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A B S T R A C T

Gridshells are a paradigmatic example of the intricate concept and analysis of building
structures. Their design should simultaneously take into account different goals and meet final
performances, by referring to multiple disciplinary competences such as the ones of architects,
engineers, builders, and experts in mathematics and computer graphics. The present study
provides a deep insight into a new framework for the holistic performance assessment of
gridshells. The overall performance is quantitatively expressed as the linear combination of three
partial metrics, referring to structural response, buildability and sustainability. Each partial
metric combines multiple goal metrics, some defined in the current state of the art, others
proposed by the Authors. The proposed method is tested with reference to three gridshells
with their spring line partially unconstrained, and to their fully-constrained counterparts. This
application is intended to shed light on the scarcely investigated mechanical behaviour of free-
edge gridshells, and to be inspirational for future proposals of design/optimization solutions
within the newborn FreeGrid international benchmark.

1. Introduction

Gridshells are lightweight form-resistant structures given by the discretization of a continuous doubly curved surface into a grid of
line-like structural members. The first pioneering applications of this concept date back to 1890 and are due to Vladimir Shukhov [1],
even though the term grid shell was introduced in the Sixties at the Institute for Lightweight Structures in Stuttgart [2]. During the
second half of the 20th century, the gridshell structural type developed through the work of master designers, such as Buckminster
Fuller [3], Frei Otto [4], Schlaich Bergermann und Partner [5,6]. Nowadays, a significant number of fascinating gridshell structures
are widespread all over the world, covering a wide variety of forms, materials (e.g., timber [7], steel [5], bamboo [8], composite [9])
and construction types (e.g. single or double layer, bending-active or pre-formed).

Gridshell design can be quite an intricate process due to the significant number of variables affecting the performance of the
built structure. The design and optimization of gridshells is naturally turned into a multidisciplinary activity jointly carried out by
experts in mathematics, computer graphics, mechanics, structural engineering and architecture. Schematically, three design issues
are particularly significant when dealing with gridshells.
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Nomenclature

𝐴 Generatrix arc length
𝑏 Edge length
𝐵 Generatrix span length
BP Bulk Performance
𝐶 Member cross-section
CP Concentrated Plasticity
 Field of nodal displacements
𝑑 Nodal displacement
𝑑⟂ Normal component of the nodal displacement
𝑑∥ Tangential component of the nodal displacement
𝑑𝑗 Distance between the 𝑗th vertex and the best fitting plane 𝜋
𝑑𝑝 Distance of the plastic hinge from the FE node
DG Design Goal
DP Distributed Plasticity
𝐸 Young’s Modulus
𝑓 Gridshell rise/index for 𝑓 th 2D entity (face, panel)
𝑓𝑦 Yield stress/steel grade
𝐹 Total number of 2D entities (face, panel)
FEM Finite Element Method
𝑔 Self-weight per unit length
GM Goal Metric
GM0 Baseline solution Goal Metric
GMNA Geometrically and Materially Non-linear Analysis
ℎ Gridshell maximum height
𝑖 Index for 𝑖th 1D entity (edge/arc/line, member, element)
𝑗 Index for 𝑗th 0D entity (vertex, joint, node)
𝐽 Joint type
𝐾 Total number of Load Conditions
 Tangent stiffness
𝑒 Elasto-plastic stiffness
𝑔 Geometric stiffness
𝐊𝑒 Tangent stiffness matrix of the finite element
𝑙 Stiffness limit value
𝑙𝑝 Length of the plastic hinge
𝑙 Coefficient of variation of member lengths
𝐿 Length of the spring line
𝐿∗ Length of the free edge
LC Load Condition
LF Load Factor
LF𝐼 Load Factor inducing gridshell instability
LF𝑃 Load Factor inducing full plasticization of a cross section
L̂F Critical Load Factor
𝑀 Total number of 1D entities (edge/arc/line, member, element)
𝑛𝑓 Number of incident vertices
𝑁 Total number of 0D entities (vertex, joint, node)
𝑁̃ Ratio of the member axial force over the critical buckling axial force

Structural mechanics issues. Gridshells are typical spatial, statically indeterminate, highly efficient structures designed to carry loads
ainly – but not necessarily uniquely – through internal membrane forces. Consequently, they are exposed to elasto-plastic instability

t member, local and global scale that usually govern their ultimate behaviour. A recent mapping study concerning research on
ridshells has highlighted that buckling is among the five most recurrent keywords from all mapped publications [10]. A considerable
umber of scientific studies has investigated the influence on the stability of gridshells of several factors, such as the Gaussian
2
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𝑁𝑒
𝑏 Critical buckling axial force

𝑁𝑒 Axial force of the structural member
𝑝𝑓 Face perimeter
𝑃 Bulk performance metric
PP Partial Performance
𝑃𝑏 Buildability performance metric
𝑃𝑠 Structural performance metric
𝑃𝑠𝑢 Sustainability performance metric
𝑞 Load per unit area
 Field of applied load
𝑄 Point load
𝑠 Projection on the horizontal plane of the tributary area of a structural joint
𝑆 Horizontal projection of the gridshell surface
𝑆̆ Gridshell surface
SLS Serviceability Limit State
ULS Ultimate Limit State
𝑣 Valence of 0D entities (vertex, joint, node)
𝑊 Gridshell equivalent weight
𝑊 ∗ Surface density of the equivalent weight
𝑥, 𝑦, 𝑧 Reference axes
𝛼 Environmental impact correction coefficient
𝛿𝑧 Maximum vertical displacement at the generic LF
𝛿𝑧 Maximum vertical displacement at SLS
𝛿𝑧,𝑙 Upper limit of the vertical displacement at SLS
𝛥 Face out-of-planarity metric
𝛥𝑑 Increment of member displacement
𝛥𝑓 𝑓 th face out-of-planarity metric
𝛥𝑈 Increment of the strain energy
𝜀max Strain ratio for initial plasticization of the cross section
𝜀min Strain ratio for full plasticization of the cross section
𝜀𝑦 Yield strain
𝜙 Cross-section diameter
𝛾𝑠, 𝛾𝑏, 𝛾𝑠𝑢 Weighting factors of partial performance metrics
𝜌 Material density
𝜈 Poisson’s ratio
𝜎 Stress
#(𝐶∗) Cardinality of the ensemble of member cross-sections scaled to the number of structural members
#(𝐽 ∗) Cardinality of the ensemble of joint types scaled to the number of joints
#(𝑁∗) Surface density of the joints

curvature of the underlying surface (e.g., [11–13]), the grid topology and spacing (e.g., [14–16]), the geometrical and mechanical
imperfections (e.g., [12,17–22]), the kind of joints (e.g., [18,23–25]) and the boundary conditions (e.g., [11,13,26]). Additionally,
gridshells are structures with a relatively high strength-to-weight ratio, and their serviceability may be consequently reduced by
large displacements under free, live loads. To the Authors’ best knowledge, such a design issue is not systematically addressed by
studies in literature.

Construction issues. Gridshells are generally doubly curved structures, particularly suitable for developing free-form architecture.
his peculiarity, one of the most attractive features of this structural type, involves increasing costs related to manufacturing,
.g., due to the need to fabricate non-standard elements or cover the structural grid with cladding. The following construction
ssues, which are strictly related to geometry, are relevant in gridshell design since they strongly impact on the construction costs.

• Connections between members: in a free-form gridshell each connection can be unique, making the costs of joint manufacturing
dramatically high. The necessity to standardize connections has been successfully tackled with elastic gridshells, which are
initially laid flat and can adopt a single connection detail [27,28]. The same does not hold for pre-formed gridshells, such
as steel gridshells, made of straight beams connected at joints. The repeatability of joints can be improved by reducing the
number of joint clusters [29]. However, uneven joints can alter the development of efficient load paths, leading to over-stressed
3
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areas and load eccentricities. These issues can be mitigated by geometric optimization, i.e., by designing torsion-free nodes
and edge-offset meshes [30].

• Planarity of faces: since gridshells are usually employed as building envelopes and separations, a major constraint is the need
to be covered or infilled with panels. A good strategy for a gridshell is to adopt a mesh with planar faces so that they can
be covered by flat panels, which are significantly less expensive than curved ones. While the face planarity is an inherent
property of a triangular mesh, specific discretizations [31] or optimization algorithms [32–35] have to be considered in all
other cases involving quad or polygonal faces. Conversely, where curved panels cannot be avoided, clustering the panels by
similarity in shape and curvature can reduce the cost, allowing the reusing of the number of moulds [36–38].

• Member length: different member lengths have a minor impact on fabrication costs with respect to connections. However,
uniform member length may lead to more regular panels with minimization of material loss through cutting [39,40].

• Connections between structural members and panels: in doubly curved surfaces built with straight beams, there is usually a
kink angle between cladding panels and structural members [30]. The design of the beam-panel connections could be quite
complex since it involves the angles between a couple of adjacent faces and the volume occupied by the elements in 3D. Small
or constant kinks reduce the spacers and support size.

Sustainability issues. In recent years, great attention has been paid to sustainable design, being the carbon footprint of the
construction sector approximately a third of global man-made emissions [41,42]. One of the advantages of gridshells, with respect to
traditional frame systems and continuous shells, is that they are suitable for creating sustainable design since they are characterized
by lower embodied energy and reduced operating energy [43]. If compared with other conventional structures (e.g. frames, spatial
trusses etc.), gridshells are highly efficient employing low structural material in relation to the load they can withstand. In a
circular-economy perspective, recent works demonstrate they can be also built with non-conventional or recycled materials, such as
cardboard [44] or skis [45], characterized by an even lower embodied energy. However, sustainability in steel gridshell is deeply
linked to the amount and type of elements and connection technology (i.e. welding, bolting, additive manufacturing etc.).

Even if the structural, construction and sustainability issues above are outlined and discussed separately for the sake of clarity,
they are always connected, often negatively correlated, so that an improvement obtained for a single design aspect may worsen
another. Thus, gridshell design and optimization shall be pursued by jointly taking into account all the above issues in order
to increase the overall performance. In spite of this, gridshells are usually designed and optimized by separately referring to a
specific performance. Even recently, a huge number of studies focus on structural performances only, e.g. [46–50]. Others studies
are specifically addressed to simplify the gridshell geometry, and its construction in turn, e.g. [29,33,34,51,52]. To the Authors’
best knowledge, no studies specifically address the sustainability issue in proper terms, while others (e.g. [53]) are simply intended
to reduce the consumption of material rather than to consider the overall environmental impact. Conversely, to the Authors’ best
knowledge, only two recent studies authored by the same authoritative research team have attempted to simultaneously consider
both structural and fabrication issues [54,55].

In the light of the above state-of-art, the present study is intended to offer three main elements of novelty. First, a new
methodological framework for holistic performance assessment of gridshells is detailed in order to make a synthesis of the three
design issues discussed above. Secondly, the methodological framework is tested on three different single-layer gridshells. For each
of them, the performance assessment is carried out considering two different boundary conditions: gridshells fully hinged along
their spring lines, and with their spring line partially not constrained along what is called a ‘‘free-edge’’. Free-edge gridshells
pose a challenge since free edges contribute to deeply alter their characteristic membrane mechanical behaviour. In spite of their
widespread use in the design practice, free-edge gridshells have been scarcely studied in systematic terms except for a single, recent
paper [26]. Thirdly, this study is carried out in the near wake of the newborn FreeGrid benchmark [56,57]. In the FreeGrid
perspective and for future reference, the outcomes of the study are intended to provide to the wide scientific and technical
community an in-depth, solid and shared background knowledge about the three baseline gridshells adopted in the benchmark.

The paper develops through the following Sections: in Section 2, the proposed methodological framework for holistic performance
assessment is described in detail; Section 3 describes the geometrical and structural setups of the adopted case studies; results are
presented and discussed in Section 4, while conclusions and perspectives are outlined in Section 5.

2. Methodological framework for performance assessment

The proposed framework for gridshell performance assessment aims at being:

i. design-inspired and optimization-oriented, in the sense that the performances follow from related design goals;
ii. analytic, in the sense that the overall performance is dissected in multiple quantitative metrics, one for each design goal;

iii. analytically comparative among different design solutions to the same problem or to different ones, in the sense that each
metric is normalized with respect to a gridshell characteristic quantity to filter out the specific design problem;

iv. holistic, in the sense that it combines multiple heterogeneous performance aspects proper to different fields as a whole;
v. synthetically comparative with respect to an initially guessed gridshell solution in response to a given design problem, in the

perspective of improving its relative performance.
4
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Fig. 1. Scheme of the methodological framework: from Design Goals to Partial Performances and Bulk Performance.

The proposed framework is graphically schematized in Fig. 1. For each conceptual part of the scheme, the nomenclature of the
orresponding quantitative metric is given in rounded boxes. The scheme retraces the usual design workflow, i.e. from setting the
oals of the design to the synthetic performance assessment of the solution. The approach moves from 7 selected Design Goals
DG, aim i.). For each of them, a quantitative Goal Metric (GM, aim ii.) to be increased or decreased is defined (↑ and ↓ in Fig. 1,

respectively). Each GM is normalized with respect to a relevant gridshell characteristic quantity (e.g. the span length, the surface
area, or a mesh measure) or to a design target (e.g. a limit value of the structural response), to allow the direct comparison among
multiple solutions to a single or different design problems (aim iii.). In the following, the normalized GMs are generally marked
by the superscript ‘‘∗’’. DG and GMs can be ascribed to 3 categories, namely structural, buildability and sustainability ones. GMs
belonging to the same category are combined in a Partial Performance (PP) metric (aim iv.). Finally, the 3 PP metrics are combined
in turn in a single Bulk Performance (BP) one to concisely quantify the overall performance of the gridshell (aim iv.). For the sake
of clarity, the framework is analytically described in reversed order in the following, that is from BP to GMs nested expressions.

The BP metric 𝑃 is expressed as a linear combination of the PP ones as:

𝑃 = 𝛾𝑠𝑃𝑠 + 𝛾𝑏𝑃𝑏 + 𝛾𝑠𝑢𝑃𝑠𝑢, (1)

where 𝑃𝑠, 𝑃𝑏, 𝑃𝑠𝑢 are the PP metrics related to structural response, buildability and sustainability, respectively, and 𝛾𝑠, 𝛾𝑏, 𝛾𝑠𝑢 are
the corresponding dimensionless weighting factors constrained by 𝛾𝑠 + 𝛾𝑏 + 𝛾𝑠𝑢 = 1. These partial weighting factors allow to give
different relative importance to each performance category, i.e. designers are free to adjust such values to push a gridshell towards
specific design conditions. However, in what follows we set 𝛾𝑠 = 𝛾𝑏 = 𝛾𝑠𝑢 = 1∕3, so to accord the same importance to each category.
The adopted additive form (1) necessarily requires the PP metrics are homogeneous quantities. Conversely, structural, buildability
and sustainability PP metrics and related GMs are arguably different, so that ensuring the same unit of measure for all of them is
hardly viable. A dimensionless form of the PP or GM metrics allows fulfilling the requirement above and can be obtained by relating
such values to the metrics of a baseline solution. In the following, these latter are marked by the subscript ‘‘0’’. In such a way, the
PP and BP metrics express the relative performance of a solution with respect to an initial one (aim v.). In the current form of the
proposed approach, we choose to make GMs dimensionless at source, and then to obtain in the same form the PP and BP metrics.

In the next three subsections, each PP metric is expressed through the corresponding GMs.

2.1. Structural performance

The setting of the structural performance obeys to the following conceptual guidelines:

• Gridshells are form-resistant structures, and traditionally the design and optimization of their shape mainly focus on their
structural performances (e.g. [48,58,59]);

• Even if gridshells stability at Ultimate Limit State (ULS) has primarily attracted the attention of designers and scholars (e.g.
[11,12,17]), the structural performances at Serviceability Limit State (SLS) should be also accounted for;

• The definition of the structural performance 𝑃𝑠 and related GMs cannot be separated from the mechanical model adopted to
obtain them.

In the light of the above, the mechanical model adopted in the study is briefly motivated and described first, and then the structural
5
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2.1.1. Adopted mechanical model
Among the models available in scientific literature and design practice to describe the mechanical behaviour of a gridshell

e.g. Linear Elastic Analysis, Linear Buckling Analysis, Geometrically Nonlinear Analysis, Geometrically and Materially Nonlinear
nalysis), GMNA is adopted in this study in the light of the main issues of this kind of structures, as previously introduced.

GMNA is able to assess the strength capacity of a structure accounting for both plasticity and buckling failure modes under large
isplacements. GMNA solves the nonlinear equation:

[

 +𝑒() +𝑔()
]

 = LF (2)

where  is the displacement field,  the field of applied loads, LF the load multiplier (Load Factor in the following),  the tangent
stiffness at origin, 𝑒 and 𝑔 the elasto-plastic and geometrical ones, respectively, both functions of the displacement field.

The overall structural behaviour results from the tangent stiffness matrix at origin  which softens and/or stiffens due to
progressive yielding and/or second order effects under monotonically increasing load.

It is well known that buckling instability of single-layer gridshells and their design/optimization are highly sensitive to
imperfections (e.g. [21,22]). For the sake of simplicity, in the present study, GMNA is uniquely carried out on the perfect structure.
Thus, the effects of any kind of imperfections induced by constraints, load conditions, mechanical properties, or geometrical features
are neglected even if the proposed methodological framework has a general validity and can easily account for them. This choice
is motivated by two considerations: (i) the choice of the imperfection model is still an object of debate in the civil engineering
community (e.g. [12,21]); (ii) the computational testing of a gridshell allows decoupling the study of the core structural performance
from its imperfection sensitivity, thus it is possible to isolate and discuss only the parameters of interest.

In order to properly follow the progressive member yielding, the Distributed Plasticity (DP) approach with nonlinear behaviour
modelled along the member and over its cross section [60] is adopted as a priority, even if a Concentrated Plasticity (CP)
approach [61] is also used for comparison.

The structural members are modelled using cubic two-node beam elements based on Timoshenko beam theory, with three
integration points along the length, so that bending moments are exactly represented until a quadratic variation. Each structural
member is discretized by 4 Finite Elements (FEs) in order to accurately simulate second-order effects along the beam length and
related member instability, even if single FE discretization is discussed for comparison.

The Load Control procedure is applied within GMNA by setting a fixed load step magnitude equal to 1/1000 the magnitude of
the load . The iterative convergence is accomplished at each step by means of the standard Newton Raphson method by setting a
tolerance equal to 5e–3 in terms of weighted residuals of the variables.

GMNA is carried out on Finite Element code ANSYS® Mechanical APDL r22.2 [62,63]. The code SAP2000® v21 [64] is adopted
for comparison.

2.1.2. Structural goal metrics
The proposed novel structural performance metric 𝑃𝑠 depends on and is averaged over the 𝐾 retained Load Conditions LC𝑘:

𝑃𝑠 =

∑𝐾
𝑘=1

L̂F𝑘
L̂F𝑘,0

∕
|𝛿∗𝑧,𝑘|
|

|

|

𝛿∗𝑧,𝑘,0
|

|

|

𝐾
, (3)

where the GM at SLS is the maximum vertical displacement over the whole gridshell 𝛿𝑧, the GM at ULS is the critical Load Factor
F̂.

eformability at SLS. At SLS, gridshells structural performances are driven by their deformability. The magnitude of the maximum
ertical displacement over the whole gridshell 𝛿𝑧,𝑘 under the 𝑘th Load Condition LC𝑘 is retained as the DG quantitative metric to be

reduced. The DG metric is normalized with respect to the upper limit of deformability for gridshells 𝛿𝑧,𝑙, in formulas 𝛿∗𝑧,𝑘 = 𝛿𝑧,𝑘∕𝛿𝑧,𝑙.
In the technical literature, there is no general agreement about such a design target. By way of example, 𝛿𝑧,𝑙 is set equal to 𝐵∕200,
𝐵∕300, 𝐵∕400 respectively in [65–67], being 𝐵 the gridshell span. In the present study, 𝛿𝑧,𝑙 = 𝐵∕200 is conventionally set. Such
a normalization not only allows to compare among them different design solutions for multiple design problems having different
spans, but has also a clear design meaning: 𝛿∗𝑧,𝑘 ≤ 1 certifies a design solution meets the serviceability performance level.

Behaviour at ULS. At ULS, gridshells structural performances are affected by several modes of failure involving their stability and
strength. In the present study, the critical Load Factor L̂F is retained as the DG quantitative metric to be increased. It is classically
defined as

L̂F = 𝑢∕, (4)

where 𝑢 is the magnitude of the ultimate load and  is the one of the design load defined for the generic Load Condition LC. This
DG metric does not need normalization, being such by definition thanks to reference to the design load: L̂F ≥ 1 certifies a design
solution meets the ultimate performance level.

In particular, in the proposed methodological framework it rigorously accounts for global, local and member instability, and
cross-section plasticization, if any. It is analytically defined as

L̂F = min
(

LF𝐼 , LF𝑃
)

, (5)

i.e. as the minimum load multiplier among the LF𝐼 inducing the instability of the gridshell, and the LF𝑃 corresponding to the full
plasticization of at least a single cross section of one structural member (Fig. 2a). In the following, each load multiplier is analytically
6

defined.
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Fig. 2. Structural performance: Conceptual graphical scheme exemplifying the variables used for establishing the critical load factor L̂F as the minimum between
LF𝐼 and LF𝑃 (a), the member buckling (b, after [68]), and the member cross-section yielding (c).

Gridshell instability. Gridshell instability is usually categorized according to the amount of structural joints involved in the collapse.
‘‘Global’’, ‘‘local’’ or ‘‘member’’ instabilities are conventionally referred to. Global instability involves the structure buckling as a
whole, while local instability involves the snap-through of single or multiple adjacent joints, and member instability refers to the
buckling of a single structural member [12]. In spite of this conceptual categorization, the final effects of member, local and global
instabilities are hard to quantitatively distinguish: i. a generally valid watershed number of joints cannot be universally defined to
discriminate local and global instability. Indeed, a continuous measure of the degree of globalness of the instability called Buckling
Shape Length has been recently proposed in [21]; ii. single-member buckling, local and global instability at increasingly larger scales
usually interacts in statically indeterminate gridshells [11]. Such an interaction may take place in the form of progressive instability
or synchronous instability [68]. The former implies the gradual propagation of a single-member buckling to multiple members or to
the snap-through of a single joint [69], up to the global collapse face to a monotonically increasing load. The latter is accompanied
by the buckling of multiple members and the overall instability for nearly the same value of the load multiplier, and usually takes
place in highly optimized gridshells [70].

The buckling of single members subjected to axial force and biaxial bending moments, if any, is detected by using the method
initially proposed by [71]. The axial compression force 𝑁𝑒 versus the lateral relative flexural deflection 𝑑𝑚𝑖𝑑 of the mid-point of
the member is traced, as defined in Fig. 2(b). In order to provide a quantitative observable of the occurrence of member buckling,
the dimensionless ratio 𝑁̃ = 𝑁𝑒∕𝑁𝑒

𝑏 is evaluated for each member, being 𝑁𝑒
𝑏 the critical buckling axial force. Buckling condition

clearly takes place for 𝑁̃ = 1. Fig. 2(a) includes both the 𝑁̃1-𝛿𝑧 curve and the 𝑁̃1 = 1 point referred to the first buckled member, for
illustrative purposes only: in fact, the latter may lie in the elastic, elasto-plastic or plastic regimes, and may be followed by further
buckled members. According to [71], the member buckling condition is double checked by evaluating the increment of the strain
energy defined as 𝛥𝑈 = 1∕2𝛥𝑑𝑡𝐊𝑒𝛥𝑑 for each Finite Element (FE), being 𝛥𝑑 the increment of member displacement and 𝐊𝑒 the FE
tangent stiffness matrix. Member buckling condition takes place for 𝛥𝑈 < 0.

Finally, whichever is their spatial extent and the eventual previous occurrence of member buckling, gridshell instability can be
detected by the singularity of the global tangent stiffness matrix. Hence, the single Load Factor LF𝐼 is defined by referring to the
load–displacement curve (see Fig. 2a) as the condition

LF𝐼 ∣ 𝑑LF
𝑑𝛿𝑧

≤ 𝑙 , (6)

where the limit value 𝑙 of the stiffness is ideally null, and numerically set as 𝑙 = 0.02, i.e. the 2% of the stiffness at origin.

Member plasticization. Besides or jointly with instability issues, members may also be subjected to cross-section yielding (e.g.
[12,72]), especially in the case of free-edge gridshells. The member cross-section may partially or totally plasticize depending on
7

the distribution of cross-section internal stresses 𝜎(𝑧) and strains 𝜀(𝑧) (see Fig. 2(c)). In order to provide a quantitative observable
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of the degree of plasticization of the most stressed member in the gridshell, two new indices are proposed:

𝜀∗min = max
𝑖=1∶𝑀

[

min𝑧 𝜀(𝑧)
𝜀𝑦

]

𝑖
(7)

𝜀∗max = max
𝑖=1∶𝑀

[

max𝑧 𝜀(𝑧)
𝜀𝑦

]

𝑖
(8)

where subscript 𝑖 refers to a generic member, 𝑀 is the total number of members, min𝑧 𝜀(𝑧) and max𝑧 𝜀(𝑧) stand for minimum and
aximum value of the strain along the local axis 𝑧, and 𝜀𝑦 is the material yield strain. According to Eqs. (7)–(8), 𝜀∗ is included
ithin [0,+∞), 𝜀∗max = 1 determines the plasticization of the first fibre in the most stressed beam, i.e. the occurrence of the gridshell
lasto-plastic regime, while 𝜀∗min = 1 determines the full plasticization of the member cross-section, i.e. the occurrence of a plastic
inge and the onset of the gridshell plastic regime. The Load Factor LF𝑃 inducing the onset of the first plastic hinge is defined by

referring to the 𝜀∗min - 𝛿𝑧 curve and the 𝜀∗min = 1 point (see Fig. 2a) as the condition

LF𝑃 ∣ 𝜀∗min = 1. (9)

2.2. Buildability performance

The setting of the buildability performance obeys to the following conceptual guidelines:

• In general, gridshells may assume freeform shapes that can have low modularity. As geometric complexity plays a leading
role and construction materials are usually limited in forms and shapes, novel ‘‘fabrication-aware’’ geometric modelling and
optimization tools filter the digital design domain [55,73,74], forming the new research field called Architectural Geometry.
Despite their central role, referential buildability performances are not unambiguously defined in literature because of the
difficulty of encompassing all possible varieties of shapes, tessellations and construction technologies;

• For the sake of generality, the DGs and related metrics are selected to build a rigorous buildability performance model, even
though intentionally not all-encompassing;

• Excluded metrics are dependent on the gridshell technology and detailing system, such as the joint connection (e.g., bolted,
welded, additively manufactured), and the positioning of the panel and its supporting structure with respect to the member
axes and the joints (e.g., kinks at joints, edge offset [30]);

• For computing the metrics, a mesh is used as a structured geometric data model, in which the faces are coincident with the
cladding panels, the edges with line-like structural members, and the vertices with structural joints. Hence, in a truly conceptual
design perspective, the selected buildability metrics refer to the ideal geometry of the mesh, i.e. without thickness.

The buildability performance metric 𝑃𝐵 is analytically defined as the arithmetic average of 5 GMs as

𝑃𝑏 =
1

1
5

[

1+𝛥
1+𝛥0

+ #(𝑁∗)
#(𝑁∗

0 )
+ #(𝐽∗)

#(𝐽∗
0 )

+ 1+𝑙
1+𝑙0

+ #(𝐶∗)
#(𝐶∗

0 )

] . (10)

In the following, each proposed GM is defined and discussed.

Face out-of-planarity. Face planarity is a preferred requirement for double curved gridshells, as a sufficient even if not necessary
condition to adopt flat cladding panels. Practically, the cost of panelling is strictly related to its size and shape, material, construction
tolerances, curved forming and fastening technology, among others. Nevertheless, all other factors held constant, flat panels are
cheaper than competitors: providing curved panels involves energy-intensive processes, e.g. heating and/or pressure, or additional
supporting elements, e.g. to provide restraints in cold bent panels.

In what follows, the out-of-planarity 𝛥𝑓 of a single generic polygonal face is expressed in merely geometric terms as the average
over the 𝑛𝑓 incident vertices of the distance 𝑑𝑗 between the 𝑗th vertex and the best fitting plane 𝜋, normalized by the face half
perimeter 𝑝𝑓 (Fig. 3) [75,76]:

𝛥𝑓 =

∑
𝑛𝑓
𝑗=1 |𝑑𝑗 |

𝑛𝑓

0.5𝑝𝑓
. (11)

According to Eq. (11), 𝛥𝑓 is included within [0,+∞), where 𝛥𝑓 = 0 denotes a perfectly planar face, and 𝛥𝑓 = +∞ a degenerate
folded face. The global metric of the out-of-planarity 𝛥 is defined as the average over the whole number of the gridshell faces 𝐹 of
the 𝑓 th face out-of-planarity metric 𝛥𝑓 , or in formulas:

𝛥 =

∑𝐹
𝑓=1 𝛥𝑓

𝐹
(12)

It should be noted that 𝛥 is normalized by definition thanks to the local and global scaling of 𝛥𝑓 with respect to 𝑝𝑓 and 𝐹 ,
espectively.
8
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Fig. 3. Face out-of-planarity metric: the values 𝑑𝑗 are the distances between the face vertices and their projection on the best fitting plane 𝜋. After [75].

Fig. 4. Similarity metric between two vertices (in red and blue, a): the vertices are moved to the origin (b); the averaged distance of the normalized edges is
evaluated (c). After [29]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Joint number. The number of structural joints largely affects the overall cost and buildability. The adopted metric to be decreased
is the cardinality of the ensemble of the structural joints normalized to the gridshell surface 𝑆̆, i.e. in formulas #(𝑁∗) = #(𝑁)∕𝑆̆. In
other terms, #(𝑁∗) is the surface density of the joints. #(𝑁) is included within [4,+∞), where the lower bound #(𝑁) = 4 corresponds
to the number of joints connecting three 1D structural members in the 3D space.

Uniformity of structural joints. The DG is aimed at shortening the joints chart, but also increases the visual uniformity of the gridshell
topology. The adopted metric to be decreased is the cardinality #(𝐽 ) of the ensemble of the joint types [29], or in geometrical terms
the number of clusters of congruent vertices, normalized to the overall number of joints, i.e. in formulas #(𝐽 ∗) = #(𝐽 )∕𝑁 . Two vertices
are congruent if they have the same valence 𝑣 (the number of edges incident to a vertex) and similar shape. The shape similarity
results from the closeness of the layout of the edges that are incident to the 𝑗th and 𝑘th vertices, and it is quantified by the metric
𝑆𝑗𝑘:

𝑆𝑗𝑘 = 𝑚𝑖𝑛
|𝑣!

⎛

⎜

⎜

⎝

√

∑𝑣
𝑖=1 𝑡

2
𝑖

𝑣

⎞

⎟

⎟

⎠

. (13)

𝑆𝑗𝑘 is the minimum over all permutations among edges of the average distance between the corresponding normalized edges
incident to a generic pair of vertices 𝑗 and 𝑘 (Fig. 4).

The number of clusters is computed according to an iterative procedure with the Farthest Point Sampling Algorithm [77],
assigning a vertex in a cluster as the reference vertex (e.g. the 𝑗 vertex). Then, the similarity metric is computed for the reference
vertex and every other (𝑘) vertex, verifying the condition:

𝑚𝑎𝑥(𝑆𝑗𝑘) ≤ 0.01 (14)

If the condition is not satisfied, a new reference vertex is added. The procedure continues until the condition is verified for all
vertices in the mesh. A joint belongs only to the cluster to whose reference vertex is closer, i.e., for which 𝑆 is minimum. #(𝐽 ) is
9
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included within [2, 𝑁], where the lower bound #(𝐽 ) = 2 ideally refers to a single type for all the internal joints, plus another one
sed along the gridshell boundary and necessarily having different valence.

niformity of structural members. The DG is aimed at shortening the members chart, but also affects the visual homogeneity of
he gridshell structural components. In what follows the member type results from its length and cross section. The corresponding
etrics to be decreased are the coefficient of variation of member lengths 𝑙 [39], and the cardinality of the ensemble of the member

cross-sections #(𝐶) normalized to the overall number of structural members 𝑀 , i.e. in formulas #(𝐶∗) = #(𝐶)∕𝑀 . 𝑙= 𝑠𝑡𝑑(𝑙)∕𝑙 and
(𝐶) are included within [0,+∞) and [1,𝑀], respectively, where the lower bounds correspond to a gridshell having all the 𝑀

tructural members with the same length and cross section.
The lower bounds of all the buildability GMs indicate the optimal design target in absolute terms. The normalization of 𝛥𝑓 ,

(𝑁), #(𝐽 ), 𝑠𝑡𝑑(𝑙) and #(𝐶) by 𝐹 , 𝑆̂, 𝑁 , 𝑙 and 𝑀 , respectively, allow the direct comparison of a single GM among design solutions
o different design problems without necessarily referring to a baseline design solution.

.3. Sustainability performance

The setting of the sustainability performance obeys to the following conceptual guidelines:

• weight reduction is the traditional, widespread and largely emphasized design objective for structures in general, and for
lightweight ones in particular, gridshells included [53]. In such a well-established perspective, weight reduction is intended
to reduce the consumption of material, e.g. usually steel in single-layer form-passive gridshells [78];

• nevertheless, the steel weight reduction alone may be a misleading criterion in a Life Cycle Assessment (LCA) perspective, as
the choice of the product has become of primary importance in view of sustainable structures;

• in order to reduce the intricate analysis linked with LCA in a compact model, a single bulk weighting factor is considered to
express the environmental impact of the type of the structural member cross-section and of the steel grade.

The proposed model clearly depends on the assumptions taken above. Even if the following sustainability GM may look simplistic
nd debatable, it has the ambition to identify a coherent trend amongst different design solutions.

As a result, the sustainability performance metric 𝑃𝑠𝑢 compactly reads as

𝑃𝑠𝑢 =
1

𝑊 ∗∕𝑊 ∗
0
. (15)

where 𝑊 ∗ is the adopted quantitative GM to be decreased, i.e. the equivalent weight proportional to the embodied carbon
normalized by the gridshell surface 𝑆̆, analytically expressed as

𝑊 ∗ = 𝑊
𝑆̆

=
∑𝑀

𝑖=1 𝑔𝑖𝑙𝑖𝛼𝑖
𝑆̆

, (16)

where the summation over the 𝑀 structural members includes for the 𝑖th of them the material weight per unit length 𝑔𝑖, the
length 𝑙𝑖, and the new ‘‘environmental impact correction coefficient’’ 𝛼𝑖. In short terms, 𝑊 ∗ is the surface density of the equivalent
weight. In the proposed framework, the embodied carbon exclusively accounts for structural members while other sources (e.g. joint
manufacturing, assembly) are not considered. The proposed dimensionless environmental impact correction coefficient depends on
the steel grade 𝑓𝑦 and the category of member cross section. It is based on the ‘‘embodied carbon coefficient’’ for the A1–A3 phase
proposed in [79] and used since some years in real LCA in order to take advantage of a producer-independent, huge, freely available
database, and of a direct comparison. The technical literature proposes values for some steel grades and different products [80];
herein they are extrapolated over the range of products in order to have a homogeneous and consistent approach, and normalized
with respect to hollow sections made of S355. The resulting linear fitting law of 𝛼 takes the form

𝛼 = 𝑎 + 0.0002 𝑓𝑦, (17)

where 𝑓𝑦 is expressed in [MPa], and a = 0.475, 0.641, 0.792, 0.939 for I/H/C/L sections, round bars and rods, plates and flats,
hollow and welded sections, respectively (Fig. 5). 𝑊 is included within (0,+∞), where the lower bound ideally corresponds to a
gridshell without any environmental impact, i.e. a weightless gridshell or made by a zero-embodied carbon material. In other terms,
analogously to the buildability GMs, the lower bound is the absolute optimal design target.

3. Description of the case studies

The methodological framework outlined in the previous section is tested on three case studies, which are the gridshells adopted
by the FreeGrid benchmark (Fig. 6). Specifically, three types of single-layer gridshell geometries are considered: i. a barrel vault, with
simple curvature; ii. a parabolic dome, with double Gaussian positive curvature; iii. a hyperbolic paraboloid, with double Gaussian
negative curvature. For each case study, the performance assessment is discussed considering two different boundary conditions:

• the gridshells with their spring line partially not constrained along what is called a ‘‘free-edge’’ (referred to as ‘‘Design Baseline
Gridshells’’ in the FreeGrid nomenclature) are retained as design baseline solutions, and their GM/PP metrics labelled by the
10
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Fig. 5. Environmental impact correction coefficient 𝛼 versus steel grade and type of member cross section.

Fig. 6. Baseline design solutions: barrel vault, parabolic dome and hyperbolic paraboloid.

• the corresponding structures fully hinged along their spring lines (in the following ‘‘fully-constrained’’, ‘‘Background Gridshells’’
in the FreeGrid nomenclature) are adopted herein as dummy design solutions whose relative performances are to be evaluated
with respect to the free-edge counterparts. Such design solutions exclusively differ from the free-edge gridshells for the external
constraints, while all the other geometrical and structural features hold. Although such solutions may appear trivial to the
designer’s eye and do not fulfil the FreeGrid design constraints, they are intentionally adopted for the sake of simplicity, and
in order to avoid any kind of influence on the design solutions possibly proposed by the participants to the benchmark. As a
consequence of this choice, the fully-constrained gridshells are expected to perform differently from the free-edge gridshells
purely from the structural perspective, thus allowing to provide a deep comparative analysis of the free-edge gridshells
structural behaviour.

3.1. Geometrical setups

The main features of the gridshell geometries are illustrated in Fig. 6. All the gridshells share the same parabolic generatrix,
escribed by the equation:

𝑧 = − 𝑥2

2𝐵
+ 𝑓, in

{

−𝐵
2

≤ 𝑥 ≤ 𝐵
2
, 𝑦 = 0

}

. (18)

For all gridshells, 𝐵 = 30 m is the span length, 𝑓 = 𝐵∕8 the rise and its arc length 𝐴 is:

𝐴 = 𝐵

[
√

5
+ ln

(

1 +
√

5
)

.

]

≈ 1.04𝐵 (19)
11
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Table 1
Specific geometrical features of each baseline design solution.

Barrel vault Parabolic dome Hyperbolic paraboloid

Directrix equation 𝑧 = 𝑓 𝑧 = −
𝑦2

2𝐵
+ 𝑓 𝑧 =

𝑦2

2𝐵
+ 𝑓

ℎ 𝐵∕8 𝐵∕8 𝐵∕4
𝐿 𝐴 2∕3𝜋𝐵 3∕2𝐵
𝐿∗ 𝐿 𝐿∕2 𝐿
𝑆 𝐵𝐿 𝜋𝐵2∕4 𝐵2∕2

Table 2
Cross-section dimensions of the structural members.

Barrel vault Parabolic dome Hyperbolic paraboloid

Section type O/139.7/14.2 O/101.6/10 O/101.6/10
Area [mm2] 5596 2876 2876
Inertia [mm4] 11 157 936 3 052 611 3 052 611

Conversely, the three gridshells differ in their directrix, whose equations are defined in the domain {−𝐵∕2 ≤ 𝑦 ≤ 𝐵∕2, 𝑥 = 0}, and
summarized in Table 1 together with other characteristic dimensions (refer to Fig. 6 for nomenclature): ℎ is the maximum height
above the horizontal reference plane, i.e., the horizontal plane 𝑧 = 0; 𝐿 and 𝐿∗ are the lengths of the continuous spring line and
ree edge, respectively; the surface extent 𝑆 corresponds to the area encircled by the projection of the continuous spring line, free
dge and end arches, if any, on the horizontal reference plane. Both directrix and generatrix are divided into 20 edges of constant
ength 𝑏 = 𝐴∕20 ≈ 1.56 m. The three gridshells share the same kind of homogeneous grid made by 𝑏× 𝑏 planar quadrangular square
aces, except for the faces along the spring line, where the grid intersects the boundary. It follows that the running grid density is
qual to 1∕(𝑏2∕2) ≈ 0.82 [1/m2] for all gridshells, i.e. the tributary surface for all structural members is equal to 1.217 m2, except
or the irregular cells adjacent to the boundaries.

.2. Structural setups

The structural setup is described in the following in terms of properties of the structural members, external and internal
onstraints, retained load conditions.

.2.1. Structural members
The structural members of all gridshells are made of steel with a bilinear elastic-perfect plastic constitutive law. Specifically,

teel S355 is adopted, with density 𝜌 = 7850 kg∕m3, Young’s Modulus 𝐸 = 210000 MPa, Poisson’s ratio 𝜈 = 0.3 and yield strength
𝑓𝑦 = 355 MPa. All structural members of each baseline geometry have the same section. The section dimensions together with their
main inertial properties are summarized in Table 2, where ‘‘O’’ stands for circular hollow section, followed by its external diameter
and thickness, both expressed in mm.

3.2.2. External and internal constraints
External constraints at the structural joints along the spring lines 𝐿 are perfect hinges, except for the head arches of the barrel

ault. The latter are allowed to move in 𝑦 direction in order to avoid non-linear stiffening induced by the 𝑦-wise members. All the
internal structural joints are rigid. The structural joints along the free-edge length 𝐿∗ in free-edge gridshells are not constrained.

3.2.3. Load conditions
Two Load Conditions are considered and depicted in Fig. 7. They are ideal and simplified load conditions, whose moduli have

been defined with the same order of magnitude of standardized design loads on gridshells.
The first symmetric Load condition LC1 includes the self-weight of structural members and point loads 𝑄1,𝑗 = 𝑞1𝑠𝑗 applied at all

structural joints, where 𝑠𝑗 is the projection on the horizontal reference plane of the tributary area of the 𝑗th joint. The distributed
load 𝑞1 accounts for both the weight of glass glazing and the snow load.

The second asymmetric Load condition LC2 includes the self-weight of structural members and point loads 𝑄2,1,𝑗 = 𝑞1𝑠𝑗 and
𝑄2,2,𝑗 = 𝑞2𝑠𝑗 applied according to the following rule:

• 𝑄2,1,𝑗 is applied on the joints with 𝑥 > 0 for barrel vault and parabolic dome, and with 𝑦 > 0 for hyperbolic paraboloid;
• 𝑄2,2,𝑗 is applied on the joints with 𝑥 < 0 for barrel vault and parabolic dome, and with 𝑦 < 0 for hyperbolic paraboloid.

The distributed load 𝑞2 accounts for the weight of glass glazing only.
Structural performance at ULS are evaluated by setting 𝑞1 = 1800 N/m2 and 𝑞2 = 600 N/m2, while SLS performances are assessed

with 𝑞 = 1200 N/m2 and 𝑞 = 400 N/m2.
12
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Fig. 7. Load conditions for barrel vault (a), parabolic dome (b) and hyperbolic paraboloid (c).

Fig. 8. Effects of the FE discretization of the structural members on the free-edge gridshell structural behaviour.

4. Results

4.1. Effects of the structural modelling assumptions

This section aims to provide a preliminary evaluation of the effects of the structural computational modelling assumptions on the
results. In particular, focus is made on two modelling issues that, to the Authors’ best knowledge, have not been deeply investigated
in the technical literature: i. the discretization of each single structural member into multiple Finite Elements (FEs) to capture the
influence of the bending second-order effect and member buckling on the overall gridshell stability, and ii. the plasticity model
adopted to capture progressive member yielding.

On the first point, a single FE is adopted per structural member in most of the published studies, e.g. [12,21,81]. Some
authors [68,71] discretize each structural member into 4 FEs. Other authors [82] adopt different discretization on the basis of the
expected degree of non linearity. However, all the cited studies do not compare the effect of different discretizations on the simulated
structural performances. In order to systematically shed light in the issue, Fig. 8 compares, for each free-edge gridshell, the trend
of LF and 𝜀∗𝑚𝑖𝑛 versus the dimensionless maximum vertical displacement |𝛿𝑧|∕𝛿𝑧,𝑙, obtained by discretizing each structural member
nto one (1FE) or four Finite Elements (4FE) along its length. Each FE is a Timoshenko beam, also named ‘BEAM188’ in ANSYS®
echanical APDL r22.2. Along each load–displacement curve, both the critical load factor L̂F at ULS and the maximum displacement

at SLS load conditions (i.e. LF = 0.66) are highlighted by circular marks (empty or filled depending on the mode of failure) and
crosses, respectively. The three gridshells are sensitive to a different extent to the FE discretization: in the hyperbolic paraboloid,
FE discretization has negligible effects on the final result at both SLS and ULS; in the parabolic dome, curves do not perfectly
overlap, with discretization only slightly influencing L̂F, while providing quite different results in terms of maximum displacement
at ULS; in the barrel vault, slight discrepancies emerge both at ULS and SLS, with the largest deviation of the load–displacement
curve among the three case studies. These results clearly highlight the importance of multiple FE discretization of each structural
member wherever the Ultimate Limit State is preceded and affected by local single-member elasto-plastic instabilities (empty circles
13

in Fig. 8): this is the case of the highly deformable free-edge barrel vault, and of the free-edge parabolic dome to a minor extent.
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Fig. 9. Effects of the plasticity models on the free-edge gridshell structural behaviour.

lthough case-insensitive discretization guidelines cannot be drawn in the light of the above, the 4FE discretization is commonly
dopted in the following for all case studies to secure accurate and fully comparable results.

As far as material non-linearities are concerned, a recent report of the IASS WG8 [83] suggests two possible strategies to account
or member yielding in gridshells, i.e., the Concentrated Plasticity (CP) model, with multiple discrete plastic hinges located at
oints, or the Distributed Plasticity (DP) model. Different authors have adopted one of the two approaches (e.g., [18] for CP, [71]
or DP), but comparative studies between them are not available to suggest best practices. In order to contribute to fill such a gap,
he load–displacement trends obtained with the DP model and 4FE in ANSYS® Mechanical APDL r22.2 are compared to the ones

obtained by adopting the CP model using SAP2000® v21. The adopted plastic hinge type in the latter is the so-called ‘Fiber P-M2-M3
Hinge’ [64], which is intended to capture the coupled axial normal and biaxial bending behaviour by dividing the cross-section of
the element into a series of discrete fibres, each of which has a unique stress–strain relationship based on the assigned material. The
axial force–deformation and biaxial moment–rotation of the Timoshenko FE follows from the integration of the behaviour of these
fibres across the cross-section and the multiplication by the length of the plastic hinge. The following free parameters are varied in
the CP model: structural member discretization (1FE or 4FE); position of the plastic hinge 𝑑𝑝, expressed in terms of distance from
he FE nodes; length 𝑙𝑝 of the plastic hinge. Both 𝑑𝑝 and 𝑙𝑝 are normalized with respect to the cross section diameter 𝜙. Plastic hinges
re located at each FE node, except for one case where they are located only at the structural joints (’joints’ label in the following).
he values of the CP model free parameters are selected in order to take into account very different modelling choices, even if not
ystematically. Fig. 9 allows to comparatively discuss the effects of the adopted plasticity model on the structural behaviour of the
onsidered free-edge gridshells. The LF-𝛿𝑧 curves are visually scattered, particularly for the barrel vault and the parabolic dome,
ighlighting that their trend is highly sensitive to the free parameters of the CP model. Along each curve, the structural GMs are
epicted by different markers, i.e. the critical load factor L̂F at ULS and the maximum displacement |𝛿𝑧| at SLS. The ensembles
f the simulated values of the GMs are projected on the secondary axes, and their synthesis is made by means of boxplots. The
oefficient of variation in both L̂F and |𝛿𝑧|∕𝛿𝑧,𝑙 is particularly high for the barrel vault, limited to L̂F and much lower than the
revious for the parabolic dome, while it is low in |𝛿𝑧|∕𝛿𝑧,𝑙 for the parabolic dome and in both GMs for the hyperbolic paraboloid.
eyond the GMs, CP model parameters also affect the overall mode of failure, switching from elasto-plastic instability to plastic
inge formation, and vice-versa, as highlighted by empty and filled circular markers, respectively. None of the tested CP models
llows to perfectly match the results obtained with the DP model. However, the obtained load–displacement curve is reasonably in
greement with the one obtained with the DP model when plastic regions are placed at the structural joints only and their length
et equal to 2𝜙. In the following, the DP model is preferred to the CP one in order to avoid the dispersion of the results induced by
he CP model free parameters.

These preliminary analyses, even though not exhaustive, provide a first reference background to support the adopted modelling
hoices. The Authors hope that such a preliminary study will pave the way towards future ones within the FreeGrid benchmark to
ncrease the cardinality of the simulated results, so to allow a more accurate and systematic uncertainty quantification.

.2. Structural performances

Before discussing the structural Design Goal and Performance metrics of fully-constrained gridshells with respect to free-edge
nes, a comprehensive reading of the structural behaviour of both kind of structures is outlined in Figs. 10 to 13.

Fig. 10 provides an overview of the normalized joint displacements at SLS along normal and tangential directions for all the
nalysed gridshell structures. For each geometry and boundary condition (fully-constrained or free-edge, highlighted in green),
isplacements are scaled with respect to the modulus of the maximum nodal displacement |𝛿| obtained from both Load Conditions.
n the figure, circle dimensions are proportional to the scaled joint displacements. Moreover, for the orthogonal components, black
nd grey dots refer to downward and upward displacement, respectively. The following considerations can be outlined:
14
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Fig. 10. Joint displacements along orthogonal and tangential directions in fully-constrained and free-edge gridshells at SLS.

• the largest normal displacements are concentrated in the area between the hinged spring line and the axes origin in fully
constrained gridshells, while they are clustered close to the free edge in free-edge gridshells;

• in general, the normal component prevails on the tangential one. The only exception occurs for the barrel vault, where
the tangential component of displacement is not negligible in the case of free-edge gridshell and fully-constrained gridshell
subjected to LC2;

• in the fully-constrained gridshells, different load conditions correspond to quite different displacement patterns. Conversely,
in the free-edge gridshells, the effect induced by the free edge on the displacement field prevails over the one induced by the
load condition, resulting in asymmetric displacement patterns also for symmetric loads.
15
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Fig. 11. Barrel vault structural performance: assessment of L̂F, 𝜀∗𝑚𝑎𝑥 and 𝜀∗𝑚𝑖𝑛 curves (a,e,i,m); members under tension and compression (b,f,j,n); yielded FE for
which 𝜀∗𝑚𝑎𝑥 ≥ 1 and 𝜀∗𝑚𝑖𝑛 ≥ 1 (c,g,k,o); and members subjected to progressive buckling (d,h,l,p) over gridshell deformed shape at ULS.

The above considerations suggest that:

• the strong differences in the distribution of normal and tangential displacements over the gridshells surfaces highlight that the
mechanical resistant working principles change significantly among the three tested geometries and strongly depend on the
boundary condition;

• SLS performances of free-edge gridshells can be improved by design strategies aimed at stiffening the free edge in the normal
direction.

Figs. 11–13 organize the obtained results necessary for the determination of L̂F in a 2 × 2 matrix of subgraphs. Rows correspond
to constraint conditions, i.e. fully-constrained or free-edge, while columns correspond to load conditions, i.e. LC1 and LC2. Results for
each setup are condensed in a diagram plotting LF, 𝜀∗𝑚𝑎𝑥 and 𝜀∗𝑚𝑖𝑛 curves over the maximum dimensionless nodal vertical displacement
|𝛿𝑧|∕𝛿𝑧,𝑙. Alongside the diagram, the distributions of members under tension and compression, groups of yielded FE for which 𝜀∗𝑚𝑎𝑥 ≥ 1
and 𝜀∗𝑚𝑖𝑛 ≥ 1, and members that progressively buckles are highlighted over the gridshell deformed shape at ULS, to shed some light
on the resistant working principle of the gridshells. For the sake of clarity, groups of members attaining progressive buckling are
numbered sequentially in Figs. 11(l,p), 12(k,o) and 13(d,h).

Overall, the free edge modifies the resistant working principle of gridshells from a characteristic membrane mechanical behaviour
to a mixed membrane-flexural behaviour. However, the analysed case studies show that the free edge has different effects on the
resistant working principle of gridshell structures, depending on their geometry. Concerning the barrel vault and parabolic dome,
the free edge increases the amount of members subjected to tension and increases the amount of partially plasticized members at
ULS. In particular, the free-edge parabolic dome concentrates plasticization along members close to the boundaries of the free-edge,
while the free-edge barrel vault spread plasticization on a larger amount of members, because of its single curvature. Concerning
the hyperbolic paraboloid, the free edge does not alter its overall resistant working principle, maintaining a prevailing membrane
behaviour. Specific and detailed comments on each structure follow.

In the fully-constrained barrel vault (Fig. 11b,f), the members of the 𝑥-wise arches are mainly subjected to compression, while
members along the 𝑦-wise direction are subjected to tension or compression depending on the load condition. In the free-edge
barrel vault (Fig. 11j,n), 𝑥-wise compressed members are reduced with respect to the fully-constrained geometry. The asymmetric
load condition further reduces the amount of 𝑥-wise compressed members while increasing the amount of 𝑥-wise and 𝑦-wise
members subjected to positive normal stress in proximity of the free edge. The fully-constrained barrel vault displays a quite
different mechanical behaviour depending on the load condition, with much higher critical LF in the case of symmetric loading
(Fig. 11a,e). On the other hand, the free-edge gridshell displays a mechanical behaviour weakly dependent on load conditions,
reaching similar values of the critical LF (Fig. 11i,m). In particular, the fully-constrained barrel vault subjected to uniform load
reaches global instability within a fully elastic regime contextually to lower overall displacements. Conversely, the asymmetrical
load anticipates the overall instability of the gridshell, despite entering within the elasto-plastic regime. Some sections partially
16
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Fig. 12. Parabolic dome structural performance: assessment of L̂F, 𝜀∗𝑚𝑎𝑥 and 𝜀∗𝑚𝑖𝑛 curves (a,e,i,m); members under tension and compression (b,f,j,n); yielded FE
for which 𝜀∗𝑚𝑎𝑥 ≥ 1 and 𝜀∗𝑚𝑖𝑛 ≥ 1 (c,g,k,o); and members subjected to progressive buckling (d,h,l,p) over gridshell deformed shape at ULS.

plasticize and mainly concentrate along the 𝑥-wise members with larger bending, and in the 𝑥- and 𝑦-wise members on the top of
the barrel vault in proximity of the end arches (Fig. 11g). The free-edge barrel vault reaches cross-section yielding and formation of
plastic hinges before reaching overall instability for both load conditions (Fig. 11k,o). In particular, progressive member instability
slightly anticipate the formation of plastic hinges. Member buckling takes place and mainly localizes along the 𝑥-wise arches for
both load conditions (Fig. 11l,p). However, it first occurs close to the spring-lines and then close to the top of the arch when the
load is symmetric, while it remains centred close to the top when the load is asymmetric.

The mechanical behaviour of the fully constrained parabolic dome is independent of the load condition. Indeed, all members are
under compression (Fig. 12b,f) and the LF trend looks analogous (Fig. 12a,e). However, LC1 anticipates the partial plasticization of
the members (Fig. 12c), being 𝜀∗𝑚𝑎𝑥 ≥ 1 at ULS, while LC2 induces the progressive buckling in proximity of the load discontinuity
(𝑥 = 0), from the members close to the spring line towards the free-edge (Fig. 12h). Contrarily to the fully-constrained barrel
vault, the critical load factor is reached within the elastic regime when the load is asymmetric, while it is reached within the
elasto-plastic regime when the load is symmetric. Furthermore, LC2 causes the counter-intuitive slight increase of L̂F. The free edge
switches the vast majority of members in 𝑥-wise arches from compression to tension, except for the ones located in proximity of the
free-edge (Fig. 12j,n). The free-edge dome behaves almost identically whichever the load condition, and reaches L̂F in the wake of
progressive member buckling and the formation of plastic hinges (Fig. 12i,m). Cross-sections partial plasticization and occurrence
of plastic hinges concentrate in correspondence of the boundaries of the free edge, where members are subjected to large rotations
(Fig. 12k,o). Conversely, progressive buckling propagates from members of 𝑦-wise arches in proximity of 𝑥 = 0 at the top and close
to the reins to members of the free-edge (Fig. 12l,p).

The hyperbolic paraboloid shows a quite different mechanical behaviour with respect to the previous cases. Indeed, the negative
Gaussian curvature implies that structural members along the 𝑦 direction are always in tension, regardless of the load and constraint
conditions (see Fig. 13b,f,j,n). In the fully-constrained hyperbolic paraboloid, LC2 causes the stresses of 𝑥-wise members directly
loaded by 𝑞1 (𝑦 < 0) to switch form compression to tension (Fig. 13b,f). The critical load factor is reached within the elasto-plastic
regime for both load conditions (Fig. 13a,e). However, the partial plasticization of cross-sections occurs in different portions of
the gridshell: through the whole central strip of the gridshell for LC1, while it concentrates on the side where the applied load is
higher for LC2 (Fig. 13c,g). Furthermore, progressive buckling involves 𝑥-wise members over the whole gridshell for LC1, from the
centre (𝑦 = 0) to the sides (𝑦 ≈ ±𝐵∕2), while it concerns a limited number of 𝑥-wise members for LC2, from the centre to the side
supporting the higher load (𝑦 ≈ −𝐵∕2) (Fig. 13d,h). The free edge only affects the members along it, switching from almost nil to
negative stress (Fig. 13j,n). Although the load condition affects the sign of the stress of the 𝑥-wise members for 𝑦 < 0, the difference
in the overall resistant working principles is negligible. Indeed, the free-edge hyperbolic paraboloid behaves likewise whichever the
load condition and reaches L̂F within the elasto-plastic regime (Fig. 13i,m) in the wake of the buckling of a few members in the
compressed free-edge (Fig. 13l,p).

Fig. 14 summarizes the structural Goal Metrics for all the gridshells. The following synthetic comments can be outlined:
17
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Fig. 13. Hyperbolic paraboloid structural performance: assessment of L̂F, 𝜀∗𝑚𝑎𝑥 and 𝜀∗𝑚𝑖𝑛 curves (a,e,i,m); members under tension and compression (b,f,j,n); yielded
FE for which 𝜀∗𝑚𝑎𝑥 ≥ 1 and 𝜀∗𝑚𝑖𝑛 ≥ 1 (c,g,k,o); and members subjected to progressive buckling (d,h,l,p) over gridshell deformed shape at ULS.

Fig. 14. Structural GM for all gridshells and Load Conditions: Dimensionless vertical displacements at SLS (a); critical Load Factor (b).

• In general terms, the bulk effects of the dissymmetry induced by the free-edge constraint condition largely prevails over the
ones of the asymmetric load condition. In spite of this common general trend, the effects of different load conditions on the
maximum vertical displacement and critical load factor slightly vary with the geometry of the gridshells. Double curvature
gridshells (i.e. both parabolic dome and hyperbolic paraboloid) ensure that structural performances do not dramatically change
18
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Fig. 15. Buildability Goal Metrics: normalized values of out-of-planarity of faces 𝛥, joint number #(𝑁), cardinality of the ensembles of joint types #(𝐽 ), coefficient
of variation of members length 𝑙, and cardinality of the ensembles of members cross sections types #(𝐶).

Fig. 16. Buildability Goal Metrics: joint type 𝐽 (a,b,c) and member length 𝑙 (d,e,f).

under different load condition for both fully and partially constrained cases. An analogous response holds for the partially
constrained barrel vault, where the effects of the free edge largely outweigh the ones induced by load conditions. Conversely,
the fully constrained single curvature barrel vault is very sensitive to the asymmetric load case LC2 that proves to be most
demanding condition at both SLS and ULS.

• All free-edge gridshells do not satisfy performance levels at both SLS (|𝛿𝑧|∕𝛿𝑧,𝑙 > 1) and ULS (L̂F < 1), while fully-constrained
gridshells do.

• Fully-constrained gridshells dramatically increase the structural performances of all geometries at both ULS and SLS: the critical
load factors of the fully-constrained gridshells are from 2 to 20 times higher than the ones of the corresponding free-edge ones;
the maximum vertical displacements of the fully-constrained gridshells are from 13 to 440 times lower than the ones of the
corresponding free-edge ones. In particular, the hyperbolic paraboloid is the gridshell with the highest difference in terms of
L̂F under both load conditions, while the barrel vault is the most sensitive in terms of |𝛿𝑧|, namely under uniform LC1.

• L̂F approximately takes the same value for all free-edge gridshells.
• Conversely, the free-edge gridshells perform differently at SLS, in the light of their geometrical (i.e., simple or double curvature)

and mechanical (i.e., structural members in tension or compression) specific features. In particular, the free-edge barrel vault,
due to its single curvature, is particularly sensitive to serviceability issues: |𝛿𝑧|∕𝛿𝑧,𝑙 ≈ 12 under both load conditions. Free-edge
parabolic dome (|𝛿𝑧|∕𝛿𝑧,𝑙 ≈ 2.4) and free-edge hyperbolic paraboloid (|𝛿𝑧|∕𝛿𝑧,𝑙 ≈ 1.2) are increasingly stiffer.

4.3. Buildability performances

According to the features of the adopted case studies, both buildability and sustainability Goal Metrics have the same values for
free-edge and fully-constrained gridshells. Fig. 15 summarizes the buildability Goal Metrics for all the gridshells, while variability
19
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Fig. 17. Sustainability Goal Metric: normalized values of the equivalent weight 𝑊 .

f member length and joint types is represented in detail over the gridshells surfaces in Fig. 16. The following synthetic comments
an be outlined:

• Out-of-planarity of the gridshell faces is nil since all quadrangular square faces are planar, resulting from discrete translational
surfaces, i.e., obtained from the translation of a discrete parabolic generatrix over a discrete directrix. Both the generatrix and
the directrix are homogeneously decomposed into all-equal segments.

• The barrel vault contains the largest cardinality of structural joints while the hyperbolic paraboloid contains the lowest one.
This is mainly related to the gridshell surface 𝑆̆ of each gridshell that is maximum for the barrel vault and minimum for the
hyperbolic paraboloid. However, surface density of the joints is not constant, despite the mesh uniformity. It ranges within
#(𝑁∗) ∈ [0.45, 0.55], with the hyperbolic paraboloid scoring the highest value, because of the high surface density of joints
resulting from the intersection of the gridshell internal members with the members along the spring line.

• Uniformity in structural joints varies sensibly among the three gridshells, even if they all share the same positive 𝑥-wise
curvature and the parabolic dome and hyperbolic paraboloid also share the same absolute value of the 𝑦-wise curvature.
Fig. 16(a,b,c) highlights that non-uniformity in structural joints rises because of the intersection of internal members with
members arranged along the spring line. The barrel vault scores the lowest cardinality of joint types because its boundary
is perfectly aligned with the grid of members. Conversely, the parabolic dome scores the highest cardinality of joint types
because the grid intersect the spring line at different heights.

• Uniformity in members length slightly varies among the three gridshells, despite their uniform quadrangular square faces. The
barrel vault is perfectly uniform, having all members with the same length 𝑙 = 𝑏. Fig. 16(d,e,f) highlights that non-uniformity in
members of the parabolic dome and hyperbolic paraboloid is triggered by the triangular faces resulting from the non-boundary
fitted mesh alongside the spring line.

• Non-uniformity in member cross-sections is similar for the barrel vault and parabolic dome, since they have similar number
of structural members. Conversely, it almost doubles for the hyperbolic paraboloid since the number of members 𝑀 is almost
halved.

.4. Sustainability performances

Fig. 17 summarizes the single sustainability Goal Metric for all the gridshells.
In this case study, sustainability performance is directly related to the grid density and the gridshell total weight, since the steel

rade and the type of member cross-section are the same among the three design solutions. On the one hand, gridshell weight
s directly proportional to the cross-section area of the structural members and the gridshell surface 𝑆̆. On the other hand, grid

density is almost constant among the three gridshells and slightly increases approaching the boundaries for the parabolic dome and
hyperbolic paraboloid. The barrel vault scores the highest normalized equivalent weight among the three solutions and about equal
to two times the value of the parabolic dome and more than three times the value of the hyperbolic paraboloid. This is because of the
double cross-section area of its members with respect to the other design solutions. The parabolic dome and hyperbolic paraboloid
reach about the same normalized equivalent weight since they share the same cross section.

4.5. Bulk performance

Goal Metrics of the fully-constrained gridshells are made dimensionless by referring to free-edge gridshells baseline design
solution. Dimensionless structural, buildability and sustainability GMs are summarized in Fig. 18. In particular, structural GMs
20
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Fig. 18. Dimensionless Goal Metrics.

Fig. 19. Bulk Performance metrics 𝑃 .

As expected, structural GMs increase, while buildability and sustainability GMs are not affected by the restraint applied along
he gridshells edge. The increment of structural performance at ULS and SLS varies depending on both the load condition and
he gridshell geometry. In general, the asymmetric load conditions gives rise to lower dimensionless GMs with respect to the
ymmetric load counterparts. However, the parabolic dome is the least sensitive to the load condition, and it even induces a higher
imensionless critical load factor when the load is asymmetrically distributed. Conversely, the barrel vault is the most susceptible
o variations in the load condition. Dimensionless SLS GMs are one order of magnitude higher than ULS GMs. Indeed, dimensionless
ritical load factors range from 2 to 19, while dimensionless vertical displacements range from 13 to 448. This testifies the large
usceptibility of the baseline design solutions to free-edge vertical displacements.

Finally, the Bulk Performance metrics of the fully constrained gridshells are evaluated with respect to the baseline free-edge ones
nd summarized in Fig. 19. BP metrics are directly related to structural Partial Performance ones, since buildability and sustainability
nes result equal to unit. The histogram highlights that the fully-constrained hyperbolic paraboloid scores the highest BP. This is
nduced by (i) the extent of the free edge, i.e. the largest one among the three geometries together with the barrel vault, and (ii) the
nborn high structural performance of the hyperbolic paraboloid geometry, taking advantage of arches under compression and rods
nder tensions arranged along the two principal directions. Conversely, the parabolic dome scores the lowest BP. On the one side,
he extent of the free edge is the shortest among the baseline design solutions, and its restraining does not dramatically change its
verall structural performance. On the other side, the double curvature allow the free-edge parabolic dome to perform significantly
etter than the free-edge barrel vault at SLS.
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5. Conclusions and perspectives

This study provides a detailed insight on a methodological framework for the holistic performance assessment of steel, single-layer
ridshells. The performance assessment is intended to: i. be conceptual design oriented and supportive by referring to design goals; ii.
nalytically consider multiple design goals, each expressed by a quantitative goal metric; iii. secure the direct comparison in absolute
erms of each goal metric among multiple design solutions to different design problems thanks to their suitable normalization; iv.
onsider three different types of performances, namely the structural, buildability and sustainability ones; v. make synthesis of
hem in a bulk performance metric by making the partial ones homogeneous and dimensionless; vi. allow the comparison of the
ulk performance of several design solutions even if all referred to a single design problem by necessarily making reference to a
uessed baseline design solution.

The desired beneficial original contribution of this study is threefold. First, the analytical form of the method is meant to be
irectly applicable by future researchers and engineers (i) within the design phase as objective function in optimization algorithms
o as to develop methodologies able to holistically increment structural, buildability and sustainability performances and (ii) in a
ost-design phase to retrieve a synthetic index of the overall gridshell performance able to effectively compare among them different
esign solutions and/or different design approaches. Secondly, the study clarifies the till now scarcely studied structural behaviour
f different free-edge gridshells, also with respect to their fully constrained counterparts. Thirdly, the proposed method is applied
o the three Design Baseline Gridshells adopted by the FreeGrid benchmark [57]. In the FreeGrid perspective, the outcomes of the
resent study are meant to provide to participants an in-depth, common background knowledge about the baseline structures, so
s to be inspirational for design solutions improving their overall performances.

According to the Authors, the study offers multiples short-term research and development perspectives to the scientific and
echnical community. First, the proposed framework is general, flexible and open in its conceptual architecture, so that it is
otentially ready to be adapted and/or expanded to deal with different types of structures (e.g., continuous shells, bending active
ridshells), structural materials (e.g. wood, reinforced concrete), types of mechanical models (e.g., linear buckling analysis, modal
nalysis), dynamic loads (e.g. induced by wind [84], earthquake [85], blast [86]), design stages. Such extensions may need the
uning of specific coefficients (e.g., the environmental impact correction coefficient), the redefinition of some goal metrics (e.g., the
oad Factor as obtained by a linear buckling analysis), the addition of further goal metrics (e.g., the ones relevant to the mechanical
erformance of the structure face to dynamic loads, or the buildability of the structural joints in the detailed design stage). Second,
he newborn FreeGrid benchmark will offer the opportunity to further test the method at work with reference to the variety of
roposed design solutions, and that will presumably differ in both their geometrical and structural features. Such an extensive
enchmarking will allow to further test the soundness of the approach allowing for an extensive calibration and possible extensions.
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