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FOURIER TYPE OPERATORS ON ORLICZ SPACES AND
THE ROLE OF ORLICZ LEBESGUE EXPONENTS

MATTEO BONINO, SANDRO CORIASCO, ALBIN PETERSSON,
AND JOACHIM TOFT

ABsTRACT. We deduce continuity properties of classes of Fourier mul-
tipliers, pseudo-differential and Fourier integral operators when acting
on Orlicz spaces. Especially we show classical results like Hérmander’s
improvement of Mihlin’s Fourier multiplier theorem are extendable to
the framework of Orlicz spaces. We also show how some properties of
the Young functions ® of the Orlicz spaces are linked to properties of
certain Lebesgue exponents ps and ge emerged from &.

0. INTRODUCTION

Orlicz spaces, introduced by W. Orlicz in 1932 [12], are Banach spaces
which generalize the normal LP spaces (see Section [ for notations). Orlicz
spaces are denoted by L® where ® is a Young function, and we obtain the
usual L? spaces, 1 < p < 0o, by choosing ®(t) = tP. For more facts on Orlicz
spaces, see [14].

An advantage of Orlicz spaces is that they are suitable when solving cer-
tain problems where LP spaces are insufficient. As an example, consider the
entropy of a probability density function f given by

B(f) = - / £(6)log £(€) de.

In this case, it may be more suitable to work with an Orlicz norm estimate,
for instance with ®(¢) = tlog(1 + t), as opposed to L' norm estimates.

The literature on Orlicz spaces is rich, see e.g. [TLAIRIOITTII3] and the ref-
erences therein. Recent investigations also put pseudo-differential operators
in the framework of Orlicz modulation spaces (cf [19], see also [15,20] for
further properties on Orlicz modulation spaces). In this paper, we deal with
pseudo-differential operators as well as Fourier multipliers in Orlicz spaces.

Results pertaining to continuity properties on LP-spaces are well-established.
Our approach is to utilize a Marcinkiewicz interpolation-type theorem by Liu
and Wang in [7] to extend such continuity properties to also hold on Orlicz
spaces. As an initial example, the methods described in the subsequent sec-
tions allow us to obtain the following extension of Mihlin’s Fourier multiplier
theorem (see [I0] for the original theorem).

2010 Mathematics Subject Classification. primary: 35505, 46E30, 46A16, 42B35 sec-
ondary: 46F10.
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Theorem 0.1 (Mihlin). Let ® be a strict Young function and a € L=(R®\
{0}) be such that

laf |5
sup (J¢[*!0"a(¢)1)

is finite for every a € N with |a| < [4] + 1. Then a(D) is continuous on
L®(RY).

In fact, we also obtain Hormander’s improvement of Mihlin’s Fourier mul-
tiplier theorem (cf [5]) in the context of Orlicz spaces. This result can be
found in Section B (Theorem B4)). In a similar manner, we obtain continuity
results for pseudo-differential operators of order 0 in Orlicz spaces as well,
see Theorem Finally, we show a continuity result for a broad class of
Fourier integral operators, under a condition on the order of the amplitude
(that is, a loss of derivatives and decay), see Theorem

Section [0 also include investigations of Lebesgue exponents pg and ¢
constructed from the Young function ®, which are important for the in-
terpolation theorem. These parameters were described in [7], where it was
claimed that

pe < 0o <= P fulfills the Ay condition (0.1)
and

gp > 1 <= P is strictly convex. (0.2)

In Section [I we confirm that (1) is correct, but that neither logical impli-
cation of (0.2)) is correct. Instead, other conditions on ® are found which
characterize gg > 1 (see Proposition 2I]). At the same time, we deduce a
weaker form of the equivalence (0.2]) and show that if gg > 1, then there is
an equivalent Young function to ® which is strictly convex. (see Proposition

2.

1. PRELIMINARIES

In this section we recall some facts on Orlicz spaces and pseudo-differential
operators. Especially we recall Lebesgue exponents given in e.g. [7] and
explain some of their features.

1.1. Orlicz Spaces. In this subsection we provide an overview of some basic
definitions and state some technical results that will be needed. First, we
recall the definition of weak LP spaces.

Definition 1.1. Let p € (0,00]. The weak LP space wLP(R?) consists of all
Lebesgue measurable functions f : R¢ — C for which

1f lwze = supt (uy(£))7 (1.1)
t>0

is finite. Here yu ¢ () is the Lebesgue measure of the set { z € R?; |f(z) > ¢| }.

Remark 1.2. Notice that the wLP-norm is not a true norm, since the tri-
angular inequality fails. Nevertheless, one has that ||f|lwrzr < ||f]lze. In

particular, LP(R?) is continuously embedded in wLP(R?).
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Next, we recall some facts concerning Young functions and Orlicz spaces.
(See [414].)
Definition 1.3. A function ® : R — R U {oo} is called convez if
D(s1t1 + sata) < 51P(t1) + s2P(t2)
when s;,t; € R satisfy s; > 0 and s1 +s2 =1, j =1,2.

We observe that @ might not be continuous, because we permit oo as
function value. For example,

¢, whent<a
O(t) =

oo, whent>a

is convex but discontinuous at t = a.
Definition 1.4. Let ® be a function from [0, 00) to [0, 00]. Then @ is called
a Young function if
(1) @ is convex,
(2) @(0) =0,
(3) tlggo O(t) = +o0.
It is clear that ® in Definition [[4]is non-decreasing, because if 0 < t1 < t9
and s € [0, 1] is chosen such that t; = sto, then
P(t1) = P(sta + (1 —5)0) < sP(t2) + (1 — 5)P(0) < D(t2),
since ®(0) =0 and s € [0, 1].
The Young functions ®; and &5 are called equivalent, if there is a constant
C > 1 such that
CTlDy(t) < ®1(t) < CP(t), t€[0,00].

We recall that a Young function is said to fulfill the As-condition if there is
a constant C' > 1 such that

B(2t) < CDB(1), t €[0,00).

We also introduce the following condition. A Young function is said to
fulfill the A-condition if there is a p > 1 such that

D (ct) < PD(1), t €10,00], c€ (0,1]. (1.2)

The following characterization of Young functions fulfilling the As-condition
follows from the fact that any Young function is increasing. The verifications
are left for the reader.

Proposition 1.5. Let ® be a Young function. Then the following conditions
are equivalent:
(1) @ satisfies the Ag-condition;
(2) for every constant ¢ > 0, the Young function t — ®(ct) is equivalent
to ®;
(3) for some constant ¢ > 0 with ¢ # 1, the Young function t — ®(ct) is

equivalent to P.
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For any Young function ®, t The upper and lower Lebesque exponents for
a Young function ® are defined by

m=s () =5 () 13

o= () =t () (4

respectively. We recall that these exponents are essential in the analysis
in [7]. We observe that for any ri,79 > 0,

tPe S O(t) <t9* when t < (1.5)

and

and

t9* < @(t) StP* when ¢ > ro. (1.6)

In order to shed some light on this as well as demonstrate arguments used
in the next section we here show these relations.

By (L3) we obtain
td', (t o(t)\’
0o o (H2) <o
O (t) t n

Hence ®(t) = tP2*h(t) for some decreasing function h(t) > 0. This gives

O(t) = tP*h(t) = tP*h(ry) 2 tP®
for t < r; and

O(t) = tP2h(t) < tP®h(rg) S tP®
for t > ry. This shows the relations between tP* and ®(¢) in (LE) and (6.
The remaining relations follow in similar ways.

In our investigations we need to assume that our Young functions are
strict in the following sense.

Definition 1.6. The Young function ® from [0, c0) to [0, o0] is called strict
or a strict Young function, if

(1) ®(t) < oo for every t € [0, 00),
(2) @ satisfies the Ag-condition,

(3) @ satisfies the A-condition.
n

In Section 2 we give various kinds of characterizations of the conditions (2)
and (3) in Definition [[L6l In particular we show that (2) and (3) in Definition
.0 are equivalent to pg < oo and gg > 1, respectively. (See Proposition 2:3])

It will also be useful to rely on regular Young functions, which is possible
due to the following proposition.

Proposition 1.7. Let ® be a Young function which satisfies the Ay condi-
tion. Then there is a Young function ¥ such that the following is true:

(1) U is equivalent to ® and ¥ < ®
(2) W is smooth on Ry ;
(3) W, (0) = ',(0).



Proof. Let ¢ € C§°[0, 1] be such that ¢ > 0 and fo s)ds = 1. Put

1
w(t) = /0 Bt — Lst)p(s) ds.

Then using this formula and

¢
t
U(t) = / D(s)p(s —2s/t)—ds
t/2 §
we reach the result. O
It follows that ¥ in Proposition [[7] fulfills the As condition, because ®
satisfy that condition and W is equivalent to ®.

Definition 1.8. Let ® be a Young function. The Orlicz space L*(R?)
consists of all Lebesgue measurable functions f : R? — C such that

HfHL@Ein{A>0;/Rd@<L;)|>dx<1}

Definition 1.9. Let ® be a Young function. The weak Orlicz space wL® (R?)
consists of all Lebesgue measurable functions f : R? — C such that

s =t {2500 (2 (£) ) <1

is finite. Here yuz(t) is the Lebesgue measure of the set { z € R%; |f(z) > ¢| }.

is finite.

In accordance with the usual Lebesgue spaces, f,g € wL®(R%) are equiv-
alent whenever f = g a.e.

1.2. Pseudo-differential operators. Let M(d,2) be the set of all d x d-
matrices with entries in the set Q, and let a € .(R??) and A € M(d,R)
be fixed. Then the pseudo-differential operator Opy(a) is the linear and
continuous operator on .#(R%), given by

(Opa(a)f)(z) = (27)~ // o — A(x — ), ) f ()€ dydg,  (L7)

when f € .7(R%). For general a € .#/(R??), the pseudo-differential operator
Op,(a) is defined as the linear and continuous operator from . (R%) to
' (R%) with distribution kernel given by

Koa(@,y) = 2m)~(F5 a) (@ — A — ), 2 —y). (18)

Here ., F is the partial Fourier transform of F(z,y) € ./ (R??) with respect
to the y variable. This definition makes sense, since the mappings

Fo and F(z,y)— F(z — Az —y),z —y) (1.9)

are homeomorphisms on .#/(R??). In particular, the map a Kg 4 is a
homeomorphism on .7/ (R2?).

An important special case appears when A =t - I, with ¢t € R. Here and
in what follows, I € M(d,R) denotes the d x d identity matrix. In this case
we set

Op,(a) = Opy.;(a).
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The normal or Kohn-Nirenberg representation, a(x, D), is obtained when
t =0, and the Weyl quantization, Op”(a), is obtained when ¢ = % That is,

a(x,D) = Opy(a) and Op“(a)= Op1/2(a).

For any K € ./ (R%%42) we let Tx be the linear and continuous mapping
from .7 (R™) to .#/(R%), defined by the formula

(TKf,g)m(Rdz) = (Kag®?)L2(Rd1+d2)' (1.10)

It is well-known that if A € M(d,R), then it follows from Schwartz ker-
nel theorem that K — Tk and a — Opy(a) are bijective mappings from
' (R?)) to the set of linear and continuous mappings from .7 (R%) to
' (RY) (cf. e.g. [6]).

In particular, for every a; € .%/(R??) and A, Ay € M(d,R), there is a
unique as € .#/(R??) such that Op 4, (a1) = Opy, (a2). The following result
explains the relations between a; and as.

Proposition 1.10. Let aj,as € .7'(R??) and Ay, Ay € M(d,R). Then
Opy,(a1) = Opy,(a) &  PePolgy(g ¢) = e/MPePag (2, ¢).

In [I8], a proof of the previous proposition is given, which is similar to the

proof of the case A =t - I in [6,1721].
Let r,p,0 € R be such that 0 < < p < 1and d < 1. Then we recall that
the Hormander class S} s(R??) consists of all a € C>°(R??) such that

sup ((€)~"+#11=0%1| D¢ Da(a, )|
o |B|< N ®¢ERA
is finite for every integer N > 0.

We recall the following continuity property for pseudo-differential opera-
tors acting on LP-spaces (see e.g. [22]).

Proposition 1.11. Let p € (1,00), A € M(R,d) and a € SRO(RM). Then
Opy(a) is continuous on LP(R?).

In the next proposition we essentially recall Héormander’s improvement of
Mihlin’s Fourier multiplier theorem.

Proposition 1.12. Let p € (1,00) and a € L®°(R?\ 0) be such that

sup (R‘d+2|°“ 10%a(€))? d§> (1.11)

R>0 Ap

is finite for every a € N¢ with |a| < [2] + 1, where Ag is the annulus
{¢eRY; R<|¢| <2R}. Then a(D) is continuous on LP(R?).

1.3. Fourier integral operators of SG type. We recall that the so-called
SG-symbol class S™*(R2??), m,u € R, consists of all a € C*®°(R??) such
that
sup (@)= Hl(g) 4191 D2 D a(a, €)) )
ol |BI<N TSR
is finite for every integer N > 0. Following [3], we say that ¢ € C°(R? x

(R4 \ 0)) is a phase-function if it is real-valued, positively 1-homogeneous
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with respect to £, that is, p(z, 7€) = To(x, ) for all 7 > 0, 2, & € R, £ # 0,
and satisfies, for all z,¢& € R?, € #0,

|det 9,0c0(x, )| > C >0, 9%p(x,&) < (x)171*|¢] for all a € N¢,
(0e(@,8)) ~ (), (¢r(@,8)) ~ (&)

In the sequel, we will denote the set of all such phase-functions by ko™,

For any a € S™*(R?*) and ¢ € o™ the Fourier integral operator
Op,,(a) is the linear and continuous operator from %’ (RY) to 7"(R%), given
by

(1.12)

Op,(@N@) = [ #eOawOfde fes®Y. (13

We recall the following (global on R%) LP-boundedness result, proved in [3].

Theorem 1.13. Let p € (1,00), m, u € R be such that

1 1 1 1

el
p 2 p

and suppose that a € S™H(R2?) is such that |€| > ¢, for some € > 0, on the

support of a. Then Op,(a) from (R to .S"(R?Y) extends uniquely to a
continuous operator on LP(RY).

and p < —(d—1) , (1.14)

Remark 1.14. As it is well-known, in view of the presence of a phase function
@ € Phom assumed different from p(z,£) = z - € (for which (LI3) actually
becomes a pseudo-differential operator), the uniform boundedness of the am-
plitude « is, in general, not enough to guarantee that Opv(a) continuously
maps LP into itself, even if the support of f is compact (see the celebrated
paper [I16]), except when p = 2. This is, of course, in strong contrast with
Proposition [Tl Notice, in (LI4), the loss of decay (that is, the condition
on the x-order m of the amplitude), together with the well-known loss of
smoothness (that is, the condition on the &-order p of the amplitude). No-
tice also that no condition of compactness of the support of f is needed in
Theorem (see [3] and the references quoted therein for more details).

2. THE ROLE OF UPPER AND LOWER LEBESGUE EXPONENTS FOR YOUNG
FUNCTIONS

In this section we investigate the Orlicz Lebesgue exponents pe and g
and link conditions on these exponents to various properties on their Young
functions ®. Especially we show that both implications in ([(.2]) involving
g are wrong (see Proposition 24]). Instead we deduce other conditions ¢
which characterize gp > 1 (see Propositions 211 and 2.3]).

In the following proposition we list some basic properties of relations be-
tween Young functions and their upper and lower Lebesgue exponents.

Proposition 2.1. Let ® be a Young function which is non-zero outside the
origin, and let qp and pg be as in (LA) and ([L3)). Then the following is
true:

(1) 1< go < po;
(2) pe =1, if and only if ® is a linear map;

7



(3) pp < 00, if and only if ® fulfills the Ay-condition;
o > 1, if and only if there is a p > 1 such that —= increases.
(4) go > 1, if and only if there is a p > 1 such that 2L
Remark 2.2. Taking into account that ® in Proposition 2.1lis a Young func-
tion, we find that (4) is equivalent to

(4)" g > 1, if and only if there is a p > 1 such that % increases,
D(t D(t
lim Qz() and  lim ono
t—0+ tP t—oo P

Most of Proposition 2.1] and Remark are well-known. In order to be
self-contained we here present a proof.

Proof of Proposition[21. Since ® and its left and right derivatives are in-
creasing, the mean-value theorem gives that for some ¢ = ¢; € [0,1], we
have
P(t) = @(t) — (0) < tPy(ct) < 1P4(1).
This gives (1).
If @ is linear, then tgl(g) = 1, giving that g = ps = 1. Suppose instead
that pg = 1. Then

td'(t)
o(t)
in view of (1) and its proof. This implies that ®(¢) = Ct for some constant
C, and (2) follows.
In order to prove (3), we first suppose that pe < oo. Then
(1)
(1)
for some R > 0. Since ®(0) = 0, we obtain
O(t) = t"h(t), t>0,
for some positive decreasing function h(t), ¢ > 0. This gives
d(2t) = (2t)Fn(2t) < 2Btlh(t) = 2R (1),
and it follows that ® satisfies the As-condition when pe < oc.
Suppose instead that ® satisfies the As-condition. By the mean-value
theorem and the fact that @’ (¢) is increasing we obtain
' (1)t < P(2t) — D(t) < 2(2t) < CD(1),
for some constant C' > 0. Here the last inequality follows from the fact that
O satisfies the Ag-condition. This gives
1, (1)
@(t) ~ )
giving that ps < C < oo, and we have proved (3).
Next we prove (4). Suppose that g > 1. Then there is a p > 1 such that
P (t)
(1)

=1,

<R & 19 (t)— R®(t) <0,

for all ¢t > 0, which gives

td’ (t) — p®(t) > 0.
8



Hence .
PO (1) — ptr 1o (1)
t2p

/
<%> -0,
),
B(t)

Hence, the result now holds. If we instead suppose that =3~ is increasing for
some p > 1, then applying the arguments above in reverse order now yields
g 2p> 1 g

> 0,

or equivalently

For the equivalence in (4) of Proposition [Z1] we note further.

Proposition 2.3. Let ® be a Young function which is non-zero outside the
origin, and let qp be as in (IL4l). Then the following conditions are equivalent:

(1) g0 > 1;
(2) there is a p > 1 such that 20 increases;

1P
(3) there are p,q > 1 such that 2 increases near the origin and %

tP
increases at infinity;

(4) there is a p > 1 such that for every t > 0 and every ¢ € (0,1],
D(ct) < PP(1).
Proof. The equivalence of (1) and (2) was established in Proposition 211
Trivially, (2) implies (3). Moreover, % increases if and only if for any ¢ > 0
and any ¢ € (0, 1],
D (ct) o (1)
(ctyp = tp
which is equivalent to (4), hence (2) is equivalent to (4). We will now show
that (3) implies (1), yielding the result.
Suppose that (3) holds. Then by assumption, there are Ry, Re > 0 such
that ®(t) is increasing for t € (0, Ry) U (Rg, ),
A A
"= te(%f%l) < 109) ) Zp=land = tE(g%naf,oo) ( () > za=l

Let g2 = infie(r, Ry %. We want to show that g» > 1, which will in turn

yield gp = inf{q1,q2,q3} > 1, completing the proof.

Let ¢1(t) = kit —my and @a(t) = kot — mo, with k; = @’ (R;) and m;
chosen so that ¢;(R;) = ®(R;), j = 1,2. Given that ® is a Young function,
is convex, and fulfills (3), it is clear that ki < k2, m1 < mg and m; > 0 for
j=1,2.

We now approximate ®(¢) with linear segments forming polygonal chains
for Ry <t < Ry. Pick points Ry =ty <t < --- < t, = Ry and define func-
tions fj(t) = ajt — bj such that fj(t]’) = ‘P(tj) and fj(tj_H) = (I)(tj+1). Let
®,,(t) be the polygonal chain on [Ry, Ry] formed by connecting the functions
fj, meaning ®,,(t) = f;(t) whenever ¢ € [t;,t;1].

Since @ is convex and increasing, we have k1 < a; < b and m; < b; <mao
forall j =1,...,n. Hence, for any j =1,...,n,

inf ——T=2 ) = inf 1+ —— ) >1+4+ ,
telts i) < fi(t) telts ti] ajt; —b; ®(Ry)
9




where the last inequality follows from the fact that b; > my and a;t; —b; =
fi(t;) < fu(tn) = ®(R2). From this, it is clear that

. t(q)n)l—f—(t)> m
e te[}?ri,Rz} ( (I)n(t) * (ID(RQ)

independent of the choice of n and the points ¢;, j = 1,...n—1, and therefore

mi

= 1 >
a2 = lim e, > 1+ 5o > 1
This gives (1), completing the proof. O

The following proposition shows that the condition gp > 1 cannot be
linked to strict convexity for the Young function &.

Proposition 2.4. Let ® and ¥ be Young functions which are non-zero out-
side the origin, and let qp be as in (L4)). Then the following is true:
(1) if g > 1, then there is an equivalent Young function to ® which is
strictly convex;
(2) ® can be chosen such that qp > 1 but ® is not strictly convex;

(3) ® can be chosen such that qp = 1 but ® is strictly convez.

Remark 2.5. In [7] it is stated that (1) in Proposition 2.4 can be replaced by
(1)’ g > 1, if and only if ® is strictly convex.
This is equivalent to that the following conditions should hold:
(2)" if g > 1, then @ is strictly convex;
(3)" if @ is strictly convex, then ¢g > 1.
(See remark after (1.1) in [7].) Evidently, the assertion in [7] is (strictly)
stronger than Proposition 2.4] (1). On the other hand, Proposition 2.4] (2)

shows that (2)" can not be true and Proposition [Z7] (3) shows that (3)" can
not be true. Consequently, both implications in (1) are false.

Proof of Proposition[2.4] We begin by proving (1). Therefore assume that
gp > 1. Suppose that ® fails to be strict convex in (0,¢), for some & > 0.
Then ®”(t) = 0 when ¢ € (0,¢). This implies that ®(¢) = ¢t when ¢ € (0,¢),
for some ¢ > 0, which in turn gives g = 1, violating the condition g > 1.
Hence ® must be strict convex in (0, ¢), for some choice of € > 0.

Let

U(t) :/0 O(t — s)e” *ds.

Then
t

t
U (t) = ®'(0) —i—/ " (t — s)e *ds > / " (t — s)e " ds > 0,
0 t—e

since ®”(t—s) > 0 when s € (t—e,t). This shows that U is a strictly convex
Young function.
Since @ is increasing we also have
() < @),

because



This implies that
Oy(t) = () + V(¢)
is equivalent to ®(¢). Since W is strictly convex, it follows that ®; is strictly
convex as well. Consequently, ®; fulfills the required conditions for the
searched Young function, and (4) follows.
In order to prove (2), we choose

2t2, when ¢t < 1
O(t) =494t —2, when1<t<2
t2+2, whent>2

which is not strictly convex. Then

o=t (500)

(AR 4t , 2t2 4
=min<inf [ — |, inf {—— | ,inf | —— =->1,
t<1 \ 262 ) Ti<t<2 \ 4t — 2 ) T2 \ 42 + 2 3
which shows that ® satisfies all the searched properties. This gives (2).

Next we prove (3). Let
() =tln(l+1t), t=>0.

Then @ is a Young function, and it follows by straight-forward computations
that g3 = 1. We also have ®”(¢) > 0, giving that ® is strictly convex.
Consequently, ® satisfies all searched properties, and (3) follows.

This gives the result. O

3. CONTINUITY FOR PSEUDO-DIFFERENTIAL OPERATORS, FOURIER
MULTIPLIERS, AND FOURIER INTEGRAL OPERATORS ON ORLICZ
SPACES

In this section we extend properties on LP continuity for various types
of Fourier type operators into continuity on Orlicz spaces. Especially we
perform such extensions for Hormander’s improvement of Mihlin’s Fourier
multiplier theorem (see Theorem B.4]). We also deduce Orlicz space continu-
ity for suitable classes of pseudo-differential and Fourier integral operators
(see Theorems and 3.5]). Our investigations are based on a special case of
MarcinKiewicz type interpolation theorem for Orlicz spaces, deduced in [7].

We now recall the following interpolation theorem on Orlicz spaces, which
is a special case of |7, Theorem 5.1].

Proposition 3.1. Let ® be a strict Young function and po,p1 € (0,00] are
such that py < qp < pe < p1, where qp and py are defined in (L4) and

([@T3). Also let
T : (R + LY (R?) — wIP(RY) + wLlP' (RY) (3.1)
be a linear and continuous map which restricts to linear and continuous map-
pings
T:IPRY) — wlRY  and  T: LP(RY) — wLP'(RY).
11



Then BJ)) restricts to linear and continuous mappings
T: L*(RY) — L*(RY) and T :wL®R?) = wl®RY. (3.2)
Remark 3.2. Let ® and T be the same as in Proposition Bl Then the
continuity of the mappings in (3.2)) means
ITfllge SUFllpes € LPRY)

and

ITfllwre S Ifllores  f € wLl®(RY).

A combination of Propositions [[.T1] and [3] gives the following result on
continuity properties for pseudo-differential operators on L®-spaces.

Theorem 3.3. Let ® be a strict Young function, A € M(d,R) and a €
SRO(RM). Then

Opu(a) : L2(RY) — L*(R?) and Opy(a) : wL®(RY) — wL®(RY)
are continuous.

Proof. By Proposition 211 it follows that g > 1 and pg < oo. Choose
po,P1 € (1,00) such that py < g¢ and p; > pg. In view of Remark [[2] and

Proposition [[.TT]

10p(a) fllwzrs < IOP(@)fllpes < Clflles, [ € LP(RY), j=0,1. (3.3)
Then it follows that Op,(a) extends uniquely to a continuous map from
LPo(R) + LP1(RY) to wLPo(R?) + wLP'(RY) (see e.g. [2]). Hence the con-
ditions of Proposition [3.1] are fulfilled and the result follows. O

By using Proposition [L12linstead of Proposition [L.11]in the previous proof
we obtain the following extension of Hérmander’s improvement of Mihlin’s
Fourier multiplier theorem. The details are left for the reader.

Theorem 3.4. Let ® be a strict Young function and a € L>°(R%\0) be such
that

sup (Rd+2la 10%a())? d§> (3.4)
R>0 AR

is finite for every a € N with |a| < [%] + 1, where Ag is the annulus
{¢ € R R < |¢] < 2R}. Then a(D) is continuous on L*(R?) and on
wL®(RY).

Finally, employing Theorem [[LT3] we prove the following continuity result
for Fourier integral operators on L®-spaces.

Theorem 3.5. Let ® be a strict Young function, ¢ € SBE™ a phase function,
a € S™H(R2) an amplitude function such that

m< Tge and p < Ty o, (3.5)
where . . . .
Togo=—(d—1max< |——=|,|——=| .
- ( ) { pe 2| g 2‘}

Moreover, assume that || > € on the support of a, for some e > 0. Then,

Op,,(a): L*RY - L*(RY)  and Op,,(a) : wL®(RY) — wL®(RY)
12



are continuous.

Remark 3.6. Notice the strict inequality in (33), differently from condi-
tion (LI4) in Theorem for the LP-boundedness of the Fourier integral
operators in (LI3). The sharpness of condition (B3] will be investigated
elsewhere.

Proof. As above, by Proposition 211 it follows that ¢ > 1 and pg < oo.
Choose pg, p1 € (1,00) such that pg < g and p; > ps, and, as it is possible,
by continuity and the hypothesis (83]), such that

1

Dj
In view of Remark and Theorem [L.13]

10p,(a) fllwrrs < IOPy(a) fllzes < Clfllzess | € LP(RY), j=0,1.

1 1
___'7 3:071

m< —(d—1) o T3
j

and p < —(d—1)

(3.6)
By Proposition Bl the claim follows, arguing as in the final step of the proof
of Theorem O
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