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Abstract

We prove a sharp quantitative version of the Faber—Krahn inequality for the short-
time Fourier transform (STFT). To do so, we consider a deficit § ( f; €2) which mea-
sures by how much the STFT of a function f € L?(R) fails to be optimally concen-
trated on an arbitrary set Q C R? of positive, finite measure. We then show that an op-
timal power of the deficit §( f; 2) controls both the L2-distance of f to an appropriate
class of Gaussians and the distance of €2 to a ball, through the Fraenkel asymmetry of
Q2. Our proof is completely quantitative and hence all constants are explicit. We also
establish suitable generalizations of this result in the higher-dimensional context.

1 Introduction
1.1 Main results

Given a function g € L?(R) (called the window), the short-time Fourier transform
(STFT) of a function f € L?(R) is usually defined as

Vo f(x, ) =/ e 2O £ (g (x — 1) dr. (1.1
R
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J.Gémez et al.

This transform plays a distinguished role in different areas of mathematics, includ-
ing time-frequency analysis [19] and signal processing [30], mathematical physics
[29], where it is also known as the coherent state transform, and semiclassical and
microlocal analysis [21, 37].

From the point of view of time-frequency analysis, the STFT is a measure of
the “instantaneous frequency” of the signal f at each point, in analogy to what a
music score does. As the notion of “instantaneous frequency” is not well-defined for
generic signals, due to the uncertainty principle, the STFT can only concentrate a
limited amount of its L?-norm on any set Q C R? with finite Lebesgue measure ||,
and finding explicit bounds in terms of |€2| is an important issue in time-frequency
analysis. For a general window g, this appears to be extremely challenging and only
suboptimal bounds have been obtained: we refer the reader to the work of E. Lieb
[28] for what is, to our knowledge, the current best result at this level of generality.

For very regular windows, however, the situation improves. In particular, in the
relevant case (extensively studied in the literature also in connection with the spec-
trum of localization operators in the radially symmetric case, see e.g. [1, 9, 18, 35])
where g = ¢ is the Gaussian window

o(x) =24 x eR, (1.2)

a complete solution to this concentration problem has recently been given in [33],
thus proving a conjecture from [2] (see also [10]). Denoting by V f :=V,, f the STFT
with the Gaussian window ¢ defined in (1.2), the main result of [33] can be stated as
follows:

Theorem A ([33]; Faber-Krahn inequality for the STFT) IfQ C R? is a measurable set
with finite Lebesgue measure |Q2| > 0, and f € L>(R) \ {0} is an arbitrary function,
then

Ja IVf(x,zw)lzdx o _ | _ el
”f”LZ(]R)

(1.3)

Moreover, equality is attained if and only if 2 coincides (up to a set of measure zero)
with a ball centered at some 7o = (xg, wg) € R? and, at the same time, f is a function
of the kind

F) =cpp(), @) i= e g(x — x), (1.4)

for some ¢ € C\ {0}.

Note that the optimal functions in (1.4) are scalar multiples of the Gaussian win-
dow defined in (1.2), translated and modulated according to the center of the ball
Q.

This result, which improves upon Lieb’s uncertainty principle [28], has inspired
other subsequent works: [36], where a similar result is extended to the case of Wavelet
transforms; [4], where Kulikov used techniques inspired by those of [33] to prove
some contractivity conjectures; and [14], where R. Frank uses the same circle of
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Stability of Faber-Krahn for the STFT

ideas to generalize a series of entropy-like inequalities (see also the recent preprint
[15]). We refer the reader to [22-25, 27, 31, 34] and the references therein for further
closely related work.

In the present paper we investigate the stability of Theorem A: given  C R? and
f € L?(R) which are almost optimal, in the sense that they almost saturate inequality
(1.3), can we infer (and to what extent) that €2 is close to a ball and that f is close to
a function of the form (1.4)? To formulate this question precisely, a crucial point is
choosing how to measure almost optimality as well as closeness.

To measure almost optimality in (1.3) for a pair (f, 2), we will consider the com-
bined deficit

/ IV f(x, w)|? dx dw
_JQ

5(f; ) =1 - :
(= D1 f172m

(1.5)

while we will use the Fraenkel asymmetry of Q C R? to measure its distance to a
ball:
1QAB(x, )|

A(Q) ::inf{T. |B(x,r)|:|§2|,r>0,xeR2}. (1.6)

The Fraenkel asymmetry is a natural notion of asymmetry and it is often used to for-
mulate the stability of geometric and functional inequalities, such as the isoperimetric
inequality [8, 12, 16, 17] or the Faber—Krahn inequality for the Dirichlet Laplacian
[5,7].

Our main result reads as follows:

Theorem 1.1 (Stability of the Faber-Krahn inequality for the STFT) There is an ex-
plicitly computable constant C > O such that, for all measurable sets Q@ C R? with
finite measure || > 0 and all functions f € L*(R)\{0}, we have

min =Pl _ o lalg p )2, 1.7)
20eClel=lfla  Ifll2
Moreover, for some explicit constant K (|2|) we also have
AQ) < K(IQDS(f; 2. (1.8)

Remark 1.2 (Sharpness) In Theorem 1.1 the factor §( f; €2)!/2 in (1.7) and (1.8) can-
not be replaced by 8(f; Q)#, for any g > 1/2. Similarly, the dependence on || in
(1.7) is also sharp, in the sense that factor ¢/*!/2 cannot be replaced by ef**! for any
B < 1/2. We refer to Sect. 6 for proofs of these claims.

Remark 1.3 (Higher dimensions) There is a natural generalization of the STFT to
functions f € L2(R‘1 ), for any d > 1. In Sect. 7 we show that a more general version
of Theorem 1.1 holds in all dimensions. It is worth noting that, although 8( f; £2)!/?
still controls the distance of f to the set of optimizers, there is a dimensional depen-
dence of this estimate on |€2].

@ Springer

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



J.Gémez et al.

As observed in [33], if the set €2 is fixed and has finite measure, Theorem A (and
consequently also Theorem 1.1) can be interpreted in terms of the well-known local-
ization operator [6, 9] defined, in terms of the STFT operator V: L*(R) — L*(R?)
with Gaussian window, by

Lg:=V*1qV, La: L*(R) —> L% (R).

This is a positive trace-class operator, hence its norm coincides with its largest eigen-
value

2
A(2) ;= max M = max fQ V/(x, o)l dxdo (1.9)

FeL2®NO) | f 2, SeL2®@N0) fp2 VS (6, )2 dx do’

In particular, due to the arbitrariness of f, (1.3) entails that
A(Q)<1—e 1% (1.10)

with equality if and only if €2 is a ball, and so we call (1.10) a Faber—Krahn inequality,
by analogy with the Dirichlet Laplacian. Clearly, for any fixed €2, the functions fq
that achieve the maximum in (1.9) (i.e. the eigenfunctions of Lg associated with its
first eigenvalue A1(S2)) are those functions whose STFT is optimally concentrated
in that particular set 2. When 2 is a ball, these eigenfunctions are the functions
described in (1.4) and appearing also in (1.7): therefore, specifying Theorem 1.1 to
the case where f = fq is the first eigenfunction of Lg, normalized so that || fqll;2 =
1, we obtain the following stability result for the first eigenvalue and eigenfunction
of localization operators:

Corollary 1.4 Let Q C R? be a measurable set of positive finite Lebesgue measure,
and let 11(S2) be the first eigenvalue of the localization operator Lg as in (1.9), with
unit-norm eigenfunction fq. Then (1.10) holds true, and

r(R2) )1/2 (111

. Q2
min ||fQ—C(/)ZO||2§Ce‘ I/ (1—m

z20€C,|c|=1

for some universal (explicitly computable) constant C. Moreover, for some explicit
constant K (|2]) we also have

1/2
A(Q) < K(I2]) (1 - LK_Z)) :
pIe]

This result is the analogue of the stability results for the Faber—Krahn inequality
for the Dirichlet Laplacian [5, 7, 13]. Note, however, that the stability estimate (1.7)
is more general than (1.11), because it holds for arbitrary functions f € L?(R) which
are not assumed to be eigenfunctions of the localization operator Lg. Indeed, the
results of Theorem 1.1 are stronger than the available stability results for the Faber—
Krahn inequality for the Dirichlet Laplacian also in that, contrarily to [5, 7], our proof
of Theorem 1.1 is quantitative and does not rely on compactness arguments, as in the
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Stability of Faber-Krahn for the STFT

penalization method [8]. It is for this reason that the constants in estimates (1.7)—(1.8)
can be made explicit. Note, moreover, that the set 2 in Theorem 1.1 is not assumed
to be smooth; in fact, since V f is essentially an entire function via the Bargmann
transform, we can replace 2 with a suitable super-level set of a holomorphic function,
which in Sect. 3 we prove to be very well-behaved (we then use the rigidity of the
problem to come back from super-level sets of holomorphic functions to the original
set €2).

We saw in Remark 1.2 that (1.7) is sharp, but whether Corollary 1.4 is sharp as
well is a more delicate question. To answer it, one would need to either (i) compute
the first eigenfunctions of Lo for domains €2 close to a ball, or (ii) given a function f
close to the Gaussian ¢, construct a domain Q¢ C RR? such that f is the first eigen-
function of L. Strategy (i) appears rather difficult: to the best of our knowledge, the
eigenfunctions of Lg are not known even in the simple case where €2 is an ellipse
of small eccentricity; see [1, 9]. Implementing strategy (ii) involves tools essentially
disjoint from those of this manuscript and so we decided not to address the ques-
tion of optimality of Corollary 1.4 here; instead, this is one of the main goals of an
upcoming work by the third author [35].

To discuss the main ideas behind the proofs of our results, we now briefly recall
some facts and background notions from [33], which we shall use throughout the
paper. We point out, however, that the proof of Theorem A in [33] cannot be readily
adapted to yield quantitative results such as (1.7) or (1.8). Instead, the proof of these
inequalities requires a set of new geometric ideas and estimates in the Fock space,
which are the core of the present paper and which (often being of a general character,
such as Lemma 2.1 or the results in Sect. 3), are of interest on their own.

1.2 Proof strategy in the Bargmann-Fock space
As shown in [33], energy concentration problems for the STFT can be very cleanly

formulated (and dealt with) in terms of the Fock space [39], i.e. the Hilbert space
F2(C) of all holomorphic functions F: C — C for which

5 1/2
[Fll 7 = (/ |F(2)]> e dz) < 00,
C

endowed with the natural scalar product

(F,G)].—z:/ F(z)me_”lzlzdz.
C

Here and throughout, z = x + iy and dz = dx dy denotes Lebesgue measure on C, al-
ways identified with R2. This Hilbert space is closely connected to the STFT through
the Bargmann transform B: L*(R) — F2(C), defined for f € L*>(R) as

Bf(Z) — 21/4/ f(t)EZﬂtz—rrtz—%Zz dt, z€ C, (112)
R

see e.g. [19, Sect. 3.4]. The Bargmann transform is a unitary isomorphism which
maps the orthonormal basis of Hermite functions on R onto the orthonormal basis of
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J.Gémez et al.

F2(C) given by the normalized monomials

k172
ek(z)=<F> &, k=0,1,2,.... (1.13)

More importantly for us, the definition of B encodes the crucial property that
Vi@, —0) =B e T2 i=x tin,

which allows us to express the energy concentration in the time-frequency plane in
terms of functions in the Fock space, since

SV o)Pdrdo  [o IBf@IPe ™ dz
L£1172 1B£11%,

, (1.14)

where Q' = {(x, ®) : (x, —w) € 2}. In this new setting, the image via B of the func-
tions ¢,, defined in (1.4) takes the form

Bz = Fzys Fyy(2) = e~ 30l me%0, (1.15)

and therefore Theorem A can be rephrased in terms of the Fock space as follows, cf.
[33, Theorem 3.1]:

Theorem B If Q C R? is a measurable set with positive and finite Lebesgue measure,
and if F € F*(C) \ {0} is an arbitrary function, then

Jo| F@P e dz _
dlal g
171

1—e 19, (1.16)

Moreover, equality is attained if and only if Q coincides (up to a set of measure
zero) with a ball centered at some zo € C and, at the same time, F = cF;, for some

c e C\{0}.

Similarly, we can rephrase Theorem 1.1 over the Bargmann—Fock space, as fol-
lows:

Theorem 1.5 (Fock space version of Theorem 1.1) There is an explicitly computable
constant C > 0 such that, for all measurable sets Q C R? with positive finite measure
and all functions F € F>(C)\{0}, we have

F —cF, 1/2
min ” w22 §C<e|Q|6(F; Q)) i (1.17)
lel=IFllz2,  [1F]lr
z0€eC
where
F()2e ™12 q
5(F: Q) —1_ ol (Z)lg = (1.18)
(1—e 12| F|2,
@Springer
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Stability of Faber-Krahn for the STFT

Moreover, for some universal explicit constant K (|S2]) we also have
AQ) < K(QDS(F; '/, (1.19)

We warn the reader that, in (1.18), we used the same notation as in (1.5) to denote
the Fock-counterpart of the deficit. However, no confusion should arise from this
conflict of notation, since we always use an upper-case letter to denote elements F' of
the Fock space, corresponding to elements f of L.

We will provide two different proofs of this theorem, based on a careful study of
the real analytic function

up(2) =u() = |F@P e (120)
and the properties of its super-level sets
Ay i={u>t}={z€C:u(z) >1t}, (1.2D)

where F' is an arbitrary function in F 2(C) \ {0}. This study was initiated in [33],
where it was proved that the distribution function

pr) =p@):=|Al, t=0 (1.22)

is locally absolutely continuous on (0, co) and satisfies
, 1
u)y<—- forae.te(0,7), T :=maxu(z), (1.23)
t zeC
from which one readily obtains that
T
wu(t) >log, i for all t > 0, where log, x :=max{0, logx}. (1.24)

Notice that, when F = cF,; as in the last part of Theorem B, then T = lc|?> and
wu(t) =log, T/t.In[33], (1.23) can be found in the equivalent form

u*(s) + @™) (s) > 0, for almost every s > 0, (1.25)
where u*: RT™ — (0, T] is the decreasing rearrangement of u, usually defined as
u*(s):=supf{r >0: u@) > s}, s>0. (1.26)

The function u* is proved to be invertible, with 11| (0,77 as inverse function (see [4] for
a direct usage of (1.23) in this form). This fact enables one to find, for any number
s > 0, a unique super-level set A; = A,+(5) of measure s, which is the set where u is
most concentrated among all sets of measure s, namely

IF(s) =1(s) :=/

{u>u*(s)}

u(z)dz > / u(z)dz, whenever |Q2| =s. (1.27)
Q

@ Springer
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Based on (1.25), it was proved in [33] that the function G (o) := I (—logo) is convex
on [0, 1]. Since

G(0) = lim I(s):/u(z)dz:llFH%Ez, G()=1(0)=0,
§—>00 (C
the convexity of G yields the upper bound G(o) < | F ||§__2 (1 — o) or, equivalently,

I(s) < | Fl3n(1—e™), (1.28)

which, combined with (1.27), proves (1.16).

It was then observed in [33] that, if equality holds in (1.16), then by convexity we
must have G (o) = ||F||3_.2(1 — o) on [0, 1] or, equivalently, I (s) = ||F||§_.2(1 —e)
for every s > 0, and in particular

I'0) = || Fl|%. (1.29)

But since F2(C) is a Hilbert space with reproducing kernel K, (z) = eFhwl? Fy(z2),
we have

IF@Pe ™ <)%, (1.30)

for all F € F?(C), with equality at some z = zo if and only if F = cF,, for
some ¢ € C (see e.g. [33, Proposition 2.1]). Since in any case I'(0) = T :=
max;eC |F(z)|ze’”|z‘2, (1.29) shows that equality in (1.16) forces equality (for at
least one z) also in (1.30), and this proves the last part of Theorem B.

In the rest of this introduction (and also in Sect. 2) we assume without loss of
generality the normalization condition || F|| -2 = 1. A simple but fundamental obser-
vation to both our proofs of Theorem 1.5 is that equality in (1.30) can be precisely
quantified: indeed,

min | F — cFyl|% =2(1 = VT) <2(1 = T), (1.31)
.
cl=

cf. Lemma 2.5 below. Thus, to prove estimate (1.17) in Theorem 1.5, we need to
show that the deficit controls (1 — T).

Our first proof of Theorem 1.5 is based on a careful study of the area between
the graphs of s > u*(s) and s > e~*. Consider a parameter s* > 0, defined to be a
solution of the equation

u(s®) =e .

Such a solution always exists and, as soon as 7' < 1, it is unique. An argument relying
on the convexity inequality (1.25) yields

*

/OY (e —u*(s))ds < I?ls, §:=8(F;{u>u"(QD), (1.32)

@ Springer

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Stability of Faber-Krahn for the STFT

cf. Lemma 2.3. Thus, to prove the desired stability estimate (1.17), by (1.31) and
(1.32) it is enough to show that the integral above controls (1 — 7). In fact, it is not
difficult to see that this integral controls (1 — T') to a suboptimal power, as we have

(1-T)>* S* H s 12|
Tz/o (1—s—T)+ds§/O (e —u (s))dsfe S. (1.33)
Thus, by (1.31), (1.33) already yields a suboptimal form of stability.

To upgrade (1.33) to an optimal estimate, we need to estimate the integral in (1.32)
much more precisely, and our approach is to give a precise quantification of the equal-
ity cases in (1.24). By passing to the inverse functions we have

T Sx
/ <log; - /L(l)) dr < / (e_s - u*(s)) ds, (1.34)
e=s* 0

cf. (2.50) below, and our proof proceeds by establishing a sharp estimate for the
distribution function w(#): precisely, there is a universal constant C > 0 such that

T
p) < (1+C(1 —T))log? (1.35)

provided that # and T are sufficiently close to 1 (see Lemma 2.1); in this paper, C
always denotes a universal constant, which however may change from line to line.
Note that, by the suboptimal estimate (1.33), this restriction on #, T does not restrict
generality. Establishing (1.35) is the most delicate part of the whole argument, as this
estimate relies on a cancellation effect due to analyticity of F. The desired estimate
(1.17) then follows by an elementary analysis, after plugging in (1.35) into (1.34) and
using again (1.31) and (1.32).

Concerning the stability of the set in (1.19), we note that it is not clear how to
quantify inequality (1.27) used in the proof of Theorem B described above, at least
for general sets 2. Nonetheless, since we already have estimate (1.17), we know that
u is close to a Gaussian. This allows us to first compare 2 with A,x(q), and then
compare A,+(q)) with a ball.

The described strategy also works to show the stability of a similar Faber-Krahn
inequality for wavelet transforms (see [36]), after adapting the current arguments. We
plan to address this in a future work.

1.3 The geometry of super-level sets and a variational approach

As mentioned above, we will give two different proofs of Theorem 1.5, the first one
having been described in the previous subsection. We now describe our second proof,
which is variational in nature and based on the following result, which is of indepen-

dent interest:

Proposition 1.6 There are small explicit constants 8o, ¢ > 0 such that the following
holds: for all F € F?(C) such that

eS(S(F; Au*(s)) <o
@ Springer
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and for all s < clog(1/8¢), the super-level set
Au*(s) ={ze C:u(z) > u*(s)}
has smooth boundary and convex closure.

Proposition 1.6 shows in particular that level sets of u sufficiently close to its
maximum can be seen as smooth graphs over a circle, thus they can be deformed
to a circle through an appropriate flow. This observation, in turn, allows us to give
a variational approach to Theorem 1.5, in the spirit of Fuglede’s computation [16]
for the quantitative isoperimetric inequality. We refer the reader to [20] for a detailed
introduction to variational methods in shape-optimization problems.

To be precise, and comparing with (1.28), for some fixed s > 0 we consider the
functional

Ir(s)
IF 115

We study perturbations of Fy = 1, i.e. we consider F' = 1 4 ¢G for some small ¢ > 0.
Taking €2 = A,+(s), we note that by a formal Taylor expansion we have

S5(1+eG; Q) = ﬁ(ﬁ[l] —K[1+ EG])
1 e, )
= a5 VKUIG. 6 + o),

since VIC[1]1(G) = 0 for all G € F?(C) satisfying the orthogonality conditions
(], G)]:z = (Z, G)]:z :0,

according to Theorem 5.1 and Lemma 5.2. Thus, once the Taylor expansion above has
been justified (and this is achieved in Appendix A), we see that for small perturbations
of Fp =1 the deficit is governed by the second variation of C. For stability to hold,
this variation ought to be uniformly negative definite, since ¢ is essentially the left-
hand side in (1.17). In Proposition 5.3 we show that, under the above orthogonality
conditions, we have

1 '
SVAKIIG, G) < —se ™ IG 3. (1.36)

This inequality is interesting for several reasons. Firstly, it is sharp, as highlighted by
taking G(z) = z2. Secondly, by the suboptimal stability result (1.33), to prove (1.17)
it is enough to consider functions with small deficit. Therefore, the above Taylor
expansion, combined with (1.36), easily yields the stability estimate (1.17), although
with a suboptimal dependence of the constant on |€2|. Finally, the non-degeneracy
of V2K provided by (1.36), combined once again with the above Taylor expansion,
shows that the deficit behaves quadratically near Fy = 1, which leads to a direct proof
of the optimality of our estimates, as claimed in Remark 1.2.

@ Springer

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Stability of Faber-Krahn for the STFT

1.4 Outline

In Sect. 2 we give a first proof of (1.17), following the strategy described in Sect. 1.2
above. In Sect. 3 we study the geometry of the super-level sets of functions with small
deficit and, in particular, we prove Proposition 1.6 above. In Sect. 4 we prove the set
stability estimate (1.8). Section 5 contains the variational proof described in Sect. 1.3
and in particular the proof of (1.36). In Sect. 6 we prove the claims from Remark 1.2.
Finally, in Sect. 7 we extend our results to the higher-dimensional setting, as claimed
in Remark 1.3.

2 First proof of the function stability part

The goal of this section is to prove (1.17), by combining a series of new results
(potentially of independent interest) valid for arbitrary functions F € F2, which for
convenience will be assumed to be normalized by

[FllF2=1. (2.1)

In these statements, we will make extensive use of the notation and the background
results recalled in Sect. 1.2, concerning the functions u(z), u(¢) and u*(s) that can
be associated with a given F € F 2 In particular, as in (1.23), in our statements we
will let

T = max u(z) = u*(0) = max | F(z)|2e ™", 2.2)
zeC zeC

recalling that T € [0, 1] whenever (2.1) is assumed.
We also note that, since u* is (by its definition) equimeasurable with u and de-
creasing, there holds

S0
/ u(z) dz:/ w*(s)ds  Vso > 0. (2.3)
> (s0)) 0

Moreover, as recalled in Sect. 1.2, when F = cF, (with |[c| = 1) is one of the optimal
functions described in Theorem B, one has w(f) =log, % or, equivalently, u*(s) =
e™*. For this reason, a careful comparison between ¢~ and u*(s) (for an arbitrary
F satisfying (2.1)) will be the core of the results of this section. Since, when (2.1)
holds, letting so — oo in (2.3) we have

(o) o0
1 =/ u*(s)ds =/ e *ds, 2.4)
0 0
as noted in [27] there exists at least one value s* > 0 for which
<e™S ifsel0,s*
iy | S eelhs 2.5)
>e 5 ifs>s*
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or, equivalently, in terms of the inverse functions, a value ¢* € (0, T') for which

>logl ifre (0,1

2.6
<logl ifre[t* 1] 26)

wu(t)

(note u(t) =0 for ¢t > T). When T =1 (or, equivalently, if F is one of the optimal
functions described in Theorem B, see [33, Proposition 2.1]) and hence u*(s) = e™*,
clearly all values of s* (or t*) have this property, but when 7 < 1 we will prove in
Corollary 2.2 that s* and ¢* are in fact unique, with an unexpected universal upper
bound on ¢* (or lower bound on s*).

With this background, we are now ready to state and prove the results of this
section, starting with a sharp estimate for p(¢), which shows that (1.24) becomes
almost an equality when T is close to 1.

Lemma 2.1 For every ty € (0, 1), there exists a threshold Ty € (ty, 1) and a constant
Co > 0 with the following property. If F € F2(C) is such that |Fllzo=1and T >
To, then

1-T

n(t) < (1 + Co ) log? vVt elty, T]. 2.7)

We note, before proving such a result, that the proof presented below shows that
one can choose Co = C/ tg , where C is some universal constant.

Proof Given ty € (0,1) and F as in the statement, we split the proof into several
steps.

STEP I. We may assume that u(z) achieves its absolute maximum 7 at z =0 and
that F(0) is a real number, so that F(0) = JT. Expanding F with respect to the
orthonormal basis of monomials (1.13), we have

F(2)

~T
where R(z) is the entire function
S n/2n
a, w'lez
R(2) := zeC 2.9)
nX:; T n!

The fact that a; = 0, i.e. F’(0) = 0, follows easily from our assumption that «(z) has
a critical point at z = 0, which by (1.20) forces a critical point for |F(z)|? and ulti-
mately for F(z). The assumption that 1 = || F ||2f2 takes the form 1 =T+ 72, |ap 12,
which we record in the form

o0

2 1-T
Z'“?' =—— = (2.10)
n=2

@ Springer
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Stability of Faber-Krahn for the STFT

hereby defining 8. In the sequel we will often tacitly assume that § is small enough,
depending only on #p; in the end, the required smallness of § will determine the
threshold 7} in the statement of Lemma 2.1.

From (2.9), Cauchy-Schwarz and (2.10) we obtain

S 2 o ni,2n
IR(z)|* < (Z |a;| ) (Z T Jj' ) =52 (e”'Z‘z —1 —n|z|2). @2.11)
n=2 ’

n=2

In particular, [R(2)|? < 82 (e”mz - 1), hence squaring (2.8) we have

|F(2)?
T

<1482 (e~ 1) +h2), (2.12)
where h(z) is the real valued harmonic function
h(z):=2ReR(z), zeC. (2.13)

STEP II: Estimates for 4. Since |k(z)| < 2|R(z)|, the elementary inequality e* —
l—x< x2 €*, written with x = 77 |z|?> and combined with (2.11), implies

|z 2
h@) <V2r8lz2e™~,  ¥zeC. 2.14)
Differentiating (2.9), and then using Cauchy-Schwarz and (2.10) as in (2.11), we have

n/2|z|n 1

1
0 0 2 _ni,12(n—1)\ 2 2
ay| nmw n-mw |2 mz|
|R’(z)|<§ '"' <5(§ :#) <82m|zle 2,
: n

- n!
=2

(2.15)
having used the inequality Z—z, < ﬁ in the last passage. Similarly, differentiating
(2.9) twice, using Cauchy-Schwarz and estimating the resulting power series, we find

1
0 2 n2=2) \ 2 5
|R”(z)|§6<§ nln — Iyl ) <sCU+ D™, (@16

n!
n=2

By (2.13) and the Cauchy-Riemann equations |VAi(z)| = 2|R'(z)| and |D2h(z)| =
2v/2|R" ()|, we obtain the following uniform estimates with respect to the angular
variable 6 for the first and second radial derivatives of A (re'?):

dh(re'? xr?
‘ﬁ <82V 2nre’T, 2.17)
ar
and
9*h(re” 2
FReeD | 5o +r2)e™ (2.18)
or?
@Springer
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STEP III: Definition of E, and 7, (_0). Assuming T > f9, we consider any ¢ €
[t0, T') and any complex number z = ret? (r > 0), and we observe that

2 .
e |Fre)P?

reie >t —
u(re) T T

Hence, by virtue of (2.12), we obtain the implication
urey>t = go(r,1) <1, (2.19)

where, for every fixed 6 € [0, 2], gy is defined as
t .
go(r,0) =™’ (F - 52) +8>—oh(re?), r>0, oel0,1]. (2.20)

The variable o € [0, 1] plays the role of a parameter that defines the family of planar
sets

E; = {reie eCl go(r,o) < 1}, o €[0,1].

Since (2.19) is equivalent to the set inclusion {# > t} C Ey, (2.7) will be proved if we
show that

cs? T
[Ei] < | 1+ —5 | log—. (2.21)
tO t

The advantage of the parameter o is that we can easily prove the analogous estimate
for Ey — which is a circle, since gg (7, 0) is independent of 6 —, and then show that this
estimate is inherited by every E, (including E), by exploiting a cancellation effect
due to the harmonicity of 4.

We first show that each set E; is star-shaped with respect to the origin, by showing
that go (7, o) is increasing in r (for fixed 6 and o). Using (2.17) and assuming e.g.
that §2 + /28 < to/2, we have from (2.20)

dgo(r,0) ogre (L _52) aah(reie)
ar T ar

> drre™ (to — 62) - 82\/5711"3# (2.22)
> drre™ (to — 52— \/58) > JZt()re’"2 > 0.
Since gp(0,0) =1t/T > ty, integrating the previous bound we also obtain that
g0,0) 2 2(1+e™), V=0, Voelo.1] (2.23)
and hence, since gy(0,0) =t/T < 1, for every o € [0, 1] the equation in r > 0
go(r,o) =1 (2.24)
€\ Springer
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Stability of Faber-Krahn for the STFT

has a unique solution 7, > 0, which we shall also denote by 7, () when the depen-
dence of r, on the angle 6 is to be stressed, as in (2.25) below. Since E, is star-
shaped, using polar coordinates we can compute its area |E | in terms of 75, as

1 2
f(o):=|Ey;| = 5/ ;;,(9)2 d9, oe€]l0,1]. (2.25)
0
Notice that f(1) is the area of E| that we want to estimate as in (2.21), while
1 2
7O =3 [ n@? o= (2.26)
0
since when o = 0, equation (2.24) simplifies to
w2 (1 2 2
et ?—8 +8 =1, (2.27)

so rg is independent of 6 and Ej is a ball of radius rg. Note that the sets E, are
uniformly bounded, since (2.23) and (2.24) entail that

2
nr? <log . Vo € [0, 1]. (2.28)

STEP IV: Estimates for r, and r/’. By (2.22) and the implicit function theorem,
is, for every fixed value of 6 € [0, 2], a smooth, bounded function of the parameter
o € [0, 1]. Denoting for simplicity by . its derivative with respect to o, we have

080 i0
a7y (0 55 5,0 h(rse'
VOI,Z ro()z_é)a(a )za(ro‘e )’ 06[0,1], (229)
do %(ra, o) %(Fav o)
and using (2.14) and (2.22) we find the bound
28 g
) < Y200 -5 (2.30)
fo
In particular, this implies that
r2<2rg Vo el0,1], (2.31)

since by (2.30) |r.| /1y < V28/19 < log~/2 provided & is small enough, we have for
every o € [0, 1]

/

o
logr(,:logr0+/ r—sds§logr0+alog\/§§10gro+log«/§,
0 Fs

and (2.31) follows.
Differentiating (2.29) with respect to o, we have

. . 2 2
n(re? iy (9780 _ 9780 .
’ —(Z;f )ra/ h(re )<806r + 9r2 Iy

o 9g0 - 2
i (f’ﬁ)

(2.32)

ar
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Since by (2.20) and (2.17)

2

92 ar
&6 <é6Cre 2,

door

dh(re'?)
or

while by (2.20) and (2.18)

3%h(re'”)
ar2

3%go

ar?

t
<Q2r —i—4712r2)e7”2 (? — 82> 4o

7Tr2

t
< @ Faxs2)e™ £ 8C +rH)e™ < (1 +r2)e™”,

from (2.32) and (2.14) we see that

g ) 8
"~ 82\ 2mr, e , ﬁnSrge 2
I'ol =

|g| |O'|

ard
<5CrgeZ +C(1+ r3>e”r3|r;|>

Tlory €™’ (tory €™ )2
72 32
8Ce™ 2 8Ce™ 2 w2
= Ir)]+ 2 <8rgeT +1+ rﬁ)e”’ffz|r(;|> :
0
Combining with (2.30),
2 3nq¥
s 82Crye™™s  §Ce” 2 o , 8Cry 12\ _ 8%Cr,
[ry| < 3 + 3 drze 2 +(1+1)) e )= —=—. (2.33)
lO l() o [0

STEP V: Proof of (2.21). Now, recalling the bounds (2.28) and (2.30), one can
differentiate under the integral in (2.25), obtaining

ory (6
75 (0) do.

e (2.34)

21
f'(o) =/ 15(0)
0

Differentiating (2.34) again, and then using (2.33) and (2.30), we obtain the estimate

C52 27

1" (0)] < 2n<|r’|2+|rr”)d9<— r2d6, o €0, 1]
— 0 o o' — tg o o ) s .

This, combined with (2.31) and recalling (2.26), gives
, Cs?
[f (o) = t—3f(0), Vo €0, 1]. (2.35)
0

We now claim that f/(0) = 0, which is the crucial step of the proof. Indeed, when
o =0, we see from (2.27) and (2.22) that ry and dgg/dr are independent of 6, and
therefore, by (2.29), when o = 0 we may write

a7, (6) _ h(rge')

_rO

0

o oo BB )
or

75 (9) = ¢ (ro)h(roe'?),
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Stability of Faber-Krahn for the STFT

where ¢ (rg) # 0 depends on rq but is independent of 6. Therefore, from (2.34),

2 2
£10) = / OO 49— g / h(ro i) do.
0 0o o=0 0

On the other hand, the last integral vanishes, since the mean value theorem applied to
the harmonic function % gives

2
/ h(rge'?)do = h(0) =
0

2mry

Hence, as f’(0) =0, we may write, through Taylor’s formula,

f”( ) 2

for some o € (0, s),

f&=f0)+—F—

and taking s = 1 and using (2.35) gives

Cs? Cs?
|E1I=f(1)§f(0)+t—3f(0)=<1+t—3) f(0). (2.36)
0

0

Now, as we may assume that 282 < ty, we claim that

252 T

which, according to (2.27), is equivalent to

2 1—52 T H%
N = 5 < (—) . (2.38)
7 — 682 t

Setting for convenience k = 1/#y and defining the function
V(r) =682+ (1 - 5%) 2% el k) (2.39)
we observe that (2.38) is equivalent to ¥ (T /¢) > 1. Since (1) =1, T/t € [1, k] and
Y is concave (note that 28%k <1 by assumption), it suffices to prove that { (k) > 1.
Indeed, we have
V) =82 + (1 — 82K> Q2 logic > 52 (1 — 3%) (1+ 282k log k)

— 148 <1+2K(1—82/c)10g/<—/<)21+82(1+K10gic—/<),

having used 1 — 82k > % in the last passage. This shows that ¥/ (k) > 1, hence (2.37)
is established.
Thus, (2.21) follows by combining (2.36) with (2.26) and (2.37). O
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Corollary 2.2 (Uniqueness and non-degeneracy of *) If F € F*(C) is such that
|Fll 72 =1and T < 1, then there is a unique value t* € (0, T) satisfying (2.6). More-
over,

< t*, (2.40)
for some universal constant T* € (0, 1).

Note that the uniqueness of * implies the uniqueness of s* defined in (2.5), and
t* = e™%". We also note that there cannot be any universal lower bound on #*, since
t* < T and T can be arbitrarily small.

Proof If (2.6) were true for two distinct values t; < t» < T of t*, then we would have
w(t) =log1/t for every r € [11, 1], whence u'(t) = —1/t for every ¢ € (11, 1). But
the proof of [33, Remark 3.5] shows that this happens if and only if the corresponding
sets {u > t} are balls, |Vu| being constant on each boundary d{u > t} = {u = t}:
this in turn implies that u(z) = e‘”‘z_z"'z, for some zo € C and hence u(zg) =1 (or
equivalently that u™(s) = e~*), contradicting to our assumption that 7 < 1.

Now let Ty and Cp be the constants provided by Lemma 2.1 when 7y = %, and
define

1 _ L
* :=max{§,To,e CO}.

Given F as in our statement, if #* < 1/2 then clearly t* < t*, and the same is true if
T < Ty, because certainly t* < T. Finally, if t* > 1/2 and T > Ty, then (2.7) written
with = t* becomes

1 . T
log — = j1(1") < (1 +Co(1 = 7)) log —,

which is equivalent to

1+Co(1-T)
1 T . IR
P < (t_*) , thatis, t*<T tega-m
But then, since 7 < 1, we obtain

JE S _ 1
F<T 0D <¢ G

1
and 1* < T* also in this case (notice that x =% < e~! for every x € (0, 1)). O
We are now ready to start the comparison between u*(s) and e —*, where the num-
ber s*, uniquely defined by (2.5) if T < 1, will play a crucial role. In the next two
lemmas, however, it is not necessary to assume that 7 < 1, since when 7 =1 (and
u*(s) = e*) their claims remain true (though trivial) for all values of s*.
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Stability of Faber-Krahn for the STFT

Lemma 2.3 For every F € F>(C) such that | F'|l =2 = 1 and every so > 0, there holds

2 s*
% < /O (e_s - u*(s)) ds < 85,e™, (2.41)

where T is as in (2.2) and

Sz ¥@9 a5 ds

d =1 I —e% 1 —e%

(2.42)

Note that &, coincides with the deficit §(F; 2) of Theorem 1.5 when Q = {u >
u*(sp)} is the super-level set of u, with measure s.

Proof Instead of writing explicitly e™*, we will use the notation
vi(s):=e*, s>0. (2.43)

This will be particularly useful in Sect. 7, when we adapt the current proof to higher
dimensions.
Since u*(x) < T and v*(s) > 1 — s, the first inequality in (2.41) follows from

* K

/S (v*(s)—u*(s))dsz/é (1—s—T)+ds
0 0

1-T (1- T)2
:/ 1-s—-T)ds = ——F. (2.44)
0 2

To prove the second inequality, note that 1 — e™0 = fos % p*(s) ds, and hence we can
rewrite (2.42) as

S0 [e%e) 50
€ 1=y, / v¥(s)ds = / (u*(s) - v*(s)) ds = / (v*(s) - u*(s)) ds. (2.45)
0 S0 0
The key of the proof is that the ratio

*(s)
v*E(s)

as follows immediately from (1.25) since r(s) = e*u*(s). In order to implement such
an idea, we must now distinguish between some cases:

CASE 1: 59 > s*. Since r(s*) = 1 and r(s) is increasing by the convexity inequal-
ity (1.25), we have from (2.45)

8=/SO u™(s) <l—m>dsz<l—r(so))/so u™(s)ds.

On the other hand, for the same reason,

K d K 1 ! d 1 ! v d
* ok — * o < _ *
/S* (u (s)—v (s)) s /S* u (s)( r(s)) s_( V(So))/s* u”(s)ds,

@ Springer
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which, combined with the previous estimate, gives

o . fss,? u*(s)ds
/Sv* (l/t (S)—U (s))ds§8 W

Thus, recalling (2.45) and using the last inequality, we find that

L WO mv@)dssete ST e eds T [T ds

" (2.47)
having used (2.4) for the numerator, and the fact that u*(s) > v*(s) when s > s*, for
the denominator. Given that clearly ¢ < §,, the second inequality in (2.41) follows
immediately since [ % v*(s)ds = e,

CASE 2: 59 < s*. As r(s*) = 1 and r(s) is increasing, we have from (2.45) again
that

/00 [Rurs)ds [T u*(s)ds &

&= /SO v*(s) (1 —r(s))ds > (1 —r(so)) /SO v*(s) ds.
0 0

On the other hand, for the same reason,

*

/S (U*(S)—u*(S))ds=/s v (s) (1 —r(s))ds < (1 _”(SO))/S v*(s)ds,
S S0

0 S0
which combined with the previous estimate gives

*

S st d
/ (v (s) —u*(s))ds <e s;’ov—(s)s
5 Jol vi(s)ds

Thus, using the last inequality, we find

*

5* S u*(s) ds ST 0% (s) ds
/ (v*(s)—u*(s))dsfs—{—s SSO =8f050 ) < i =85
0 Jo  v¥(s)ds o vi(s)ds T [P v*(s)ds
(2.48)
and the second inequality in (2.41) follows also in this case. g

We are now ready to show that, in (2.41), the first inequality holds in fact in a
much stronger form.

Lemma 2.4 Under the same assumptions as in Lemma 2.3, there holds

*

N
1-T< C/ (eﬂ — u*(s)) ds, (2.49)
0
where C > 0 is a universal constant.
@ Springer
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Proof Passing to the inverse functions, and recalling that . (¢), restricted to (0, T), is
the inverse of u*(s), we have

* * T

/S (e_‘Y - u*(s)) ds > /s (min{T, e %} — u*(s)) ds =/
0 0 t

*

1
(log P p(r))dr.

(2.50)
Observe that, given any universal constant T € (0, 1), in proving (2.49) we may as-
sume (if convenient) that

T>r, (2.51)

because otherwise (2.49) would immediately follow from the first inequality in
(2.41), as soon as C > 2/(1 — 7). In particular, letting 7o and Cp be the constants
provided by Lemma 2.1 when fo = t*, where t* is the constant obtained in Corollary
2.2, we may assume that T > T, so that (2.7) reads

n) <14+ Co(l - T))log% Vi e[t T]. (2.52)

Relying on (2.40), we now use (2.52) to minorize the last integral in (2.50). More
precisely, letting 7; € [t*, 1) denote a universal constant to be chosen later, and fur-
ther assuming (in addition to 7 > Tp) that (2.51) holds also with t = 1, from (2.40),
(2.52) and (2.50) we find

oK

S B T 1 T
/ (e 5 — u*(s)) ds > / (log P 1+ Co(1—-T))log 7) dr. (2.53)
0

7

Using —logT >1—T, for every t € (1, T) we have
1 T T
log? — (14 Co(1— T))logT =—logT — Co(1 — T)log7
1
>1-T—Co(1—-T)log—,
T
and choosing now t; € [t*, 1) sufficiently close to 1 in such a way that
1
e1:=1—Cplog— >0, (2.54)
T

from (2.53) and the subsequent estimate we obtain

*

N T
/O (e_s—u*(s))dsz/ (1—T)(1—Cologrll>dtzsl(1—T)(T—rl).
71

(2.55)
Finally, choosing a larger number 1, € (1, 1) and further assuming that (2.51) holds
also with T = 1, we obtain

*

\y
/ (e™ —u(®))ds = e1( — )1 = T)
0
and (2.49) follows, by letting Cl=¢i(n—1)). Il
@ Springer

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



J.Gémez et al.

The final ingredient we need is a well-known lemma, whose statement and proof
are well-known in the theory of Reproducing Kernel Hilbert spaces. For complete-
ness, we provide its proof here.

Lemma2.5 [f F € F*(C) and | F| z2 = 1, then

. _ 2 _ _ _
min | F — Py 5 =2 (1 ﬁ) <21=T). (2.56)
lel=1

Proof Since || F, || 72 = 1 for every zg € C, for any ¢ with |[c| = 1 we have

IF = cFyl%2 =2 —2Re(cF, Fyy) 12 (2.57)

=
and, since }'2((C) is a reproducing kernel Hilbert space with kernel K, (z) =
e3P F. (2), we have (F.Fe) g2 = F(z0)e~ 3120 Therefore,

|F = ¢Fyyls =2 = 2RecF (zo)e 0P,

and choosing the unimodular ¢ that minimizes the last term, we obtain for every zg

min | — CFyl% =2 = 2| F (z)le” 20 =2 —2./u(zy).

cl=

The equality in (2.56) then follows by minimizing over zg € C, while the inequality
is a direct consequence thereof. 0

We are now ready to prove (1.17).

Proofof (1.17) By homogeneity, in (1.17) one can assume that F € F>(C) and
| F|l =2 = 1. Then, given €2 as in Theorem 1.5 and letting 5o = [€2|, on combining
(2.56) with (2.49) and the second inequality in (2.41), one finds

min ||F — cFy 152 < Cdye™, (2.58)
le|=1

where 8y, is the deficit defined in (2.42), relative to the super-level set {u > u*(so)}.

But (1.27) (rewritten with s = s¢) reveals that 8, < §(F; 2), where §(F; ) is the

deficit relative to €2 as defined in (1.18). Then (1.17) follows from (2.58), taking

square roots. g

3 The geometry of super-level sets

In this section we study, for a fixed number ¢ > 0, some basic geometric properties of
the super-level sets {z € C: up(z) > t}. In the proof of Lemma 2.1 we saw that the
function gy (r, o), defined in (2.20), is monotone increasing in r and, in particular, its
sub-level sets are star-shaped. We will soon see that, by doing a finer analysis, we can
prove a stronger version of this result, namely Proposition 1.6.
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We begin by discussing some useful normalizations that we will use throughout
the next sections. Let us first consider the quantity

I F —c- Fyllp

F):=
PR = e IFl

Without loss of generality, we will assume that

CEF —c|| =
,O(F) — min w
ceC  ||F|l £
that is, the closest function to F in {¢F,};,ecC,cec is a multiple of the constant func-
IFIZ,~IF(zo)2e ol

1717,

tion Fo = 1. This follows by (2.57), since p(F)? = ming,ec

Moreover, we can also assume that
F0)=1.
Now, we note that, by the previous assumptions, we have
IF — ¢ Fryl% = [ FI% + le* — 2Re(@F (z0))e "0/
= ||F 1% + [cf? — 2[c]|F (z0) e~ 201*/2 G.1)

2 2 —mlzol?
> || Fll 3 — max| F(zo) e~ 0"
20

This shows that p(F') is attained at zo = O if and only if 0 is a maximum for ur;
hence, our normalization also implies
F'(0)=0.

Observe that p differs slightly from the distance to the extremizing class used in
(1.17), due to the condition on ¢. However, it is equivalent to this distance: indeed,
by Lemma 2.5, we have

p(F) < min Mz min wfﬁp(p)_
20€C,lel=IFll 2 ¢, I Fll 72 lel=IFll g2, I F 72
3.2)
Lemma 2.5 also shows that
2
ZM -9 (1 _ M) —  min w (3.3)
1 Fl 7 I1Fl 7 lel=I1Fll 22, ||F||§__2

Note that, by our normalizations, we have F(0) =1 < || F|| z2. One the other hand,
(3.3), Lemma 2.5, and (2.41) show that

2
1<||F < <2,
=Wz = 5 e a2 =

34
provided that the deficit is sufficiently small.
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In addition to p (F), it will be convenient to consider the slightly different quantity
e(F) = |IF = 1] r.
This allows us to write
F=1+¢G, where |G| 72 =1and e = e(F), 3.5
and then the above assumptions are translated as
(G, 1) ;2 =(G,z) ;2 =0. 3.6)

Note that, by (3.4), we can assume that ¢ is sufficiently small: indeed, if elRs(F; Q)
is sufficiently small, then

F F F — 1/4
fF) ) _ L ry< min msC(d“‘S(F; sz)) .3
2 I Fll 72 lel=lIFllz I Fllz

We are now ready to begin the main part of this section. We begin with a key
technical lemma which shows that, above a certain threshold, all level sets of the
function u g behave like those of the standard Gaussian, as long as e (F) is sufficiently
small.

Lemma3.1 Let F € F*(C) satisfy the normalizations in the beginning of this section.
There are constants €q, c1 > 0 with the following property: if e(F) < &g, then for any
o € [0, 2], the function

Go(r) i= up (re™®) = |F(re'®) ™"
is strictly decreasing on the interval [O, ClA /log(l/s(F))].

Proof Without loss of generality we will take « = 0. In order to prove the desired
assertion, we shall divide our analysis in two cases.

CASE 1: 1/10 < r < c14/log(1/¢). We differentiate the function Gy in terms of r,
which gives us

G\(r) = — 2mr|F ()%™ + 2Re(F' (r)F(r))e ™"
— —2mr(1 + 26 Re(G(r)) + 211G (r)P)e™ ™" (3.8)
+2eRe(G'(r)(1 + 8G(r)))ef7”2,

where in the last line we used (3.5). In order to bound the last term we note that, by
the Cauchy integral formula,

2
e27r|w|

2
IG'(w)| = — sup |G(2)| =2

, 3.9)
(W] |z1=2/w| |w
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Stability of Faber-Krahn for the STFT

since |G(z)| < ¢™7*/2, and in addition
11 +eG(r)| <237,

since |[1 + &Gl < 2. Thus, as the e2-term in (3.8) is negative, and
|ReG(r)|e_7”2 <1lasr>1/10, we can estimate

8¢ 3
Go(r) < —27'rr(e_7”2 —2e)+ —8632 ?
r

Since r < c14/log(1/¢), we obtain that e < emetlog(1/e) — o=7¢t For all & small

r

2 2 . .
enough, we have e~ —2& > ™1 — 2¢ > 0 provided that nc% < 1. Since also

1/10 < r, we have
Gh(r) < —2mr (™ — 2¢) + 80!~ F 1.

Hence, as long as

5
et <1, (3.10)

the term —2mre™ o dominates over the others. Thus, for sufficiently small ¢, we have
Gy(r) <O.

CASE 2: 0 < r < 1/10. Notice that this case is more subtle, as Q(/)(r) — 0 when
r — 0. We will show that the second derivative of Gy is strictly negative for r €
(0, 1/10): thus the first derivative decreases in (0, 1) and, as Q(/)(O) =0, it follows
that Q(’)(r) < 0 1in this interval, proving the claim.

Starting from (3.8), we compute:

Gl (r) = — 2 (1 + 26 Re(G(r)) + 2| G(r)[D)e ™"
— dzer(Re(G'(r) + £Re(G' (NG (M))e ™"
44722 (1 + 26 Re(G () + 211G (r)[Pe ™"
£ 2eRe(G" (N A+ eGr)))e ™ + 264G (r) 2"
—4rreRe(G' (N1 +eG(r)))e ™.

We now follow the same strategy as in the first case. For [w| < 1, we find the estimates

4 4
G (w)] < = max |G(z)| <2¢¥",  |G"(w)] < — max |G(z)| <4e>™. (3.11)
27 |z]=2 T |z]=2

Therefore we have

Glr) < —21(1 =212 + ehoe),
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where h: R — [0, 00) is a smooth function. Since r < 1/10, we have 1 — 2772 > 0
and so the first term above is negative. Hence, if ¢ is sufficiently small, it holds that
Q(’)’ (r) <O forall r € (0, 1/10), and the conclusion follows. Il

In spite of its simple nature, we can derive several important conclusions from
Lemma 3.1, such as the following result.

Lemma 3.2 Under the same hypotheses of Lemma 3.1, one may find a small constant
¢ > 0 such that, for t > e(F)“2, the level sets

{(zeC:up(z) >t}

are all star-shaped with respect to the origin. Moreover, for such t, the boundary
o{ur >t} ={ur =t} is a smooth, closed curve.

Proof Let ¢; > 0 be given by Lemma 3.1. We first prove the following assertion: if

|z| > c14/log(1/¢e) then
ur(z) < 4571 (3.12)

As before, we use the decomposition (3.5) to write

up(z) = (1 + 26 Re(G(2)) + £2|G (2)P)e~ ™.

For |z] > c¢14/log(1/¢), and ¢ sufficiently small, since |G|l 72 = 1 one readily sees
that

wp(z) < e™ (1 + 2 +£2) < 4e™1,

since we can choose rrc% < % cf. (3.10).

We now claim that the conclusion of the lemma holds with ¢, = NTC% If this is not
the case, there is #p > &2 such that A;, :={z € C: ur(z) > 1o} is not star-shaped with
respect to 0. Thus, there would be a point wy € Ay, such that, for some r € (0, 1),
r-wo & Ay By (3.12), we must have that

lwol < c1y/log(1/e): (3.13)

indeed, if |wg| > c1/log(l/¢) then, by choosing & even smaller if need be, we

nc%/2

2 . .
would have u(wgy) < 4™ < ¢ < tg, contradicting the fact that wy € A,,. How-
wg

ever, (3.13) leads to a contradiction already: if we write el = Two] then Lemma

. : 2. . .
3.1 ensures that the function s > |F(se!®0)|?e™75" is strictly decreasing for s <

c1y/log(1/¢) and thus we would have

10 > ufp(rwo) > ur(wo) > 1o,
which is a contradiction. Hence Ay is star-shaped with respect to the origin.
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The final claim of the lemma, concerning the smoothness of the boundary d{ur >
t} = {ur =t}, follows from the Inverse Function Theorem. Indeed, by (3.12) we see
that if z is such that up(z) =t > & then |z| < c14/log(1/¢), and Lemma 3.1 then
guarantees that Vu r(z) # 0. Thus ¢ is a regular value of u r and the set {ur =t} isa
smooth curve. g

Lemmata 3.1 and 3.2 already show that the super-level sets of u r are regular and
have controlled geometry. We now show that they are in fact convex:

Proposition 3.3 Under the same assumptions as in Lemma 3.1, there are small con-
stants €q, c3 > 0 such that, as long as e(F) < ¢eg and s < —c3log(e(F)), the set

Ayrs) =1z €Crup(@) > up(s)}
has convex closure.

Proof Choosing &g appropriately, we can apply Lemmas 3.1 and 3.2 to conclude that,
for t > e(F)2, the level sets {z € C: up(z) > t} are all star-shaped with respect to
the origin and have smooth boundary.

We write, for shortness, u =up and ug =e™ " 2 throughout the rest of this proof.
By the triangle inequality and (3.4), we have

= ol = |(|F2 = Dy F

(3.14)
<|F = 1(IF|+ De ™™ <e(F)(IFll 2 + 11l ) < 3e(F)
and so
{uo > u*(s) +3e(F)} C {u>u*()} C {uo>u*(s) —3e(F)}. (3.13)
This implies that
s = {u>u*($)}| = l{uo > u*(s) + 3e(F)}| = —log(u*(s) + 3&(F))
or, rearranging,
u*(s) = e " —3e(F), (3.16)
In particular, if e =5 > g(F)3, then
u*(s) > %8@)53 > &(F)® (3.17)

provided c3 and ¢ are chosen sufficiently small. Thus, for our choice of parameters,
the set A, () is star-shaped and has a smooth boundary.

Arguing similarly to Lemma 3.1 we see that, by further shrinking c3 if needed, we
have

e = uollcza,) < Coe (F), (3.18)
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whenever s < —c3log(e(F)). Indeed, recalling again (3.5), (3.18) is equivalent to

scs

&
Re(G) +-GP) -u =
”( ( ) 2| | 0 Cz(Au*(s)) 2

Using (3.9), (3.11), a suitable version of the first of those estimates for the second
derivative, and (3.14)—(3.17), we see that

<C sup eMlvl (3.19)

&
|(Re(G) +£1G12) - wo|
2 C2(Ay(s) WE Ays(s)

If w € Ayx(s5), by (3.15) and similarly to (3.16), we have
—S

e > % (5) = 3e(F) > %

and hence (3.19) implies (3.18) with C; = C - e%, where C is an absolute constant.
Let then «, denote the curvature of dA,+(s) = {u = u*(s)}, thus

V2u[Vu, Vu]
|Vu|3

Ky =

For 0 <s < —c3log(e(F)), by (3.15) and (3.17) we have {ug > %8(F)C3} D Aus)
and hence

IVuo(2)| = 27 |zle ™ > Ce(F)®  in 9 Auss). (3.20)

Let us denote by i, > 0 the curvature of the circle {ug = u™(s)} and notice that, by
(3.17), ks — oo as s — 0. By (3.18) and (3.20), choosing c3 and &g sufficiently small,
we have an estimate

°F)__opyt,

|Ks _’Zs| SCCSW =

where we used the bound on s in the last inequality. Combining the last two facts, we

see that we can choose ¢p small enough so that 8(1)/ 4 < kg and 8(1)/ 2 < %8(1)/ 4. These

choices ensure that

Q14
~ 1/2
OTfks_Eo/ = Ks

for all s < —c3loge(F). This lower bound implies that A,y is locally convex. We
then use the well-known Tietze—Nakajima theorem (see [32, 38]) which asserts that,
as A,x(5) is a closed, connected set, its local convexity implies its convexity, and the
assertion is proved. O

Proof of Proposition 1.6 Proposition 1.6 follows immediately from Proposition 3.3
and (3.7), taking Q2 = Ayt (s) as usual. O
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4 Proof of the set stability

In this section we complete the proof of our main Theorem 1.1. As explained in the
introduction, it suffices to prove its Fock space analogue, Theorem 1.5.

Proof of Theorems 1.1and 1.5 Since the stability for the function has already been
proved in Sect. 2, it remains to prove stability of the set, i.e. estimate (1.8).

Fix f e L? as in the statement of Theorem 1.1, let F = B f, ur(z) =
|F(z)|2e™ 2> and let us write § = 8(F; 2) for simplicity. Clearly we may assume
that § < &p, for some arbitrarily small constant §o. We may also suppose that F is nor-
malized as at the beginning of Sect. 3 and so, as in (3.5), we can write F =1+ ¢G,
where ||G|| 2 = 1 satisfies (3.6) and ¢ satisfies (3.7).

Let Aq = Auj}(|§2\)’ as in (1.21). Let 7 be any transport map 7 : Aqg \ Q — Q\
Agq, that is,

Lovag (T (x))det VT (x) = 1ag\@(x),
cf. [11, page 12] for details on the existence of such a map. Define
Bi={reaa\Q: ITWP - x> Cayy ],

where C|q), y are constants to be chosen later. Since 7 is a transport map,

/(u(z)—u(T(z)))dz=/u—/ uf/ u—/u::d(Q). @1
B B T(B) Aq Q

In (4.1), the inequality holds by the fact that, for z € Aq \ 2, ur(z) > up (1)),
and the reverse inequality holds for z € 2\ Ag. Note that from (1.28) we have the
bound

d(Q) <||F | —e*'“')—/gu=||F||§1(1 —e s <41 -5, (4.2)

by (3.4) and the assumption that § is sufficiently small.
STEP 1. Control over B. In this step, we will show that

u(@) —u(T(z)) =5y forzeB, (4.3)
after choosing C\q| and y correctly. To see this, we begin by writing
() — u(T (@) = e ™R — oI TP
+2¢ (Re(G@e ™) ~ Re(G(T(2)e ™TO))

+¢2 (I6@Pe ™ —1G(T @) Pe™TOF).
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Since |G|2e_”"|2 < 1, we have promptly

u(@) = (T (@) z e — TR — 4e 4 2)

4.4)
C e (1 TR g2
whenever z € B. Moreover, since z € B C Ag, (3.14) shows that
, o el
e > u@) —3e > u*(1R)) —3e > eI — 6 > R
here we used also
e 19 30 <u*(1Q)) <719 + 3¢, 4.5)

cf. (3.15) and (3.16). If 7(|T (2)|*> — |z|%) = 1 then we find

] ]

M(Z)—M(T(Z))E%(1—6_1)—48—822 2

—4e —¢g”.

On the other hand, if 7 (|7 (z)|> — |z|?) < 1, from (4.4),

e (1T @17 = 1z1%)

u(z) —u(T(2) = 5

—4s — g’ > C‘Q|€_|Q|% —4g — g2,

Choosing Ciq| = 20¢!¥l and y > &, the previous estimates yield the desired (4.3).
STEP Il.Showing that Q2 is close to Ag. Note the identities

Q| =Bl =1Q = |T(B)| = Q\T(B)| =2 — A\ Q|+ [(Q\ T(B)) \ Aql,
hence
1
§|QAAS2|:|AQ\Q|:|B|+|(Q\T(B))\ASZ|- (4.6)

In this step, we want to estimate both terms on the right-hand side. The estimate for
the first term follows by combining (4.1), (4.2) and (4.3):

d@ _ 251 — e~ 182
5p ~ 5y '

|B| < 4.7

To estimate the second term, note that 2\ 7 (B) is contained in a C)qy -neighborhood
of Ag;in turn, by (3.15), Ag is nested between two concentric balls:

{z:e ™ S Q) + 36} C Aq C {z:e ™ S u*(1Q]) — 3¢} = Eq.  (4.8)
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Combining this information with (4.5), and setting A1+ = \/ —7~log(u*(s) & 3¢) we
can estimate

@\ T(B)\ Al <|Beigy+i- \ Bi,| =7 (Ciay +1-)* +logu*(s) + 3¢)
<27 Ciay/—log(u*(s) — 3e) + 7(Ciayy)?
u*(s) + 3¢
+log (u*(s) - 38)
< 4Cig)yv/~log(u*(s) — 3¢) + 7 (Cigy)* + Cse

<4CiqyVIQ| + 8eel®l + ncfmjﬂ + Csy

cll

|Q|1/2

54C|Qy<|sz|‘/2+4s >+71C|29|)/2+Csy

21

<4Ciqy <|$2|‘/2 t+acs'2l

2 2
|Q|1/2> +mClyy? + Coy,

4.9)

provided that e is sufficiently small, depending on |2|. Choosing ¢ < y =
C(e!®§)1/2 where C is the constant provided by Theorem 1.5, and combining (4.6),
(4.7) and (4.9), we get

IQAAg| < C8'/2,

for some new but still explicitly computable constant C = C(|€2|).
STEP III. Conclusion. To conclude, we just need to compare 2 with the ball S :=

{z:e7717 > ¢~120} By (4.5) and (4.8), we have Sq C Eq and
|Eq \ Sol < Ce < C(QD8?, (4.10)
where we also used (3.7). It follows that

|S@AQ| < |\ Eq| + |Eq \ So| + [Sa \ €|
<IQ\ Eq| + |Eq\ S| + |Eq \ Q| < |[EqAQ| + C5'/?

and so it is enough to bound | EqAS2|. We then estimate
|E@AQ| = |Eq\ Q|+ |2\ Eql < |Eq \ Aq| +|4q \ Q| + 2\ Ag| < C§'/2,

where in the last inequality we estimate |Eq \ Ag| as in (4.10) and we also used the
estimate from the last step. We have now proved (1.19) and thus also (1.8). O

We remark that, in spite of the sharp exponent of § in the result above, the asymp-
totic growth of the constant K (|€2|) in (1.8) from the proof above is likely not sharp:
as we shall see in Sect. 6, one expects, from the functional stability part, that the sharp
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growth of the constant should be of the form ~ ¢2//2, while the proof above yields
K(|2]) ~ &2,

Although there is room for improving such a constant with the current methods,
it is unlikely that these will suffice in order to upgrade K (|€2|) to the aforementioned
conjectured optimal growth rate. For that reason, we consider this to be a genuinely
interesting problem, which we wish to revisit in a future work.

5 An alternative variational approach to the function stability

The purpose of this section is to give a variational proof of the function stability in
Theorem 1.5. Fix s > 0 and consider the functional

K:P©—R  KFl=—£8
1712,

where we recall that I (s) is the integral of u g over its superlevel set of measure s,
cf. (1.27). We will prove the following result:

Theorem 5.1 Fix s € (0, 00). There are explicit constants go(s), C(s) > 0 such that,
forall € € (0, &p), we have

KI11 - K[1 +eG] > C(s)e?,
whenever |G || z2 = 1 satisfies (3.6).

The proof of Theorem 5.1 is almost independent of the results of Sect. 2, as we
will only rely on the suboptimal stability result from Lemma 2.3. This lemma, in turn,
does not rely on the other results from that section.

Let us first note that Theorem 5.1 indeed implies the function stability part Theo-
rem 1.5, although without the optimal dependence of the constant on |2|.

Alternative proof of (1.17), assuming Theorem 5.1 Without loss of generality, we can
assume the normalizations detailed at the beginning of Sect. 3. By the same argument
as in (3.7), if the deficit is sufficiently small we see that

IF — 1l 52 = e(F) = | Fll 2 p(F) < C(e/l8(F: @))%,

where now the last inequality follows by combining Lemma 2.3 with the simple
Lemma 2.5, instead of using (1.17). Here, we take 2 = Am;(t) ={ur > up@)}.
Hence, we can write

F=1+¢G, [Glp=1,

where G satisfies (3.6), and we can assume that ¢ is sufficiently small. Theorem 5.1
then implies that

(1= e ®Ns(F; Q) =K[1] - K[F] = C(1Q)e*> = C(QDIIF — 1] 5.
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To complete the proof it suffices to note that, by our normalizations, F(0) =1 <
| 7|l z2. Thus

F—c-F,
IF =1 = p(F) 22712 P Falre
20€C,lel=1Fll z2 ¢, £ 1| 2
where the last inequality follows from (3.2). O
The proof of Theorem 5.1 is based on the following technical result:

Lemma 5.2 There is g = €o(s) and a modulus of continuity n, depending only on s,
such that

2
IK[1+eG]—K[1]| < %VZIC[H(G, G)‘ +1(e)e?

forall 0 <e <egy(t) and G € fz(C) such that |G || 2 = 1 and which satisfy (3.6).
Here we have defined

2
V2K[11(G, G) := d—IC[l +¢G]
d82 e=l

The proof of Lemma 5.2 is rather technical and standard, for which reason we
moved it to Appendix A. Lemma 5.2 shows that K[1 + eG] — K[1] is essentially
controlled by the second variation of K at 1, in the direction of G. Since 1 is a local
maximum for K, this variation is negative definite, but to prove Theorem 5.1 we
need to show that it is uniformly negative definite. This is the content of the next
proposition, which is the main result of this section.

Proposition 5.3 For all G € F>(C) such that |Gl 72 = 1 and which satisfy (3.6), we
have

1
EVZIC[I](G, G) < —se” .

It is clear that Theorem 5.1 is an immediate consequence of the above two results:

Proof of Theorem 5.1 Combining Lemma 5.2 and Proposition 5.3, we have
KU1 = Kl 46612 2 (3VK01G, G) +0(6) = (22— nie)).

The conclusion now follows by choosing &g = gp(s) even smaller so that € ) >
n(€o). O

The rest of this section is dedicated to the proof of Proposition 5.3. Clearly we
first need to compute the second variation of /C and, in order to do so, our strategy is
to consider the sets

Qe = (e > i)}, upi=ureg =|1+eGPe 7T, (5.1)
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and to write
Qs = <D£ (QO),

for a suitable volume-preserving flow ®.. In order to construct such a flow, we first
prove a general lemma which allows us to build a flow that deforms the unit disk into
a given family of graphical domains over the unit circle. This type of result is well-
known, and we refer the reader for instance to [3, Theorem 3.7] for a more general
statement.

Lemma 5.4 Denote by Dy C R? the unit disk, and suppose that we are given a one-
parameter family {Dg)gcc(0,60) Of domains, whose boundaries are given by smooth
graphs over the unit circle:

D ={(1 + g (@) : w e S'}.

We assume that the family {g;}¢c[0,s,] depends smoothly on (¢, w).
Then there exists a family {Y}ec[0,6,] Of smooth vector fields, which depends
smoothly on the parameter ¢, such that, if V. denotes the flow associated with Y,

ie.if

d
d_\ps = Ys(q"s)a
&

then V. (Do) = D,. In addition, Y. is such that div(Y,) = 0 in a neighbourhood of
st

Proof By translating into polar coordinates r = |z| and w = z/|z| we see that, if we
define a vector field Y, locally on a neighbourhood of S! by

1
Yo(r,w) = ;(1 + 8¢ ()0 g: (w)w,

then Y, satisfies div(Y,) = 0 in a neighbourhood of S!, Moreover, in the same neigh-
bourhood of S!, we may write the flow W, of Y, explicitly as

W (r,0) = (2 + (1 + g (@)% — 2. (5.2)

We then extend W, from the neighbourhood of S! to the whole complex plane, in
such a way that W, (Dgy) = D, and the map (g, x) — W, (x) is smooth. Taking f’g to
be the vector field of the extended version of W,, we see that 178 is an extension of Y,
to the whole space, and moreover, the map (g, x) — Y, (x) is smooth. O

Using the results of Sect. 3 we can readily apply Lemma 5.4 to the sets €2;:

Lemma 5.5 Let G € F2(C) satisfy (3.6). There is g9 = €o(s, |Gl £2) > O such that,
for all € € [0, eo], there are globally defined smooth vector fields X ., with associated
flows @, such that

Qe = D.(Q).
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Moreover, X, depends smoothly on ¢ and is divergence-free in a neighborhood of
0Q20. We also have

/ (Xe,ve) =0, (5.3)
Q%

where v, denotes the outward-pointing unit vector field on 0<2,.

Proof Up to dilating by a constant (which depends only on s) we can assume that
Qo = B;. Lemma 3.2 shows that, if ¢ is chosen sufficiently small, the boundaries
0€2, are smooth and the sets €2, are star-shaped with respect to zero, hence they can
be written as graphs over S':

392 ={(1 + fe(w)) w: w € S'}. (5.4)

We now claim that the function (g, w) — f:(w) is smooth as long as ¢ is sufficiently
small.

Indeed, for fixed ¢, the function w — f;(w) is smooth, by Lemma 3.2, since it is
implicitly defined by u.((1 + f¢(w)) - @) = u}(s). Moreover, since Vu, is bounded
by a constant depending only on s when restricted to {u; = u}(s)} (this follows, for
instance, from the proof of Lemma 3.1), any careful quantification of the proof of the
implicit function theorem (cf. [26]) implies that there is a universal gg(s) > 0 such
that, if & < £o(s), then & — f.(w) is smooth for any fixed w € S!. This proves the
desired smoothness claim.

By Lemma 5.4, the associated vector fields are explicitly given in a neighbourhood
of S' by

1
X:(r,o) = ;(1 + fe(@))0; fe(w)w, (5.5)

and they are divergence-free in a neighbourhood of S!. Their smoothness then follows
from the smoothness of f; in €.

To prove the final claim we note that, since €2, has constant measure equal to s for
all ¢ € [0, &o], by a calculation in polar coordinates we see that the function

Ale):= |  (1+ fo(@)*dH (@)
920
is constant in the interval [0, go]. Thus,

0 dA(e)
de

=2/ 3sfa(w)(1+fs(w))d7'll(w)=2/ (Xe, 1) dH! (),
9% ‘

a0

and so the integral above has to vanish; here we used the fact that Qg is a ball. Since
div(X,) = 0 in a neighbourhood of 92y, and as faQo (X¢, v)dH! =0, the divergence
theorem shows that, for any Lipschitz Jordan curve y in the same neighbourhood of
0€29, we have

/<Xs, vy ) dH' =0,

Y

where v,, denotes the outward-pointing normal field on . Thus (5.3) follows. O
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Having the previous lemma at our disposal, we can now obtain an explicit formula
for V2K[1].

Lemma 5.6 Forall G € F2(C) which satisfy (3.6), we have

%VZIC[I](G, G)= /

1GPRe ™1 4z — ||G||3m/ LT
Q0

Qo

+e*][ IG2dH (2). (5.6)
020

Proof Setting do (z) := eI dz for brevity, let us introduce the auxiliary functions

L= [ |1+&G|*do, J5:=/|1+SG|2da; (5.7)
Qe C

we also write K, := K[1 4+ ¢G], where we recall that Qg := {ue > u}(s)}, cf. (5.1).
We will always take ¢ < g9, where &g is as in Lemma 5.5. Here and henceforth, we

shall denote derivatives of the quantities K, I, J. inthe ¢ variable with primes,
thatis, K., J/, 1., etc. With that in mind, we have:

I
K. = (1; - 18—8)—,
Je/ Je

JINT 20! J! 68
K= (1;/ - 15—’3)— . —8(1; - 15—8),
Je /T J? Je
and using Reynold’s theorem we further compute
Il = 2/ Re(G -1+ ¢G)do, Ji= 2/ Re(G -1+ ¢G)do, (5.9)
e C

1;’:2/ |G|2do+2/ Re(G - T+ ¢G)(X,, ve)e ™17, J;’=2/ |G| do.
Qe 02, C
(5.10)

Here and in what follows, we write X, to be the vector fields built in Lemma 5.5.
Note that, to obtain (5.9), we used the fact that u. is constant on 9€2,, together with
the cancelling property (5.3) of the vector fields.

Since (G, 1) 72 =0, ¢ is a ball and G is holomorphic, from (5.9) it is easy to see
that

d
[=J=0 = Kll+¢G]
&

=K,=0, (5.11)
e=0
where the implication follows from the first equation in (5.8).
Combining (5.8)—(5.11), we arrive at

d2 2 2
Lkntea| =2 [ 162 <61 / el
de2 % F?

Qo

e=0
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Stability of Faber-Krahn for the STFT

+/ Re(G(2))(Xo, u)e—”'Z‘z). (5.12)
EION)

Since 92 is a circle of radius ro, where nrg = s, our main task is to simplify the last
term: specifically, we want to show that

/ ReG(Xo,u)d’Hl:][ |G|>dH . (5.13)
920 992

In order to prove (5.13), we have to understand how to write X in terms of G on
092.
We first claim that

d
= .14
dS 8:0“8 (t) 07 (5 )

where () := (1466 () = |{us > t}|. To prove this claim we build, exactly as in
Lemma 5.5, a family of vector fields Y, with associated flows W, such that ¥, ({ug >
t}) = {ue > t} (note that, by Lemma 3.2, these sets have smooth boundaries, hence
we can apply Lemma 5.4). We compute, for z € 0{ug > t} = {ug = t},

= u, (W, (2)) = (1 +26ReG(z) — 2me(Yo(2), 2) + 0(52)) Tl (5.15)
and thus, since the first order term in & vanishes, we have
Re G(z) =n (Yy, z). (5.16)

We can now prove (5.14): again by Reynold’s formula, we have

X ’
e (1) =/ (Yo, v)
dele=0"" duo>1}
:271][ (Yo,z)=2][ ReG =2ReG(0) =0, (5.17)
d{uog>t} d{uog>t}

since d{ug > t} is a circle and Re G is harmonic, where the last equality follows from
(3.6).

As we explain in Remark 5.7 below, the function & — . (¢) is smooth in &, when-
ever ¢ is sufficiently small, and also smooth in ¢, for ¢ € (¢2, maxu,), where c; is as
in Lemma 3.2. Now let us fix s > 0 and recall that G(0) = 0. Using the smoothness of
& > pg first and then the smoothness of 1o on a neighbourhood of u(s), we obtain:

s = pe(uz(s))
= 1o(u; (5)) + 26 Re(G(0) + O (%)

d
=5+ WEW) — 5D | o)+ O(E)
_uE(s) — ug(s)

ugp(s)

+0(&?),
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where we used the fact that G(0) = 0 by (3.6). Thus, after rearranging, we find
u¥(s) =1+ 0(H))e>.
Since ®; is the flow of X, we have
D (2) = Po(2) + £Xo(Po(2) + O(e?) =z + £Xo(2) + O (D). (5.18)

We now compare the two expansions

us(®:(2)) = (1 +2eRe G(z) — 2me(Xo(2), z) + 0(82))(37”'1'2,
ui(s)=(1+0(*)e™,

and we deduce that, on d{ug > u;(s)} = 382, the first order terms in & must be the
same, thus

7(Xo,z) =ReG(z) on 9. (5.19)

Finally, since G is holomorphic and G (0) = 0, we have

(ReG)2dH1=][ Re(G?)dH' + (ImG)?dH' = (ImG)%dH".

Q0 Q0 Qo Q0

Now (5.13) follows by combining this identity with (5.19):

/ ReG(Xo,v)d’H1=27t][ Re G (X, z) dH!
920 a2

=2 (ReG)2d7-L1=][ |GI>dH!,
a0 9

as wished. O

Proof of Proposition 5.3 Since G € F2(C) satisfies (3.6), we can write
) N )
2
G(z)=kZak(F) 161 =Yl
=2 =2

It is direct to see that (5.6) can be rewritten using the power series for G as

1 o
SVEKING, G) =) laiVic(s), (5.20)
k=2
where
k k
T 2 2 S
Vie(s) ;=_/ |z| ke 1] —/ eI e (5.21)
kb, /2 BO,/%) k!
@Springer

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Stability of Faber-Krahn for the STFT

We claim that Vi (s) <0 for all s > 0. This follows by a simple calculus observa-
tion:

k k
Vi(s) = L Izlzke_”|Z|2 dz + (1 + S—) e’
k! Jo\Bo,v57) k!
k=1
r'k+1,s) sk —s s/ s

where I'(a, s) := fsoo r?~le=" dr denotes the upper incomplete Gamma function. In
order to conclude the desired bound, notice that limy_, o, Vi (s) = e ¥ — 1 <0, and,
since Vi (s) is decreasing in k for s > 0 fixed,

gng(—Vk(S)) =—Va(s) =se".
The conclusion of Proposition 5.3 follows then directly from (5.20). g

Remark 5.7 In the proof of Lemma 5.6 above we used the fact that the func-
tion (e,t) — w(¢) is smooth provided that ¢ is sufficiently small and that ¢ €
(6?2, maxug), where ¢, is as in Lemma 3.2. This can be seen explicitly as follows:
the smoothness in ¢ follows by Lemma 5.4 and the fact that W, ({zzg > t}) = {u, > t}.
On the other hand, by [33, Lemma 3.2] we have

—0i e () = / |Vu€|_1 d#H! for almost every ¢ in (0, maxu,).
{ue=t}
By the proof of Lemma 3.1 we see that

[Vue(2)| = C(e?, |Gl F2)lzl, (5.22)

hence u, € CIOO’C1 (¢?, max u). Moreover, the divergence theorem allows us to write

Oyt (1) + Byt (1) = /

{ue=t}

Vi |~t dH! —/{ }|Vu8|*1 dn!
Uug=Ity

_/ Vue Vu, 1 / Vug Vu, 2!
o=t} |Vue|?  [Viue| (we=to} Vuel> Vgl

Vu
S / div ( 82> dz,
{to>us>t} |VM€|

for a.e. t < 19. By (5.22), |Vu2,;|_2 is bounded and smooth in the set {fg > u, > t},
which shows that ;. € Cloo’cl (6“2, maxu,). By a straightforward use of the coarea
formula, iterating such an argument yields the desired smoothness property of ..
Moreover, we also have that 9, . (1) < — %, cf. (1.23), and so by the Implicit Function
Theorem the functions u} (s) are differentiable in the variable ¢ for all fixed s, for
& < go(s) sufficiently small.
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It is important to note that (3.6) is crucial as a normalization for the above proof
to work: as a matter of fact, many of the cancellations in the proof of Lemma 5.6
only appeared since G (0) = (G, 1) = 0. Moreover, if (G, z) # 0, it could happen that
VIK[11(G, G) = 0, which would cause the proof of sharp stability to collapse.

The argument implicit in the reduction to (3.6) is hence a vital part of the proof:
heuristically, it plays the pivotal role of providing us with a single point zo — which,
through translations, may be assumed to be the origin — for which one can compare
the level sets of the functions u, to balls centered at zo. The fact that z¢ is given by the
point where each u, attains its maximum allows thus for a connection between the
analytic and geometric natures of the problem, highlighting further the importance of
the aforementioned reduction.

6 Sharpness of the stability estimates

In this short section we prove the sharpness claimed in Remark 1.2 concerning the
estimates in Theorem 1.1. We will see that the variational approach of the previous
section is quite useful in this regard. The following is the key proposition we require:

Proposition 6.1 Let s > 0 be a fixed positive real number. For each ¢ > 0 suffi-
ciently small there is a constant C > 0 and sequences {Q2¢}s and {F¢}s C F(©C)
with || Fgll ;2 =1, Ve >0, and such that:

(i) Qo aball and || =s;
(i) infe zpec |1Fe — ¢ Fooll 2
(iii) the deficit satisfies 8(Fy; Qp)

.
C-3 g2,

l—e™*

> £.
2 ¢
=

Proof Let F.(z) = 1 + ez2 and as usual let us write u(z) := |Fg(z)|2e’”‘z|2. Con-
sider, as in (5.1), the domains

Qe ={z€C: us(2) > u:(s)}v
where s > 0 is fixed. We then have

(1 —=e™)8(Fe: Q) = K[1] = K[ Fe]
6.1)

2 —s
€ 2se
—?VZIC[I](ZZ, ) +e?n(e) = 5 e? +n(e)e?,

where we used Lemma 5.2 to pass to the second line and also (5.6) in the last equality.

Now note that taking ¢ sufficiently small yields the desired upper bound if we choose

F, = A= ” . For the lower bound on || F, —cF. 20l 2, we recall from (3.1) that

- 5 ~ 2 —xizol?
|Fe = ¢+ Fzy |3 > 1 — max | Fe(z0)| e 100
z0€C

In order to finish, we only need to show that the only global maximum of
| Fe (z)l%’”m2 occurs at z = 0, which is equivalent to showing that

(1 +26(x2 — y?) + &2 [z*) < ™1,
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Stability of Faber-Krahn for the STFT

for each z € C\ {0}. As 1+ 7 |z|> + ”72|z|4 < e”'z‘z, this inequality is true if & < 7.
Thus, for such ¢,

1 2

| Fe — cFylm > 1 — ——— > —
¢ “wlF 1+%£2

2 b
which concludes the proof. g

We are now ready to prove the claims in Remark 1.2.

Corollary 6.2 The following assertions hold:
(i) The factor 8(f; Q)2 cannot be replaced by §(f; 2P, for any p > 1/2, in (1.7)

and (1.8);
(ii) There is no c € (0, 1) such that, for all measurable sets Q C C of finite measure,
we have
— 172
min M < C(ele‘S(f; Q)) )
20eClel=Ifl2 N fl2

Proof Notice that (ii) follows directly from the statement of Proposition 6.1 by taking
s — 00, so we just have to prove (i). The fact that one cannot improve the exponent
in (1.7) follows directly from Proposition 6.1 above.

To see that one cannot improve the exponent in (1.8) we argue as follows. For the
domains €2, built in Proposition 6.1, we may use Lemma 5.5 to write 2, = ®,(Q2),
provided that ¢ is small enough. As we saw in (5.18) we may write

®,(2) =z +eXo(z) + O(£?), where Xo(z) = ho(2)z,

for some scalar function hg: C\{0} — R. Indeed, that X has this form follows
from its explicit formula (5.5) in Lemma 5.5. Since 7 (X¢(2), z) = Re(z%) on 99
by (5.19), we have

2
ho(2) = Re(zz) _ cos(26)
7|z|

T

for z =r(Qo)e'? € 9, where () denotes the radius of the ball . Hence,

i0 cos(20) 5
1. AQ0] > 196 \ Q0] = HZ:re  F(Qo) <7 <r(Q) +e—— —Ce ”
>cr(§20)2€,

which concludes the proof. g

7 Generalizations to higher dimensions

In this section we will provide the generalization of Theorems 1.1 and 1.5 to higher
dimensions d > 1. We believe that the results of Sects. 5 and 6 also have higher-
dimensional counterparts, but as the focus of this paper is on the 1-dimensional case
we do not elaborate further on this.
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Given a window function g € L>(R?), the STFT of a function f € L>(R?) is
defined as

Vo f (x, w) := /Rd e_zmy'“’f(y)g(x —y)dy, x,we RY,

coherently with (1.1). As in dimension 1, we will only be interested in the case where
g(x) = p(x) is the standard Gaussian window defined as

o(x) =2/ e RE (7.1)

so as before we set V f :=V,, . Note that (7.1) reduces to (1.2) when d = 1.
The d-dimensional version of Theorem A, proved in [33], can be stated as follows.

Theorem C ([33]; Faber-Krahn inequality for the STFT in dimension d) If 2 c R*? is
a measurable set with finite Lebesgue measure || > 0, and f € L>(R?) \ {0} is an
arbitrary function, then

2 Q
Jo IV f(x, 0)*dx dw </' Ief(d!s)%’ ds. (7.2)
0

2
”f”Lz(Rd)

Moreover, equality is attained if and only if Q coincides (up to a set of measure zero)
with a ball centered at some zo = (xg, o) € R¥ and, at the same time, for some
ceC\ {0}

FO)=coy(x),  @r(x) 1= XN p(x — x), (7.3)

where ¢ is the Gaussian defined in (7.1).

We point out that in [33, Theorem 4.1] the right hand side of (7.2) is expressed
in terms of the incomplete Gamma function and implicit constants depending on d,
whereas the present formulation (which is equivalent but more explicit) is taken from
[34] (see the remark after Theorem 2.3 therein).

It appears from (7.2) that, in dimension d > 1, the function

1
v¥(s) i=e @I 5>, (7.4)

plays a crucial role, since when d = 1, v*(s) = ¢~® and the right hand side of (7.2)
reduces to 1 — e 19l as in (1.16). To state a stability result in dimension d, we must
modify the deficit § defined in (1.5) to suit the right hand side of (7.2), so we let

JoWVf(x, o) dx do
1122y Jo v*(s)ds

3(fiQ):=1 7.5)

which once again reduces to (1.5) when d = 1. Redefining the asymmetry index
A(Q) by simply replacing R?> with R?? in (1.6), our extension of Theorem 1.1 to
dimension d can be stated as follows.
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Theorem 7.1 (Stability of the FK inequality for the STFT in dimension d) There is
an explicitly computable constant C = C(d) > 0 such that, for all measurable sets
Q c R* with finite measure |2| > 0 and all functions f € L*(R?)\{0}, we have

1f —coal _ o2

<C|———F (7.6)

w0eClel=Nflz I fll2 Iy (@) g

Moreover, for some explicit constant K = K (d, |2|) we also have
AQ) < K8(f; ' (71.7)

As in the case of Theorem 1.1, the first step is to translate the problem into the
Fock space F2(C?), now defined as the Hilbert space of all holomorphic functions
F: C¢ — C such that

1/2
| Fll g = (/ |F(Z)|267"|Z|2 dz) < 00,
(Cd

with its induced inner product. An orthonormal basis — that reduces to (1.13) when
d =1 —is given, using multi-index notation, by the normalized monomials

ea() =@ jan? %, aeN!, zeCd, (7.8)

while the reproducing kernels are the functions Ky, (z) = e? Jwf? F,,(z), where, in anal-
ogy to (1.15),

Foy(g) = e~ 0P gm0, (1.9)

The Bargmann transform is now an unitary operator from L2(RY) onto F2(CY), de-
fined as in (1.12), with R? and C? in place of R and C, and the multi-index nota-
tion being adopted. Moreover, the functions F7, in (7.9) are, much as in (1.15), the
Bargmann transforms of the optimal functions ¢, defined in (7.3). In this setting,
since by an identity similar to (1.14) the concentration of a function f on €2 can still
be expressed in terms of its Bargmann transform, one can rephrase Theorem 7.1 in
terms of Fock spaces.

Theorem 7.2 (Fock space version of Theorem 7.1) There is a computable constant
C = C(d) > 0 such that, for all measurable sets Q@ C R*? with finite measure || > 0
and all functions F € F>(C4)\{0}, we have

|F = cFy| 2 B

, 7.10
lel=IFl 72, NFllp  ~ 0o _(ds)d 710
w0eCa lele ds
where

F() 12—l g
5(F;Q);=1_f9| (Z)lmel ‘. (7.11)

IF1% fo v¥(s)ds
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Moreover, for some explicit constant K = K (d, |2|) we also have
AQ) < K8(F; '/, (7.12)

We point out that (7.10) reduces to (1.17), when d = 1 and v*(s) = e~ *.

The proof of (7.10) can be obtained by arguments similar to those given in Sect. 2,
where every result has a suitable analogue in dimension d. Therefore, we limit our-
selves to describing the relevant, and not always trivial, changes that are necessary to
adapt Sect. 2 to dimension d.

We start with the necessary background results from [33], which we discussed in
Sect. 1.2 only in dimension one. We warn the reader that in [33] some numerical
constants were written in terms of w»;, the volume of the unit ball in R24: here, in
(7.13) and (7.14), we write them explicitly using the fact that wyy = 4 /d!, as done
in [34].

Given F € F2(C%), the function u and its super-level sets A; are defined as in
(1.20) and (1.21), now and henceforth with z € C¥. The distribution function u(¢) is
defined as in (1.22), with the adopted convention that | - | denotes Lebesgue measure
in R?¢, but with (1.23) being replaced (see [33, §4]) by

d tlfl/d
dpi) 77 forae.r€(0,T), T :=maxu(z), (7.13)

Wt < — 1
dhat zeCd

while (1.24) becomes

1 T\4

u(t) > —(log, — forall ¢t > 0.
d! t

Similarly, the decreasing rearrangement u*(s) (i.e., the inverse function of w(t)) is

defined exactly as in (1.26), but now with (1.25) being replaced by

(dhd u*l(S) .

ds'—a

™) (s) + 0, forae.s>0. (7.14)
These changes are natural in dimension d, since when F' equals one of the optimal
functions defined in (7.9), we have u(z) =e™" lz=z0l® and its distribution function is

1 1\¢
u(t)=5 10g+; , t>0, (7.15)

as the explicit volume of the unit ball is wpg = 7 /d!. Note that, for the particular
in (7.15), (7.13) is an equality. Moreover, if in (7.15) we let u(t) = s > 0 and solve
for ¢, the resulting inverse function is just the function v*(s) defined in (7.4), much
as e is the inverse of log % when d = 1. In particular, note that (7.14) becomes an
equality when u* = v*.

Finally, the fact, expressed by (1.27), that super-level sets maximize the concen-
tration under a volume constraint, is clearly still valid, as so is (1.30), with equality if
and only if F is a multiple of some F,.
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Stability of Faber-Krahn for the STFT

For what concerns Sect. 2, beside obvious changes such as C being replaced with
C4 and analogous changes, a general rule is that ¢=* should always be replaced by
v*(s), e.g. in (2.4) and (2.5), and log with (log)d/d!, e.g. in (2.6). Accordingly, the
claim of Lemma 2.1 becomes

u(t) < %(1 +Co(1=T)) (log T/1)* Vi €ltg, T1,

where now the underlying constants may depend on the dimension d. The proof fol-
lows the same pattern, with some changes being necessary, which we now indicate.

Replacing n by o = (a1, ..., ag) € N and adopting the multi-index notation, (2.9)
becomes
] /2 ,ax
g T Z d
R(z) = — , z=(z1,...,z4) €CY, (7.16)
Z VT !

la|=2

where we used the basis defined in (7.8). Accordingly, (2.10) changes into

2
1-T
3 laol” 1T _ o (7.17)
o T T

Some additional caution is needed in order to estimate the subsequent powers series.
The outcome of (2.11) is unchanged, now with z € C4, but after Cauchy—Schwarz

one faces the multivariate power series
20 20ty

lal | 22 mlehiz7 ...z
4 Z 1 d 2
— _ izl 2

—_— = =e —1—mz|". 7.18
2 e T X anan el 7.18)

]>2 ’ | =2

Subtler changes are needed in STEP II. After defining 4 (z) as in (2.13) and obtain-
ing (2.14), one replaces (2.15) by

lzf?

<8\2mlzle 2, zeC¢ 1<i<d. (7.19)

'3R(Z)

Zi

For instance, letting e; = (1,0,...,0) € N9, differentiating (7.16), and then using
Cauchy-Schwarz and (7.17) one obtains

1

AR (2) lag| 712y |27 lolg? | 2| 2
3 <) =—F— <8 ‘ (7.20)
7] 2]=2 JT Ja! =2 o!
Focussing on multi-indices « of a given size k > 2, we have
5 TR g 2] o ]
| - Dol ail T8 B
la|=k o lot|=k (a1 Dlao! Q. 1Bl=k—1 ,31- ﬂd.
a1>1
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Since 1 4+ 81 <k <2(k — 1), we have, from the multinomial theorem,

A L B S VI

! — (k=2)! 1. Bg!
= (k=2 & = pil-fa
t 2\k—1
z1"+ -z B
=Gz 2),(| 12+ 1zal)
and, since |z |2 |zgl|2 |z|2 summing over k > 2 we obtain
21,2 % 2(k—1
7o |22eme0] Z L 217261
]
e o! P (k —2)!

which combined with (7.20) proves (7.19) when i = 1 (when i > 1 the proof being
the same). The analogue of (2.16) now reads

lz|

3%R xlzf2
@ <Cs(1+z|He 2, zeC4 1<i,j=<d. (7.21)

07;07;

For instance, differentiating (7.16) twice, then using Cauchy—Schwarz and (7.17),
one finds

32R n.loz\a2a2 Z2(ot7e17e2)
; a(Z) <5 2 , (7.22)
71022 = o!
where e; = (0,1,0,...,0) € N9, Since the sum can be restricted to those multi-

indices & where o1 > 1 and o > 1 (which imply that |a| > 2), letting 8 =a —e1 —e2
we have

Z nla\a%a% |Z2(Ot761*82)} B Z n2+\/3\(1 + B (1 + B2) |Z2/3|
| - !
=2 * peNd A
2 cay whilz;|?Pi
=msese [ 1| 2 —57—
=2 \g=0 "

= 728(21) S (z)e™ il

where

B o126
aPi(l+ Bi)lz A
Bi=0 b

Plugging these estimates into (7.22), one obtains (7.21) when i =1 and j =2, and
hence also for all i # j, by the same argument. Finally, the case where i = j can be
treated similarly, by a suitable modification of (2.16).
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Then, by (2.13) and the Cauchy—Riemann equations, it is easy to see that (7.19)
and (7.21) provide bounds for the gradient VA (z) and the Hessian D?h(z): in par-
ticular, in polar coordinates rw € R24 one has the following bounds for the radial
derivatives

nrz

(ro) ‘ <6Cre 72,
ar

2 2
9 Zi’zw) <sC+rHe™s, r>0, weS¥!
(7.23)
which replace (2.17) and (2.18). The rest of the proof requires only minor changes,
such as the systematic usage of polar coordinates rw € R?? (instead of re'?) with
r>0and w € S asin (7.23). In particular, in (2.24) and in the sequel, ry =15 (6)
becomes r, = ry (w). Also integrals should be changed accordingly, e.g., (2.25) now
becomes

‘Bh

f(a):=|Ea|=i/ ro(@)*?dS(w), o €0, 1],
2d Jsea-1

with the obvious related changes, e.g. in (2.34), while (2.26) becomes

1 !
fO) =52 /g ro(@)* dS(@) = 1B, ro)l = Zrrp’.

Corollary 2.2 is unchanged and has a similar proof, where one of course should re-
place log with (log)?/d! as already mentioned.
The claim (2.41) of Lemma (2.3) must be rewritten as

*

< /s (v (s) —u*(s))ds < __ O (7.24)
0

= ,
% v*(s)ds

(1— T)d+1

d+1)!
with the proof, after rewritten in terms of v*(s) remaining valid almost ad litteram to
prove (7.24), the only necessary changes being the following. For the first inequality

in (7.24), in (2.44) one should use, instead of v*(s) > 1 — s as when d = 1 and
v*(s) = e~ %, the similar inequality

1
Vi) = e @7 = 1 - (15,

and change (2.44) into

S* S* .
*(s) —u* ds > 1—(@!s)yea—T) d
/0 (v (s)—u (s)) s_/o ( (d!s) )+ s
-1y

2/0 ‘ (1—(d!s)%—T)ds,

which after a routine computation yields the first inequality in (7.24).
Then the proof goes on unaltered, except that now (2.46) follows from (7.14) and
(7.4), rather than (1.25) and (2.43), and in CASE 1 one arrives at (2.47). Since & < §;,
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by virtue of (2.45), (2.47) proves (7.24). Finally, CASE 2 requires no changes, since
(2.48) already implies (7.24).
The claim of Lemma 2.4 now becomes

*

1-T<C / (v*(s) — e*(s)) ds. (7.25)
0

In the proof, the first inequality in (7.24) can now be used to justify, in a similar way,
why on proving (7.25) one can freely assume (2.51) if needed. Thus, replacing also
log % by the right hand side of (7.15), and rewriting (2.52) as

1 T\?
w() < E(l + Co(1 =T)) (log 7) forallt e [t*, T],
one obtains the following version of (2.53):

s* T 1 d r ‘
0 o

(7.26)
Then, using a? — b? > (a — b)a®~" with the choice a = log% and b = log %, since
a—b=—logT and —logT > 1 — T we can replace the minorization after (2.53) by

1\¢ T\*
<log ;) —(1+Co(1-T)) (log 7)
1 d—1 T d
> (—logT) (log ;) —Co(1-T) <log 7)
1 d—1 1 d
>1-T) <log ;) —Co(1-T) <10g ?>

1\4! 1
>(1-T) (log—) <1 —Colog—>,
t 7]

for all ¢ € [t1, T]. Finally, fixing 7; € (¥, 1) in analogy to (2.54), from (7.26) and
the previous estimate, in place of (2.55) now one obtains

S
a |
0

As explained after (2.55), one can proceed by further assuming 7 > 75 > 71, now
obtaining

*

T 1 d—1
(U*(S) — u*(s)) ds>e1(1— T)/ (]()g ?> dr.

s 1% 1 d—1
d!/ (v*(S)_u*(s))dS281(1—T)/ (log;) dr,
0 o

which proves (7.25).
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Stability of Faber-Krahn for the STFT

Lemma 2.5, as is well known, remains valid, with the obvious notational changes
and the reproducing kernels described before (7.9). As a consequence, the proof of
(7.10) can be completed essentially as the proof of (1.17), replacing (2.58) by

min ||F —c
z0eC?

)
FZOHZJ:Z(C(l) S C 0
le|=1 L

,zo v¥(s)ds’

Finally, the proof of the set stability remains virtually unchanged. This finishes the
proof of Theorem 7.1.

We now discuss the sharpness of the estimate in Theorem 7.1, in analogy to the
discussions of Sects. 5 and 6, and we explain how to adapt the arguments of these
sections to the case of general dimension; as before, we keep the notation from these
sections.

The first observation to be made is that Lemmas 5.4 and 5.5 hold after the obvious
changes have been made, with essentially identical proofs. As in Sect. 5, we wish to
compute the second variation 8821C[1 + £G]|.—0, where G now satisfies that

(G,1)=(G,z;))=0, i=1,....d.

We note that the same argument as in the proof of Lemma 5.6 implies that (5.12) still
holds when passing to the higher-dimensional case. Hence, we only need to compute
(X0, v), where X is defined as the vector field associated with the flows &, at e =0
in the analogue of Lemma 5.5, and v denotes the unit normal at 9.

In order to do so, we adapt the proof of Lemma 5.6: first, note that equations
(5.15)—(5.17) hold in the exact same way also in the higher-dimensional case. More-
over, we also note that

s = e (U (s))

= no(ui(s)) + O(e?)

CA-1/d

* * d-s 2
=s—(u£(s)—u0(s))m+0(s ),

where the last equality simply follows by differentiating (7.15) with respect to ¢ and
evaluating at t = u(“;(s) = v*(s). We hence conclude once again that

1 (D2 (2) = (1 + 26 Re G(2) — 2w(Xo(2), 2) + O(e2))e ™,
d! 1/d
ul(s) = <1 + ﬁma?)) ug(s).

Again, since @ ({ug = ugj(s)}) = {ue = uj(s)} by definition, if one looks at z € {ug =
u(s)} and compares the expansion in & of u.(®¢(z)) = uj(s), one arrives at

Re(G) = (X0, z) = 77 - 7(20) (X0, v) on 982, (7.27)
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where r(£20) denotes the radius of €, which by the definition of v* in (7.4), is given
by

17d\ 1/2
() = <(d!s) ) .
b4

Hence,

rH2d—l(aQO) . e—]‘[r(Q())z
- r(L0)

/ Re(G)(Xo, v)e ™FI* qy2d—1 = ][ Re(G)2 dH~!
0920 920

_ _ 2
27{2”1 1(9Q0) - e (C0) ][ G2 a2
27 - r(£20) FIo)

Cd-1/d
_ i d s ][ G2 a2,
@' Jaq,

where the second identity may be justified by the fact that €2 is a ball centered at 0
and G, G are harmonic functions with G(0) = 0. Thus, as in Sect. 5, this shows that

1 &2 2 2
——IC[]+8G] :/ |G|26—N|Z| _||G||2 / e—T[|Z|
2 de? o Ja 72 Jay
d.sl-1/d
L@ S'_l/d ][ IG|2. (7.28)
(d) 390

We now wish to compute the right-hand side of (7.28) for

d
G(z)= Zzlz + Z V2z;z;.
i=1

I<i<j<d

In order to do so, we note that each monomial in the definition of G is orthogonal to
every other monomial not just over C? but in fact over any ball centered at the origin.

Thus we have
_ 2 _ 2
=/ 2] e —||G||§T2/ e Hl
Qo Qo

d- 1-1/d
+e*(d’s>”d~s7][ I2*. (7.29)
BIN)

1 &
——K[1
2d82’C[ +eG]

=0

(d!)l/d

In order to further analyze (7.29), note the identity

| igreE G, [ e o [ jgpei
Qo Qo CN\Qo

2
613 [ e
\$20
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Stability of Faber-Krahn for the STFT

For our choice of G, we can explicitly evaluate these integrals: indeed, a routine
computation implies that

’

C‘I\Qo ﬂzr(d)

while [|G||%, = 244D which implies that

_ d(d+ DI(d, 7r(Q)?)
GI12 wlzl® g, —
” ”]:2/d Qoe Z nzl"(d)

Hence, by using that I"(k, x) = (k — 1)le™ (le;(l) ’;—],) we conclude that

ds - e— @
/'1'46_”"7"2dz—||6||§m/ e ar = — = (1+d+ @),
Qo Qo T

Finally, the last term in (7.29) may be explicitly computed to be %e*(‘l Y ls)1/d.
Thus, plugging these into (7.29), we obtain

2

1 d
—K[1 +¢G]

- _ i S
537 ——¢ d(d+1)n2.

e=0

A straightforward adaptation of the arguments from Sect. 6 shows the desired sharp-
ness of the exponent, as well as the stability of the order of growth of the constant in
(7.10). That is, we are able to obtain the following result:

Corollary 7.3 The following assertions hold:

(i) The factor 8(f; 2)'/? cannot be replaced by 8(f; Q)P , for any B > 12, in (1.6);
(i1) There is no c € (0, (d!)l/d) such that, for all measurable sets Q C c of finite
measure, we have

_ 1/2
min ”f C‘pzo”Z < C(eclﬂ‘l/da(f; Q)) / .
20€C9 Jcl=I f 12 I1fl2

Elementary computations reveal that the denominator on the right-hand side of
(7.10) behaves as

o0 1/d d—1 1/d
/ e~ @ 45 x Cg1QI T e @I a5 10 - 00,
o]

for some explicitly computable constant C; > 0. Thus, Corollary 7.3(ii) yields, in-
deed, the desired optimal dependence of (7.10) on |2].
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Appendix A: Proof of Lemma 5.2

This appendix is dedicated to the proof of the technical Lemma 5.2. Before proceed-
ing with the main part of the proof it is convenient to establish some auxiliary esti-
mates for the vector fields X, with flows ®,, which were constructed in Lemma 5.5.

LemmaA.1 Let G € F2(C) satisfy (3.6). Let ., X, Qg be as in Lemma 5.5. There is
g0 = &0(s, |G|l £2) > 0 and a modulus of continuity n: [0, 00) — [0, 00), depending
on s, such that, when e < g,

IXe — Xoller < n(@)IGll 72 (A1)
1@ = Dollct <0 (@G 5. (A2)

1H! (09) — H' (3Q0)] < n(e) G| . (A3)
1Q:AQ0| <0(e) |Gl 22 (A4)

o (Q:AQ0) <1(0)[|Gll 72 (A5)

We note that in (A.5), as in the proof of Lemma 5.6, we denote for simplicity
do(z) := e‘”‘z|2 dz.

Proof Let f. be as in (5.4). We begin by proving that

I fellc2aq) < n@ING| 2, (A.6)

whenever ¢ is sufficiently small.

We first argue exactly as in Proposition 3.3. More precisely, we write ug = e
and so, as in (3.15), we have

— |2
9’

{uo > ul(s) + 3¢} C{ue > ul(s)} C{uo > ui(s) —3e}. (A7)
Thus we see that
luk(s) —e | < 3e. (A.8)
If z € 02, = {us = u}(s)}, we have
s —8e'e <s —log(l + 8¢ge’) < —log(uj(s) + 3¢)
<mlz)? (A.9)

< —log(u}(s) —3¢) <s +8e’¢

for all ¢ sufficiently small (depending on s). In particular, we may take z € 02,
and so z = (1 + f.(w))w for some w € 3K, thus 7|z|?> = w|w|*(1 + fi(w))? =
s(1+ f.(w))?, and the last inequalities yield

1-8¢'s le<(1+ fu(w)? <1+8e's e
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Since 1+ f:(w) > 0, this easily implies the C%-estimate
|fe()| < 4e°s™ e, (A.10)

We now prove the C!-estimate for f. on dQ0; in order to simplify a bit the no-
tation, we assume that 9Qo = S' and so we write @ = ¢’?. Then u, (&, (w)) = uy(s)
implies

0= 3 (u2(5)) = 0 (ue(@c (1))
= (28 Re[G'(®) 3 (De ()] + 26 Re[G’<d>g)ae(d>e<ef9)>W]) e7I®F
+ (1 +2eRe(G(P;)) + szlG(<1>g)|2> (— 7709 | @ (') [2)e 1Pl
(A.11)

which can be rewritten as
2 oy 2¢€ / io Valr B
[1+G(@2) 5@ (") > = = Re (G (®,)0p (D, (7)) (1 + eG(CDE))) (A12)
By the explicit formula for ®,, cf. (5.2) and (5.5), we have
¥ (Dp(e')) = ie (1 + fo(e')) +ie® fl(e),
. . . . (A.13)
d| e (e')? =2ie" (1 + fo(e) £l (7).

We now argue essentially as in Lemma 3.1. More precisely, we note that if ¢ is suffi-
ciently small (depending on |G || z2) then

— | + (; (l) — — | + e —
2 2 2 ¢ 2

where the last bounds follow from (A.10). Thus, taking absolute values in (A.12) and
then inserting identities (A.13), we obtain

£ = Celdo(@e€)IIG @] (1 +£]G(@)])
_ (A.14)
= CelGllz (1411 +2Gl 7).

Here, to pass to the last line, we also used the estimate |G’ (®.)| < C||G| 72 which
follows from the Cauchy integral formula and the C%-estimate (A.10), exactly as in
(3.9). By choosing ¢ sufficiently small, we can absorb the term | f/ (¢'?)| on the right-
hand side of (A.14) into its left-hand side, and so we obtain

1L <) Gl . (A.15)

By differentiating (A.11) once more with respect to s, repeating the argument above
and using the bound (A.15), one likewise obtains | £/ (e'?)| < n(e)|G|| z2, as claimed
in (A.6). Since the details are essentially the same and bear no real insight, we omit
them.
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Having (A.6) at our disposal, estimate (A.1) follows easily from the explicit for-
mula for the fields X, in (5.5) and (A.2) follows immediately from (A.1) by ODE
theory; alternatively, one may also argue this directly from the explicit form of the
underlying vector fields in Lemma 5.4.

To prove the remaining estimates we return to (A.7) and (A.8) to see that Q, =
{ue > u}(s)} is nested between two balls:

Bg1 ={ug>e " +4e} CQ Clug>e* —4de}=: Bez.
Proposition 3.3 ensures that, by choosing ¢ sufficiently small, 2, is convex, hence

H' OB <H'(3Q:) <H'(BB>).

Let us denote by R}, R? the radii of B, B? respectively. If we choose ¢y sufficiently

small, depending on s, then it is easy to see that
s —8e’s <m(RH? <m(RH? <s +8e's, (A.16)
similarly to (A.9). This immediately yields
47 (s — 8e's) < H'(OB? < H'(9B2)* < 4n(s + 8¢°¢),
and, as H!(3Q0)? = 4rs, (A.3) follows. Similarly, for (A.4), we have
12490 = 1B2\ Bl <7 ((RD? = (RD?) < 16¢"z.
Finally, (A.5) follows from (A.4) through o (2: AQp) < [, A]. O

Proof of Lemma 5.2 Returning to the beginning of the proof of Lemma 5.6, and in
particular to (5.11), we can write, using Taylor’s theorem,

82

&€
K.=Ko+ ?Ké’ —|—/ (e —s)(K] — K{) ds,
0

and thus our task is to show that, for all € € [0, gg], we have
|K. — Kyl <n(e) (A.17)

for a suitable modulus of continuity 1. We recall that, as in the proof of Lemma 5.6,
primes denote derivatives with respect to €, and we also recall the definition of 7, and
Je from (5.7).

Although in the statement of the lemma we assumed that ||G|| 72 = 1, for the sake
of clarity we will still write |G || 2 explicitly in our estimates. Since (G, 1) 2 =0
by (3.6), we have

Je=Jo=1+¢G|5% — 1153 =£’IGI % =<, (A.18)

and so J; > Jo = 1. By (5.8), the function K/, seen as a function of (I, I}, I/, Je,

ErsdegyrLen

J., J!), is smooth in the set {J; > 0} and therefore there is a constant C such that

|K! — K{| < C(Ls — Tol 4+ 11, — B + 11 = | + 1Je — Jol + I, = JgD). (A.19)
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since J/' = Jé/ is independent of ¢, cf. (5.10). It now suffices to estimate each of the
terms on the right-hand side of (A.19). In (A.18), we have already estimated |J; — Jo|
and, similarly, we have

7= T =2/C<G,8G>da =2¢)G||%, (A.20)

where we used the identities in (5.9). Thus it remains to estimate the first three terms
in (A.19).

For the first term, again since (G, 1) » = 0, we estimate using the fundamental
theorem of calculus:

|l — Ip| < ssgp|1;| <26/(G. 14 £G) 2| =267 G| 3. (A21)

For the second term, with the help of (A.5), we estimate
11— 1)1 =2[(G, (1 +eG) g, — lg,) |
<2/|G |l 720 (R AQ0) + 22 G| 3 (A.22)
<n@)IG]%-

Finally, we arrive at the third term:

1
S =1 :/ IG*(lg, — 1g,) do +/ (G, 14 eG) (X, ve)e ™ a! (2)
C 092,

- [ (600X e anl o,
920
The first term on the right-hand side is easily estimated using (A.4):

/C|G|2(1Qg —1gy)do < [|G]1522:AQ0] < n(@) |G 3.
For the last two terms, we write

/ (G, 1+ £G)(Xe, ve)e ™ d' (2) — / (G, 1)(Xo, vo)e ™" dH' ()
082, 920

=A| + Ay + A3,

where

Ap = / (G.1+eG)e ™ (X, ve) — (X, v0)) dH! (2),
92

Ay i= / £1GI?(Xo, vo)e ™I a3t (2),
092

Ayi= / (G, 1)e ™ (X, vo) — / (G, e ™" (X, vo) 1 (2).
Q2 0920
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Here, we have extended v, to a neighbourhood of 92 as v, = — @Zﬂ' With this

definition, it follows from a computation similar to that of Lemma 3.1 that lve —
VollLe < C(s)el|G|l z2 in a neighbourhood of 9€2y. Thus, on €2,

[(Xe, ve) — (Xo, vo)| = [(Xe, ve —vo)| + [(Xe — Xo, vo)|
=CEeElGlF +n@NG] F

and so, using (A.1) and (A.3), we estimate
41| < C(5)el|Gll /m IGI(1+elGhe ™ ar' (2)
< CENE UG5 + IGI).
Similarly, by (A.1) and (5.19) we have
4ol < £1GI12 /m (Xo. vo) dH! < C5)el| G2
Finally, we note that

/ (G, e ™ (X0, vo) dH' (2)
092,

= / V@, ()| (G(De (), 1){Xo(®e (@), v0(De (@)))e ™1 @F 47! (@),
RI9N)
and so we have
Asz#/ V@, | Re G (D) (Xo(Ps), o (D ))e %
HI090) Jog, : e

—Re G (Xo, v)e ™ dpl.

By (A.2) we have |[|V®,| — 1] < n(e)||G|| 2, and so it suffices to estimate the func-
tion

§(2) ==Re G(2)(X0(2), z/lzlye ™.
We have
IV2(2)] < (IG'@)1X0(2)] + 1G@)IVX0()| + C(5)|G @)1 Xo(2)]
+ 27 211G ()| Xo(2) e~
< [GI(CH)IG@)| +2x[z[|G@De ™ < C(5)IGl1 %,

where to pass to the second line we used the definition of X from (5.5) (together
with the smoothness of ¢ — f; proved in Lemma 5.5) and the fact that G is in the
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Fock space (together with G (0) = G’(0) = 0, as done in (2.15) for the function R(z)).
Hence, using again (A.2), and as ®p(w) = w, we have

18(Pe (@) — g(@)] < [|Vgll Lo |®e (@) — 0] < C()N(E)IG .
which yields immediately
1431 <0 (@G-

Hence, combining the last estimates, and up to replacing n with a new modulus of
continuity, we have

11 =I5 < (@Gl - (A.23)
The desired decay (A.17) now follows by combining (A.18)—(A.23). O
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