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Dear editorial board,  

Please find enclosed the manuscript: "Predictive Dynamic Modeling and Analysis of Blisks 

Through Digital Representations Constructed Upon Precise Geometry Measurement", by Biao 

Zhou, Chengyu Xie, Giuseppe Battiato, Teresa Maria Berruti, to be submitted as an article for 

consideration of Mechanical Systems and Signal Processing. 

It is well known that blade geometric variances generally have a significant impact on the 

structural dynamics of integrally bladed disks widely used in the advanced aero-engine. In this 

manuscript, we present a holistic research in regard to the predictive dynamic modelling, analysis 

and experimental verification for a blisk by taking advantage of the advanced 3D optical 

geometry measurement technology. 

Specifically, Geometrically Mistuned Models (GMMs) are constructed upon the precisely 

measured blisk geometry by an efficient FE mesh updating strategy. They provide explicit, high-

fidelity digital representations of the geometric variances within the integrally manufactured blisk. 

A ‘Sector Mode Assembling Reduction Technique’ is developed and specifically tailored for 

efficient dynamic analysis of the large-sized GMMs at a relatively low computational cost and 

memory requirement. Intensive test campaigns, including forced response tests in the 

stationary/spinning rig under well-controlled laboratory conditions, are carried out for a full 

assessment of the GMMs’ dynamic prediction capability. 

We believe that this manuscript could be of interest to readers of Mechanical Systems and Signal 

Processing. In particular, this research gives the experimental evidence that the GMM converted 

directly from the precise geometry measurement data is able to capture the modal dynamics and 

resonant vibration of the stationary/rotating blisk with a very good level of accuracy. 

The methods and correlation results presented in this paper are expected to push the frontier of 

the emerging geometric-mistuning modeling and dynamic analysis techniques for integrally 

bladed disks. 

We hope that the editorial board will agree on the interest of this study. 

Sincerely, 

Biao Zhou on behalf of the authors. 
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Abstract

Blade geometric variances generally have a significant impact on the struc-
tural dynamics of integrally bladed disks widely used in the advanced aero-
engines. This paper presents a holistic research in regard to the predictive
dynamic modelling, analysis and experimental verification for a blisk by tak-
ing advantage of the advanced 3D optical geometry measurement technology.
Geometrically mistuned models (GMMs) are semi-automatically constructed
upon the precisely measured blisk geometry by an efficient FE mesh updating
strategy. They provide explicit, high-fidelity digital representations of the ge-
ometric variances within the integrally manufactured blisk. A ‘Sector Mode
Assembling Reduction Technique’ is developed and specifically tailored for
efficient dynamic analysis of the large-sized GMMs at a relatively low com-
putational cost and memory requirement. Intensive test campaigns, includ-
ing forced response tests in the stationary/spinning rig under well-controlled
laboratory conditions, are carried out for a full assessment of the GMMs’ dy-
namic prediction capability. Experimental verification results show that the
GMM is able to capture the modal dynamics and resonant vibration of the
stationary/rotating blisk with satisfactory accuracy. The physical-reality-
based GMM converted directly from the precise geometry measurement data
can be considered as a viable and valuable tool for predictive vibration eval-
uation of blisks. However, its model accuracy exhibits a mode-related de-
pendence on the mesh density. The tradeoff between model accuracy and
prohibitive computational cost proved to be the bottleneck of this promising
blisk modeling approach.
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1. Introduction

Driven by the continuing demand for high aero-engine performance and
reduced weight, modern fan/compressor designs tend to utilize the integral
bladed disks (blisks), instead of the traditional inserted-blade designs. The
increasing blade loading, in conjunction with negligible mechanical damping
of blisks result in high susceptibility to blade vibration problems. In ad-
dition, there are always random, inevitable geometry variances among the
blades within blisks, which is referred as geometric mistuning. Even though
geometric mistuning is typically small due to the narrow manufacturing tol-
erances of modern blisks, it has a profound effect on the system dynamics
of blisks. Mode localization phenomenon and excessive blade vibration level
are commonly observed for the blisks under rig/engine tests. The impact
of blade geometric variances on the structural dynamics of bladed disks has
been raising continuous and living research interest [1, 2, 3, 4, 5, 6].

In early times, researchers attempted to measure the blade geometry by
using a coordinates measurement machine with the aim of extracting the
‘blade-alone’ vibratory parameters from the measured geometry data [7].
The principal component (PC) analysis or proper orthogonal decomposition
(POD) [8] allows to capture the geometry variances of a group of blades by
quite a few PCs or POD features.

The past decade has seen the increasing applications of the advanced 3D
optical geometry measurement technology in order to fully capture the small
blade geometry variances with high precision [9, 10, 11, 12]. A Geometrically
Mistuned Model (GMM), or the so-called ‘as-manufactured model’, could be
further constructed upon the precisely measured geometry of a given blisk
[13, 14]. The resultant GMM is therefore able to represent the geometric
mistuning with high fidelity. Generally, geometric mistuning is considered to
cause simultaneous perturbations in the mass and stiffness matrices associ-
ated with each individual blade, which further alter both the ‘blade-alone’
frequencies and mode shapes. The latter, however, is absent in the traditional
frequency-mistuning modeling approach for blisks [15, 16], which assumes the
deviation of ‘blade-alone’ frequencies from the nominal design as the unique
blade mistuning source. Benefiting from the improved geometric mistuning
modeling capability, potential applications of the GMMs, i.e. accurate digi-
tal replicas of the physical reality, for predicting the real blisks’ dynamics are
growing [17, 18]. In addition, they can also be utilized for optimization of
sensor placement in the rotating blisks [19, 20, 21], and accurate aeroelastic
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simulations [22, 23], etc.
The computational efficiency problem arising from the dynamic anal-

ysis of the large-scale, high-fidelity GMMs is of primary concern in prac-
tice. Different model reduction techniques can be employed in order to avoid
the computationally expensive, full-blisk GMM simulations. Depending on
whether a dynamic substructuring step is involved or not, these reduction
techniques can be basically divided into two groups: (1) the component-
mode-based methods that stem from the technique of component mode syn-
thesis, and require to partition the full blisk GMM into either blade/disk
components [24] or sector components [25, 26]; (2) the system-mode-based
methods that construct the reduction mode basis by collecting the truncated
cyclic modes of the different geometrically mistuned sectors [27, 28, 29]. In
brief, the component-mode-based methods are well suited for the general
geometrically mistuned blisks. But they also suffer a large number of com-
ponent interface degree-of-freedoms (DOFs) retained in the reduced-order
model and the cost-ineffective constraint mode computations [30]. While the
system-mode-based methods are in general more computationally efficient,
their applicability scope is confined to the small geometric mistuning with
topological compatible meshes over all the blades.

Prior to being used for monitoring and forecasting the blisk’s structural
performance, the GMMs must undergo the process of model verification and
validation. Nevertheless, the experimental verification of the GMMs’ dy-
namic prediction capability has been also facing a big challenge. The key
point is to formulate the appropriate verification scenarios to evaluate to
what degree the GMMs can reproduce the experimental observations. In the
preceding research efforts, it was common to compare the blade geometric
mistuning evaluation results by the GMMs with the experimentally identi-
fied blade frequency mistuning patterns in the real blisks [13, 31, 32, 33]. As
a matter of fact, due to the high sensitivity of the blisk dynamics to blade
geometric variances, a full assessment of the GMMs can only be achieved
by forced response tests for the blisk under typical engine order excitation.
Recent research works attempted to compare the forced response variations
predicted by the GMMs with the experimental measurements during the
bench/rig tests [34, 35]. Nevertheless, due to the modeling assumptions and
limitations introduced by the GMM, and the unavoidable uncertainties in the
experimental campaigns on bench/rig tests, correlation between the GMM
predictions and the experimental counterparts could not be completely sat-
isfactory.
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This paper addresses the methodological development of predictive dy-
namic modeling and analysis of integral bladed disks through digital repre-
sentations constructed upon high-precision optical geometry measurements.
Specifically, high-fidelity geometrically mistuned models (GMMs) of an inte-
grally manufactured blisk test piece will be semi-automatically constructed
by employing the state-of-the-art 3D optical geometry scanning technology.
The GMMs are proceeded by a “Sector Mode Assembling Reduction Tech-
nique” (SMART), to reduce its model size and computational cost. The
prototype of the SMART approach, purposely developed by the authors
of this paper for blisks with blend repairs and small mistuning, proved to
outperform the aforementioned component-mode-based/system-mode-based
methods [36]. In this paper, it will be further developed and specifically
tailored for efficient dynamic analysis of the large-sized GMMs with a sig-
nificant reduction of memory requirement. A variety of test campaigns, par-
ticularly the forced response tests in the stationary/spinning test rig under
well-controlled laboratory conditions, are organized to experimentally verify
the predictive performance of the GMMs. Above all, the objective of this
research is to obtain an in-depth and comprehensive understanding of the
technical challenges and the capability of the emerging geometric-mistuning
modeling approach for blisks.

This paper is organized as follows. The methodologies for the GMM con-
struction and dynamic analysis of the GMM are elaborated in Sec. 2. The
GMM is verified against the blade mistuning experimentally evaluated by
a recently developed mistuning identification technique based on blade de-
tuning tests [37], as well as the full-blisk modal test data in Sec. 3. The
blisk is then subjected to forced response tests in a stationary traveling wave
excitation test rig, where the engine order excitation typically occurring in
the aero-engine can be simulated in a cost-effective way. This test campaign
allows for a first validation of the forced response predictions by the GMM
at non-rotating conditions. Subsequently, a second forced response test cam-
paign is performed in a spinning rig. The non-intrusive blade tip-timing
technique (BTT) is adopted to measure the vibration of all the individual
rotating blades. Prediction capabilities of the GMM are fully assessed and
verified in Sec. 4.
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2. Methodology

Fig. 1a shows the integrally manufactured blisk test piece mounted onto
a stationary traveling wave excitation test rig, which will be described later
on. The blisk is made of steel with nickel plated, and consists of N = 12
nominally identical sectors with simplified geometric shape. The disk center
is clamped by bolts with controlled torque. In the nominal finite element
sector model presented in Fig. 1b, the detailed geometry features around the
center are neglected for simplicity.

(a) (b) (c)

Figure 1: Simplified blisk test piece mounted on a traveling wave excitation test rig: (a)
blisk structure; (b) nominal sector model; (c) an electromagnetic unit.

The dynamic characteristics of the blisk in its nominal design are rep-
resented by the numerical frequency vs nodal diameter diagram in Fig. 2.
This research focuses on the 1st and 3rd mode family in Fig. 2, which cor-
respond to the first bending (1B) and first torsional (1T) blade-dominated
mode family, respectively. The 2nd mode family is not of interest because it
is a typical disk-dominant family.

The forthcoming subsections present the methodologies of constructing
the geometrically mistuned model and dynamic analysis for the blisk under
investigation.

2.1. GMM Construction

Blade-to-blade geometry variances within the blisk test piece is due to
the manufacturing tolerance. A Geometrically Mistuned Model (GMM), of
the blisk is constructed by exploiting the non-contact Advanced TOpomet-
ric Sensor (ATOS) structured-blue-light 3D scanner. This optical scanner
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Figure 2: Frequency vs nodal diameter diagram with Coupling indices in percentage.

provides full-field precision scans of the blisk surface with allowable high
resolutions down to 2.5 µm. It has been proved that the ATOS series of in-
dustrial 3D scanner is able to capture the blade-to-blade geometry variances
within industrial blisks with satisfactory accuracy [10].

As shown in Fig. 3(a), the blisk at rest firstly undergoes a number of fringe
projection scans that enable to precisely acquire the full blisk geometry data
in the form of an accurate and dense point cloud. The blisk point cloud
is then tessellated into triangulated surface meshes presented in Fig. 3(b).
Historically, a detailed finite element model (FEM) can be constructed by
the classical reverse engineering method [38]. Namely, the point cloud is
firstly processed into a solid CAD model, and then meshed into a FEM.
Nevertheless, the whole process requires a labor-intensive effort.

In this research, a GMM is semi-automatically constructed by correlat-
ing an existing ‘seed’ FEM directly with the point cloud representing the
measured blisk geometry. The seed FEM with quadratic tetrahedral vol-
ume elements is considered as an initial approximation of the real blisk with
blade geometry variances. The tuned blisk model in the nominal design is
widely considered a good candidate for the seed FEM. A dedicated mesh
updating strategy is then applied to automatically modify the surface node
coordinates of the seed FEM in order to match the point cloud as much as
possible. The interior volume mesh of the seed FEM is regenerated according
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to the updated surface mesh, which eventually gives rise to the GMM. More
details about this mesh updating strategy can be found in the authors’ recent
research work [39].

(a) Fringe projection scan (b) Blisk point cloud

Mesh Updating

(c) GMM

Seed FEM

Figure 3: Construction of the GMM.

The resultant GMM is characterized by a morphed mesh that enable to
explicitly model the detailed blisk surface geometry features. This is proved
by examining the surface node to point cloud distance for the seed FEM
before mesh updating and afterwards. Fig. 4 shows that the average seed
FEM surface node to point cloud distance at blade 1 is reduced from 110µm
to 0.02µm with the mesh updating. It demonstrates that the GMM is able
to represent the measured blisk geometry with high fidelity.

Figure 4: Surface FEM node to point cloud distance at blade 1: (a) before mesh updating;
(b) after mesh updating.
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It has been reported that blisk FEMs built upon the precisely mea-
sured geometry usually require high mesh density to fully capture the fre-
quency/mode variations due to blade geometric variances [40]. In this re-
search, influence of mesh density on the performance of GMM will be in-
vestigated in Sec. 3. To this end, two GMMs are constructed from a seed
blisk FEM with normal and high mesh density, respectively. The high mesh-
density GMM naturally raises major concern over its computational cost and
efficiency. Apart from the prohibitive computational time consumption for
the full-blisk simulations, the high memory requirement is also a major bot-
tleneck since it determines the allowable model size of GMM. This issue is
fully addressed in the next subsection.

2.2. Dynamic Analysis

The full-blisk GMMs, of which the dynamic analyses are generally com-
putationally expensive, are proceeded into reduced-order models (ROMs) by
the Sector Mode Assembling Reduction Technique. Originally developed by
the authors of this paper for the blisks in the presence of both small geometric
mistuning and large blends [36], the SMART approach is further developed
and specifically tailored in this research for efficient dynamic analysis of the
high mesh-density, large-sized GMM. As conceptually illustrated in Fig. 5,
it starts from the equation of motion of the full-order GMM written in a
“uncoupled” form:

M̄¨̄x+ (C̄+ Ḡ) ˙̄x+ K̄x̄ = f̄ (1)

where the full-blisk displacement vector x̄ is comprised of the sector-level
displacement vectors of all the N individual sectors as x̄ = [x̄1; x̄2; · · · x̄N ]

T.
The “bar” notation denotes sector-level quantities throughout this paper.
These quantities include the interior DOFs (I) and redundant DOFs related
to the cyclic interfaces (Γ) of each sector. For instance, according to the
notation for the jth sector, the sector-level displacement vector is written as
x̄j = [xj,I;xj,Γ]

T. Accordingly, the sector-level mass matrix in the local cylin-
drical coordinate system associated with each sector are gathered to form the
full-blisk mass matrix as M̄ = blkdiag(M̄1, M̄2, · · · , M̄N). The other full-
blisk system quantities, i.e. the stiffness matrix K̄, the symmetric damping
matrix C̄, the skew-symmetric gyroscopic matrix Ḡ and the excitation force
f̄ , are formed in a similar manner.

The basic idea of the SMART approach is to substructure the full blisk
GMM into N physically “isolated” sectors. Physical displacement of each
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Sector-level cyclic modes:

jth Sector

GMM blisk modes:

Interface DOF: �

Interior DOF: �

Assembling
SMART

Low Cyclic
Interface: L

High Cyclic
Interface: H

Figure 5: Schematic diagram of the SMART approach.

sector x̄j, with a unique geometric profile, is independently approximated by
a set of nm truncated cyclic modes of its own:

x̄j =

[
xj,I

xj,Γ

]
=

[
Φj,I

Φj,Γ

]
qj = Φ̄jqj, j = 1, 2, · · · , N (2)

where Φ̄j denotes the retained complex-valued cyclic modes of the jth sector
with assumed cyclic symmetry at the sector interfaces Γ; qj representing the
modal contribution is to be determined.

The SMART approach exploits the similitude observed between the modal
deflections restricted to the disk part in the cyclic modes for the 1st and jth

sector, respectively. Hence, Φ1,Γ can be expressed as a weighted sum of
the interface modes Φj,Γ of the jth sector, by means of an Interface Mode
Transformation (IMT):

Φj,ΓTγ,j = Φ1,Γ, j = 1, 2, · · · , N (3)

where Tγ,j denotes the transformation matrix of the size nm×nm for the jth

sector. It can be readily approximated as a least-square solution to Eq. (3)
at a negligible computational cost. In particular, Tγ,1 is an identity matrix
for the reference sector 1. With the introduction of IMT matrix Tγ,j, the
sector-level mode projection presented in Eq. (2) evolves into the form below:

x̄j = Φ̄jTγ,jqj =

[
Φj,I

Φj,Γ

]
Tγ,jqj =

[
Φj,ITγ,j

Φ1,Γ

]
qj, j = 1, 2, · · · , N (4)
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Note that Eq. (4) naturally holds because it merely represents a linear
transform of the projection basis. The modal coordinates qj to be determined
also evolves accordingly. At this point, the new mode basis for the jth sector
carries the same modal information at the disk interface DOFs by Φ1,Γ as
that of the reference sector 1. Meanwhile, the modal characteristics pertained
to the jth sector are fully preserved as Φj,ITγ,j.

Subsequently the new mode basis of all the separate sectors are strate-
gically assembled to form the reduction mode basis for the full blisk. A
physical displacement compatibility condition is imposed to ensure the dis-
placement continuity at the common disk interface between the adjacent
sectors. Namely, the displacement at the high cyclic interface of the jth sec-
tor should be consistent with that at the low cyclic interface of the (j + 1)th

sector
x̄j,H = x̄j+1,L, j = 1, 2, · · · , N (5)

where the right-hand side should be replaced by x̄1,L if j = N .
After some simple algebraic manipulations, the dependence between the

modal coordinates for two adjacent sectors can be derived from Eq. (4) and
(5):

T(α)qj = qj+1, j = 1, 2, · · · , N − 1 (6)

whereT(α) is a block diagonal matrix linking the cyclic modes at the low/high
cyclic interface DOFs in Φ1,Γ, i.e. Φ1,H = Φ1,LT(α). Simply, it can be ana-
lytically constructed as a function of the fundamental inter-blade phase angle
α = 2π/N :

T(α) = blkdiag(I
n
(0)
m
, eiα ⊗ I

n
(1)
m
, · · · , eihα ⊗ I

n
(h)
m
, · · · ) (7)

where I
n
(h)
m

is an identity matrix of the size n
(h)
m , which is the number of

retained cyclic modes with the harmonic index h.
Substituting Eq. (6) into Eq. (4) leads to the sector-level mode projection

in the final form:

x̄j = Φ̄jTγ,jT[(j − 1)α]q1 = Ψ̄jq1, j = 1, 2, · · · , N (8)

where the SMART reduction mode basis for the jth sector reads Ψ̄j =
Φ̄jTγ,jT[(j − 1)α]. q1 becomes the one and only retained generalized co-
ordinates to be determined.

The SMART reduction mode basis for the full blisk takes the form of Ψ̄ =[
Ψ̄1; Ψ̄2; · · · Ψ̄N

]T
. By substituting Eq. (8) into Eq. (1) and premultiplying
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by Ψ̄H, the equation of motion of the full-order GMM can be reduced in
terms of the generalized coordinates q1:

Mredq̈1 + (Cred +Gred)q̇1 +Kredq1 = fred (9)

Benefiting from the block structure of the SMART reduction mode basis,
the reduced system quantities can be obtained by the sector-level computa-
tions with a relatively low memory requirement:

Mred = Ψ̄HM̄Ψ̄ =
∑N

j=1Ψ̄
H
j M̄jΨ̄j (10)

Cred = Ψ̄HC̄Ψ̄ =
∑N

j=1Ψ̄
H
j C̄jΨ̄j (11)

Gred = Ψ̄HḠΨ̄ =
∑N

j=1Ψ̄
H
j ḠjΨ̄j (12)

Kred = Ψ̄HK̄Ψ̄ =
∑N

j=1Ψ̄
H
j K̄jΨ̄j (13)

fred = Ψ̄Hf̄ =
∑N

j=1Ψ̄
H
j f̄j (14)

In the implementation practice, the projection process above is efficiently
realized by managing the single-sector matrix and modes in a sector-by-sector
manner, rather than by loading all the N -sector quantities into the memory
simultaneously.

Eq. (9) represents a SMART ROM, whose size is determined by the num-
ber of retained cyclic modes nm for each individual sector. Notice that in
fact, the modal characteristics pertained to each geometrically mistuned sec-
tor are fully involved in the SMART reduction mode basis. It thus ensures
that the SMART ROM is able to reproduce the dynamics of the full-order
GMM with high accuracy.

Overall, the full blisk GMM mode computation boils down to N individ-
ual sector analysis, which is independently proceeded for the cyclic modes of
each sector with assumed cyclic symmetry at the sector interfaces. The latter
also gives a favorable condition for the derivation of ROM by the sector-level
projection. Hence, the SMART approach specifically tailored in this research
enables to carry out dynamic analysis of the GMM with a huge reduction
of memory usage, compared with the full-order GMM simulation. More im-
portantly, in case of a limited amount of physical memory, the maximum
allowable size of the GMM can be enlarged by the SMART approach.

The SMART approach possesses multiple advantages over the existing
model reduction techniques already mentioned before. In particular, the
‘substructuring’ step enables the SMART approach to deal with small sector-
level geometric variances, as well as the large blade geometric modification
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due to material loss, blade repair, etc. Nevertheless, it is exempted from the
cost-ineffective constrain mode computations, which are required by the clas-
sical component-mode-based methods. In addition, no component interface
DOFs are retained in the final SMART ROM.

2.3. Geometric Mistuning Evaluation

The GMM allows to perform the geometric mistuning evaluation in a
straightforward manner. As for the blisk test piece, Fig. 4(a) shows that
the maximum geometry deviation generally occurs around the fillet area at
the blade-disk interfaces. Hence, the sector frequency variations due to the
sector-level geometry non-uniformity are computed to measure the geomet-
ric mistuning. Note that the sector frequencies are already available as the
by-product of the independently proceeded cyclic modal analyses during the
SMART application. The fractional shift in terms of the cyclic mode fre-
quency fj,m of the jth sector at the median nodal diameter of the m-th mode
family is calculated as the sector frequency variation:

SδGMM
j,m =

fj,m − f̄m

f̄m
, j = 1, 2, · · · , N (15)

where the preceding superscript S(·) indicates a sector frequency variation;
f̄m is the mean value of fj,m with j = 1, · · · , N .

It should be reminded that geometric mistuning usually causes simulta-
neous variations in both the sector frequencies and mode shapes (of the blade
part in particular). The quantification of the mode shape variations is not
considered in this research. The impact of geometric mistuning on the global
blisk dynamics will be assessed in the next section.

3. Model Verification

The geometrically mistuned blisk model previously presented will be ver-
ified against the experimental data of the blisk mounted in a stationary
traveling wave excitation test rig. Capability of the GMM in: (1) capturing
the sector frequency variations within the real blisk structure; (2) reproduc-
ing the full-blisk modal dynamics, will be assessed. To this end, different
vibration tests (see Fig. 6) are performed and briefly described below. The
following subsections present the model verification results for the GMM with
normal and high mesh density, respectively.
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(a) (b) (c)

Figure 6: Vibration tests for the blisk clamped onto a stationary traveling wave excitation
test rig: (a) test setup; (b) blade detuning test; (c) modal test.

3.1. Vibration Tests

Two different hammer tests are carried out for the purpose of experimen-
tally evaluating the frequency mistuning patterns and the full-blisk modal
properties, respectively.

• Experimental mistuning evaluation based on blade detuning tests

The ‘blade-alone’ frequency mistuning pattern of the real blisk is exper-
imentally evaluated by a recently developed mistuning identification tech-
nique based on blade detuning tests (BDTID) [37]. It consists of blade de-
tuning tests followed by a correction procedure. The detuning tests enable to
approximately evaluate the ‘blade-alone’ frequencies through blade-by-blade
impact testing in combination with a mass detuning mechanism. As shown
in Fig. 6b, identical detuning masses (8 squared magnets with a total weight
of 14g) are attached onto all the blades at the same position, except the one
currently under test. A miniature instrumented hammer is used to impul-
sively excite the blade without detuning mass. A single test FRF is acquired
with the response measurement at the blade tip by the non-contact Laser
Doppler vibrometer (LDV). Since the inherent inter-blade coupling within
the blisk is largely suppressed by the detuning masses, an isolated peak with
the highest magnitude is manifested in the test FRF as a m-th blade-alone
mode. Subsequently, the correction procedure takes into account the residual
inter-blade coupling and gives more accurate blade-alone mistuning evalua-
tion results. In a parallel research, the BDTID technique proves to be able
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to capture the ‘true’ blade mistuning actually present in the blisk with high
reliability.

Furthermore, the experimentally identified blade-alone frequency mistun-
ing value BδBDTID

j,m can be transformed into an equivalent sector frequency
variation SδBDTID

j,m . This is realized by simply scaling the blade-alone fre-
quency variation at the jth sector, i.e.

SδBDTID
j,m = BδBDTID

j,m /λ (16)

where λ is the fraction of strain energy in the blade for the cyclic mode at
the median nodal diameter.

The equivalent sector frequency variations derived by BDTID will facili-
tate the like-for-like comparison with that evaluated by the GMM according
to Eq. (15).

• Modal test

As shown in Fig. 6c, a standard single-input modal test is carried out
by employing the miniature hammer impulsively exciting the blisk at the
disk rim. The vibration response is measured by the LDV at a tip point of
each individual blade. In practice, however, it could be technically difficult to
fully extract the mistuned blisk modes from the modal test FRFs with a tight
group of nearly repeated modal frequencies. In order to capture the mistuned
blisk frequencies and mode shapes as accurate as possible, precautions are
taken to ensure the sufficient frequency resolution of the measured FRFs, the
well-selected and consistent impulsive excitation point [41]. In this research,
all the mistuned blisk modes (N = 12 modes associated with the target
1B and 1T mode family, respectively) are successfully extracted from the
modal test FRFs by the PolyMax algorithm in the Test.Lab software. The
mistuned blisk frequencies and one-point-per-blade mode shapes will serve
as experimental reference data for the modal verification of the GMMs.

3.2. Verification of GMM with Normal Mesh Density

The GMM with normal mesh density is composed of about 1.5 × 106

quadratic tetrahedral elements with approximately 2.4× 106 nodes. Appro-
priate constraints are imposed onto the nodes in the disk center to represent
the clamping boundary condition. Dynamic analysis is then performed in
a workstation with 10 cores @1.9 GHz and 64 GB of memory. The ex-
perimentally evaluated sector frequency variations based on blade detuning
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tests δδδBDTID
m for the m-th blade mode, and the numerically predicted sector

frequency variations based on the GMM with normal mesh density δδδGMM
m ,

are compared in Fig. 7. It can be seen that the sector frequency mistuning
magnitudes fall in a narrow band of [−1%, 1.6%]. The Pearson correlation
coefficient R is then computed to quantify the consistency between the ex-
perimentally evaluated/GMM-predicted sector mistuning patterns. Its value
is expected to be greater than 0. Values of R close to 1 denote high consis-
tency. Overall, the numerically derived sector frequency mistuning patterns
manifest a similar trend with the experimental references ( R = 0.877 for the
1B mode and R = 0.845 for the 1T mode). It is thus inferred that the non-
uniform sector geometry variances is the main source of mistuning within the
blisk under investigation.
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Figure 7: Verification of sector frequency mistuning patterns evaluated by the normal
mesh-density GMM: (a) 1B mode; (b) 1T mode.

Subsequently, modal correlation by the Modal Assurance Criterion Anal-
ysis (MAC) is carried out to quantify the discrepancy between the experi-
mental reference data and the GMM-predicted data sets. It can be seen in
Fig. 8a that for the majority of blade-dominated modes of the 1B mode fam-
ily, the blisk modal properties numerical computed by GMM are generally in
good agreement with the experimental reference data. Exception comes at
mode 1 ∼ 4 with obvious modal discrepancies. This is owing to the non-ideal
clamping boundary conditions in the disk center. Note that these 4 modes
correspond to the split modes of the tuned blisk at ND1∼2, which tends to
behave as disk-dominant modes (see Fig. 2). Consequently, the relatively
high disk participation in the blisk modes renders them affected by the disk
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clamping uncertainties to a considerable extent. The overall good modal
correlation for 1B mode family confirms that the prevailing blade mistuning
stems from blade geometry variations due to the manufacture tolerance.
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Figure 8: Modal correlation between experimental reference data and numerically pre-
dicted data by the normal mesh-density GMM: (a) 1B mode family; (b) 1T mode family.

On the contrary, correlation between the experimental/numerically de-
rived full-blisk modes of 1T family is not good enough since the MAC matrix
in Fig. 8b shows a number of off-diagonal terms. An improved modal cor-
relation for 1T mode family will be found with the GMM with higher mesh
density.

3.3. Verification of GMM with High Mesh Density

In order to more accurately capture the blisk mode variations due to ge-
ometric variance, the blade and disk rim meshes of the seed FEM are refined
during the GMM construction. Thanks to the model reduction technique
of SMART, the GMM with high mesh density comprising about 6.6 × 106

quadratic tetrahedral elements is still within the capacity, but close to the
limit of the available memory in the work station.

Fig. 9 reveals that the increased mesh density brings about the sector
frequency mistuning patterns with slightly higher consistency with respect
to the experimental evaluations ( R = 0.881 for the 1B mode and R = 0.877
for the 1T mode). It should be reminded that the experimental mistun-
ing evaluation based on blade detuning tests is derived from the traditional
frequency-mistuning modeling approach of blisks. It assumes that all the mis-
tuning is uniquely represented in the form of blade-alone frequency/elastic
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modulus variations, regardless of the physical mistuning sources within the
blisk structure under investigation. While as remarked earlier, the sector
frequency variation predicted by the GMM according to Eq. (15) only partly
represents the impact of geometric variance on the sector-level dynamics.
Hence, the remaining discrepancy observed in Fig. 9 is probably due to the
different modeling assumptions involved in the derivation of the experimen-
tally evaluated/GMM-predicted frequency mistuning patterns.
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Figure 9: Verification of sector frequency mistuning patterns evaluated by the high mesh-
density GMM: (a) 1B mode; (b) 1T mode.

In addition, this high mesh-density GMM gives rise to good modal corre-
lation results for 1B mode family (see Fig. 10a) consistent with the previous
GMM with normal mesh density. More importantly, an overall improved
mode shape correlation can be clearly seen in the MAC plot for 1T mode
family in Fig. 10b. Apart from those minor discrepancies limited to a few
modes, it can be stated that the GMM with high mesh density capture the
modal behaviors of the blisk with acceptable accuracy.

At this point, it appears more reasonable to verify the GMM against the
full-blisk modal test data, rather than against the experimentally determined
frequency mistuning patterns. Moreover, it is also clarified that the mesh
density has a mode-dependent effect on the accuracy of the high-fidelity
blisk model built upon the measured geometry. A trade-off between the
model accuracy and the computational cost, which escalates sharply with
the increasing mesh density, has to be taken into consideration. For this
reason, the GMM with further refined blade meshes is not investigated in
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Figure 10: Modal correlation between experimental reference data and numerically re-
constructed data by GMM with high mesh density: (a) 1B mode family; (b) 1T mode
family.

this research. In the forthcoming section, the GMM with high mesh density
will be validated against the forced response test data.

4. Forced Response Tests and Model Validation

In this section, the blisk test piece firstly undergoes forced response tests
in a stationary traveling wave excitation (TWE) test rig. It allows to validate
the forced response predictions by the GMM at non-rotating conditions in
a cost-effective way and with much flexibility in the measurement process.
Afterwards, forced response tests are also conducted in a spinning rig under
vacuum condition. Predictive performance of the GMM in terms of forced
responses under typical engine-order excitation will be validated by a wealth
of test data acquired by the non-intrusive blade tip-timing technique.

4.1. Stationary rig tests & model validation

The stationary TWE test rig, which has already been shown in Fig. 1a,
is able to simulate the Engine Order (EO) excitation that the actual bladed
disks would experience in operation [42, 43]. With a upper frequency limit of
600 Hz, this test rig allows to perform forced response tests in the frequency
range covering the 1B mode family of the blisk test piece. This paper presents
the forced response tests under a representative EO3 excitation.

The test rig utilizes N cyclically repeated electromagnetic (EM) units
(see Fig. 1c) under individual blades to exert a non-contact force onto each
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blade simultaneously. Each EM unit is fed by a harmonic input voltage with
controlled frequency, amplitude and inter-blade phase shift determined by
the EO value. For instance, the EO3 excitation drives the phase shift of
2π × EO/N = π/2 between adjacent blades. Meanwhile, forced responses of
the blisk are measured at the tip of each blade in the axial direction by the
LDV.

Fig. 11a depicts the forced response curve at blade 1 computed by the high
mesh-density GMM. Due to the mistuning, the tuned blisk mode pair at ND3
of the 1B mode family is split into 2 closely spaced mistuned blisk modes.
As expected, the principal resonance peaks signify that a dominant ND3
mode component is strongly excited by the EO3 excitation. Accordingly, the
ODS (Operational Deflection Shape) is measured respectively at the resonant
frequencies, as presented in Fig. 11(b) and (c). These ODS exhibit modulated
spatial wave shapes, a hint of moderate mode localization due to mistuning.
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Figure 11: Forced response test in the stationary rig: (a) forced response predicted by
GMM at blade 1; (b) Measured ODS at ωex,1; (c) Measured ODS at ωex,2.

A correlation analysis is conducted at the peak frequency ωex,1 (Fig. 12a)
and ωex,2 (Fig. 12b), respectively. Since the excitation force amplitude is not
available, the ODS is normalized for comparison so that the maximum blade
amplitude is equal to 1. It appears that the ODS predicted by GMM shows
high correlation with the tested ODS, as indicated by the MAC value of 0.974
and 0.969 respectively. These encouraging results demonstrate the GMM’s
capability in predicting the relative blade amplitudes of the real blisk at the
resonance of the 1B mode family with a high level of confidence.
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Figure 12: Comparison of tested/GMM-predicted ODS under an EO3 excitation in the
stationary rig test.

4.2. Spinning rig test & model validation

A test campaign is organized in a spinning rig in order to make a complete
assessment of the GMM for the forced response prediction of the blisk in a
representative, operational environment.

Fig. 13 shows that the blisk test piece is mounted onto the rotating shaft
in the vertical direction. The underground test chamber provides vacuum
condition during the spinning test. A single magnet is fixed onto a support
ring on top of the rotating blisk at an adjustable distance. It produces a
non-contact force that each rotating blade feels as a single force impulse dur-
ing one revolution. The test rig is equipped with the non-intrusive Blade
Tip-Timing (BTT) measurement system. In this test campaign, 5 BTT laser
sensors are mounted on the support ring at the same distance from the disk
center, with the laser beam pointing towards the blade edge at the radius
of 190mm. This BTT sensor arrangement is referred as the beam interrupt
configuration [44]. It enables to detect the time-of-arrivals of the specified
measurement points at the blade edges and further to obtain the vibration
displacement in the circumferential direction. The angular positions of the
BTT sensors are optimized in order to effectively extract the blade vibra-
tion parameters from the acquired measurement data afterwards, including
the response order, frequency, amplitudes, phase and damping level, etc.
An Once-Per-Revolution (OPR) sensor is also instrumented to provide the
timing reference.

The forced response test is carried out by driving the blisk to go across a
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Figure 13: Forced response test in the spinning rig and BTT setup

number of resonances from 600∼3400 rpm at a low sweep rate 0.9375rpm/s.
The force applied by the single magnet to the rotating blisk theoretically
contains an infinite number of engine order excitation components. There-
fore, it turns out that a number of blade-dominated blisk modes could be
effectively excited by the single magnet. This paper focuses on two repre-
sentative resonances observed around 3220rpm and 2050rpm, where the 1B
and 1T mode family is excited by an EO3 and EO20 excitation component,
respectively.

4.2.1. 1B mode/EO3 resonance

Benefiting from the BTT’s all-blade measurement capability, the forced
response of all the 12 blades around 3220rpm are depicted in Fig. 14. The
forced response curves for the blades of low, median and high resonant mag-
nitudes are highlighted in this plot. It is clearly seen that all the blades reach
the highest vibration magnitudes at two slightly different rotation speeds Ω1

and Ω2. The underlying reason is that only the split mode pair of the 1B
mode family at ND3 are strongly excited by the EO3 excitation component.

In the numerical aspect, the centrifugal effect and the Coriolis effect are
included into the GMM at a representative rotation speed 3220rpm. An EO3
excitation with an amplitude of 1 is imposed on the GMM for the forced
response simulation. The damping ratio derived from the BTT results serves
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Figure 14: Blade magnitudes versus rotation speed curves by the BTT at 1B mode/EO3
resonance

as the input for the forced response prediction by the GMM.
Both the BTT results and GMM predictions enable to extract the ODS at

the resonant speed Ω1 and Ω2 respectively. A comparison of the normalized
ODS is illustrated in Fig. 15. Once again, the GMM-predicted ODS shows a
very similar trend with the ODS measured by the BTT. The MAC values of
0.965 and 0.950 confirm the good correlation between the tested/predicted
ODS at the resonant speeds. It is also noticed the blisk ODS measured
in the rotational condition in Fig. 15 exhibits considerable deviation from
those counterparts measured in the stationary condition, also under an EO3
excitation, in Fig. 12. This highlights the capability of the GMM in capturing
the 1B resonant vibration of the rotating blisk with satisfactory accuracy.

4.2.2. 1T mode/EO20 resonance

When it comes to the 1T mode/EO20 resonance, things become different.
It appears in Fig. 16 that the resonant speeds of the individual blades scatter
in a relatively wider range. This is due to the fact that compared with the
1B mode family, the 1T mode family tends to behave as purely blade-alone
modes with less disk contribution. Obviously, all the mistuned blisk modes
of the 1T family are strongly excited by the EO20 excitation component.
In particular, in the clustered mode region, the forced response of a certain
number of blades, e.g. blade 5 in the speed range of 2040∼2060rpm, exhibits
multiple peaks owing to the participation of a multitude of mistuned blisk
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Figure 15: Comparison of tested/GMM predicted ODS at 1B mode/EO3 resonance in the
spinning rig test.

modes. It is thus difficult to perform the GMM prediction to BTT mea-
surement correlation analysis in this high modal density region. Instead, the
measured ODS is extracted for the validation purpose at two selected speeds
Ω3 and Ω4 respectively, where there appear ‘isolated’ resonant peaks to some
extent.
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Figure 16: Blade magnitudes versus rotation speed curves by the BTT at 1T mode/EO20
resonance

In general, both the measured ODS at Ω3 and Ω4 depicted in Fig. 17
are featured by significant vibration localization phenomenon since a certain
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blade possesses a much higher magnitude than all the rest. Basically, the
numerically predicted ODS by GMM shows good agreement with the mea-
sured ones by BTT, particular at Ω4 as indicated by the MAC value of 0.990
in Fig. 17b. While there is relatively less, but still reasonably good correla-
tion between the measured/predicted ODS at Ω3 (MAC = 0.865). However,
Fig. 17a shows that the relative vibration amplitude at blade 1 is not well
captured by the GMM. Note that the GMM prediction to BTT measure-
ment correlation result is in line with the modal verification result already
illustrated in Fig. 10. Inadequate accuracy of the high mesh-density GMM
in terms of the 1T blisk dynamics is the most likely reason for the minor dis-
crepancy between the BTT measurements and GMM prediction. In addition,
the remaining discrepancy could be also linked to the higher uncertainty of
the BTT measurements due to the relatively lower vibration level of the 1T
modes.
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Figure 17: Comparison of tested/GMM predicted ODS at 1T mode/EO20 resonance in
the spinning rig test.

5. Conclusions

This paper presents a full assessment of the dynamic prediction capability
for the Geometrically Mistuned Models (GMMs) of an integrally manufac-
tured blisk test piece. The GMMs are constructed upon the 3D optical ge-
ometry measurements and an FE mesh updating strategy. The high-fidelity,
large-sized GMMs are proceeded into reduced-order models by the SMART
approach for computationally efficient dynamic analyses.
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The SMART approach is specifically tailored for the GMM fully mis-
tuned by sector-level geometric variances with a relatively low memory re-
quirement. In essence, it constructs the sector-level reduction mode basis
by using only the truncated cyclic modes computed independently for each
‘isolated’ sector, with assumed cyclic symmetry at the sector interfaces. It
combines the advantageous flexibility due to the ‘substructuring’ operation
like the component-mode-based methods, and the cost-effective merit as the
system-mode-based methods.

The GMMs in the form of SMART ROMs have been verfied and validated
by intensive test campaigns in the well-controlled laboratory conditions. The
high mesh-density GMM proves to be able to capture the modal dynamics
and resonant vibration of the stationary/rotating blisk in terms of the 1B
and 1T blisk modal family with a very good level of accuracy. It was also
found that the accuracy of GMM exhibits a mode-related dependence on
the mesh density. This is particularly true for the 1T mode family, which
is featured by nearly blade-alone modes with low-level disk participation.
The trade-off between model accuracy and prohibitive computational cost
is the bottleneck of this promising geometric-mistuning modeling approach,
which deserves evolutionary advancements in the future. In this regard,
the application of the SMART approach as an efficient and accurate model
reduction technique, has proven to be crucial.

The methods and correlation results presented in this paper are expected
to push the frontier of the emerging geometric-mistuning modeling and dy-
namic analysis techniques based on the advanced 3D optical geometry mea-
surement technology.

In essence, this research is also in line with the latest digital twin philos-
ophy across the turbomachinery industry. Within this context, the physical-
reality-based digital representation of the real aero-engine components through
the precise geometry detection enables to evaluate their vibration behaviors
in an effective way.
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