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Propagation of anisotropic Gabor singularities for Schrodinger type
equations

MARCO CAPPIELLO, LUIGI RODINO AND PATRIK WAHLBERG

Abstract. We show results on propagation of anisotropic Gabor wave front sets for solutions to a class
of evolution equations of Schrodinger type. The Hamiltonian is assumed to have a real-valued principal
symbol with the anisotropic homogeneity a(Ax, A7 &) = A1+Ja(x, &) for . > 0 where o > 0 is a rational
anisotropy parameter. We prove that the propagator is continuous on anisotropic Shubin—Sobolev spaces.
The main result says that the propagation of the anisotropic Gabor wave front set follows the Hamilton flow
of the principal symbol.

1. Introduction

We prove results on propagation of anisotropic phase space singularities for the
initial value Cauchy problem for evolution equations of the form

{ oru(t,x) +ia”(x, Du(t,x) =0, x € R, te[-T,T] \ {0}, A

u(0, -) = uop.

Here T > 0, a¥(x, D) is a Weyl pseudodifferential operator and ug € ./ (R?) is a
tempered distribution.

The Hamiltonian a¥ (x, D,) is assumed to have real-valued principal symbol ag.
Following the fundamental idea of Hormander we show that the singularities at time
t € [-T, T] are the singularities of the initial datum u¢ transported by the Hamilton
flow x; of the principal symbol ag. The Hamilton flow (x(¢), £(¢)) = x:(x, &) is the
solution to Hamilton’s equation with initial datum (x, &) € T*R?\{(0, 0)}, that is the
solution to the system of ordinary differential equations

x'(t) = Vgao (x(1), §(1)) ,
&'(t) = —Vyap (x(1),£()),
x(0) = x,

§(0) =¢.
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The concept of phase space singularities that we use is the anisotropic Gabor wave
front set, which is determined by an anisotropy parameter o > 0. For u € .%/(R%)
the anisotropic Gabor wave front set WFg (1) is a o-conic closed subset of 7*R% \ 0.
A o-conic subset of T7*R? \ 0 contains anisotropic phase space curves of the form

A (Ax, A7) € T'RY\0, A >0, (1.2)

if one point of the curve belongs to the subset.
The anisotropic Gabor wave front set WF{ (1) is defined by means of the short-

time Fourier transform V,u(x,§) = % (u o(-— x)) (€) where ¢ € .Z(RH\{0} is
a window function. To wit zg = (xg, &) € T*R4 \O satisfies zp ¢ WFg (u) if there
exists an open set U C T*R9 such that zo € U and

sup  AN[Vyu(hx, 278)| < 400 VN > 0.
(x.&)eU, A>0

This means that the short-time Fourier transform, which a priori is polynomially
upper bounded, decays superpolynomially along curves of the form (1.2) in a neigh-
borhood of zg. For u € .%/(R%) we have WF‘g’ (u) = @ if and only if u € /(R?) so
WEFg (1) measures globally singular behavior in the sense of lack of smoothness or
decay at infinity comprehensively.

We impose the condition that the Hamiltonian a” (x, D) has a real-valued principal
symbol ap which satisfies the anisotropic homogeneity

ag(hx, A98) = A 9q0(x, ), (x,€) € T*RY\0, A > 0. (1.3)

This condition turns out to have several beneficial consequences for the problem we
study.

Firstitimplies that the Hamilton flow y; of ag commutes with the anisotropic scaling
map

TR\ 05 (x,€) — (Ax, A7) € T*RY\ 0

for each A > 0. This is a natural requirement for propagation results of the form
WFg (Hug) C X,WF‘g’ (uo), where #ug = e~14" @.D)y 0 denotes the solution opera-
tor (propagator) for (1.1), that we aim for, since WFg (1) is o-conic forallu € .7/ (R?).

Secondly if ¢ > 0 is rational then condition (1.3) on the principal symbol allows
us to prove the main result of this paper, that is the propagation of singularities

WF (Hu0) = xi(WFZ (o)), t € [=T,T1, ug €. (RY, (1.4)

where 7' > 0.

The term “principal symbol” refers here to the pseudodifferential calculus of anisotropic
Shubin symbols [7,27,32]. The symbols exhibit anisotropic behavior on phase space
according to the assumed estimates

929La e, ) S (L+ || + (517" 140l (x,8) € T*RY, . B e N,
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where again o > 0 is a given anisotropy parameter, and m € R is the order. These
symbol classes are denoted G"7.

In the main result Theorem 8.3, we show (1.4) under the following assumptions.
Suppose k,m € N\0, o0 = %, and let a € G799 4 ~ Z?io aj, where ap €
C®(RX \0) is real-valued and satisfies (1.3), whereas the lower order terms satisfy
aj € G+ 1=2)).9 for j > 1. An example of a symbol that satisfies the criteria is

1 1
Z+a)

a(x, &) =cy(x,%) <|x|2k + |%-|2m)2(

where ¢ € R\ 0 and v is a smooth function vanishing in a small ball around the origin
in T*R4.

We show that the solution operator is continuous on anisotropic Shubin—Sobolev
spaces. This is of independent interest but also a tool for the proof of Theorem 8.3.
The proof of the main result is based on ideas from [16]. More precisely our result is
an anisotropic version of [21, Theorem 4.2] which treats propagation of the (isotropic)
Gabor wave front set when the principal symbol is real-valued and homogeneous of
order two on T*R?. With o = 1 our result implies a weaker form of [21, Theorem 4.2].

The proof ideas for Theorem 8.3 and [21, Theorem 4.2] are based on Hérmander’s
proof of [16, Theorem 23.1.4]. This result concerns Hamiltonians with first-order
Hormander type symbols, the continuity concerns classical Sobolev spaces, and the
singularities are the classical smooth wave front set. The proof techniques rely on
energy estimates, functional analysis and pseudodifferential calculus. Our proofs in
this paper are worked out in detail as opposed to the rather brief arguments in [16,
Chapter 23.1] and [21].

We also prove the propagation (1.4) for a different type of Hamiltonian of the form
a®(x, D) = p(D) + (v, x) where p € C®(R?) is a sum of polynomials of each
variable in R, with real coefficients, of order m > 2, v € RY is a vector each
of whose coordinate is nonzero, and o = ﬁ Since this setup includes the Airy
operator % — x when d = 1 we say that the corresponding equation (1.1) is of Airy—
Schrodinger type. Using results from [31] we also formulate a version of (1.4) in
the Gelfand—Shilov space functional framework and corresponding anisotropic wave
front sets [26].

Denoting by P, the principal part of p, we show (1.4) where yx; is the Hamilton flow
of P, (&). This generalizes a particular case of [32, Theorem 5.1] where v = 0. Since
P, (§) does not depend on x, the Hamiltonian flow for P, is trivial in the sense that it is
constant in time with respect to the dual coordinates as x;(x, &) = (x +tV P, (§), &).
This contrasts to the Hamilton flow in the main result Theorem 8.3 where both space
and dual coordinates may depend on time. The techniques we use for Airy—Schrodinger
equations are an explicit formula for the Schwartz kernel of the propagator and general
results on propagation of singularities from [26,27,31,32].

Our results in this paper fit in a project to investigate globally anisotropic pseu-
dodifferential operators [3,5,7,19,26,27] and propagation of global singularities for
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evolution equations [24,31,32]. The techniques are inspired from those of pseudodif-
ferential operators defined by symbols that are anisotropic in the dual variables for
fixed space coordinates. These ideas have been investigated e.g. in [11,18,22].

A major new feature of our main result Theorem 8.3 as opposed to earlier propaga-
tion results [32], is that it admits Hamiltonians that give rise to flows that are non-trivial
in the sense that the dynamics involve all phase space coordinates.

Concerning the organization of the paper, Sect.2 contains notations, background
concepts and conventions, and Sect.3 recalls material on anisotropic Shubin pseu-
dodifferential calculus. Section4 is devoted to Shubin—Sobolev modulation spaces in
the anisotropic context, a recollection of localization operators, and an inequality of
sharp Garding type which is essential. In Sect.5 we deduce propagation results for
Airy—Schrodinger equations. Section 6 treats Hamiltonians that are anisotropically ho-
mogeneous as in (1.3) and their Hamilton flows, and in Sect. 7 we show existence and
uniqueness of solutions to an inhomogeneous form of (1.1) in anisotropic Shubin—
Sobolev spaces for Hamiltonian symbols in G!T°? with bounded imaginary part
and o > 0 rational. Then Sect. 8 is dedicated to the main result on propagation of
singularities, and finally Sect.9 consists of a very short discussion of examples.

2. Preliminaries

The unit sphere in R? is denoted S¢~! € R¥. An open ball of radius r > 0 centered
in x € R? is denoted B, (x), and B, (0) = B,.. The transpose of a matrix A € R*4 s
denoted A” and the inverse transpose of A € GL(d, R)is A~ We write f(x) < g(x)
provided there exists C > 0 such that f(x) < C g(x) for all x in the domain of f
and of g. If f(x) < g(x) < f(x) then we write f =< g. We use the partial derivative
D; = —idj, 1 < j < d, acting on functions and distributions on R9, with extension
to multi-indices. The bracket (x) = (1+|x |2)% for x € R satisfies Peetre’s inequality
with optimal constant [26, Lemma 2.1], that is

N
(x +y) < (%) X} x,yeR?, seR. 2.1

We use the normalization of the Fourier transform
a iy -4 —i(x,£) d
Fr&O=F® =20 | fe P, £eR
Rd

for f € .Z(RY) (the Schwartz space), where ( -, -) denotes the scalar product on R,
The conjugate linear action of a distribution u# on a test function ¢ is written (u, ¢),
consistent with the L2 inner product (-, -) = (-, -);2 which is conjugate linear in
the second argument.

Denote translation by 7 f (y) = f(y—x) andmodulationby Mg f (y) = e £(y)
forx, y, & € R? where f is afunction or distribution defined on R%. If ¢ € .7 (R%)\{0}
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then the short-time Fourier transform (STFT) of a tempered distribution u# € .¥’ (Rd )
is defined by

_d — d
Vou(x, &) = Qm)~2(u, MeTrp) = F (ulx@)(§), x,& € R%

The function V,u is smooth and polynomially bounded [13, Theorem 11.2.3], that is
there exists k > 0 such that

|Vou(x, &) S ((x, ), (x,£) € T*R™. 2.2)
We have u € . (R?) if and only if
[Vou(x, &) S ((x, )", (x,6) e T*RY, VN >0. (2.3)

The transform inverse to the STFT is given by

u= (271)_% [/ Vou(x, E)Mg Ty dx d§ 24
R2d
provided ||¢||;2 = 1, with action under the integral understood, that is
W, f) = Vi, Vi f) 2oy = (V, Vit f) 2.5)

foru € ' (R%) and f € /(R?), cf. [13, Theorem 11.2.5].
According to [13, Corollary 11.2.6] the topology for . (R?) can be defined by the
collection of seminorms

SR> Y > Yl = sugd<z>'"|vw<z>|, m €N, (2.6)
zeR

for any ¢ € .7 (R%) \ 0.
The Beurling type Gelfand—Shilov space %5 (R?) is for v, u, h > 0 is defined as
the topological projective limit

SR =) S, RY
h>0

where 8")‘ h (R?) is the Banach space of smooth functions that have finite

||f|| wo o= sup M
S T vt pend HOHPlalY Bl

norm [12]. The space X/’ (R%) is a Fréchet space with respect to the seminorms || - || s,

for b > 0, and =5 (R?) # {0} if and only if v + u > 1[23].
If v+ > 1 the topological dual of =} (R?) is the space of (Beurling type)
Gelfand-Shilov ultradistributions [12, Section 1.4.3]

EH'RY =[S RD.

h>0
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The space of ultradistributions (X/)'(R?) may be equipped with several possibly
different topologies [31]. In this paper we use exclusively the weak® topology.

The Gelfand—-Shilov (ultradistribution) spaces enjoy invariance properties, with re-
spect to translation, dilation, tensorization, coordinate transformation and (partial)
Fourier transformation. The Fourier transform extends uniquely to homeomorphisms
on .7/(R%), from (') (RY) to (EZ)’(Rd), and restricts to homeomorphisms on
Z (R, from TH (RY) to EZ(Rd ), and to a unitary operator on L?(R%).

3. Anisotropic Shubin pseudodifferential calculus

In this section we retrieve some essential facts from pseudodifferential calculus of
anisotropic Shubin symbols [27,32].
Let o > 0. We use the weight function on (x, &) € T*R?

1
05 (x,8) =1+ |x[+ []°. (3.1
For this weight we have the following inequality of Peetre type [27]. If s € R then
O (X + 3, € +10)° < Co 06 (x, )10, (y,m)*, x,y,&,neR: (32

When o is rational, o = ,%, k, m € N\0, an alternative weight is

1
wen (e, ) = (14 x4 7). (3.3)
Note that
- gk
W = OF. (3.4)

The motivation for using wy ,, instead of 9§ is that the former is smooth as opposed
to the latter.
By [27, Eq. (3.4)] we have foro > 0

o) <o e < (@ ™) e erry, (35
and fork,m e N\ 0
(Cx, £))minm < g (x, &) S {(x, £))mXEM (v £) e T*RY. (3.6)

The anisotropic Shubin symbols are defined as follows.

Definition 3.1. Let 0 > 0 be real and m € R. The space of (o -)anisotropic Shubin
symbols G of order m consists of functionsa € C> (R??) that satisfy the estimates

9990 aCe, ) < (1 + x| + 517" =Pl (x.&) e T*RY, o, p e N,
3.7
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The space G is a Fréchet space with respect to the seminorms on a € G™°
indexed by j € N

y~mtleltolfl

lal; = max  sup O, (x.& oofatx, 6)|.

la+BIST (x,£)eR24

If o = 1 then G™7 is the space of isotropic Shubin symbols with parameter p = 1
[20,28]. Recall that the isotropic Shubin symbol of order m and parameter 0 < p < 1,
denoted a € GZ‘, satisfies

020L a(x, )] S ()" PH (x,6) e T'RY, a, p e N
We have G™° C GZ"’, where my = max(m, m/o) and p = min(o, 1/0), and

ﬂ G™’ = ' (R*). (3.8)

meR
The following lemma is a tool for verification of membership in G"°.

Lemma 3.2. Ifm € R, 0,7 > 0 and a € C®(R*?) satisfies

009l a(ux, 278)| S ATl (v 8) e TR, |(x.6) =1 A > Lo p e N,
(3.9)

then a € G"™°.

Proof. Let (y,n) € R* \ B,. By [27, Section 3] (y,n) = (Ax, A7&) for a unique
(x, &) € R* such that |(x, )| = r and A > 1. Combining

1 1
L+ lyl+nle =14+ A(x| +[§]7) < 1+ 4

with (3.9) we obtain for any «, 8 € N¢

1
00 a(y m| S (1" I S (1 fy| 4 7yl

The same estimate is trivial for (y, n) € B, so referring to (3.7) we may conclude that
aeG™°, O

Corollary 3.3. Ifo > 0,m > Oanda € C*® (R*) js anisotropically homogeneous
as

a(x, A°8) = Ma(x, £), (x,&) e T*RY, A >0, (3.10)

then a € G"™°.

For a € G"™“ and t € R a pseudodifferential operator in the t-quantization is
defined by
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ar (x, D) f (x) = 1) ™ fR L a(@ = nx+ oy £) f(n)dyde. (B

for f € & (Rd) when m < —do. The definition extends to m € R if the in-
tegral is viewed as an oscillatory integral. If Tt = 0 we get the Kohn-Nirenberg
quantization ag(x, D) = a(x, D) and if T = % we have the Weyl quantization
aip(x, D) = a¥(x, D). The Weyl quantization enjoys a simple formal adjoint re-
lation: @ (x, D)* = @ (x, D). We will use exclusively the Weyl quantization in this
paper. By [27, Proposition 3.3 (i)] the symbol classes G""? are homeomorphically
invariant under change of quantization parameter t € R, forany 0 > 0 and m € R.
If a € G™ then the operator a"(x, D) acts continuously on . (R?) and extends
uniquely by duality to a continuous operator on .#’(R) [27,28]. If a € .7/ (R??)
then a” (x, D) extends to a continuous operator a” (x, D) : ./ R?) —» Z'(RY).
If a € (R*) then a¥(x, D) is regularizing, in the sense that it is continuous
a®(x, D) : ' (RY) — ZRY) with .7/ (R?) equipped with the strong topology
[6].
Ifa € .7 (R%*) then

@’ (x,D)f,g) = 2n) 4 a, W(g, ), f.ge SR, (3.12)

where the cross-Wigner distribution [10,13] is defined as
Wig, N, 6) = fR L8+ y/2) f(e = y/DeT "y, (x,€) e R¥.

If f,g € .ZRY then W(g, f) € L (R*).
Given a sequence of symbols a; € G™/?, j =1,2, ..., such that m; — —oo as
Jj — 00 we write

oo
a ~ Z aj
Jj=1
provided that for any n > 2

n—1
a— Zaj e GMn?
j=1

where (1, = max;>, m;. By [27, Lemma 3.2] there exists a symbol a € G where
m = max ;> m;j such thata ~ 23‘;1 aj under the stated circumstances. The symbol
a is unique modulo .# (R??).

The bilinear Weyl product a#b of two symbols a € G"° and b € G™“ is defined
as the product of symbols corresponding to operator composition: (a#b)" (x, D) =
a®(x, D)b"(x, D). By [27, Proposition 3.3 (ii)] the Weyl product is continuous # :
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G™° x G"° — G™*t":9 The asymptotic expansion formula for the Weyl product
[16,28] is

I8
a#tb(x, &) ~ Z - 'l)v 27+ PIpFagax, g)D“a b(x, £). (3.13)
o,B>0 5

If a € G™° and b € G™° then each term in the sum belongs to G~ (1+0)le+Al.0
For o > 0 a o-conic subset I' € T*R?\0 is closed under the operation 7*R?\0 >
(x,&) > (Ax, A9&) for all A > 0. By [27, Definition 3.4 and Lemma 3.5] (cf. also
[32, Remark 3.4]) it is possible to construct o-conic open subsets of given points in
T*R?\0, and corresponding cutoff functions.
A symbol a € G™? is said to be non-characteristic at zg € T*R4 \ 0, if

la(x,&)| =2 COs (x, &)™, (x,§) el, |(x,§)| >R (3.14)

for C,R > 0, where I' C T*Rd\O is an open o-conic subset containing zo. The
complement in 7*R¥\0 of the non-characteristic points is called the characteristic set
char, (@) € T*R4\0. It is a closed and o -conic subset of 7*R?\0. This is a particular
case of [27, Definition 3.8].

In most respects the anisotropic Shubin pseudodifferential calculus for the symbol
classes G™° withm € Rand o > 0 works as the isotropic calculus in [20,28]. In fact
[27, Section 3] contains the basics of the anisotropic pseudodifferential calculus, and
by [27, Lemma 6.3] and its proof it is possible to construct parametrices for elliptic
symbols. Thusif o > 0 and a € G™ 7 is elliptic in the sense of char, (a) = @, that is,

la(x,£)] > COs(x,£)", (x,&) € R* \ Bg, (3.15)
for C, R > 0, then there exists an elliptic symbol b € G~ such that
attb=14+r;, bta=1+rp,

where rq, ry € .Z(R2).

The following definition concerns the anisotropic Gabor wave front set WFg (n) <
T*R4\ 0 of u € ./ (R¥) [27, Definition 4.1] which is important in this paper. It is a
closed and o -conic subset of 7*R? \ 0 well adapted to the anisotropic Shubin calculus.

Definition 3.4. Suppose u € ¥/ (R%), ¢ € (R%)\ 0, and ¢ > 0. Then zg =
(x0, &) € T*R?\ 0 satisfies z ¢ WFﬂg7 (u) if there exists an open set U € T*R¢ such
that zo € U and

sup AN |Vou(hx, 278)| < 400 VN = 0. (3.16)
(x,&)eU, 2>0
If o = 1 then WFg(u) = WF;(u) that denotes the usual Gabor wave front set
[17,25], which is isotropic in phase space. The o-conic sets are then ordinary cones
in 7*R? \ 0, that is sets closed under multiplication with a positive parameter.
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The definition of WFg (u) does not depend on ¢ € . (Rd)\O [27, Proposition 4.2],
and [27, Proposition 4.3 (i)] says that

1
WFg(i[) =JWFg (u), ue y’(Rd), (3.17)
where
(0 I 2dx2d
j_<_1d0)eR (3.18)

is the matrix that defines the symplectic group [10].
By [32, Proposition 3.5] we may express the anisotropic Gabor wave front set of
u €. (R as

WF (1) = ﬂ char, (a) (3.19)
aeG™o: a¥(x,D)ue.s

foranym € R.Foro > 0,m € R,a € G™° andu € .#'(R%) we have the microlocal
and microelliptic inclusions

WFY (@” (x, D)u) € WFg () € WF (a” (x, D)u) |_] char, (a)

(cf. [27, Proposition 5.1 and Theorem 6.4] which are stated slightly more generally).

At a few occasions we will use anisotropic wave front sets in the Gelfand—Shilov
functional framework. The Gelfand—Shilov wave front set of u € (Z/)'(R?) with
v+ 1 > 1is based on the following facts. If ¢ € I} (R\0 then

1 1
|V¢,u(x, £) < PACIERSI T

for some r > 0, and u € 1 (RY) if and only if

1
|Vu(x, £)| < e—r(\x|%+|5|’7)

for all r > 0. See e.g., [30, Theorems 2.4 and 2.5]. The v, u-Gelfand—Shilov wave
front set WF"* (1) € T*R?\0 is defined as follows.

Definition 3.5. Let v, u > 0 satisfy v + u > 1, and suppose ¢ € X! (R9)\0 and
u e (Eff)’(Rd). Then (xo, &) € T*Rd\O satisfies (xg, &) ¢ WF"#(u) if there exists
an open set U C T*R? \ O containing (xo, &) such that

sup e”‘|V¢,u(k”x, AMEY) <00, Vr>0.
2>0, (x.£)eU

The requested decay is thus exponential rather than superpolynomial as for WFg.
The v, u-Gelfand—Shilov wave front set is a closed and j/v-conic subset of 7*R% \ 0
[26].

The next result identifies powers of the weight wy ,, defined in (3.3) as anisotropic
Shubin symbols.
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Lemma 3.6. Letk,m e N\ Oando = £ Ifn € Rthenw} , € G™-°.

Proof. To simplify notation we write w = wy_. It is clear that w € C*(R*?) and
that w is positive everywhere. We claim that for o, 8 € N¢ we can write

5—la+pl
) pa,ﬂ(w’x,é) (320)

ool w"(x, &) = (w(x, 6
where p, g are polynomials of the form
Pap(w, x, §) = > Ciyw xVEC (3.21)
2j+ 4+ W (2=} )+ (2- 1) 181

with real coefficients c; ,, , for (j, y,«) € N x N9 x N9,
In fact the claim follows from an induction argument with respect to |« + |, starting
with

x, ((w(X,§)2)3> = nk|x|2*=Dy, (’I,U()C’E)z)%_l
and
0z, ((w(x,éﬂ)g) — nm|g|2m—Deg, (w(x,§)2)%_l

forl < ¢ <d.
Next we estimate a generic monomial in (3.21), using 2j + h,:—l +

(2= 5) 1Bl as

<@ lal+

m

|w?x7€*| < w, )P HEHE < wix, &) D=7 )8

Inserting into (3.20) and exploiting (3.4) finally give for any «, 8 € N the estimate

333511)”()6, é)‘ = w(x, &)" 2 pg p(w, x, 6|
< w(x, &) =518l
= 6, (x, &) lal=olfl
O

Suppose o > 0 is rational, thatis o = % with k, m € N\ 0. In [7, Proposition 4.2]
the authors identify the symbol class a € G™? with n € R as the Weyl-Ho6rmander
symbol class [16, Chapter 18.4]

G"7 = S(hy "7, g) (3.22)
defined by the metric
dx? dg?
1 + 1
(1+|x|2k+|%-|2m)k (l+|x|2k+|$|2m)m

g:
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and the weight h;m . Here hy is the so called Planck function associated to g [7,16].
The Planck function is according to [7, Remark 2.4]

1(1,1 !

o, ) = (14 e + |s|2’")2(””‘) = (et 0) (FF) 23

From this two conclusions follows: First we observe that 4, satisfies the so-called
uncertainty principle

he(x,&) <1 V(x,&) e T*RY, (3.24)

and secondly by Lemma 3.6 we have hg € G100,

4. Globally anisotropic Shubin—Sobolev spaces, localization operators and a
sharp Garding inequality

In this paper we will often use the following parametrized family of Hilbert mod-
ulation spaces. These spaces also have an independent interest. Proposition 4.2 com-
plements the anisotropic Shubin pseudodifferential calculus in [27].

Definition 4.1. Let ¢ € .(R%) \ 0. The anisotropic Shubin-Sobolev modulation
space M, ;(R?) with anisotropy parameter & > 0 and order s € R is the Hilbert
subspace of .#’(R¢) defined by the norm

1
lullp, , = (ff |Vou(x, €)% 6, (x, £)> dx dé>2 : (4.1)
RZd

For any o > 0 we have M, o(R?) = L?(R?) [13], and M, 5, (RY) € M, 5, (RY) is
a continuous inclusion when s; > s5. It holds

SR = (Mo sRY, SR = My sRY, (4.2)
seR seR

and {|| - | m,,, s > 0} is a family of seminorms that defines the Fréchet space topology
on.Z(R%) [13].

The next continuity result is a natural generalization of the isotropic Shubin calculus.
More precisely it generalizes [20, Proposition 1.5.5] and [28, Theorem 25.2].

Proposition 4.2. Leto > 0Oandm,s € R. Ifa € G™ then
a¥(x, D) : Mg s4mR?) - Mg s(RY) 4.3)
is continuous.

Proof. By a small modification of the proof of [4, Proposition 3.2] it follows that
a € G"™? if and only if
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|02 0 Tpa(z, )] S 6" *7Wle)™N, 2 ¢ e R¥, o, peN’, N >0,
“4.4)

where z = (z1, z2) with 21, 22 € RY, g € Z(R?*?)\0, and where T,u is defined by
Tou(x, &) = )~ (u, TeMew) = €8 Vou(x, £), x,& € R,

foru € ./ (R%) and ¢ € .(R?) \ 0. In fact in the original proof [4] we only have to
replace the weight (-) used there by 0., take into account the behavior with respect to
derivatives of a € G™? with respect to z; and z, respectively, and use (3.2).

Let ¢ € Z(R%)\ 0andset ® = W(p, @) € .ZR>)N\0.Ifu € .7/(R?) then by
[27, Eq. (5.3)] we have

V(@ (x, D s | o V. - dw. (45
Vola® . D@15 [ Wone =)l [Voa (2 = 5. Tw) | dw. 49

We obtain from (4.4), (3.2) and (3.5) the estimates
‘cha (Z - %, jw>‘ 5 05 (z — w)mgg(w)ln”(w)_N

,<N7|m\max(1,ai)) Zwe de N >0

S 0o (z — w)™ (w)
Combining this with (4.5), Minkowski’s inequality and again (3.2) yields

la® (. Dyulla,, = | Vi (@® G, DY) 63 | 2 sy

[ st v (-~ 5. ) o

L2(R2d)
s H/ [Vou(- —w)[ s (- — w)'”“<w)’(N*<\m\+\s|>max(1,é>) dw
R2d L2(R2d)
S T P
= lutll b
provided N > 0 is sufficiently large. .

Letgp € .&¥ (Rd ) satisfy [l¢]l;2 = 1. A localization operator A, with symbol a €
' (R%) is defined as

(Aaf,8) = @Vy f, Vo) = (ViaVyf.8), [ g€ SR, (4.6)

that is A, = V,faV,. Then A, : R — Z'(R?) is continuous. We will assume
that ¢ is a Gaussian.
By [14, Theorem 1.1] we have forany ¢ > Oand s € R

||A93M||L2(Rd) = ||u||MN(Rd) 4.7)

which means that Ags : MU,S(R‘[ ) — L%(R%) is an isometry.

Ifa € .7/ (R*) and ¢ is a Gaussian on R? we have A, = b* (x, D) where b = axy
with v a Gaussian on R4 [20, Proposition 1.7.9]. If o > 0 and a € G"™“ then also
b € G™?, and a real-valued implies that also b is real-valued [20, Theorem 1.7.10].

In Sect. 7 we will need the following inequality of sharp Garding type.
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Lemmad4.3. Letk,m € N\ Oand o = % Ifa e G21+9).0 qund g > 0 then there
exists ¢ > 0 such that

@"(x.D)f. f) = =l fl].. feSRY. (4.8)

Proof. By (3.22) we have G2+o)o — S(h;z, &), where the Planck function hg is
defined by (3.23) and satisfies the uncertainty principle (3.24). The conclusion is now
a consequence of the Fefferman—Phong inequality [16, Theorem 18.6.8]. g

5. Propagation of anisotropic Gabor wave front sets for evolution equations of
Airy-Schrodinger type

In this section we consider the evolution equation

oru(t,x)+i(p(Dy) + (v, x)u(,x)=0, x¢e€ Rd, t eR,
5.1
u(0, -) = uyp.
Herev = (v1,...,v9) € R¢ is a vector with nonzero entries: v; #0,1 < j<d,and

p : RY — Ris a polynomial with real coefficients of order m > 2 which is a sum of
one variable polynomials, that is

d
P& =) pjE). &=, &) €RY, (5.2)
j=1
where
PiE) =Y cixky. cix €R, cim; #0. (5.3)
k=0

and maxl‘/i.:1 degp; = max‘j:l m j = m. The principal part of p is
Pu®) = Y cjmEl" (5.4)

Jell,....d}: mj=m

We say that the equation (5.1) is of Airy—Schrodinger type, since when d = 1 a
particular case of the Hamiltonian is the operator

2

a(x,D):@—x

which defines the Airy equation a(x, D) f = 0. This equation is satisfied by the Airy
function [16, Chapter 7.6].

First we deduce the explicit solution u(f, x) = JZug(x) to (5.1) defined by the
propagator .#;, and in particular an expression for the Schwartz kernel K; of Z; for
each ¢ € R. Let ¢; be primitive polynomials of p;:

g, =p;. 1<j<d. (5.5)
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Ifuge s (Rd) then the solution to (5.1) is given by

. d -
u(t, x) = 2m)~ / o (e Bl =o€ )
Rd

(5.6)
= e itV g1 (ei‘p"zio) xX)=M_;, 77! (ei‘p"ﬁo) (x)
where
d

oi(€) =Y vi' (gj& —1v) —q; (). (5.7)

This can be confirmed by insertion of (5.6) into (5.1).

The solution operator

Hif =M T (4 ]) (5.8)

is unitary on L*(R%), and since ¢_; (§) = —¢; (£ + tv) we obtain for f, g € .7 (R%)
Hif.9) = (Foe ™7 Mug)) = (.o Tng) = (. T (7 ¢Hg))
= (£77 (1 (¢9))) = (£ M7 (978)) = (. Horo)
so H* =, = ""1ft), 1, € R then

Lz (E - tZU) + Pty (S) = Qt+1 (%—)

which gives

M T (enp,, T 1o (emz f))
=M_,, T (T_ (ei(wq (~ftzv)+wf2)]’c‘)>

= 1‘47(t1+t2)v<9$_l (ei%l“z f) = <%/t1+t2f

so the map R o 7 +— 7 is in fact a one-parameter group of unitary operators.
The Schwartz kernel of the solution operator .%#; is

K, (x.y) = @r)~d /d P =) = (3840 ©) g
R

(271)—7 —it(x.v) -1 (eiq),) (x —y)

— Q)" Temittx) (1 ®y—1el’%) ok lx,y) e S R¥) (5.9
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where k € R2¢*24 is the matrix defined by « (x, y) = (x + f.x—3)forx,ye RY.
We note that .%; acts continuously on .%”(R¢) for any ¢ € R, and extends uniquely to
a continuous linear operator on .%’(R%) by

(Hu, @) == (u, #_9), ue S R, ¢esRY.

Foreach 1 < j < d we have

mj

Cjk
qj&j —tvj) —q;&)) = Z kfl— I ((S,- — o)kt — gf“)
k=0
m;j k+1
Cjk k+1 -
= Z <—Cj,klUj$§< + kfi—l Z( i )(—tv.,')"g;‘H ”) .
k=0 n=2

Hence the phase function ¢;(€) is a polynomial of order m with highest order term

om@E =—t Y cimE] =—tPu&).

Jell,....d}: mj=m

We may now give a result which generalizes a particular case of [32, Theorem 5.1].
More precisely, in the quoted result the polynomial p is arbitrary with real coefficients,
whereas here we assume the particular “separable” form (5.2). On the other hand, in
Theorem 5.1 below we allow a vector v € R? with nonzero entries. The result uses
the Hamilton flow corresponding to the principal part P, (£) of the polynomial p(§),
that is

xi(x,6) = (x +tVP,(£).6), teR, (x,€) e T*RY\0. (5.10)

Theorem 5.1. Let p be a polynomial with real coefficients defined by (5.2), (5.3),
of order m = max’j{:1 deg p; > 2, with principal part Py, defined by (5.4). Denote
the Hamilton flow of Py (&) as in (5.10). Suppose #; : ' (RY) — 7" (R?) is the
solution operator for the evolution equation (5.1), with Schwartz kernel (5.9) where
¢y is defined by (5.5) and (5.7). Then

1
WE () = (WFgW), 1€R, ue SR, o=—— (11
m—1

WFg (Hu) = WFg (1), t€R, u e Y’ R), o< — (5.12)
Proof. By [27, Theorems 7.1 and 7.2] we have
WEy~! (ei""> C {(x, Vrm(x)) e R¥ : x e RY\ 0}
= {(x, —tVPy(x)) € R : x e R\ 0}, (5.13)

WEY (e“ﬂf) - (Rd\O) X {0}, o>m—1.
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Combining (5.13) with [27, Eq. (4.6) and Proposition 4.3 (i)], cf. (3.17), gives

_1 .
WEZ T (#716) € {1V Pu(x), %) € R¥ 1 x € RT\ ),
1

m—1

(5.14)

WES (9—1&%) C {0} x (Rd\0>, o<

Now (5.9), [27, Corollary 5.2 and Proposition 4.3 (ii)], [32, Proposition 3.2], [27,
Proposition 5.3 (iii)] and (5.14) yield if 0 = !

m—1

WES (K,) = WFg((l ® y”el“m) ok

= (5.5 )wrz (1o.7e)

S {(k(x1.x2), kT (61, £2)) € T*R™
(x1. &) € WEZ(1) U {0}, (x2.8) € WFZ(F ') U {0}}\ 0
= {(k(x1, 1V Py (x2)), k" 7(0,x3) € T*R* : x;,x2 e R4\ 0

1 1
= {(xl 15V Pu(x2), 1 = 15V Pu(x2), 22, —x2> eT'R¥: x1,x € Rd} \ 0
= [(xl +tVP,(x2), x1, X2, —X2) € T*R* . X1,X2 € Rd} \ 0.

Since m > 2 we have VP, (0) = 0. Hence WFg(K,) does not contain points of
the form (x, 0, &, 0) nor of the form (0, x, 0, —§) for any (x, &) € T*Rd\O. We may
therefore apply [32, Theorem 4.4] which gives for u € .7#/(R?)

WFg(Ji?u) gWFg(Kt)’ oWFg(u)

={(x,&) e T*R?: A(y,n) € WEg (), (x,y,& —n) € WFg (K,)}
C{(x1 + 1V Py(x2), x2) € T*RY : (x1, x2) € WFg ()}

=Xt (WF‘g’ (u)) : (5.15)

Since f%/fl = ;and Xfl = x—; we may strengthen (5.15) into
1
W () = x4 (WFg(u)), teR, ue.?RY, o= —.
m—1

We have proved (5.11).
Likewise if o < ﬁ then again (5.9), [27, Corollary 5.2 and Proposition 4.3 (ii)],
[32, Proposition 3.2], [27, Proposition 5.3 (iii)] and (5.14) yield
WES (K;) € {(k(x1, x2), kT (€1, &)) € T*R*
(x1,61) € WEg () U{0}, (x2,8) € WFg(g‘”lei“”) U{0}}\ 0
C {(k(x1,0), k770, x2) € T*R¥ : x1,x2 e R} \ 0

= {(xl,xl,xz, —x2) €T*R¥ : x|, x0 € Rd} \ 0.
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Again [32, Theorem 4.4] gives

1

-1’

which proves (5.12). Il

WFg (Hu) = WFJ (), te€R, ue ' RY), o<
m

Remark 5.2. The conclusion from (5.11) and (5.12) is that the propagation of sin-
gularities for the equation (5.1) works exactly as when v = 0, as described in [32,
Theorem 5.1]. The Hamiltonianin (5.1)isa(x, &) = p(§)+ (v, x), but the propagation
of singularities follows the Hamiltonian flow of P, (£). Note that ag(x, &) = P, (&)
satisfies the anisotropic homogeneity

ap(hx, A°8) = M ap(x, &), (x,&) € T'R?, A >0,

ifo = ﬁ, s0 ag € G119 according to Corollary 3.3.

If we decompose the polynomial p as

m—1

pE) = Pu) + Y Pj(®)
j=0
where each term P; (&) is homogeneous of degree j for 0 < j < m, then each term
P; satisfies

Pi(A7&) = AmTPi(£), E€R! 10, 0<j<m.

Thus a —ap = Zf}’:_()l Pi+(v,x) = ZT:_Ol b; with terms b, considered as functions
on (x,§) € T*R4, of homogeneities

b,(m,x"g):xﬁb,(x,g), (L E)eTRY, A>0, 0<j<m—1.
(5.16)

The terms b; have all smaller order ﬁ = jo of anisotropic homogeneity than
the principal part a9 = P, which has order 1 + o = mo, and which governs the
propagation of singularities. Thus one may see a—ay as lower order perturbations of the
Hamiltonian that do not affect propagation of singularities. Note that the Hamiltonian
term (v, x) satisfies (5.16) with j =m — 1.

As a complementary result we formulate a version of Theorem 5.1 in the frame-
work of Beurling type Gelfand—Shilov spaces X/ (R?) for v 4+ i > 1 and their dual
ultradistribution spaces (Eff )/ (R%).

Theorem 5.3. Let p be a polynomial with real coefficients defined by (5.2), (5.3),
of order m = max‘j’?:1 deg p; = 2, with principal part Py, defined by (5.4). Denote
the Hamilton flow of Py (§) as in (5.10). Suppose #; : Z(RY) — Z(R?) is the
solution operator for the evolution equation (5.1), with Schwartz kernel (5.9) where
@y is defined by (5.5) and (5.7).
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Ifv > pu(m — 1) > 1 then J is continuous on Eff(Rd), extends uniquely to a
continuous linear operator on (E#)/ (Rd), and

WEVH(Hu) = xo (WE"H ), teR, ue () RY, v=pm—1) >1,
(5.17)

WEVH(Hu) = WE (), teR, ue(ZH)RY, v>pum-1)> 1.
(5.18)

Proof. In the Gelfand—Shilov functional framework we have, similar to (5.13), by [31,

Theorems 6.1 and 6.2] if v > ﬁ

WE"/ =D (o/90) € {(x, —1V Py () € R x e RY\ 0},

) (5.19)
WEV# (e“ﬂf) - (Rd \0) X {0}, > vim—1).
As before [26, Eq. (3.8) and Proposition 3.6 (i)] give
WEY (=D (y*‘ei%) C{(tVPu(x), x) € R : x e RY\ 0},
(5.20)

WEY (y—le"%) C {0} x (Rd \0), w>vim—1).

From [31, Proposition 4.5] and [26, Proposition 3.6 (ii), Corollary 6.4 and Propo-
sition 7.1 (iii)] we obtain if v = u(m — 1) > 1

WE"A(K7) € { (1 41V Po(x2), 31, x2, —32) € T'R™ : 31, x2 e RO\ 0,
andifv > pu(m—1) > 1
WFV'M’(KI) g {(-xlsxl?xzv _xz) € T*RZd L X1,X2 € Rd} \O

At this point [31, Theorem 5.5] yields the following two final conclusions: If v >
w(m—1) > 1then % is continuous on ' (RY) and extends uniquely to a continuous
linear operator on ( Pl )/ (R%), and the propagation of singularities follows (5.17) and
(5.18). O

Again the overall conclusion is that propagation of singularities works as if v = 0.

5.1. Fourier transformation of the evolution equation

Next we take the Fourier transform .Z#u(z, -). If we denote this Fourier transform
for simplicity still by u(¢, -), then we obtain from (5.1) the evolution equation

{8,u(t,x)+i(—(v,Dx)—f—p(x))u(t,x):O, xeRY, 1eR, (521)

u(0, ) = up.

where again v € RY is a vector with nonzero entries: v i #0,1<j<d.
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Referring to (5.7) and (5.8) the solution is now for ug € . (Rd)

u(t,x) = %’;;uo =ZH.F ug =T 1 (ei‘p’u0> (x)
— eifﬂz(XJrfU)uo(x + 1) (5.22)
=711y (x + 1v).

The solution operator J’f/,v is continuous on . (R¢) and extends to a continuous operator
on .7’ (Rd ). Now (5.11) combined with [27, Proposition 4.3 (i)] give

WES (Huo) = % (WFg(uo)) , teR, upe SRY, oc=m—1, (523
where

Xi(x, &) = Txi(=J)(x, &) = (x, £ —tVP,(x)), 1R, (x,&) e T*R\0,
(5.24)

and y; is defined by (5.10). This is the Hamilton flow corresponding to the principal
part P, (x) of the polynomial p(x). We also obtain

WFg(Jif;;uo) = WFg(uo), teR, ue RY, o>m-—1. (5.25)

These considerations, combined with a similar discussion in the Gelfand—Shilov
framework, may be summarized as follows.

Theorem 5.4. Let p be a polynomial with real coefficients defined by (5.2), (5.3), of
order m = rnax?:1 deg p; > 2, with principal Eart P,, defined by (5.4). Denote the
Hamilton flow of P, (x) as in (5.24). Suppose J#; : ./ (R?) — . (R?) is the solution
operator (5.22), where ¢; is defined by (5.5) and (5.7), for the evolution equation
(5.21). Then

WE (Fu) = % (WFg(u)) , 1€R, ue S RY, o=m—1,
WE (Ju) = WFS (), 1€R, ue.?RY), o>m—1.
Ifv > um—1) > 1 then Jgis continuous on El‘i(Rd), extends uniquely to a
continuous linear operator on (E}i)/ (RY), and
WF“’”(%’;;u) =X (WF”’”(u)), teR, ue (El‘j)/ RY, v=pm—-1)>1,
WFM’U(%M) =WF*"" (), teR, uc (E;)/ RY, v>pum—1) > 1.
The conclusion from Theorem 5.4 is that the propagation of singularities for (5.21)

works again exactly as when v = 0, in both the tempered Schwartz distribution and
the Gelfand—Shilov ultradistribution frameworks, respectively.



J. Evol. Equ. Propagation of anisotropic Gabor singularities Page 21 of 46 36

Remark 5.5. Consider the Hamiltoniana(x, §) = p(x)— (v, &) in the equation (5.21),
with deg p = m. The propagation of WFg with 0 = m — 1 is governed by aq(x, §) =
P,,(x) which satisfies

ag(Ax, 7€) = A" P (x) = A %ag(x, £), (x,€) € T*RY, A >0.

Thus ap € G'7%° = G™"~! according to Corollary 3.3. This is similar to Re-
mark 5.2. In Sect. 6 we will study more general Hamiltonians that satisfy this type of
anisotropic homogeneity.

When the Hamiltonian Weyl symbol a(x, &) = p(&) is a polynomial in & of the
form (5.2) then the Hamilton flow is as in (5.10) that is

Xi(x, &) = (x +1VP,(§),8), 1€R, (x,§ eT*RI\0, (5.26)

where P, is the principal part of p. When instead the Weyl symbol depends on x,
a(x, &) = p(x), with the same assumptions on p, we obtain the Hamilton flow (5.24)
that is

xi(x,6) = (x,E —tVP,(x)), teR, (x,&)eT*RY\0. (5.27)
Define for o > 0 the anisotropic scaling map A, (1) : T*R? — T*R? as
Ae(W)(x,6) = (Ax,17), (x.§) e T'RY, 1> 0. (5.28)

For suitable o > 0 the Hamilton flows (5.26) and (5.27) commute with A, () for
all & > 0. In fact, if y; is defined by (5.26) and 0 = ﬁ then for A > 0

Xe(Ax, 278) = (Ax + 1V Py (A76), 178) = (M(x + 1V Py (§)), 178) = Ag (W) xi (x, §).
Likewise if x; is defined by (5.27) and 0 = m — 1 then for A > 0
Xe(hx, 278) = (Ax, 176 — tV Py (hx)) = (Ax, 17 (§ — 1V Py (X)) = Ao (W) X1 (x, §).
Thus in both cases the Hamilton flow x; commutes with anisotropic scaling A,
XA (M) =As(M) ), A >0, tekR, (5.29)

suppressing the variables (x, £) € T*R? \ 0.
Remark 5.6. The commutativity (5.29) means that the considered Hamilton flows are
consistent with the propagation inclusion that we aim for, namely

WE () € 30 (WFE@) . 1 eR, we 7R, (5.30)

for the solution operator (propagator) .#; of a Schridinger type evolution equation.
Indeed the inclusion (5.30) requires that the image of x; of any WFg () C T*R? \O
for u € .’ (R?) contains a closed o-conic subset of T*R? \ 0. It is not known if
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for any closed o-conic subset of I' C T*Rd\O there exists u € .’ (Rd) such that
WFg (u) = TI" except when o = 1. Infactif o = 1 then [29, Theorem 6.1] answers the
question affirmatively. Nevertheless it seems reasonable to ask that the image of y; of
any closed o -conic subset of T7*R? \ 0 contains a closed o'-conic subset of T*R% \ 0.
Then in particular a o -conic curve of the form
Ree = {(Ax,196) € T*R?\ 0, 1 > 0}

where (x, &) € §2¢-1
where z € 82471,

, must be mapped into another such curve, thatis, x;Ry ¢ = R;

6. Anisotropically homogeneous Hamiltonians and their flows

Given a Hamiltonian a : R?¢\ 0 — R of class C°°, Hamilton’s system of equations
is
x'(t) = Vea (x(1), £(1)),
E'(t) = —Vya (x(1), (1)),
x(0) = x,
§(0) =¢,

for initial datum (x, &) € T*Rd\O and t € (—T,T) with T > 0. By the Picard—
Lindelof theorem there is a unique solution (x(¢), £(t)) = x;(x, &), x; : R \0 —
R \0,7 € (=T, T),forsome T > 0.Itis called the Hamiltonian flow. In general the
maximal 7" depends on (x, §). The map (=7, T) >t — x; satisfies x4+ = X1 Xn
and X,_l = x—; [1]. The solution x; is a symplectomorphism on T*RY for fixed
t € (=T, T)[8], C! with respect to ¢, and hence a cl diffeomorphism on T*RY. If
the level sets of a are compact then the solution x;(x, &) extends to all ¥ € R [1].
Using the matrix (3.18) we may write the differential equation in (6.1) as

6.1)

X0 _
(5/(;)> = JVyea(x(@),5()). 62

Suppose the solution x; : R2¥\0 — R2?\0 is well defined for t € (—T, T') with

the parameter 7 > 0 valid for all initial data (x,£) € T*R?\0. The assumption
a € C®(R?*¥\0) and [15, Theorem V.4.1] imply that

(=T.T) x R*\ 0> (1,x,£) > 099, x,(x,£) e R\ 0 € C((=T.T) x R*\ 0)
Va, B e N, (6.3)

and in particular x; € C®(R?\0, R?¥\0) for each t € (=T, T).
The next lemma will be used in the proofs of Proposition 6.2 and its converse
Proposition 6.4.

Lemma 6.1. Ifo > 0 and a € C®(R?? \ 0) is real-valued then
a(ux, A7) =2 a(x, £), (x,€) e T*RY\0, 1 >0, (6.4)
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holds if and only if

li ,E) =0, 6.5
(x,§)1—>m(0,0)a(x &) (6.5)
Vea(Ax, A€) = A°Vya(x, €), (x,&) € T*R? \O, A>0, and (6.6)
Vea(hx,\°8) = AVea(x, &), (x,§) € T*R¢ \0, A>0, (6.7)

hold.

Proof. Tt is immediate to see that (6.4) implies (6.6) and (6.7). Since any (y, n) €
T*R4 \ 0 can be written as (y,n) = (Ax, A°&) for a unique A > 0 and a unique
(x, &) € S2~1[27, Section 3], also (6.5) follows from (6.4).

Assume on the other hand (6.5), (6.6) and (6.7). Let (x, &) € T*R? \ 0 and define
the function f(¢) = a(tx, t&) fort > 0. Then we have for 0 < e < 1

1 1
a(x,§) = f() = / fl(yde + f(e) = / (Vxga(t(x, §)), (x,8))dr +a(e(x, §))

which gives for A > 0, using (6.6) and (6.7),
1
a(Ax, 7€) = / (Vyea(t(Ax,298)), x, A%&))dr + a(e(rx, 17&))

1
_ )\'U+1/ (Vyga(t(x,§)), (x,&))dr +a(e(Ax, 17§))
=27 (a2, ) — a(e(x, €)) +ale(hx, 276)).

The claim (6.4) now follows from the limit as ¢ — 0T using the assumption (6.5).
O

In the following result we show that the Hamilton flow commutes with anisotropic
scaling for Hamiltonians with the anisotropic homogeneity (6.4).

Proposition 6.2. Leto > 0, and supposea € C*®(R?>\0) is real-valued and satisfies
a(ux, 2%8) =2 ax, £), (x,€) e T*RY\0, 1> 0. (6.8)

Then there exists T > O such that the Hamilton flow x:(x, &) defined by the function
a is well defined fort € [—T, T uniformly for all (x, ) € T*R4\ 0, and y, satisfies

Xi(Ae (W, 6) = Ag(Wxi(x, &), >0, (x,§) eT*RI\0, 1e[-T,T],
(6.9)
where Ay (L) : T*R? — T*R? is defined in (5.28).
Proof. The assumption (6.8) and Lemma 6.1 give the anisotropic homogeneities
Via(x, A%&) = A°Vya(x, &),
Vea(hx,2°8) = AVea(x, &), (x,8) € T*RY\ 0, 1 >0,
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which can be written as
Viga(lx,178) = A1 (A7) Vyga(x, §). (6.10)
This gives limy £y (0,0) Vx,ca(x, &) = 0. Set

M = sup  |Viga(x,§)| < +oo.
0<I(x.6)I<3

If (x,&) € S24=1 then by the Picard—Lindelof theorem [15, Theorem II.1.1] the
Hamilton flow stays in the ball x;(x, &) € B%(x, OHif T <t <Tand T = ﬁ

Thus there exists 7 > 0 such that the Hamilton flow yx, : $?¢~! — R??\ 0 is well
defined for —7 < ¢ < T uniformly over §2d—1,

Let (x,&) € T*R4 \Oandset (x(2), £(t)) = x:(x, §). For Ty > O sufficiently small
we have (x(7), £(t)) € T*Rd\O fort € [Ty, Ty]. From (6.2), (6.10) and

TA (A = A0 HT (6.11)

we obtain
d (XN
EXz(x, §) = (E/(t)> = JVyea(x(t),&@1))
=TAL(0"")Vega (Ax(0), A7E(1))

= Ao 07D T Viga (hx (1), 275 (1))
which may be written
(X' (1), A7E' (1)) = TVrga (hx (1), 27E(1)) .

Thus (Ax (1), A&(¢)) solves (6.1) for t € [—Tp, Tp] with initial datum (Ax, A%&),
for any A > 0. If we choose A > 0 such that [(Ax, A°&)| = 1 then the solution is well
defined for t € [T, T] by the first part of the proof. The solution (Ax(?), L7 &(¢))
hence extends to t € [T, T] for all A > 0. By the uniqueness of the solution we
have x;(Ax, A\%&) = (Ax (1), A°£(1)). It follows that the Hamilton flow x; : R*\0 —
R24\0 is well defined in the interval 1 € [T, T] uniformly over the phase space
R?¢\ 0. In conclusion we have

Ae M) xe(x, ) = Ax (1), A°E(@) = xs (Ax, 278) = )i (Ao (M) (x, §))
for (x,€) e T*R4\ 0, A > O0andr € [-T, T]. ad
Remark 6.3. With the assumptions of Proposition 6.2, for any ¢ € [T, T'] we have

li ,€)=0.
L Xe(x, §)
In fact this is an immediate consequence of (6.9). So defining x;(0,0) = (0, 0)
we could extend the Hamilton flow as a continuous bijection yx; : R* — R?? for
t € [-T, T]. By [15, Theorem V.4.1] we know that y, € C®(R>*¢\0, R??\0) but we
cannot extend the smoothness to the new domain point (0, 0).
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Next we show a converse of Proposition 6.2.

Proposition 6.4. Leta € C®(R??\ 0) be real-valued and suppose

lim  a(x,&) =0.
(x,6)—(0,0)

Suppose the solution x;(x, &) to (6.1) is well defined fort € [T, T] for some T > 0
forall (x, &) € T*RU\0. Ifo > 0and (6.9) holds true then a satisfies the homogeneity

aGu, 2%8) =2 ax, £), (x,€) e T*RY\0, 1> 0. (6.12)

Proof. For (x,§) € T*R4 \ 0 we denote (x(¢),&(¢)) = x:(x,&). Formula (6.9)
means that the solution to (6.1) with (x, &) replaced by (Ax,A°&) for A > 0 is

Ao (M) xi(x, &) = (Ax (1), A7&(1)).
Let (x,&) € T*R? \ 0. From (6.2) and (6.9) we obtain for any A > 0

d d »
TVrea (c).60) = 0.6 = 2 (A (D10 (s 0 (x. )

= Aa(r‘% (e (Ao Q) (x, §)))
= AW HT Ve za (hx (1), A7E®D)) .
With aid of (6.11) and 7! = —7 this gives
Viga (x(0),£(1) = —T A (AT Vi za (Ax (1), A7E(1))
= Aé(r")vx,ga (Ax(0), A7E(D)) .
For t = 0 we get

Vea(Ax, A%€) = A°Vya(x, §),
Vea(hx, 2°&) = AVea(x, &)

which together with the assumption lim, &) (0,0y @(x, §) = 0 is equivalent to (6.12)
by Lemma 6.1. 0

We note that a function a that satisfies (6.12) is determined by its values on the unit
sphere §??~! and

a(x, &) =23 (x, &) a(py(x,8)), (x,&) € T*RY\0,

where A : R\ 0 — Ry and p, : R??\ 0 — 827~ are smooth functions defined
in [27, Section 3].

Examples of Hamiltonians that satisfy a € C (R24\0) and (6.12) are the homo-
geneous polynomials that depend on either x or £ (but not both) studied in Sect. 5 (cf.
Remarks 5.2 and 5.5), that is

a(x,&§) = Pp(x), o=m-—1,
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1

a(x,§) = Pn), o=—:,
m—1

where m € N and m > 2. Other examples are
1 o+1
ar.&) =c(ll+ 7).

where 0 > 0 and c € R\ 0, and

e,y = e (s + i) ),

with k,m € N\0, 0 = £ and ¢ € R\0.
Note that the Hamiltonians

a(x, &) = 1|7 + el 7
withc;,co e Rando > 0,

a(x, &) = c1lx* + el F T
with k € N\O, 0 =2k — 1 and ¢y, ¢ € R, and

a(x, &) = erfx|FET 4+ el

with 0 = 2,{1—_1 and c1, ¢ € R, all satisfy (6.12). But none of them satisfy a €
C>®(R*\0).

The final result in this section will be useful in Sect. 8. It says that the G property
of a symbol is preserved under composition with a Hamiltonian flow that satisfies
the anisotropic scaling commutativity (6.9). We need a cutoff function ¥5(x, &) =
o(lx> + &%) € C®°R?*¥) where ¢ € C®(R),0 < ¢ < 1, 9(t) =0fort < % and
@(t) = 1fort > 82 for a given § > 0. Thus /5 , =0and ¥ =1.

2

|R2d\135

Proposition 6.5. Let 0,8, T > 0, and suppose x; € C®(R?*¥\0, R?*?\0) for —T <
t < T is a Hamiltonian flow that satisfies the anisotropic scaling commutativity (6.9).
Ifa € G™° then b, = Ys(a o x;) € G"™° uniformly forall =T <t < T.

Proof. Let (x,£) € T*R4 satisfy |(x, &)| > § and let A > 1. From (6.9) we obtain
bi(hx, 178) = a (x;(hx, 178)) = a (Ao (W x:(x, §)) = a (Axi,1(x, ), 17 x1.2(x, §))

decomposing x; = (x:.1, X¢.2) into its two RY component functions. For 1 < k£ < d
we denote by x;, ;x the component with index k of x;,; for j = 1, 2.
We claim that for [(x, £)] > 8,2 > 1,and o, B € N’ we have

90 (a (e (6, 6), 2 1023, 6)) )

= Y AR (a7oka) (A Gon . ©)) fru (. ©)

ly+r|<la+p]

(6.13)
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where f, , € C® (R2d \ 0) are smooth functions. In fact the claim follows by induction
with respect to |« + B, starting with |o + B| = 1, as follows. With ¢ € N4 denoting
the standard basis vector, I < k < d, we may write dy,a(x,§) = dvka(x, £) and
dga(x, &) = nga(x, &). If |a + B| = 1 we have either

e, (@ (At (06,9, 102, )) )

:i( 0%%a) (Ao 0. ) =5 X”k(x & +27 (#4a) (A 0o (x, ) Gt s))
or

B, (@ (101 (. ), 270201, 6)) )

-2 (k (6:4a) (Aau)xt(x,s))agg’k .6+ (384a) (A )10 x. ) e s>)
for I < j < d. Thus (6.13) holds when |« + 8| = 1. The induction step follows
straight- forwardly. It follows that (6.13) holds for all o, 8 € N9, |(x, &) > 6, and
A > 1, as claimed.

We fix r > § and consider any (x, &) € T*R4 such that |(x, &) = r. Using (6.13),
the assumption a € G"? and

inf [x(x,8)| >0, sup [x/(x,&)| < oo,
[tI<T <T

|8 l=r AISE,
we estimate for «, 8 € N¢

Alel+alpl ‘(a“aﬂb[)(;\x 2e)| =

00f (b1 Gx, 279) )|
0:0f (@ (Ao s (2,60 )
S X ArE(afaga) (A ©)]
[y x| < la+Bl

Do ARG (o 6. s, )T
[y +r|<latBl
<

N

for all A > 1. The conclusion b, € G"¢ uniformly for all —7 < ¢ < T is now a
consequence of Lemma 3.2. 0

7. Solutions to a class of Schrodinger type equations with anisotropic
Hamiltonians

In the sequel we use k, m ¢ N\ Oand o = % We consider in this section first the
Cauchy problem

{8tu(t, x) +ia”(x, Dyu(t,x) = f(t,x), xeRY 0<r<T, a0

u(0, ) = uo,



36 Page 28 of 46 M. CAPPIELLO ET AL. J. Evol. Equ.

where T > 0 and a € G729 Later we will extend the time domain to [T, T].
Simplifying notation we set My = M(,,S(Rd) fors € R and a¥ = a"(x, D). The
main purpose of the section is to show existence and uniqueness of solutions to (7.1)
considering u(z, -) as a function of ¢ with values in M spaces.
We will need the following lemma which says that C 1([0, T1,.7) is dense in
C(0,T],M,)N Cl([O, T1, M,) for any u, v € R.

Lemma 7.1. If u,v € Randu € C([0,T], M) N clqo, 11, M,) then there exists
a sequence (Up)p>1 < cl(0, T1,.%) such that

lim  sup lu,(z,) —u(, )lm, =0, (7.2)
n_)+000<t<T

lim  sup [[0;un(t, ) — dpu(t, )lm, =0. (7.3)
n_)+000§t<T

Proof. Let ¢ € /(R%) satisfy ||¢||;2 = 1. We use the approximations (cf. [13])
un(t,) = Vi xaVou(t, ) € R, 0<1<T,

where yx, is the indicator function of the ball B,, C R p ¢ N\O.
By [13, Eq. (11.29)] we have on the one hand

[V (un(t, ) = un(t, D] < (tn [Vop e, ) —ul@ N]) % Vol (74)
and on the other hand, using (2.5) in the form V(;f Ve =id g,
Vi (un(t, ) = u(t, )| < ((1 = xu) [Vou(e, )]) % Vel (1.5)
With m > 0 we write using (3.2) and (3.5)
()" S 0 (@)" M) S 0 (2 — w)" MO, () )
< 0, (z — w)y" XL HRlFRg (pymmax(Le) o, g2

which inserted into (7.4) gives by means of the Cauchy—Schwarz inequality, again
(3.5) and (2.3)

(@™ |Vy (un(t, ) — un(z, ) @)
< (g |V, (e, ) — (e D)« (6™ Vel ) )

< sup (b ™) ot Ve e ) = e D |z |05 1Vl
R

LZ(RZd)
S llud ) —u(e, )lm,

Referring to the assumption u € C([0, T'], M,,) and to the seminorms (2.6) this
shows that u, € C([0,T],.%), and u, € C'([0, T],.¥) follows similarly from
Oty (t, ) = Van Vpoiu(t, -), replacing u with v and using the assumption u €
cl([0,T1, My).
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From (7.5) and Young’s inequality we obtain, again using (3.2), (2.3) and (3.5),

lant. ) = (e, Y lag, = 02 [ Vi ant. ) = e || 2 e

< (@ =t [V o)) = (841701)

L2(R2d)
S =6 Viu(t, )| 1 goay

S =6 Vou(t, )| 1o goay = fu ().

9(LM|V¢¢)

Ll (R2d)

Note the monotonicity f,(f) > f,+1(¢) for each n € N\0, and by the assumption
u € C([0,T], M) and dominated convergence we get lim,_. o f,;(#) = 0 for each
t € [0, T]. For eachn € N\ 0 we have f,, € C([0, T]). In fact

|fn(t) - fn(T)l = ’H(l - Xn)gngu(ta ) ”LZ(RZd) - ||(1 - Xn)O#V(pu(r, ')||L2(R2d)
< ||(1 - Xil)etl: (V(pu(ta ) - V(/Ju(fv )) ||L2(R2d)

< 68 (Vou(t, ) = Vou(, ) | 12 ge0)

= ”u(ta ) - M(T, )”Ml’-

so f, € C([0, T]) follows from the assumption u € C([0, T'], M,,). Now it follows
from Dini’s theorem that f;,(#) — 0 uniformly for ¢ € [0, T'] as n — oo. This means
that we have shown (7.2), and (7.3) follows in the same fashion. U

Remark 7.2. We note that Lemma 7.1 is true also when we replace the interval [0, T']
with [-T, T1.

By (3.4) we have w,’} = 6, when o = X and k, m € N\0. Combining this with
(4.1), (4.7) and [14, Theorem 1.1] it follows that if s € R then the symbol 6] for
the localization operator (4.7) that defines the isometry M; — L? can be replaced
by w,i/ "1; We denote for simplicity this localization operator by Ay = A sk We will

k,m

need the following auxiliary result.

Lemma 7.3. Letk,m € N\0, 0 = % and a € G and suppose that
Ima(x,§) < Ci, (x,§) € T'RY,

for Cy > 0.If s € R then Aga” A;! = b” where b € G'77 and
Imb(x,£) < Cy, (x,&) € T*RY,

for some Cp > 0.

Proof. By Lemma 3.6 we have w,i/ n]i € G*7 for the symbol of Ag. From [20, Theo-

rem 1.7.10] it follows that A; = a}” where a; € G* is real-valued, cf. Sect. 4.

The symbol w,i/ n]i for Ay is positive everywhere and elliptic, cf. (3.15). By the
proof of [2, Theorem 8.2] (cf. also [20, Proposition 1.7.12]), slightly modified to the
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anisotropic calculus, it follows that Ay is invertible on .¥, and AS_1 = ¢ where

¢ € G, From
(Asf. f) = /R w1V f @) dz > 0

forall f € %\ 0itfollows that (¢ f, f) > Oforall f € %\ 0 which implies that ¢
is a real-valued symbol. Indeed we have

2i(ma)”f, )= ("f, /)= Cf. )
=", =" =C"f,.)H—("f, f)=0
for all f € .7, which by polarization yields
Ame)” f.8) = (Ame)"(f +8). f +8) — (A" (f —8). [ —g)
+i(Am )" (f +ig). f +ig) —i (Am )" (f —ig), f~ig) =0

for all f, g € .. This implies Im ¢ = 0.
Finally from b" = Ay awAA,_1 =a’a¥c” and (3.13) we obtain

b=a#atc =ajac+ b
where b; € G% is bounded. Thus since a; ¢ € G%7 is also bounded we get

Imb=(ma)a;c+Imb; < Cisup(ajc)+suplmb; = Cy < o0
R2d R2d

for some C, > 0. g

Remark 7.4. The proof of Lemma 7.3 shows that from the added assumption
Ima(x,§)| < C1, (x,§) € T*RY,

follows the stronger conclusion
IImb(x, &) < Ca,  (x,8) € T*RY.

The following two results Lemma 7.5 and Theorem 7.9 are detailed adaptations of
[16, Lemma 23.1.1 and Theorem 23.1.2] from the calculus of Hormander symbols to
the anisotropic Shubin calculus.

Lemma 7.5. Letk,m € N\0, 0 = % a € G and suppose that
Ima(x, &) < C, (x,&) e T*RY, (7.6)
forC >0.Ifse R ueC(0,T], My4146) N CY([0, T1, M) then
F@) =ou(t,)+ia"u(t,-) € C(0,T1, My), (7.7)

and there exists ¢ > 0 such that
t
lu@) iy, S e Nu0)ln, +./o O £ (D)l de (7.8)

forO0 <t <T.
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Proof. First we prove the result for s = 0. The assumptions, M}, < L? and Propo-
sition 4.2 imply

t > u(t,-) € C(0,T], L3,
> du(t,) € C(0.T1, LY, = 1> f(1) € C([0, T], L?).
t— a®u(t,-) € C([0,T], L?)

The conclusion (7.7) follows.

By Lemma 7.1 we may replace L2 by .# above. The assumptions a € G'+% and
Ima(x, &) < C make Lemma 4.3 applicable. Combining with (3.12) and the fact that
W (g, g) is real-valued [13] we get for g € . (R%)

Re(ia¥g, g) = —Im(a¥g, g) = —2n) %Im(a, W(g, g)) = —2n) 4 (Ima, W(g, g))
=—(Ima)’g.g) = (C —Ima)’g.g) — Cligll;> = —(b + O)ligll7>

where b > 0. If 0 < ¢ < T and u € R this gives, writing u(t) = u(, -) for brevity,

o (el

= 2M (Re (Qpu(t), u(t)) — M||“(t)“iz>

e
2e~H (Re (f (1), u(t)) — Re((ia + )" u(t), u(1)))
< 2e MRe (f (1), u(r))

provided u > b+ C.
Integration gives forany 0 < v < ¢

vV

e IV um)1Z, < u()7, +2 /0 e N Ol Nlu(D)ll 2 dT
t

< Ju ()2, +2 fo WY £ ()2 ()l 2 de

t
< ()2, +2M (1) fo £z dr

with
M@)= sup e "“|u()| 2.
0<r<t
Thus
t 2 ¢ 2
(M(t) —/0 e M f@ 2 df) < <|IM(O)IIL2 +/0 e @2 df)
which yields

t

e M u@)l 2 < M) < [lu0)] 12 +2/O e f(g2dr

‘We have now shown (7.8) for s = 0 and ¢ = .
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Nextlets € Rand u € C([0, T], Mg+145) N CcL(0, T1, My). Then d,u, a%u €
C([0, T'], My), again appealing to Proposition 4.2, and the conclusion (7.7) follows.
By the proof of Lemma 7.3 we know that A; = a}’ with a; € G*?. Proposition 4.2
yields

Asu € C([0,T], My 1) N CH([0, T1, L?), a®Asu € C([0,T], L?)
—  QAu+ia”Au e C(0,T], L.

ByLemma7.3 thesymbol b € G179 definedby b* = A, awAS_1 satisfiesIm b < Co
for some C, > 0. The inequality (7.8) with a = b and s = 0 thus gives

'
[Asu@)ll 2 < e[| Asu(0)]l 2 +/ U8, Agu(t) + ib” Asu(t) || 2dT
0
which finally yields
lu@llm, =< 1Asu@l2 < e | Asu(0)]l 2

t
+f D) A, (8;14(1) i iAS_lbwAsu(t)> I,2dt
0

1
= e |u(0) | a, +/ N du(r) + ia"u(t)| pm,dr.
0

Remark 7.6. If we strengthen the assumption (7.6) with a lower bound as
—C<Ima(x,§) <C, (x,§) e T*RY, (7.9)

for C > 0, then the time direction may be reversed in Lemma 7.5. More precisely the
lower bound in (7.9) yields the estimate

Re(ia”g, g) < (b+O)lgl?, g€

Straightforward modifications of the argument in the proof for the case s = 0 leads to
the estimate

0
lu(=Dlg2 S e uO)l 2 +/ V| f (D)l 2 dT
—t

forc > 0and 0 < ¢ < T. Taking into account Remark 7.4 a statement replacing
(7.8) can then be formulated as follows. If s € R, u € C([-T,T], My+145) N
CY([-T, T1, M) then

(), S e u(0) ) p, + / U0 ()| gy, dT
[T|<le]

for =T <t < T, wherec > 0.
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Propagation of anisotropic Gabor singularities

J. Evol. Equ.
The final tool for the proof of existence and uniqueness of a solution to (7.1) we

need is the following approximation lemma
Lemma 7.7. Lets e R If f € LY([0, T1, My) then there exists a sequence (f)n>1 C

C2((0, T), .7 (RY)) such that
(7.10)

Jim L= Fllaigormy = 0.

Proof. Since C([0, T], M. )ng([O, T1, My)isdense we may assume f€C ([0, T'], My)
and by Lemma 7.1 we may assume f € C([0, T], .%). Thus we have

lim  sup / Hf( —_ —) - f(r)HM? dr =

n—400
lr1<%

(7.11)

We regularize f with respectto ¢ € [0, T'] as
Fa®) =Y = (f xn) (1) € CZ((0. T), S (RY)

where x, € C°(R) is the indicator function for the interval [1 T — l] CR, ¥ e
2] Jr ¥ (x)dx = 1, and ¥, (x) = n (nx).

CER). ¥ >
Writing
1
Falt) = £(1) = / T (=0 = FO)ult = D+ O (0 =) = 1))

0, suppyr < [

we may estimate

T
/Ollfn(t)—f(t)lledt I+ J,

where

N‘___

Wn(f)/ If (& —1) = fOllm, xn(t — T)dr dz

=/

2n
ﬁ T+r——
-/ @ [0 - g0 arar
/7 v (@) Hf( - —) drde
2
— 0, n— +oo

using (7.11). Finally
= T

In =/ . ‘/’”(7)/(; NfOlm, (1 — xn(t — 7)) drdz
~n
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f Wr)/ ||f(r>||M( o (1= ) arar
Cvo ([ o
R2G (/ /_) O drde

(/ o

n — 4oo.

Bl— N\»—

I\)

D=

‘We have shown (7.10). O

Remark 7.8. Again we note (cf. Remark 7.2) that Lemma 7.7 is true also when we
replace the interval [0, T'] with [T, T'].

We have now finally arrived at a point where we may state and prove the existence
and uniqueness of solutions to (7.1) that are continuous on the spaces M;.

Theorem 7.9. Let T > 0, k,m € N\O, 0 = % a € G179 suppose
Ima(x,§) <C, (x,£) € T*RY,

forC > 0,andlets € R. Ifug € Mg and f € Ll([O, T1, My), then the equation (7.1)
has a unique solution u € C([0, T], My).

Proof. First we assume ug € .%’ and f € C2°((0, T), Z(RY)).
Lety € C2°((0, T) x R%). With ¥ (r) = ¥ (¢, -) we have ¥ (1), 3% (1), a” ¥ (t) €
C{(0,T),.”).Letv € R. Lemma 7.5 applied to t +— (T — ¢, -) and —a gives

T
sup [ (D)llnm, S,/O I =0y (T —t,) —ia"y(T —t,)llm_, dt

0<r<T
T
=/0 100t ) + i@y, i, dr.

This implies

T
' /0 (F ). () dr

< W flpqorymy W leeqorm_yy S sup W@ llm,
0<i<T

T
S /0 ;9 (2, -) +ia™y(z, )|l -y dz.

Thus

L'((0, T1, M=) 5 =0,y (¢, -) — ia" ¥ (1, )'—>/ (f (@), ¥ (1)) dt
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is an anti-linear continuous functional. By the Hahn—Banach theorem it can be ex-
tended to a functional on L (0, T], M_,).From [9, Theorem IV.1 and Corollary IV.4]
we know that the dual space of L' ((0, T'], M_,) can be identified with L>°((0, T'], M,)
through the natural pairing. Hence there exists u € L*°((0, T], M),) € 2'((0, T) x
R?) such that

T T
/0 (@, w () di = /0 W), 30y (1, ) — i@y (1, ) dr
T
_ / @uue(t) + iau(t), ¥ (1)) dr.
0

It follows from this argument that 3,u + ia”u = f in 2'((0, T) x R?). From u €
L®((0,T], M), a € G'*%° and Proposition 4.2 it follows that 8;u € L°((0, T,
My_(1+40)). If we set g(0) = up and

t
g(t)zf du(r)ydr +ug, 0<t<T,
0

theng € C([0, T'], My—(1+0)), and it follows from Lebesgue’s differentiation theorem
for Bochner integrals [9, Theorem I1.2.9] that g’(r) = 9,u(¢) for almost all 7 € [0, T].
If € C°((0, T) x R?) then we obtain from this

T S —
(W, ) = —(Phut, ) = —fRdfO Brg(t. )T de dx = (g, )

which shows that u = g € C([0, T], My,—(14+0)). Now d,u +ia*u = f anda €
G yields u € C'([0, T, M, _2(1+5)). We may now apply Lemma 7.5 and con-
clude

T
sup ||u(l)||M\;_2(]+(7) 5 ”uO”MV_z(H_,,) +/ ”f(t)”M,,_z(H_q) dr.
0<t<T 0

Since v € R is arbitrary we get the following conclusion. If ug € . and f €
Cx0, 1), (R%)) then for any v € R there exists a solution

ueC(0,T], Mys146) NC([0, T, M)

to (7.1) such that

T
sup Nlu@®llm, < lluollm, +/ ILf ()l de. (7.12)
0<r<T 0

If up € My and f € L'([0, T, My) we take sequences (u,),2; S .7 and
(fi)gey € CZ((0, T), 7 (R%)) such that [|u, —uo|| p7, — Oand I fn—F o, 1, m,) —
0 as n — +oo. The former is possible due to [13, Proposition 11.3.4], and the

latter thanks to Lemma 7.7. By the first part of the proof there exists a sequence
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(un(t)):f]’ C C([0, T], Mg4+140) such that 0,u,,(t) +ia%u,(t) = f,(t) and u, (0) =
uy, foreach n > 1. By (7.12) with v = s the sequence (u,(t)), is a Cauchy sequence
in C([0, T], Mjy). It follows that (9,u, (t))jl'fl) C C([0, T], My) is a Cauchy sequence
in L1([0, T1, Ms—1-5).

The sequence (u, (1)), converges in C ([0, T'], M) tou(t) € C([0, T], My), and the
sequence (0;u, (t)), converges in Ll([O, T, M;_1_s)tov(t) € Ll([O, T, Ms_1_),
v+ia®u = fin L'([0, T], Ms_1_s), and u(0) = uy.

If € C2((0, T) x RY) then

T
@, ) = —(u, d9) = —nlggofo (un (1), By (2, ) dt
T
= lim / @t (1), ¥ (1, ) dr
n—oo 0

T
:/o w(t), ¥(t,))dt = (v, ¥)

which shows that v = 9, in L! ([0, T], Ms—1—_). We conclude that 0,u +ia”u = f
in Ll([o’ T]v MS—]—O')’ M(O) = UO» ue C([O’ T]v MS)» and

T
sup (lu(®)llm, S Nuollag +/ Il f @)l m, dr.
0<t<T 0

It remains to prove the uniqueness of the solution. Suppose u € C([0, T], M;),
oru+ia”u =0andu(0) = 0. Thenu € C! ([0, T], Ms_1_5) by Proposition 4.2, and
thus by Lemma 7.5 we have u(¢) = 0 in Ms_1_,, which implies u(¢) = 0 in Mj, for
eachr € [0, T]. O

By Remarks 7.2, 7.6, 7.8 and straightforward modifications in the proof of Theo-

rem 7.9 we may strengthen the assumption on Im a, reverse the time direction and
obtain results for the equation

{8tu(t,x)+iaw(x, Dyu(t,x) = f(t,x), xeR? 1e[-T,T]\O, (713)

u(0, -) = uyg.

Corollary 7.10. Let T > 0, k,m € N\0, 0 = £, a € G suppose

E;
Ima(x, &) < C, (x,&) € T*RY,

for C > 0,andlets € R. Ifug € Mg and f € LY([=T, T1, My), the equation (7.13)
has a unique solutionu € C([-T, T], Mj).

Since
L'(-T, 7], ®R") = (| L'(-T, T1, My),
seR
C(-T.T],#RY) = (| CU-T, T1, My)
seR

we get the following corollary taking into account (4.2).
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Corollary 7.11. Let T > 0, k,m € N\0, 0 = %, ae G and suppose
Ima(x, &) < C, (x,&) € T*RY,

for C > 0. If f € L'"([-T, T1, ZR?)) and ug € .#(R?) then the unique solution
10 (7.13) satisfiesu € C([—T, T1, &/ (R%)).

Finally we state a result dual to Corollary 7.11.

Corollary 7.12. Let T > 0, k,m € N\0, 0 = %, ae G and suppose
Ima(x, &) < C, (x,&) € T*RY,

Jor C > 0. If ug € .7’ then by (4.2) there exists s € R such that ug € M. If [ €
L! ([T, T1, My) then the unique solution to (7.13) satisfiesu € C([—T, T], My).

8. Propagation of anisotropic Gabor wave front sets for Schrodinger type
equations

The following lemma is an anisotropic version of [6, Lemma 3.6]. Its proof is
similar so we omit it (cf. also [27, Lemma 3.2]). The lemma will be used in the proof
of Proposition 8.2 which is essential for our main result Theorem 8.3.

Lemma 8.1. Supposeo > 0,r;(t) € C([-T,T], G"°?) for j > 0, where (mj);io C
R is decreasing, [T, T] > t v~ 0;rj(t)(z) is continuous for each z € T*RY, and
0rj(t) € L°([=T,T],G™°) for all j = 0. Then there exists r(t) € C([-T, T],
G™0%) such that for anyn > 1

n—1
rt) =Y rj(t) € C(=T.T].G™").

Jj=0
We write r(t) ~ Z?‘;o rj().

Note that r(¢) is unique modulo an element in C([—T, T], . (RM ).
Ifrj(t) € L*([-T, T], G™?)for j > 0 we abuse the notation r () ~ ZC;O:O ri(t)
to mean

n—1

r(t) =Y rj(t) € L®(~T,T],G"™)

j=0

for n > 1. In this interpretation r(¢) is unique modulo an element in L*°([—T, T],
5% (RZd )). Thus in Lemma 8.1 it holds 9;r () ~ Z?io 0,7 (¢) in the latter sense.
In the next result we use the cutoff function ¥s introduced prior to Proposition 6.5.
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Proposition 8.2. Let § > 0, k,m € N\0O, 0 = £, and suppose that a € G179,

m’

a~ Y Zgaj whereag € C®(R*\0) is real-valued,
ap(Ax, \°&) = )L1+Ga0(x, £), A>0, (x,&§)¢€ T*RY \ 0, 8.1

and a;j € GUHOU=2D.0 for i > 1. The Hamiltonian flow x; : T*R?\0 — T*R?\0
corresponding to the Hamiltonian ay is then defined for =T <t < T with T > 0.
Ifqo € G 9 then there exists a function t — q(t) such that q(0) = V¥sqo,

q(t) € C(-T, T], G, (8.2)
q(t)~ Y q;(0), gqj(t) € CU-T,T], G+, (8.3)
j=0
dgq(t) ~ Y dqi(t), 9gq;(t) € LO(=T, T], G2/ 1H9), (8.4)
j=0

qo()(x, &) = Ys(x, £)qo(x—1(x. £)), (x,§) e T*RY, 1€ [-T.T],  (85)
andr(t) € L®([—-T, T1, .7 (R*)) where
r" =q®)" (0 +ia™) — (0 +ia™) q(1)".

Proof. The claim that the Hamiltonian flow x; (x, &) € T*R%\0 corresponding to the
Hamiltonian ag is defined for —7 < ¢t < T with the same parameter 7 > 0 for all
initial data (x, £) € T*R¢ \ 0 is a consequence of Proposition 6.2.

We will design ¢ (¢) such that (8.2), (8.3), (8.4) and (8.5) are satisfied, and, noting
that 9,q ()" = q(t)" 9, + (3,9 (1))",

r(t) = i (q(t)#a — a#q(1)) — d,q(1) € L®([~T, T], Z(R*?)). (8.6)
By [16, Theorem 18.5.4] we have
i (q(O)#a — atq (1) (x, &)

0]

—1)J/+! .
~2 W (@ 3 = (3. 06) 7 g . )y |
j=0 b

~{q(0), a}(x,§)

N=(x.£)
8.7)

oo

—1)J+! .
+> St L (8. 3y) — {3y, 36)) 7 g (D (x. §)a(y, n)‘

(2j + 1)122J (y.m=(x.8)

j=1
where we use the Poisson bracket notation
{q@),a} = (Veq (1), Vya) — (Vyq(t), Vea) = (T Vx £q (1), Vi ga).

If we introduce for j > O the bilinear differential operator

U, 8)0x, &) = (=17 (3, B,) — (3, 3)) f(x, E)g(y, ) (8.8)
(y,m=(x,§)
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then{f, g}1 = {f, g},so{f, g} extends the Poisson bracket to higher order differential
operators. Note that for j > 0
aeG™, beG"™ = {a,b};eGmtniitoo (8.9)
The notation (8.8) allows us to abbreviate (8.7) as

(—=1)J
(2 + 1122

o]

i (g(tyha —atq(t) ~ Y

j=0

{q(t)v a}2j+l~

Inserting a ~ Z?io aj and q(1) ~ Z?OZO q; (1), and collecting terms of order j > 0
gives

o] "
i (q#a —akq) ~Y > _CD @ andans (8.10)

192
S Gm D12

since {gk (1), an}oms1 € C((=T, T1, G297y whenk +n +m = j.
The remainder (8.6) can now be written r(t) ~ Z;io r;j(t) as an asymptotic sum
in L®°([—T, T1, G%) with

=D ~2j(140),
rj(t) = Z Gm {g (1), anyoms1 — 09 (t) € LT, T], G~ 79)
k+n+m=j

8.11)

for j > 0. In the proof we show how to pick {g; (t)}?io with the stated properties so
that r(r) € L®([—T, T1, .7 (R?*?)).
Set for (x,&) e T*R? and t € [-T, T]

qo(1)(x, &) = Vs (x, E)qo(x—i(x, §))

so that (8.5) is satisfied. The purpose of the factor s is to make go() a well defined
smooth function also around (0,0) € T*R? where X—¢ may not be smooth. For
each (x,£&) € T*RY, 1 +— qo(t)(x,&) € C([—T, T]). By Proposition 6.5 we have
qo(t) € G%? uniformly for all € [T, T].

We write o () (x: (x, &) = ¥s(x: (x, §))qo(x, ). Then differentiation with respect
tot, o x:(x, &) = JVao(x:(x,&)) (cf. (6.2)) and the Chain Rule give for (x, &) €
T*R\0

{ao, ¥} (e (x, 8))qo(x, &) = (Vs (x: (x, §)), T Vao(x:(x, §)))qo(x, §)
= (Vs (x: (x, §)), 9; xe (x, §))qo(x, §)
= (rq0(1)) (x: (x, 8)) + (Vqo () (x: (x, §)), T Vao(x:(x, §)))
= (3:q0(1)) (x:(x, §)) — {qo(1), ao}(x: (x, £)). (8.12)

Thus for all (x, £) € T*R?

9rqo()(x, &) = {qo(1), ao}(x, &) — {¥s, ao}(x, §)qo(x—:(x, ).
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Note that the right hand side is supported in R?¢\ B 5 and the second term is compactly
supported in Bs € T*R¢.

The function [T, T] 3 ¢ +> 9,q0(t)(x, £) is continuous for each (x, £) € T*R¥.
Indeed the continuity of the first term

[=T.T]> 1t {qo(1), ao}(x,§) = =(Vqo(r)(x,§), TVao(x, §))

is a consequence of (6.3) and the chain rule, and the continuity of the second term has
been verified above.

From ¢o(1) € G% and (8.9) it now follows that 8,qo(t) € L¥([—T, T1, G*?),
and then the continuity of [-7', T] > t > 9;q0(¢)(x, &) and the mean value theorem
gives qo(t) € C([-T, T1, GY). By (8.11) we have

ro(t) = {qo(1), a0} — 8:qo(t) = (Vs ao}qo o x— € L¥([~T, T1, G*)

which implies that supp ro(r) € Bs € T*R? for all r € [—T, T] so in fact we have
ro(t) € L([—T, T], C2°). This means that the principal symbol of r(¢) vanishes:
ro(t) ~ 0.

Next we eliminate the second highest order term in (8.11) ri(¢) € L®([-T, T1,
G 204909y by a proper choice of ¢;(t) € C([—T,T], G~21+9):9) The term in
C([-T,T], G~2049).9) in (8.10) is

1
{qo(®), a1} + {q1(?), ao} — ﬂ{CIo(t), ap}s.
Define
1 —2(1+0),0
p1(@) = {qo(®), a1} — ﬂ{qo(t), apl3 € C([-T,T],. G ) (8.13)

so that p1 (1) + {q1(1), ag} is the term in C([—T, T, G~2(119)-9) in (8.10). Define

1
q1(t)(Xz(x,§))=/0 P1(T) (X (x, §)) dr (8.14)

or equivalently

t

00, &) = fo P1(0) s (x, £)) d.

From (8.13) and Proposition 6.5 it follows that 1 (r) € G~>1+9)-% yniformly for all
t € [T, T]. We differentiate (8.14) with respect to r which gives if (x, &) € T*R4 \O0

p1(D) (X (x, §)) = (3:q1 (1) (X1 (x, §)) + (Va1 () (x: (x, §)), 9 xi (x, §))
= (0:q1(0) (X1 (x, §)) — {q1(1), a0} (x: (x, §)).

Thus 9,1 (t)—{q1(t). ao} = p1(t) whichimplies d,¢; (1) € L®([~T, T], G219,
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Let (x,€&) € T*R be fixed. We know that [—7, T'] > ¢ > p1(t)(x, £) is continu-
ous, and the continuity of

[=T.T]> 1~ {q1(1), ao}(x, §) = —(Vq1(1)(x, §), T Vao(x, §))

is a consequence of the continuity of

t
[=T.T]1>1t+— 9:q1(t)(x,§) :/0 9z (P1(T) (Kr—1 (%, §))) dr

forz =xjand z =& forall I < j < d. In turn, the latter is a consequence of

t+s
9z (q1(t +5) —q1(1)) (x, ) = / 9z (p1(T) (Xr—i—s(x, §))) dT
t

t
+ /0 091 () et (3, €)) = p1(D) (e, £))) d,

the chain rule, and again (6.3).

It follows that [-7,T] > t +— 0:q1(¢)(x, &) is continuous for each (x,§&) €
T*R?. Combining this with 9,q(r) € L®([—T, T], G~20+9):7) we may conclude
that ¢1(t) € C([—T, T], G~2(179).9) Referring to (8.11) this implies that r{ () €
L®°([—T, T], G~20+9).9) and

1
r1(t) = {q1(®), ao} + {qo(t), a1} — ﬁ{qo(t),aoh —0q1 (1)

={q1(®), a0} + p1(t) — 9q:1(t) =0
which shows that the choice of ¢ () in (8.14) indeed eliminates r (t) € L*°([-T, T],
G_Z(H_U)’G).
In a similar way we construct g;(t) € C([-T, T], G~2(1+40).9) for j > 2 using
{qx(t)}{Z, by defining

(=D" —2j(l+0),0
piy=" > e gk (1), aphams1 € C(=T, T], G2/ 1F)7)
k+n+m=j, k<j 2m + 1)!22
(8.15)
and
t
4 () (e (x, £) = /O £ (0) e (x, £)) d. (8.16)

As before d,q;(t) € L¥([=T, T], G=2/1%9):9) g.(t) € C([-T, T], G~2/(1F0).o),
and 3,q;(t) — {q; (), ap} = p;j(t), which yields r;(t) € L®([-T, T], G=2/(1T0).7)
(cf. (8.11)) and

(=™
ri(t) = Z 'W{Qk(ﬂaanhm—i—l — 0rq;(¥)
k+n+m=j
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=1{q;(®), a0} + p;(t) — d:q;(t) = 0.

Sor;j(t) ~ O forall j > 0 which means that

) e () LOA=T,T1, G507y = L¥([=T, T],.7 (R*)),
Jj=0
Finally defining ¢ (z) by (8.3), Lemma 8.1 shows that (8.2) and (8.4) hold. The claim
q(0) = ¥sqo is a consequence of go(0) = ¥sqo and g (0) =0 for j > 1. Il

Combining Corollaries 7.10 and 7.11 with Proposition 8.2 we obtain our main result
about propagation of anisotropic Gabor singularities for the evolution equation

{8tu(t,x)+iaw(x,D)u(t,x)=O, xeRY, te[-T,T]\O,

1(0. ) = . (8.17)

Theorem 8.3. Letk,m € N\0, 0 = % and suppose thata € G'79° g ~ Z?io aj,
where ag € C OO(Rz‘i\O) is real-valued,

ag(Ax, A°8) = A" %ag(x, £), A >0, (x,&) e T*RY\0, (8.18)

and aj € G+ =209 for i > 1. The Hamiltonian flow x; : T*R?\0 — T*R?\0
corresponding to the Hamiltonian ay is then defined for —T <t < T with T > 0. If
ug € .7 (R?) then (8.17) has a unique solution denoted #;uo, and we have

WEg (Hiuo) = x:WFq (uo), t€[-T,T1].

Proof. By Proposition 6.2 there exists 7" > 0 such that the Hamiltonian flow y; :
T*RI\0 — T*R?\0 corresponding to the Hamiltonian aq is well defined for —T <
t<T.

By (4.2) there exists s € R such that ug € M;. From Corollary 7.10 we obtain the
existence of a unique solution u(¢) = HFug € C([—T, T], My) to (8.17).

Let zo € T*RY\ (WFg (o) U {0}). We may assume that |zo| = 1. By (3.19) with
m = (there exists ¢g € G such that gy up € S andzq ¢ chars(qo). By (3.14) there
exists a o -conic neighborhood I' C T*Rd\O suchthatzg € I',and |go(x, &) > C > 0
when (x, &) € I' \ B, for some r > 0.

Let 0 < 8 < |x(z0)| for all # € [—T, T]. By Proposition 8.2 there exists ¢(t) €
C([—T, T1, G"7)suchthatq(r) ~ Y32 q;(t) withg; (t) € C([=T, T], G2 (1*)-9)
for j > 0, qo(t)(x, &) = Ys(x, §)qo(x—(x. §)) and r(t) € L¥([—T, T], .S (R*))
where

r)" =q®)" (0 +ia™) — (0 +ia™) q(1)".
This gives

0=q()” (8, + iaw) u(t) = (8, + iaw) g u(t) +r) u(r)
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that is

(8, + iaw) g u(t) = —r®%u().

Set f(t) = —r(t)”u(t). By (3.8) and Proposition 4.2 we have for any m € R

sup | f O lIm,es S sup llu@lly, < oo
71T [t|<T
which by (4.2) implies that f € L®([—T, T],.7(R%)) € L'([-T, T], .7 (R%)).
Thus g (¢)"u(t) solves the equation (7.13), and for the initial value we have

q(0)"u(0) = go(0)"u(0) = (Ysq0)" uo = qq uo + (Ys — 1g0)" uo € &

dueto s — 1 € C° (R2?). At this point we may apply Corollary 7.11 which gives
g(O%u(r) € S (RY) forall t € [T, T]. We note that go(t)(x;(x, &) = qo(x, £)
if |x;(x,&)| = 8, and x,I" C T*Rd\O is a o-conic neighborhood of x;(zp), which
is a consequence of Proposition 6.2. This implies that yx;(zg) ¢ char, (g (¢)), since
the lower order terms {g;(f)};>1 in g(¢) decay on T*R. By (3.19) this means that
X:(20) ¢ WFg u@)) = WFg (“;up). We have shown

WEg (AHiuo) S i WFg (uo), t € [T, T].

The opposite inclusion follows from Ji/,_l =, and Xt_l = X_t. U

Remark 8.4. In Theorem 5.1 the Hamiltonian has by Remark 5.2 the form
m
a = Z a j
Jj=0

where a; is real-valued for all 0 < j < m, 0 = L ap € G119 satisfies (8.18),

m—1°’
. 1 1—L )
anda; € GO"=Do = G' (157 < Glofor1 < j <m.

In Theorem 8.3 on the other hand o = % and the Hamiltonian is a ~ Z?io aj,
ap is again real-valued and satisfies (8.18), and a; € G{!T0)(1=2/).0 ¢ G=(+0).o for
j>1

Comparing Theorem 5.1 and Theorem 8.3 we may conclude that the former is not a
particular case of the latter, due to the different assumptions on the perturbation a — ag
of the Hamiltonian.

9. Examples

Let again 5 (x, §) = @(|x|> + [§|*) € C®(R*) where ¢ € C*(R),0 < ¢ < 1,
() =0fortr < % and ¢(t) = 1 for t > 8 for a given 8 > 0. Thus w,;\Bs = 0 and
2

Vs |R2d\B5 =1L
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Example 9.1. Let§ > 0,c € R\0, k,m € N\0, 0 = %, and set

2k 2m %(%J’_%)
a(x, &) = ey (x, &) (Ix* + ) :
Then
a(x, 278 =M a(x, ), A=1, (x,8) e T*RY, |(x,8)] =6,
and a € G'*77. Theorem 8.3 applies to this Hamiltonian.
Example 9.2. Letcy,cp € R\ 0,k € N\ O, and set
_2k 2%
a(x, &) = Y3, §) (15177 + ol ).
With o = 2k+] we have
a(x, 28 =M a(x, ), A=1, (x,6) e T*RY, |(x,8)] > 8.

However, we note that the singularity (non-smoothness) of the term |x|% =
|x|' at the origin is not annihilated by the cutoff function s unless k = 1. For this
purpose, we would need a cutoff function that depends on x only. But this type of
cutoff function does not fit into the calculus with G”-° symbols. So a ¢ G'*t% and
we cannot apply Theorem 8.3 to this Hamiltonian.
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