rational normal curve C; C V5,4 and we are done. So we can sup-
pose ag,a; # 0. Consider the scheme Z C P2 with 7y = (x}, roxy,2%). We
have ¢(Z) = 4 and, since all the 0-dimensional schemes of P? are smoothable,
L(v24(Z)) C 04(Va,4). More precisely, we have

L(v2a(2)) = P((x3, zox1, 23)5) = L([wdys 2], lwows '], [waws '], [v3)
So that [F] € L(v24(Z)) and thus [F] € 04(Va4).

This concludes the proof. [ ]

Corollary 3.3.4. Every form in Clyo,y1,y2]a can be written as a sum of
5 = [d%f%w, polynomials of the form described in Proposition 3.3.2 with the
only exception of the case d = 4, for which such s is 3 and not 2.

Proof By Proposition 1.4.20 we know that the osculating varieties of Veronese
varieties always have the expected dimension, in particular we get dim(m(Va4)) = 7.
Moreover, by [14], it is known that o,(72(V24)) has always the expected dimension,
except for the case of o9(79(Va4)) € P, which should fill up its ambient space, but
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it is a hypersurface. This implies that, apart from the case d = 4, for which we need
03(12(Va,4)) to fill up P, in all other cases dim(o(12(Va4))) = 7s+s—1=8s—1,
hence we get that the first s for which o(72(V2,4)) is the whole ambient space is for
8s—1> (17) — 1, ie s = [£4242], n
Remark 3.3.5. We can use the language of catalecticant matrix (see Chapter 1,
§1.4.3) to restate Proposition 3.3.2. A general F' € Clyo, y1,¥2]a, d > 3, has a
(2,d — 2; 3)-catalecticant matrix of the form

2d,00 Rd—1,1,0 --- £220,d—2
Zd—1,1,0 ”d—2,2,0 ~--- <1,1,d-2
2d—1,01 *d—2,1,1 --- 21,0,d-1
Cat(2,d — 2;3) = o o o
2d—2,2,0 %d-3,30 --- £0,2,d-2
2d—2,1,1 Zd-3,21 --- 20,1,d-1
2d—2,02 2d-3,12 --- 20,0,d

By Proposition 3.3.2 we know that the generic [F] € m»(V44) can be written, modulo
projectivities of P2, as

F= ?/éiiz(aoyolh + a1y1Y2 + asy; + azyoyr)

and thus its catalecticant matrix Catp(2,d — 2;3) can be written in such a way
that only five columns have some non-zero entries (for the case d = 4, see also [20],
Theorem 4.4 (2)). By the way, there is a mistake in [20], where it is stated that such
polynomials can be written as y2y;,y» via a Gauss elimination on Catp(2,d — 2;3):
this is false since that Gauss elimination does not correspond to a projectivity in
P2. We will analyse which polynomials are of that monomial type in Proposition
3.3.7.

3.3.1 The cuckoo varieties QQ (V4 4)

The variety 72(V5,4) contains a 1-codimensional subvariety parameterising more
particular forms, namely the ones that can be written (modulo a projectivity in P?)
as Y& %y19,. In this section we want to investigate such a subvariety.

Definition 3.3.6. Let d > 3 and consider the morphism

®: P(Ty) x P(Ty) x P(Ty) — 72(Vau) C P(T0)
([bo], [£a], [€2]) = (600

The cuckoo variety QQ(Vaq) of Va4 is defined to be the scheme theoretic image of
®, that is
QQ(Vaq) :=Im .
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Clearly the map ® can also be thought as a map from P? x P? x P? to
79(Va,q) C PNnd through the identifications we defined in Notation 1.3.1 and Re-
mark 1.4.2. Note that for d = 2 one would have QQ(V35) = P22 = P5 while for
d > 3 one has dim QQ(V24) = 6.

Proposition 3.3.7. Let d > 3. The following hold:

1. 4f [F] € QQ(Vayq), then stk(F) € {l,d — 1,d2d — 2} for d # 3 and
stk(F) € {1,3,4} for d = 3. In both cases, the generic point [F] in QQ(Vaq) is
such that stk(F) = 2d — 2;

2. Y P € P? we have that

QQ(Vaq) N TQ,uz,d(P)(VQ,d) = 09(Va) = 11 (Vao);
3. for any 2-square Qp € P? supported at P € P? one has

QQ(Vaa) N L(v2a(Qp)) = T1uy 4Py (Vo) U Qgp

where Qq, C L(v24(Qp)) = P? is a smooth quadric and we have

T a(P)(V2d) = T a(P) (Q0p)
i.e. Voq and Qg, have the same tangent plane at vs 4(P).

Proof Let us consider the degenerate cases first: let [F] € PV24 be the point such
that F' = (3 2(,0y; if the form is of type ¢4, then stk(F) = 1 and [F] € Vag; if
the form is of type €3 '/;, then [F] € 7y(Va4), and more precisely, since it can
be written in two variables, there is a rational normal curve C; C V54 such that
[F] € 71(Cy). Eventually, if the form is of type ¢4 ¢, then [F] € 75(C,) for some
rational normal curve Cqy C Va4 It is known (e.g. see [20], Remark 24 or [36],
Proposition 3.1) that
stk(£4710)) = max{2,d} = d

and

stk(047202) = max{3,d — 1} =d — 1
unless for d = 3, when it is srk({yl10s) = 3. Of course, all these [F]’s of the
degenerate kind constitute a closed subset D of QQ(V24). When the form is of
type (42014, with €; § ¢; i # j € {0,1,2}, then stk(F) = 2d — 2 (e.g. see [36]).
Thus, the part regarding the symmetric rank is proved.

Now we fix P € P? corresponding to the linear form ¢, and we consider the oscu-
lating space 7., 4( py(Vaa) = P5. We know that the points of this osculating space
are of the form [(2 2] for some G € T, and have that the points of type (3 2(? are
the image under ® of the points ([(o], [¢1], [¢1]), i.e. of {[fo]} X A, where A = P?
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3.3 — 2-squares on Veronese surfaces

is the diagonal of (P?) x (P?), so that they form a subvariety V of 7o, ,(p)(V2,4)
isomorphic to Va5, the Veronese surface in P°. Now, we have two ways to check
that

QQ(Va,g) N7, ypy (Vo) = 0a(V).

First, if we consider two distinct points [£4 *m?] and [£2 *m2] on V but not on Va4,
we have that the line joining them parameterises all the forms that can be written
as

0872 (aP*m? — B*m3) = (472 (amy — Bmy)(amy + Bmy).

Since any two lines in a pencil can be projectively transformed in other two lines
of the pencil, any form £3 2,0}, with ¢, { £, can be projectively transformed into
one of the form £3 2(am; — fmy)(am; + Bmy) and thus we get that

QQ(Vaq) N 7—2,y27d(P)(‘/2,d) = o9(V).

Otherwise, and more simply, it suffices to consider that o3(V22) = 71(V22), hence
(V) parameterises the forms of type 3-2¢,(,. So, ii) is proved.

Now consider a 2—square Q € P?, with Zy = (¢3, ¢3). We have seen in Proposition
3.3.2 that the forms in L(154(Q)) can be written as

68_2(5106(2) + a1 loly + azloly + aslyly)

so that if
[F] € QQ(Va,a) N L(v24(Qp)) = Tiuy 4Py (Vara) U Qqgp
then there exist ¢y, ¢}, ¢, € T} such that

F= gg_Q(aoé(Q) + a1€0€1 + a2€0€2 + CL3€1€2) = Eg_lelgé

We write
0y = apyo + oayr + aoya, Ly = Boyo + Biyr + Baye

and, up to projectivity of the plane we can suppose ¢; = x; for i = 1,2,3. At this
point, by imposing the equality, we get the system

aofo = ag

apfr + 1By = a
apfa + azfy = ag
a1z + anf = as
a1 =0

a3y =0

which has solution if and only if a3 = 0 or agaz — ajas = 0. The forms with ag = 0
are exactly those in 71, ,(p)(V2,4) While the equations apas — ajaz = 0 defines the
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smooth quadric Qg that we were looking for. Note that if [F] € Qg and a3 = 0
then
F = 63‘1(%60 + a1ty + azls) € Tty a(P) (V2,d)

and either a; = 0 or as = 0. Hence Tl,l,m(p)(ng) N Qg, is given by two lines, and
so the tangent plane to V5 4 is also tangent to Qq,. [

Note that if we knew the equations defining QQ (V2 4), we would be able to check
if a given form F € C[yo, y1, y2]a can be written as a monomial 3@~ %y,9, modulo a
linear change of coordinates. Hence it would be interesting to solve the following
problem.

Problem 3.3.8. Find equations defining (even just set-theoretically) the variety
QQ(Va,a).

Remark 3.3.9. The above problem could be interesting for applications, since we
have also that a symmetric tensor in PV24 describes what in quantum information
theory is called a d — qutrits symmetric state, which is not entangled if it is on
V4. The generic elements in QQ(V2,4) would represent entangled states; see [16]
Lemma 2.1 and [28] for more details on the relationship between symmetric tensors
and quantum information.

3.4 2-squares on Segre-Veronese surfaces

In this section we consider 2-squares in P! x P! and their embedding on Segre-
Veronese surfaces SV(1,1.4,4) (see Definition 1.5.10). Since we will just deal with this
kind of Segre-Veronese varieties, in this section we write SV 4 instead of SV(y 1,4.4)
and analogously svg 4 instead of sv(1,1,4,q)-

Remark 3.4.1. As we said, we want to consider in P! x P! a kind of schemes
similar to 2-squares but, up to this moment, we know what a 2-square is just if we
are in P2, so we have to make things clearer. What we mean by 2-square in P! x P!
is the following: consider the affine chart U;; = {x1; # 0,201 # 0} of P! x P!
with coordinates (2}, x}), where

r_ T10 r_ L20
:Ul - $2 - .
T1,1 T21
For any point P = [ag,a1;bo,b1] € Up; we can consider the 0-dimensional sub-

scheme Qp C P! x P! supported at P and defined by the bihomogeneous ideal
(@,076(2),1) C R, where

51,0 = a1T1,0 — ApT1,1, 50,1 = 51552,0 - bofE2,1-
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Since bd # 0 we can look at @p in the affine chart U, ; and here we have

2
Qo 2 b()
IQP:<(SC/1_GI> a<x12_bl>)

Hence, Qp is a 2-square in the alternative compactification of Uy ; as a chart in P?
with homogeneous coordinates [xg, 21, 2], when we view

(@) = (2, 22).

.Z'o’ Zo

This will be the kind of 2-squares we are going to consider in multi-projective envi-
ronment. Note that there are other structures which are 2-squares when considered
in an affine chart, but the bidegree of their generators is higher and we are not
going to consider them.

3.4.1 The variety ¢(SVa5)

Now we consider the Segre-Veronese embedding svpo : P! x P2 — P To
visualise what kind of structured tensors are parameterised by this variety, let us
make a brief detour about 2*-tensors.

General 2*-tensors

If we consider general tensors of this format, those of tensor rank 1 are pa-
rameterised by the Segre variety Si111 given by the embedding (see Definition
1.5.3)

s1111  P' x Pt x Pt x P! — P,

Recall Notation 1.5.4: in this P> we have homogeneous coordinates [u;, , i,.4,] With
i1,19,13,74 € {0,1}. These general tensors in P'® can be viewed as in Fig 3.1, and
the equations of S; 11,1 are given by all the 2 x 2-minors of all flattenings of the
tensor in question.
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X1000 X 0
x . X
0000 ! 0010
1 X f
1001 X011
x
0001 1 X
! 1101
I ix
1 X
. 1100 | 111
X === e * Y110
010 "’d x0011 x()]]]
<
j,
. X
X0100 . 0110

Figure 3.1: The 2%-tensors.

Partially Symmetric 2*-tensors

The Segre-Veronese variety SVao C P® can be viewed as given first by the
Veronese embedding vy 5 of both the P!-factors into P?, followed by the Segre em-
bedding s;1 : P? x P? — P®. Moreover, this space P® is actually a subspace of
the space P'® of general 2*-tensors, and it parameterises 2*-tensors which are sym-
metric on the first two indices and on the second two, i.e. the (1,1;2,2)-partially
symmetric tensors (see Definition 1.5.6). More precisely, this P® is the subspace of
P'® defined by the equations

Uiy ig,igia — UJ(Z‘17Z‘2)7T(1‘37¢4) fOI' all o, T < 62

where G, is the symmetric group on two elements. In this P® the variety SVa,
parameterise exactly the (1,1;2,2)-partially symmetric tensors having partial sym-
metric rank 1. As we said in Notation 1.5.8, in this P® we use homogeneous coor-
dinates

V(0,0),(0,0),  V(0,0),(0,1),  V(0,0,(1,1);
V(0,1),(0,0)»  Y(0,1),(0,1)s  V(0,1),(1,1)>

U(1,1),000,  Y(1,1),0,1),  V(,1),(1,1)-

We can view the partially symmetric 2*-tensors in figure 3.2. Note that the four
2 x 2 faces moving from left to right are symmetric and so are the four 2 x 2 faces
joining the “big cube” to the “small one” in the direction “perpendicular to the

paper”

102



3.4 — 2-squares on Segre-Veronese surfaces

%0101

z0000

1101

10100 0101

Figure 3.2: The Partially symmetric 2*-tensors.

We have that SV5 5 is a Del Pezzo surface, of degree 8 in P® (e.g. see [44]), its ideal
is defined by the 2 x 2 minors of the matrix

0(0,0),(0,0)  Y(0,0),(0,1)  Y(0,1),(0,0) Y(0,1),(0,1)
V(0,0),(0,1)  Y(0,0),(1,1) Y(0,1),(0,1) Y(0,1),(1,1)
V(0,1),(0,0)  V(0,1),(0,1) V(1,1),(0,0) Y(1,1),(0,1)
V(0,1),(0,1) Y(0,1),(1,1) Y(1,1),(0,1) Y(1,1),(1,1)

Moreover, the 3 x 3-minors of the matrix above generate the ideal of the secant
variety o9(SVa,2), which has the expected dimension 5, while its determinant defines
03(SVa,2), which is defective, because its expected dimension was 8 (see again [44]).

Symmetric 2*-tensors

Finally, if we want to consider symmetric 2*-tensors, those are given by the
subspace, in the space P'° parameterising all tensors, which is made of all points
defined by the equations

Tijkl = .Clﬁg(ijkl) for all o € 64.

This subspace is a P* and, according to Notation 1.3.1, in this P* we use homoge-
neous coordinates [zg, 21, 22, 23]; clearly this P! is a subspace of the P® containing the
(1,1;2,2)-partially symmetric tensors. The variety parameterising tensor of sym-
metric rank 1 is the Veronese variety V; 4 (a rational normal quartic curve), which
can also be viewed as what we obtain when in the Segre map 511,11 we identify the
four copies of P!. The tensors we are considering now can be viewed in Figure 3.3
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y0001 y()()ll

Figure 3.3: The symmetric 2*-tensors, the colours of the dots signal equal coordi-
nates.

As stated by Theorem 1.4.26, the ideal of V; 4 can be obtained by the 2 x 2-minors
of certain catalecticant matrices.

Now let us go back to the 2-square schemes we defined in P! x P!

Notation 3.4.2. For every point P = [ag, a1; by, b1] we denote by Qp the scheme
defined by the ideal

IQP = (all'l,o — QpT1,1, 51952,0 - b0$2,1)-
The image under the Segre-Veronese embedding sv, 5 of Qp is such that
L(S’Ugg(@p)) = ]P)S.

Here we want to consider the variety

©(SVa2) = U L(sv2(Qp))

PePlxPpl

and to analyse its secant varieties. Before doing that, we understand what L(svs2(Qp))
is by using the multigraded apolar action of & on R (see [63] for more details on
multigraded apolarity).

Lemma 3.4.3. Let P = [ag, ay; by, by] € P'XP! and let my o := agwi o+ajwi g € U g
and moy1 = b0w2,0 + b1w2’1 € Z/{O,l- Then,

1 d-1,d-1
(ZQP)d,d =My Mo,1 U a
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3.4 — 2-squares on Segre-Veronese surfaces

where the perp is computed with respect to the apolar action of U on R. Moreover,
the point svgq4(Qp) C SVy4 corresponds to the form (agyro+aiyi1)%(boyz,o+biye1)?
and

(aoyro + ar1y11)* " (boyoo + b1y21)* ' Ti1 = L(svqa(Qp)) = P((IQP);Q)
and the isomorphism is canonical.

Proof Recall that we defined
1gp = (@,07@),1) CR

where 61’0 = @110 — AoT1,1 and 60’1 = bll’g’o — b0$271 and note that 61,0 1 mi o and
gO,l L mo- Since .
(Z(Qp))aa = (£10lo1Raia—j)2<i<d

2<5<d

it is clear that m’jl’f)lmg’_lluljl - (IQp>id- On the other hand, if m‘ff)l 1 G € Uy
then G o ({; # 0 and thus m{,'G ¢ (Zy,.)1, and similarly if m§7" { G. Hence
d—1, d—1 1
Mio0 Mo 1 Uy = (IQP)d,d'
The fact that svgq(Qp) C SV corresponds to the form

(aoy1,0 + alyl,l)d(bon,o + bly2,1)d

is a trivial check using our identifications. Finally, the second part of the statement
is analogous to the proof of Proposition 1.4.6 and the canonical isomorphism is
given just by changing the name of the variables from w; ; to v; ;. [ ]

Example 3.4.4. Let us consider for example P = [0,1;0,1], then Zg, = (23, 23 )
and

1 2 2 2 2
(Z5,)22) = (W1,0w1,1Wa,0W2,1, W1 pW1,1W5 1, W] 1 W2,0Wa,1, WT ;W 1)

and thus the tensors in any L(svs2(Qp)) can be written, modulo a bilinear change
of coordinates in P! x P!, as described in Figure 3.4
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%0101

1101

0 o101
Figure 3.4: Tensors in L(sve2(Qp))

Hence, L(sve2(Qp)) is defined by equations v ) o) = 0, for all veg o)
where either both ¢’s or both j’s are 0.

In the following, by virtue of Lemma 3.4.3, we will consider the forms m; ¢, m0 1
in T, instead of U, 1, with the trivial identifications.

Remark 3.4.5. Using the same notation of Lemma 3.4.3, note that since
L(8U2,2(QP)) = IP’(7711,07710,17-1,1) and

Tl,suz,Q(P)(SVQ,z) = P(mq 0mo,1(m1,0To1 + moaTip))
we have 71 (SVa2) C ¢2(SVay2).

Now we consider the secant variety of ¢2(SV52) and we want to prove the fol-
lowing proposition.

Proposition 3.4.6. We have that dim ¢2(SVa2) = 5 and 02(ga(SVa2)) = P8, as
expected. Hence the generic partially symmetric tensor in P® can be written as the
sum of two p.s. tensors which depends only on four parameters each (and can be
written, not at the same time, as in Figure 3./).

Proof Recall that SVo5 C P® and this P® can be identified with P(7;5). By
Lemma 3.4.3, to give a point in L(svy5(Qp)) = P> C P® amounts to choosing a
form my gmo1ma, with mig € Tio, mo1 € To1, M1y € T11. Hence, in order to
find the tangent space to ¢2(SVa2) at the point my gmg1ms 1, we have to consider
another generic point 41 olo1011 € ¢2(SVa2), and then compute (e.g. see [45], [46]):

o d
lim — [(m1,0 + M) (moa + Moa1)(mig + Mqg)] =
A—0 d/\

=l omo1ma + maploima s + myomoimii S Tapo.
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3.4 — 2-squares on Segre-Veronese surfaces

As 010,001,011 vary, we get that the affine cone on the tangent space that we
considered is

W =m1omo1T1,1 +miomi1Toa + moamaiTio.
The vector dimension of W is 6 and thus dim(ga(SV2,2)) = 5, as expected.

If we consider the ideal
I = (ml,OmO,bml,Olea mo,lml,l)

we have that W = I, 5, and I is the ideal of three points P;, Py, P3 € P(TW)xP(T®).
Since they can be respectively defined by the ideals (mj,m11), (mo1,m11) and
(m1,0,m¢), the three of them are not contained in a fibre, but P;, P; and P, Py are
(see Figure 3.5 a).

PP | N PxP'

m; =0 P, B

Pl

ng=0

(a) (b)
Figure 3.5: (a) Pp, Py, P; in P! x P!; (b) XU X’ specialised.

Now we want to use Terracini Lemma (see Lemma 1.4.13) to compute the dimension
of 02(q2(SVa,2)). We have to consider two tangent spaces to ¢2(SV52) at two generic
points of ga(SV52) and compute the projective subspace generated by them. Let us
say that the two generic points are given by m; ¢mo1mi1 and €10l 1¢1,1. If their
affine cones are W and W', by Terracini Lemma P(W + W') is the tangent cone
at a generic point of 05(q2(SVa32)). Since W = (Zx)22 and W’ = (Zxs )22, where X
and X’ are given by two configuration of three simple points as in Figure 3.5 a, we
have that
WNW' = (Zxux )2,

Now we want to prove that if X = P, + P, + P and X' = P + P + P; are
two schemes of three points, both positioned as in Figure 3.5 a, then they impose
independent conditions to forms of bidegree (2,2), i.e. dim(/xux/)22 = 3. To prove
that we can specialise X' so that the line ¢;y = 0 contains Pj, P| and also a
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point (say P») of X (see Figure 3.5 b). This forces the forms in (Zx x )22 to be
of type ¢1oF, with F' € T12; now we have also that since {F = 0} contains P,
and Pj, then F has to be of type F' = {,;G, with G € T1; and P; € {G = 0}.
Hence dim(Zx xs )22 = dim(Zp, )11 = 3. Note that we have, in some sense, used a
multigraded version of the residual exact sequence.

By that we get dim(W N W') = dim(Ixux)2,2 = 3, s0
dim(W +W') =dim W +dim W' —dim(WNW')=6+6—-3=9

and 0'2((]2(5‘/272)) = ]P)S. ||

3.4.2 The varieties SV;, and their ¢:(SV;4), d > 3.

Now we want to generalise what we did to the case of Segre-Veronese varieties
SVya = svgqa(P' xP) C PE+D*~1 with d > 3. Also in this case SVg4.q parameterises
partially symmetric 22¢—tensors and we can define a variety ¢o(SV;4) as before, that
is

@(SVaa) = |J L(svaa(Qp)).

PPl xP!

Proposition 3.4.7. For all d > 3, dim ¢3(SVa4) = 5 and dim o3(q2(SVaa)) = 11,
as expected.

Proof By Lemma 3.4.3 we know that
L(svaa(Qp)) = miy'mg " Tiy = (mig'mGy")aa-

In order to find the tangent space to ¢2(SVy4) at the point corresponding to

— — . . . 2_ .
mf,olmg,llml,l (remember the identification of P(4+1)°~1 with 7, 4), we have to con-

sider another generic point 6%163316171 € ¢2(SVy4), and then to compute

o d
}\IE)I(I) a {(mm + )\61,0) (mo 1+ )\60 1) (m1 1+ )\61 1)} =

o d—2 d—1 d—2 d—1 d—1 __d—1
= (d = 1)m{ "l omyy mag + (d — 1)mg ~loami g maa +mi g myy 1.

This, as ¢, o1, {11 vary, gives the space
W= (mtli olmg i mcf 01mg ma g, mijo mg 11m1 1)d,d-
If we let X be the scheme of P(TM) x P(T?)) defined by

d-1_d—1 . d—2 d—2
IX_(m10m01am10m01m11)

we have W C (Zx)sq. Note that X is the scheme which is made of the two
lines myo = 0, mo; = 0, both with multiplicity d — 2, plus two (d — 1)-jets on
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{m11 = 0}, supported at the points respectively defined by the ideals (mqg,m11)
and (my1,mp1) (see Figure 3.6).

m=0 z g1

m;=0

Figure 3.6: The scheme given by two (d—2)-ple lines with two (d—1)-jets sprouting
from them.

We have that dimW = 6 and thus dimgq(SVz4) = 5, as expected, while
dim(Zx)aq = 7: indeed, all forms in (Zx)qq are of type m%zmng , where F' is a
(2,2)—form passing through the two points where the jets are, hence
dim(IX)d,d =9-2="7.

By Terracini Lemma, to compute the dimension of 09(g2(SVy.4)) we have to consider
two tangent spaces to ¢2(SVyq) at two generic points of ¢o(SVy4) and we have to
compute the projective subspace generated by them. More precisely, if the affine
cones at the two generic points are W and W, the space P(W + W) will be the
tangent space to a generic point of o4(q2(SVya))-

Since W C (Zx)aq and W’ C (Zx) a4, where X and X' are made as in Figure 3.6,
i.e. two lines of multiplicity d — 2 with two (d — 1)-jets, we have

WNW' C (Zx)aa N (Ix)aa = (Txux)d.d-

We want to check that (Zxyux/)aq =< 0 >. We set

. 1d—1, 1d—1 1d—2 _1d—2_ 1
Ix = (m1,0 Mo »Myp My m1,1)

and we distinguish two cases:

e d=3.
Since the forms in (Zxux)s,3 should contain the factor my gmg1m,m; € Ta2, and
no form in 77 ; passes through the four points which are the support of the four
jets, we get (Ixuxs)ss =< 0 >.
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.« d>4
The forms in (Zxux:)aq should contain the factor m{*m*m{;*mgy?, which

is impossible for d > 5, while for d = 4 there would be only this form, which
does not contain the four d — 1 jets at the four points my o N my 1, me1 N My 1,

/ / / / : 3 _
m, Mg, and my N nf,, hence also in this case (Ixuxr)s3 = {0}

Now, from Grassmann equality, we get
dim(W 4+ W) =dimW + dim W' — dim(W NW')=6+6 — 0
hence dim(W + W’) = 12 and dim o4(g2(V33)) = 11. n

3.4.3 The cuckoo varieties qq2(SVy4q)

As we have done in the Veronese case, here too we are going to define a “cuckoo
variety” inside ¢2(SVy4), which could also have some interest in relation to Quan-
tum Entanglement. If we consider the Hilbert space of a composite quantum sys-
tem, then this is the tensor product of the Hilbert spaces of the constituent systems,
and tensor rank is a natural measure of the entanglement for the corresponding
quantum states. The Hilbert space of a k-body system is obtained as the tensor
product of k copies of the single particle Hilbert space H;. In the case of indistin-
guishable bosonic particles, the totally symmetric states under particle exchange
are physically relevant, which amounts to restricting the attention to the subspace
H, = Sym™ (H1) € HPY of symmetric tensors. See [17], [19] and [28] for more
details on this topic.

In case we have k > 2 different species of indistinguishable bosonic particles,
the relevant Hilbert space is

Syle (H1) ® SymNQ(HQ) R...Q SymN’“ (Hy).

Of particular interest, in physics literature, are the so-called W-states, i.e. quantum
entangled states that can be expressed in Dirac notation as:
1

NG

Which, if #; = C? with coordinates (z,y), can be written as:

W) (/100...0) + [010...0) + ... + |00...01)).

Wi=yRzrR®..0x4+2QYRQrR®...07+1rR01rR...Qy.

When treating with bosonic particles, hence with symmetric tensors, W, can be
represented simply as a monomial 2% 'y, hence in the study of entanglement of
k different d-body systems (made of different species of indistinguishable bosonic
particles, like photons), we can consider the product of k W, states: W, ®...@W,,
where each W, = 2971y € Sym? C? C (C?)®? (e.g. see [16]).
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In [16], Lemma 2.1, it is proved that W; ® ... ® Wy € L(sva, 1).(4,..0)(X)),
where X is a 2—hypercube in P! x ... x P!, and this is expressed by saying that the
cactus rank of Wg@k is 2% and it is realised by X (the partially symmetric cactus
rank of a tensor 7' € P+ =1 ig the minimum length of a 0—dimensional scheme
X C SV, 1)2,....2) such that T € L(X)). We can improve a bit that lemma in this

setting (in [16] also the case of Wy, ® ... ® Wy, is considered, with different d;’s).

Corollary 3.4.8. Let T € P! parameterise Wy®. . .@Wy; then the smoothable
rank of T is 2F.

Proof The only difference between smoothable rank and cactus rank is that the
smoothable rank of T is r, if and only if there is a smoothable 0—dimensional
scheme X C SV(1, 1).4,..q) such that 7" € L(X) and ¢(X) = r and there is none
with ¢(X) < r. Since, by Proposition 3.1.13, any 2—hypercube is smoothable, the
statement is an immediate consequence of this and of Lemma 2.1 of [16], since for
any tensor the smoothable rank is greater or equal than the cactus rank. [ ]

Now we focus again on the case k = 2. We know that ¢2(SV;4) parameterises
partially symmetric tensors in the spaces

and thus for any partially symmetric tensor of type Wy ® W, = mcf,f)lal,omgfllbt,
mio,a10 € Tio, Mo1, b € Toa, we have W, @ Wy € L(svgqa(Qp)), for some
P € P! x PL. More specifically, let us consider the subvariety which parameterises
exactly the tensors of type W, ® Wj.

Definition 3.4.9. The cuckoo variety qq2(SVaa) C q2(SVaa) is the image of the
morphism

P(T) x P(TY) x PIT) x B(T®) = qa(SVia) € P(Taa)
([ma0]; [n1,0]; [mo ], [noa]) = [m{g'niomi ' o]

Clearly the map can also be thought as a map from P! x P! x P! x P! to
q2(SVy4) C P® through the usual identifications. Note that gga(SV;4) has dimen-
sion 4, and, via a multilinear change of coordinates, every form parameterised by
a point in gg2(SVy4) can be written as a monomial yf51y171y351y2,1 (for results on
the various ranks of such monomials see [47],[63] and [16]).

Proposition 3.4.10. The cuckoo variety qqs(SVaa) is such that:

1.V PeP' xP, qq2(SVia) N L(svga(Qp)) = Qp, where Qp is a smooth quadric
in L(svga(Qp)) = P3.

2. VP € P! x P!, we have T1svqq(P)(@P) = Tstd’d(p)(S‘/d’d).
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3. Sing(qq2(SVaa)) is the locus of forms of type m{ ymi ' no or m{y'nygmg ;.

Proof By Lemma 3.4.3, if svgq(P) = m{ym{ , then
L(svaa(Qp)) = (milolmg 11)dd = ml 0 mo 1171 1.
We chose n4 9, np,1 such that
7'1,0 = <m1,07n170>, 76,1 = (mo,l,no,1>, 71,1 = <m1,0mo,1,m1,071071,nl,omo,l,”1,0n0,1>-

and thus, any point in L(svgq(Qp)) is a form of type

d—1, d—1
mi o Mgy (agmigmoa + aimaeno + boniemo + bingpnea).

The forms of L(svqq(Qp)) are all and only those such that
apms omo.1 + a1mq ong1 + boniomo1 + binipnoa = 410lo1

for some ¢,y € Tip and fp; € Toi. This condition is satisfied if and only if
apby — apbp = 0 and this equation defines a quadric Qp C L(svgq(Qp)). This
proves the part 1.

To prove part 2 note that 71 s, ,(p)(SVaa) is given by the forms in

d-1, d-1
myo Moy (m1,0To.1 + moiTio)-

It follows that

Qpﬂﬁ,yd,d(P)(Vd,d) {m1 omgl (mo1+ao1) | 21 € To, 1}U{m1 0 mgl(ml 0010) | 1o € Tip}-

Thus Qp N 71, 4(P)(Va,a) is the union of two lines in 71, ,p)(Vaq) and hence this
is the tangent plane to Qp in svgq(Qp).

In order to prove 3, let us consider the affine cone W over the tangent space of
qq2(SVaq) at one of its points, say the one associated to m‘f@lnlpmg;lnm. If we
consider another point E%lrl,oﬁgjlro,l € qq2(SVyq), and we compute

d
}\lm —_ {(ml,o -+ >\€1’0>d71(n170 —+ )\7’1,0)<m0,1 -+ )\60,1)"[*1(710,1 + /\T071)] =
—0 d\

d—2 d—1 d—1 d—1
= (d— 1)m10 Elonlom()l No,1 +m10 T10m01 n01+
d—1 d—
—|—(d 1)m10 n10m01 601n01+m10 n10m01 7‘01
we find, as ¢ 9,71,0,%0,1,70,1 vary, that
-2, d—2
W = (m{"mg,~ (maomo,1(no1Tio +n10701) + n1onoa(moiTio +mieTon))) € Taa-

Generically, we have dim(ag1710 + a10701) = 3, since they have (a;0a0:) in
common, hence W is the sum of two subspaces of vector dimension 3, which
have (m%lnwmgjlno,l} in common, so dimW = 5, as expected. The locus
Sing(qq2(SVaa)) is given by the points where dim W < 5, and it is easy to check
that this happens for either m; o = ny o or mg1 = ng 1, and this proves 3. [
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3.4 — 2-squares on Segre-Veronese surfaces

Remark 3.4.11. There is another way to view the variety qg2(SVy4): consider the
embedding svg4(P' x P') as the composition

P' x P! — P* x P! — Pt

where the first arrow is v5 4 X 175 g and the second is the Segre embedding s, 4. If the
image of the first map is Cc(ll) X CC(IQ), where Cc(ll),CC(f) are the rational normal curves
having as coordinate rings Rl(il) and R&z) respectively, we can consider the product
of their tangential varieties 7(C\") x 7(C) C P? x P?, parameterising pairs of

forms like (m%lal,o, mgfllam) and we get

saa(T(C) x 7(CP)) = qa2(SVia)-

We know that the singular locus of the tangential surface to a rational normal curve
is the rational normal curve itself, hence

Sing(r(Cy) x 7(Ci”)) = (r(C”) x c?)u (€ x 7(Cy))
in correspondence with what we saw in Proposition 3.4.10, 5.

Remark 3.4.12. Note that for d = 2, we have
442(SVa2) = s25(r(C3") x 7(C3”)) = s22(B* x P*)

hence qqz2(SVas) is just the Segre variety S, C P® which is well-known to be
2-defective (it is the variety of 3 x 3 matrices of rank 2), i.e. dimoy(S2) = T7.

We want to check that this does not happen for d > 3.
Proposition 3.4.13. For d > 3, dim 05(qq2(SVa22)) =9, as expected.

Proof By Terracini Lemma, the dimension of the affine tangent cone at a generic
point of 02(qq2(SVya)) will be dim Wy + Wa, where Wy, W, are the affine tangent
cones at two generic points of ¢g2(SVy4). Thus, in order to prove our statement,
we have to show that dim(W; + W3) = 10 that is, since dim W; = dim W5 = 5 by
Proposition 3.4.10, that W7 N Wy =< 0 >.

In the proof of Proposition 3.4.10, 3, we have computed the affine tangent cone W
at a generic point of ¢g2(SV22), hence if we pick two generic points given by forms:
mf51n170m331n0,1 and E%lrl,ofgjlrm, we will have:

d—2,  d—2
W, = my o Mgy (ma,0moano1T10 + mioniomoiToa + n1omoeinoiTio + mioenionoaTor)

d—2 pd—2
Wy = 07570517 (Lr,0lo1m0,1T10 + 1,071,000, 70,1 + 71,000,170, T10 + L1,071,070,1T0,1)

and in particular W; C (m‘fﬁm%jz)?}g, and Wy C (5%26332)7572. When d > 5 it
is immediate to check that W; N Wy = {0}, so we are done.
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Superfat points and associated tensors

If d =4, then
(m?52m332>75,2 N (6111526332)7-2,2 = <m%,om%,1€i0£g,1>

and it is easy to check that mfgmg (705, ¢ Wi N Wy (it suffices to consider
mio = Y1,0,Mo,1 = Y2,0,M1,0 = Y1,1,M0,1 = Y21 and note that y%’iyg,j ¢ Wl, while
these monomials will appear in (7 ,( ).

Eventually, for d = 3, let
Wy = y1,0y2,o<yio, Y1,0Y1,1Y2,0Y2,1, y1,0y1,1y§,07 y%gyzoyzl, y1,oy1,1y§,1)-

If there is something not 0 in W; N W it should be of the form y; oy2.0¢1,000,1m1 1,
with my 1 € Ti 1, but since ¢, g, o1 are generic, say

fl,ogo,l = ((11,0?/1,0 + ao,lyl,l)(az,oyzo + a2,192,1)7

in 41 olp1m 1 the monomials y%zyg ; should appear, and this is impossible since they
are not in

<yi[)7 Y1,0Y1,1Y2,092,1; y1,0y1,1y§,0> Z/%,13/2,0y2,1, y1,0y1,1y§,1>-
Hence, Wy N Wy = {0} also for d = 3 and we are done. n
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Chapter 4

Postulation of 2-squares

In this chapter, we prove that a general union of 2-squares in P? has good
postulation (see Definition 1.6.3). In order to do that, we use the Horace method
and, in one of the lemmata needed for the induction, the differential Horace method
(see §1.6). Note that, for each degree d, it will be enough to prove the good
postulation for a general union of s 2-squares for only two values of s:

o s = s5,(d) = (df)

impose independent conditions on the space of degree-d plane curves;

, i.e., the largest number of 2-squares that we expect to

(dJQrQ

e 5= 5%(d) = 4)}, i.e., the smallest number of 2-squares that we expect to

admit no degree-d plane curve passing through them.

We will prove the theorem in two different ways: both of them are based on an
Horace type argument, but with different specialisation; in particular, the second
proof avoids the differential Horace.

In order to simplify computations, we would like to use lines as divisors for the
residual exact sequences. Thus, given X = Z; + Zy + -+ 4+ Z, a general union
of s 2-squares, a general line r and d € N, we look for a specialisation X’ of X
such that ho(jTrr(X/)) = 0. Unfortunately, as soon as one tries to do that, one
immediately notes that there is an arithmetic obstruction. Indeed, the intersection
of a 2-square with any line r passing through its support has length 2. Therefore,
whenever d = 0 mod 2, in order to get h%(Jry, (xy), we would need to specialise
the support of d/2 + 1 components of X to lie on the line r, that means that we
put d + 2 conditions on the line r. However, since h°(O,(d)) = d + 1, this is more
than needed. This can cause problems whenever (d'gz) /4 is an integer because if
we “waste” conditions on Tr,.(X’) then we would be left with too few conditions on
Res,(X'). Indeed, in this case we should prove that dim £4(X’) = 0, but with such
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Postulation of 2-squares

a specialisation we would have

((Res,(X')) = (d;2> _(d+2) = Mz(d_l) - (d;1> 1

and, therefore, dim £4(X’) = dim £;_1(Res,(X’)) > 0. The two proofs that we
present will differ only in the way in which this problem is solved; in particular,
they will differ only for d even.

4.1 First proof

In light of the arithmetic obstruction we have noticed, we need to specialise
differently our 2-squares on our line r. We introduce in the following remark two
different kinds of specialisation, which we will use for the first proof.

Remark 4.1.1. We can suppose, without loss of generality, that the line r has
equation 7 : 1 = 0.

1. Note that we can specialise a 2-square Z on r in two ways:
(a) we can specialise Z in order to have
I(Z) = (g, 1)
(b) we can specialise Z in order to have
Z(Z) = ((xo — 21)*, (z0 + 21)*)

In both cases, Res,(Z) is a 0-dimensional scheme of length 2, and the difference
between the two ways is that:

« in (a), we have (z3,2%) : (z1) = (23,71) so that Res,(Z) C r and in

particular
((Tr,(Res, (2))) = 2;

o in (b), we have ((zg — z1)?, (zo + 21)?) : (z1) = (20, 2}) so that

((Tr,(Res,(2))) = 1.

2. Given two 2-squares with different support, we may collapse them together.
Namely, for ¢ € (0,1] let

I(Zy) = (a3, 23) N (2o + ta2)?, (21 + t2)?) =
((xo —11)%, (20 — 1) (w0 + 11) (w0 + 21 + 2t20), 27 (71 + tx2)2) :
Then, we get a 0O-dimensional scheme Z; such that
I(Zy) = %i_{%I(Zt) = ((zo — 21)%, (z0 — 1) (w0 + 11)?, 27).
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4.1 — First proof

Here is the key: the deformation (2) produces a 0-dimensional scheme having a
slice of length 3 which should make the arithmetic work. Let us now show more in
detail how the residues of Z;, obtained using successively the line r as divisor, are.
We can write the ideal Z(Zp) in the following way

Z(Zy) = ((xo — I1)37 (513(2) — 20T1)T1, (0 — 901)%%, (2o — $1)x?7 ff)
and thus we have that:

o I(Zy) + (z1) = (23, 1) so that £(Tr,(Zy)) = 3 and Z|, := Res,(Zp) is defined
by the ideal

I(Zy) = L(Zo) = (1) = (2§ — mox1, ToY, T3);

o Z(Z}) + (z1) = (23, 21) so that £(Tr,.(Z})) = 2 and Z} := Res,(Z}) is defined
by the ideal
I(Z) = (%) : (1) = (w0, 71)"

and in particular Z] = 2P, where P is the point [0,0,1].

Notation 4.1.2. When in what follows we use a specialisation of one of the types
introduced in Remark 4.1.1, we will refer to them respectively as specialisation of

type (1.a), (1.b) or (2).
Now we can use these specialisations to generate an inductive argument.

Lemma 4.1.3. Let d € N such that d is odd and consider a 0-dimensional scheme
X =X + Xy where:

o Xy =21+ 2Zy+ "+ Zayr)2, where all Z;’s are 2-squares with support on a
line r in such a way that Z is specialised as type (1.b) and Zy, Zs, . . ., Zgi1/2
are specialised as type (1.a);

e X,y does not intersect r.

Then
dim ,Cd(X) = dim ,Cd_Q(XQ + P)

where P is the support of Z;.

Proof We have the residual exact sequence
0 —— JRes,(x)(d — 1) —— Jx(d) —— T, (x),(d) —— 0

and g4l
((Tr (X)) = 2; _d+1
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Postulation of 2-squares

so that h®(Jmy,x),(d)) =d+1— (d+ 1) = 0 and h°(Tx(d)) = h°(Tres,x)(d — 1)).
Now we are left with

X" := Res,(X) = Res,(X1) + Res,(Xo) = Z1 + Zy + - + Z(gy1)0 + Xo

where Z/ := Res,(Z;) for i = 1,..., % and we have the residual exact sequence

0 —— jResT(X’)(d_ 2) Em— jx/(d— 1) E— jTrT(X’),r(d - 1) — 0.

Thanks to the way we have specialised our points we get
(d+1)/2 di1
(Tr, (X)) = Z UTr.(Z) =142 (2 — 1) =d
i=1

Res,(X') =Xy + P
where P := Res,(Z]) is a point on r. Thus

R (I, ey (d—1)) =d—d=0

and
W0 (T (d = 1)) = h°(Txyrp(d — 2)).

Hence, we finally have
dim £4(X) = h°(Jx(d)) = h°(Tx/(d — 1)) = h°(Tx,1p(d — 2)) = dim Lg_o(Xy + P)

and this concludes the proof. [ ]

Lemma 4.1.4. Let Z,, Zs, ..., Zs be general 2-squares in P2, X = Z, +Zy+-- -+ Z,

and let d € {2,4}. Then
2
Hx(d) = min { (d;— ),45}

e~ (157 - (132) )

Proof For each degree d, it is enough to prove the Lemma just for s = s*(d) and
for s = s.(d) so we have to analyse four cases:

or, equivalently,

e d=2and s=1

The proof in this case is immediate because we already know that the Hilbert
function of a 2-square X is Hx(1) = 3 and Hx(d) = 4 for any d > 2.
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4.1 — First proof

e d=2and s =2

In this case we have X = Z; + Z, and, since by Remark 1.6.4 it is enough to
prove the statement for a specialisation of X, we can suppose that X is obtained
by collapsing the two 2-squares Z; and Z, as in specialisation (2). At this point
the result follows from the fact that, by Remark 4.1.1, the ideal of X does not
have generators of degree 2.

e d=4and s=3

In this case we have X = Z; + Z5 + Z3, but again we can suppose that X is
specialised as X=Y+Z3, where Y and Z3 have support on the line r, Y is the
specialisation of Z; and Z, as in specialisation (2) and Z3 is specialised as in
specialisation (1.a). We have the residual exact sequence

0—— j1Fies7«(X)(3) B jX(4) - jTrr(X)J’(Zl) —0
and
(Tr (X)) =3+2=5

so that h%(JIm, (x-(4)) = 5 —5 = 0 and h(Tx(4)) = h°®(Tres,x)(3)). At this
point we are left with
X" :=Res, (X) =Y + Z;

where Y’ := Res,(Y) and Z} := Res,(Z3) and we have the exact sequence
0 —— TRes,(x)(2) — Tx(3) — T x)»(3) —— 0.
Because of the way we have specialised our points we get
O(Tr (X)) = 0(Te, (YY) + 6(Tr, (Z5) =2+ 2 =4
Res, (X') = Res,.(Y') = 2P

where 2P is a double point of P? whose support is on r. In particular, we get
RO (T, x),+(3)) = 0 and thus

dim £4(X) = h°(Jx(4)) = h°(Tx(3)) = h°(T2p(2)) = 3.
e d =4 and s = 4 In this case we have X = 7, + Zy + Z3 + Z4 and we can

specialise again 73, Z, and Z3 on a line r and Z; away from r. Repeating the
same passages of the previous case, we find that

hP(Tx(4)) = b (Japs2,(2)).

If 1(Zy) = (¢€3,¢2), the only conics that could contain 2P and Z; would be ¢2
and /2 but we can suppose that P does not lie neither on ¢; = 0 nor on £, = 0
so that we get h(Japiz,(2)) = 0.
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Postulation of 2-squares

Lemma 4.1.5. Let d € N be such that d > 6 and d is even and consider a
0-dimensional scheme X=X; + X5 + X3 where:

o Xy =Y+ Zy+ 23+ -+ Zy where all the Z;’s are 2-squares with support
on a general line v in such a way that Zy, ..., Zqss are specialised as type (1.a)
and Y has support on r and it is obtained by collapsing two 2-squares as in
specialisation (2);

o Xo = Zyjoq1 + -+ Zy_1 where all the Z;’s are 2-squares away from v, with
support on a general line m such that the support of Y is not on m and such
that Zgjo11 and Zgjaio are specialised as type (1.b) and Zgjays, ..., Zq—1 are
specialised as type (1.a);

e X3 is a 0-dimensional scheme not intersecting neither r nor m.

Then
dim ‘Cd(X) = dim Ed,4(X3 -+ P1 -+ PQ)

where Py, Py are the supports of Zgjo11 and of Zgjayo.
Proof We have the residual exact sequence
0 —— jResT(X)(d — 1) —_— jx(d) —_— jTrT(X),r(d) — 0

" e(Trr(X)):2<C2l—1> +3=d+1

and thus h°(Jry, (x)+(d)) =d+1— (d+1) = 0 and h°(Tx(d)) = h(Tres, ) (d — 1)).
Now we are left with

X":= Res,(X) = Res,(X1) + Res, (Xy) + Res,(X3) = Y + Zy + -+ Z p + X + X3

where Y := Res,(Y) and Z] := Res,(Z;) for i = 2,...,% and we have the residual
exact sequence

0 —— jRes7.(X’)(d_ 2) E— jxl(d— 1) E— jTrr(X’),r(d — 1) — 0.

Thanks to the way we have specialised our points, we get
d/2 d
0(Tr, (X)) = 0(Tr,(Y)) + ZE(TIT(ZQ)) =2+2 <2 — 1) =d
i=2
RGST(X/) = XQ + Xg + 2P
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4.1 — First proof

where 2P := Res,(Y’) is a double point whose support is on  but not on m. Thus,
we have

ho(jTrr(X’),r(d - 1)) — d - d — 0

and
B (Fs(d — 1)) = KDty (d — 2)).

Now we apply the Horace differentiélle using as divisor the line m and specialising
differentially the double point 2P to m. We take

p=(0,0,1)
so that
TrP (Xy + X3 + 2P) = Tr,, (Xy) + Trpp (X3) + Tr) (2P) = Tr,, (Xp) + Tr) (2P)

and thus

E(Trg(X2+X3+2P)):2<d—1—g—1+1>+1:d—1:h0(0m(d—2))

so it is enough to prove the vanishing of h°(O,,(d —2)). Now, keeping in mind that
the only point differentially specialised was 2P, we are left with the differential
residue

d—1
X" := ResP (Xo + X3 + 2P) = Res,, (Xo) + X3 + Res),(2P) = Y Z/+ X3+ J

i=d/2+1

where Z! .= Res,,(Z;) fori =d/2+1,...,d—1 and J is a 2-jet on the line m and,
by Lemma 1.6.9, we have

h?(Tsp3542p(d — 2)) = h*(Txn(d = 3)).
We can now use the residual exact sequence
0 —— jResm(X”)(d_ 4) E— j}g/r<d — 3) E— jTrm(X”),m(d_ 3) — 0.
Thanks to the way we have specialised our points we get
d—1 d
0(Tr,,(X") = Z 0ZH+0J)=1+142 (d—1—2—3—|—1> +2=d-2
i=d/2+1

Resm(X") = Xg + P1 + P2

where P := Res;,(Z5,,) and P> := Res;,(Zj5,) are two points on m. So, we
get ho(jTrm(X”),m(d — 3)) =d—2— (d - 2) =0 and

ho(jx” (d - 3)) = ho(jX3+P1+P2 (d - 4))
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Hence, we have
dim £d(X) = dim ﬁd_4(X3 + P1 + Pg)

and this ends the proof. [

We now have all the elements needed to provide the proof of our theorem. For
the sake of clarity, we sketch, in the following remark, the steps of the proof and
we summarise them in the diagram of Figure 4.1.

Remark 4.1.6. Let Y@ be a general union of s 2-squares, with s,d > 2 and
s > s.(d). We fix the statement

A(d) = {Y¥ has good postulation in degreed}.
We distinguish two cases:
e Ifd=0 mod 2 and d > 6 we specialise Y@ to
X@ = x{? + x5 + x§,

where ng) and ng) are as in Lemma 4.1.5 and Xéd) is a general union of s —d+1
2-squares. We denote by X(@% the scheme

X4 .= ng) + P+ P,

where P, and P; are general points.

e Ifd=1 mod 2 we specialise Y@ to
X@ = x4+ x{?

Y

where ng) is as in Lemma 4.1.3 and Xéd) is a general union of s — % 2-squares.
We denote by X(@2) the scheme

X2 .= Xéd) + P,
where P is a general point.

B(d) = {X¥ has good postulation in degree d}.

The sketch of the proof is resumed in the following diagram:
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4.1 — First proof

A(d) is true by Lemma 4.1.4

d=24
Given Y® d is even
A4 B(d —4) is true by induction and by Lemma 4.1.5
B(d —4) = B(d) by Lemma 4.1.5
B(d) = A(d) by semicontinuity
s = 8,(d)
dis odd B(d —4) is true by induction and by Lemma 4.1.5
is

B(d - 4) = B(d) by Lemma 4.1.5
B(d) = A(d) by semicontinuity

. B(d — 2) is true by induction
+5=5"@ | Bld—2) = B(d) by Lemma 4.1.3
B(d) = A(d) by semicontinuity

5 = 5,(d)

B(d — 2) is true by induction
B(d—2) = B(d) by Lemma 4.1.3
B(d) = A(d) by semicontinuity

Figure 4.1: Sketch of the proof of Theorem 4.1.7.

Finally, we are ready to give the first proof of our theorem.

Theorem 4.1.7. If X = Z, + Zy+ -+ Z, C P? is a general union of s 2-squares
then X has good postulation, that is

Hx(d) = min{dim R4,4s}

or, equivalently,

dim £4(X) = dim R; — min{dim Ry,4s}.

Proof Remember that, for each degree d, it is enough to prove the theorem for
s = s*(d) and for s = s,(d). The proof is by induction on d: we prove that the
statement for d — 2, respectively d — 4, implies the statement for d in case d odd,
respectively d even. The base case d = 1 is trivial, while the base cases d = 2,4 are
true by Lemma 4.1.4.

Now we distinguish four cases, according to the parity of d and s = s,(d) or
s = s*(d). Before of analysing each case we note that a straightforward check
shows that for any d € N there exists ¢’ € {0,1,2,3} such that

s = s.(d) = {( 2 )‘ _ {(d+2)(d+1)J _ (d+2)(d+1) -2

4 8 8
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Postulation of 2-squares

and there exists ¢” € {0,1,2,3} such that

) (] T@+2@d+1)]  (@d+2)(d+1)+2e"
s =s%(d) = = = )
4 8 8
Now we start to prove our theorem in each of the four cases. Note that, by semi-
continuity of h°, it is enough to prove, in each case, the good postulation for a
specialisation of X; see Remark 1.6.4.

e Case1l: d=1 mod 2 and s = s,(d)

We have
(d+2)(d+1)—2¢

s = s.(d) = 5

and thus we have to prove that

2

() (5 (39

or, equivalently, that

Hx(d) = min{dim Ry,4s} = min { (d ‘5 2>’ (d+2)(d+1) — 25} B

dim £4(X) = e.

If we suppose that X is specialised as in Lemma 4.1.3 we have that

dim [,d(X) = dim [,d,2<X2 + P)

dt1 _ (d=2)(d+1)-2e
2 8

. . 2 .
where X, is a general union of s— £ 2-squares and P is a general

point. By induction, we have

Hy,(d—2) = min{@),zx <(d_2)(d8+ D _2€>} _
-
s~ ()< (() 1) 1o

o Case2: d=1 mod 2 and s = s*(d)

and thus

We have
(d+2)(d+1)+2¢

s=s"(d) = 5
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4.1 — First proof

and, since if ¢ = 0 then s,.(d) = s*(d) and the discussion is analogous to Case 1,
in this case we can assume that ¢ € {1,2,3}. We have to prove that

Hx(d) = min{dim S;,4s} = min { (d + 2>’ (d+2)(d+1)+ 25}

2 2

) (55

or, equivalently, that

If X is specialised as in Lemma 4.1.3 we have that
dim ﬁd(X) = dim ﬁd_2<X2 + P)

. . d—2)(d+1)+2
where X, is a general union of s— 41 = (=2(d+)+2e 5

2 8
point. By induction, we have

e e | R (O AH A Y

and thus p p

Case 3: d =0 mod 2 and s = s,(d)

squares and P is a general

Since the cases d = 2 and d = 4 are already solved by Lemma 4.1.4, we can
suppose d > 6. We have

(d+2)(d+1) — 2
8

s = s.(d) =
and, as in Case 1, we have to prove that
dim £4(X) = e.
If X is specialised as in 4.1.5 we have that
dim L£4(X) =dim L4 4(X3 + P, + P)

. . 2_ _
where X3 is a general union of s—d = % 2-squares and Py, P, are general
points. By induction, we have

ng(d_4):mm{<d;2>74<d2—5d;—2—25>}:

125




Postulation of 2-squares

) d—2 d—2 d—2
—un{ (*57) (1) 2= (1)) e
and thus

dim Ly4_4(X3 + P+ P,) = (df) - ((d;2> —g—2> —2=c.

Case 4: d =0 mod 2 and s = s,(d)

As in the previous case, we can suppose again that d > 6. We have

2 1)+2
s = 5°(d) = (d+2)(d+1)+2¢
8
and, as in Case 2, we have to prove that

If X is specialised as in Lemma 4.1.5 we have that

dim ﬁd(X) = dim ﬁd,4(X3 + Pl + Pg)

. ) -
where X3 is a general union of s—d = %

points. By induction, we have

Hx3<d—4>:mm{(d;?)A<d2—5d8+2+25>}
:min{<d;2>’<d;2>+€_2}

and thus, keeping in mind that ¢ € {0,1,2,3}, we get

2-squares and Py, P, are general

0 S dim Ed_4(X3) S 2.
Hence, for any ¢ € {0,1,2,3} we obtain
dimﬁd_4(X3 + P1 + PQ) =0

and this concludes the proof of the theorem.
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4.2 — Second proof

4.2 Second proof

The second proof is again based on the Horace method and coincides with the
first one when the degree d of the curves we are considering is odd. In fact, the main
difference is in the case in which d is even: indeed, in this case we will use some
specialisations but without collapsing 2-squares. The proof starts by substituting
one of the 2-squares with a double point contained in it, so obtaining a subscheme of
the initial scheme and proving by induction that the number of conditions imposed
on the degree d curves by this new scheme is one less than the expected number of
conditions imposed by the initial scheme. After proving that, we conclude coming
back to the original scheme and proving that when we pass from the double point
to the 2-square, we actually impose one more condition.

Since, like we have just said, the proof is different just for even d’s we will show
it just for even d’s. Moreover, remember that the cases d = 2 and d = 4 are already
proved in Lemma 4.1.4.

Lemma 4.2.1. Let d € N such that d is even and d > 6 and consider a 0-
dimensional scheme X = X + Xy 4+ X3 where:

e Xy =21+ Zy+ -+ Zyjp where Zy, ..., Zqj) are 2-squares with support on a
general line r in such a way that Zy is specialised as type (1.b) and Zs, ..., Zas2)
are specialised as type (1.a);

o Xy = Zpyq1 + -+ Zg where Zigjo) 41, ..., Lq are 2-squares away from r and
with support on a general line | in such a way that Z2+1 and Zgja)42 are
specialised as type (1.0) and Zq)2)43, - . ., Za are specialised as type (1.a);

o X3 is a 0-dimensional scheme not intersecting neither r nor (.

Then
dim £4(X) = dim L4 4(X3 + P, + P)

where Py and P, are general points.
Proof In order to prove the lemma, we can prove that
dlm£d<X + P) = dim£d74(X3 + Pl + P2 + Pg)

where P = r N[ and P5 is a general point. We set Y = X 4+ P and we prove this
second equality. We have the residual exact sequence

0 —— TRes,,(v)(d = 2) —— Jy(d) —— Ty, (v)ru(d) —— 0

and we have

E(Tr,«ul(Y)) = f(Tl”Tul (Xl)) + E(Trrul(XQ» + K(Tl‘rul(X;g)) + E(Tl”rul(P)) =
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=d+d+0+1=2d+1

so that
W (T, (myru(d) = 2d +1— (2d +1) =0
and h°(Jy(d)) = h°(TRres,.,(v)(d — 2)) and we are left with

Y := Res,ui(Y) = Res,i(X1) + Res, i (Xa) + Res,ui(Xs3) = 21+ Z5 + ... Z, + X5

where Z] := Res,y(Z;) for i = 1,...d. By the way we specialised our scheme, we
have

/2
deg(Tr,(Y')) = deg(Tr,(Z))) =142 (;i — 1) =d—1

i=1
d d
deg(Tr(Y) = 3 dog(Tr(Z) = 1+1+2 (z - 2) —d -2
i=%+1

so that using first the residual exact sequence of Y’ with respect to r and then the
residual exact sequence of Res,(Y') with respect to [ we find

hO(jy/(d _ 2)) = h0<jy//<d — 4))
where
Y"” = Res, (7)) + Resl(ZEd/z)H) + ReSl(Zéd/2)+2) + Xs.

The fact that Res,(Z]), Resi(Z{;/9),1) and Resi(Z{;),,) are 3 general points ends
the proof. n

To give the second proof we need the following lemma.

Lemma 4.2.2. Let d € N with d > 6. Set s > s.(d) and consider Py, ..., Ps points
in general position in P?. Then

dim L3P, + 3P, + -+ 4+ 3F;) = 0.

Proof It is known that a general union of triple points in the plane has good
postulation with respect to the degree d curves for any d > 9 and, for d < 6 < 9,
the only exceptions are 5 triple points for d = 6,7 (see [77] and [78]). However, we

have (6+2) (7+2)
SR

so that under our hypothesis the triple points 3P, ..., 3P, always have good pos-
tulation. Thus, if we set X =3P, + --- + 3P, we have

d+ 2 d+ 2
Hx(d) = min {( i ),65*((1)} = < * )
2 2
and this concludes the proof. [

Now we are ready to give an alternative proof of Theorem 4.1.7 for even degrees.
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Proposition 4.2.3. IfX = Z,+ Zy+---+Z, C P? is a general union of s 2-squares
then

Hx(d) = min{dim Sy,4s}
or, equivalently,

dim £4(X) = dim Sy — min{dim Sy,4s}
for any even d € N.

Proof The cases d = 2,4 are already proved in Lemma 4.1.4, so we have to prove
the theorem for d > 6. We use induction on d and, as usual, we have to prove the
theorem only for s = s*(d) and for s = s.(d).

o Case 1: s =s,(d)
As we said in the proof of Theorem 4.1.7, there exists € € {0,1,2,3} such that

(d+2)(d+1)— 2

s = 84(d) = 3

and we have to prove that

Hy(d) = (d'f) e

or, equivalently, that
dim ,Cd(X) = E.

Set P; the support of Z; fori=1,...,s and
X:=Z+ -+ Z1+2P,.
For d > 6 we have s,(d) > d + 1 so that we can apply Lemma 4.2.1 and we get
dim £4(X') = dim Lq_4(X5 + Q1 + Q1)

where X} is a general union of s — d — 1 2-squares and a double point and
@1, Qo are two general points. Since any 2-square contains the double point
with the same support, X} is a subscheme of a scheme of s — d 2-squares which,
by induction, has good postulation in degree d —4 and thus Xj has in turn good
postulation in degree d — 4 and we get

e e TG
= (d;2> —e—3.
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As a consequence we have
dim Ed(X/) = dim £d74(Xg + Ql + QQ) =ec—+ 1

Now, suppose by contradiction that dim £4(X) = dim £4(X’). Since we are con-
sidering general 2-squares, claiming that dim £4(X) = dim £4(X’) is equivalent
to claiming that the e+ 1 curves passing through X’ also contain all the 2-squares
having support at P,. In particular, the ¢ + 1 curves contain the union of all the
2-squares having support at P; which, by Theorem 3.2.6, is exactly 3P, and thus
they have a triple point at P;. By symmetry, the same argument shows that the
£-+1 curves have a triple point at each of Py, P, ..., P, and this is a contradiction
by Lemma 4.2.2. Hence dim £4(X) # dim £4(X') and, since ¢(X) = ((X) + 1, we
get
dim £y(X) =dimLy(X') —1=e4+1-1==¢.

Case 2: s = s*(d)
This time there exists € € {0,1,2,3} such that

d+2)(d+1) + 2
8

s=s"(d) = (

and we have to prove that

Hi(d) = (d : 2)

or, equivalently, that

We can suppose € # 0 and setting again
X =71+ +Z, 1+ 2P,

and proceeding as in the previous case one finds that dim £4(X’) = 0 and thus
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Chapter 5

Complete Intersections on
Veronese Surfaces

This chapter is based on a joint work with E. Carlini (see [33]).

Complete intersection subvarieties are both a classical and a modern topic of
study in Algebraic Geometry. Indeed, in [60] Euler asked when a set of points in
the plane is the intersection of two curves, that is, using the modern terminology,
when a set of points in the plane is a complete intersection. In the same period,
Cramer asked similar questions so that this type of questions is presently known
as the Cramer-Euler problem. The Euler solution in the case of nine points in the
plane gave rise to what are now known as the Cayley-Bacharach Theorems, see
[58].

Complete intersections and their algebraic counterpart, regular sequences, play
a central role in Commutative Algebra and in Algebraic geometry. Consider,
for example, the well-known Hartshorne conjecture, stated for the first time by
Hartshorne in [74] and still open, which is probably one of the most studied prob-
lems regarding complete intersections. More recently, complete intersections have
shown to have unexpected applications. For example, in [18] and [25], the strength
and the slice rank of polynomials are studied using complete intersections. See also
[41] for an application in proving the existence of special families of vector bundles
on quartic surfaces of P2. For a more exhaustive overview on complete intersections,
we advise seeing [69].

In this chapter, we consider a generalisation of the Cramer-Euler problem: char-
acterise the possible complete intersections lying on a Veronese surface V54, and
more generally on a Veronese variety V,, 4; recall notation and definition in §1.3 and
§1.4. Note that for d = 1 the Veronese surface V5 is the plane P?) so that our
problem in this special case is exactly the Cramer-Euler problem. In Theorem 5.3.5
we completely solve the problem showing that for d > 2 the only reduced complete
intersections of P4 lying on Va4 are finite sets of either one or two points while,
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for the Veronese surface V3, C P°, one also has plane conics and their intersections
with suitable hypersurfaces. Moreover, in Theorem 5.3.3 we show that, except for
the case d = 2, the only complete intersections lying on rational normal curves V; 4
are the trivial ones, that is one single point or the set of two points. The case V; o,
that is of a plane conic, is different. In fact, by cutting with any properly chosen
curve, one will produce a complete intersection set of points.

Inspired by these evidences, we formulate Conjecture 5.4.2: the only reduced
complete intersections of V,, 4, d > 3, are finite sets of either one or two points while
for d = 2 one also has plane conics and their intersections with suitable hypersur-
faces. We also checked the validity of the conjecture for V5, see Proposition 5.4.1.

In order to prove the main result of this chapter, Theorem 5.3.5, we characterise,
in Theorem 5.1.11, the possible Hilbert functions of reduced subvarieties of Veronese
varieties. In other words, we characterise all possible Hilbert functions of radical
ideals in the Veronese ring Clzo, ..., 2w, ,|/Z(Vya), where Z(V, 4) is the defining
ideal of V,, 4. Beyond their application to the proof of our theorem, Hilbert functions
play a central role in Commutative Algebra and in Algebraic Geometry, for example
see [24], [90], and [99]. Indeed, in recent times, Hilbert functions have also been
used as tools in other fields. For example, in the study of Waring rank, that is the
tensor rank for symmetric tensors, in the paper [36]. Another example is the study
of Strassen’s Conjecture, a crucial conjecture in complexity theory, now proved to
be false in general [98], but still open in the relevant case of symmetric tensors, see
[39] and [40]. As a last example, we also mention the study of the identifiability of
tensors, which plays a crucial role in Algebraic Statistic, see [9],[10] and [11].

In this chapter, we first characterise the Hilbert functions of reduced subvarieties
of V,, 4. Thus, we generalise 0-sequences and differentiable 0-sequences introduced
in [67], see Definition 1.1.21 and Definition 1.1.28. Successively, we give a more
effective characterisation for the case of the rational normal curves V; 4 in Theorem
5.1.7, so recovering a classical result, and for the case of the surfaces V54 in The-
orem 5.2.4. In [64], Theorem 4.5, a similar characterisation is given in the case of
subschemes of V,, 4, that is, in the case of any ideal in a Veronese ring. However,
we consider this characterisation not to be enough effective for our purposes. In
fact, given a candidate Hilbert function, one has to solve a kind of interpolation
problem to decide whether the given function is the Hilbert function of a reduced
subvariety, or subscheme, of V,, 4, see Remark 5.2.7.

More precisely, the chapter is structured as follows. In §5.1, we recall some
basic notions needed later on in the chapter and we study the relationship between
(v, 1(X)) and Z(X), where X C V,, 4 is a reduced subvariety of V,, 4. Using this,
we characterise the Hilbert functions of subvarieties lying on V, 4 and introduce
d-sequences and differentiable d-sequences. Moreover, we use these results to study
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the Hilbert functions of divisors of V,, 4 and the Hilbert functions of finite sets of
reduced points lying on a rational normal curve V} 4, recovering the classical results.
In §5.2, we apply Theorem 5.1.4 to the special case of Veronese surfaces, getting
a more explicit characterisation for the Hilbert functions of reduced subvarieties
of Veronese surfaces in Theorem 5.2.4. In §5.3, we use the previously introduced
tools to prove the main theorem of the chapter, characterising all possible complete
intersections lying on Veronese surfaces. In §5.4, we study the reduced complete
intersection lying on V5, and we state Conjecture 5.4.2 about reduced complete
intersections lying on Veronese varieties.

5.1 Preliminary results

In this section, we introduce the needed basic notions and some preliminary
results, including a complete characterisation of the possible Hilbert functions of
reduced subvarieties of a Veronese variety; recall definitions and notation in §1.1.
The following lemma will be very useful in the rest of the chapter.

Lemma 5.1.1. Let us consider the graded morphism

©d - S —- R
a — a
z; — x™

for all @ € C, and for i € {0, ..., N, 4}. Then the following hold:
1. kerpg = Z(V,,q).

2. Impg = @72, Req and, in particular, ¢q(S:) = Riq.
3. If X C Vya, then (Z(v, (X)) = @a(Z(X),). In particular

o0

2u(Z(X)) = DI (v,,a(X)))sa-

s=0
4. If X is a subvariety of V}, 4 and we set Y = v, 3(X), then
Hx(t) = Hy(td) Yt > 0.

Proof The proof of (1) is trivial. To prove (2) it is enough to note that any

monomial of degree td can be written as product of monomials of degree d. The

proof of (3) is a straightforward check of a double inclusion. The proof of (4) follows

from the chain of graded isomorphisms
S/T(X) = S/T(Vna) o  Ya(S/T(Vaa)) _ BZo R
IX)/Z(Vaa)  ¢aZ(X)/L(Vna))  ea(Z(X))

where 14 : S/Z(V,.4) = @2, Rsq is the canonical isomorphism induced by ¢;. =
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Remark 5.1.2. Since ¢y is a ring homomorphism, ¢4(Z(X)) is an ideal of

Impq = @ Ry
s=0
but it is not an ideal of R. Nevertheless, one has

(0a(T(X))R)sa = (0a(Z(X)))sa-

Remark 5.1.3. In the notations of Lemma 5.1.1, if we choose X =V}, 4 then we
have Y = P and thus we get that the Hilbert function of V,, 4 is Hy, ,(t) = ("+td).

n

The following theorem is an immediate consequence of Lemma 5.1.1.

Theorem 5.1.4. Let h(t) : N — N be the Hilbert function of a projective variety
in PNna. Then there exists X C V, 4 C PNod such that Hx(t) = h(t) if and only
there exists k(t) : N — N a Hilbert function of a projective variety in P™ such that
h(t) = k(dt).

Remark 5.1.5. We note that, if a variety X’ C P¥»< has Hilbert function satisfying
the conditions of Theorem 5.1.4, this does not mean that X’ lies on a Veronese
variety. The theorem only guarantees that there exists some subvariety X of a
Veronese variety having the same Hilbert function of X’. Consider, for example,
seven generic points in P?. By genericity they do not lie on a V} 4, that is they do
not lie on a rational normal curve, but their Hilbert function satisfies the hypothesis
of the theorem.

In the case of divisors of V,, ; we can be more explicit.

Proposition 5.1.6. If X is a divisor of V,, 4 with degX = de, then

n—l—dt)’ ift < {%J

HX(t) :{ n:dt n+dt—e . e—1
() = () ez 4

Proof Since X is a divisor and deg X = de, there exists a (unique) hypersurface
Y : F = 0 of degree e in P" such that v, 4(Y) = X. For each t € N we have the
following short exact sequence

0 —— R(—e)y —— R, —— (R/(F)); —— 0

and, as a consequence, we get Hy(t) = dim(R/(F)); = dim R; — dim R(—e); and
this ends the proof.
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Remark 5.1.7. As a special case of divisor, one can consider X C V; 4 C P?¢ a
finite set of s reduced points on the rational normal curve of degree d. Using an
argument similar to the one used in Proposition 5.1.6 one get the well known result:

dt+1, ift<
Hx(t):{s ift >

s—2
d

=241

As we have noticed in §1.1.2, the characterisation of Theorem 1.1.29 can be
rephrased: if (¢;)iez is a sequence of non-negative integers, then there exists a
reduced C-algebra A such that (¢;)iez is the Hilbert function of A if and only if
(¢t)iez is a differentiable O-sequence. Theorem 5.1.4 suggests us to extend Definition
1.1.21 and 1.1.28 as follows.

Definition 5.1.8. A 0-sequence (b;)ien is called d-sequence if there exists a 0-
sequence (¢;)ien such that by = Cld41)t-

Definition 5.1.9. A 0-sequence (b;)en is called differentiable d-sequence if there
exists a differentiable 0-sequence (¢;)ien such that b, = C(d+1)t-

Remark 5.1.10. We note that a differentiable d-sequence is necessarily a differ-
entiable 0-sequence.

We can now rephrase Theorem 5.1.4 as follows:

Theorem 5.1.11. Let (hi)ien be a sequence of non-negative integers such that
ho =1 and hy = N, 4+ 1. There exists a projective variety X C V,, 4 C PNnd sych
that Hx(t) = hy if and only if (hy)ien s a differentiable (d — 1)-sequence.

It is natural to ask for an effective characterisation of d-sequences similar to
the one of Theorem 1.1.29. The question does not have an answer in general yet,
nevertheless one can give an answer in a special case using our results. In the case
of (d—1)-sequences with hy = (d;Z)’ such a characterisation can be easily produced
using Theorem 5.2.4 in the next section.

5.2 Hilbert functions of points on Veronese sur-
faces

In this section, we focus our attention on the case of Veronese surfaces V5 4.
In particular, we give an effective characterisation of the Hilbert function of any
reduced subvariety of V5 4 in Theorem 5.2.4.

Notation 5.2.1. Given d,t, s € N such that s > d*t+ @ we define the following
two functions:

d(d
pr(d,t,s) == d*t + <2+3) —s
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- {2d(t+1)+37\/1+8u1(d,t,8)J, if1< ,u1 d £ s d+1)
+

. 2 2
'u2<d7 t? S) T df —n if <d+1)+dn<ﬂl(d t S) (d;—l)
’ 0<n<dt

d(n+1)

We begin with a technical result.

Lemma 5.2.2. Let d,t € N. Consider a function h : {1,2,...,d} — N such that
there exists ig € {1,2,...,d} with the properties

1. h(i)=dt+i+1 for each 1 <i <ig—1;
2. h(i) > h(i + 1) for each iyp <i<d—1.
Then h(d) < pa(d,t, 2%, h(i)) and moreover the inequality is sharp.

Proof We distinguish four cases depending on the value of

p;:ft+dwgg)—§§Mﬂ.

For each of them, we give a function fz(z) satisfying 7. and 2. and such that

{2d(t+1)+3—\/WJ if1<p< (d+1)
Md): ’ o d+1 d+1
{dt—n, 1f(+)+dn<p<(+>+d(n+1)0§n§dt

Then we show that for any function A'(i) satisfying 7. and 2. it holds that
W(d) < h(d). We do this in detail in case p = (g) and for the remaining cases

we produce the function h.
Lp=(3).1<n<d+1

In this case we set

H) dt +i+1, ifl1<i<d-—n
1) = .
dt+1)—n+2, ifd—n+1<i<d

We have
d . d(d -1 d(d d
ShG) =+ W) _n =D, AAEY) S
P 2 2 2 pat

and

Bd) = d(t+1) —n+2= fd<t+1>+23—m

136



5.2 — Hilbert functions of points on Veronese surfaces

hence h(i) is as we want. Now let us suppose that there exists
h'(i) - {1,2,...,d} - N
satisfying 1. and 2. and such that /(d) > h(d), that is
R'(d)=dt+1)—n+2+a, a>1.

Since n < d 4 1, we have h'(d) > dt + 1+ a > dt + 2. As a consequence
(observe that dt + 2 is the maximum value of h(1)), by 1. and 2., it follows that
R (1) is increasing at least until reaching the value h'(d). In particular, if we set
i"=min{l <i<d|h(i)=d({t+1)—n+2+a} we have

dt+i'+1=d(t+1)—n+2+a
so that i/ =d —n+ 1+ a and iy > i'. Hence, using again 1. and 2., we get
Wi)=h(i)=d+i+1 ifi<d—n

B (i) > h(i) ifi>d—n+1

Hence:
d d

SHG =Y i)+ Y W) > S h) =3 hG)
i=1 i=1 i:d—n—l-l;;(;; i=1 i=1

and this is a contradiction.

) (g)<p<(”;r1), 1<n<d

Let b € Z be such that p = (g) + b. In this case we set
dt +i+1, if1<i<d-n+1

hi)=1d(t+1)—n+2 ifd—n+2<i<d—b.
dt+1)—n+1, ifd—b+1<i<d

_ (d;1)+d(n+1),0§n§dt

In this case we set

h(i)=dt —n, 1 <i<n.

: (d;1>+nd<p<(d;1)+(n+1)d,1§n§dt

Let b € Z be such thatp:(dgl)—l—nd%—b. In this case we set
- dt+1— if1<i<d-0»
h(z’):{ + n, i1l1<1<

dt —n, ifd—bt+1<i<d
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In the following proposition we characterise Hilbert functions of reduced points
in P which arise from Hilbert functions of reduced points in P? by sampling

with steps of length d.

d(d+3)

Proposition 5.2.3. Let us consider a finite set of reduced points X C P~ =2 and
set
ty = max {t | Hy(t) = Hy, ,(t)}, t =min {t | Hx(t) = [X[}.

Then Hx(t) is a (d — 1)-sequence if and only if the following conditions hold

1.

?

:u2<d7 tla AHX(tl —+ 1)) > ’7M{X(tﬁ_2)“

d

2. Forallt; +2<t<ty,—1

0] [

d

Proof First, we assume that there exists Y C P? such that Hy(dt) = Hx(t). Let
us set

Hx(t) - hta AHX(t) - Aht,

and
HY(t) - kt, AHY(t) - Akt

Since (k;)ien is the Hilbert function of a finite set of reduced points of P2, then by
Dubreil theorem (see Theorem 1.1.35) there exists ¢’ € N such that the following
conditions hold:

o k= (2?) for all t <t and k; < (2?> for all t > t/, and thus Ak, =t + 1 for
all t < t';

o Aky > Ak for all t >t/ and Ak, is eventually equal to 0.

Note that
d—1
Ahy = hy — b1 = kgt — kag—1) = kar + Z(kdt—i —kar—i) — kat—a =
i=1
d—1 d—1
= (kar—i — kar—(i+1)) = Y Dkar—i
i=0 i=0
and thus
d—1 d
Aht+1 - Z Akd(tJrl),i - Z Akdt—i—i . (51)
i=0 i=1
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Thus, Remark 5.1.3 yields that

d 2 1 2
S Ak = Ay = ( * d(; * )> —( +2dt> — d2t+d<d2+3) for all t < t,—1.
=1

Since Ak; <t + 1 for all ¢t and
d
> (dt+i+1) :d2t+d(d;3)

i=1
it follows that
forallt <t; —1

d
d
Z Akg = d*t + d(2+3)

i=1
if and only if
Ak, =t+ 1 for all t <dt;

and thus t’ > dt;. Moreover, since h; < <2+dt) for t > t;, the same argument shows

2
that .
d(d
> Akgyy < d*t+ dd+3)

i=1

forall t > t;

and for ¢ = ¢; we have

d
d(d+3
Z Akdt1+i < d2t1 + <7) .
i=1 2
As a consequence, there exists a minimum ig € {1,2,...,d} such that

Akgy,viy < dty + 19 + 1 and therefore ' < dt; +d —1 = d(t; + 1) — 1. Tt fol-
lows that
Akgrys = dty +i+1 (5.2)

for 1 <i<ig—1and
Akdtl-i-i() Z Akdtl-‘rio-‘rl Z Tt Z Akdt1+io+a == 0

for some a € N. Moreover

Akdtl-i-io Z Akdt1+i0+1 Z e Z Akdtl-‘rd (53)
and
Akgiyr > Akgpo > -+ > Akgpas (5.4)
————
:Akd(t+1)+1

for each t > t; + 1. Now, for a fixed t > t; 4+ 1, by (5.4) we have

d
(d —1)Akgr1 > Akgyys,

i=2
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and
d—1

(d—1)Akgrra <D Akgyyi.

=1

Using formula (5.1), we obtain

d
Akgiyr = Ahyyr — ZAkdt—H > Ahppr — (d — 1) Akgesq

1=2

and hence
Ahyq

Akgiyr >

and similarly

d—1
Akgra = Ahypr — > Akgryy < Ahpq — (d — 1) Akgrra
i—1

and hence Al
Akgrq < dtH-
Moreover, since (h¢)ien and (k;)ien are integer valued, we have that
Ah Ah
AV { tﬂ-‘, Akgrrq < { dtHJ

for each t > t; + 1. By (5.2) and (5.3) it follows that the function

Akgri: {12,....d} — N
1 — Akﬁdtﬁ_i

satisfies the hypothesis of Lemma 5.2.2. Hence, we get that

Ah
po(d, t1Ahy 1) > Ak ya > Ak, 4141 > [;ﬁﬂ
thus proving condition (1). Finally, using (5.4) we get that

Akgirq > Akarrarr = Akagri)+1

for each t > t; + 1, and hence

Ahua | o [Ahes
d d

for each t > t; + 1. We note that this inequality is always verified for ¢t > ¢5 since
AV,
=0
=
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for each t > t5. Hence, also condition (2) is proved.

Now we assume that conditions (1) and (2) hold and we prove that there exists
Y C P? such that Hy(dt) = hy. Since

t
kt — Z Akt,
i=0
we can construct the Hilbert function (k;)en by its first difference Ak;. For each t
let e; be the unique integer such that
Ahy=e (mod d), 0<e <d-—1.

We define Ak; as follows:

o if 0 <t <dt; weset Ak; =1t +1;

o ifdt; +1 <t <d(t; +1) we construct Ak; according to Lemma 5.2.2;

o ift>d(t;+1)+ 1 we set

-‘a t>t+1, 1 <i<en

Ja t>t+1, e +1 <0 < d

Under our assumptions, this choice guarantees that Ak; is the first difference func-
tion of a set of reduced points in P? (see [83] Proposition 1.1). Moreover, for
t <t; —1, we have

d d
ZAkdt-i—i = Z(dt+i+ 1) = d*t + M

i=1 i=1

— Aht+1,
and, for t = t; we have by construction

d
Z A]{;dtl#»l - Aht1+1

i=1
while for ¢ > t; + 1 we have

€t4+1 d

d Ahyyq Ahyyy
Z Akgys = Z Akgyi + Z Akgyi = €41 p + (d — et41) 7 =
=1

i=1 = i=err 141

Al — e Ahiq —e
- €t+1 <t+1dt+1 + 1) + (d - €t+1) <t+1dt+l> = Aht+1.
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Hence we have

=0 \j=1 i=0 i=0

dt t—1 d t—1 t
ka =Y Aky = Akg+ ) (Z AkdiJrj) =Aho+ Y Ahipy =) Ahy=hy
i=0

for all . This concludes the proof. ]

We now give our effective characterisation of the Hilbert functions of reduced
sets of points on Veronese surfaces.

Theorem 5.2.4. Let (h)ien be the Hilbert function of a finite set of m reduced

d(d+3)

points in P~ 2 and set

ty=max {t | h(t) = Hy,,()} 2 =min{t|h(t) =m}.

d(d+3)

Then there exists X C Vo 4 C P~ 2
conditions hold

such that Hx(t) = hy if and only if the following

1.

I

A
po(d, th, Ahy 1) > {htl”-‘

d

2. Forallt; +2 <t <ty —1
Ahe| o [Ahe]
d | — d

Proof It follows from Theorem 5.1.4 and Proposition 5.2.3. ]

Let us see now two explicit instances of use of Theorem 5.2.4 in determining
whether a given Hilbert function can be realised as the Hilbert function of a sub-
variety of a Veronese surface.

Example 5.2.5. Let us consider the sequence (h;)en defined as follows

tloo1 2 3 4 5 6 7 8 9 10 1

hy |1 36 120 253 435 666 946 1256 1531 1744 1956 2022

and hy; = 2022 for t > 12. It is easy to check, using Theorem 1.1.29, that this is
the Hilbert function of a set of 2022 reduced points in P3*. We ask whether there
exists X C V57 C P35 such that Hx(t) = hy for all ¢ > 0. To answer, we use

Theorem 5.2.4. First we determine ¢; and ¢,. Since the Hilbert function of V57 is

Hy, .(t) = (2§7t>, we have that
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5.2 — Hilbert functions of points on Veronese surfaces

t Jo 1 2 3 4 5 6 7 8 9 10 11 12

1 36 120 253 435 666 946 1275 1653 2080 2556 3081 3655

HV2,7

so that t; = 6 and ¢, = 11. To determine (7,6, Ahy, 1) we compute Ahy, 1. We
have that

t o1 2 3 4 5 6 7 8 9 10 11 12

Ah; |1 35 84 133 182 231 280 310 275 213 212 66 O

and thus 111(7,6,310) = 72 - 6 + "5 — 310 = 19. Finally, since 19 < (") = 28,

we get
2-7(6+1)+3—\/1+8-19J _u
5 = 44.

112(7,6,310) = {

To check conditions (1) and (2) of Theorem 5.2.4, we compute {%J and {%W
obtaining the following table

o1 2 3 4 5 6 7 8 9 10 11 12

—— |
«1"; ~
<

W15121926334045403131100

~[&

{

Since £12(7,6,310) = 44 and [%W = 40 condition (1) is satisfied. However, condition
(2) is not satisfied for ¢ = 9 and hence such an X does not exist.

htJO512192633404439303090

Example 5.2.6. Now, we consider the sequence (h;)ien defined as follows

tjo1 2 3 4 5 6 7 8 9 10 11

hy | 1 36 120 253 435 666 946 1256 1531 1744 1915 2022

and h; = 2022 for ¢ > 12; note that this function coincides with the one of the
previous example, but for t = 10. We ask whether there exists X C V47 C P* such
that Hx(t) = h for all ¢t > 0. As in the previous example, we have t; = 6 and
ty = 11. Moreover, we get
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t 0 1 2 3 4 ) 6 7 8 9 10 11 12

Ah; |1 35 84 133 182 231 280 310 275 213 201 107 O

Al l1 5 12 19 26 33 40 45 40 31 29 16 0

[Ahtj 0 5 12 19 26 33 40 44 39 30 28 15 0

and thus 11(7,6,310) = 19 and p»(7,6,310) = 44. Thus, condition (1) is satisfied
and condition (2) is satisfied for ¢ = 8,9,10. Hence, such an X exists.

Remark 5.2.7. One could deal with both the previous examples without using
Theorem 5.2.4, but just using Macaulay’s inequalities for Hilbert functions. How-
ever, this requires a trial and error approach. In fact, since d = 7 one should try to
fill, step by step, six gaps between h; and h;,; satisfying Macaulay’s inequalities.
Thus, for each possible choice at each step, one should compute the appropriate
binomial expansion. Moreover, one should check also that the first difference func-
tion of the constructed Hilbert function is still a Hilbert function: doing this will
require a very large number of computations.

5.3 Complete intersections

In this section we focus on the study of complete intersection varieties of PVr.d

which lie on some Veronese variety V,, 4 for n = 1 and n = 2; the case n = 3 and
d = 2 is treated in Proposition 5.4.1. For generalities on complete intersections,
we refer to [57]. To compare with similar existence and non-existence results for
complete intersection on hypersurfaces and their applications, we refer to [38] and

[94].

Definition 5.3.1. Let X be a projective variety, let Z(X) = (fi, fo, ..., f) be its
defining ideal with fi,..., f. a minimal set of generators, and let a; = deg f;. We
say that X is a complete intersection of type (ay,...,a,) if codimX = r.

Proposition 5.3.2. If X C V,, 4 C P¥nd s a reduced complete intersection of type
(a1,...,a.), with ay < ... < a,, then a; = 1. Moreover, either r = N, 4 and
ay=...=an,,=1ora; =2 for some 1.

Proof Since X C V,, 4, we have that Z(X) D Z(V,, 4). By Theorem 1.4.26, Z(V,,.4)
is generated by the 2 x 2 minors of a catalecticant matrix, thus, either a; = 1 or
a; = 2. Assume by contradiction that a; = 2, that is a¢; > 1 for all 7, and let
Z(X) = (f1,- .., fr). In this case, it is possible to assume that Z(V,, 4) = (f1, ..., fy)
for some ¢ < r and, as a consequence, any syzygy of the generators of Z(V,, 4)
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gives a syzygy of the generators of Z(X). The determinantal representation of
Z(Vp.a) yields that the generators of Z(X) have a syzygy of linear forms and this is
a contradiction since fi,..., f. are a regular sequence and their syzygies, given by
the Koszul complex, only contain elements of degree at least a; = 2. In conclusion,
a; = 1. To complete the proof, we let p be the largest index such that a, = 1.
Assume by contradiction that p < r and a,y1 > 2. Thus, Z(V,,4) € (f1,---, fp)
and the latter is the ideal of a linear space A of codimension p such that A CV,, 4.
Hence a contradiction, since no Veronese variety contains a positive dimensional
linear space. In conclusion, either p =r = N,, 4 or p < r and a,;1 = 2. ]

As a straightforward application of this proposition, we get the following result.

Theorem 5.3.3. Let X C V; 4 C P? be a reduced complete intersection with d > 3.
Then either X is a point or X is a set of two points.

Proof Since V;4 is not a complete intersection and dim V)4 = 1, it must be
dimX = 0. Since X is a complete intersection, it follows from Proposition 5.3.2
that X is contained in the intersection of a hyperplane and V; 4. In particular, we
have |X| < d and using Remark 5.1.7 we get the Hilbert function of X

t o 1 2
Hy(t) |1 X[ [X]
AHx(t) |1 |X|=1 0

Finally, since X is a 0-dimensional complete intersection, AHx(t) is the Hilbert

function of an artinian Gorenstein ideal. Thus, it is symmetric and hence either
AHx(1) =0 or AHx(1) =1, that is |X| =1 or |X] = 2. |

Remark 5.3.4. We note that the proof of Theorem 5.3.3 also shows that any
Gorenstein reduced zero-dimensional subscheme of V; ; must be degenerate.

We can now finally describe reduced complete intersection subvarieties of Veronese
surfaces.

Theorem 5.3.5. If X C Voq C PN2d s a reduced complete intersection of type
(ay,...,a.), with a; < --- < a, then one of the following holds:

1. (d,r,(ay,aq,...,a,)) = (2,4,(1,1,1,2)), that is X is a conic lying on Vas;

2. (d,r,(a,a9,...,a,)) = (2,5,(1,1,1,2,a5)), any a5 € N, that is X is a set of
2a5 complete intersection points of a conic lying on Voo and a hypersurface
of degree as;

3. (d,r, (ay,az,...,a.)) = (d,Nag, (1,1,...,1)) for any d > 2, that is X is a

reduced point;
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4. (d,r,(a1,aq,...,a,)) = (d, Nag, (1,1,...,1,2)) for any d > 2, that is X is a set
of two reduced points.

Proof Let Z(X) = (fi,..., f,) be the ideal of X and N := Ny 4. We can suppose

without loss of generality that a; < as < --- < a,. Moreover, we let p be the number
of a; equal to 1 and ¢ be the number of a; equal to 2, thatisa; =as = --- = a, =1,
Api1 = Qpya =+ + = Gprq = 2. By Proposition 5.3.2 we have that p > 1. If p= N

we are trivially in case (3) thus from now on we suppose p < N and thus, using
again Proposition 5.3.2, we also have ¢ > 1. Since X C V54, AHx(t) must satisfy
conditions (1) and (2) of Theorem 5.2.4. We now use condition (1) to rule out some
cases. We start by computing AHx(1) and AHx(2). We have that

Hx(l) = dlmC[Zo, ce ,ZN] - dlITl(fl7 .. -afr)l =N —p—f- 1

AHx<1) == Hx(1> — Hx<0) =N — P.

Now, let us consider the map

Clzo,...,2n] — Clzo,...,2n]/(frs-- -, fo) = Clzo, ..., 2Ny
f - f '
Since (f1, fa, ..., fr) is a regular sequence we have that
Hx(2) = dim (Clz0, ..., 2]/ (1, f)), = dim (Clao, o 2n )/ (s 1),
: N—-p+2

:dlmC[zo,...,sz]g—q:< 2p )—q
and hence

N—-—p+2 N—-p+1)(N -

e A B L R R it

Note that Hx(1) = N —p+1 < N +1 = Hy, (1), thus t; = 0. Since t; = 0 we

have that
2d+3—\/1+8pJ
2 bl

,U/Q(daoaN _p> = \‘
so that by (1) we get

zd+3—mJ>{<N—p+U<N—p>_ﬂ (5.5)
5 = 2d d| |

Since ¢ < N — p, if (p,d, q) is a solution of (5.5), then (p, d) is a solution of
2d+3—VI+8p _ (N-p)(N-p-—1)
2 - 2d
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and setting a = N — p the previous inequality yields

-1
2d+3—\/(2d+3)2—8(a+1)2a(ad). (5.6)
———
f(e) 9(@)

A standard calculus argument on f(«) and g(a) shows that if (a, d) is a solution of
(5.6) then o < 3. As a consequence, if (p, d, q) is a solution of (5.5) then p > N —3,
thus one has to look for solutions (p,d, q) only for p = N — 3, N —2, N — 1. Since
r < N, one can easily check that the solutions of (5.5) are the following:

e (p,d,q) = (N —1,d,1) for each d > 2.
In this case X is a complete intersection of type (aq,...,ay) with
ap = =ay_1 =1
and ay = 2, that is X is a set of two reduced points and we are in case 4.
« (p,d.q)=(32]1).

In this case N = 5 and we know that a; = ay = a3 = 1 and a4 = 2, thus we
distinguish two subcases:

— If r = 4 then X is a complete intersection of type (1,1,1,2), that is X is a conic
lying on V55 and we are in case 1.

— If r = 5 then X is a complete intersection of type (1,1,1,2, as), that is X is the
intersection of a conic lying on V5o with a hypersurface of degree a5 and we
are in case 2.

¢ (p7 d, Q) = (37272)'

In this case X is a complete intersection of type (1,1,1,2,2), thus this is a special
case of 2.

* (p7 d, Q) = (67373)'

In this case X is a complete intersection of type (1,1,1,1,1,1,2,2,2). We want
to show that such X cannot lie on V3. Let us suppose by contradiction that
X C Va3 and set Y = 15 3(X). From Lemma 5.1.1 it follows that

Hy(3)=Hx(1)=N—p+1=9—6+1=4.

Thus, the only way to complete the gaps of Hy is

t |0
1

123456738
Hy(t)|1 2 3 456 7 8 8
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and this shows that Y lies on a line. As a consequence, X lies on a rational
normal curve. Hence, since X is a complete intersection and |X| = 8, this is a
contradiction by Theorem 5.3.3.

The result is now proved. [

5.4 More results and open problems

In this section, we show some more results about complete intersections on
Veronese varieties. A complete characterisation of the Hilbert functions of subvari-
eties of Veronese varieties of dimension larger than two seems, presently, to be out
of reach. Nevertheless, we can deal with the case of the threefold V3. This case
leads us to formulate Conjecture 5.4.2.

Proposition 5.4.1. Let X C V3, C P be a reduced subvariety. Then X is a

complete intersection of type (a1, ..., a,), with a; < --- < a, if and only if X is one
of the following

e r=9,a,=...=ag =1, that is X is a reduced point;

e r=9a,=...=ag=1,a9 =2, that is X is a set of two reduced points;

e r=9a =...=a;=1,a38 =2,a9 = b, any b > 2, that is X = C N H, for

C C V39 a conic and Hy a degree b hypersurface;
e r=8,a1=...=ay;=1,a3 = 2, that is X is a conic.

Proof First we consider the case dimX = 0. Let X C V35 be a reduced complete
intersection of type (ai,...,aq) with a1 < as < -+ < ag. Also let p,q € N such
that a; = --- =a, =1 and ap41 = -+ = apyq+1 = 2. By Proposition 5.3.2 either
p=9orp>1andq>1. If p=9 then X is just a reduced point, thus from now
on we suppose p,q > 1. By the same argument used in the proof of Theorem 5.3.5
we get

q.

11 — 2 —21p+110
B =10-p, Hy@ = (1) 7) g = PEHPEI

Since X C Vj5, by Lemma 5.1.1 there exists Y = 15,(X) C P?® such that
Hx(t) = Hy(td) for all ¢ > 0. In particular, we have that

PP —21p+ 110

= : _

Now fix 1 < p < 8. By Macaulay’s theorem for Hilbert functions (see Theorem
1.1.23) it follows that if the 2-binomial expansion of Hy(2) is

wer-(3)+ 1)
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where my > mq, then

me + 2 my + 2
HY(4)§< A >+< 5 >=M(p)

On the other hand, since 1 < ¢ < 9 — p, we have that

2 _
_ PP =21p+110
- 2

Thus, if M(p) — m(p) < 0, then X does not exist. Computing we get the following
table

Hy(4) —(9—p) =m(p).

p | Hy(2) | M(p) | m(p) | M(p) —m(p)
1| 9 25 37 12

21 8 19 29 10

31 7 16 22 6

4] 6 15 16 1

5/ 5 9 11 2

6| 4 6 7 -1

71 3 5 4 1

8| 2 2 2 0

Hence, X is either of type (1,1,1,1,1,1,1,2,a9) or of type (1,1,1,1,1,1,1,1,2). In the
first case X is a set of 2ag reduced points lying on a conic C C V3,5 and in the sec-
ond case X is a set of 2 reduced points. The discussion for reduced 0-dimensional
complete intersection is now completed. Now let X C V35 be a positive dimen-

sional reduced complete intersection of type (ay,...,a,). For any choice of integers
Qri1,-..,0a9, we can choose suitable hypersurfaces H,, of degree a; in such a way
that

X'=XNH,_ , N...NH,

QAr41
is a complete intersection of type (ay, ..., ar, @ri1, ..., ag). Moreover, we can choose
the degrees a; in a such a way that

a; < iq1

for all i and 3 < a,4;. Thus X’ C V3, is a zero dimensional complete intersection
of type (aq,...,aq9). As a consequence, since we can freely choose the degrees a; for
1 > r+ 1 we have that » = 8 and

(a,...,as,a9) = (1,1,1,1,1,1,1,2, ag).
Hence, X is of type (1,1,1,1,1,1,2), that is X is a conic. ]
We can now state the following conjecture, which we already proved for n < 2
any d and for n = 3 and d = 2, see Proposition 5.4.1 and Theorems 5.3.3 and 5.3.5.
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Conjecture 5.4.2. Let X CV, ; C PNnd be a reduced subvariety with d > 1. Then
X is a complete intersection of type (a1, ...,a,), with a; < --- < a, if and only if

e r=Nyg, a1 =...=an,, =1, any n,d, that is X is a reduced point;

e 7=Npg, a1 =...=an,,1 =1, an,, =2, any n,d, that is X is a set of two
reduced points;

e r=Nyg, a1 =...=ayn,,2=1,an,,1=2,an,,=b, anyn, d =2, any
a > 2, that is X = CNH, forC C V, 5 a conic and Hy a degree b hypersurface;

e r=Nyg—1,a1=...=an,,_o=1an, ,1 =2,d=2, any n, that is X is
a conic.

In the case of the Veronese threefold Vs, see proof of Proposition 5.4.1, the
complete knowledge of the zero dimensional complete case allows us to complete
the proof. This is true in general, as shown by the following Lemma.

Lemma 5.4.3. If Conjecture 5.4.2 holds for all reduced zero dimensional subvariety
of Vi.a, then it holds for all reduced subvarieties of V,, 4.

Proof Let X C V,, 4 C PVnd be a reduced complete intersection of type (ay,...,a,)
with » < N, 4, that is X is positive dimensional. Then, for any choice of integers
Ary1;- -+, anN, 4, We can choose suitable hypersurfaces H,, of degree a; in such a way
that

X'=XnH,,  N...0H

ar41 AN, q

is a complete intersection of type (ai,...,ar,ar11,...,an,,). Moreover, we can
choose the degrees a; in a such a way that

a; < iy

for all 4 and 3 < @,41. Thus, X' CV,, 4 is a zero dimensional complete intersection
of type (ay,...,an,,). Since we are assuming that the conjecture holds for such
an X’ and since we can freely choose the degrees a; for i > r + 1 we have that
r= Npq—1and

(ay,...,an, ;—1,0n,,) = (1,...,1,2,an, ,)

and thus d = 2 and X is a conic. Hence the conjecture holds for X. [
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