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The present paper introduces a global/local approach for the analysis of three-dimensional (3D) stress states of 
composite laminated structures. It consists of a two-step procedure. In particular, the first step makes use of finite 
element modeling based on classical 2D plate elements, whereas a refined layer-wise model based on Carrera 
Unified Formulation (CUF) is adopted to extract the 3D stress and strain fields in some critical regions that may 
have arbitrary dimensions. This approach allows dealing with large local areas, increasing the accuracy of the 
static solution, along with the possibility of embedding this technique in more complex procedures, such as the 
least-weight design of large heterogeneous complex assemblies, stiffness optimization, or localized progressive 
failure analysis. The numerical results shown in this paper want to assess the physical and numerical validity 
of the global/local approach. Particular attention is focused on the choice of the dimensions of the local area 
(patch) subjected to detailed refined analysis. Also, the convergence properties of the present hybrid FE model 
are discussed. The first examples deal with laminated composites. Then, the advantages of this methodology are 
further highlighted by considering free-edge problems and a complex wing structure.
1. Introduction

Composite structures are nowadays widely used in aeronautical ap-

plications due to their specific mechanical performances. However, 
due to the huge computational cost required, a significant shortcom-

ing in the design and analysis of composite structures is the difficulty 
of developing an accurate numerical model. In fact, a typical compos-

ite laminate can reach a scale ratio between the main dimension and 
the single-ply thickness of 104. Generally, the finite element method 
(FEM) is used to predict the structural behavior of composite laminates. 
However, the large-scale ratio value leads to highly time-consuming 
mathematical models, especially if three-dimensional (3D) elements are 
adopted. In fact, some research (e.g., [1]) demonstrated the necessity of 
at least three elements for each layer through the laminate thickness for 
an accurate solution. Thus, two-dimensional (2D) elements are widely 
used to analyze thin composite laminates to reduce the computational 
demand. Nevertheless, results provided by 2D investigations are unre-

liable when stress concentrations or free-edge effects occur, since they 
require a 3D description of the problem.
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In this context, researchers proposed different solutions to tackle 
this problem, among which the global/local approach stands out. This 
technique can provide a reduction in terms of simulation time, keep-

ing a high level of accuracy. Early research works developed in the past 
decades with limited computing power were successfully applied to lin-

ear [2–5] and non-linear [6,7] analysis. Two categories of global/local 
methods are proposed in the literature, namely, two-way and one-way 
coupling approaches. The first approach involves exchanging informa-

tion between global and local models in both directions. Some examples 
of two-way couplings are represented by the so-called h-refinement 
[8] and p-refinement [9] methods, which result in the use of differ-

ent mesh sizes and polynomial degrees, respectively. A combination 
of these two approaches is the so-called hp-refinement method, pre-

sented by Babuska and Dorr in [10]. Hühne et al. propose a two-way 
global–local technique based on the shell-to-solid submodeling feature 
to investigate buckling and intralaminar damage behavior in composite 
panels [11]. This approach is extended by Akterskaia et al. to investi-

gate the progressive failure and debonding [12,13]. These works adopt 
a loosely-coupled approach, meaning that global and local analyses 
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Fig. 1. Application of the two-step global/local approach on an aeronautical reinforced panel. The first step consists in the static analysis of the whole structure by 
means of classical 2D finite elements, whereas the local one involves a refined LW model of a region of interest for the panel.
are performed sequentially. A different class of two-way global/local 
techniques is based on strong/tight coupling between global and lo-

cal models. According to this approach, global and local domains of 
the structure are discretized with different levels of refinements. They 
are connected at the global/local interface using various techniques, 
such as, for instance, tie-constraints. Thus, a single numerical model is 
obtained, leading to the solution of the global and local models simulta-

neously. Krueger et al. employ such a technique to study delamination 
in composite laminates [14] and stiffener-skin debonding [15]. Multi-

point constraints are used at the interface between the global and local 
regions. Similar strongly-coupled global–local approaches have been 
used recently to investigate progressive damage in composite lami-

nates subjected to low-velocity impact [16,17]. Other examples of two-

way coupling global/local techniques are represented by the multi-grid 
method [18] and the Arlequin method [19].

A second class of global–local methods is represented by one-way 
approaches. In these techniques, information is transferred only from 
the global model to the refined local model once. An example is pro-

posed in [20], where the authors combine a progressive failure tech-

nique with a submodeling method. Gendre et al. in [21] introduce a 
global/local strategy consisting of a global linear model of the entire 
structure and a local non-linear model. Vescovini et al. in [22] propose 
a global/local technique for failure analysis of composite multi-stringer 
panels. A coarse global mesh is employed for the panel, along with 
a local model adopting cohesive elements to capture the delamination 
failure modes. Finally, Orifici et al. [23] introduce a computationally ef-

ficient two-step global/local approach to identify interlaminar damage 
initiation.

The global/local approaches can be applied for a more reliable stress 
analysis of a composite laminate. More specifically, phenomena that 
may occur within a composite structure, i.e., free-edge effects and fail-

ure, demand a 3D description of the stress distribution. Thus, 3D solid 
elements can be used at the local level [24]. If a typical aeronautical 
lay-up with tens of layers is considered, even a relatively small region 
analysis leads to a considerable number of solid elements. Therefore, 
aircraft companies and composite designers must rely on experimental 
rules, such as the Angle Minus Longitudinal (AML) method [25]. Fur-

thermore, classical theories cannot accurately describe the 3D effects 
that arise at the free-edge of a composite laminate due to the mismatch 
of the mechanical properties of different ply in a composite laminate.

For these reasons, in this work, a global/local approach with one-

way coupling is presented, where the global analysis is performed using 
commercial software, and then a local region is investigated using ad-

vanced layer-wise (LW) models with Carrera Unified Formulation (CUF) 
formalism [26]. CUF models have been shown to assure excellent ef-

ficacy and computational efficiency in evaluating complex 3D stress 
states in composite structures [27,28]. This strategy provides accurate 
solutions for stress and strain transverse components, which can be es-

sential when the onset of failure in laminates has to be predicted. Recent 
works [29,30] have shown this global/local approach’s capability to ac-

curately recover the 3D stress state at the ply level. However, in these 
researches, a so-called element-wise (EW) formulation is used, mean-

ing that a single global element can be chosen as the local area to be 
2

analyzed through advanced LW theories, leading to some limitations in 
terms of accuracy and dimension of the region to locally refine. There-

fore, the present work aims to extend this global/local approach to a 
patch-wise (PW) formulation. In this case, the local region to be refined 
can be chosen as large as required. A patch of elements can be selected, 
and information from all the global nodes at the local area interface is 
employed as boundary conditions for the LW model. This extension al-

lows the analysis of more significant regions in a complex structure and 
the evaluation of 3D stress states and failure onset while reducing the 
computational demand of the analysis. The PW formulation can help 
in exploiting the potential of this global/local approach to be embed-

ded in more complex analysis, such as optimization loops for failure 
index or stress concentration factor minimization (as in [31]) in critical 
domains of a large structure. Recently, two different strategies for cou-

pling between higher-order CUF-based elements and 3D peridynamics 
(PD) have been proposed [32,33], where PD is a non-local theory based 
on integro-differential equations. Pagani et al. [34] recently adopted 
one of these coupling technique for progressive failure analysis. Further 
development of the present work could be represented by combining 
the global/local PW approach with a PD-based model for localized pro-

gressive failure analysis.

The organization of this paper is the following: first, the global/local 
approach is introduced in Section 2, along with a focus on numerical 
models adopted for global and local analysis. Then, numerical results 
are shown and discussed in Section 3. Finally, the main conclusions are 
drawn.

2. Global/local approach

2.1. Two-step procedure

The global/local strategy adopted in this work consists of two steps 
(see Fig. 1), which can be summarized in the following way:

1. A global analysis on a composite laminate is conducted. The 
commercial software Nastran [35] is used to perform the analysis 
of the full structure. This step is recalled as global analysis. Clas-

sical CQUAD4 elements are adopted in combination with PCOMP 
properties for the geometrical and material descriptions, respec-

tively. The acronym PCOMP refers to the properties of a n-ply 
composite material laminate, whereas CQUAD4 are four-node two-

dimensional elements that make use of First Shear order Deforma-

tion theory (FSDT) [36], according to which the displacement field 
is given as follows:

𝑢1(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦) + 𝑧𝜑𝑥
𝑢2(𝑥, 𝑦, 𝑧) = 𝑣(𝑥, 𝑦) + 𝑧𝜑𝑦
𝑢3(𝑥, 𝑦, 𝑧) =𝑤(𝑥, 𝑦)

(1)

where 𝑢, 𝑣, 𝑤, 𝜑𝑥 and 𝜑𝑦 are five unknown displacement functions 
of the midplane of the plate. The key contribution of this study is 
the expansion of the CUF-based global/local analysis approach to 
include a patch-wise (PW) formulation. This novel approach en-

ables the selection of a group of global elements for local analysis, 
providing more accurate results than the traditional element-wise 

(EW) approach, where only a single CQUAD element is locally re-
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Fig. 2. Graphical representation of the cubic interpolation for in-plane and thickness domains.
fined at a time. Notably, prior research [30,37] has only explored 
the EW approach within the CUF framework.

2. A local analysis on the domain elements is performed. The re-

fined local analysis is conducted using high-order 2D plate finite 
elements based on the Carrera Unified Formulation (CUF), that al-

lows a straightforward development of higher-order models in a 
hierarchical and automatic manner within a finite element domain.

The 3D displacement field u(𝑥, 𝑦, 𝑧) is thus defined as a 1D through-

the-thickness expansion function of the primary unknowns, evalu-

ated via the finite element method. The relation can be written as 
follows:

u(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑧)𝑁𝑖(𝑥, 𝑦)q𝜏𝑖 (2)

where 𝐹𝜏 is the expansion function, 𝑁𝑖 the shape function and 
q𝜏𝑖 the nodal unknowns vector. Index 𝜏 represents the number of 
terms in the thickness expansion, whereas the subscript 𝑖 denotes 
the number of structural finite element nodes. This research adopts 
2D sixteen-nodes cubic elements (Q16) as shape functions for the 
in-plane modeling. Cubic Lagrange polynomials are employed as 
𝐹𝜏 function (LE). This work adopts the four-node cubic Lagrange 
expansion function (LD3) over the thickness, where LD stands for 
Lagrange Displacement-based (see Fig. 2). More information about 
Lagrange polynomials can be found in [38].

The derivation of the governing equations for the elasticity problem 
is made by means of the Principle of Virtual Displacements (PVD). 
For a static problem, it reads:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐿𝑒𝑥𝑡 (3)

where 𝛿𝐿𝑖𝑛𝑡 and 𝛿𝐿𝑒𝑥𝑡 represent the virtual variation of the strain 
energy and the virtual variation of the work of external loads. The 
term related to the internal strain energy can be written as follows:

𝛿𝐿𝑖𝑛𝑡 = ∫
𝑉

𝛿𝜺T
𝝈 𝑑𝑉 (4)

where 𝜺 and 𝝈 are the strain and stress vector, respectively, and V 
is the volume of the body. By introducing the strain-displacement 
relations, the virtual variation of the strain energy can be written 
in a compact form:

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝐪𝑇𝑠𝑗𝐤
𝑖𝑗𝜏𝑠𝐪𝜏𝑖 (5)

where 𝐤𝑖𝑗𝜏𝑠 is a 3 × 3 matrix called Fundamental Nucleus (FN) of 
the structural stiffness matrix. For the sake of clarity, the 𝑘𝑥𝑥

𝑖𝑗𝜏𝑠
com-

ponent is reported below:

𝑘𝑖𝑗𝜏𝑠
𝑥𝑥

= ∫
𝑉

𝐶̃11
𝜕

𝜕𝑥
(𝑁𝑗𝐹𝑠)

𝜕

𝜕𝑥
(𝑁𝑖𝐹𝜏 )𝑑𝑉 + ∫

𝑉

𝐶̃16
𝜕

𝜕𝑥
(𝑁𝑗𝐹𝑠)

𝜕

𝜕𝑦
(𝑁𝑖𝐹𝜏 )𝑑𝑉

+ ∫
𝑉

𝐶̃44
𝜕

𝜕𝑧
(𝑁𝑗𝐹𝑠)

𝜕

𝜕𝑧
(𝑁𝑖𝐹𝜏 )𝑑𝑉 + ∫

𝑉

𝐶̃16
𝜕

𝜕𝑦
(𝑁𝑗𝐹𝑠)

𝜕

𝜕𝑥
(𝑁𝑖𝐹𝜏 )𝑑𝑉

+ ∫
𝑉

𝐶̃66
𝜕

𝜕𝑦
(𝑁𝑗𝐹𝑠)

𝜕

𝜕𝑦
(𝑁𝑖𝐹𝜏 )𝑑𝑉
3

(6)
The remaining components of the FN can be retrieved in the same 
manner (see [26]). It should be noted that the formal expression 
of the FN remains invariable with respect to the structural theory 
or FE scheme chosen. Therefore, by simply looping on the indexes 
𝜏, 𝑖, 𝑗, 𝑠, any structural model can be created.

It should be highlighted that the validity of results over the local 
region is guaranteed far from the borders of the region. Some attention 
has to be paid at the boundaries, due to the fact that a coupling between 
different structural kinematics (FSDT for global scale, high-order for 
local scale) is performed. Thus, some distortions at boundaries can arise, 
without any macroscopic effect on strain and stress evaluation.

2.2. Local displacement-based model

The CUF model used for the analysis of the local domain is a 
displacement-based formulation, meaning that pure displacement De-

grees of Freedom (DOFs) at each node are considered. Nevertheless, the 
commercial software provides translational displacements (𝑢0

𝑥
, 𝑢0
𝑦
, 𝑢0
𝑧
)

and rotations (𝜃0
𝑥
, 𝜃0
𝑦
, 𝜃0
𝑧
) at each node of the global model. Thus, a suit-

able procedure must be implemented to transform the global model’s 
rotations into pure displacement DOFs. The chosen strategy is the same 
adopted in previous works [30,37], where a Reissner-Mindlin displace-

ment field [39,40] is employed for the computation of translational 
displacements at the local model boundaries. The Reissner-Mindlin dis-

placement field which operates is written as follows:

𝑢𝑥 (𝑥, 𝑦, 𝑧) = 𝑢0
𝑥
(𝑥, 𝑦) + 𝑧 𝜃0

𝑦
(𝑥, 𝑦) − 𝑦 𝜃0

𝑧
(𝑥, 𝑦)

𝑢𝑦 (𝑥, 𝑦, 𝑧) = 𝑢0
𝑦
(𝑥, 𝑦) − 𝑧 𝜃0

𝑥
(𝑥, 𝑦) + 𝑥 𝜃0

𝑦
(𝑥, 𝑦)

𝑢𝑧 (𝑥, 𝑦, 𝑧) = 𝑢0
𝑧
(𝑥, 𝑦) − 𝑥 𝜃0

𝑦
(𝑥, 𝑦) + 𝑦 𝜃0

𝑥
(𝑥, 𝑦)

(7)

where the circled quantities 𝑢0
𝑥
, 𝑢0
𝑦
, 𝑢0
𝑧

and 𝜃0
𝑥
, 𝜃0
𝑦
, 𝜃0
𝑧

are displacements 
and rotations of the global model, whereas the boxed ones 𝑢𝑥, 𝑢𝑦, 𝑢𝑧
are the pure translational displacement DOFs in the refined model. The 
graphical representation of these transformations is shown in Fig. 3.

2.3. Patch-wise formulation

A common procedure for EW and PW formulations consists of the 
computation of displacements in all interface nodes using quantities 
from the global model. These displacements are then employed as 
boundary conditions for the local model. Nevertheless, in the prece-

dent EW formulation, displacements and rotations from a single chosen 
CQUAD element were adopted as boundary conditions. On the other 
hand, in the present PW formulation, displacements and rotations from 
all the involved global nodes are considered and used to construct the 
boundary condition set. An example of the procedure is illustrated in 
Fig. 4., which also reports the EW approach. On the right, a local region 
identified by a 2 ×2 patch of elements is considered. The two areas have 
the same geometrical dimensions. Let us consider a point at the quarter 
(𝐿∕4, 0) of the edge described by global nodes 1 and 2. Concerning the 
EW approach, displacements and rotations evaluated in the point 𝑥𝐸𝑊
result from the interpolation within the single element CQUAD, referred 

to as 1𝐸𝑊 , which describes the entire region. On the other hand, for 
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Fig. 3. Graphical representation of the procedure to transform rotational DOFs of the global model into pure displacement for local one. The evaluated displacements, 
i.e. the boxed 𝑢𝑥, 𝑢𝑦, 𝑢𝑧 of Eq. (7) are used as boundary condition of the local element. Two LD3 are used for thickness modeling in the local domain in this figure.

Fig. 4. Differences between element-wise and patch-wise formulation in terms of boundary conditions evaluation.

Fig. 5. General procedure for the present two-step global approach. The first step is represented bt the global analysis of a complex structure using 2D plate finite 
elements. The middle rectangle shows the operations acting as interface between the global and local models. The rectangle on the right represents the refined local 
model to be analyzed. The output of this procedure is the strain and stress states in the chosen patch of elements.
the PW model, boundary conditions in point 𝑥𝑃𝑊 are obtained through 
interpolation within element 1𝑃𝑊 . Refining the global mesh without 
altering the geometrical dimensions of the local region will facilitate 
the provision of more precise boundary conditions, resulting in a more 
accurate assessment of stress components.

A graphical representation of the entire procedure is shown in 
4

Fig. 5.
3. Numerical results

Numerical results obtained with the global/local approach intro-

duced in this work are shown. Its capability is demonstrated by ana-

lyzing two-layer and ten-layer composite plates. For each example, the 
influence of the global and local meshes is investigated by performing 

convergence analyses, and the results are compared to those coming 
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Fig. 6. Global (in black) and material (in red) reference frames. Direction 1 
for the material frame represents the fiber direction, whereas 2 and 3 are the 
transversal directions.

Fig. 7. Geometrical and modeling features of the investigated plate.

Fig. 8. Global and local models of the two-layer plate subjected to transverse pressure. Case A represents the EW approach, whereas a PW approach for a 3 x 3 
elements region is recalled as Case B. Point Q represents the evaluation point of stress components.
Table 1

Material properties in MPa.

𝐸11 𝐸22 𝐸33 𝜈12 𝜈13 𝜈23 𝐺12 𝐺13 𝐺23

143.17 9.64 9.64 0.252 0.252 0.49 6.09 6.09 3.12

Table 2

Material allowables in MPa.

𝑋𝑇 𝑋𝐶 𝑌𝑇 𝑌𝐶 𝑋𝑌 𝑋𝑍 𝑌𝑍

2586.0 1620.0 94.0 340.5 174.5 152.6 174.5

from refined layer-wise models. Furthermore, an analysis of a free-edge 
case is conducted, with the out-of-plane components of the stress ten-

sor being evaluated using different patch dimensions and discretization. 
Finally, an aeronautical wing under bending load is considered. These 
analyses provide insight into the performance of the PW approach under 
varying conditions and further demonstrate its potential for accurate 
and efficient global/local analysis of complex structures. The stresses 
retrieved from the local refined analysis are reported in the global or 
material reference system. A graphical representation is shown in Fig. 6.

3.1. Two-layer plate subjected to transversal pressure

The first case study is a two-layer plate subjected to transversal pres-

sure, with [90◦∕0◦] stacking sequence. The plies are of equal thickness 
and are made of an orthotropic material, whose properties are enlisted 
in Table 1, whereas allowable values are detailed in Table 2. Geometri-

cal features and boundary conditions are shown in Fig. 7. A transversal 
pressure is applied on the surface of the laminate, with a magnitude 
equal to 10 kPa. All four edges are in clamped conditions.

This numerical case serves as an assessment of the proposed PW 
formulation. The model for the first step of the global/local analysis 
consists of 81 CQUAD4 elements. Then, two different regions are chosen 
5

for the local study, a single global element for case A (see Fig. 8(a)) and 
a 3 × 3 patch in case B (see Fig. 8(b)). Both regions are locally refined 
with high-order finite elements, adopting a 5 ×5 grid of cubic Q16 in the 
plane and two LD3 for each layer through the thickness. The in-plane 
discretization of the local domain is represented by a grid built using 
Chebyshev nodes distribution to minimize errors that occur at edges 
when using polynomial interpolation [41]. A comparison with the EW 
global/local approach and a full layer-wise model is provided. The latter 
is built with a total of 196 cubic Q16 elements for the in-plane mesh, 
while four-node cubic LD3 are adopted through the thickness of the 
plate, two for each layer. Strain and stress distributions are evaluated 
in point Q ( 𝑎4 , 𝑏4 ), which corresponds to the centroid for both the single 
element and the 3 × 3 patch.

Fig. 9 shows the in-plane stress through the laminate thickness in 
point Q for the layer-wise model and the two cases of global/local anal-

ysis. Results obtained in cases A and B perfectly match those obtained 
through a refined model. Thus, in this specific case, it can be concluded 
that displacements and rotations extracted from the global model are 
sufficient as boundary conditions for the refined local analysis to re-

trieve the correct in-plane stress state of the laminate. Nevertheless, this 
consideration is not valid when out-of-plane stresses are evaluated (see 
Fig. 10). In fact, a slight discrepancy is witnessed for both 𝜎𝑥𝑧 and 𝜎𝑦𝑧
between case A and the LW model. This error is mitigated when a larger 
global region is chosen to be locally analyzed, as in case B. As a result, 
a larger global area can help provide a more accurate set of boundary 
conditions for the local model, thanks to the more significant number of 
global nodes involved. It is important to note that for each global/local 
approach considered (Case A or B), the transverse shear stresses fulfill 
the 𝐶0

𝑧
requirements [42] and are null at the thickness edges. It should 

be underlined that the 𝜎𝑧𝑧 component is not herein represented due to 
its very small value compared to other stress components.

A failure analysis is also performed. Failure Indices (FIs) are evalu-

ated at point Q for each case using the Hashin 3D criterion [43]. The 
stress components obtained from the local analysis are used as input to 
evaluate the four Hashin based FIs, namely fiber tension, fiber compres-

sion, matrix tension and matrix compression. The results are shown in 

Fig. 11. The values obtained in cases A and B are consistent with the full 
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Fig. 9. Comparison of in-plane stresses distribution through the thickness of the laminate with 𝑎∕ℎ = 100 between a full LW model and two global/local approaches 
(see Case A and B in Fig. 8).

Fig. 10. Comparison of transverse shear stresses evolution through the thickness of the laminate with 𝑎∕ℎ = 100 between a full LW model and two global/local 
approaches (see Case A and B in Fig. 8).
LW model. It is noteworthy that no significant differences are observed 
between the two global/local analyses, despite the slight discrepancy 
in the out-of-plane stress distribution (see Fig. 10). This is because the 
values of 𝜎𝑥𝑧 and 𝜎𝑦𝑧 are at least 100 times smaller than the in-plane 
stresses, resulting in a negligible influence of the out-of-plane stress val-

ues on the failure mechanism.

Finally, a plate with different slenderness ratio is considered, in or-

der to prove the validity of the present approach when thick plates 
are considered. The in-plane dimensions are those expressed in Fig. 7, 
whereas a thickness of 100 mm is here considered, thus resulting in a 
slenderness ratio 𝑎∕ℎ = 10. For the sake of brevity, Fig. 12 depicts the 
transverse shear stresses for the investigated thick plate. A comparison 
between a full LW and a G/L patch-wise solution is proposed.

The outcomes clearly show how the efficacy of the proposed ap-

proach still applies when dealing with thick plates, being able to accu-

rately describe the through-the-thickness behavior of transverse shear 
stresses.

3.2. Ten-layer composite plate subjected to a localized transverse pressure

The second case study consists of a ten-layer composite plate. The 
material and geometric properties are the same as those used in the pre-

vious case. A symmetric stacking sequence [90∕45∕45∕0∕90]𝑠 is chosen. 
A transversal pressure is applied only on a central squared region, with 
a side dimension equal to 110 mm. The plate is simply supported.

3.2.1. Global mesh convergence

A preliminary convergence study is carried out on the mesh size 
6

of the global model. An illustrative overview of the three investigated 
cases is shown in Fig. 13. Briefly, we increase the refinement of the 
global model while maintaining the domain to be locally analyzed. Con-

sequently, the local patch corresponds to a single global element for 
case A.1, a 2 × 2 patch for case B.1, and a 3 × 3 patch for case C.1. 
The local model adopted is the same for all three cases, consisting of 
a 5 × 5 grid of Q16 elements for in-plane mesh and a total of ten LD3 
through the thickness, one for each layer. Stresses are evaluated at point 
Q ( 𝑎4 ,

𝑏

4 ), and they are reported in the global reference system.

In-plane stress distributions are shown in Fig. 14. The convergence 
is reached with case B.1. It can be noticed that case A.1 already pro-

vides great overall accuracy. However, slight discrepancies can still be 
detected, such as 𝜎𝑥𝑥 values in top and bottom layers or 𝜎𝑦𝑦 behav-

ior in 0◦- oriented layers. Through-the-thickness stress distributions are 
displayed in Fig. 15. Full layerwise solution for 𝜎𝑥𝑧 is matched when 
cases B.1 and C.1 are considered. On the other hand, the 𝜎𝑦𝑧 is well 
reproduced by all models.

3.2.2. Local mesh convergence

A second convergence study is performed on the mesh refinement 
of the local model. A 9 × 9 grid of four-node plate elements is adopted 
for the global model, and a 3 × 3 patch of global elements is chosen for 
the local analysis, whose centroid is located in point Q. Three different 
in-plane meshes are employed for the refined local models. Information 
about the considered cases is summarized in Fig. 16.

Numerical results are shown in Fig. 17 for in-plane stresses and 
in Fig. 18 for the through-the-thickness components. A first important 
remark can be issued about the behavior of 𝜎𝑥𝑥. In fact, case A.2, repre-

senting the coarser local mesh, leads to significant differences in evalu-
ating the normal stress at the top and bottom layers. On the other hand, 
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Fig. 11. Comparison of failure indices between a full LW model and two global/local approaches (see Case A and B in Fig. 8). Hashin 3D criterion has been applied 
for failure indices evaluation.

Fig. 12. Comparison of transverse shear stresses evolution through the thickness of the laminate with 𝑎∕ℎ = 10 between a full LW model and a global/local approach 
(see Case B in Fig. 8).
cases B.2 and C.2 match the results obtained via the full LW model. As 
in the previous case study, transverse shear stress components are 100 
times lower than in-plane ones. The global/local approach still correctly 
reproduces the behavior of transverse stress components retrieved with 
the LW model.

3.2.3. Centroid convergence

A final convergence study is performed considering the patch size as 
a parameter. In this case, mesh refinement for global and local models 
7

is fixed. A model with 324 CQUAD4 plate elements is adopted, while 
the local model is discretized with a 5 × 5 Q16 grid for the in-plane and 
ten LD3 through-the-thickness of the laminate. Thus, the only variable 
is the dimension of the patch to be locally analyzed. A single global 
element is considered in case A.3, whereas 3 × 3 and 5 × 5 patches of 
global elements are chosen for the local analysis in case B.3 and C.3, 
respectively. These regions have been chosen to have their centroids at 
the same coordinates. Fig. 19 shows the three global/local models with 
red regions highlighting the different patches.

Figs. 20 and 21 show the stress distributions for in-plane and 

out-of-plane components, respectively. It is evident that the single
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Fig. 13. Global and local models employed for global mesh convergence study. Patch of elements to be locally refined are highlighted in red. Point Q represents the 
evaluation point of stress components.

Fig. 14. Comparison of in-plane stresses evolution through the thickness of the laminate between a full LW model and three global/local models (see Case A.1, B.1 
and C.1 in Fig. 13).

Fig. 15. Comparison of transverse shear stresses evolution through the thickness of the laminate between a full LW model and three global/local models (see Case 
8

A.1, B.1 and C.1 in Fig. 13).
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Fig. 16. Global and local models employed for local mesh convergence study. The patch of elements to be locally refined is highlighted in red. Point Q represents 
the evaluation point of stress components.

Fig. 17. Comparison of in-plane stresses distribution through the thickness of the laminate between a full LW model and three global/local models (see Case A.2, 
B.2 and C.2 in Fig. 16).

Fig. 18. Comparison of transverse shear stresses evolution through the thickness of the laminate between a full LW model and three global/local models (see Case 
9

A.2, B.2 and C.2 in Fig. 16).
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Fig. 19. Global and local model employed for patch size convergence study. Group of elements to be locally refined are highlighted in red.

Fig. 20. Comparison of in-plane stresses evolution through the thickness of the laminate between a full LW model and three global/local models (see Case A.3, B.3 
and C.3 in Fig. 19).

Fig. 21. Comparison of transverse shear stresses evolution through the thickness of the laminate between a full LW model and three global/local models (see Case 
10

A.3, B.3 and C.3 in Fig. 19).
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Table 3

Material properties in GPa.

𝐸11 𝐸22 𝐸33 𝜈12 𝜈13 𝜈23 𝐺12 𝐺13 𝐺23

159.0 8.4 8.4 0.33 0.33 0.33 4.1 4.1 4.1

Fig. 22. Transverse shear stress along x at the plies interface 90/-15 for 𝑦 =
𝑏∕2. The horizontal axis starts at the free-edge (Point P) for 𝑥∕ℎ = 0 and goes 
towards the middle of the plate (along the red line). Reference solution is from 
[44].

global element can provide sufficient information to obtain an accu-

rate stress distribution for in-plane components and shear stress 𝜎𝑦𝑧. 
On the other hand, in case B.3, the global/local model is needed to 
correctly reproduce the 𝜎𝑥𝑧 evolution through the thickness of the lam-

inate.

3.3. Free-edge analysis

The following case study shows the capability of this global/local 
approach to reproduce the free-edge effects that arise due to the mis-

match of the mechanical properties of the plies at the interfaces. A 
composite plate from Lorriot et al. [44] is used as a reference. The 
shape of the plate is a rectangle with sides equal to 𝑎 = 200 mm and 
𝑏 = 300 mm (see Fig. 22). The mechanical properties of the orthotropic 
material are enlisted in Table 3. The stacking sequence of the plate is 
[152/90/−152]𝑠, and each ply has a thickness of 0.125 mm. The loading 
conditions adopted in the reference work are simulated by imposing a 
clamped condition at coordinate 𝑦 = 0 and applying a traction force of 
250 N on the opposite edge. The global mesh discretization consists of 
10 CQUAD along the x-direction and 15 elements along the y-direction. 
A single global element is chosen for this case, meaning that an EW 
strategy is adopted. The local mesh consists of a 5 × 5 Q16 elements 
for in-plane discretization, and a total of ten cubic LD3 through-the-

thickness of the laminate, one for each layer of the plate.

Fig. 22 displays the distribution of the transverse shear stress 𝜎𝑦𝑧, 
starting from the free-edge (at 𝑥∕ℎ = 0) towards the inner part of the 
plate. The black line represents the reference solution, whereas the red 
dots are the stress values estimated through the global/local approach 
in an EW manner. It is important to note that the shear stress value 
decreases to zero for a ratio 𝑥∕ℎ equal to 1, revealing that the free-edge 
effects are confined in a very small region, with dimensions comparable 
to the plate thickness. For this reason, the EW approach is sufficient for 
accurately predicting the 𝜎𝑦𝑧 at the free-edge and its evolution along 
the x-direction.

Nevertheless, the free-edge singularities can affect transverse stress 
values along a larger span length. In this situation, the importance of 
using a PW approach arises. The composite beam investigated in [45]
11

is considered as a further case. Geometry and loading conditions of 
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Fig. 23. Geometry and loading conditions of the laminated beam.

Fig. 24. Transverse shear stress along x at 𝑧 = ℎ∕4 and 𝑦 = 𝑏∕2 for four different 
models, with the x-axis starting from point P at free-edge and moving towards 
the center of the plate (blue line). Cases A and B uses EW formulation, whereas 
cases C and D adopt a PW formulation, with a 3 ×3 and 5 ×5 patch, respectively. 
Reference solution is taken from [46].

Fig. 25. Transverse shear stresses along z at 𝑦 = 𝐿∕2 and 𝑥 = 𝑏. Reference 
solution [47] is obtained through a refined LW theory.

the beam are shown in Fig. 23. The laminate has a stacking sequence 
[45, −45]𝑠, with each layer of equal thickness. A longitudinal strain 
𝜀𝑦𝑦 = 0.01 is applied to the structure.

Fig. 24 shows the transverse shear stress at 𝑦 = 𝑙∕2 and at 𝑧 = ℎ∕4, 
from the free-edge (𝑥∕𝑏 = 0.5) towards the center of the plate, along the 

blue line. Solutions from four different test cases are compared with the 
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Fig. 26. Transverse shear stresses along z (a) at free-edge, 𝑦 = 𝐿∕2 and 𝑥∕𝑏 = 0.5 and (b) and far from the border, 𝑦 =𝐿∕2 and 𝑥∕𝑏 = 0.45, using different thickness 
expansion functions.
approximated elasticity solutions of Pipes and Pagano [46]. Cases A and 
B use EW approaches with a fine and coarse global mesh. For models 
C and D, a PW formulation with a 3 × 3 and a 5 × 5 patch is adopted 
in combination with the most refined global mesh. For all four cases, a 
5 × 5 Q16 mesh is employed for the in-plane discretization of the local 
model, whereas 8 LD3 are adopted for the through-the-thickness mesh, 
two for each layer.

For the sake of completeness, the transverse shear stress evolution 
through the thickness of the plate is displayed in Fig. 25. The results 
obtained with the present global/local approach, with both EW and PW 
formulations, are compared with a reference solution [47], where a re-

fined LW theory of structure based on Legendre polynomials is adopted.

Furthermore, Fig. 26 illustrates the effect of theory order adopted 
through the thickness of the plate on the stress evaluation (a) in the 
free-edge and (b) in a point far from the border.

The results suggest the following considerations:

• A PW formulation is needed to accurately describe the stress value 
at the free-edge and the evolution along the span length. In fact, EW 
models (cases A and B) show some discrepancies in reproducing the 
reference value for the transverse shear stress, which are correctly 
replicated when PW models are employed (cases C and D).

• In this particular case, the free-edge phenomenon affects the trans-

verse stress in a relatively vast region, thus making the EW ap-

proach not suitable. In fact, model A can calculate 𝜎𝑦𝑧 up to 
𝑥∕𝑏 = 0.41, where a value of zero stress is retrieved. A possible 
solution could include a coarser global mesh discretization, as in 
case B. However, a discrepancy with the reference solution is still 
evident even if the stress can be evaluated until 𝑥∕𝑏 = 0.25. Con-

sequently, using a PW model helps in both accuracy and solution 
field interval. Note that the local region dimensions for cases B and 
C are the same, with a clear gain in accuracy provided by adopting 
a 3 × 3 patch.

• Fig. 26 demonstrates that a layer-wise discretization is needed to 
describe complex 3D phenomena, such as the free-edge effects 
occurring in composite laminates. In fact, Fig. 26 (a) shows the 
transverse shear stress 𝜎𝑦𝑧 through the thickness at free edge by us-

ing different expansion function in the thickness direction for the 
local model. It is evident that the use of Taylor expansion, result-

ing in Equivalent Single Layer (ESL) shear deformation theories, is 
not sufficient for accurate description of free-edge stresses. On the 
other hand, Fig. 26 depicts the transverse shear stress at 𝑥∕𝑏 = 0.45. 
In this case, by increasing the order of the Taylor polynomial used 
for thickness expansion, one is able to retrieve with good accuracy 
12

the results provided by the model with layerwise discretization.
Fig. 27. Geometry and dimensions (in inches) of the wing. The panel chosen as 
local region is indicated and its 3D representation is also shown.

Table 4

Material properties in Msi.

𝐸11 𝐸22 𝐸33 𝜈12 𝜈13 𝜈23 𝐺12 𝐺13 𝐺23

21.5 1.23 1.23 0.329 0.329 0.329 0.571 0.571 0.571

3.4. Aeronautical wing under bending load

The last numerical example highlights the capability of the pro-

posed approach to deal with complex structures. An aeronautical wing 
is considered. A graphical representation is shown in Fig. 27. Fig. 27(a) 
depicts the wing and its upper skin, whereas Fig. 27(b) shows the inner 
core of the wing, more specifically spars and ribs. The wing has a sweep 
angle Λ = 16.2◦ and a negative dihedral angle Γ = 1.2◦. It should be 
noticed that each color could represent a region with different proper-

ties, such as thickness and stacking sequence. However, in this example 
both lower and upper skin structures are made of the same orthotropic 
material, whose properties are provided in Table 4. The internal rein-

forcements in both longitudinal and transversal directions are made of 
aluminum, with 𝐸 = 10 Msi and 𝜈 = 0.3. The total thickness of these 
reinforcements is equal to 0.1 in. The wing is clamped at one edge, 
whereas a vertical force of magnitude 15 lbf is applied at the opposite 
edge.

The global Nastran model is made of 14935 CQUAD4 elements. The 

selected region for the local analysis is illustrated in Fig. 27, and refers
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Fig. 28. The chosen patch to be locally refined is highlighted (a), whereas in (b) the deformed configuration of the wing under bending load is shown.

Fig. 29. Comparison of in-plane stresses distribution through the thickness of the wing panel between Nastran simulation and the global/local approach. The stresses 
are considered in the material reference system.
to a panel in the upper skin. A total of 121 global elements are then 
considered as local region. The stacking sequence is [90∕45∕0∕ − 45]𝑠
with respect to the leading edge. Finally, each ply has a thickness of 
13

0.05 in. The refined region is discretized with a 5 × 5 grid of cubic Q16 
elements, whereas a total of 16 LD3 element are adopted through the 
thickness, two for each layer.

Fig. 28 illustrates the chosen patch for the local analysis on the 

global model and the behavior of the wing under bending load.
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Fig. 30. Transverse stresses distribution through the thickness of the wing panel evaluated with the global/local approach. The stresses are considered in the material 
reference system.
Table 5

Material allowables in ksi.

𝑋𝑇 𝑋𝐶 𝑌𝑇 𝑌𝐶 𝑋𝑌 𝑋𝑍 𝑌𝑍

477.0 216.1 11.0 40.3 20.0 19.1 20.0

The solution from the global/local analysis is compared with the 
results coming from the stress computation in Nastran at global scale. 
The evaluation is made in the central point of the investigated panel. 
Fig. 29 shows the in-plane stresses distribution through the thickness 
of the wing panel, demonstrating an accurate match with the solu-

tion retrieved from the global analysis. For the sake of completeness, 
Fig. 30 illustrates the transverse stresses obtained with the global/local 
approach, expressed with respect to the global reference system.

Furthermore, a failure index evaluation is performed on the in-

vestigated panel. As previously done in Section 3.1, an Hashin-based 
criterion is adopted. The material allowables are presented in Table 5. 
The Hashin criterion is able to distinguish between four failure modes. 
Their distributions through the thickness of the panel in its central point 
are depicted in Fig. 31. The outcome shows that the maximum value of 
failure index is found for the fiber compression mode in the layers with 
fiber oriented in the same direction as the leading edge, thus respecting 
the physics of the problem.

4. Conclusions

This work establishes a one-way coupling global/local approach 
for accurately analyzing 3D stress states in a composite laminate. The 
global analysis is performed through finite element models using clas-

sical plate elements in Nastran, whereas the local model is built by 
means of the Carrera Unified Formulation (CUF). This technique allows 
14

the development of higher-order plate models to describe selected do-
Fig. 31. Hashin-based failure indices in the investigated wing panel.

mains of the global structure. The main novelty of the present work is 
the extension from an element-wise (EW) to a patch-wise (PW) formu-

lation. According to the EW formulation, only one 2D element from 
the global structure is chosen to be locally analyzed. The extension 
to the PW formulation opens the possibility of selecting a set of ele-

ments and, consequently, a larger domain. EW and PW approaches are 
compared with stress states obtained through a full layer-wise (LW) 
model. Results show that the EW formulation is insufficient for the 
correct recovery of the 3D stress state through the thickness of the 
laminate, especially when transverse shear stresses are considered. A 
complete convergence study on mesh refinement for both global and 
local models is conducted. Moreover, this study highlights the neces-
sity of the PW formulation to correctly evaluate the free-edge effects, 
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which is a common phenomenon in composite laminates. Finally, a 
wing structure is considered as last numerical example to demonstrate 
the capability of the present approach to deal with complex structure. 
The extension to the PW formulation will enable the possibility of em-

bedding this global/local technique in more complex procedures, such 
as least-weight design of large heterogeneous complex assemblies, stiff-

ness optimization or localized progressive failure analysis in structures 
of relevant interest.
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