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Linear Control of Wave Energy Conversion Systems:
Design, Synthesis, and Experimental Assessment

Nicolas Faedo
Edoardo Pasta

, Fabio Carapellese

and Ted K. A. Brekken

Abstract—Motivated by the necessity of suitable state constraint
mechanisms within linear time-invariant (LTI) energy-maximising
control of wave energy converters (WECs), we present, in this
article, an anti-windup (AW) scheme for sfate constraint satisfac-
tion, where the associated unconstrained controller is designed via
impedance-matching theory for WEC systems. As in the standard
(input) AW scenario, the adopted technique provides a mechanism
for ‘informing’ the (unconstrained) controller when constraints are
active, so that appropriate modifications to future control actions
can be taken accordingly. The overall adopted AW technique is
tested experimentally, on a prototype of the Wavestar WEC system,
available at Aalborg University (Denmark). We explicitly demon-
strate that the proposed AW scheme is able to consistently respect
the defined state constraints, having a mild impact on overall en-
ergy absorption performance when compared to its unconstrained
counterpart.

Index Terms—Wave energy, WEC, anti-windup, impedance-
matching, linear control, state constraints.

I. INTRODUCTION

NERGY-MAXIMISING control design and synthesis for
E wave energy converters (WECs) can be broadly divided
into two main families: optimisation-, and non-optimisation-
based techniques [1]. The former family, i.e., optimisation-based
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strategies, has its foundations in optimal control theory, where
typically direct optimal control methods are employed within
the WEC research community [2]. These techniques essentially
transcribe the associated optimal control problem (OCP) to a
corresponding numerically tractable nonlinear program (NP) us-
ing diverse approaches, including e.g., model predictive control
(MPC) [3], [4], and spectral/pseudospectral methods [5], [6].
A fundamental advantage of optimisation-based techniques is
the ability of incorporating technological limitations in terms
of state and input constraints, effectively computing optimal
policies under constrained conditions. Nonetheless, within this
family, regardless of the specific strategy chosen, the resulting
NP has to be solved using numerical optimisation routines, often
at a large computational expense, potentially compromising
real-time implementation.

In contrast, the latter family, i.e., non-optimisation-based
controllers, is generally based upon a linear frequency-domain
approach to energy-maximisation, leveraging results from so-
called impedance-matching (maximum power transfer) the-
ory [7], fully avoiding the use of numerical optimisation routines
for the computation of the associated control solution. As a
matter of fact the adopted control structures, used to realise the
associated frequency-domain optimality conditions, commonly
stem from linear time-invariant (LTT) system theory, and hence
present a notable appeal from an effective practical implemen-
tation perspective, being often intuitive in their design and
synthesis, with mild computational requirements (see e.g., [8]),
being suitable for off-the-shelf hardware implementation.

Though appealing within practical scenarios, in contrast to
optimisation-based controllers, which can inherently accommo-
date state constraints optimally within the computation of the
control law, non-optimisation-based controllers share a prevail-
ing Achilles heel: the associated LTI solutions are synthesised
in unconstrained conditions. As such, the computed control
actions can require physically unfeasible behaviour, very often
including excessively large motion. Nonetheless, motivated by
the appealing implementation simplicity underlying the family
of non-optimisation-based controllers, some solutions have been
proposed within the WEC literature to enforce (suboptimally)
state constraints. Such proposals are virtually always performed
in terms of rudimentary mechanisms, leading to significant per-
formance degradation in terms of energy absorption in practical
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(constrained) scenarios.! Notable examples, sharing this com-
mon issue, include e.g., [9], [10]. In particular, [9] re-formulates
the control problem into a feedforward reference generation
structure, where the provided reference profile is effectively
‘saturated’ according to the defined limits. [10] utilises a single
constant gain to handle state constraints, inherently requiring
a) full knowledge of the wave excitation force for tuning, and b)
extensive simulation to find a suitable gain value to ensure limit
satisfaction.

In the light of the inherent requirement of effective state
constraint handling mechanisms for WEC systems, we present,
in this article, an anti-windup (AW) scheme for state constraint
satisfaction, where the (unconstrained) energy-maximising con-
troller is designed via impedance-matching theory. In essence,
AW techniques for this purpose ‘transform’ the corresponding
state constraint set in an equivalent input condition, where
relatively standard mechanisms can be considered. This type
of structures are known, within the field of control engineering,
as override control [11], [12], which is essentially akin to AW
compensation for the constrained state/output case, rather than
constrained inputs. Contemporary approaches for the solution of
this problem can be found in e.g., [13], which include rigorous
closed-loop stability guarantees, though at the expense of a
relatively large set of parameters for effective constraint sat-
isfaction, and an associated iterative procedure for its synthesis.
Given that the ultimate objective (and strongest advantage) of
non-optimisation-based control for WEC systems, which is the
main concern of this article, is that of simplicity of imple-
mentation, we propose a state constraint handling procedure
based on the strategy in [14] which, as detailed throughout this
study, provides a straightforwardly implementable methodology
for state constraint satisfaction for a large class of devices. In
particular, the contributions of this article are as follows:

® We present an AW setup based on the structure proposed
in [14], which can be applied to a general class of non-
optimisation-based WEC strategies (see the architectures
presented in [7]). The AW scheme incorporates a tailored
design for the associated limiting circuit, able to map the
defined state constraints into an associated (time-varying)
input constraint set.

e Since the effective practical implementation of the pro-
posed AW requires estimation of both the state of the WEC
system, and the external uncontrollable input due to the
incoming wave field (i.e., the wave excitation force), we
incorporate a combined state and input observer based on
a Kalman-Bucy filter.

¢ Finally, the combination of LTI energy-maximising con-
troller, state/input observer, and proposed AW technique,
is tested experimentally, using a prototype of the Wavestar
WEC system [15], available within the tank-testing fa-
cilities of the Ocean and Coastal Engineering Laboratory
in Aalborg University, Denmark. Design and synthesis of
the constraint handling mechanism is addressed in detail,

IThe reader is referred to [8] for a detailed discussion on constraint handling
capabilities within the state-of-the-art of LTI WEC controllers.

providing an appraisal of the effect that each main pa-
rameter of the strategy has on the overall performance
of the controller within experimental implementation. We
explicitly demonstrate that the proposed AW scheme is able
to consistently respect the defined state constraints, having
amild impact on the overall energy absorption performance
when compared to its unconstrained counterpart.

The remainder of this article is organised as follows.
Section I-A presents the notation adopted. Section II describes
the experimental WEC system considered within this study,
while Section III presents the design and synthesis of the
(unconstrained) energy-maximising controller via impedance-
matching. Section IV describes the proposed AW scheme,
including the combined state/input observer considered for ef-
fective experimental implementation. Finally, Section V pro-
vides an experimental assessment of the overall loop, including
extensive performance analysis, while Section VI encompasses
the conclusions of this study.

A. Notation

R* and C° are used to indicate the set of non-negative real
numbers, and the set of complex numbers with zero real-part,
respectively, while C.( denotes the set of complex numbers
with negative real-part. Given a matrix A € C"*", the nota-
tion L(A) C C indicates its set of eigenvalues. The Laplace
transform of a function f, provided it exists, is denoted as
F(s), s € C. The Hermitian operator is denoted by F'(jw)*,
with w € R. The notation RH ., is used for the set of real
rational proper and stable functions G(s), s € C, while RH»
is considered for the set of strictly proper and stable func-
tions in C. With slight abuse of notation, A(G(s)) indicates
the set of poles of G(s). The saturation function is defined as
sata (z) = sign(z) min(|z|,A), A € R, and x € R. Finally,
given a continuous-time signal g(t), its discrete-time zero-order
hold equivalent is denoted as g[k], where the sampling time is
always clear from the context.

II. EXPERIMENTAL WEC SYSTEM

The experimental system considered within this study, il-
lustrated in Fig. 1, is a small-scale (1:20) prototype of the
Wavestar WEC device [15], tested within the basin facilities
available at Aalborg University, Denmark, as part of a larger
experimental campaign in WEC modelling and control, exe-
cuted in September 2022 [16]. The system, which has been
previously selected as a benchmark case for WEC control as-
sessment within the first edition of the Wave Energy Control
Competition (WEC3OMP) [17], [18], is essentially composed
of a floater, connected through an arm to a pivoting point fixed
at a reference frame. In the equilibrium position, the arm sits
at approximately 30° with respect to the horizontal reference
frame. The system is free to move in a single degree-of-freedom,
and extracts energy from pitch motion (about the reference point
- see Fig. 1) via the corresponding power take-off system (PTO,
linear motor/generator) sitting on the upper structural joint of
the device arm. Though we avoid a full description of each of
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Fig. 1. Experimental prototype of the Wavestar system (left) and correspond-
ing schematic (right). SWL, CG and CB stand for still water level, center of
gravity, and center of buoyancy, respectively.

the WEC components for economy of space, we refer the reader
to [17] for further detail.

The wave tank facilities, considered within this experimental
campaign, are those available at the Ocean and Coastal Engineer-
ing Laboratory at Aalborg University, Denmark. In particular,
the available facilities comprise a basin of 19.3 [m] x 14.6 [m]
x 1.5 [m] (Iength x width x depth), with an active testing area
of 13 [m] x 8 [m] (length x width). The wave tank is equipped
with a state-of-the-art long-stroke segmented wavemaker system
with active absorption, composed of 30 individually controlled
wave paddles, capable of producing a large variety of sea state
conditions with high accuracy. Within this study, the water depth
within the tank has been fixed to 0.9 [m], while the wavemaker
is set to generate long-crested waves, i.e., parallel with respect
to (w.r.t.) the y-axis, and with a direction of 0° on the z-axis.

A measure of pitch motion about the reference point is
available via a combination of a dedicated laser position sensor
(located at the PTO axis), and a dual-axis accelerometer, sitting
on top of the floater (see Fig. 1). Data acquisition and control are
implemented with a target Speedgoat real-time hardware using a
UDP protocol, connected to a host PC running Matlab Simulink
via a local Ethernet network. Acquisition is consistently per-
formed at a sampling rate of 200 [Hz], for all the acquired
variables, within the totality of the experimental campaign.

III. ENERGY-MAXIMISING CONTROL DESIGN

Throughout this study, and adopting the very same arguments
posed within the WEC32OMP [17], we assume that the prototype
WEC system, described in Section II, can be modelled in terms
of a representative linear operator G(s) = C(sl,, — A)"'B €
R*Ho, defined in terms of a minimal state-space realisation as

_ [i(t) = Ax(t) + Bda(t) + ua(t)),
Gls) = {ye(t) — Cu(t), )

with (A4, B,CT) € R™"™ x R" x R", and where G(s) is of
relative degree 1. Note that, equivalently, (1) characterises the
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input-output (I/O) relation
Yo(s) = G(s) (Do(s) + Us(s)), 2

where yy is the device (pitch) velocity about the reference point
(see Fig. 1), dy is the (uncontrollable) wave excitation torque
due to the action of the wave field on the floater wetted surface,
and ug is the control torque, supplied via the corresponding PTO
system.

Remark 1: We note that, due to the physics associated with
the WEC process, the map G in (2) is also minimum-phase.
Furthermore, the transfer function G(s) is positive real, and
hence the associated system (1) is passive (see [7], [19]).

Following the requirement of energy-maximisation in WEC
systems, the PTO control force uy in (2) is to be designed such
that the following map (control objective),

Up = arg max —/
ug

—00

“+00
ug Yo dt, 3)

is maximised, i.e., such that maximum mechanical energy ab-
sorption from the wave field is effectively achieved by the cor-
responding controller. Adopting a frequency-domain approach,
the optimal control solution ug for (3) can be derived via the
so-called impedance-matching principle [7] (also known as
maximum power transfer theorem), where the WEC system is
essentially described in terms of an impedance, analogously
to standard circuit theory. Briefly summarising, let I(jw) be
the impedance of the prototype WEC system, defined, in the
frequency domain, as?
1

10) = GGy
With the definition in (4), the (frequency-domain) optimal con-
trol solution (load), can be simply written in terms of the
complex conjugate of I, as

Up(gw) = —1(jw)* Yo (w), ()

which is, in essence, an output feedback structure.

Remark 2: Though one can be tempted to use the analytic
continuation of I* to C, in order to implement the control
structure in (5), the resulting transfer function is inherently
non-causal, due to the nature of the analytic continuation of
the Hermitian operator (see the arguments posed in e.g., [19]).

Remark 2 refers to a well-known issue in the design and
synthesis of wave energy control systems. One can, although,
approximate condition (5) by employing tailored causal and sta-
ble control structures, i.e., implementable. In particular, within
this study, we consider a first-order biproper controller K (s) €
RH o, defined as

“

a1 S
s+ as’

K(s) =

where the set of parameters &7 = {1, s} are uniquely com-
puted as the solution of the interpolation equation

K(jwr) = I1(jwr)*, @)

(6)

Note that, due to the dynamical properties of the WEC system described
within this section, G/(jw)~1 is well-defined for any w € R/0.
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with wy € R a suitably selected interpolation frequency.

Remark 3: Typically, within the vast majority of impedance-
matching-based control for WECs, proportional-integral (PI)
structures are considered to achieve (7) (see e.g., [20]), often
simply motivated by their use in more to achieve more ‘standard’
control objectives (i.e., regulation). Nonetheless, the design of K
in terms of a PI structure via the interpolation condition (7) does
not guarantee, in general, closed-loop stability. Furthermore,
negative values for the integral term are often required to achieve
(7) (known in the WEC community as a ‘negative stiffness’
term), leading to non-minimum-phase behaviour. In contrast,
(6) provides, for the device under study, a stable and minimum-
phase structure achieving (7) (see also Remark 5). This, together
with the passivity property associated with the WEC system
(1) (see Remark 1), guarantees closed-loop stability in nominal
(unconstrained) conditions.

Remark 4: The control structure in (6) interpolates the opti-
mal load in (5) for a single frequency point wz, which needs to
be selected according to the nature of the wave field. Common
choices for wz include the frequencies associated with peak and
energetic wave periods.

Remark 5: For the case of the prototype WEC system con-
sidered, the set &7 C R (see also Section V), and hence (6) is
both stable and minimum-phase.

IV. STATE-CONSTRAINT HANDLING

Within this section, we introduce the adopted AW scheme
for state constraint satisfaction, tailored for the WEC prototype
presented in Section II, and the control structure defined in
Section III. Throughout this section, we consider the discrete-
time equivalents {G4(q), Kq(q)} (with g the forward-shift oper-
ator) corresponding with the transfer functions G(s) and K (s)
in equations (2) and (6), respectively, computed via a standard
zero-order hold procedure with a sufficiently small sampling
time T, € RT. Furthermore, we write G4 in terms of a state-
space realisation

Galg) = {fyﬂ“ﬁﬂg ﬁii[k] + Ba(dafk] +wolk)), g

where the triple of matrices (A4, By, Cyq) can be computed
directly from (1). We further assume that (8) is subject to a
set of state constraints defined in terms of the velocity vy, i.e.,

yolk] = Caz[k] € Y & [-A, A], 9)

with A € RT, Vk € N. We note that, within this article, we
assume that sufficient PTO force is effectively available to
constraint the state behaviour of the system according to (9), i.e.,
that the constrained problem is effectively feasible. We refer the
reader to [21] for further detail on feasibility for generic WEC
systems.

Remark 6: Constraints in angular velocity are chosen as a
representative case for the experimental assessment proposed
within this study, due to the intrisic connection between yg
and optimal mechanical energy absorption (see equation (3)).
Nonetheless, we note that this is done without loss of generality,

do Yo

U

WEC system

Ug | Limiting | %o
_/|I/_ logic 4_0_4__
> H(q) I

Ka(q)

Y

Fig. 2.  General AW scheme for input constraints, as considered in [14].

and any other constraint of the form {z € R"|Cx € €’} can be
considered within the presented procedure.

Fig. 2 illustrates a general scheme for AW in the (standard)
case of input constraints (see e.g., [22]). In particular, follow-
ing an analogous procedure to that in [14], and given that
the controller K is biproper, stable, and minimum-phase (see
Remark 5), we can decompose its transfer function as

Kq(q)™" = hoo + H(q), (10)
where h. is the high frequency gain of K4(q)™!, and H(q) is
both stable and strictly proper.

Remark 7: By replacing the limiting logic block in Fig. 2 by a
unitary function, it is straightforward to see that the closed-loop
response of the AW block is, effectively, Kq(q).

Focusing on the development of an AW scheme for the WEC
state constraint case, we note that the set Y can be defined in
terms of a corresponding input constraint set U, i.e., we write the
state limitation (9) for gy in terms of an equivalent restriction in
up. The latter set, i.e., U, although, is inherently time-varying,
as discussed in the following. Consider system (8) subject to the
state constraint in (9). Since Gy is strictly proper with relative
degree 1, a one-step ahead prediction of yg can be computed as

yolk + 1] = CqAazx[k] + CaBq (dglk] + ug[k]) , (11)
where R © CyBy # 0. Solving for ug in (11), we can define the
following transition map I' : R x R™ x R — R, (yg, x,dp) —
I'(yg, x,dp),

I'(yo, v, dg) = (CaBa) ' (yo — CaAaz) —dy.  (12)
Note that the function I', as defined in (12), can be effectively
used to map the state constraint set Y to an equivalent time-
varying input constraint set U(x, dp) = I'(Y, z, dp). In particu-
lar, for a given value of yp, the induced input constraint set can
be explicitly written as

U 2 [Al(z,dg), A%z, dg)] CR, (13)
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Fig. 3. Adopted AW limiting logic.

with
Al(z,dg) = (C4Bq) " (=A — CyAgz) — dy,

A'(w,dg) = (CaBa) ™' ( A —CaAgz) —dy,  (14)

where, clearly, it follows that yp € Y < uy € U, Vk € N.

With the time-varying set derived in (14), an AW scheme,
effectively able to handle the state constraint Y in (9), can be
defined in terms of the limiting logic presented in Fig. 3. In
particular, the adopted AW is, in essence, a two-step procedure,
which can be summarised as follows:

e Let z[k] and dp[k] be the current state of system (8) and
wave excitation input, respectively, and u,[k] the control
law required by the controller K4. A one-step prediction
Jg[k + 1] can be computed via (11).

e Constraint violations in accordance with the set Y are
subsequently detected in the prediction g by applying the
saturation map sata (-). Based on the saturated value of
gk + 1], an allowed control action Ty[k] can be back-
calculated using the map I'(+, z, dg) in (12).

Remark 8: Clearly, if no constraint violation is detected,
Uy = Up, 1.e., the unconstrained control solution, associated with
the energy-maximising controller K, is directly applied to the
WEC. If, on the contrary, the constraint on yy is active, gy takes
Y to the limit of the set Y.

A. Combined State and Unknown-Input Estimation

Effective implementation of the AW structure, detailed within
Section IV, requires instantaneous knowledge of the state-vector
x and the wave excitation torque dy, in order to effectively
back-calculate admissible control actions via (12). Since both
quantities are virtually always unmeasurable (see the arguments
ine.g.,[23]), we leverage results from unknown-input estimation
to provide suitable estimates of both x and dy, denoted as = and
dg, respectively. In particular, guided by the performance results
for wave excitation observers presented in [23], we consider a
(steady-state) Kalman-Bucy filter [24] in combination with an
internal (approximate) model of dj.

Remark 9: A continuous-time formulation of the unknown-
input observer is considered herein, due to its use within the lit-
erature of wave energy estimation and control [23]. Nonetheless,
we note that a discrete formulation can be effectively considered
accordingly, leveraging the discrete-time equivalent presented
in (8).
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To be precise, we describe the wave excitation force in terms
of the following exogenous dynamical system?

&(t) = Sobo(t) ims, — D] 0 @i ¢ gess
(il =T, s = @[l e
15)

k=2p, F ={w;}’_; CR"T a set of descriptor frequencies,
chosen according to the input wave spectrum, and where L, €
R* is such that the pair (Sp, Lg) is observable. Based on (15),
we define the ‘extended’ dynamical system

{:.Cf(t) = Afxf(t) + BfU@(t) + Eay (t),
yo(t) = Crap(t) + ey, (8),

where z¢(t) = [z(t)T & ()T]T € R®, with #i =n + K, and
£s,(t) € R"andey, () € Rrepresent (white, zero-mean, mutu-
ally uncorrelated) process and measurement noise, respectively,
with associated covariance matrices @y € R™" and Ry € R.
The triple (Af,Bf,C}) € R x R™ x R™ in (16) is given
by

(16)

B
9}, Bf:{o], Cr=[C 0]. 7

The observer is hence given in terms of the following classical
Luenberger structure

vy(t) = (Af = LpCy)w(t) + Lyyo(t) + Brue(t),
%(t) = [H”O ]‘%\J;(t)’
By(t) = [0Lo ] 75(0),

(18)
where the observer gain in (18) can be computed as Ly =
PrCIR;', with Py = P{ € R™" the unique solution of the
continuous-time algebraic Riccati equation

AfPf+ PrA} — PfC{R;'CyPy +Qp = 0. (19)

B. Smooth Approximation of the Saturation Map

To avoid any abrupt requirements in terms of PTO (actuator)
action, and hence ease the practical experimental implemen-
tation of the AW scheme proposed, we consider a smooth
approximation of the saturation map sata (). In particular, given
z € R, we first note that a smooth approximation of the absolute
value function in terms of a single parameter ¢ € R™ can be

obtained as
o~ Jale = V2T €,

where, clearly, lim._,q |z|. = |z|. With the expression in (20),
an approximation of the saturation function can be readily
computed as

(20)

1
sa(e) = g (14 Al — - AL), @D
with e sufficiently small. Fig. 4 illustrates the approximation
provided by (21), for a value A = 0.4 (which is effectively

3The harmonic-based description of ocean waves is well-established within
the WEC control/estimation literature, and has been exploited in numerous
studies (see e.g., [25]).
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Saturated region

Target

-------- Approximation with e = 0.01
= = = = Approximation with ¢ = 0.05
--------------- Approximation with e = 0.1

Saturated output
o

0 0.2 0.4 0.6

Fig. 4. Smooth approximation of sata (+).

consistent with the saturation value adopted in the experimen-
tal assessment of Section V), and three different values of
e € {0.01,0.05,0.1}.

As it can be appreciated, a larger value of € generates a
‘smoother’ transition between a non-saturated and saturated
state. This inherently implies, although, that the corrective AW
action is effectively applied for smaller values than those char-
acterising the actual hard constraint A, i.e., the AW loop is more
conservative for higher values of ¢, which can have an impact
on the energy-maximising capabilities of the overall loop, as
explicitly demonstrated within the experimental evaluation of
the technique presented in Section V.

V. EXPERIMENTAL RESULTS

We present, in this section, an experimental assessment of
the AW scheme detailed in Section IV, comprising the energy-
maximising control design as in Section III, and applied to the
prototype described in Section II. For performance assessment,
we consider an irregular sea-state characterised in terms of a
JONSWAP spectrum, with a significant wave height H; = 0.063
[m], typical peak period T}, = 1.412 [s], and peak enhancement
factor v = 3.3. We note that this sea-state corresponds with
sea-state N °5 of the WEC® OMP (see [17], [18]). The wave
(i.e., experiment) duration is set to 300 [s], which corresponds
with more than 150 typical peak periods, hence guaranteeing
statistically consistent results for the performance assessment
in terms of energy absorption. The sampling time, considered
both for data-acquisition, and corresponding discretisation of
system/controller, is set to Ty = 0.005 [s] (rate of 200 [Hz]), as
per the discussion provided in Section II.

Within this study, the WEC model (1), characterising the
behaviour of the experimental prototype, is obtained using
black-box system identification procedures. To summarise, anal-
ogously to the experimental study presented in [26], a set of
down-chirp signals with different amplitudes (in the interval
[1,4] [Nm]) is injected into the PTO system as input (torque) sig-
nals (in calm waters, i.e., in absence of waves within the basin),
generating a corresponding set of output (velocity) responses.
Each I/O pair is used to compute a frequency-domain empirical

_. 0
3 5
g 45
€ 20 =
= o 0
£ %
% L i -45
= -40 -90
10° 10’ 10° 10’
Frequency [rad] Frequency [rad]
Fig. 5. Frequency-domain identification results. The solid line illustrates

the computed model, while each transparent line corresponds to a single I/0
experiment.
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Fig. 6. Appraisal of the wave excitation torque estimation.

transfer function estimate [27], and their corresponding average
is used as target data-set for subspace-based identification [28],
[29]. The result of the described system identification procedure
can be appreciated in the Bode plot presented in Fig. 5. The
obtained state-space model is of order (dimension) n = 8, and
is effectively compliant with all the main physical properties
relative to the WEC process (internal stability, relative degree,
and minimum-phase).

With respect to the energy-maximising controller K (s), as
defined in equation (6), the interpolation frequency wr is chosen
in terms of the energetic period associated with the sea-state
considered, i.e., wr = 27/(0.97},) producing a corresponding
set of parameters a; = 14.41 and ap = 5.11.

Regarding the estimation of both state and wave excita-
tion input (as proposed within Section IV-A), required for
the implementation of the proposed AW technique, the ma-
trix Sy in (15), describing the internal model of dy, is such
that .# = {27/1.412, 27 /1.836, 27/0.988}. Note that the first
value within the set .% corresponds to the frequency associated
with the typical peak period of the sea-state considered within
this study, while the other two values have been chosen via
extensive simulation. The matrices characterising the design
and tuning of the adopted Kalman-Bucy observer are chosen
as Q¢ = 20I; and Ry = 0.1. To illustrate the performance of
the estimator, Fig. 6 shows a snippet of the target wave excita-
tion force dy (measured in a separate experiment by externally
locking the device and measuring the force exerted by the
incoming wave - see e.g., [26]), and estimated signal dy. It
can be appreciated that the estimation provided by the observer
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Fig. 8. Absorbed mechanical energy.

is effectively highly accurate, having a mean normalised error
of ~0.10.

Concerning the specifics associated with the state AW scheme
itself, the constraint set Y, characterising the state limitation in
(9), is set to A = 0.4 [rad/s]. Note that this value is effectively
conservative for this device (and sea-state), and has been chosen
to clearly illustrate the capabilities of the proposed state AW
in experimental scenarios, under potentially severe constraint
limits. The saturation block, used within the limiting logic in
Fig. 3, is approximated as in Section I'V-B, with a nominal value
of e = 0.05 (see Fig. 4).

The results of applying the proposed AW scheme can be
appreciated in Fig. 7, where both the unconstrained (dashed),
and constrained (solid), output response of the WEC are il-
lustrated (top), together with each associated control input
(middle), and instantaneous mechanical power (bottom). Note
that both responses are obtained in separate experiments using
the same wave realisation, being the former only driven by
the unconstrained controller K (s), while the latter effectively
incorporates the proposed AW, with all its components (i.e.,
energy-maximising controller, state/input observer, and associ-
ated constraint satisfaction logic). It can be straightforwardly
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seen that the AW technique is effectively able to enforce the
imposed state constraint, being always within the specified
limit, while the unconstrained controller consistently violates
the maximum velocity value. Furthermore, as expected from
the arguments posed in Remark 8, the AW strategy provides an
input correction only when the system is close to attaining the
constraint limit, by requiring an ‘extra’ torque to assist constraint
satisfaction, yet being virtually the same as the unconstrained
energy-maximising solution when the state constraint is not
active. This ‘extra’ component generates an associated instanta-
neous power flow, which can be seen to be slightly more reactive
at the time instants in which the AW logic is effectively active
(i.e., device moving with a velocity inside the saturation region).

Remark 10: Though small differences can be noted between
unconstrained and constrained control solutions when the state
constraint is inactive, these can be explained by the fact that both
controllers are tested in separate experiments, where the same
wave has to be realised by the associated wavemaker, which,
although highly repetitive, presents slight differences in terms
of effective wave generation.

Fig. 8 presents an appraisal in terms of energy absorption,
showing that the AW, as tuned and designed within this section,
has a minimum influence on the overall loop performance,
by virtue of the specific limitation logic, which modifies the
unconstrained optimal solution only when strictly necessary.

Finally, and to provide an appraisal of the effect of € in the
overall behaviour of the proposed AW solution and associated
energy absorption performance, Fig. 9 presents motion (angular
velocity) of the device for e = {0.01, 0.05, 0.1}, which produces
the set of saturation approximation functions in Fig. 4. As can
be appreciated from this figure, consistently with the discussion
provided in Section IV-B, a higher value of e results in a smoother
device response, though with an overall more conservative
constraint handling mechanism, potentially interfering with the
energy-maximising control objective of the unconstrained con-
troller K (s). This last statement is clear in Fig. 10, where
the energy absorption is effectively reduced significantly when
epsilonis 0.1 (i.e., the largest value within the set), being ~ 75%
of the energy obtained in the unconstrained scenario. On the
other end, a small value of € can require an abrupt control
action from the PTO system, exerting a potentially demanding
fatigue on the corresponding actuator, though with a consequent
increase in energy absorption capabilities (see Fig. 9).

VI. CONCLUSION

We present, in this article, an AW scheme for state con-
straint handling in LTI energy-maximising control of WEC
systems. The technique, which can be applied to a general class
of non-optimisation-based WEC control strategies, provides a
mechanism for ‘informing’ the (unconstrained) controller when
state constraints are active, so that appropriate modifications to
future control actions can be taken accordingly. Furthermore,
since effective practical implementation of the proposed AW
requires estimation of both the state of the WEC system, and the
external uncontrollable input due to the incoming wave field (i.e.
the wave excitation force), we incorporate a combined state and
input observer based on an augmented Kalman-Bucy filter. The
combination of LTI energy-maximising controller, state/input
observer, and proposed AW technique, is tested experimentally,
using a prototype of the Wavestar system, within the experi-
mental facilities available at Aalborg University. We effectively
demonstrate that the proposed AW scheme is able to consistently
respect the defined state constraints in practice, having a mild
impact on the overall energy absorption performance. Further
studies with this technique will focus in a experimental compar-
ison of this technique with optimisation-based strategies, such
as e.g., MPC, including any corresponding formal analysis with
respect to the associated closed-loop properties.
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