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ARTICLE INFO ABSTRACT

Keywords: We study the asymptotic behaviour of the solutions to Navier—Stokes unforced equations under
Navier-Stokes equations Navier boundary conditions in a wide class of merely Lipschitz domains of physical interest.
Navier boundary conditions The paper draws its main motivation from celebrated results by Foias and Saut (1984) under

Long time behaviour Dirichlet conditions; here the choice of the boundary conditions requires carefully considering

the geometry of the domain £, due to the possible lack of the Poincaré inequality in presence
of symmetries. In non-axially symmetric domains we show the validity of the Foias-Saut result
about the limit at infinity of the Dirichlet quotient, in axially symmetric domains we provide
two invariants of the flow which completely characterize the motion and we prove that the
Foias-Saut result holds for initial data belonging to one of the invariants.

1. Introduction

Let 2 c R? be a bounded domain, where by this we mean that £ is open, nonempty and connected. For T > 0, we put
Or = 2x(0,T) and we consider the evolution 3D Navier-Stokes problem in Q7 with zero-source and homogeneous Navier boundary
conditions:

u, —pAu+ w-Vyu+Vp=0 in Qp

V-u=0 in Q

’ (1.1)
u-v=Du-v)-7=0 on 02 x (0,T)
u(x, y, z,0) = uy(x, y, z) in Q.

In the above, u > 0 denotes the kinematic viscosity, Du = (Vu + V7 u)/2 is the strain tensor, v is the outward normal vector to 92
while 7 is tangential. The pressure p is defined up to an additive constant so that one can fix its mean value as follows

/p(l):O Ve 0,T). (1.2)
Q
Navier boundary conditions were introduced by Navier [1] in 1827 in the following formulation:

u-v=pu-t+Du-v)-7=0, on 02 x (0,T), (1.3)

where f > 0 is a parameter describing friction. In contrast to Dirichlet boundary conditions (also known as no-slip boundary
conditions), the hypothesis underlying (1.3) is the presence of a stagnant layer of fluid close to the wall allowing the fluid to
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slip. This type of boundary conditions turn out to be relevant in many physical applications, see e.g., [2, Section 3]; we mention
for instance their aptness when taking care of a turbulent boundary layer in the context of LES (Large Eddy Simulations), see [3].

Although the literature is not as extended as in the case of Dirichlet boundary conditions, after the seminal paper of V.A.
Solonnikov and V.E. Scadilov [4] in 1973, many papers have been devoted to the study of the Navier—Stokes equations under Navier
boundary conditions. A rich overview of results can be found in the Introduction of [5]. Concerning the full initial-value problem,
we mention the work [6], where the author proves that when g > 0 the Stokes operator associated to problem (1.1);,—(1.1),—(1.3)
generates an analytical and compact semigroup of contractions in L2-space/energy space, which implies the existence of a unique
strong solution for small time. Existence, uniqueness and regularity of solutions in a general L”-setting were instead given in [7] for
p = 0 and brought to a high level of complexity in [5,8] by assuming # non constant and satisfying minimal regularity assumptions.
We also recall the paper [9] where the regularity up to the boundary of weak solutions to (1.1) with the so-called “stress-free”
boundary conditions (that coincide with (1.1); in the portions of the domain with flat boundaries) was investigated.

In general, due to the presence of the derivatives in (1.3), most of known results require that ( is at least of class C%>!. However,
in [10], by means of a suitable reflection principle, the authors managed to prove the well-posedness of (1.1) (namely, when g = 0)
in a special class of merely Lipschitz domains, called sectors, see Definition 2.3 below. This class is sufficiently wide to contain most
of the domains needed in physics and engineering, see [10] for more details and applications. The main purpose of this paper is to
study the long-time behaviour of the solution u(r) to (1.1) when £ is precisely a sector. In contrast to the Dirichlet case, the boundary
conditions in (1.1) require carefully considering the geometry of the domain £, due to the possible lack of the Poincaré inequality
in presence of symmetries. This behaviour, which is peculiar of the case g = 0, occurs in the case called “special” in [11], namely
when  is generated by revolution around a given axis, i.e. it is axially symmetric, see also [2,7]. We remark that, while the Poincaré
inequality creates no obstruction when p > 0, the reflection principle, on which our analysis on sectors relies, fails, see Remark 4.1
for more details. For this reason, since our interest is to study the long time behaviour of solutions on sectors, possibly relating it
to the symmetries of the domain, we focus the analysis of the present paper on the case g = 0.

More precisely, when the domain is non-axially symmetric, we extend to problem (1.1) a celebrated result by Foias and Saut [12]
about the limit of the Dirichlet quotient of solutions at infinity, showing that it tends to an eigenvalue A of the Stokes operator
as t — oo, see Theorem 3.1 in Section 3.1. By this result it follows that the energy of the solution u(¢) of (1.1) concentrates on the
modes corresponding to A which, in some sense, catch the energy of the system. Furthermore, the decay in time of u(r) is exactly
of exponential type, namely there holds

Jim My =e, in H(Q),
—00

where e, is an eigenfunction corresponding to the eigenvalue A, see Proposition 3.5 in Section 3.1.

When Q is axially symmetric, according to the choice of the initial data, the solution may not decay at 0 converging to a steady
state of the flow, see also [13]. In this case we show the existence of a decomposition of the set of initial data into two invariants
of the flow, which completely characterizes the motion, see Theorem 3.2 and Remark 3.3 below. In particular, we prove that a
Foias-Saut type result holds when the initial datum belongs to one of the invariants.

A natural issue is to establish a priori which modes catch the energy of u(¢) and, in turn, to predict its asymptotic behaviour. As
one could expect, this depends on the initial datum u, but, in general, this dependence is far from being explicit, see Remark 3.6.
We complement our analysis by providing two examples in the 2D case where more explicit information can be given. Even if in the
lower dimensional case, the examples work as prototypes of the long-time behaviour of solutions under Navier boundary conditions
since they exhibit the same dichotomy registered in 3D domains between the asymptotic behaviour in non-axially symmetric and
axially symmetric domains.

The paper is organized as follows. In Section 2 we present the notations and some preliminary results needed to prove and
state our main results given in Section 3. In particular, in Section 2.1 we recall the functional framework needed to approach the
problem, in Section 2.2 we illustrate the notion of sectors-type domain, while in Section 2.3 we give the definition of Stokes operator
and the characterization of its kernel. Here we also illustrate a decomposition of the functional space based on the geometry of the
domain that will be crucial to distinguish the behaviour at infinity of the solution to (1.1) according to the symmetries of €. Finally,
in Section 2.4 we recall the main properties of the solution to (1.1) needed in the proof of the asymptotic behaviour, such as the
analyticity in time proved in Theorem 2.7.

Section 3 contains the main results of the paper, namely Theorems 3.1 and 3.2 stated in Section 3.1, which provide the
asymptotic behaviour of the solution, respectively, in the non-axially symmetric and axially symmetric case. Section 3.2 contains a
complementary discussion of our results in the framework of our 2D prototypes problems.

Section 4 is devoted to the proofs of the results. In particular, the reflection principle, which is essential to prove the results in
the framework of sectors, is illustrated in Section 4.1. Finally, in the Appendix we provide a system of eigenfunctions of the Stokes
operator when € is the 2D ball.

2. Notations and preliminary results
2.1. Notations
Let Q be a Lipschitz and bounded domain in R3. We first recall the definition of the usual spaces in the treatment of the Navier—

Stokes equations, which we will denote by H and V. The set H is obtained by taking the closure of V := {u € C*(2) : V-u=0in Q}
in L?(Q); by [14, Theorem II1.2.3] we have

H:={ueLl*Q): V-u=0in Q, u-v=0 on 2},
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Fig. 1. On the left a sector of type (A) on the right a sector of type (B), £, denotes the cell of periodicity, see Definition 4.2.

in which the solenoidality condition is intended in the sense of weak derivatives and, with an abuse of notation, we denote by u - v
the generalized normal trace of u (see for instance [14, Theorem II1.2.2]). The set V is defined as

V:i=HnH\(Q),

being H!(£2) the usual Sobolev space. By construction, H is a closed subspace of L?(Q); therefore, V' is a closed subspace of H' ().
When the domain is a generic D, different from Q, we specify H(D), V(D). In H(D) and V (D), respectively, we consider the bilinear
forms

(u, w)p :=/u~u and (Du,Dv)p :=/Du : Do.
D D

@

Here “:” indicates the scalar product between matrices, namely A : B = Z? j=1 9;jb;; if A and B are 3 x 3 matrices of components

a,-j,b,-j.

For 1 < p < co, we denote by |lull, p := (ZL Jp lw? )1/ ? the standard L?(D)-norm. In the following, by standard norms on H
and V' we mean, respectively, [lull, o and ||lull 1oy := llully o + [IDull, o where [Dull,, = [(Du, Du)_o]l/z. We notice that the fact
that [|Dul|, ; is an equivalent norm on V' depends on the geometry of £ through the spectral properties of the Stokes operator under
Navier boundary conditions, see Remark 2.5.

2.2. Sectors definition

Our analysis is performed on special Lipschitz domains called sectors. In this section, we recall the definition of sectors originally
given in [10] to which we refer for further details and examples.

Definition 2.1. We call face any bounded open planar domain  C R?, and we denote by P, the plane containing w. Let P be a
plane and let 2 c R? be a bounded domain such that

QnNnP=0 and Q2nP isthe union of a finite number 4 > 1 of (closed) faces; 2.1
we denote by @, the interior of the closure of the union between Q and its reflection about P.

Let Py,..P, be m planes (m > 1). If 2 C R? is such that (2.1) holds for the m couples

Qand Py, Qp and Py, ..., <(QP1)P2 ) and P,
Py

then we can define the domain given by iterative reflections 25 p = <<(_Q P, )P > >
2 P/ p

Definition 2.2. A bounded Lipschitz domain Q c R? is said smoothly periodically extendable if it admits a periodic extension with
C%! boundary and if 2 has a finite number of faces w;, i =1,...,k with k > 2, all lying on at most six planes p,, ..., ps such that:

psN2=PV s=1,....,6 and p; || ps.p> Il ps-p3 Il Ps> PrLpysp1 Lps.ppLps. (2.2)

Definition 2.3. A bounded Lipschitz domain 2 c R? is said a sector if one of the two following facts occurs:

(A) there exists a bounded C>!-domain £2,, having at least m > 0 planes of symmetry P, ..., P,,, and such that Q,, = Q p.....p, When
m > 1; if m = 0, then Q2 has Cz’l—boundary (see Fig. 1 left);
(B) there exists a smoothly periodically extendable domain ©2" having at least m > 0 planes of symmetry P,, ..., P,,, and such that

Q"=Qp  p whenm21;if m=0, then Q is smoothly periodically extendable domain (see Fig. 1 right).

3
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2.3. The Stokes operator and its kernel

The Stokes operator under the boundary conditions in (1.1) is the linear unbounded self-adjoint operator A : V — V' defined by
(Au, v}y = 2(Du, Do) g Yu,veV.

Notice that A can be considered restricted (as an unbounded operator) to H with domain D(A) := {u € V : Au € H}. In particular,
if @ e c%! it is well-known that D(A) coincides with the set

W(Q) :={ucVnHXQ): Du-v) -7=0ondR2}, (2.3)

see Lemma 4.4 for a proof and Remark 4.6 in Section 4.2 for a deeper discussion in the case of sectors. We refer instead to [5,
Section 1.3] for a complete analysis including the case of Navier boundary conditions (1.3) with possibly non constant parameter
p, in a general L? setting. By recalling the Green formula (see e.g., [7, formula (2.8)]):

—/Au~v+2/ [(Du-v)-T](U-T):Z/ Du:Dv VueVnH Q) andVveV, (2.4
Q R Q
it follows that Au = P(4u) for all u € D(A) where P is the projection operator L2(Q2) — H, see [2, Section 5]. Finally, to A we
associate the eigenvalue problem

w, ) eV xR : 2(Du,Dw)g = A, v)o Yvev,

which in strong form reads

—Au+Vp=Au in Q
V-u=0 in Q (2.5)
u-v=Du-v)-7=0 onoQR.
Since the Stokes operator A is linear, compact, self-adjoint and positive, it admits a non-decreasing sequence of eigenvalues {4, };cy, ,
where the eigenvalues are repeated according to their multiplicity. The set of eigenfunctions {e; };en,, up to normalization, is a

complete orthonormal system in H orthogonal with respect the product (D-,D-),,, see [7, Theorem 6.2]. According to the geometry
of Q, problem (2.5) may admit a trivial least eigenvalue, therefore we introduce the kernel of the linear map v + Du:

Ko :={ueV : Du=0in Q}, (2.6)
so that, when K, is non-trivial, the following decomposition holds:

YueV, u=u+ue with uyp €Ky and ue k), 2.7)
where ICj-l is the orthogonal complement of K, in L%(£2). In Section 4.2 we prove the following characterization of K, in the context
of sectors:

Proposition 2.4. Let Q C R? be a sector, then K, # @ if and only if Q is axially symmetric. In particular, if 2 is axially symmetric two
cases may occur:

() Qisabdland Ky ={d+7 A(x,y.2) : @,0,(x,y.2) €R3);
(i) Q is monoaxially symmetric with axis parallel to some unit vector ¢ and

Ko = {5+coz,;/\(x,y,z) : cOGRandﬁ,(x,y,z)€R3}.

Remark 2.5. By Proposition 2.4, the first eigenvalue of (2.5) is positive and, in turn, the Poincaré inequality holds, if and only
if Q is non-axially symmetric. When  is axially symmetric, by the same reasoning, a Poincaré type inequality holds only in K.
Therefore, recalling (2.7), we conclude that there exists C, > 0 such that:

[IDull, o if Q is non-axially symmetric
llullz,0 < Cq ’ Yuev. (2.8)
lluglly,o + IIDull, o if 2 is axially symmetric

Since, by Korn’s inequality, [lull;1(q) < c(llull,.o + [[Dull, o) for all u € V and for some ¢ = ¢(2) > 0, in view of (2.8), in the sequel
we will often take as norms on ¥V (equivalent to the H'-norm): [Dull, o if 2 is non-axially symmetric and |lug|l, o + [Dull, q if 2
is axially symmetric.

2.4. Existence and regularity properties of solutions

In this section we state some useful properties of solutions that we will exploit in the proof of our main results. First we make
precise our definition of solution.
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We say that u € L®(0,T; H) n L?>(0,T; V) is a weak solution to (1.1) if

T T
/0 (), v)g ¢' () dt + 0)(u, V) =/0 {2M(Du(t),DU)g+/Q(u(t)~V)u(l)~v}¢(l) dt (2.9

for all v € V and for all ¢ € CX[0,T). For sufficiently small initial data, it was proved in [10] that a weak solution to (1.1) is strong
and, in turn, unique. More precisely, the following statement holds:

Proposition 2.6 ([10, Theorem 2]). Let 2 C R? be a sector and let uy € V. There exists C = C(£2, u) > 0 such that if

llugll3 o(IDug 15 5 + D < C, (2.10)
then problem (1.1)-(1.2) admits a weak solution u which satisfies

ue L°R*;V) and  u,Au,Vpe L*(R*; L2(Q)), (2.11)
so that it is strong, unique and global in time.

Let W be the set defined in (2.3). If u, € V and (2.10) holds, condition (2.11) yields u € L?>(0,T; W) and u, € L?(0,T; W') for
every T > 0, whence u € C([0, «0); V), see Remark 4.6 in Section 4.3. In Section 4.4 we prove that u(t) is also analytic as stated in
the following:

Theorem 2.7. If u, € V satisfies (2.10), the solution u(r) given by Proposition 2.6 is analytic on (0, o) as a W-valued function.

An immediate consequence of the uniqueness given in Proposition 2.6 and the analyticity given in Theorem 2.7 is the fundamental
property of backward uniqueness for strong solutions:
Corollary 2.8. Letu,uy, € V satisfy (2.10) for some constant C = C(£, u), and let u;, u, be the corresponding strong solutions fulfilling
(2.11). If for some f € (0, ), uy(f) = u,(7), then u,(t) = u, () for all t € [0, o). In particular, if uy; # uy, then u; and u, do not intersect.

From Corollary 2.8 it follows that the solution given by Proposition 2.6 with u, # 0 satisfies u(r) # 0 for ¢ > 0; hence, the Dirichlet
quotient:

2D,
)13,

is well-defined. The study of the asymptotic behaviour of A(t) will be one of the main object of the next section.

(2.12)

3. Main results
3.1. Asymptotic behaviour

In this section we will always denote by u(r) the unique strong solution of (1.1)-(1.2) with u, # 0, given by Proposition 2.6 under
the assumption (2.10) and we study its asymptotic behaviour from several points of view. The geometry of the domain requires
considering two cases. When (2 is non-axially symmetric, we extend [12, Theorem 1] to Navier boundary conditions, namely we
prove that the quotient (2.12) tends to an eigenvalue of the Stokes operator as t — oo, and in turn, we obtain that both ||u(®)||,
and ||Du(?)|,,, decay at infinity with the same exponential rate, see Theorem 3.1 and Proposition 3.5 below.

Theorem 3.1. Let Q C R3 be a non-axially symmetric sector. Then, there exists an eigenvalue A of problem (2.5) such that

lim i) = A G.1
t—+oco
and
log || Du(r) log [|u(?)
m 2 || ||z,_(z - lim 2 || ||2,Q = A, (3.2)
t—+00 t 1—>+00 t

Instead, when @ is characterized by some axial symmetry, three different kind of decay may be observed and the energy of the
solution may not vanish at infinity.

Theorem 3.2. Let 2 C R3 be an axially symmetric sector and let K, be as defined in (2.6). Furthermore, in view of (2.7), write
uy = il + ug o With iy € Ky, and uy y- € K. Then one of the following holds:

@ if ay =0, then
ult) =uyx € Ko forallt>0

namely u y is a stationary solution of (1.1);
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(i) if up g = 0, then
u(t) € Kgy forallt>0

and satisfies (3.1) and (3.2), being A a nontrivial eigenvalue of problem (2.5);
(i) if uy o # 0 and i, # 0, then

u) —uge €Ky forallt>0 (3.3)

and ||u(t) — “0,1c||§,9 = O(e™2*41") as t — +oo, with 4, being the first non trivial eigenvalue of (2.5). Hence,

lim [lu®|? ,, = llu 2 .
dim 13 o = llug 113

Remark 3.3. The existence of steady flows in axially symmetric domains was already known, as well as the fact that a nonstationary
flow converges to a steady flow, see e.g., [11] and [13, Section 6]. However, these results were not settled on sectors and, at our
best knowledge, the fact that £, and ICE are invariants of the flow was not previously highlighted. In particular, Theorem 3.2
points out that, whenever 2 admits an axial symmetry, if the initial datum has non trivial components in the kernel X, (case (i) or
(iii)), then the fluid velocity will never extinguish, although being characterized by a zero-acceleration. In other words, if the initial
datum driving the motion of the fluid complies with the symmetry of the domain and the fluid is allowed to slip on the boundary
with no friction, then the fluid will fall into a perpetual motion. On the other hand, if the initial datum is chosen in the complement
of the kernel K.’E (case (ii)), it remains in ICE and all results given in Theorem 3.1 in the non-axially symmetric case hold.

In order to further characterize the asymptotic behaviour of u(r), we give:

Definition 3.4. We say that an (L?-normalized) eigenfunction e, of (2.5) is an active mode for u(r) if
¢ (t) = / ut)-e, #0 in (0, 00).
Q

According to Theorem 3.2, the eigenfunctions corresponding to the null eigenvalue are the only active modes in case (i), while
they are not active in case (ii). By [7, Theorem 6.2] we know that the sequence of eigenfunctions {e; bren, of problem (2.5) is an
Hilbert basis for H, thus we can expand the solution in a Fourier series, that is,

o
u) =Y ep(tey, 3.4
k=1
where the sum is extended only to active modes and the indices k are ordered in such a way that the sequence of eigenvalues
{Ax}ken, of A is non-decreasing.
Under the assumptions of Theorem 3.1 or Theorem 3.2-(ii), (3.1) holds and we derive from it further information on the
asymptotics. To this aim, we introduce the set of indices:

Jy={keN, st A=A}

The next statement shows that, as t — oo, the energy concentrates on the modes corresponding to A, thus identified by the indices
belonging to J,.

Proposition 3.5. Let the hypotheses of Theorem 3.1 or Theorem 3.2-(ii) hold, and let A be as given there. Furthermore, let u(r) be expanded
as in (3.4). Then, one has

Y o~ luol3, ad Y O =o(u®ll, a5 t— . (3.5)

keJ, kEd 4

Moreover, there holds
lim e*A'u(ty=e, in H andinV, (3.6)
-0 ko

where e iy is an eigenfunction of A (not necessarily L? normalized) corresponding to the eigenvalue Ak, for some ko € J,. Hence,
€y (1) = O(e™#1) and ¢ (1) = o(e™*) Vi # kg as t— oo.

The proof of Proposition 3.5 relies on the validity of the limit (3.1) and it is along the lines of the conclusions drawn in [12]
for the Dirichlet problem, therefore we omit it. For more details, we refer to [12, Proposition 1] for the proof of (3.5) and to [12,
Proposition 3] for the proof of (3.6).

Remark 3.6. A natural issue is to establish a priori which index/indices belong to the set J, and, in turn, to predict the asymptotic
behaviour of the solution. If the hypotheses of Theorem 3.1 or those of Theorem 3.2-(ii) hold, one can reproduce in our context
the proof of [12, Theorem 3] showing that which indices belong to J, depend on the initial data. In particular, it can be proved
that there exists in the set R of initial data given by (2.10) a flag of smooth analytic manifolds R = M; > M; > M, D ... such that
A = J; if and only if uy € M;_, \ M; for some j € N, (see also [15]). Each M; is constructed as the kernel of a nonlinear analytic
map 47 R->RV, where R i denotes the projection of V' on the eigenspace of 4;. Moreover, S(f)M; C M; for all j € N,. Hence,
M; are invariants of the flow and recalling Theorems 3.1 and 3.2, we conclude that
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(i) if Q is non-axially symmetric, the flow (1.1) admits the invariants M ;

(i) if Q is axially symmetric, £, and ICAJ;2 are invariants of the flow (1.1). Moreover, the set ICE can be further decomposed in
the spectral manifolds M; which are also invariants.

It is worth noticing that, due to their nonlinear nature, the definition of the manifolds M; in terms of the initial data is possible
from a theoretical point of view, but it remains quite implicit. In Section 3.2 we provide two examples of 2D domains, one of them
axially symmetric (the disk), for which more explicit information can be found.

Remark 3.7. The existence of one mode catching the energy of the system, highlighted in Proposition 3.5, is very similar to that
observed in some mathematical models for bridges, when studying the Tacoma Narrows Bridge oscillations, and for which the
definition of prevailing mode was formally given in [16]. This behaviour depends on the amount of energy inserted into the system
by means of the initial data and it is related to the nonlinear nature of the models. See also [17-20].

3.2. Complementary results: prototype problems in the 2D case

As already explained in Remark 3.6, which indices belong to the set J,, namely which mode catches the energy of the system
definitively, depends on the initial data through the manifolds M s however their geometry far from the origin is unknown, see [21,
Remark 2.1]. In this section we focus on two prototype problems in the 2D case where more explicit information can be obtained.
More precisely, we consider (1.1) when & is the square Q = (0, z)? or the disk B = {(x,y) € R? : x* + y? < 1}, respectively, our
prototypes of 2D non-axially symmetric and 2D axially symmetric domains. The starting point of our analysis is the validity, in both
cases, of the following identity:

—/(u-V)u~Au:O forallue w, 3.7)
Q

see Lemma 4.7 in Section 4.7 for a proof. Taking advantage of the 2D context and (3.7), it is easy to show that, without smallness
assumptions on the initial datum, there holds

forall uy € V, problem (1.1)—(1.2) with = Q or 2 = B admits a weak solution u(t)
which satis fies (2.11) so that it is strong, unique and global in time,

see Remark 4.8 in Section 4.7. For what concerns the asymptotic behaviour of u(f), Theorems 3.1 and 3.2 hold with no changes
in the proofs except some simplifications coming from the validity of (3.7), see the proof of Theorem 3.8 below. In this respect we
notice that B is the only axially symmetric set in the plane and the kernel K, of the linear map v ~ Du satisfies £, # @ if and only
if Q = B. According to the proof of Proposition 2.4 it is possible to characterize X as follows

Kp = {d+cy(y,—x) : ¢y €R and G, (x, y) € R?}.

By exploiting identity (3.7) we have also established that the quotient A(z) in (2.12) is non-increasing in time; this provides an
upper bound for A in terms of u, and, in turn, allows to establish a priori a majorant for the set J,. More precisely, in Section 4.7
we prove:

Theorem 3.8. Let Q2 = Q or Q = B. Furthermore, in the latter case assume that u, € ICE. Then, u(t) satisfies (3.1) and (3.2), being A a
nontrivial eigenvalue of problem (2.5). Moreover the map [0, +c0) D t — A(t) is nonincreasing and satisfies
2D |12,
AL AN L _— forallt>0. (3.8)
lluo2

In particular, by denoting {A; }en, the nontrivial eigenvalues of (2.5) with (L?-normalized) eigenfunctions e,, we have

(D) if 0% uy = c e for some ¢y €R, then A = A; and u(t) = ¢ e #Ale;
(i) if 0% uy = ¢y yey and A = Ay for some ¢y € R, N € N, then u(t) = co ye™*N'ey;
(i) if 0 £ uy = Zf:’:l coxex for some ¢y, € Rand N € N, then A < Ay and at least one among the first N modes of u is active, namely
if u(?) is expanded as in (3.4) then there exists 1 < ky < N such that i, £ O

Remark 3.9. According to Theorem 3.8-(i), span(e,) is an invariant of the flow. When @ = Q a direct inspection reveals that the sets
span(e,) are all invariants of the flow, see Proposition 4.10 in Section 4.7. The proof relies on the explicit form of the eigenfunctions
and on their simple analytical expression. We conjecture a similar behaviour when @ = B, but, unfortunately, the same computations
seem difficult to be reproduced since the eigenfunctions have more involved expressions, see Appendix.

4. Proofs

Notation. Since in the following we will deal with several multiplying (positive) constants whose exact value is irrelevant to our
purposes, we will frequently use the general symbol C. The actual value may therefore change from line to line, without explicit
reference. However, when it is significant to specify the dependence of C on suitable parameters, we will write it explicitly; we will
use different symbols only when needed to avoid ambiguity.
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4.1. Reflection principle

The general strategy to deal with sectors is to handle the irregularity of the domain by introducing suitable auxiliary problems,
obtained by applying a reflection principle. This strategy was introduced in [10] and adopted to prove Proposition 2.6, however
for the sake of completeness we recall the main ideas in this section. When £ is a sector of type (A) the auxiliary problem is set on
Q,,, see Definition 2.3, while in the case of a sector (B) we use the cell of periodicity €25, see Definition 4.2 below. More in details,
we distinguish between the following cases:

* Sectors of type (A) with m = 1. We introduce the domain Q; = Qp, - where , is the one face satisfying 022 = w, U I', for
some I" having C>!-regularity, see e.g., Fig. 1 on the left. Then, we make two key observations. The first is that £, is of class
C?1. The second is that if a vector field v € H*(L,) is symmetric with respect to P, (in a suitable sense, see (4.1) below)
and satisfies the boundary conditions (1.1) in £,, then it satisfies the boundary conditions (1.1) in £2 as well, see Remark 4.1.
Thus, the auxiliary problem is obtained by setting (1.1) on £,, with the further constraint that the solution is symmetric with
respect to P, . This requires working in H ¢ and V¢, which are closed subspaces of H and V containing £-symmetric vector
fields with respect to P, . In order to clarify what we mean by £-symmetric functions, let us assume, up to translations and
rotations, that w, lies on the plane z = 0. Then, a vector field ¥ = (¥;,¥,,%;) : 2, x (0,T) - R?, and a scalar function
q: 2, x(0,T) - R are said to be &-symmetric if, for all (x, y,z,7) € 2, X (0,T),

Yi(x,y,z,t) = ¥(x,p,—z1) (i=12),
Ys(x,y,z,1) = =W5(x,y,—2,1), (4.1)
q(x, 3,2, = q(x,y,=2,1).

The space H®(£2,) (respectively, V¥(£2,)) contain vector fields belonging to H(£2,) (respectively, V(£2,)) satisfying (4.1),—
(4.1),. Let (u, p) be the unique strong solution to (1.1) given by Proposition 2.6, under assumption (2.10). Define & = (4, &, 43) :
2, xRt > R3and p : 2, xR* = R to be the symmetrized versions of u and p according to (4.1). The auxiliary problem then
reads as follows:

U, —pdu+@-Vu+Vp=0 inQ; x(0,7),
V-u=0 in 2, x(0,T), 4.2)
g-v=Du-v)-7=0 on 02, x(0,T),
with the initial condition
w(x, y, z,0) = ty(x, y, z) in Q. 4.3)

In the following, results will be proven for problem (4.2)-(4.3) in the spaces H¢(2;) and V¢(£2,), and then coming back to
the original problem by restricting @ to Q.

Remark 4.1. The key idea of the above symmetrization argument is the following. Let & € C'(£2,) and £—symmetric with respect
to the plane containing w, : z = 0, characterized by the unit normal v = (0,0, 1) and tangential vector = = (z;, 7,,0); then # satisfies
Navier boundary conditions on w,. Indeed, in view of (4.1), we have

ii-vlwl =13(x,5,0,0)=0 => V(ii~v)~r|w] =0.
On the other hand, again from (4.1), it follows that (;),(x, »,0,7) = 0 for i = 1,2, by which
V@-7)- Vlp, = (@), (x,9,0,0)7) + (i) (x,,0,0)7, = 0
implying
~ | PN | N
Du-v)- lel = EV(u “v)- lel + EV(u -T)- vlwl =0.

The above identities can be extended in terms of weak derivatives.
We notice that, this argument fails if we consider the boundary conditions (1.3) with g # 0, due to the presence of the tangential
velocity in the boundary conditions.

+ Sectors of type(4) with m > 2. In this case, we have that 02 = |J, I' Uw, for some I' having C?%!.regularity, and w;,
i=1,...,m faces as in Definition 2.1. The procedure used to handle this type of sectors is inductive: for m > 2, we exploit the
result obtained in the case m — 1. For instance, in the case m = 2, we define 2, = (!2 p ; then we consider the problem in

P
@)

o
Q P, where we have only the face w,, thus we can apply the results for m = 1. Observe that in this case the spaces H*(£2,,)

and V¢(R,,) contain vector fields with m > 2 symmetries, which are obtained iteratively as £-symmetric extensions of the
corresponding vector fields at step m — 1.

+ Sectors of type (B), smoothly periodically extendable in one direction. We first introduce the notion of cell of periodicity
Qp (which should not be confused with the reflected domains Q).
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Fig. 2. The cylinder Q is a sector of type (B) its cell of periodicity is the double cylinder.

Definition 4.2. Let 2" be as given in Definition 2.3. The cell of periodicity €2, is the set obtained by reflecting £2™ in each of the
directions of periodicity, except for those that have already been used to obtain Q™.

In Figs. 1 (left) and 2 we provide two examples where the cell of periodicity €2, is obtained from reflections due to different
reasons. Indeed, the bottle 2 is reflected one time for topological reasons, in order to get the smoothly periodically extendable
domain £2! which coincides with 25. On the other hand, the cylinder € in Fig. 2 is already smoothly periodically extendable but,
in order to get Qp, it is reflected one time (since it has one direction of periodicity) for analytical reasons that we explain in a while.
Notice that 2, is only Lipschitzian, while its periodic extension is C>!. In order to overcome this difficulty, the strategy developed
in [10] is to introduce an auxiliary problem obtained by setting (1.1) on £, with two constraints: the solution must be symmetric
with respect the planes of reflections used to obtain £, and it must be periodic with respect to the directions of periodicity of Q5.
Both conditions are included in the functional setting.

As an explicit example, let p, || p, be the unique couple of planes in (2.2). Let us assume that p;, : z=0and p, : z = z, for some
zy € R, while p; : z = —z, is the symmetric of p, with respect to p;, see e.g., Fig. 2. Instead of working with H and V, one works
with H¢(2p)Nn L% and V¢(Q2p)n H},, where H®(Qp) (respectively, V¢(£2p)) are the subsets of H (respectively, V) of vector fields
symmetric with respect to the planes of reflection used to obtain £, while

ink
HS, ::{ueH’(.Qp) : u:chezﬂz and Zk2S|ck|2<oo} (s=0,1,2),

keZ keZ

with the convention that Hg = L*(2;). In general, u| oy F Ul that is why, for instance, in the case of the cylinder £ one has to
perform one reflection with respect to p, so as to obtain functions which are periodic in the z direction.

Still referring to the above explicit example, let (u, p) be the unique strong solution to (1.1) given by Proposition 2.6 under
assumption (2.10), we define u™, p™, ug' to be the symmetrized corresponding vector fields, coherent with the symmetries of 2" and
defined iteratively as in the case of type (A) sectors. If Q" = Qp, we put u” = u",p” = p'",uz)) = u7'. Otherwise, we define u?, p”, uop
to be the £-symmetric extensions of u™, p™, ug' on Qp. The proof of Proposition 2.6 in [10] is achieved by dealing with the auxiliary

problem obtained by setting (1.1) on £, and replacing (1.1); with
up(x, ¥, —zp, 1) = up(x, ¥,z9,t) on I x(0,T),

4.9
W’ v=Du”-v)-z=0 on Iyx(0,T),

where Il = 392, N (p, UP,) and I'y = Qp \ I}. We notice that the first in (4.4), combined with the second in (4.1), yields
u v, , =0, hence, under the £-symmetry assumption, one finally recovers the boundary conditions in (1.1) for £p. In particular,
in [10] it was first proved that u” € L®(R*; V¥(25)n H},(2p)) and u”, Au”, Vp” € L*(R*; L*(2;)) and then the statement for (u, p)
was gained by taking the restriction of u” to Q.

» Sectors of type (B), smoothly periodically extendable in two or three directions. The previous case is extended by properly
modifying the auxiliary problem. This requires introducing the cell of periodicity Q,, changing the functional spaces so as
to include periodicity and symmetries in two or three directions, and defining the suitable £-symmetric extension of (u, p),
see [10, Appendix 1] for more details and figures.
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4.2. Proof of Proposition 2.4

Parts of the proof were already known but not yet stated in the case of sectors, see e.g., [7, Lemma 3.3], [11, Appendix 1], [22,
Theorem 1] and [13]. We start by noticing that

Dz=0 = zfy=?i+t7A(x,y,z) V(x,y,2) € 22 forsome?i,ieR3.

If Q is a sector of type (A) with m = 0, it is readily seen that z ;- v =0 on 0 if and only if £ is axially symmetric with respect to an
axis parallel to Z.In particular, if two functions z 77, satisfy z ;o VEig V= 0 on 9£2 for fl # fz, then, in view of [22, Lemma
1], 2 is a ball.

In all other cases, we observe that the boundary 0 of a sector 2 may be written as

k
0@=Jour,
i=1
for some I' having C>! regularity, and w;,i = 1,...,k faces according to Definition 2.1. In particular each of the faces of a sector
“sticks orthogonally” to the smooth part I'. If k = 1, then, z;-v =0 on o, if and only if £ = ¢,v for some ¢, € R, hence Q is axially
symmetric with respect to v. If k = 2, by the same argument we find that K, # @ if and only if », and w, are parallel, and € is

axially symmetric with respect to v, being v the unit vector normal to », and w,. The case k > 3 gives a contradiction.

Remark 4.3. By the reflection principle outlined in Section 4.1 we can properly relate the eigenvalue problem (2.5) posed on a
sector 2 with those posed on the auxiliary domains £2,, or €. In particular, with reference to the notations of Section 4.1, if Q is a
sector of type (A), the system of eigenfunctions {e; }, e, Of A in H(£2) can be obtained by restricting to £2 the set of eigenfunctions
(e} keN, of A in H%(R,,). Moreover, as for V, in V¥(£2,,), the usual decomposition holds:

VoeVviQ,), wv=io+ue with veeKy nV4R,) and bekf nVELR,).

We observe that, if the sector Q is non-axially symmetric, then Ko, N Vé(Q,) = @ even if Q,, is axially symmetric, otherwise,
restricting to £2, we obtain K, # @ contradicting Proposition 2.4. The case of sectors (B) works similarly.

4.3. Technical lemmas

In this section we prove two technical lemmas needed in the proofs of Theorems 2.7, 3.1 and 3.2. The statements are given for
smooth domains while at the end of the section we explain how they can be exploited in the framework of sectors by means of the
reflection principle in Section 4.1. With reference to the notations of Section 2.3, we prove

Lemma 4.4. Let Q c R? be a bounded domain of class C>'. Then D(A) = W (L) and

() if Q is non-axially symmetric, || Aul|, o is a norm on D(A), equivalent to the norm induced by H 2(Q);
(i) if Q is axially symmetric, ||Aully o + llugll».o is a norm on D(A) equivalent to the norm induced by H 2(Q).

Proof. Parts of the proof were already known, see e.g., [11, Theorem 1.2] or [5, Theorem 1.3.1], however, for the sake of
completeness, we provide a short but full proof here. We start by considering the case where ( is non-axially symmetric. Let u € D(A),
by definition Au € L?(R2), namely there exists f € L?(£2) such that

2/Du:DU=/f~U, Yoev. (4.5)
Q Q

By interpreting (4.5) as the weak formulation of a stationary Stokes problem, we apply [7, Theorem 4.1] and we deduce that
u € H?(Q) and

”“”HZ(Q) < ClIfllz.e = CllAully 0

for some C = C(£2) > 0. Since the inverse inequality is trivial, it follows that ||Aul|, , is a norm on V' n H 2(Q). Then, by exploiting
formula (2.4), we also deduce that (Du - v) - 7 = 0 on 02, hence u € W (). Viceversa, if u € W (), by exploiting again (2.4), it is
readily seen that (4.5) holds with f = —P(4u) € L?>(Q2), therefore u € D(A).

If Q is axially symmetric, by Proposition 2.4, K, is non-trivial. Thus, for u € D(A) we have u = u + uy, where uy. € K, and
u € K}, and, as above, Au € L*(Q) is equivalent to

2/DE:DU=/f~v, YvevV,
Q Q

for some f € L*(2). Then, by [7, Theorem 4.1] (which holds in ICE), %]l g2y < CllAull,  for some C = C(£2) > 0. Therefore, since
”””iz(g) = ||E||22(Q + ||u,C||§Q, (ii) follows by recalling Remark 2.5. Once this established, the fact that D(A) = W(£2) follows by
exploiting (2.4) as explained in the non-axially symmetric case. []

10
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We are now ready to provide some estimates for the convection term. To this aim, we first recall the identities below which
follows by integrating by parts and that will be exploited throughout the paper:

/(u~V)u~w=—/(u~V)w~v and /(u‘V)U~U=0 YueV . Vo,we H(Q). (4.6)
Q Q Q

Lemma 4.5. Let 2 C R3 be a bounded domain of class C>'. For all u,w € D(A) the following inequalities hold:
(1) if Q is non-axially symmetric:

3/2
2.0

172 172 .
V2 IDul)y2 1 Aull, | Aol

1/2
CyIDullY2 N Aull)2 1| Awlly o

2.0

|(u - VIu, Aw) | < 4.7

Gllull
(ii) if Q2 is axially symmetric:

_ 3/2 1/2
G (lluellg + Dal0) " (lugllpg + I Aullsg) ' 14wl o

1/2
Cyllull,

[((u- Vu, Aw)g| < _ 1/2
10 (lugellao + IDEll0) " (lugllyqo + | Aullyo) 1Awl,g -

for some C; =C;(2)>0withi=1,...,4

Proof. Let Q be non-axially symmetric. Then, by Proposition 2.4 we know that the norms ||V - ||, , and ||D - ||, , are equivalent.
Thus, by suitable Sobolev embeddings and Lemma 4.4, for all v € V and w € D(A) we have

Iolls.0 < CIDVll 0 (4.82)
[Vwllg.q < CllAwll, o (4.8b)
IVellso < V@l 2IVwllys < CIDwll/3ll w3 (4.80)

Then, inequalities (4.7) can then be obtained as an immediate consequence, by using [|(v - V)ull, o < [|vllgollVull; o in (4.7); and
- Vullpg < I0ll5.0llVullg o in (4.7), for all v,u € HX(Q)N V.

If ©Q is non-axially symmetric, let v =0+ vp € ¥V and w = w + wy € D(A), where vy, wyx € Ky and v,w € ICE. Inequalities
(4.8a)-(4.8b)-(4.8c) change as

lolls.o < C (logellaq + Doll0)
IVwlls.o < C (llwellro + 1Awll, )

1/2
IVellso < IVelly3

1/2 _ 1/2 1/2
||VW||6(Q < C (llwgllpg + IDWll,.q) / (lwella.o + 14wl ) 2,

forall v eV and w € D(A). [

Remark 4.6. In the framework of sectors, recalling the notations in Section 4.1, the conclusions of Lemmas 4.4 and 4.5 are needed
only for the auxiliary problems which are set on £,, or 25, respectively for type (A) or type (B) sectors. The sets 2,, are C>! therefore
Lemmas 4.4 and 4.5 apply. Concerning with €, the statement hold by modifying the domain of A as follows

Dy(A) :={ueVEQp)nH;, : Aue L%},

With this position, we may repeat the proof of Section 4.1 with problem (4.5) set on 2 = Q, with f € L%. Here, the lack of
smoothness of £, in the directions of periodicity can be overcome by viewing this problem as the restriction to 2, of (4.5) settled
on a suitable periodic (smooth) extension of £2,. Making reference to Fig. 2, one can define the extended domain by adding a
cylinder (namely a copy of 25) on both sides of €. Finally, we recover the regularity on 2, by local regularity results for (4.5)
settled on the extended domain. In particular, we establish that

Dp(A) = Wp(2p) == {ueVEQp)nHE : Du-v)-t=00nly},

Similarly, from local a priori estimates we recover the desired equivalence of the norms || Aul|,, o, Or [[Aully o, +lluglls o, on Wp(2p),
respectively in the non-axially symmetric or axially symmetric case.

We conclude the discussion by noticing that, if u is the solution of (1.1) given by Proposition 2.6, by construction (as explained
in Section 4.1), there holds:

(i) if Q is a type (A) sector then the £-symmetric extension & of u to 2, satisfies Ail € LZ(Q,,,);
(i) Q is a type (B) sector then the £-symmetric and periodic extension up of u to 2, satisfies Aup € L*(2p).

In particular, for what remarked above, for type (A) sectors we deduce that 2 € W (£2,,) and, in turn, arguing as in Remark 4.1, that
u € W(£2). The same conclusion holds for type (B) sectors.

11



E. Berchio et al. Nonlinear Analysis: Real World Applications 79 (2024) 104102

4.4. Proof of Theorem 2.7

The proof goes along the lines of that of [23, Lemma 3.1] in the Dirichlet case but with nontrivial changes in the estimates
needed to conclude (see also [24, Chapter 12] and [25, Chapter 2, Section 8]). We give the proof when 2 has a C%>!-boundary; the
result can be extended to sectors of type (A) (resp., (B)) using the auxiliary domain £,, (resp., the cell of periodicity £2,) by applying
the reflection principle outlined in Section 4.1. We recall that if 2 is a non-axially symmetric sector, then for the corresponding ©,,
(resp., £2p) one has K, N VEQ,) =0 (resp., Ko, NVE(2p) = M)

The procedure relies on the complexification of H,V and V’, which we denote by H,V, and VC’. The complexified space H,
of H (respectively V, VC’ of V,V’) is given by

He = {u; +iuy : uj,uy € H}
and it can be endowed with the scalar product:
W, V), = (@ + iy, 0y +iv) g, 1= (U, 01)g + (W, V) + i [, ) = (U, 2)0] -

By linearity, the Stokes operator A extends to a self-adjoint operator in Hc. Let {e,} | C V. be the set of eigenfunctions giving an

orthogonal basis in ¥, and an orthonormal basis in H. Fix 6 € —%, %] and take ¢ = se’ for s > 0. Then we consider the extension

to complex ¢ of the nth-order approximation of (1.1), that is

(u;’(t),ek)HC + u(Au" (1), ek>VC’,VC =—(W"(@®) - V)u"(t),ek)HC , k=1,...,n

u"(0) = ZZ:l("O’ek)Hcek .

(4.10)

The system has a unique analytic solution u"(¢) for |¢| small, of the form u"(x,?) := ZZ=1 cp (e (x). In particular,

%”un(seie)”%{c =2Re [eiﬂ (%un(seie),un(seie))flc]

and
d 0y, o012 Ld  yongoify ne,io 0,4 ne 0N 4 om0
I s, = 34 (AW G50 5y, = Re [ (S (56, A (s e |

We multiply (4.10); by e/, then by ¢y (t), we sum over k and we take the real part to obtain

1d n ANTA . n AT

EEHM (se )||HC + 24 cos 0||Du" (se )”HC =0. (4.11)
On the other hand, by multiplying (4.10), for ¢/, then by Ael () = Al ), where {4, Yoo, is the set of eigenvalues of (2.5), summing
over k and taking the real part, we have

% ||Du"(se"9)||§,c + ucos 9||Au"(se"")||§,c =-Re [ei‘g((u”(seig) - V' (se'?), Au"(seie))HC] . (4.12)

Next, we need to manipulate (4.11)—(4.12). This leads to distinguish between two cases. Before proceeding, we emphasize that all
estimates obtained in the real case still hold in the complex framework, with the bounding constants being larger.

(ii) Case Q non-axially symmetric.
4u

Inequality (2.8); applied to (4.11) gives % ||u"(se"9)||§ic + 2 cos 0||u"(se"9)||ic < 0 which, for s > 0, yields

4u

i0\112 2 ——=(cos0)s
P Y P

(4.13)

If we integrate (4.11) over (0, ), we get

T
||u"(re’9)||2HC +4u cosﬂ/ ||Du"(se’9)||§,C ds = ||u0||§,{2’
0

1

) . . .
Troord ||u0||2’_Q. To estimate the right-hand side of (4.12), we use (4.7),.

which, recalling (4.13), gives [ ||Du"(se"9)||ic ds =
By Young’s inequality, we deduce

C

3/2 3/2
(" - V", Au") | < C||Du"||,jc||Au"||H/C < gcos 9||Au"||§,c + mllDu"IIZC.
Plugging this into (4.12), we obtain
E||Du"(se’9)||%1c + 5 cos 9||Au"(se"’)||§,c < mnnu"(se'”)n‘;c ) (4.14)

We apply [10, Lemma 2-(i)] to (4.14) and we obtain that, if ||ug||3 ,[IDugll3 ,, < C u*, then

2l

. 44
IDu" (s ™), < K := r Vs>0,vee|-Z E] .

s (4.15)
u = CllugI , IDuql2 474

12
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(i)

Since the right-hand side of (4.15) is uniformly bounded with respect to n, we found that u"(¢) can be actually extended to
be analytic in the interior 7' of the set

T:{t:seia st s>0, fe [—E,E]}.

4" 4

From (4.15) and by the compact embedding of V- into H, we deduce that, for all r € T, we can extract a subsequence, which
we still denote by {u"(®)};7,, converging in H.. Hence, the Vitali’s Theorem (see, e.g., [260, Theorem 3]) applies, so that we can
extract a subsequence {u"(#)}* | uniformly converging in H, on every compact set in T, to an analytic H-valued function
i(t). However, by [10], we know that, under assumption (2.10), for real times # > 0, the sequence {u"(H}:2 | converges in H,
uniformly on every compact set included in [0, ), to the solution u(r) of (1.1). Thus a(z) is the analytic H-valued extension
ofut) to 7.
As next step we prove that Ai(r) is also an analytic H-valued function. Let P, denote the orthogonal projection in H.- onto
the space spanned by the first k eigenfunctions {e,,e,, ..., e, }. Then, for every k fixed and every compact set M included in
T, we infer that

AP (@) = APl < Cillu, @) —AD)llz, >0  as n—oco.VieMcT.

Thus, by Lebesgue’s theorem, integrating (4.14) and using (4.15), we have

/4 3
~ 2 T n 2 < limi n i0y)2
/M||APku(t)||HC dt )ggoAlllAPku (t)||HC dt_hggjlf oy [|Au" (se )||Hcsdsd€

3
C—’§ 45— K,
w2y

where 5 is chosen sufficiently large so that M C {se’ : 0<s <5, 6€ [—'Z’, ’Z’] }, by which we deduce that

2
< ClIDug |2, +

u / AP, di < Ky < oo.

Since {||APkﬁ(t)||§1C v, Is increasing, it must be: lim;_, ||APkﬁ(t)||§1C < oo a.e.on M.
Hence,

o _ S Y =12
0= lim [|4a() = AP}, = lim (|4G0I}, ~ IAPE®IG,)  ae on M,

by which we infer that u(t) € D(A) for a.e. r € M. Next, by the Monotone Convergence Theorem, we immediately infer that

. ~ . i - . 2
lim [|AG() = APEOl 20 = lim /M l4(t) = APEDII, dt
(4.16)
= lim / (NAGDI3, — IAPEDI3, ) dt =0

for any compact set M c T. The convergence in (4.16) implies that {APa®}2, converges to Ai(r) in H, uniformly on any
compact set included in 7. Thus, Ai() is a H-valued analytic function on the whole T, which implies that a(¢) is an analytic
D(A)-valued function, in 7, which in turn yields the thesis.

Case 2 axially symmetric.

We rewrite (4.11) as

d o . .
= (||u”(se’9)||2H + ||u';c(se'9)||§,c) + 4y cos Bl|Du"(se )|, =0 4.17)
which yields that ||u ]c(se"g )||2 ||uO||2 and that ||u”(se"’)||2 is non-increasing with respect to s, thus it admits a (finite)

limit as s — 0. By 1ntegrat1ng (4 17) on s € (0, ) we get
N 2 . 612
ucoso [P ds < gl = Jim s
Next, we estimate the right-hand side of (4.12). Proceeding as in [10, (35)], we arrive at
H 2 —n )16
I(@" - Vu", Ay, | < 5 cos 9||Au”||HC +C(1+ ||Du”||HC) (4.18)
with C = C(2, p. |lugll, o). Plugging (4.18) into (4.12), we infer that

Ay ,i0y)2 H e i0N)2 1|6
75 ||Du"(se )”HC + ) cos 0] Au"(se )||HC <C( + ||Du “Hc)’

and

LD (se )Ry, = L parse I, <+ DA, ). (4.19)

Finally, we apply [10, Lemma 2-(ii)] to (4.19) and we deduce that, if —||u0|| (||Du0||§ ot D < %, then there exists
K = K(2, u, dgll5.0. IDdll,.0) > 0, independent of n, s, §, such that

D" (se)[, <K Vs>0.¥0 € [—% ﬂ . (4.20)

Once proved (4.20), all subsequent steps follows as in case (i).

13
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4.5. Proof of Theorem 3.1

The proof is achieved expanding on the proof of [12, Theorem 1] for the Dirichlet problem and relies on the validity of the
Poincaré inequality which holds if € is non-axially symmetric, see e.g., Lemma 4.5-(i). For the sake of completeness, we recall
the main steps. We assume that 2 has a C>!'-boundary, then, as already explained, the result can be extended to sectors of type
(A) (resp., (B)) using the auxiliary domains £,, (resp., the cell of periodicity 25,) by applying the reflection principle outlined in
Section 4.1.

Proof of (3.1). Since £ is non-axially symmetric the set X, defined in (2.6), is empty, thus u, € ICE. Let A(7) be as given in (3.1),
we compute

1d 1 1
L= ———— S
2477 a2, a2,

Denoting by B(u,u) the projection onto H of (u- V)u we write (1.1) projected onto H as

[Z(Du, Du,)o — Au, u,)Q] = (Au — Au, u,)g. (4.21)

u, + pAu+ Bu,u)=0 in Qp. (4.22)

Therefore, (4.21) becomes

1d
2ar

__ K _
a1, a2,

In the following, two useful identities will be needed several times. The first is obtained by taking the scalar product of (4.22) with
the solution u and exploiting the Green formula (2.4):

A1) = | Au — ’1””;!2 - (B,u), Au—Au),. (4.23)

d

SIS g + 4D 5 = 0. (4.24)
By taking the scalar product of (4.22) with Au(t), which is possible due to (2.11), we have the second identity:

d

EllDu(:)n;Q + ull U3, = (@) - Vyu(o), Au®))g. (4.25)
In order to estimate the right-hand side of (4.23) we proceed by steps.

— Step 1. We estimate [lu(t)|l,.o, IDu(®)ll,,o and ||Au()ll, o. By using (2.8); in (4.24) and observing that C?) =2/, (where 4, is
the first eigenvalue for (2.5)), we get

d 4u _
Sl o + = Ui} o <0 = O3 g < llugll; ge™#417% (4.26)
Q

while integrating (4.24) over [¢,7] we obtain

T
(T3 ¢ + 4u / IDu(); gd7 = llu®ll3, VT 2120
t
In turn, letting T — oo we get

® i3, -
IDu(0)||? jdr = ——== < — |lupll2 ¢ @ <o (4.27)
/ 2.Q 4y 4u 0ll2 o

2
which, for t = 0, gives f0°° ||Du(t)||§ odt= %. Thanks to (4.27), there exists 7 > 0, depending on f, sufficiently large, such
that ’

[Du@®llo<B  Vt2T. (4.28)
Inequalities (4.26) and (4.28) prove that
@l IDu(®)ll,q < Bllugllz, oo™ VixT. (4.29)
By (4.7), and (4.29), we infer that
1

(@) - Vyu(t), Au@)gl < CVB lluglly/gy e #4172 Aun)|2 -

The above inequality, inserted in (4.25), gives
d -
LD + (= CV Bllug /g e #1/)| Auo) I} < 0. (4.30)

Integrating (4.30) from ¢t to T (T >t > T), and letting T — +co0 we get
[se]
(1 = CV/Bllug /2 e~ /20y / IAUGIE o ds < IDUIZ, VT,
t

14
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implying the existence of C > 0 such that

w CVBluolly2
/ lAu@)I? dz < CIDu@I?,,  Vi=T > % log| ——— 221, (4.31)
t ’ § HAY H

— Step 2. We prove that lim,_,, A() < . By (4.7); and Young’s inequality, there exists C > 0 :
=
2

M
[(Bw,u), Au—u),| < % Dull; Il Aullz g + 51l Au = aull3

which, plugged into (4.23), yields

Autt) — Auto) |2
Lo+ p—e—22 < €
di I, "

Thanks to (4.27) and (4.31), by Holder inequality we have

Al
A IDu AU 0 (4.32)

o0
/ IDu(t) |2 ol Au(t)l2 0dr < Cllu®ll olIDu@®ll, o YT, (4.33)
1
for some C > 0, which combined with (4.32) implies that
A, £ limsup A(T) < A(t)e% [ IDu@)lly, @l Au(o)ll 0d = < A()eC IO IDuOl2.0
T—oo

for some C > 0 and for all 7 <t < T. In particular, from the above formula we deduce that

sup A(t) < /‘l(T)eC”“(T)HZ,Q”D“(T)HZ.Q <. (4.34)
>T

Then, by (4.29), we conclude that A, < limsupy_,,, AT) < liminf,_,,  A(f) < oo, proving the existence of lim,_,, , A(t) = A € R*.
— Step 3. We prove that A is an eigenvalue of (2.5). Set v(r) = u(®)/||u(®)ll, o so that A(t) = 2||Du(t)||§g. Thanks to (4.32)-(4.33)
we get

(o]
i [ 1400 = A0 g ds < Csup OO o IDUCE ) 4 45) V2T,
T 7

for some C > 0, implying, by (4.29) and (4.34), that ||Av - Avll, o € L%(z, ) for > T and the existence of 1= o such that
[Auv(t;) — At;)v(t;)] = 0 as t; — co. Since ||Dv(tj)||§g — A, up to a subsequence, we have that v(t;) — 0 in H as t; — co; hence,

Au(t;) = (Auv(t)) — A o)) + (AE;) — Dolt)) + Av(t) > Av in H as t; — oo.
Being A a closed operator, v belongs to D(A) and we have Av = Av; since |[v(t))ll, o = 1, then U # 0, implying that A is an

eigenvalue of A. []

Proof of (3.2). We buy the lines of [12, Corollary 1]. Since A(r) > A for 1 — oo, from (4.24), for all € > 0 there exists t; > 0
sufficiently large such that

d
“2u(A+ DI g < D5 o < -2uA = Ollu®ly g Viz1.

This implies

log ||u(t) log ||u(t)) t n\!
—5§< z |l ||2,Q_ 2 || 1”2’9—/\—]+A><1——'> <e Vi1,
ut ut t t

log [lu()ll2,o
1

|Dull> o

and, in turn, lim,
> ] 1—>+00 ”V”LQ

= —uA. On the other hand, by (4.34) there exists C > 0: |log
(3.2. O

< C for all r > 0, implying

4.6. Proof of Theorem 3.2

From Proposition 2.4, we know that either 2 is a ball or it is monoaxially symmetric. The proof of item (i) follows by verifying
that

24Dug o, Do) + /(uox Vg -v=0 forallveV,
Q

which yields that u s is a weak and, in turn, a strong solution of (1.1) (for a suitable pressure p). By definition of K, we already
know that Du s = 0. In order to show that the second term of the above formula also vanishes, we consider the case where & is
monoaxially symmetric. With no loss of generality, we take @ = 0 and 7= (0,0, 1), then K, = span{W?}, with W?* = (y,—x,0), and
ug e (x,¥,0) = ¢y (., —x,0) € K, for some ¢, € R. Finally, we have

/(uo,,c-V)uox-v=—/(x,y,0)-vdxdydz=—/(U~V)u0x~u0xdxdydz=0.
Q Q Q

15
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When  is a ball the proof follows similarly once noticed that X, = span{W™*, W, W=}, with W~ = (0, z,—y) and W? = (-z,0, x).
Next we turn to the proof of (3.3) which yields the first part of the proof of both (ii) (by taking uy, = 0) and (iii). We divide
the proof into two cases.

— Case (a): £ is monoaxially symmetric. With no loss of generality, we assume that X, = span{W?*}. Then, for any (x,y,z,1) €
Q x R*, the solution u of (1.1) can be written as

u(x, y, z,1) = i(x, y, z,1) + upe(x, y, z,1) (4.35)
with
a(x,y, z,t) = (g, iy, i3) € lC_é and  up(x,y.t) =c(OW?* € K,

where ¢ € C%([0, oo]; R) is such that c(0) = ¢ = (g, W) (namely, ug e(x, y) = cgW?3).
For all 7 > 0, u satisfies u, + pyAu + B(u,u) = 0 in H and taking the scalar product with W? we deduce that

o=||WZ||§Qc’(z)+/(u-V)u-Wdedydz:

o (4.36)

||WZ|I§QC’(I)+/(12~V)12-Wzdxdydz+/(u,C-V)ﬁ-Wzdxdydz,
! Q Q

where we have used the fact that [,(u- Vug - W?dxdydz = c(t) [,(u- VYW?*-WZ?dxdydz =0, and (4.6),. By (4.6),, we also
deduce that

O:/(ﬁ~V)WZ~Wdedydz:/(xﬁ1 +yiy)dxdydz. (4.37)
Q Q
Some computations yield

/(12~V)17-Wzdxdydz=—/(ﬁ~V)WZ~12dxdydz

Q Q

(4.38)
= —/(ﬁz,—ﬁl,O) (1), iy, i) dxdydz =0,
Q

and, using (4.37),
/(u,c -V)ia-Wodxdydz = —c(t)/(WZ -VYW?-iadxdydz
Q Q

(4.39)
= c(t)/ (xit, + yiiy) dxdydz=0.
Q

Plugging (4.38) and (4.39) in (4.36), we infer that ¢/(f) = 0 for ¢ > 0, thus c(f) = ¢, for all # > 0 and (3.3) follows.
— Case (b): 2 is a ball. Then, £, = span{W*, W, W*} and the solution can be written as in (4.35), where, for any (x, y, z1) €
Q x R*, we have

u(x,y,z,1) = ¢ ()0, z, —y) + ¢, (1)(—z,0, x) + c3()(y, —x,0)

with ¢j,¢5,¢5 € C0([0, 0); R) such that ¢, (0) = 1o = (o, W¥)g, ¢2(0) = ¢y = (uy, W) and ¢;3(0) = ¢35 = (up, W?)g. As in case
(a), by taking the scalar product of the equation with W* (resp., with W7 and W?), since {W?* WY, W?} are orthogonal in
H, we obtain

||WX||§Qc;(z) = = [o@-Vyii-W¥dxdydz - [p(ug - VIu- W dxdydz

= Jol@ - Vug - W¥dxdydz

||Wy||§Qcé(t)= —fg(ﬁ-V)ﬁ~Wydxdydz—fg(u,c-V)u~Wydxdydz ( )
) : 4.40
= [ol@ - Vuge - W¥dxdydz
||WZ||§Qc§(t) = = [o@-Vyi-Wodxdydz — [(ug - Vu-Wdxdydz

= Jold - Vug - W2dxdydz.

Arguing as for (4.38), the first terms on the right hand side of each line of system (4.40) vanish. To handle the other terms,
we observe that

—/Q(u,c~V)u-dexdydz—/g(ﬁ-V)u,c~dexdydz
:/Q(MKoV)W"'udxdydz+/9(ﬁ-V)WX-u,cdxdydz
:/Q(O,u,cg,—u,cyz)-(ul,uz,u3)dxdydz+/!2(0,173,—122)v(u,cyl,u,c’z,u,cs)dxdydz
=/Q(u,cj(uz—ﬁz)—u,cz(u3—ﬁ3)) dxdydz:/g(u,c‘3ulc,2—ulc,2u,c’3) dxdydz=0

16
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and, with similar computations, that

/ (=(uge - Vyu-W? = (@ Vyug - W) dxdydz =/ (—ugesuge) + ug ugs) dxdydz =0,
Q Q

/ (—(uge - Vyu- W= = (i Vyug - W=) dxdydz =/ (ugatiey — g gs) dxdydz =0.
Q Q

Therefore, all terms on the right hand side of each line of system (4.40) vanish and we infer that c{(t) = c;(t) = c;(t) =0 for
t > 0, by which ¢;(t) = ¢; g, c,(t) = ¢; 9 and ¢;(t) = ¢3 for all > 0 and (3.3) follows also in this case.

It remains to study the behaviour of u as t —» +oo; the same proof works both in the case where 2 is a ball and it is monoaxially
symmetric. In case (ii), from what proved above, we have that u(t) = a(t) € ]C_é for all > 0. In lC_ﬁ2 the Poincaré inequality holds,
therefore the proof of Theorem 3.1 applies and we conclude that z satisfies (3.1) and (3.2). In case (iii), we have instead that

u(t)y =a(t) +up,e  forallr>0. an
By taking the scalar product of the equation with u and using (2.4), we derive (4.24) which, in view of (4.41), yields

d i7 -

Ellu(t)llég +4uDa)|3 , = 0.

The above equation implies that ||a(t)||, , goes monotonically to 0 as t — +co with ||ﬁ(t)||§ 0 < ||ﬁ0||§ Qe‘z‘”l’ for all r > 0, where 4,

is the first nontrivial eigenvalue. Combined with (4.41) this information completes the proof of (iii). []
4.7. Proof of the results in the 2D case
The key ingredient in our proofs will be identity (3.7), therefore we start by proving it:

Lemma 4.7. Let Q = Q or 2 = B. There holds
—/(u~V)u~Au=O foraluew . (4.42)
Q0
Proof. Proof of (4.42) when 2 = Q. We write u = (u;,u,) and Au = ((Au),, (Au),). Let L; = {0}x(0, 7), L, = (0, ;)x{r}, L3 = {x}x(0, )

and L, = (0,7) x {0}. Recalling the definition of W in (2.3), since the boundaries are flat, it is well-known (see e.g., [27]) that u
satisfies the mixed Dirichlet-Neumann type boundary conditions:

uy=0on LyUL;, dyu =0onL,Uly, uy=0o0nL,ULy, Oduy=0o0nL;UlLj. (4.43)
Developing the Lh.s. of (4.42) in components we obtain

- /Q [y 01ty (Au)y + 101y (Au)y + 110,15 (Au)y + up0,uy(Au)y| dxdy.
Integrating the first term we get

—/ uy 0 uy (Au), dxdy = —/ V(u0uy) - Vu, dxdy+/ u0,uy Vuy -vdo
Q Q LyULyUL3ULy

=—/V(u10xu1)-Vuldxdy—/ ulaxulaxuldy+/ U0 u 0y dy
Q L L3

—/ upOyuydyu;y dx +/ U Oyu dyuy dx = —/ V(u0.uy) - Vuydxdy,
Ly Ly Q

where the terms on the boundary vanish because of (4.43). As a consequence, denoting (9,,d,) = (d,, d,), we deduce that

2 2
== / (w0 )opu; dxdy =~ / [Oct4;0,u;0u; + u;0y;0,u;] dxdy.
ijk=17% ijk=17%2
Next, observe that, expanding the first term, we get
2
Z /oku,.a,.ujaku, dxdy = / OxuyOxu Oy dxdy+ [ Ogupoyu;oguy dxdy
Q Q

i.jk=1 Q

+/ Oyt Oyt Oyu dxdy+/6yu20yu16yu1 dxdy+/0xu]z3xuzaxu2dxdy
2 2 Q (4.44)
+/ Oy p0y iy Oty dxdy+/0yulaxu20yu2dxdy+/ayu2dyu20yu2dxdy
Q Q Q
=/(axu1)3 dxdy+/(dyu2)3 dxdy=0,
Q Q

17
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due to the divergence-free condition, which entails that d,u; = —d,u,. The second term also vanishes. Indeed, through integration
by parts, we have

(6u)
/u(),ku Ogujdxdy = — /dl u dxdy+ z / L vde =0.
i.j.k=1 J.k=1 ij.k=1

This concludes the proof of (4.42) when Q = Q.
Proof of (4.42) when 2 = B. In this framework it is convenient introducing a new reference system with versors (i", j*), so that
v €V writes v = (v, ;) = Vi + v, = (v] c0s 8 + v, sin O)i" + (v, cos @ — v; sin H)j® and

V" =0"(p,0) = v(p,0)cos b + v,(p,0)sin O

(4.45)
v? 1= 0%(p,0) = vy(p,0)cos 6 — vy (p,0)sin 0.
Then, all u € W satisfy the boundary conditions
u"=0on {1} x[0,27) and u? —u?=0on {1} x[0,2x) (4.46)

u(p r
and the divergence free condition writes u; +2+% ~0in (0,1) X [0,27), see (4.49) in Appendix.
pp

Finally, we consider the L.h.s. of (4.42). By integrating by parts, we obtain
—/(u~V)u-Audxdy:—/ V(- Vu) : Vudxdy+/ w-Vyu-Vu-vdo
Q Q 0Q
where, for u = (u;,u,), the boundary term writes
Ww-Vu-Vu-vdo = (u10yuy +uydyu))Vuy - vdo +/ (u0xuty +uy0,uy)Vu, - vdo.
02 fle) 0Q
Passing to polar coordinates, we observe that
Vu; -v <d u; cos 6 — 0914 , Opu; sinf +60u > (cos8,sinf) = i=1,2,
P P
giving
/ wu-Vyu-Vu-vdo =
00

2r
/ [uldpu] (Bpul cos 6 — dpu;sin 0> +uy0,u <0pu1 sin @ + dyu;cos 9)] do+
0

2r
/ [uldpuz (6/]142 cos 0 — dyu, sin 9) +uy0,uy <Bpu2 sin @ + dyu,cos 0>] do,
0
where every function is considered in p = 1. Recalling (4.45) we may rewrite the equation as
2z
/ (u-Vyu-Vu-vde = {[@,u)* + @ ux)*|u" + [0,1,05u; + 0,u,dguy|u }dO =
0Q 0
2r
/0 [0,u10pu; + 0,uy0puy|u®do,
where in the last equality we used the boundary condition (4.46). In particular, we obtain
2 2
/0 0,401y + 0,12 0guty | u?d 6 = /0 u? [0,u® gu® — 9, u"u®|do,

where we also exploit the fact that 4"(1,0) = 0 for all 6 € [0,2x), hence uy(1,0) =0. Thanks to (4.46) and the divergence condition,
we infer

2 2
/ u®[0,u?dgu® — 0,u"u?)do = / u?W®oyu? + dgu®u?)do =
0 0
2 2
2 [ W) o,u’do = 5[(u¢<1,2n>>3 - @?(1,0)°1=0
0
As a consequence, denoting (d;,9,) = (9,9 ), We deduce that the Lh.s. of (4.42) equals to:
/ 0 (u;0;u;)0yu; dxdy = — / [0u4; 01Ot + w;0,u;0,u;] dx dy.
i.j,k=1 i.j.k=1

Next, we observe that (4.44) holds for all 2D domains, hence we apply it to the first term. The second term also vanishes. Indeed,
through integration by parts, we have

(au)
/u()ku()ku dxdy=— /d Vi d dy+ z / L vdo =0
ij.k=1 J.k=1 ij.k=1
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since, passing to polar coordinates, we have Z[.zzl ué; - v = Zle u;v; = u-v = 0 on 09. This concludes the proof of (4.42) when
Q=B. O
Remark 4.8. As already remarked in Section 3.2, to prove the existence of a unique weak solution to (1.1)—(1.2) when Q = Q
or 2 = B and u, € V, one can repeat the proof of [10, Theorem 2] (our Proposition 2.6) which is based a standard Galerkin
construction (see [28, Chapter 3]) and relies on the proof of suitable a priori bounds for the finite approximate solution. Herein, by
exploiting (4.42), we just formally show how to obtain the key bounds in our framework. We point out that the fact that Q is merely
Lipschitz can be handled by considering it as a type (B) sector, by means of the reflection principle in Section 4.1. In particular,
Q needs to be replaced by the periodicity cell which is here a larger square that, for the sake of simplicity, we will keep denoting
by Q. As concerns the axially symmetric set B, the Poincaré inequality does not hold, hence we exploit the decomposition (2.7) as
outlined in [10].

The first (formal) energy estimate is obtained when testing (1.1) by u. As for (4.24), we get (both for the square and the disk)
the equality

T
||u(t)||§’g +4,4/ IDu(o)ll,  d7 = llugll3,, for ae. t €(0,T).
o :

This equality, combined with Poincaré inequality (2.8), is sufficient to infer that u is bounded in L*(0,T; H) n L%(0,T;V) and to
pass to the limit in the approximate finite-dimensional system to obtain the existence of at least one weak solution to (1.1)—(1.2).
Then, we test (1.1) by Au, getting

1d

EEHDM(I)H;_Q + ;4||Au(t)||§’_q =- /Q(u(z‘) -Vu(t) - Au(r) for a.e. t € (0,T).
In view of (4.42), the second (formal) energy estimate associated to (1.1) (both for the square and the disk) is

2 2
DU, < [Dug 12 o

by which we deduce that the weak solution is indeed strong and unique.

Proof of Theorem 3.8. We first prove (3.8). We proceed as in the proof of Theorem 3.1. In particular, given A(¢) as in (3.1), by
exploiting (4.42) in (4.23), we infer that

lig(t)=_

H 2
———— || Au — Aul| (4.47)
2dt llu)li2 .

which implies that the map [0, +o0) > ¢ — A(r) is non-increasing and admits limit lim,_,, , A(f) = A € R*. Moreover, integrating
(4.47) on t € (0, ), we deduce that

2/IDug 2,

A <A L A0) = (4.48)

g2,

We finally prove that A is an eigenvalue of (2.5). Setting v(t) = u(t)/|lu(®)|l,.o so that A(t) = 2||Dv(t)||§’ 0 thanks to (4.47) we get

,4/ lAv(s) — Av()13 o ds < A0)/2 Yz >0.
o !

Therefore, ||Av — Avlly.o € L*(0, ) and we can argue precisely as in the proof of Theorem 3.1-Step 3. This concludes the proof of
(3.8). Passing to the proof of item (i), we first note that if u, = ¢y e, for some ¢;; € R, then A(0) = 4,. By (4.48), this implies that
At) = 4, and, in turn, from (4.47) we infer that || Au — 11'4”; o = 0. Hence, u(r) = c(t)e; for some function c. This inserted into (1.1),
testing with e, and recalling (4.42), yields

%[c(t)] +udet)y=0 forae. t€(0,T)
c0)=¢cy -

Hence, c(f) = ¢y e/ and we have proved item (i). The proof of (ii) follows similarly by noticing that under the given assumptions
then A(r) = 1. Concerning with (iii) the upper bound for A follows from (4.48) simply by noticing that if 0 # u, = Z/](V=1 co ey for
some ¢, € R, then
N
2||Du0||§,_q _ Zk:l Akcék <
2 - N = N-
lluoll3 ¢ Zimi ok

On the other hand, if u(r) is expanded as in (3.4) and ¢, () =0 for all 1 < k < N, then A(f) > 4, where M is the least positive integer
such that ¢y, (r) # 0. Since M > N this yields a contradiction and concludes the proof. []

When Q2 = Q we enrich the statement of Theorem 3.8 by showing that the sets spanned by all eigenfunctions (not only the first)
are invariants of the flow. To this aim we need the explicit form of the eigenfunctions that we recall here below.
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Proposition 4.9 ([29, Proposition 1]). Let 2 = Q. For m,n € N, the eigenvalues of (2.5)-(1.2) are A,,, = m? + n? and they correspond
to the L?>-normalized eigenfunctions:
n sin(mx) cos(ny)
Um’n(x, Y) = Cm,n .
—m cos(mx) sin(ny)
Pma(X, ) =0,

2

for all (x,y) € Q with C,,,, := Vo)

system of V.

. The least eigenvalue is 1, ; =2 > 0 and is simple. Furthermore, the set {v""}*

ey 1@ complete

We refer to [30, Section 2.2] for the resolution of the 3D analogous, namely the Stokes eigenvalues problem in the cube. Finally,
making reference to the notations of Proposition 4.9, we prove:

Proposition 4.10. Let u(t) be the unique strong solution of problem (1.1)-(1.2) with uy = ¢y, ,Up,m and ¢y, ,, € R. Then, u(t) =

Copme Frmtv, .
Proof. We only need to check that u(t) = ¢, ,e #**n'v, ,, solves (2.9). This follows once proved that
/Q(un,m “V),,-v=0 forallveV.
Integrating by parts, recalling that (v), = —(v,), in Q and exploiting the boundary conditions in (4.43), we get

/(vn’m V)W 0=Cpp / (n2 msin(2mx)v,(x,y) + nm? sin(2ny)v,(x, y)) dxdy
Q (o]

C T b4
=nm ;,n [/ / (cos(2mx)(vl )x (X, )dx dy + cos(2nx)(v,),(x, y)) dy dx]
o Jo

C T T s n
= —nm % [/ cos(me)/ (vy)(x, y)dydx +/ cos(2ny)/ (v (x, y)dx dy] =0.
0 0 0 0

Acknowledgments

We thank the anonymous referees for the punctual remarks which allow to improve the preliminary version of the manuscript.

The authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA,
Italy) of the Instituto Nazionale di Alta Matematica (INdAM, Italy), project 2023 “Modelli matematici di EDP per fluidi e strutture
e proprieta geometriche delle soluzioni di EDP”. The first and third authors are partially supported by the PRIN (Italy) project
201758MTR2 “Direct and inverse problems for partial differential equations: theoretical aspects and applications”. The second
author is member of GNAMPA, project 2024 “Problemi frazionari: proprieta quantitative ottimali, simmetria, regolaritd”, and he
is partially supported by the MUR (Italy) grant Dipartimento di Eccellenza 2023-2027. The last part of the research was carried
out within the Geometric-Analytic Methods for PDEs and Applications (GAMPA) - funded by European Union - Next Generation EU
within the PRIN 2022 program (D.D. 104 - 02/02/2022 Ministero dell’Universita e della Ricerca). This manuscript reflects only the
authors’ views and opinions and the Ministry cannot be considered responsible for them.

Appendix

In this section, by separating variables, we provide a system of eigenfunctions to (2.5) with € = B. Exploiting the reference
system (i", j), with v" and v? as defined in (4.45), (2.5) with 2 = B also writes

vt 2% r
roy P00 76 U r = i
v+ p + 7 7 7 + A" =p, in (0, 1) X [0, 27)
v? v? 2 @
uf,,+7”+%+p—2”—2—2+w=% in (0, 1) x [0,27)
v? r
for sl f g in (0, 1) x [0,27) (4.49)
PP
p )
pﬂﬂ+7ﬂ+’i;=o in (0, 1) x [0, 27)
p
V=0 on {1} x[0,2x)
U;f—U“’=O on {1} x[0,2x).

Denoting by J,,(-) the first kind Bessel functions of order m > 0, we prove:
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Proposition 4.11. The least eigenvalue of (4.49) is A| = 0, it is simple and the corresponding eigenfunction is (v', p') with v! = (v"!, v9:1),
where

o'=0, W =-p  p'=0  Vpe©ll
Furthermore, for any m > 1 there exists a sequence of eigenvalues A := 4,,; > 0 satisfying
2V, (VD) + (=4 m)d, (V1) =0, (4.50)

and corresponding to the eigenfunctions (v™*, p™k) with v™* = (v"mk p9mk) and k > 1, where

o (p, 0) = [J( ) = I Am,k)p'"] cos(mo)

Vv /‘lm k V j'm,k ‘Im( V }'m.k)
2m

U(”’m’k(/l,e)=[ 2m’ i1\ A In1(y) Amsicp) + Tpm sin(m0)

Amk
P9, 0) = —J,( lm,k)%p'” cos(mb)

for dll (p,8) € (0,1] X [0,27). The set {v',v"™*}® _ is an orthogonal system of V.

m,k=1

Proof. The proof follows by adapting to Navier boundary conditions the computations given in [31, Section 5] under Dirichlet
boundary conditions. We highlight the main steps. Looking for solutions in the form: p(p,8) = e™p, (p), v"(p,0) = e"'"gur’m(p),
v?(p,0) = e"mgu(pym(p), for m > 1 one gets that p,,(p) = cp™ for some ¢ € R while 4, ,, and u,,,, satisfy:

” 3, m? -1 1
u,,.(p)+ ;ur,m(p) +| 4= p_2 Uy (p) = cmp p€(O,1)
2 .
+1 . _ 2
" o)+ = u o)+ < "’p—z) Uy (p) = cimp™! — %u,,m@) pe©,1)

1 .
W, (0) %~ n(P) + %uw,m(m =0 pe@OD
lim () €RL (D=0, lim () €C, (D) =1, , (1.

The case m = 0 is simpler since the first two equations are already decoupled and the statement about the first eigenvalue 4,

follows at once.
By setting w, ,,(p) = pu, ,(p) — %p”’, the above system yields the following family of problems involving Bessel equations:

2
w! (p)+ %WLm(p) + </1 - m—2> WP =0 pe(0,1)
: : )

. cm
ﬂllI(I)L wr,m(/)) =0, rm(l) = _7 >

admitting nontrivial solutions w, ,(p) = aJm(\/Zp) for all 2> 0 and for a € R only if
ad,, (V1) = —%. (4.51)

. ops : cim m— i d —
From the free divergence condition, we readily get that u,,(p) = ’;’p 1 +2 4 J (\/_ 4p). Then, by setting w,, ,(p) = u,,(p) —

%p’"‘l - “"[ ( L Gap) =1, m+1(\/_p)) =ty pm(p) - %p"’“ - ”;i;—me(\/_p), the second equation of the system (with the above
choice of w,’m, instead of u, ,,) yields the equations:

2
(p)+ W, (p)+< ”’pj1>ww,m(p>:o pe©1)

which are clearly satisfied by w,,, = 0. It remains to impose the boundary condition 4, (1) = ”ip (1) which gives the further
condition

L1 (V= ag, e =D g, (4.52)
Summmg up, by combining (4.51) and (4.52), 4 > 0 is an eigenvalue if and only if:

AN = AT (V) = m(m =20,V 4) =

which is equivalent to (4.50) by recalling the equation satisfied by J, and some of its properties. Finally, the statement of
Proposition 4.11 follows by taking ¢ = —aJm(\/;)i, and showing that, for any m > 1, (4.50) admits simple zeros (this easily

implies that all the eigenfunctions provided are orthogonal in V). To this aim, we introduce the function

f(x) =2xJ,_1(x) + (x2 -4 m)J,,(x);
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4m-%
2%

let X > 0 be such that f(x) =0, then J,,_;(x) = J,,(X). Being f € C®(R), to prove that X is simple we show that f'(x) # 0. We

In(X)

compute f/(x) = (x* =2 m)J,,_;(x) + %(4m — x)J,,(x), getting f'(x) = (4m — EZ)E. Being x > 0, f/(x) is not zero since the first

positive zero of J,,_;(x) is greater than 2\/17, see e.g. [32], and if J,,(x) =0 then J,,_;(X) #0 (m > 1).
Since also the functions p(p,0) = e~ p,(p), V" (p,0) = e=™u, , (p), v?(p,0) = —e=™u,, . (p), for m > 1 are solutions we combine
them properly to get the real eigenfunctions in the statement. []
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