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Abstract

In this paper we investigate some properties of the harmonic Bergman spaces .A” (o) on a
g-homogeneous tree, where ¢ > 2, 1 < p < oo, and ¢ is a finite measure on the tree with
radial decreasing density, hence nondoubling. These spaces were introduced by J. Cohen,
F. Colonna, M. Picardello and D. Singman. When p = 2 they are reproducing kernel Hilbert
spaces and we compute explicitely their reproducing kernel. We then study the boundedness
properties of the Bergman projector on L? (o) for 1 < p < oo and their weak type (1,1)
boundedness for radially exponentially decreasing measures on the tree. The weak type (1,1)
boundedness is a consequence of the fact that the Bergman kernel satisfies an appropriate
integral Hormander’s condition.

Keywords Bergman spaces - Homogeneous trees - Bergman projectors -
Calderén-Zygmund theory
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Introduction

The main focus of this paper is on the projectors associated to the harmonic Bergman spaces
on homogeneous trees introduced in [9]. The Bergman spaces A”(0), 1| < p < oo, are
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in some ways the harmonic analogues of the classical holomorphic Bergman spaces on the
hyperbolic disk, whereby p-integrability is relative to the reference measure o on the tree,
that is a finite measure with radial density with respect to the counting measure, and where
harmonicity is relative to the so-called combinatorial Laplacian. The analogy between the
hyperbolic disk and the homogeneous tree inspires many ideas behind our constructions
(see [6, 8]).

The space A%(o) is, as expected, a reproducing kernel Hilbert space (RKHS) and the
problem of understanding the associated projectors hinges on the explicit knowledge of the
kernel, an information that we derive by introducing a somewhat canonical basis for A% (o).
The core of this contribution is devoted to proving that, for a prototypical class of measures,
the extension of the Bergman projector is bounded on L? (o) if and only if p > 1, and is of
weak type (1,1). The results are thus almost faithful reformulations of those that hold true
for the holomorphic Bergman spaces on the hyperbolic disk [5, 15, 17, 20, 22], but many of
the key ingredients, first and foremost the explicit determination of the reproducing kernel,
call for a rather different approach.

Let X be a homogeneous tree. A function on the tree is said to be harmonic if the mean
of its values on the neighbors of any vertex coincides with the value at that vertex. J. Cohen,
F. Colonna, M. Picardello, and D. Singman introduce harmonic Bergman spaces on homo-
geneous trees in [9]. They consider a family of reference measures which consists of finite
measures that are absolutely continuous with respect to the counting measure and whose
Radon-Nikodym derivative o is a radial strictly positive decreasing function on X. For every
1 < p < oo, the harmonic Bergman space .A” (o) is the closed subspace of L” (o) consisting
of harmonic functions. The requirement for the measure o to be finite is suggested by the fact
that the only harmonic function which is p-integrable with respect to the counting measure
is the null function.

In the context of the hyperbolic disk, when p = 2, the weighted Bergman spaces are
RKHS, and the holomorphic Bergman kernel is known as well as the properties of the
associated projector. Indeed, the extension of the holomorphic Bergman projector to the
weighted L?-spaces is bounded if and only if p > 1, see [17, 20, 22]. Furthermore, it is of
weak type (1, 1), see [5, 15]. In our work, first of all, we show that A2 (o) is a RKHS for
every reference measure o and we provide an explicit formula for the reproducing kernel
K, in Theorem 11. Since A2(o) is closed in L?(c), there exists an orthogonal projection
P, L%(o) —> A%(c). We prove that, for a particular class of reference measures, P, extends
to a bounded operator from L” (o) to AP (o) if and only if p > 1. Moreover, we show that
P, is of weak type (1,1): to do so we use a Calder6n-Zygmund decomposition of integrable
functions adapted to the measure o . Notice that the measure o is not doubling with respect to
the standard discrete metric on X, but it turns out to be doubling with respect to the so-called
Gromov metric (see Section 4). Hence a Calderén-Zygmund theory in this setting holds, and
we show that the Bergman kernel satisfies an integral Hérmander’s condition related to such
theory, so that it is of weak type (1,1).

The measures we focus on are exponentially decreasing radial measures, i.e. they are
exponentially decreasing with respect to the distance from o and can be viewed as natural
counterparts of the measures involved in the definition of the standard weighted holomorphic
Bergman spaces on the hyperbolic disk. The fact that the extension of the projector to the
weighted LP-spaces is bounded if and only if p > 1 follows from the fact that the projector
coincides with a particular Toepliz-type operator (see Section 3.4 in [22]).

In the spirit of the results of [3, 4] on the disk, one could investigate the boundedness of
the Bergman projectors for general reference measures. In [9-11], the authors introduce and
study the optimal measures, a subclass of the reference measures which, roughly speaking,
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Harmonic Bergman Projectors on Homogeneous Trees

decrease fast as the distance from the origin increases. The exponentially decreasing radial
measures are optimal in this sense. The study of the boundedness of the Bergman projector for
optimal measures is still work in progress. Another related question is whether the Calderén-
Zygmund theory that we develop here could be applied to other operators.

The paper is organized as follows. In the first section we recall the definition of the
harmonic Bergman spaces and, for every reference measure, we provide an orthonormal
basis of the Hilbert space .A>(c). The basis plays a fundamental role in Section 2 in the
proof of the two formulae for the kernel of the RKHS A2(0): the first is a recursive formula,
while the second is the explicit formula of the kernel given in Theorem 11. In Section 3 we
focus on the exponentially decreasing radial measures and state two results characterizing the
boundedness of the extension of a class of Toeplitz-type operators inspired by the operators
considered in [22] (see Theorems 14 and 15). As a consequence, in Theorem 17 we show
that the extension of the harmonic Bergman projector to the weighted L? spaces is bounded
if and only if p > 1. The last section is devoted to the Calderén-Zygmund decomposition
of integrable functions (presented in Proposition 30), the formulation of the Hormander’s
type condition, see Eq. 32, and the weak type (1,1) boundedness of the Bergman projectors
is obtained as byproduct.

In what follows, we shall use the symbol >~ (<, or 2) between two quantities when the left
hand side is equal (smaller than or equal to, or greater than or equal to, respectively) to the
right hand side up to multiplication by a (fixed) positive constant. Furthermore we assume
the following convention on sums: the sum is null whenever the starting index is greater than
the final index. If Y C X, we denote by 1y the characteristic function of Y. Finally, we adopt
the symbol LI for disjoint unions and | x| for the largest integer less than or equal to x € R.

1 Harmonic Bergman Spaces
1.1 Preliminaries on Homogeneous Trees

We present some preliminary notions and results on homogeneous trees; for more details we
refer to [7, 13, 14, 16].

A graph is a pair (X, &), where X is the set of vertices and € is the family of unoriented
edges, where an edge is a two-element subset of X. If two vertices u, v in X are joined by
an edge, they are called adjacent and this is denoted by u ~ v. A tree is an undirected,
connected, cycle-free graph. A g-homogeneous tree is a tree in which each vertex has exactly
g + 1 adjacent vertices. With slight abuse, we refer to the set of vertices X as the tree itself.
We fix an origin o € X.

From now on we consider a g-homogeneous tree X with g > 2. Given u, v € X, with
u # v, we denote by [u, v] the unique ordered ¢-uple (xo = u, x1,...,%_1 = v) € X',
where {x;, x;+1} € € and all the x; are distinct. We say that [u, v] is the path starting at # and
ending at v. With slight abuse of notation, if [u, v] = (xo, ..., X;—1) we write x; € [u, v],
i €{0,...,t—1}.Inparticular, if # and v are adjacent, both [u, v], [v, u] € X2 are oriented,
unlike the edge {u, v} € & which is not. A homogeneous tree X carries a natural distance
d: X x X — N, where for every u, v € X the distance d(u, v) is the minimal length of a
path joining u and v. If v € X, then we denote by S(v, n) and B(v, n) the sphere and the
ball centered at v with radius n € N, respectively, i.e.,

S(w,n)={x e X:dw,x)=n} and B(,n)={xe X:d(v,x) <nj}.

@ Springer
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It is straightforward to check that

1, n=20,

#S(v,n) = G+ ", n£0.

ey

We call norm of a vertex v in X its distance from o, i.e. |v| = d (o, v). We say that a function
f on X is radial (with respect to o) if its value at a vertex x € X depends only on |x|. If
v # o, then we define the sector of v as the subset

T, :={x € X:[o,v] C o, x]},

and we adopt the convention To = X. Moreover, we call successors of v the elements of the
sets(v) ={u € X:u~ v, |u|l = |v|+ 1}. Evidently,

#sy = | TvFo
qg+1, ifv=o.
For every v # o we call predecessor of v and denote it by p(v) the only neighbor of v which
is not a successor of v; it follows that | p(v)| = |v| — 1. The vertex o is the only one having
no predecessors, and s(0) = S(o, 1). This defines the predecessor function p: X \ {o} — X,
and, for every positive integer ¢, its ¢-fold composition p*: X \ B(o, £ — 1) — X is the ¢-th
predecessor function.

1.2 Harmonic Functions and Harmonic Bergman Spaces

Definition 1 Let f be a complex valued function on X. The combinatorial Laplacian of f
is defined by

Lf () —f(v)——Zf( ). veX.

u~v

We say that f is harmoniconY € X if Lf = 0 on Y. Equivalently, f is harmonic on Y if

f()——Zf() vevy. )

u~v

We shall call a function harmonic if it is harmonic on X.

It is easy to prove that a function is harmonic if and only if for every v € X and n € N,
we have

f) = s d(g)j ,, f. A3)

The harmonicity property Eq. 2 implies a certain rigidity for the function. In particular,
the value of a harmonic function at a vertex y € X “propagates” to every layer of the sector
Ty, as showed in the following proposition, which is a modified version of [9, Lemma 4.1].
In that lemma, the authors show that a function which is harmonic and radial on a sector 7y,
y € X \ {o}, is completely described by its values at y and p(y). We consider a harmonic
function on the sector Ty, removing the radiality assumption, and we formulate a result for
its average on S(o, n) N Ty, n > |y|. We omit the proof since it is an easy adaptation of the
proof of [9, Lemma 4.1].
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Proposition2 Let y € X \ {0}. If f: X — C is harmonic on Ty, then for every n € N,
n > |y|, we have

n—|y| n—ly|-1
Yor@=Y_d|rom-| D | rwon. “
|x|=n j=0 j=0

Furthermore, if f: X — Cis radial on T, and satisfies Eq. 4 for every n > |y|, then f is
harmonic on Ty.

We introduce a technique which allows to extend a function which is harmonic on a ball
centered in o to a function harmonic on X. Let n € N and g be a function on X which is
harmonic on B(o, n). It is easy to see that there are infinitely many ways to extend g to a
harmonic function on X which coincides with g on B(o,n + 1). As we see next, there is
however a unique harmonic function gf on X which is radial when restricted on Ty for every
yeS,n+1).

Let x € X \ B(o, n). There exists a unique y € S(o,n + 1) such that x € T,, and
y = pPl="=1(x) (where p® = idx). Since we aim to construct gf radial and harmonic on
Ty, by Proposition 2 we have that

H
(9= 456, |x|)ﬂT} 2 &'@

lz|=]x].
z€Ty

[x[=Iyl [x[=lyl—1

=g > @ e DD @ e
—0 i—0

[x]—n—1 [x]—n-2
=¢" Y ) s ) - qf (P17 ()
j=0
[x|—n—1 A |x|—n—1
= > a7 | e ) - Z P ().
j=0 j=1

For simplicity we introduce the notation

Zq _7, neN,

qg—1
and we set a_; = 0. Hence
g(x), x| < n,
”{-I(x) = |x|—n—1 |x|—n (5)
a|x\—n—lg(17 (x)) — (alxlfnfl - 1) g(P x)), x| >n.
The function g,’[’ defined above is harmonic on X by Proposition 2 and because
X=Bo.mu [J T
yeS(o,n+1)
Observe that g/’ is indeed harmonic on B(o, ) because ap = 1 anda_; = 0, yield g/ = ¢

on B(o,n + 1), and not only on B(o, n). Furthermore, the extension gf is radial on every
sector “starting” from a point in S(o, n 4+ 1) by construction (Fig. 1).
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S(o0,3)

/

\Q

Fig. 1 The function g is harmonic on B(o, 2), that is the set of vertices in the blue area. The function g?

is obtained by extending the values of g in S(o, 3) (the green area) along sectors in such a way that ng is
harmonic on X and constant on the vertices lying on the same red arc, that is on the “layers” of the sectors

1.3 Harmonic Bergman spaces

Homogeneous trees are classically endowed with the counting measure. The main feature
of such measure is the invariance under the group of isometries of the tree. When studying
spaces of harmonic functions, this measure is however inadequate because the only harmonic
function that is p-summable, 1 < p < oo, with respect to the counting measure is the null
function, as we show in the following statement.

Proposition 3 If f is a harmonic function in L (X), 1 < p < oo, then f is the null function.

Proof Suppose that f is harmonic. We have that

+o00
DI =331l

xeX n=0 |x|=n

wwzzzm>

n=0 |x|=n ly~x

_g+ D'
q(q+ o Z S S

n=0 |x|=n y~x

1
zm(‘l + 1)||f|| LP(X) = ||f||Lp(x) < +00,
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since every vertex is neighbor of exactly ¢ + 1 other vertices. Hence the unique inequality
in the computation above is an equality, so that

D r»

y~x

P
@+ D ro)Ir = =@+ DPIf )",

y~x

which means that | f|” is harmonic, too. If f is not the null function, then there exists v € X
such that f(v) # 0. Hence by Eq. 3, we have

Z|f<x>|P—Z > If(x)l”—lf(v)l”Z#S(v n) =

xeX n=0d(v,x)=n

which is a contradiction. Hence f = 0. O

Since we are interested in Bergman spaces of harmonic functions, the previous proposition
leads to consider finite measures on X. In [9], the authors introduce harmonic Bergman spaces
with respect to the following class of measures.

Definition 4 A reference measure on X is a finite measure that is absolutely continuous with
respect to the counting measure and whose Radon-Nikodym derivative o is a radial strictly
positive decreasing function on X. With slight abuse of notation we denote by o the reference
measure, too. Given a reference measure o on X for every p € [1, co) the Bergman space
AP (o) is the space of harmonic functions on X such that

1 1oy 7= D 1F0)IPo (x) < 4o0.
xeX

Every Bergman space A” (o) is a Banach space and when p = 2, it is a Hilbert space
with the scalar product

(. &) ario) =Y g0 (x), [, g€ A0) ©)
xeX

If o is a reference measure on X, and if we denote by o, the value of o on the sphere
S(0, n), and by B, the total mass of o, then by Eq. 1 its value is

q+1+oo
B(,:oo+7Zo,,q" < +00.

n=1

Example5 Let « > 1. Interesting examples of reference measures are the exponentially
decreasing radial measures, consisting of the measures having density

fe(x) =g, xeXx.

Indeed, juq is radial, positive and decreasing. Furthermore, we write B, in place of By,
namely

1 l—a o 1

= < +o00. 7
1 g l—gq'™* q¢%—¢q

Proposition 6 For every reference measure o the measure metric space (X, d, o) is nondou-
bling.
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Proof Let o be a reference measure. For every n € N, let v, € X be such that |v,| = 2n.
Then max{o (x): x € B(v,,n)} = o, and so

By, n) = Y o)< 0ouBwy,m| S q"on
xe€B(v,,n)

On the other hand, since o € B(vy, 2n), we have

o (B(vy, 2n)) N 0(0) n—soo
P 00
o (B(vy,n)) ™ gq"on
by the finiteness of o. This concludes the proof. O

Given areference measure o, we introduce the decreasing sequence (b, ), <N Which collects
some important information on o. For every n € N, we define

+o00 m—n—1
by =bu(0)= Y [amam_n_l( > q")] ®)
k=0

m=n+1

The sums are finite because o is a finite measure on X. We shall use the notation b, instead
of b, (o) whenever the measure is clear from the context.
The next lemma is a technical result that is very useful in what follows.

Lemma?7 Letn € N and g be a function on X which is harmonic and vanishes on B(o, n).
Then there exists a constant b, > 0 such that for every f € A%(0)

(f e oy = Y. (baf) =Dy f(p(y)) 8.
lyl=n+1
where by is defined in Eq. 8 and (-, -) 2(¢) in Eq. 6.

Remark 8 The constant b;l has a structure similar to that of b,, as can be seen in the proof
below, but we are not interested in it.

Proof Observe that, from the fact that g (,,») = 0 and Eq. 5, forevery x € X with |x| > n we
have g/ (x) = a‘x|_,,_1g(p"‘|_”_1(x)). Take f € A%(o). Then, by applying Proposition 2
to f, we have

+0oo -
(f8f) ey = > om Y. FEIHX)

m=n+1 |x|=m
+00 -
= Y on Y. Y f@aua1g(pFTT)
m=n+1 ly|l=n+1 |))§‘€:Tl
+00
= Z @ Z OmAdm—n—1 Z fx)
|y|=n+1 m=n+1 |x|=m
xeTy
+00 m—n—1 m—n—2
= > ) omamnl[( > qk) f(y)—< > q"> f(p(y))}
[yl=n+1 m=n+1 k=0 k=0
= Y (bSO =, f(p()) g,
[yl=n+1
as required. O
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1.4 A Canonical Orthonormal Basis of .42(0)

The goal of this section is the construction of an orthonormal basis of the space A”(o).
Let us consider the linear spaces

! (oY) v=o0
W, :={p:s(v) - C: 7) =0} ~ Cl®I-T ’ ’
b= {e:s) D 9k) =0} CH b e X\ fol.
zes(v)
For every v € X we set I, = {1, ..., |s(v)| — 1}. For every v € X we fix an orthonormal

basis {ey, j}jer, of W, with respect to to the scalar product

(0. V)w, = Y oMV

yes(v)

Letv € X and j € I,. We consider the extension by zero to all of X of e, ;, namely,

ey, j(x), x €s(v);

Bu jx) = {o, X ¢ s(v).

Itis immediate to see that £y ; is harmonic on B (o, |v]) and vanishes on B(o, |v|). We denote
the harmonic extension of E, ; by f, ; = (Ev,‘,-)fz‘, namely

0, if x ¢ T, \ {v),
ape|— -1 Ev, j (PH71V171(x)),  otherwise.

Joj(x) = [ (C))
Hence f,,; is harmonic for every v € X and j € I,,. Furthermore f, ; is bounded, since for
every x € X

| fo, ;O < (1 =g ey, jlloo-

Hence f, ; € A2(o) for every reference measure o . Notice that, upon setting fo(x) = 1, the
family
B={fo)U{fuj:veX, jel}< A )

is independent of the choice of the reference measure o.

Proposition 9 The family B is a complete orthogonal system in A*(c) for every reference
measure o.

Proof Fix a reference measure o. The fact that f is orthogonal to every other function of
the family follows from the harmonicity of f, ; and Eq. 3. Indeed

+o0
(Fojs f0) 200y = D o @0 @) =Y on Y fujx) =0.

xeX n=0 |x|=n

Let us consider v, w € X with v # w. Without loss of generality we may consider two
situations: either T, N Ty, = P or Ty C T,. In the first case f, ; L fu « forevery j € I, and

=

k € I, because their supports are disjoint. If 7, C T, then we can suppose that [w| < |v|.

=

Since fy, j1B(o,jw+1) = 0, from Lemma 7 we have

(For Fok) 2oy = 2, Bl fo. i) = by fo i (PO Ewi(y) =0.

yl=lw]+1
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It remains to prove the orthogonality in the case v = w. Let j, k € I, be such that j # k.
We know that fy |0, [v)) = 0, so that by Lemma 7

(fv.j» Joi) a2y = Dy Z Ey j(VEy i (y) = by Z ey, j(Mevk(y) =0,

[yl=lvl+1 yes()

where we used the fact that supp(Ey «), supp(E,, j) € s(v) and the orthogonality of ¢, ; and
ey k in Wy,

We now show that 5 is complete. Take g € A2(0) such that (8, [) a2(0) = O for every
f € B. We show that g is the null function in A?(o’). In particular we prove by induction
that g = O on every B(o, m), m € N.
We start by observing that (g, fo) 42(,) = 0 implies g(0) = 0. Indeed by Eq. 3

+00 1 +oo
0= (g, fo) a2y =D _0n Y g(x) = (1 + % Zq”0n> g(0) = Byg(o).  (10)

n=0 |x|=n n=1

We assume now g = 0 on B(o, m) for some m € N. Let v € S(o, m). Observe that since g
is harmonic and g(v) = 0, we have g|;,) € W,. Hence for every j € I,

0=1(g fo i) 2)=bm D €0 (&) (11)
yes(v)

and this implies that g(y) = 0 for every y € s(v) and so for every y € S(o, m + 1), namely
g vanishes on B (o, m + 1). The fact that g = 0 follows by induction. O

We now fix a reference measure o and compute the norm of functions of the family B in
A2(0). Evidently, ||f0||342(6) = B,.Letv € Xand j € [,. By Eq. 11, we have
1o, gy = oo o arior = biot Y, €vjMew,j(3) = bpu- (12)
yes(v)

Hence the norm of f, ; does not depend on j and coincides with the constant in Eq. 8. Hence

By = (B fo) U by fujive X, j € ) (13)

is an orthonormal basis of A2(o).

2 The reproducing kernel of A2(0)

In this section we fix a reference measure o. We show that the Bergman space A% (o) is a
RKHS and we first obtain a recursive formula for the kernel and we then derive a formula in
closed form. Observe that the main ingredient used in the proofs are the harmonic extension
and the orthonormal basis defined in the previous section together with the fact that W, are
reproducing kernel Hilbert spaces, too.

Let z € X. We consider the evaluation functional ®,: A%(¢) — C defined by ®,g =
g(2). Observe that @, is a bounded operator. Indeed by the Cauchy-Schwarz inequality

2_ 2L 2 o _ lgl3
| gl” = g@)|° < U(Z)§|g(x)| o(x) = s
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Thus A2(c) is a RKHS, that is for every z € X there exists K, € A%(o) such that

(8. K2) 420y = 8(2), g€ A(0).

Let K: X x X — C be the kernel defined by K (z, x) := K, (x).
Since B, defined in Eq. 13 is an orthonormal basis of A(ZT, for every z € X we can write

Ke= Y (Ko, laof= ) %f=3i+22%. (14)

feBs feBs o veX jel, vl

We recall that by Eq. 9, for every z € X

?, ifv = o;
[0, p(2)], ifv #o.

Hence for every z € X the sum in Eq. 14 is finite and the decomposition of K holds true
pointwise.

Our goal is to compute K. To this end, we introduce the auxiliary function I': X x
X x X — R which is a parametrization of the family of reproducing kernels for the spaces
{Wylvex. Forevery (v, z,x) € X x X x X we set

{ve X: fy;(2) #0forsome j € I} =

0, if {z,x} £ T, \ {v};
'w,z,x)= #;(s”()vjl, if{z, x} € T, for some y € 5(v);
— ﬁ(v) , otherwise.

Observe that I" is symmetric in the second and third variables. Furthermore, I' (v, z, -) is the
null function if z ¢ T, \ {v} and whenever z € T, \ {v} we have supp(I'"(v, z, -)) = T, \ {v}.
Moreover, the values of I'(v, z, -) on T, \ {v} are completely determined by the values on
s(v), as the value of I'(v, z, -) at x € T, \ {v} is equal to the value at p'““"“‘_1 (x) € s(v)
(see Fig. 2).

We now show that I' (v, -, ) is the reproducing kernel of W,,, namely that for z € s(v) we
have

0@ =(p, (v, 2, Nw,, @€ W,

First of all I'(v, z, -) € W, because

3 F.zy) = —s@ - 1) O kel
= V= Bs(v) T #s(u)

Fig. 2 Partial representation of the function I'(v, z, -) on T3. The value of I'(v, z, -) at the vertices in the red

area is #‘;F:'()Ijjl , while in the blue area is — #S}v) . Clearly, I'(v, z,v) = 0
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Furthermore,
_ #s(v) — 1 1
(0. T .2 ), = =79 = o y;jv)w(w
Y#zZ
LI el R S S S
T s P9 T Y T

because ¢ € W,.

Itiseasy toseethatI'(v, z, -) is harmonic on B (o, |v|) so that we can consider the harmonic
extension (I'(v, z, '))IIZI’ which is bounded by construction. Indeed from the definition of
harmonic extension we have for every x € T, \ {v}

lx[—lv|—1

C.z = Y ¢/ |rwzp" " @) =au -1l .2.x). (15

and it vanishes elsewhere. We recall thatif z ¢ T, then I'(v, z, -) = (['(v, z, ‘))IIZI is the null
function.

Proposition 10 Let z € X and [0, z] = {v,}lzl0 The kernel K ; is

7 ifz=o,
K. = 1Ko+ 5 (0.2, ), iflzl =1,
lKvm s+ Ky, 4 5 Tz DI, il =m > 1

Proof Since the measure o is finite and the constant functions are harmonic, K, = Bi IS
o

A?(0). The reproducing property follows from the computations in Eq. 10. Now we observe
that for every v, z € X suchthatz € T, and g € A%(0), by Lemma 7 and supp(I" (v, z, -)) =
T, \ {v}, we have

€ C@. 2. N e = D Gugd —blug(pNT®. 2. y)
[yI=lv[+1

= by Z §MT (@, z, ) — b, 8(v) Z F'(v,z,y)

yes(v) yes(v)
=bp Y gMI(©.2.y). (16)
yes(v)

where we used I' (v, z, )|sv) € Wa.

We now consider the case when |z| = 1. The function K, € A%(0) because it is sum of
functions in .A? (o). We prove the reproducing property. For g € A (o), by the reproducing
formula of K, and Eq. 16 with v = o,

1
(8 K2) o) = 800+ 348 (0,20 )

= g(0) + Z g (0,2, y)

[yl=1

1
= g(0) + 7g(z) BVE) = 1g(y) = g(2),
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where we used that g is harmonic at o.

It remains to consider the case when [z] = m > 1. We have K, € A%(0) since it is the
sum of bounded and harmonic functions. For g € .A%(o) by induction on m and Eq. 16 with
v = V1 We have

1 q+1 H
(8 K2) p2(0) = _;g(vm72) + Tg(vmfl) 5 (&, T(Wm=1,2, Nim—1) A2(e)

m—1

1 qg+1
=802 + T =g on) + Y Tm1.2.9)80)

YES(Um—1)
1 1 qg—1 1
=——gm-2)+— Y gN+—2g@—— Y gO) =30,
4 Y™~ Um—1 q yes(m—1)
y#z
where we used the fact that g is harmonic at v, 1. O

In Proposition 10 the kernel K, is expressed through a two-step recursive formula. We
want to find an explicit formula for K.

Theorem 11 Forevery (z,x) € X x X

K(z,x) = < 1)2 Z 71“(1; 2, 0)(1 =g —gl=hy a7y

ueX

Proof Letz € X and [o, z] = {vt}‘ZI We start by proving that

1
K.(x) = Z Azji-13- O, v, 1), x € X (18)
O' =0 t

The case z = o follows trivially from Proposition 10 and the convention on sums stated in
the Introduction. We prove Eq. 18 by induction on m = |z| > 1. The case m = 1 directly
follows from Proposition 10, too. Let m € N, m > 1 and z € X, with |z| = m, and suppose
that Eq. 18 holds for every vertex in B(o, m — 1). Hence by Proposition 10 we have

1 +1 1
K== Kuo+ Ko+ — O 2 DA

m—1

|:+ Zam t— % (F(vtsvt+la ))t :|
_|._

1
[ +Zamtz O )),] - 1(F(vm_l,z,-»,’,i_l

1 "2 g+ 1 1
=—+ Z ( p am—t—2 — ;am—t—3) E(F(Uh Vi1, '))f]

By =0
+ (T W1, 2, NE_,
m—1
1 m—1

7+Zam -1y (F(vz,vz+1, N,

ez
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where we used (¢ + a,—1 — a,—2 = qa,. Hence we proved Eq. 18 by induction. Since
supp((I" (vy, vi41, -))f{) = Ty, \ {v/}, we have that the 7-th term of the sum in Eq. 18 does not
vanish if and only if x € T,, \ {v;}, that is when v; € [o, x], and hence by Eq. 15, we have

1 1
K(z,x) = B + Z 5 a)z)—|v|—1a)x|—|v|-1T (v, Z, x)

vex W

L, 4 > L1 — g1ty (1 — g, 2, ).
By (g —1)* = by

vex WY

[}

Remark 12 The confluent of two vertices z, x € X is the common vertex of [0, x] and [0, z]
farthest from o, denoted by z A x. It is possible to see that the value of the kernel K at
(z,x) € X x X depends only on the values of |x|, |z| and |z A x|. Indeed, from Eq. 17 and
the fact that I" (v, z, x) does not vanish if and only if v € [0, zZ] N[0, x] = [0, 2 A x], we have

1 g
K(X)=—+——= Y —ap——1ap|——1(1 — g (1 — '~
(%) B G- 172 IZ(; p, lel==191x1~1 1(1=¢" ") =g
R (19)
1 ¢ Iz il
= — _— —T .z, 1 — —|z 1— t—|x ,
AP ; 5 T 20 =g =g
where {v,}lzzlo = o, z]. Furthermore, it is clear that K is symmetric, that is K(z,x) =

K(x,2).

In the following sections we restrict our attention to the family of the exponentially decreas-
ing radial measures [y, o > 1, defined in Example 5.

We shall use the notation L% and AL for the Lebesgue and Bergman spaces with respect
to g, respectively. Furthermore, we denote by K, : X x X — R the reproducing kernel of
A2 Tt will be useful to keep track of the weight in the constants introduced in Eq. 8, so we
denote them by b, ,. In particular observe that in this case there is a relation between the
constants: for every n € N

+00 m—n—1 m—n—1 )
ban= Y q‘“’”( > q") > g
k=0 j=0

m=n+1

(20)

+00

-1 -1
Z qfa(l+") <Z qk) Z qij = qia"ba,o-
k=0 j=0

=1

Furthermore we set B, = g (X).
Now we show that the kernel K, satisfies an integral condition which will be formalized
in Section 4, see Eq. 32.

Proposition 13 The following holds

sup  sup Y [Ku(z,x) — Ka(z,3)lg ™ < 400 @1)
veX\{o}x,yeTvZEX\Tv
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Proof Let v € X \ {o}. We start by proving that Eq. 21 holds for y = v. Consider x € T,

and observe that if z € X \ Ty, then z Ax = z Avand I'(u, z, x) = ['(u, z, v) for every

u € o, z A v]. Hence, if we put [0, z A v] = {u,}lZ:AOvl, then from Eq. 19 we have

2 |zAv|
ba,0 _ _ _
Ka<z,x)—Ka<z,v>=—(Z —pyp 2o 47T 2 v =g (g = g
t=0

qzb 0 |zAv|
_ o, (e 1 =g 1hyg=l — g—1x1y.
P ,Z(:) q (ur, 2, 0)(1 = ¢ (g™ = g7

Then, since |I"(4;, z, v)| < 1and 0 < q"”' — q"x‘ < q“”', we have

[zAY|
Z |Ko(z, x) — Ko(z, U)|q7a|z‘ < Z Z q(1+a)fq*|v\q*0t\z\.
zeX\T, zeX\T, t=0
Observe that, since z € X \ T, then [z A v] € {0,...,|v] — 1}. Then, for every £ €

{0, ..., |v] — 1}, we put
Ye={zeX:|zAnv| =4} =Ty, \ Ty,,-

Since 4 is radial,

T if £=0;
Mo (Ye) = po(ue) + (s (ue) — I)I/La(TuH]) = qial 11::1—_0;, i1 << ol

Hence we have that

[v]-1

D 1Ka(@x) = Ka(z w)lg g ) 7 glHetg=ll 5 7 g ek

zeX\Ty =0 z€Yy

[v|-1

< Z gHatg—lvlg—at
=0
lv|—1

~ qu|u| < q -
=0 -

Finally, by the triangular inequality we have Eq. 21 for every y € T,. O

3 Boundedness of the Bergman projector on L';

In this section we study the boundedness properties of the extension of the Bergman projector
to L% spaces. For the class of exponentially decreasing radial measures we are able to prove
that the extension of the Bergman projector to the relative weighted L?-space is bounded if
and only if p > 1 (see Theorem 17).

In analogy with the operators studied by Zhu in Section 3.4 of [22], we introduce two
families of operators. For any real parameters a, b and for ¢ > 1, we define the integral
operators

Sabef (@) =g Y " |Ke(z, 0l f (x)g ",

xeX

@ Springer



F.D. Mari et al.

Tapef @ =g~y Ke(z, ) f(00g ™",

xeX

We prove two results that imply the boundedness properties of the Bergman projectors.
Theorem 14 is devoted to the study of the boundedness of S, . and T, 5 . on weighted
LP-spaces for p > 1; the case p = 1 needs different arguments and for this reason is treated
apart in Theorem 15. The two theorems are the analogues of Theorem 3.11 and Theorem 3.12
in [22], respectively. The proofs of both theorems are postponed to Section 3.1.

Theorem 14 Leta > 1, ¢ > land 1 < p < o0. The following conditions are equivalent:

(i) the operator S, p,c is bounded on Lk
(ii) the operator Ty p . is bounded on LE;
(iii) the parameters satisfy

c<a-+b, —pa<a—1l<pb-1).

Theorem 15 Let a > 1 and ¢ > 1. The following conditions are equivalent:

(i) the operator S, p,c is bounded on L(L;
(ii) the operator Ty p . is bounded on Lé;
(iii) the parameters either satisfy

c=a+b, —a<oa—1<b-—1,

or satisfy
c<a-+b, —a<a—1<b-1.

We state a corollary which is simply a reformulation of the previous theorems when
c=a+b.

Corollary16 Let 1 < p < ocand o > 1. Ifa, b € R are such that a + b > 1, then the
Jollowing conditions are equivalent:

(i) the operator Sy p,a+b i bounded on Lb:
(ii) the operator Ty p q+p is bounded on LP:
(iii) the parameters satisfy
—pa<a—1<pbB-1).

Let B > 1. Since .A% is a closed subspace of L%, there exists an orthogonal projection
Pg: L% — A%. Observe that by the reproducing property of Kg , = Kg(z,-),z € X, we
can write the projection Pg f of f € L% as follows

Pgf(z) =(Psf, K,s,z)A/zj =(f, PﬂKﬁ,z>L§ =(f, Kﬂ,z)L/%,

where we used the orthogonality of Pg. Hence we can rewrite Pg as the integral operator on

L,zg associated to the reproducing kernel Kg, that is

Psf(x) =Y Kpzx)f(x)g P, felj zeX.

xeX

Since g is finite, Lg - L% whenever p > 2. It is then natural to investigate whether the
restriction of Pg to Lg is bounded. Furthermore, when 1 < p < 2 one has L% - Lg and we

shall study whether Pg admits a bounded extension to LZ . A more general question that we
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want to answer is whether the integral operator K%, & > 1, with kernel K 4(z, x)q@ A1
with respect to the measure (, that is

SF@) =D Kp@.x)f(x)g @ Pllg=ell fellnLy zeXx, (22

xeX

extends to a bounded operator from LY to A%. The following result answers the above
questions.

Theorem 17 Let 1 < p < oo, o, B > 1. The operator IC% extends to a bounded operator
from L to AL if and only if
pB—1)>a—1.

In particular, Py is bounded on L% if and only if p > 1.

Proof 1t is sufficient to observe that from Eq. 22, IC% = Tp,p,p On LPn L/ZB. Hence, the result
follows from Corollary 16. O

Remark 18 It is worthwhile observing that the unboundedness of P, on Lé may be seen
directly with the following example. We make use of Lemma 23 that will be proved in the
next subsection.

For every n € N, we fix a vertex v, in S(o, n), and define

fux) = T, (g™, x e X.
Clearly, || full) = 1and f, € L2. Hence, P, f,(z) = Ky (2, v,) and by Lemma 23

1P fulliy =D 1Ka(zva)lg ™ 2 o] = n.

zeX

This shows that P, does not admit a bounded extension to L/,.

As a direct application of Theorem 17, we deduce the following result on the dual of
Bergman spaces.

Corollary 19 Let 1 < p < oo and a > 1. Then
(A" = AL,

where 1 < p’ < o0 is such that % + i = 1, with equivalent norms under the pairing

(F8) gpar = 2 f@8@a™ feAl geAl. (23)
zeX

Proof Let g € AL . By Holder inequality we have that
10 8) 0 = 181 171 g

for every f € AL so that g defines a fugctional in (AD)*. Cogversely, for @ € (AD)*, by
the Hahn-Banach theorem, there exists ® € (L5)* such that @] A= and PNl a2y =

||Ci>||(L5)*. Then, there exists & € LY such that

O(f)=d(f) = (f.h)

!
LExLl”
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for every f € AL. By the orthogonality of P, and Theorem 17,
P = (Paf Pak) gy 4 = S Pub) gy
Hence @ corresponds to P,k € A2 under the pairing Eq. 23. O
3.1 Proofs of Theorems 14 and 15
This subsection is devoted to the proofs of Theorems 14 and 15, splitting them up in various

steps. In both statements it is obvious that (i) implies (ii). For the rest of the section «, a, b, ¢
denote real parameters with ¢ > 1.

3.1.1 Proof that (ii) implies (iii)

In this subsection we suppose that the operator 7, ; . is bounded on L? and we deduce
necessary conditions on the parameters a, b, ¢, «.

Proposition20 Let 1 < p <oo. If Typcf € Lgfor every [ € Lg, then —pa < a — 1.
Proof Consider, forx € X, f(x) = q_R I*I with R € R such that
1 —
R >max{7a,l—b].
p
Since Rp > 1 — « we have that f € LE and for every z € X

Ta,b,cf(Z) = q—a|Z| Z Kc(Z, x)q—(b+R)\x|

xeX
—+00

— q—alzl Zq—(b+R)11 Z K.(z, %)
n=0 |x|=n

—+00
= q—alzl Z q_(b+R)n#S(0, nK.(z,0)
n=0

by Eq. 3 applied to the harmonic function K.(z, -). Hence, since R > 1 — b,
+00
_ 1 +1 . B o
Tupe f(@) =g — [ 14 L2 bk | 204 malel ¢ x
B q B,

n=1
Now observe that T, p . f € Lk implies

+00

S gl = 4 a+1 S gUmeran <y,
zeX n=1
which holds if and only if —pa < o — 1, as required. O
From now on we write, for 1 < p < oo
1/p
lewll,={ X lew,MIP] » veX, jel.

yes(v)
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Proposition 21 Let 1 < p < oo. If Ty . is bounded on LE thena +b > c.

Proof Fix R € R such that

1l -«
R > max ,c—by.
P

Foreveryv € X\{o}and j € I,, wedefine g, j(x) = fv,j(x)q’m"‘,x € X,where f, j € B
are defined in Eq. 9. Since R > FT“, we have that g, ; € LY. Thus,

Tub.c8.j(@) =g~ Z Kz, %) fo,j(x)g~ TR

xeX

= q—a\zl (fv,jv KC,Z>L£+R

since K., € L2 C L§+R because R > ¢ — b. Now we use the decomposition Eq. 14 of K. ;
on the orthonormal basis of .A2 and obtain

1 u ) Ju
(Keao foiliz, = g + 30 30 L @uk

ueX kel, bc’lul bR
=L
bc"vl v,/ v,J Lb+R
bp4R,jv| ——
= fU,/(Z)v
be o)

where we use the orthogonality of B and Eq. 12. The norm of T, j cgv,; in LPis

by \' _
1 Tabcu.illyy = (—" 3 1o j@Pgmler el

bc,lv\ zeX
—+00
(bR \ X —@ptam »
=( > a D lf @17
c.[vl n=0 |z|=n

Since supp(fy,j) € Ty \ {v}, the sum of | f, ;|” on the sphere S(o, n) vanishes for every
n < |v|.If n > |v|, then the sum is on S(o, n) N T, and if z € T, is such that |z| = n then
plA=II=1(z) is the unique vertex in s (v) such that z lies in its sector. Hence by Eq. 9 we have

D @1 =) e, 0 @)Pay_

|z|=n |z|=n
zeTy
p —lv|—1
=ay 1,y 2 lew i (PP @)P
|z|=n
zeTy,
p —[v|-1
=a) L, d" Y e (I

yes(v)

P —Jv|—1 14
=ay 9" ew 115

For simplicity, for every s € Rand 1 < p < oo, we put

+00
Cls,py=) q" " al_,,
m=1
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which is finite whenever s > 1. The above computation yields

borrol ), &

P > 1V —(ap+ P —|v|—1 P

||Tg’b’cgv,j||Lp = (7]9 ) § q (ap Ol)nanf\v|7lqn [v] llew, i 115
o c,|v| n=lv|+1

borr o\ <

,|[v _ _

= ”ev,j”ﬁ <b|> E q (al’+a)(m+|v\)a:;_lqm 1
c,|v

m=1

bb R| ‘ V4 +00

+R, v — 1— -1

— ||€v,j||£ (b|> q (ap+a)|v Zq( (ap+a))m arfl_l
v m=1

bosr o\
—llew 1 Clap +a. p) (L) gorret,
c,|v

where C(ap + «, p) converges because ap + o > 1, by Proposition 20. Furthermore,

lgujllyy = D 1 fuj(x)|Pg = RpFeokd

xeX

+00
= g RO N £ (@)1
n=0

|x|=n

“+00
—(Rp+a)n P n—lv|—1 p
= Z q (Rp+e)r Ay y1-14 vl lev,jllp

n=[v|+1

+00

P —(Rp+ 1—(Rp+a))m—1 P

lev, jlIhg (Rp+a)|v| Zq( (Rp+a)ym al
m=1

= Jley,jlIlh C(Rp + a, p)g~ Rl

where C(Rp + «, p) — 1 when R — +-o00. From the boundedness of T, , . and by Eq. 20,
it follows that for every v € X \ {o}:

T, AP p
I u,h,cgv,,/”Lg ~ bb+Rq|U| —(ap+a—Rp—a)|v|
P - b q
”gv,]“Lﬁ c,|v]|
o

~ q—p(R+b—C)\vlq—(ap—Rp)\vl

_ q(cfafh)plv\,
which is bounded if and only if ¢ < a + b. O
Proposition 22 Let 1 < p < oo. If Ty p,¢ is bounded on LY thena —1 < p(b —1).

Proof The boundedness of 7, . on LY s equivalent to the boundedness of the adjoint
!
operator 7, . on L% . Ttis easy to see that

Ty, 800 =q MY Ke(x, g™ N = Ty g aracsx), g eLl.

zeX
Hence, the fact that 77, . is bounded on Lg/ implies, by Proposition 20, that —p’(b — @) <
o— 1, thatisae — 1 < p(b—1). ]
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Propositions 20, 21, 22 show that (ii) implies (iii) in Theorem 14. Now we focus on the
case p = 1, and we prove that (ii) implies (iii) in Theorem 15.

Lemma23 Leta > 1. Then:

S IKa2lg ™ 2 xl, xeX.
zeX

Proof The case x = o is trivial. For every x € X \ {0}, we put {Ut}, —o = lo, x]. Then, by
Eq. 19

x|

D IKa(x, 2)lg T = Y [ Ka i, v)lg ™
zeX t=1

Ix]
—glvI=ty (1 — glvI=Ixl —at
_Z<Ba (q+1)2 Z a| lF(U,Ut,X)(l q )(1 q ))q

x|

2 b > Y g, v, ) (1 = g (1 — g

t=1veX

|
_

X

t

g““IT (v, vy, ) (1 — g (1 = g1

~
Il
—_
N o~
Il
L S

x|

qa(ﬁ 1) ~ Zq—at at __ |x|’

1Y
M=
i

where we used the fact that supp(T"(-, vy, x)) = [0, v,—1] = [vo, v;—1] and the function is
greater than or equal to qq;l there. O

Proposition 24 If T, p . is bounded on L1 then
oa<b, when c=a+ b;

o <b, when c <a+b.

Proof From Proposition 21, if 7, ; . is bounded on Lgl, then ¢ < a + b. The boundedness of
Ty,p,c ON L}X implies the boundedness of the adjoint operator Ta’f b On L which is given by

Ty ye8() =q "M " Ke(x, 9)g(2)g TN, g e LY

zeX

In particular, by Eq. 3

T;,b,c]lX(x) = q—(b—ol)\ﬂ Z KC(X, Z)q—(a—}-ot)|z|

zeX
_(b a)\leq (a+a)n Z K. (x Z)
|z|=n
+
T (@tan _ Bata  _p—ax|
=gq Z#S(O n)q- =5 4 ,
C n=0 ¢

which belongs to L3° if and only if o < b.
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Suppose now that @ + b = ¢. We know that « < b and we want to prove that o < b.
Suppose by contradiction that @ = b. For every x € X define

|Ke(z, 0)|Ke(z, x)7", if Ke(z, x) # 0,
g&x(2) = .
0, otherwise.

Then [|gx |l Lee = 1 and

Ty )8 (¥) =Y [Ke(x, 2)lg~ " 2 |x],
zeX
by Lemma 23. Thus T; b.c 18 unbounded on L and consequently 7y p . is unbounded on

Léforoc:bandc:a—l—b. O

Propositions 20, 21, 24 show that (ii) implies (iii) in Theorem 15.

3.1.2 Proof that (iii) implies (i)

We start by stating a technical lemma, which will be useful both in Propositions 26 and 27,
that are devoted to prove that (iii) implies (i) in the case p > 1 and p = 1, respectively.

Lemma 25 Let 8,y > 1. There exist C1, Co > 0 depending only on 8 and y such that

Ci(l+q~F=7kh, ify # 8,

K Blxl <
D RS PRI ify =5

xeX

Proof Let z € X and {v j}‘jz‘:() = [o, z]. We start by applying Eqs. 19 and 20 to the kernel
K, , obtaining

> 1Ky (2. x)lg P!

xeX
1 qz —1 [zAx|
_ S _ |z _ x| —Blx|
= By+( 1)2 ZCI F(j, 2,01 = ¢/ (1 =g/~ =P
xeX
2 — |zAx|
Bg b, | ¥y, —BIx|
5 )zZZq”lF(v/,zxﬂ(l—q’ D =g/ g
v xeX j=0
2 - lzAx|
Bg b
< —Blx| VJ
— By 1)2 Z Z q

where we used that |[I'| < 1 and |z], |x|] > j. Now observe that, for every x € X and
0 <€ <|zl,lz Ax| = Lisequivalentto x € Ty, \ Ty,,, and z A x = zif and only if x € T.
Furthermore, we have that

0, ifm < ¢;
|S(o,m) N Ty, \ Ty, | = 1 1, ifm=2¢;
(g —Dg™ 1 ifm > €.
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Hence, we have

Z q —Blx| ‘g‘qw — l%l Z q*ﬂ\XI qu + Z q —Blx| iqw
xeX =0 XET”Z\TV[-H xeTz
~ l%l 3 g7 Zq ~tghm Z e —ﬂnfzqy/
=0 \,j=0 n=|z|
~ 2 (V e Z q(l Bym ~ f:q(y ,3)5
(= m={

where we used that [T, N S(o, n)| = q”_‘ZI when n > |z| and 8 > 1. This proves that there
exist Cq, C; > 0 (depending on y and ) such that the thesis holds true. O

Proposition26 Let 1 < p <oo. lIfa+b >c > land —pa <a —1 < p(b— 1), then
Sa.b,c is bounded on LP.

Proof We set
H(z,x) = |Kc(z, x)|q g~ E=l],

so that the operator S, 5 . becomes
Sabef@) =Y H(zx)f(x)g ",
xeX

Our purpose is to apply Schur’s test (see Theorem 3.6 in [22]) to the integral operator with
positive kernel H: X x X — [0, +00). To do so, we have to show that there exists a positive
function & on X such that

Y HE@ 0@ g Sh)P Y H@ k)P Sh)P. 24
zeX xeX
Observe that the two inequalities assumed for « are equivalent to
at+a—1 a b—1 b—u«
- <, —— < .
p 4 p p
Hence, since a + b > 1, it is possible to choose an element

b1 —1 b-
re () () e @

We want to show that h(x) = ¢~ satisfies Eq. 24. Let z € X. We suppose y # C;,b. We
can apply Lemma 25 since b + y p’ > 1 by Eq. 25, obtaining

Z H(z, x)h(x)! g~ = g—all Z |Ke(z, x)|g~@FrP)Il

xeX xeX

< q—a\zl(l + q—(b+yp’—c)|z\)
a7 =)

c—b
/

where we used @ +b — ¢ > 0 and a > y p’. Similarly, when y =

Lemma 25 and conclude by using a > y p’. On the other hand, we have that if y # %,
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bya+ yp+ « > 0 and by Lemma 25,

D H@ 0@ g™ = g= OOy Kz, x)lg~ e
zeX zeX
< q—(b—a)IX\(l + g~ atypra=alzly
SqH =n@)?,

a—o

since a + b > c and, by Eq. 25, b — @ > y p. Similarly when y = C_T

In conclusion, Eq. 24 holds and by Schur’s test the operator S, 5, is bounded on LE(X).
O

Notice that Proposition 26 shows that (iii) implies (i) in Theorem 14.

Proposition 27 Ifa + b > c and

—a<a—1<b—1, when c =a + b;

—a<a—1<b-—1, when c <a+b,
then S, p.c is bounded on Lé.

Proof Let f € L.. We suppose ¢ # a + « and we observe that, since a + a > 1, by
Lemma 25

1Sabcfllzy =D D 1Kz x)| £ (x)g 1| g~ @rele]

zeX lxeX

<Y FOIgTY Kz x) g @R

xeX zeX
S £ @)lg (1 4 gty

xeX
SO @I = £l
xeX

where we used the fact thata +b — ¢ > 0 and b > «. The case ¢ = a + « follows similarly
using again Lemma 25 and b > «. Hence, S, p . is bounded on Lé. m]

Proposition 27 shows that (iii) implies (i) in Theorem 15.

4 Calderon-Zygmund Decomposition

In this section, we discuss a Calderén-Zygmund decomposition of functions in L(]x and we
formulate the integral Hérmander’s condition for kernels on the tree which guarantees the
weak type (1,1) boundedness of integral operators which are bounded on L2 . As byproduct,
we have that P, is of weak type (1,1) for every o > 1.

By Proposition 6 the measure metric space (X, d, [4y) is nondoubling. We now introduce
the Gromov distance p, see [2, 18], and show that the measure metric space (X, p, ity) iS
doubling. For every u, v € X define

0, if u=v;

pv,u) = e~ lorul ify # u.
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For every v € X, observe that if u € X \ {v} then p(v,u) = e "l e [e7"l 1] and
[lvAul =—log(p(v, u)), that is

ue Tp\v\-HOg(p(v,u))(v) \ Tp\v\+log(p(v,u))—l(v)-

Thus, the nontrivial balls with respect to p centred at v are sectors of the tree. More in general,
we have

{v}, if0<r<el,
By(v,r) :=1{u € X: p(v,u) <7} = Tyuirioeriyy. ife Pl <r <1, (26)
X, if r > 1.

Observe that in the special case v = o we have that B,(o,r) = {0} if 0 < r < I and
B,(o,r) = X for every r > 1. Hence every vertex v is the center of exactly |v| + 2 balls.

Proposition 28 For every a > 1 the measure metric space (X, p, L) is globally doubling
with doubling constant
q* +1 }

q* —q

D, = max {q“ +1,

that is
ma(Bp(v,2r)) < Dypa(Bp(v,r)), veX,r>D0.

Proof Let @ > 1. We start by observing that for every u € X \ {0}

“+00 1
— € —a(t+u) — ,—alul
ua(Tu)—;_oq q =q g

Let0 < r < 1. Observe that if {x} := x — |x] € [0, 1), then

Llogr], if 0 < {logr} <1 —1log2,

[log(2r)] = {1 + |logr], if 1 —log2 < {logr} < 1.

Hence whenever B, (v, r) = {v} we have that B,(v, 2r) € {{v}, T}, and if B,(v,r) = T,
for some u € X \ {0} then B, (v, 2r) € {T,, Tpw)}-
If v € X \ {0}, then

pa(T) g M —g'™~t 1 o
ta({v}) g~ Cl—gle
If |[v| > 1, then
Ma(Tp(v)) _ qia(lv‘il)(l _qlia)il o« (28)
wa(Ty) g —gio1 1"
If |v| = 1, then
X 1 -0y (] — l—ay—1
M ( ):( +q A —-qg ™9 T 29)

o (Ty) g1 —q'=)~!
Finally, we consider the case v = o. In this case, it is sufficient to check that, by Eq. 7
pa(X) — 144g7* g% +1
pa(fo)) 1—g'=®  ¢*—¢q’
Hence (X, p, 14) is doubling with constant D, = max{g® + 1, (¢* + 1)/(@* — ¢)}. O
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As a consequence of Proposition 28 in this setting one can develop a classical Calder6n-
Zygmund theory using the balls of the Gromov metric, i.e. using sectors (see [12, 21]). Our
argument is inspired by [15, Theorem 1.1], where a similar construction is developed in
the setting of the hyperbolic disk (see also the Whitney decomposition in [1]). Since it is
not difficult to construct an explicit decomposition algorithm for sectors and then describe
the associated Calderén-Zygmund decomposition of integrable functions, we think that it is
worthwhile discussing this construction in detail, as we do next.

We start with a preliminary geometrical result that allows us to obtain an infinite family
of partitions of a sector. In particular, the partition at a given scale is a refinement of the
partition at the previous scale, and the measure of a partitioning set is comparable with the
measure of the set which contains it in the previous partition.

Lemma29 Letv € X \ {0}. For every m € N, there exists 1,, € N and sets Qr.m < T, for
everyk € I,,, := {0, ..., Iy} such that

(i) Qkm N Qum =D forevery k # k';
(ii) the sector T, is the disjoint union of the sets Qg m, k € Iy,
(iii) the partition at scale m > 0 is a refinement of the partition at scale m — 1, that is, for
every k' € I, there exists Ly i < I, such that

Qk’,m—1= I_I Qk,m§

kGIm’k/
(iv) foreveryk € T, and k' € I,y for which Qi m C Q' m—1, we have

Mo (Qrm) < :ua(Qk’,m—l) < Dot,ua(Qk,m)~
Observe that in (iv) the constant D, can be replaced by max{q%, (1 — ql_“)_l}, because
we focus only on 7.
Proof For every m € N we set
Iy =——+
We label the vertices of T, in such a way that vg = v and s(vg) = {vgkte: £ € {1,...,q}}
for every k € N. Since Zp = {0} it is sufficient to set Qo 0 = T,. Then for every m € N\ {0}
we set
OQkm ={v}, ik €Ly,
Okm = Ty, itk € Ly \ Zin-1.

In this way, (i), (ii), and (iii) easily follow by construction. Finally, (iv) follows from Eqgs.
rapportosettorevertice, rapportosettori, and rapportosettoretutto, and the fact that

Ow 1 € Ty, Ty}, if Ok = T;
. (o), Tv),  if Qem = (W)

[m}

The previous result leads to a Calderén-Zygmund decomposition for integrable functions
on the tree at a level 1 € R™ sufficiently large w.r.t the L}x-norm of the function.

Proposition 30 Let [ € Lg{ andt > ||f||L}1 /1o (X). There exist two families Q and F of
disjoint sets of the form Q. such that, if we denote by Q2 and F the disjoint union of all the
sets in Q and F, respectively, the following properties hold:
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(i) X=QUF;
(ii) |f(2)| <t foreveryz € F;
(iii) there exist g, b: X — C and C > 0 such that f = g + b, suppb C , and | g||?

t||f||L,|1. Moreover, if we set bg = bl for every Q € Q, then

L2N

D bo@q =0, > bl <Clifll.  QeQ
zeQ 0eQ

Proof For every v € S(o,1) we consider the decomposition of the sector 7, given by
Lemma 29. We define two families of subsets Q, and F, following the steps below. Starting
from Qg m = Qo,0 = Ty:

1) if
> f@IlgT >

ZGQk m

Ma(Q )

then we put Q. » € Q, and we stop. Otherwise,
2a) if #Q m = 1 then Qi ,, € F, and we stop;
2b) if #Qk m > 1 then for each set in the family

Okm1 U{Qkgyjmr1: jEL, ...q)

we repeat the procedure, starting from 1).

We define
L Q.. if [f(o) =1, {oyu |l F, ifl|f(o) <1
— veS(o,1) F o= veS(o,1)
foyuU || Q.. otherwise, Ll #, otherwise.
veS(o,1) veS(o,1)

We denote by 2 and F the (disjoint) union of all the subsets in Q and F, respectively. The
sets 2 and F clearly satisfy (i) and (ii). We prove that, for every Q € Q,

il < ¢y : 30
Q(Q)Zlf(z)lq <Cut, Q€Q (30)
For every Q € Q we put
o= X, if Q={o}or Q= 0Qp0€ Qy,veS,1)
B Qk’,m—l if Q= Qk,m € Qy,m>0,veS,1),

where k' is defined in (iv) of Lemma 29. Observe that O ¢ Q and that, by Proposition 28,
1o (Q) < Cy 1ty (Q). Then we have that

—Déll\ Ma(é) 1 —alz] Cy
ZEZQ|f<>| <—M(Q)M(Q)Z|f<z>|q < Cat,

a(Q)
which gives Eq. 30. It is easy to see that

£l
M@l g < e @

Ha($2) < — ;
zeQ

t peoreo M (Q)
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We now define b = f — g, where

s =7 e F:
s Y eo f)gTH, 2 e Q.

It is obvious that supp b C 2. We show next that ||g||i2 <+ Ci)z||f||Lé. Indeed, by Eq.
30, ‘

lgl72 = D ls@Pa™F + Y lg@Pq !

zeF zeQ
2
_ 1 _ _
=Y If@Pg e+ "> ) > g g
zeF 0eQzeQ Ha xeQ
<Y tf @l + pa (RCo < (1+ CI| fllzy < +00,
zeF

where we used Eq. 31. The fact that byp = bl g, Q € Q, has vanishing mean on Q follows
by construction. Furthermore, since |b(z)| < | f(z)| + |g(z)| we have

D T bo@Ig ™ <D T 1F@Ig T + YD T g2)lg !
QeQzeQ [ =Y QeQzeQ
<INy + sa(@Cat SN FlL
by Eq. 31. O

In the doubling measure metric space (X, p, (o), the standard integral Hormander’s con-
dition (see [19] and formula (10) Ch.I in [21]) forakemnel K: X x X — C s

sup sup / 1K (2, %) — K(2, )lita(2) < +09.
veX,r>0x,yeB,(v,r) J X\B,(v,2r)

Thanks to the shape of the balls, see Eq. 26, it is equivalent to

sup  sup Z 1K (z, %) — K (z, »)|g ™" < +o0. (32)
veX\(o}x.yeTy ;e\ T,

Notice that this is precisely what is proved to hold in Proposition 13 for the Bergman kernel
K. We then have the following boundedness result for integral operators (see Theorem 3
Ch.I[21]).

Theorem31 Fix @ > 1 and let K: X x X — C be a kernel satisfying the Hormander’s
condition Eq. 32 with respect to |1y If the integral operator defined on functions f € Lé by

Kf(2) =" Kz x)f(x)g "
xeX

is bounded on Li, then K is of weak type (1,1). Furthermore, K admits a bounded extension
KonLE, foreveryl < p < 2.

The following result is obtained as byproduct of Proposition 13 and Theorem 31. It is a
discrete counterpart of the result for (unweighted and holomorphic) Bergman spaces on the
hyperbolic disk obtained in [15].

Corollary 32 The Bergman projector Py is of weak type (1, 1), for every o > 1.
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