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2Institut für Quantenoptik und Quanteninformation, Österreichische Akademie der Wissenschaften, Technikerstraße 21a, 6020
Innsbruck, Austria

3Institut für Experimentalphysik, Universität Innsbruck, Technikerstraße 25, 6020 Innsbruck, Austria
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Thouless pumping represents a power-
ful concept to probe quantized topologi-
cal invariants in quantum systems. We
explore this mechanism in a generalized
Rice-Mele Fermi-Hubbard model charac-
terized by the presence of competing on-
site and intersite interactions. Contrary
to recent experimental and theoretical re-
sults, showing a breakdown of quantized
pumping induced by the onsite repulsion,
we prove that sufficiently large intersite in-
teractions allow for an interaction-induced
recovery of Thouless pumps. Our analy-
sis further reveals that the occurrence of
stable topological transport at large in-
teractions is connected to the presence
of a spontaneous bond-order-wave in the
ground-state phase diagram of the model.
Finally, we discuss a concrete experimental
setup based on ultracold magnetic atoms
in an optical lattice to realize the newly in-
troduced Thouless pump. Our results pro-
vide a new mechanism to stabilize Thou-
less pumps in interacting quantum sys-
tems.

1 Introduction

Since the discovery of the two-dimensional inte-
ger quantum Hall effect (IQHE) [1, 2], the classi-
fication of phases of matter through global topo-
logical invariants has become an intense research

Sergi Julià-Farré: sergi.julia@icfo.eu

area [3, 4]. Topological phases are of great in-
terest both from a fundamental viewpoint, as
they are not captured by the standard Ginzburg-
Landau-Wilson theory [5, 6] of spontaneously
symmetry-broken phases and, potentially, at the
technological level, as they represent promising
tools for quantum metrology [7] and quantum
computation [8]. While noninteracting topologi-
cal matter can be accurately described in terms
of the topological invariant and symmetries of
single-particle bands, such classification becomes
challenging in the presence of interactions [9].

In this context, Thouless pumps [10, 11] have
emerged as a powerful tool to characterize the
topology of interacting one-dimensional systems
through real-time dynamics, i.e., without rely-
ing on static groundstate properties. Specifically,
these pumps represent a one-dimensional reduc-
tion of the IQHE, as they exploit the direct cor-
respondence between quantized particle pumping
and the topological invariant during cyclic adia-
batic dynamics around a topological singularity.
This scheme provides a natural theoretical and
experimental framework to study the effect of in-
teractions in topological systems undergoing such
adiabatic transport dynamics. From a theoreti-
cal perspective, recent works showed that topo-
logical quantized transport can survive, and even
be induced by many-body correlations in inter-
acting bosonic systems [12–19]. In contrast, a
repulsive onsite Hubbard U interaction [20, 21]
or electron-phonon coupling [22, 23] lead to a
breakdown of the quantized Thouless pump in
fermionic systems. At the experimental level,
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while initially conceived within the realm of solid-
state systems [10, 11], the advent of analog quan-
tum simulators [24–28], offering unprecedented
levels of control and tunability, has revolution-
ized the study of Thouless pumps [29–31]. These
advances have enabled the first experimental de-
tection of topological quantized transport in pho-
tonic platforms [31–35], and in systems where ul-
tracold bosonic [36] and fermionic [37–40] atoms
are trapped in optical lattices [41, 42].

A crucial advantage offered by ultracold
atomic systems, in particular, is their impres-
sive flexibility in engineering highly tunable in-
teractions, as evidenced by the recent realization
of longly sought interacting topological states of
matter [43, 44]. In the case of Thouless pumps,
although the first experiments focused on single-
particle transport [36–38], the pioneering exper-
iment [39], consisting of a fermionic spin mix-
ture of neutral atoms trapped in an optical lat-
tice, reported the breakdown of Thouless pumps
at large repulsive Hubbard U . This observation
was in agreement with the mechanism described
in Ref. [20], which explained this breakdown by
the appearance of a gapless Mott insulator (MI)
state, in which the transport of fermionic pairs is
suppressed, and lead to the conclusion that for a
dominant repulsive U quantized charge pump is
absent in the thermodynamic limit. Remarkably,
the subsequent study [21] provided an alterna-
tive interpretation of this breakdown in terms of
the splitting of the topological singularity, open-
ing up the possibility to observe half-quantized
transport by encircling the displaced singular-
ities at large U in small systems exhibiting a
finite-size gap. This latter exotic Thouless pump
has been recently studied in the experiment [40],
which showed that under realistic conditions half-
quantized transport can be observed for single
or few Thouless cycles, despite this effect be-
ing absent in the thermodynamic limit. While
the abovementioned results allow for a deep un-
derstanding of the efficiency of Thouless pumps
in systems characterized by local fermionic in-
teractions, configurations where fermions inter-
act through different and competing processes
are unexplored and, therefore, novel phenomena
might appear.

In order to shed light on this regime, in this
work we investigate fermionic Thouless pumps in
the presence of both onsite and intersite (nonlo-

(a) (b)

(c) (d)

Figure 1: (a) Rice-Mele extended Fermi-Hubbard model.
(b) Thouless pump encircling the singularity (δ, ∆) =
(0, 0). (c) Sketch of the adiabatic transport proper-
ties in the interacting U − V plane, for fixed δ0 =
0.9J, ∆0 = J/2, TJ = 50. For shorter times satis-
fying T < (2∆0)−1, Thouless pumping would become
nonadiabatic in the noninteracting limit (red region). In
the dark blue region, the ground state of the system is
the BOW phase for ∆ = δ = 0 [45]. (d) Expected
phases during a Thouless pump. Note that U (V ) can
prevent the interaction-induced CDW (MI) order that
can break the pump at θ = 0 (θ = π/2).

cal) interactions. This scenario results particu-
larly important because, on the one hand, elec-
trons in solid-state systems are subject to inter-
actions with different range and, on the other,
nonlocal fermionic interactions can be efficiently
engineered in quantum simulators made of mag-
netic atoms [46, 47]. To this end, we study
Thouless pumps [Fig. 1(b)] in a generalized Rice-
Mele model with onsite U and nearest-neighbor
(NN) V interactions, i.e., the Rice-Mele extended
Fermi-Hubbard model sketched in Fig. 1(a) using
tensor network methods [48, 49] and exact diago-
nalization. As main results [see Fig. 1(c)], we find
that (i) V naturally allows one to preserve the
adiabaticity of Thouless pumps in finite-time pro-
tocols, which is highly desirable from an experi-
mental perspective, (ii) in contrast with previous
experiments and numerical works [20, 21, 39], we
show that robust Thouless pumps can be realized
even for large repulsive U , when realistic values
of V are considered. That is, we find a revival of
Thouless pumps caused by the competition be-
tween V and U , which is not limited to finite-size
systems. And (iii), the quantization of Thou-
less pumps in this competition regime is con-
nected to the presence of a largely debated spon-
taneously dimerized phase, the bond-order-wave
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(BOW) [45, 50–59], in the U − V groundstate
phase diagram of the extended Fermi-Hubbard
model. Finally, we also discuss a concrete ex-
perimental setup and protocol based on mag-
netic atoms in an optical lattice, to highlight
that the newly introduced Thouless pumps in the
regime of competing interactions can be observed
in state-of-the-art dipolar quantum simulators.

This article is organized as follows. In Sec-
tions 2 and 3, we describe, respectively, the
Hamiltonian model and numerical methods used
to analyze interacting Thouless pumps. In Sec-
tion 4, we present the results of Thouless pumps
in the presence of solely intersite interactions
(U = 0). In Section 5, we study the compe-
tition between intersite and onsite interactions.
Section 6 contains the analysis of the connection
between the quantization of Thouless pumps at
moderately large interactions and the presence of
a BOW phase in the phase diagram of a parent
model. In Section 7, we discuss an experimental
proposal with magnetic atoms, and we conclude
in Section 8.

2 The Rice-Mele extended Fermi-
Hubbard model
We consider an extended version of the Rice-Mele
Fermi-Hubbard model, sketched in Fig. 1(a), de-
scribing a chain of length L with N spinful
fermions, labeled by σ =↑, ↓. Here we restrict
to the half-filling case where both N and the
total magnetization Ŝz ≡

∑
i(n̂i,↑ − n̂i,↓)/2 are

conserved with N = L and Sz = 0. The full
Hamiltonian reads

Ĥ = −
L∑

j=1,σ=↑,↓

[
J − δ(−1)j

]
(ĉ†

j,σ ĉj+1,σ + H.c.)+

+ ∆
∑

j

(−1)jn̂j + U
∑

i

n̂j,↑n̂j,↓ + V
∑

j

n̂jn̂j+1.

(1)
Here J = 1 parametrizes the NN hopping with
staggered dimerization strength δ, and ∆ is the
strength of the staggered onsite energy. Concern-
ing the interactions, U > 0 accounts for an onsite
repulsive Hubbard term, while V > 0 describes
the repulsion between fermions in NN sites. Note
that Ĥ faithfully describes a fermionic dipolar
mixture trapped in a one-dimensional optical lat-
tice, in the presence of a superlattice giving rise
to the staggered δ and ∆ terms.

The noninteracting limit of Ĥ corresponds to
the Rice-Mele model [60], or to the static Su-
Schrieffer-Heegger (SSH) model [61] if chiral and
inversion symmetries are further imposed, i.e.,
with ∆ = 0. The SSH model exhibits symmetry-
protected topological and trivial insulators for
δ < 0 and δ > 0, respectively [62]. These phases
are characterized by a global topological invari-
ant, the winding number φ, which has an integer-
quantized value φtopo = 2 (φtriv = 0) in the topo-
logical (trivial) sector [63]. In the presence of
inversion symmetry, φ can only change at the
singularity δ = 0, where a gap closing associ-
ated with a topological phase transition |∆φ| = 2
takes place.

The effect of interactions in the ground-state
topological properties of Ĥ in the inversion-
symmetric case (∆ = 0) has attracted great in-
terest recently [63–72]. In a nutshell, the ground
state of the system remains topologically pro-
tected at δ < 0 for sufficiently small values of U
and V , as these interactions preserve the protect-
ing symmetries of the static SSH model. How-
ever, any finite U (V ) has an impact on the bulk-
edge correspondence of the topological phase [65],
and only the edge modes in the charge (spin) sec-
tor preserve their topological degeneracy. More-
over, large interactions are in general detrimen-
tal to the topology. For sufficiently strong V , the
system features a transition to a charge-density-
wave (CDW), characterized by alternating empty
and doubly occupied sites. Such a phase breaks
the inversion and chiral symmetries that protect
the topological phase, leading to a trivial band
insulator. Concerning onsite interaction, for in-
creasing U the system evolves continuously to-
wards a MI. While such a state does preserve the
protecting symmetries, the bulk spin gap van-
ishes in the limit U → ∞, and the degenerate
spin edge states merge with the bulk modes. Fi-
nally, notice that Ĥ can also exhibit a sponta-
neously dimerized insulator at δ = 0, the BOW
phase, arising at the transition between com-
peting orders. For instance, in the extended
J −U −V Fermi-Hubbard limit of Ĥ, which is be-
lieved to capture the physics of several solid-state
chains, a BOW appears in the phase diagram
for moderate interactions [45, 50–59], in a finite
region between the CDW and the MI, prevent-
ing a direct phase transition between these two
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phases 1. Interestingly, such a BOW phase has
the same properties as the trivial and topological
ground states of the static SSH model, and there-
fore it can be viewed as an interaction-induced
topological phase [59]. In this work, we show that
the abovementioned richness of the ground state
phase diagram of Ĥ in the SSH symmetric case
(∆ = 0) also leads to a plethora of dynamical ef-
fects in the Rice-Mele regime (∆ ̸= 0), in which
the adiabatic breaking of the protecting inver-
sion symmetry can lead to quantized transport
related to the groundstate topology. In particu-
lar, we study the resulting interacting Thouless
pumps, with a focus on the unexplored effect of
V and its competition with the onsite term U .

3 Numerical methods for interacting
Thouless pumps

To study Thouless pumps in systems described
by Ĥ, we consider the simultaneous periodic
modulation in time of the bond superlattice δ,
and the staggered site potential ∆, which breaks
inversion and chiral symmetries. As sketched
in Fig. 1(b), this protocol allows for adiabatic
transport by slowly encircling the singularity δ =
0. We parametrize the Hamiltonian Ĥ(θ) for a
pump period as

δ(θ) = δ0 cos(θ), ∆(θ) = ∆0 sin(θ), θ ∈ [0, 2π].
(2)

Here θ is related to the time t by θ = 2πt/T ,
where T is the time of a single cycle, and we con-
sider that at t = 0 the system is in the ground
state of H(0). We are particularly interested in
the charge that is pumped from one edge to the
other of the chain during the cycle, which can be
expressed as the integral over time of the instan-

1It is worth mentioning that another spontaneous
BOW phase is also present in the ionic Hubbard limit
of Ĥ, namely at δ = V = 0, due to the competition be-
tween the onsite repulsion U and the staggered potential
∆, which we do not consider in this work. However, we
note that this phase is not topologically protected, as the
ionic Hubbard model breaks explicitly the protecting in-
version and chiral symmetries. The latter explains the
absence of quantized Thouless pumps in the regime of the
spontaneous BOW phase of the ionic Hubbard model, de-
scribed in Ref. [20], and its appearance in the regime of
the chiral-symmetric spontaneous BOW phase of the ex-
tended Fermi-Hubbard model discussed here.

taneous bulk current, that is:

∆Qθ =
∫ t(θ)

0
J (t′) dt′, (3)

where

J (t) = i

2
∑

j∈(0,1),σ
Jj

〈
ĉ†

L/2+j,σ ĉL/2+j+1,σ − H.c.
〉

,

(4)
is the current operator averaged over a two-site
unit cell in the bulk, and Jj = (J ± δ). The con-
nection between charge transport and the pres-
ence of a topological invariant comes from the
fact that the transferred charge at the end of a
cycle, ∆Q2π, can be explicitly written in terms
of the change in the topological invariant across
the topological singularity [73]

|∆Q2π| = |∆φ| ∈ Z. (5)

We also define the regime of slow time dynam-
ics through the condition [T minθ Eg(θ)]−1 ≪ 1,
where Eg(θ) is the instantaneous bulk gap of
Ĥ(θ) during the pump. That is, the pump cycle
frequency has to be much smaller than the lowest
excitation of the system during the pump, to pre-
vent excitations from higher bands. For instance,
in the noninteracting Rice-Mele case, the adia-
batic timescale is given by [2T min(∆0, δ0)]−1 ≪
1. In the more complex spinful interacting sce-
nario, we consider the energy gaps at half filling
(N = L) with respect to the ground state energy
E0 ≡ E0(Sz = 0). We define both the internal
energy gaps ∆Ei in the unpolarized subspace, as
well as the spin gaps ∆Es

i corresponding to flip-
ping one spin as

∆Ei ≡ Ei(Sz = 0) − E0, ∆Es
i ≡ Ei(Sz = 1) − E0.

(6)

To study the adiabatic dynamics generated by
Ĥ(θ), we fix the maximal bond dimerization to
δ0 = 0.9J , which in the absence of interactions
induces a large gap Eg(0) = 2δ0 = 1.8J . We also
consider relatively fast cycles of duration TJ =
50, which are convenient for cold atom experi-
ments with limited lifetimes. For the numerical
calculations, we combine tensor network simula-
tions in infinite systems using the infinite density-
matrix-renormalization group (DMRG) [48, 74]
and time-evolving-block-decimation (TEBD) al-
gorithms [75], with a maximum bond dimen-
sion of χmax = 400, and exact diagonalization
in small periodic systems to estimate the bulk
energy gaps.

Accepted in Quantum 2024-03-04, click title to verify. Published under CC-BY 4.0. 4



4 Vanishing onsite interaction U

Let us first explore the effect of solely nonlocal
V interactions, i.e., at U = 0, in a Thouless
pump. As depicted in Fig. 1(d), the main ef-
fect of a moderate V term in our model is to
suppress the uniform charge distribution in the
regions θ = π/2 and θ = 3π/2. This enhances
the CDW order, and its associated insulating
gap, in cooperation with the ∆ term. A di-
rect consequence is that finite values of V can
allow one to reduce the time period T required
for having adiabatic (and thus quantized) Thou-
less pumps. This behavior can be readily seen in
Fig. 2(a), which shows the evolution of the trans-
ferred charge ∆Qθ for different choices of ∆0 and
V . We observe perfectly quantized pumps for
the case (∆0, V ) = (J, 0), as expected for such
an adiabatic noninteracting pump, and also for a
finite interaction (∆0, V ) = (J/4, J) (blue lines).
In both cases, the final value of ∆Q2π = 2 signals
the presence of a topological singularity encircled
by the closed adiabatic path, following Eq. (5).
In contrast, note that, in the absence of inter-
actions, the pump with (∆0, V ) = (J/4, 0) is
not adiabatic and ∆Q2π reaches a nonquantized
value, as we observe strong oscillations of ∆Qθ in
Fig. 2(a) (pink line), caused by the coupling to
excited states. In this regime of relatively small
∆0 = J/4, we can understand the advantage of a
moderate V in preserving the adiabatic nature of
the pump from the instantaneous gap behavior of
Ĥ(θ), shown in Fig. 2(b)-(c). In the noninteract-
ing case of Fig. 2(b), the smallest gaps approach
a zero value. In contrast, in Fig. 2(c) one can see
a clear enhancement of the gaps due to the finite
V .

Importantly, note that while V can be help-
ful to reduce the time cycles of the pump close to
the noninteracting Rice-Mele limit, as sketched in
the red-to-quantized transition of Fig. 1(c), this
is not true for arbitrarily large values of V . As
sketched in Fig. 1(c), at large V the system ex-
hibits a spontaneous CDW, and no transport is
observed, as can be seen in Fig. 2(a) for V = 4J
(green line). In this case, the initially dimerized
state at θ = 0, depicted in Fig. 1(d), is replaced
by the twofold degenerate ground state consisting
of two states with the form |02 . . . 02⟩ , |20 . . . 20⟩,
which have a gap from the rest of the spectrum
during the pump, as shown in Fig. 2(d). We note
that, in fact, any finite CDW order in Ĥ(0) leads

0 π 2π
θ

0

0.5

1

1.5

2

∆
Q
θ

(a) ∆0 = J, V = 0

∆0 = J/4, V = 0

∆0 = J/4, V = J

∆0 = J/4, V = 4J

0 2πθ
0

1

2

3

4

∆
E
/J

(b)

∆0 = J/4, V = 0

0 2πθ

(c)

∆0 = J/4, V = J

∆Ei

∆Esi

0 2πθ

(d)

∆0 = J/4, V = 4J

∆Ei/3

∆Esi /3

Figure 2: Effect of long-range interactions in Thouless
pumps at U = 0. (a) Evolution of the pumped charged
for different values of V and ∆0, simulated with the
iTEBD algorithm. (b)-(c) First excitation energies of
Ĥ(θ) during the pumps with ∆0 = J/4 for (b) V = 0,
(c) V = J , and (d) V = 4J , computed with exact
diagonalization and L = 8.

to the breakdown of the topological pump, as
Eq. (5) is only strictly valid when the closed cycle
encounters inversion-symmetric points 2. This
can also be understood from the point of view of
the noninteracting singularity, which becomes a
twofold degenerate CDW line in the δ axis, and
thus ceases being encircled by the closed adia-
batic path, as depicted in Fig. 4(c).

Finally, we also note another limitation of the
gap enhancement driven by the V term when
∆0 → 0. One could think that, even for in-
finitesimally small ∆0, V can amplify the CDW
insulating order and drive an interaction-induced
Thouless pump, as indeed suggested in Ref. [76].
However, we note that such an adiabatic scheme
is not possible. In this limit, Ĥ preserves in-
version symmetry and thus, it cannot induce net

2For the similar model considered in Ref. [76], the au-
thors argued that, even in such a regime dominated by a
local spontaneous charge order, one can observe quantized
adiabatic pumps. We note that their scheme relies on the
system being able to jump discontinuously from the low-
entangled CDW ground states, with broken translational
symmetry, to the highly entangled symmetric superposi-
tion of the two local CDW ground states. Therefore, while
this can provide valuable insights of the underlying topol-
ogy in numerical ground state simulations, such effects
cannot be observed in real-time dynamics.
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charge currents unless this symmetry is sponta-
neously broken in a thermodynamic phase transi-
tion. Such a transition to the spontaneous CDW
implies an unavoidable gap closing leading to a
dramatic breaking of the adiabatic condition.

5 Interplay between onsite and nonlo-
cal interactions

Let us now consider the combined effect of U
and V , which constitutes the primary motivation
of this work, due to the possibility of simulat-
ing this regime of competing interactions with
magnetic atoms in optical lattices. To this aim,
here we focus on the regime of U ≫ ∆0 by fixing
U = 8J and ∆0 = J/2. We note that, in the ab-
sence of V , this limit is already quite well under-
stood [20, 21, 39]: U brings the system into a MI
which has a dramatic effect in Thouless pumps,
as the suppression of double occupancies prevents
the breaking of inversion symmetry generated by
the ∆ term during the pump at θ = π/2 and
θ = 3π/2 [see Figs. 1(c)-(d)]. Figure 3 proves how
this scenario is modified when considering also
the presence of V . In particular, Fig. 3(a) and
Figs. 3(b)-(d) show, respectively, the pumped
charge and instantaneous gaps for fixed U = 8J

0 π 2π
θ

0

0.5

1

1.5

2

∆
Q
θ

(a)
V = 2J

V = 3.5J

V = 4J

V = 4.15J

V = 5J

V = 8J

0 2πθ
0

1

2

3

4

∆
E
/J

(b)

V = 2J

0 2πθ

(c)

V = 4J

∆Ei

∆Esi

0 2πθ

(d)

V = 8J

∆Ei/4

∆Esi /4

Figure 3: Effect of intersite interactions in Thouless
pumps at U = 8J . Here we also fix ∆0 = J/2. (a)
Evolution of the pumped charged for different values of
V , simulated with the iTEBD algorithm. (b)-(c) First
excitation energies of Ĥ(θ) during the pumps for (b)
V = 2J , (c) V = 4J , and (d) V = 8J , computed with
exact diagonalization and L = 8.

and ∆0 = J/2 and different values of V . For
a relatively small V = 2J , we still observe in
Fig. 3(a) the absence of transport (yellow dashed
line), showing that U is still the dominant inter-
action in the system. The presence of a MI insu-
lator is further confirmed by the strong reduction
of the internal and spin gap observed in Fig. 3(b).
However, when V becomes larger, the transport
is progressively enhanced and there is a revival of
the quantized Thouless pump in a region around
V ∼ U/2 [blue lines of Fig. 3(a)]. By observ-
ing Fig. 1(d), we can explain such interaction-
induced Thouless pumps from the simultaneous
presence of large U and V . This leads to a com-
petition between the breakdown caused by the
MI [20, 21, 39], and the CDW breakdown dis-
cussed in the previous section. That is, at such
a large U , the V term promotes double occu-
pancies at θ = π/2 and 3π/2, and transport is
recovered. At the same time, in this regime of
strong NN repulsion, the U term prevents any
spontaneous CDW in the initial state at θ = 0.
The absence of a MI or spontaneous CDW is
also confirmed in Fig. 3(c), which shows a ro-
bust gap during the pump. For an even larger
V ≳ 4.5J , U is not able to prevent the emer-
gence of the spontaneous CDW order, and the
quantized pump progressively disappears again,
as shown in Fig. 3(a). This effect is due to the
appearance of a phase transition to the twofold
degenerate CDW, as observed in Fig. 3(d). Note
that this CDW breakdown is analogous to the
one occurring at U = 0 described in Sec. 4, but
here it takes place at a larger V due to the com-
petition induced by U . We also note that the
behavior of Thouless pumps at U = 8J shown in
Fig. 3 is found for other values of U/J until a cer-
tain critical value Uc ∼ 10J . Beyond this critical
point, we find either a MI or a CDW breakdown
of the pump, without an intermediate region of
quantized transport. The latter is expected, as
the tunneling dynamics do not play any role in
the large interaction limit. This leads to a phase
diagram for Thouless pumps in the U/J − V/J
plane of the Hamiltonian Ĥ in Eq. (1), for fixed
values of δ0/J = 0.9, ∆0/J = 0.5, and TJ = 50,
sketched in Fig. 1(c).

Interestingly, one can also understand the in-
teracting Thouless pumps shown in Fig. 3 and
Fig. 1(c) from the behavior of the topological
singularity. To this end, in Fig. 4 we sketch
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Figure 4: Sketches of the ground-state singularities and
gapless lines that appear in the (∆, δ) plane for different
interaction regimes. The closed path used for Thouless
pumps is also depicted. The orange lines in (b) and
(d) represent a gapless MI. The green lines in (c) and
(f) represent a twofold degenerate CDW. The blue short
line in (e) corresponds to a twofold degenerate BOW. In
panels (d)-(f) we considered the regime of finite hopping
J ∼ U, V .

the evolution of the topological singularities in
the (∆, δ) plane in the presence of interactions.
For dominant U , the noninteracting singular
point becomes the gapless MI vertical line [21]
of Fig. 4(b), which is not enclosed by the closed
path. Alternatively, a dominant V leads to the
horizontal twofold degenerate line of Fig. 4(c),
corresponding to the spontaneous CDW order.
For a very large interaction scale U, V ≫ J , in-
creasing V in the MI regime [Fig. 4(b)] leads to
a first-order transition [45] to the CDW regime
of Fig. 4(c) around U ≈ 2V . On the contrary,
when interactions are of the order of the hop-
ping, U, V ≈ J , the enhanced quantum fluctua-
tions lead to a competing regime in which such a
first-order transition is replaced by a progressive
reduction of the gapless lines, and an intermedi-
ate BOW phase [45], as sketched in Figs. 4(d)-(f).
In this case, the closed path encircles the shorter
gapless lines corresponding to the MI, BOW or
CDW regimes, and quantized transport is recov-
ered.

Remarkably, the above discussion shows that
the behavior of Thouless pumps in the U/J −
V/J phase diagram sketched in Fig. 1(c) is very
reminiscent of the ground-state phase diagram
of the extended Fermi-Hubbard (J − U − V )
model [45, 50–59], where the spontaneous BOW
phase appears in a similar region as the quantized
Thouless pumps. In what follows, we explore this
connection and prospects to use it as a tool for

detecting the spontaneous BOW phase.

6 Thouless pumps and the bond-order-
wave phase
The fact that, in the regime given by V ∼
U/2, U < 10J , we can recover quantized Thou-
less pumps by increasing the strength of the V
interaction at fixed U cannot be understood from
a simple noninteracting picture. However, we can
explain this phenomenon by noting that, in the
absence of the ∆, δ terms used during the pump,
the ground state of the Hamiltonian (1) is a spon-
taneous BOW phase [45, 50–58] also in the regime
V ∼ U/2, U < 10J , as sketched in Fig 1(c).
In such a phase, which is also induced by the
competition between the MI and CDW orders,
there is a ground-state bulk degeneracy between
a topological and a trivial state [59]. From the
perspective of Thouless pumps, in the BOW re-
gion, the main effect of δ is to break the degener-
acy between the two spontaneous BOW ground
states and to control/guide its spontaneous sym-
metry breaking during the pump, such that the
system is able to explore the trivial and topo-
logical dimerized sectors. Interestingly, one can
therefore interpret the quantized Thouless pump-
ing as an indirect proof of the presence of a BOW
phase, whose detection and engineering remain
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Figure 5: (a) Accuracy of Thouless pumps (iTEBD) as a
function of the nonlocal interaction V/J and at different
cycle numbers C, for fixed U = 8J and ∆0 = J/2. We
only observe quantized pumps independent of C around
the narrow region where the groundstate of the J−U−V
model (with δ = ∆ = 0) is the spontaneous BOW phase
(gray shaded area, extracted from Ref. [45]). The lat-
ter can be more clearly seen with the inset logarithmic
scale. The nonomonotonic behavior of |δQ| in the win-
dow V/J ∈ (4.5, 5.5) is related to the spontaneous CDW
phase transition, as detailed in the main text.
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elusive in cold atoms experiments, despite recent
theoretical proposals [77].

To illustrate such a relation more explicitly, in
Fig. 5 we plot the breaking of the quantization
in Thouless pumps consisting of C consecutive
periodic cycles, defined as δQ ≡ |∆Q2πC | − 2C,
for a fixed U = 8J and as a function of V ,
which corresponds to the dashed line in Fig. 1(c).
Remarkably, we observe perfectly quantized and
cycle-independent transport, i.e., |δQ| = 0, for
Thouless pumps in the region V/J ∈ (3.9, 4.3)
around the narrow window of the BOW phase
V/J ∈ (4, 4.15). As sketched in Fig. 1(c), the
same behavior is also observed for other values
of U/J . Two important comments are in order
at this point, concerning the quantitative behav-
ior of the curves in Fig. 5. In first place, note
that the fact that the BOW region does not co-
incide exactly with the region of quantized pumps
is expected. This is because, in the adiabatic dy-
namics considered here, the staggered field δ (∆)
used to perform the pump prevents the CDW
(MI) in a slightly wider range of V values than
in the ground-phase diagram of the model in the
absence of such guiding fields [45]. In second
place, the nonmonotonic behavior of |δQ| after
the quantized plateau in Fig. 5 is explained by
the fact that there is a phase transition to a lo-
cal CDW order at V/J ≈ 4.75. At this critical
point, |δQ| exhibits a local maximum due to the
strong deviation from the adiabatic regime in our
finite-time protocol. The latter also leads to dy-
namical results that slighlty depend on the bond
dimension χmax. For V larger than the critical
point, the system reenters the adiabatic regime
due to the insulating nature of the CDW phase.
Inside this CDW phase, increasing V enhances
the gap by moving away from the critical point,
thus favoring adiabatic transport, but it also en-
hances the amplitude of the CDW spontaneous
order. While the competition between these two
phenomena initially leads to the counterintuitive
decrease of |δQ| for increasing V , we emphasize
that in this CDW regime Thouless pumps do not
encircle a topological singularity and cannot be
associated to any topological invariant. That is,
|δQ| is cycle-dependent and not quantized. Fur-
ther increasing V/J progressively leads to a max-
imally polarized CDW phase, suppressing any
hopping (transport) process during the pump.

As a general remark, note that the scheme de-

picted in Fig. 5 overcomes the main problems
that make it difficult to detect the BOW phase
of the extended Fermi-Hubbard model from di-
rect measurements. First, with Thouless pumps
the topology of the interacting model (1) can be
probed by measuring the average global charge
transport in the system, a topological property
robust to small imperfections such as local dis-
order or low finite temperature. In contrast, a
direct measurement scheme of the topological na-
ture of the BOW phase would require, e.g., mea-
suring nonlocal correlators [59, 78] with single-
site resolution through a quantum gas micro-
scope [79–81]. Similarly, even a direct measure-
ment of the BOW local order parameter requires
involved probes capable of measuring the bond
density in-situ, or superlattice modulation spec-
troscopy [77]. Second, the spontaneous nature
of the BOW phase, and its very small intrinsic
spin gap, require very small temperatures and
complex state-preparation protocols to avoid the
presence of solitonic excitations. On the con-
trary, in Thouless pumps the spin gap is en-
hanced due to the presence of the bond guiding
field δ, which also lifts the groundstate degener-
acy of the BOW phase, thus preventing the ap-
pearance of solitons. Third, as shown in Fig. 1(c)
and Fig. 5, within experimental errors quantized
pumps are observed in a much wider parameter
region than the BOW phase.

7 Experimental proposal with mag-
netic atoms

A prime candidate for an experimental realiza-
tion of the Rice-Mele extended Fermi-Hubbard
Hamiltonian (1) are quantum simulators us-
ing ultracold lanthanide atoms in optical lat-
tices [82, 83]. For erbium, the preparation of
a two-component Fermi gas in a lattice with
long lifetimes and broad interspin Feshbach res-
onances for interaction control has been already
demonstrated [84]. To manipulate the control pa-
rameters ∆ and δ of the Thouless pump, a super-
lattice similar to experiments with neutral atoms
can be used, see e.g., Refs. [37, 39]. Such a su-
perlattice can also be used to prepare the initial
state e.g., a dimerized chain along the superlat-
tice direction. As the proposed scenario is based
on single one-dimensional systems, experimental
setups need sufficient spacing between individual
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tubes to avoid strong coupling between the tubes
due to the long-range character of the dipole-
dipole interaction. This can be realized either by
choosing a larger lattice spacing perpendicular to
the superlattice, or by isolating single stripes in
a two-dimensional lattice plane via the removal
of atoms in between using single-site addressing
of a quantum gas microscope.

As already discussed in Ref. [59], taking real-
istic values currently achievable in experiments
should allow one to reach the quantized pump
regime with e.g., U = 4J and V = 2J [see
Fig. 1(c)] using erbium in a lattice with 532 nm
unit cell (266 nm short lattice spacing), giving a
maximum interaction strength of V/h ≈ 30 Hz.
This can be further increased by using dyspro-
sium and shorter wavelength lattices as planned
for future experiments [85, 86], reaching interac-
tion strengths of up to V/h ≈ 200 Hz. To be
able to observe the revival it would be preferen-
tial to probe the dynamics with and without V .
To probe the dynamics without V , one can either
rotate the quantization axis to the magic angle,
fully eliminating V , or scale U and J up con-
siderably (V ≪ J, U) to minimize the influence.
The regime V ≫ U can also be achieved, since
U can be tuned independently by means of Fesh-
bach resonances [87]. The induced transport due
to the Thouless pump mechanism can be directly
measured using the center-of-mass displacement
of the atoms using either high-resolution in-situ
imaging (see e.g. [37]) or a quantum gas micro-
scope. For J = 2π × 100Hz, the adiabatic condi-
tion TJ = 50 used in our numerical simulations
would be achieved for realistic pump periods of
half a second. We also expect that the averaged
center-of-mass displacement is robust against de-
fects appearing during the dynamics, making the
lifetime requirements less stringent.

8 Conclusions and outlook

We investigated the appearance of quantized
topological transport, i.e., Thouless pumping,
in a Rice-Mele extended Fermi-Hubbard model
where fermions are subject to competing inter-
actions of different ranges. Contrary to previ-
ous analysis showing a detrimental effect of on-
site repulsive interactions to quantized Thouless
pumps [20, 21, 39], we unveiled that including
nonlocal repulsions leads to novel phenomena.

Specifically, in configurations with only inter-
site repulsive interactions V , we showed that a
moderate fermionic repulsion favors the presence
of quantized Thouless pumps. We proved this
phenomenon to be totally induced by this spe-
cific interaction which tends to increase the in-
stantaneous energy gaps and thus stabilize the
system topology. In contrast, at large nonlocal
interactions, we find an expected breakdown of
the transport due to the appearance of a charge-
density-wave.

When further considering a repulsive onsite
Hubbard U , which is known to destroy the topo-
logical transport [20, 21, 39], we still identified a
sizeable region where topological transport per-
sists. Here the nonlocal repulsion counteracts the
destructive role of a moderately large local repul-
sion and vice versa, and therefore the quantized
transport remains stable. Noticeably, this com-
peting mechanism allows for a robust quantized
transport at interactions up to one order of mag-
nitude larger than the noninteracting energy, i.e.,
at U/J ∼ 10.

Interestingly, this stabilization of topological
Thouless pumps through competing interactions
is reminiscent of the ground state properties
of the parent extended Fermi-Hubbard model.
There, the presence of moderate and compet-
ing contact and intersite interactions favors the
appearance of a spontaneous bond-order-wave
phase, whose topological properties have been re-
cently revealed [59]. Based on this fact, we thus
expect that quantized topological transport can
take place in different strongly correlated models
where competing interactions give rise to sponta-
neously generated bond-order-wave regimes [17].
Beyond our numerical analysis, we have been
further able to propose a realistic experimental
scheme where our findings can be probed. The
latter relies on trapping an ultracold mixture of
magnetic atoms in an optical lattice. The ad-
vantage of using such particles comes from the
fact that they allow for a fine-tuning of both
contact and intersite interaction, thus providing
access to simulate the Hamiltonian of Eq. (1)
in a wide regime of parameters. Importantly,
note that these configurations where fermions are
subject to local and nonlocal repulsions are the
most common in solid-state platforms. Moreover,
whilst we focused on repulsive interactions and
charge transport, our numerical analysis and ex-
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perimental proposal could be adapted to study
the role of attractive terms and spin transport in
the same model. We, therefore, believe that our
results can have an important impact on a large
variety of physical systems, thus representing an
essential step towards a complete understanding
of many-body phases of matter characterized by
nontrivial topological properties.
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