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A B S T R A C T

The optimization of industrial products and processes has been, since the beginning of the third industrial
revolution, a fundamental aspect of the design phase as it allows, together with the testing and validation
phases, the improvement of the performance or efficiency of what has been designed. Optimization is also
applied to the counterweights of the crankshafts that ensure the balancing of the forces and moments
generated by internal combustion engines during their regular use. Traditionally, this process is carried out,
at the preliminary stage, in an analytical way, using specific formulas for each engine configuration. This
approach, however, allows the identification of only the macro-parameters of the counterweight, i.e. mass
and position of the center of gravity, leaving the designer the translation into technical drawing of the
result of the optimization. Thanks to the increase in computational power obtained in recent decades and
the interconnection of systems, typical of Industry 4.0, this work intends to propose a new methodology for
optimizing counterweights, based on a two step approach, able to identify the best solution not only in terms
of macro-parameters, but also of the specific dimensional parameters of the counterweight.
1. Introduction

Today’s industrial reality is constantly looking for products and
solutions that allow us to better meet customer demands. This is
equally true for the automotive industry, which seeks to refine even
the smallest detail to improve the performance and quality of its
products [1]. One of these aspects is certainly the balancing of the
crankshafts of internal combustion engines, a highly complex process
that is difficult to carry out in the preliminary stages of develop-
ment [2,3]. However, making a crankshaft as balanced as possible is
extremely important: in fact, a good balance allows to greatly reduce
the vibrations generated by the engine itself, improving passenger
comfort [4]; in addition, it is possible to reduce the deformations
induced on the shaft, ensuring a reduction in friction between moving
components [5–7] and, consequently, an increase in the efficiency
of the powertrain and a reduction in surface wear [8–10]. For this
reason, it is imperative to identify new development methodologies,
which allow to advance the design of balancing counterweights, the
most used component to balance the crankshafts [11,12], to a more
preliminary phase of engine development. This would pave the way
for a faster and more flexible development process, as development
time and costs tend to increase exponentially as the [13] project
progresses. In fact, balancing procedures tend to be a very late-design
phase, employing experimental procedures and on-product testing to
find the correct balancing configuration. For instance, the influence
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coefficient balancing method [14] employs trial masses to identify
an influence matrix, based on experimental measurements obtained
through the in-place balancing procedure [15], from which a set of
correction masses is identified. The same could be said for the modal
balancing procedure [16], which analyses one mode at a time of the
rotor system to find trial balancing masses to then test them in an
experimental environment. Even a more complex approach, like the ap-
plication of the least-square method for balancing optimization [17] is
based on experimental testing. Meanwhile, more numerical approaches
usually consider balancing masses just as point-masses, and rarely are
developed for a wide variety of engine architecture [18–20]. The aim
of this contribution is therefore to propose a new method for the
development of counterweights. It is based on numerical script for the
computation of the forces and moments generated by a crankshaft and a
simplification of the geometry of the balancing counterweights, which
is expressed as a function of a set of independent design parameters.
This characterization enables the execution of an optimization process
that evaluates the best solution in terms of mass, size and balancing.
Optimization techniques are commonly employed in the industrial field
and allow to find the best solution to a certain problem [21–24]. This is
very in line with what the current contribution aims at achieving, since
obtaining an optimized counterweight geometry allows to maximize
its balancing capability and limiting at the same time the additional
vailable online 23 February 2024
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masses that must be applied to the crankshaft. Such process will be
done through a preliminary integration of simulation tools, which will
provide a faster and more intuitive development infrastructure for the
designer, which includes both the geometric characterization of the
counterweight and the definition of its configuration on the crankshaft,
and the optimization of its parameters. The tools that will be used for
this purpose are the following:

• MATLAB®, for calculating the geometry of the counterweight and
its forces and balancing moments;

• DAKOTA, specialized in the implementation of optimization algo-
rithms [25].

Due to the multiple phases of an engine development, it is quite
improbable that a counterweight design proposed at the preliminary
stage, where the dimensions, the tolerances and even the architecture
are not finalized, will be the definitive one. Therefore, the optimization
phase will be presented as a two-step process: first, a more flexible
optimization will be described, suitable for an initial analysis and
capable of identifying multiple solutions, and then a more stringent
optimization, aimed at finding the best possible design. Such opti-
mization process will be applied to a relevant case study, with the
addition of multi-body simulations to reproduce the dynamic behavior
of the balanced crankshaft, that will help in verifying the capabilities
of the methodology and identifying the pros and cons of different
optimization algorithms.

2. Methodology

The crankshaft of an internal combustion engine transmits the
translational movement generated by the pistons to the wheels in the
form of a rotary motion, thus allowing the movement of the vehicle.
The complex kinematic chain that characterizes the crankshaft involves
many forces. The inertial translational forces are due to the translating
masses, which include the pistons and a part of the connecting rods,
while the centrifugal forces are due to the rotating masses, which
include most of the connecting rods and their pins. Such forces, given
their cyclic nature, create deformations of considerable importance on
the shaft, which should maintain a perfect rotation around its axis.
Due to these deformations, the shaft may incur in a reduced operating
life and vibrations of high intensity may be transmitted to the entire
vehicle, reducing the comfort of the occupants.

2.1. Counterweight definition

In order to reduce deformations, the forces and moments acting on
the crankshaft must be countered with equal and opposite equivalents.
In the case of centrifugal forces, the main topic of this memory, each
crank generates a force equal to:

𝐹𝜔 = 𝑚𝑟𝑜𝑡 𝜔
2 𝑟 (1)

where 𝑚𝑟𝑜𝑡 is the rotating mass, given by the sum of the rotating masses
of the connecting rod, connecting rod pins and cranks, 𝜔 the speed of
the motor, 𝑟 the crank radius.

This force is always equal in absolute value while the direction
changes continuously. The best way to counteract these forces is to
apply balancing counterweights, as shown in Fig. 1.

Counterweights are placed so that their mass, having a center of
gravity at a certain distance from the axis of rotation, generates a
resulting centrifugal force equal in amplitude and opposite in direction
to that of the shaft itself. The centrifugal force of each counterweight
can thus be expressed as:

𝐹𝑐𝑤 = 𝑚𝑐𝑤 𝜔2 𝑦𝑐𝑤 (2)

where 𝑚𝑐𝑤 is the mass of the counterweight and 𝑦𝑐𝑤 the distance of its
center of gravity to the axis of rotation of the shaft.
2

Fig. 1. Crankshaft example [26], with corresponding parts.

Fig. 2. Geometric characterization of a generic counterweight.

Since the rotational velocity 𝜔 of the shaft is fixed, the designer
may act on the mass 𝑚𝑐𝑤 and the center of gravity position 𝑦𝑐𝑤. In
order to achieve this goal, it is necessary, first of all, to characterize
the geometry of the counterweight section. Given its complex shape,
it is convenient to divide the cross-section into elementary geometric
areas, as shown in Fig. 2.

The area of each section is derived from the following equations:

𝐴1 = 𝑅2
𝑐𝑤

(𝛼𝑐𝑤
2

− sin
𝛼𝑐𝑤
2

cos
𝛼𝑐𝑤
2
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𝜆𝑐𝑤
2

− sin
𝜆𝑐𝑤
2

cos
𝜆𝑐𝑤
2

)

(3)

𝐴2 = (2𝑟𝑐𝑤 + 𝑙𝑐𝑤)|𝑙𝑐𝑤| tan 𝛿𝑐𝑤 − 𝑟2𝑐𝑤
( 𝛾𝑐𝑤

2
− sin

𝛾𝑐𝑤
2
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𝜆𝑐𝑤
2
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𝜆𝑐𝑤
2

cos
𝜆𝑐𝑤
2

)

(4)

𝐴3 = 2𝑟𝑐𝑤ℎ𝑐𝑤 − 𝑟2𝑐𝑤
𝜋
2
+ 𝑟2𝑐𝑤

( 𝛾𝑐𝑤
2

− sin
𝛾𝑐𝑤
2

cos
𝛾𝑐𝑤
2

)

(5)

𝑙𝑐𝑤 =
2𝑅𝑐𝑤 sin 𝛼𝑐𝑤

2 − 2𝑟𝑐𝑤
2

(6)

where the different geometric quantities are indicated in Fig. 2.
The area highlighted in red is a constituent part of the crankshaft

and is therefore considered as an input of the optimization, as a result
𝑟𝑐𝑤 and 𝑡𝑐𝑝 may be considered as project parameters. Instead, 𝑙𝑐𝑤,
derived via Eq. (6), is an additional parameter that helps define the
geometry of the counterweight. From the values obtained from the
Eq. (3), (4) and (5), the total area of the counterweight cross-section
can be expressed as:

𝐴𝑐𝑤 = 𝐴1 + 𝐴2 + 𝐴3 (7)

from which its mass is obtained:

𝑚 = 𝐴 𝑡 𝜌 (8)
𝑐𝑤 𝑐𝑤 𝑐𝑤
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where 𝜌 is the density of the counterweight.
Once the value of the areas has been calculated, it is then possible

to determine the position of the center of gravity of each area:

𝑦1 = 1
𝐴1

{

𝑅2
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2

− sin
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(11)

from which it is then possible to evaluate the position of the center of
gravity of the whole counterweight:

𝑦𝑐𝑤 =
𝑦1𝐴1 + 𝑦2𝐴2 + 𝑦3𝐴3

𝐴1 + 𝐴2 + 𝐴3
(12)

Finally, it is possible to derive the two angular parameters 𝜆 and 𝛾
that appear within the equations from (3) to (12):

⎧

⎪

⎨

⎪

⎩

𝜆𝑐𝑤 = 2 cos−1
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𝜆𝑐𝑤 = 0 if ℎ𝑐𝑤 + |𝑙𝑐𝑤| tan

(

𝛿𝑐𝑤
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> 𝑟𝑐𝑤
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⎧

⎪

⎨

⎪

⎩

𝛾𝑐𝑤 = 2 cos−1
(

ℎ𝑐𝑤
𝑟𝑐𝑤

)

if ℎ𝑐𝑤 ≤ 𝑟𝑐𝑤
𝛾𝑐𝑤 = 0 if ℎ𝑐𝑤 > 𝑟𝑐𝑤

(14)

From the Eqs. (3) to (14), it is clear that the independent parameters
are only 5: 𝑅𝑐𝑤, ℎ𝑐𝑤, 𝑡𝑐𝑤, 𝛼𝑐𝑤 and 𝛿𝑐𝑤. These, therefore, are the only
parameters that an optimization algorithm should modify in order to
find the best geometry for a given crankshaft configuration. These
equations have, however, been implemented in a MATLAB® script,
which calculates all the remaining variables for each set of independent
parameters.

2.2. Optimization setup

The fact that a crankshaft, and more generally an internal com-
bustion engine, can have very different configurations and geometries
makes it very difficult to find an optimal solution for balancing. In fact,
as the number of cylinders, their arrangement, the order of ignition and
the geometric parameters vary, the configuration and the number of
counterweights to be applied also change. A MATLAB® tool, dedicated
to the evaluation of the optimal counterweight to balance different
crankshaft configurations has been presented in [27,28]. This tool is
based on a matrix approach that identifies where and how to place
counterweights on the crankshaft and calculates the individual force
and moment contributions of all rotating and translating elements.

The tool evaluates how a certain geometry of the counterweights
behaves with a view to balancing the crankshaft, automatically carry-
ing out all the necessary calculations. These calculations include the
evaluation of the maximum radial size of the counterweight, which
allows the optimized geometry to respect the dimensions dictated by
the architecture of the internal combustion engine, and the balancing
percentages, both for forces and for moments. These percentages are
3

Fig. 3. Dakota file for setting up parsing.

fundamental in the optimization process as they assess how effective a
certain counterweight configuration is in balancing the shaft, without
imposing a fixed balancing performance that would be difficult for an
algorithm to respect.

Once the numerical simulation of the counterweight geometry has
been defined, the next step involves the formulation of the optimiza-
tion. This phase was implemented through the open-source Dakota
software, developed by Sandia Laboratories, which allows to carry
out a multitude of analyses, including parametric studies, Design of
Experiments and optimizations. The latter is the feature that has been
deepened here.

The logic of operation of Dakota is quite simple: it is based on the
creation of a file that defines the settings of the analysis, of which an
example is given in Fig. 3.

It can be noted that the file is divided into six sections, each
dedicated to a certain function; the most relevant for the analysis are:

• method, defines the nature of the analysis to be carried out, the
solver and its parameters;

• variables, defines the type and numerical limits of each variable
involved in the analysis;
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Fig. 4. Optimization loop followed by Dakota.
Table 1
Analysis input parameters with their respective limit values.

Parameter 𝑅𝑐𝑤 [mm] ℎ𝑐𝑤 [mm] 𝑡𝑐𝑤 [mm] 𝛼𝑐𝑤 [deg] 𝛿𝑐𝑤 [deg]

MIN 0 0 5 0 0
MAX 200 50 12.6 180 45

Table 2
Constraint variables with their respective limit values.

Parameter 𝑅𝑐𝑤,𝑚𝑖𝑛 [mm] 𝐾𝑏𝑖𝑙,𝐹 [%] 𝐾𝑏𝑖𝑙,𝑀 [%]

MIN 0 90 90
MAX 75 100 100

• interface, defines the files useful for the analysis, including the
‘‘driver’’, which acts as a link between Dakota and the simulation
code;

• responses, specifies response variables, including any constraints.

Particular attention must be paid to the definition of the ‘‘driver’’.
This file, in fact, is directly responsible for the pre-processing, sim-
ulation code launch and post-processing phases. The pre-processing
phase consists in replacing the input parameters (in the case presented
here, the 5 parameters previously indicated) with values generated by
Dakota, based on the constraints imposed and the analysis settings
defined by the user, within the simulation code. The file will continue
to launch the code itself, and then will retrieve and store the simu-
lation results for a certain set of inputs. Finally, the post-processing
will collect the results in a file readable by Dakota, used to assess
whether the study is proceeding and if the results are respecting the
constraints imposed. The driver for counterweight optimization consists
of a Python script, which, using well-defined commands, is able to
modify the original MATLAB® code, launch it, and collect the results.
Fig. 4 shows a representative diagram of this process.

It is possible to notice that different stages of optimization are han-
dled by different files, with the Dakota input file acting as a ‘‘master’’.It
is also possible to observe how the optimization is regulated by ‘‘Ex-
ploration Criteria’’: these are parameters that allow Dakota to evaluate
the goodness of the analysis. The primary criterion is optimization
convergence, which is different for individual algorithms, but a limit
on the number of iterations the code can perform may also be set.

Once all these aspects of optimization are established, the input
file must be prepared so that Dakota can perform the desired analysis.
First, it is crucial to indicate which optimization algorithm to employ,
many of which are already native to Dakota. Due to its importance, this
topic will be discussed later. The input parameters and the maximum
and minimum values for each of them were then defined, as reported
in Table 1. Similarly, the limits for the constraint variables, reported
in Table 2, may be defined according to prior knowledge on the case
study.

The variables 𝐾𝑏𝑖𝑙,𝐹 and 𝐾𝑏𝑖𝑙,𝑀 are defined as the balancing per-
centages of forces and moments respectively. They are derived by the
following equations:

𝐾𝑏𝑖𝑙,𝐹 =
𝐹𝑐𝑤,𝑟𝑒𝑠

⋅ 100 (15)
4

𝐹𝑐𝑠,𝑟𝑒𝑠
𝐾𝑏𝑖𝑙,𝑀 =
𝑀𝑐𝑤,𝑟𝑒𝑠

𝑀𝑐𝑠,𝑟𝑒𝑠
⋅ 100 (16)

where 𝐹𝑐𝑤,𝑟𝑒𝑠 and 𝐹𝑐𝑠,𝑟𝑒𝑠 are the resulting force of the counterweights
and crankshaft, respectively, found as the sum of their respective 𝑥 and
𝑧 components, as follows:

𝐹𝑐𝑤,𝑟𝑒𝑠 =
√

𝐹 2
𝑐𝑤,𝑥 + 𝐹 2

𝑐𝑤,𝑧 𝐹𝑐𝑠,𝑟𝑒𝑠 =
√

𝐹 2
𝑐𝑠,𝑥 + 𝐹 2

𝑐𝑠,𝑧 (17)

where:
⎧

⎪

⎨

⎪

⎩

𝐹𝑐𝑤,𝑥 =
∑2𝑁𝑐𝑟

𝑗=1 𝑚𝑐𝑤𝜔2𝑦𝑐𝑤𝐶𝑊 (1, 𝑗)

𝐹𝑐𝑤,𝑧 =
∑2𝑁𝑐𝑟

𝑗=1 𝑚𝑐𝑤𝜔2𝑦𝑐𝑤𝐶𝑊 (3, 𝑗)
(18)

⎧

⎪

⎨

⎪

⎩

𝐹𝑐𝑠,𝑥 =
∑𝑁𝑐𝑟

𝑖=1 𝑚𝑟𝑜𝑡𝜔2𝑟𝐶𝑆(1, 𝑖)

𝐹𝑐𝑠,𝑧 =
∑𝑁𝑐𝑟

𝑖=1 𝑚𝑟𝑜𝑡𝜔2𝑟𝐶𝑆(3, 𝑖)
(19)

while 𝑀𝑐𝑤,𝑟𝑒𝑠 and 𝑀𝑐𝑠,𝑟𝑒𝑠 are the resulting moment of the counter-
weights and the crankshaft, respectively, found in a similar manner:

𝑀𝑐𝑤,𝑟𝑒𝑠 =
√

𝑀2
𝑐𝑤,𝑥 +𝑀2

𝑐𝑤,𝑧 𝑀𝑐𝑠,𝑟𝑒𝑠 =
√

𝑀2
𝑐𝑠,𝑥 +𝑀2

𝑐𝑠,𝑧 (20)

where:
⎧

⎪

⎨

⎪

⎩

𝑀𝑐𝑤,𝑥 =
∑2𝑁𝑐𝑟

𝑗=1 𝑚𝑐𝑤𝜔2𝑦𝑐𝑤𝐶𝑊 (1, 𝑗)𝐶𝑊 (2, 𝑗)

𝑀𝑐𝑤,𝑧 =
∑2𝑁𝑐𝑟

𝑗=1 𝑚𝑐𝑤𝜔2𝑦𝑐𝑤𝐶𝑊 (3, 𝑗)𝐶𝑊 (2, 𝑗)
(21)

⎧

⎪

⎨

⎪

⎩

𝑀𝑐𝑠,𝑥 =
∑𝑁𝑐𝑟

𝑖=1 𝑚𝑟𝑜𝑡𝜔2𝑟𝐶𝑆(1, 𝑖)𝐶𝑆(2, 𝑖)

𝑀𝑐𝑠,𝑧 =
∑𝑁𝑐𝑟

𝑖=1 𝑚𝑟𝑜𝑡𝜔2𝑟𝐶𝑆(3, 𝑖)𝐶𝑆(2, 𝑖)
(22)

In these equations, two terms can be seen, 𝐶𝑆 and 𝐶𝑊 : they
represent the orientation matrices of the cranks and the counterweight,
respectively, of the crankshaft. They are composed by 3-component
vectors, one for each crank/counterweight, defined as follows:

⎧

⎪

⎨

⎪

⎩

𝐶𝑆(1, 𝑁𝑓𝑜) = [𝑠𝑖𝑛(𝜃 + (𝑖 − 1)𝜙)]

𝐶𝑆(2, 𝑁𝑓𝑜) =
[

(𝑁𝑓𝑜 − 1)𝑎 − (𝑁𝑐𝑟−1)
2 𝑎

]

𝐶𝑆(3, 𝑁𝑓𝑜) = [𝑐𝑜𝑠(𝜃 + (𝑖 − 1)𝜙)]

(23)

⎧

⎪

⎨

⎪

⎩

𝐶𝑊 (1, 𝑗) = [𝑠𝑖𝑛(𝜃 + (𝑖 − 1)𝜙 + 𝛼)](−𝑁𝑐𝑤)

𝐶𝑊 (2, 𝑗) =
[[

(𝑁𝑓𝑜 − 1)𝑎 − (𝑁𝑐𝑟−1)
2 𝑎

]

+ 𝜏
]

(𝑁𝑐𝑤)

𝐶𝑊 (3, 𝑗) = [𝑐𝑜𝑠(𝜃 + (𝑖 − 1)𝜙 + 𝛼)](−𝑁𝑐𝑤)

(24)

where 𝜏 = 𝑎∕4 for 𝑗 = 2𝑖 and 𝜏 = −𝑎∕4 for 𝑗 = 2𝑖 − 1, 𝑎 is the distance
between cylinders axis, 𝜃 is the crank angle, 𝜙 is the phase between
cranks, 𝑁𝑓𝑜 is the cylinder number based on the firing order, 𝛼 is the
angle offset between counterweight and crankpin, 𝑁𝑐𝑟 is the number
of cranks, 𝑁𝑐𝑤 is equal to 1 if the crank-web has a counterweight,
otherwise is zero Finally, 1 ≤ 𝑖 ≤ 𝑁𝑐𝑟 ∈ N and ∀𝑖 𝑁𝑐𝑤 = 𝑌𝑐𝑤(𝑗) with
𝑗 = 2𝑖 − 1 ∧ 𝑗 = 2𝑖.

It can be noted that the values imposed for the balancing per-
centages of forces (𝐾𝑏𝑖𝑙,𝐹 ) and moments (𝐾𝑏𝑖𝑙,𝑀 ) are between 90%
and 100%: this will lead to a close-to-ideal shaft balance, allowing
acceptable algorithm calculation times. If a value of 100% were to be
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imposed, as already mentioned, the algorithm would have considerable
difficulty converging to a solution. The maximum radial dimension
𝑅𝑐𝑤,𝑚𝑖𝑛, on the other hand, has been imposed to avoid interpenetration

ith the pistons. It is defined as:

𝑐𝑤,𝑚𝑖𝑛 = 𝑀𝐴𝑋(𝑅𝑡𝑜𝑝
𝑐𝑤,𝑚𝑖𝑛, 𝑅

𝑠𝑖𝑑𝑒
𝑐𝑤,𝑚𝑖𝑛) (25)

here 𝑅𝑡𝑜𝑝
𝑐𝑤,𝑚𝑖𝑛 and 𝑅𝑠𝑖𝑑𝑒

𝑐𝑤,𝑚𝑖𝑛 are derived from:

𝑡𝑜𝑝
𝑐𝑤,𝑚𝑖𝑛 = ℎ𝑐𝑤 + |𝑙𝑐𝑤| tan(𝛿𝑐𝑤) +

[

𝑅𝑐𝑤

(

1 − cos
𝛼𝑐𝑤
2

)]

(26)

𝑅𝑠𝑖𝑑𝑒
𝑐𝑤,𝑚𝑖𝑛 =

√

(𝑙𝑐𝑤 + 𝑟𝑐𝑤)2 + (ℎ𝑐𝑤 + |𝑙𝑐𝑤| tan 𝛿𝑐𝑤)2 (27)

Another important information to be specified in the Dakota file is
the actual objective of the analysis. As a general rule, the most common
objectives in the counterweight design is to minimize its mass and/or
its radial dimension. Therefore, two possible optimization problems can
be defined:

𝑚𝑖𝑛
[

𝑚𝑐𝑤(𝑅𝑐𝑤, ℎ𝑐𝑤, 𝑡𝑐𝑤, 𝛼𝑐𝑤, 𝛿𝑐𝑤)
]

(28)

𝑚𝑖𝑛
[

𝑚𝑐𝑤(𝑅𝑐𝑤, ℎ𝑐𝑤, 𝑡𝑐𝑤, 𝛼𝑐𝑤, 𝛿𝑐𝑤), 𝑅𝑐𝑤,𝑚𝑖𝑛(𝑅𝑐𝑤, ℎ𝑐𝑤, 𝑡𝑐𝑤, 𝛼𝑐𝑤, 𝛿𝑐𝑤)
]

(29)

The problem in Eq. (28) is a single objective problem, where the
mass must be minimized, meanwhile the one in Eq. (29) is a multi-
objective problem, where both the mass and the radial dimension need
to be minimized; as such, in this optimization 𝑅𝑐𝑤,𝑚𝑖𝑛 is not a constraint
variable as described in Table 2.

The last step in setting up the analysis is to define the configuration
of the crankshaft that must be balanced, inserting in the MATLAB®
script the geometric and mass parameters of the crankshaft and the
other components of the crank mechanism.

2.3. Choice of algorithm and approach

As already stated, the design of an engine can go through multiple
phases before the final solution is confirmed. Therefore, it may be
inefficient to perform a full optimization, which is generally time-
consuming, at the very beginning of the design process: in fact, if an
optimized counterweight design is found for a specific early engine
configuration, and then such configuration is modified, the counter-
weight may become incompatible with the current engine, wasting
development time and costs.

Therefore, the approach here proposed is a two-step optimization,
which can help in reducing the discarded incompatible solutions and
improving the flexibility of the design process. The first step involves
the use of multi-objective algorithms, which can be used with an early
configuration of the engine to find a wider range of possible ‘good-
enough’ solutions, thanks to the identification of the Pareto front [29].
The Pareto front, in fact, identifies a series of best possible solutions
based on two objective functions, based on the ‘‘weight’’ assigned to
each one. Thanks to this ‘‘front’’ it is possible to be more flexible
in the counterweight design, since, in case of changes in the engine
architecture or dimensions, another compatible solution on the Pareto
front can be readily identified. To this purpose, two algorithms will be
showcased:

• MOGA (Multi-Objective Genetic Algorithm) [30];
• PARETO SET [31] with SOGA.

The second step, instead, is a more detail-centered optimization.
With this step, the goal is no longer to have a portfolio of viable so-
lutions to allow for flexibility, but to find the best possible solution for
a certain engine configuration. For this reason, it is important that this
step is carried out only when the configuration is being finalized, since
5

o

Table 3
Numerical results of the extreme and best trade-off solutions obtained through the
MOGA optimization algorithm.

Best 𝑚𝑐𝑤 Best 𝑅𝑐𝑤,𝑚𝑖𝑛 Best trade-off

𝑅𝑐𝑤 [mm] 61.32 76.09 91.96
ℎ𝑐𝑤 [mm] 47.16 28.10 47.16
𝑡𝑐𝑤 [mm] 6.76 10.53 8.98
𝛼𝑐𝑤 [deg] 125.46 127.37 84.99
𝛿𝑐𝑤 [deg] 41.26 9.22 25.06
𝑚𝑐𝑤 [g] 309.7 415.6 345.3
𝑅𝑐𝑤,𝑚𝑖𝑛 [mm] 100.48 76.40 87.37
𝐾𝑏𝑖𝑙,𝐹 [%] 90.39 92.30 90.15
𝐾𝑏𝑖𝑙,𝑀 [%] 100 100 100

this optimization uses the final constraints of the architecture to mini-
mize a specific counterweight parameter, usually its mass, that satisfies
the requirements of that engine. For this phase, three single-objective
algorithms were tested:

• SOGA (Single-Objective Genetic Algorithm) [32];
• COLINY DIRECT [33];
• PATTERN SEARCH [34].

The two-step optimization procedure is graphically represented in
Fig. 5. In order to test the approach, a two-cylinder in-line engine with
a crank angle of 360◦ was chosen a case study. Fig. 6 shows the CAD
of the entire unbalanced crank used for this analysis.

3. Results

With the optimization process laid out, it is now possible to proceed
with the execution of the counterweight optimization, performing the
multi-objective analysis first and then the single-objective one. Each
optimization was carried out on a laptop PC with 8 core 2.3 GHz CPU
and 16 GB of 3200 MHz RAM. The 𝜌 density of the material was set at
8000 kg/m3 for each simulation performed.

.1. Multi-objective optimization

As previously introduced, the first step in designing a counterweight
hould be to identify multiple possible solutions, starting from the
nitial constraints imposed by the other engine components, in order
o be more flexible in the design process. In this chapter the MOGA
lgorithm and then the PARETO SET will be show-cased.

The MOGA algorithm (or Multi-Objective Genetic Algorithm) is the
irst method employed to search for the best solutions of the previ-
usly presented problem. In basic terms, MOGA is a genetic algorithm,
eaning that at every iteration it will create a new set of parameters

ased on the results of the previous one [30,35]. Being a multi-objective
lgorithm, the final results of the optimization will not be univocal, as
an be seen in Fig. 7, since it depends on the bias that each solution
as with respect to each objective function. As a matter of fact, for
he current optimization problem the best solutions found were 17. For
ake of brevity, in Fig. 8 only the geometries of the two ‘‘extremes’’
nd the best trade-off solutions are shown. Additionally, the numerical
esults are reported in Table 3.

The geometric characteristics of the three counterweights are mark-
dly different: the one in Fig. 8(a) sacrifices the radial dimension to
educe the mass of the counterweight, while the one in Fig. 8(b) is the
ther way around. Finally, the best trade-off solution shown in Fig. 8(c)
epresents a compromise between the two ‘‘extremes’’.

As previously mentioned, a multi-objective optimization can give
he designer a wider view of the problem, allowing higher adaptability
unctional to the ever-changing early design phase. Such flexibility
an be visualized through the Pareto front, which shows the trade-
ff trend between the objective functions. Said front for the MOGA
ptimization is shown in Fig. 9, derived from the results as reported
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Fig. 5. Flowchart representing the two-step optimization procedure.
Fig. 6. CAD model of the entire in-line 2-cylinder crank used as a case study, without
counterweights.

Fig. 7. Plot of the radial dimension 𝑅𝑐𝑤,𝑚𝑖𝑛 with respect to the mass for the solutions
of the MOGA algorithm.

in Fig. 7. The front immediately shows the trend of the objective
functions with respect to each other, demonstrating that a smaller mass
of the counterweight requires a bigger radial dimension and vice versa.
Therefore, if the engine requirements change during development, the
designer can readily make decisions to accommodate them. An impor-
tant aspect to keep into consideration is with regards to the balancing
percentages: in fact, in all simulations, including the ones that will be
described later, 𝐾𝑏𝑖𝑙,𝑀 = 100% has been obtained. This is due to the
natural balance of a 2-cylinder in-line engine with a 360◦ phase with
respect to centrifugal moments. Meanwhile, 𝐾𝑏𝑖𝑙,𝐹 is always around
90%, due to the constraint on it imposed during the optimizations
6

Fig. 8. Geometries of counterweights obtained through the MOGA algorithm.

Fig. 9. Pareto front of the best solutions found through the MOGA algorithm.

setup, as explained earlier, causing a tendency to maintain it on near
the minimum value.
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Table 4
Weights assigned to the objective functions for the
PARETO SET optimization.

𝑅𝑐𝑤,𝑚𝑖𝑛 𝑚𝑐𝑤

Set 1 0.5 0.5
Set 2 0.75 0.25
Set 3 0.25 0.75

Fig. 10. Geometries of counterweights obtained through the PARETO SET optimization
strategy.

Table 5
Numerical results of the three solutions obtained through the PARETO SET optimization
strategy.

Best 𝑚𝑐𝑤 Best 𝑅𝑐𝑤,𝑚𝑖𝑛 Best trade-off

𝑅𝑐𝑤 [mm] 50.81 62.07 82.07
ℎ𝑐𝑤 [mm] 30.70 10.16 39.91
𝑡𝑐𝑤 [mm] 11.96 12.11 12.05
𝛼𝑐𝑤 [deg] 157.82 165.04 104.42
𝛿𝑐𝑤 [deg] 24.09 16.95 4.82
𝑚𝑐𝑤 [g] 392.8 482.0 395.1
𝑅𝑐𝑤,𝑚𝑖𝑛 [mm] 79.91 73.27 77.66
𝐾𝑏𝑖𝑙,𝐹 [%] 90.89 93.45 90.02
𝐾𝑏𝑖𝑙,𝑀 [%] 100 100 100

The second multi-objective optimization strategy that was tested
was the PARETO SET optimization. This method differs quite a lot
form the previous MOGA algorithm: in fact, the PARETO SET performs
multiple optimization runs, each with different weights assigned to
the objective functions. It then employs a single-objective algorithm to
find the optimal solution, based on the assigned weights. Therefore, an
optimal solution will be found for each set of weights [36].

In the current contribution, the SOGA or Single-objective Genetic
Algorithm was used as the single-objective algorithm, which follows the
same logic as the MOGA but for only one objective function. in order
to contain the optimization time, it was decided to use three different
sets of weights for the two objective function, as reported in Table 4.

From the optimization, the three best solutions were found; in
Fig. 10 their respective geometries are reported, while in Table 5 the
numerical results can be seen.
7

Fig. 11. Plot of the radial dimension 𝑅𝑐𝑤,𝑚𝑖𝑛 with respect to the mass for the solutions
of the PARETO SET strategy.

Fig. 12. Pareto front of the best solutions found through the PARETO SET optimization
strategy.

We can notice a similar trend to the geometries obtained through
the MOGA algorithm, further confirming the relation between mass and
radial dimension of the counterweights. In this case, however, due to
the low number of optimal solutions found, the Pareto front would
not provide a reliable estimation of the trade-off between objective
functions. In order to circumvent this issue, it is possible to consider
all the solutions found by the optimization and therefore capture the
front from a much bigger set of data. In fact, if the plot 𝑅𝑐𝑤,𝑚𝑖𝑛 vs.
𝑚𝑐𝑤 of all the found solutions is created, as visible in Fig. 11, a Pareto
front is easily identifiable. Hence, through a dedicated function for
the identification of the Pareto front data points, it was possible to
generate the front for the data obtained from the PARETO SET strategy,
as showcased in Fig. 12.

3.2. Single-objective optimization

Once the multi-objective optimization has been completed, the next
natural step is to perform a single-objective optimization in order to
find the best possible solution for the specific requirements of the
engine development. For this contribution, the optimization of the
counterweight mass has been performed, employing the three algo-
rithm previously introduced. As it will be showcased later, the MOGA
algorithm provided the overall better results in terms of quality. There-
fore, the results of this optimization has been used as the starting point
for the single objective optimization. In particular, the single-objective
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Table 6
Limits on the input geometrical parameters for the single-objective optimization found
form the MOGA optimization.

Parameter 𝑅𝑐𝑤 [mm] ℎ𝑐𝑤 [mm] 𝑡𝑐𝑤 [mm] 𝛼𝑐𝑤 [deg] 𝛿𝑐𝑤 [deg]

MIN 62 28 6 84 8
MAX 92 49 11 128 42

Fig. 13. The solutions found by the three optimization algorithms, with the best
solution found highlighted in red.

optimization has been setup with limits on the geometric parameters
equal to the maximum and minimum values found with the multi-
objective optimization (reported in Table 6) and with the constraint
variables presented in Table 2. In Fig. 13 all the solutions found by the
three algorithms are reported, while Fig. 14 shows the geometries of
the individual counterweights obtained by each algorithm.
8

Fig. 14. Geometries of counterweights obtained through optimization algorithms.

Table 7
Numerical results obtained through the 3 single-objective optimization algorithms.

SOGA COLINY PATTERN

𝑅𝑐𝑤 [mm] 76.64 72.64 76.87
ℎ𝑐𝑤 [mm] 28.79 30.33 32.20
𝑡𝑐𝑤 [mm] 11.00 11.00 11.00
𝛼𝑐𝑤 [deg] 122.13 127.26 106.13
𝛿𝑐𝑤 [deg] 10.08 8.44 25.11
𝑚𝑐𝑤 [g] 408.8 403.9 387.5
𝑅𝑐𝑤,𝑚𝑖𝑛 [mm] 75.70 75.68 76.87
𝐾𝑏𝑖𝑙,𝐹 [%] 89.72 89.81 89.50
𝐾𝑏𝑖𝑙,𝑀 [%] 100 100 100

It is noticeable how the geometries of the three single-objective
algorithms (SOGA, COLINY DIRECT and PATTERN SEARCH) present
very similar lateral geometry, confirming that all three algorithms,
each following their own logic, converge on a quasi-univocal solution,
demonstrating that, for a defined crankshaft and a certain set of con-
straints, the overall optimal solution is only one. Table 7 shows the
numerical results of the 3 optimizations, which were used to create
the corresponding sections of the counterweights. The only noticeable
difference is in the solution found by the PATTERN SEARCH algorithm,
which finds a lower value of the counterweight mass with a slight vari-
ation of the geometry. However, as it can be noticed in the numerical
results, this comes at the cost of a lower respect of the constraint on
the radial dimension.

On this aspect, it is noticeable that all three solutions tend to obtain
a radial dimension very slightly higher of the maximum imposed value.
This shows that the logic implemented by the three algorithm is setup
in a way that allows for a margin of error on the constraint, so that,
if the found value respects it, convergence is still reached. Addition-
ally, very importantly, it demonstrates that, although convergence is
reached, the constraints were actually very harsh, since, in order to
respect the balancing constraints, the radial dimension constraint was
not mathematically respected. In fact, if the plot in Fig. 9 is again
considered, it can be seen that 𝑅𝑐𝑤,𝑚𝑖𝑛 = 75 mm is achievable on the far-
right section of the Pareto front, inevitably rendering the identification
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Fig. 15. Boxplots for the two objective functions for both multi-objective algorithms.

of a suitable solution quite harder on the algorithm. In any case,
the output of this phase can be considered as the one that could be
employed on the final configuration of the engine, since it is the most
optimal solution for that specific architecture.

3.3. Algorithms comparison

In the present work, multiple algorithms were employed in order to
obtain the best counterweight geometry for given engine constraints.
Each one has different characteristics, pros and cons, making each of
them more suited to a certain application than another. Therefore, it
is very interesting to draw a comparison between them. One approach
that could be used for this task is the generation of the Boxplots for
each data set of the algorithms.

First, in Fig. 15 the Boxplots for the two objective functions for
both multi-objective algorithm employed are reported. In the case of
the PARETO SET plot, only the results for the best trade-off run are
plotted. Meanwhile, in Fig. 16, the Boxplot of the three single-objective
algorithms results is reported. From these plots a few considerations
can be made. First of all, it is noticeable that by comparing the
two multi-objective algorithm the MOGA is overall more accurate in
finding the best solutions, since the dispersion of the data is narrower.
Additionally, the MOGA was capable of reaching convergence around
40% faster, as it can be seen in Table 8. This is due to the fact that the
PARETO SET effectively performs a new optimization for each set of
weights, while MOGA needs to reach convergence only once.

Another interesting point is found by comparing the Boxplots re-
garding the found mass of the counterweight. It is clear that the search
for the optimal solution is much more detailed in the single-objective
9

Fig. 16. Boxplot for the results of the three single-objective algorithms.

Table 8
Optimization times for the multi and single-objective
algorithms.
Algorithm Time [min]

MOGA 117
PARETO SET 187
SOGA 65
COLINY DIRECT 66
PATTERN SEARCH 26

algorithms, confirming that the multi-objective optimizations are more
suited to a earlier design phase, granting the designer the possibility
to have a wider view of the problem. Meanwhile, the single-objective
algorithms are more useful in a more detail-oriented development
phase.

It is immediately clear how, between the single-objective algorithms
the one that yields the better results in terms of precision, showing
a much lower dispersion of the results, is the PATTERN SEARCH
algorithm. However, considering the set constraints, it is also the
algorithm that respects them with a lower stringency, obtaining a
overall radial dimension higher than the imposed limit. The other
two algorithms are basically equivalent in terms of results, with the
COLINY DIRECT algorithm showing a slightly lower dispersion of the
solutions. A final consideration is relative to the time required to
perform each optimization. As it can be noticed in Table 8, the multi-
objective optimization tend to have quite higher optimization times,
especially the PARETO SET. This is due to the higher complexity of the
optimization, requiring to find the best solutions for multiple variables,
often inversely proportional to each other. Moreover, since this kind
of optimization is performed in an earlier stage of the design, the
constraints are much less stringent: as such, the algorithm has to search
the best solutions in a much wider analysis space, unlike the single-
objective ones, which use the already found results to narrow the search
field. Among the single-objective optimizations, instead, the PATTERN
SEARCH shows a quite lower computational time, potentially making it
the best one for this kind of optimizations. However, the designer must
be mindful whether the algorithm is capable of respecting the project
requirements and adopt another one accordingly.

3.4. Validation of results

In order to verify that the counterweights obtained through opti-
mization are able to correctly balance the crankshaft, a multi-body
simulation was carried out in which the entire crank was simulated
with and without counterweights. For the sake of brevity and given that
the results obtained by the single-objective algorithms are similar to
each other, only the simulation with counterweights obtained through
the SOGA algorithm is reported here. In Fig. 17 the model used is
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Fig. 17. CAD model of the entire crank with counterweights (in blue) obtained through
the SOGA algorithm.

Fig. 18. Curves of the components of the resulting force, with and without
counterweights.

visible, with each component distinct and, in particular, in blue the
counterweights obtained can be seen. The reference system used for the
simulation is also reported (the axis of rotation of the shaft coincides
with the 𝑥 axis).

For the simulation, we set a shaft rotation speed of 2000 rpm, equal
to the speed set for the MATLAB® code. Fig. 18 shows the curves of
the components 𝑦 and 𝑧 of the resulting centrifugal force.

Comparing the curves of Fig. 18(a), where the counterweights were
applied, with those of Fig. 18(b), where the crankshaft was left without
counterweights (and therefore in an unbalanced condition), It can
noticed the positive influence of the counterweights on the amplitude of
10
Fig. 19. Curves of the components of the resulting force with the omission of pistons
and connecting rods, with and without counterweights.

the curves, reducing the maximum values, and, in particular, allowing
a ‘‘flattening’’ of the 𝑧 component. However, given that the entire
crank has been considered to generate these curves, a considerable
contribution of force is given by the reciprocating inertial forces, which
are not balanced by the counterweights of the crankshaft, thus making
the counterweights effect less evident.

The simulation was therefore modified, removing the pistons and
connecting rods (highlighted, respectively, in green and orange in
Fig. 17) and adding the rotational mass of the connecting rods to the
crank-pins. This way we obtain a crankshaft on which the translational
components have no effect while taking into account all the rotational
contributions of the crank, which must be balanced by counterweights.
The result obtained is reported in Fig. 19 where it is noted, first of
all, that the curves have become purely sinusoidal; this is perfectly in
line with what could be expected as the rotational forces have constant
absolute value and cyclically variable direction. It is therefore possible
to confirm that those reported are purely centrifugal force curves.

Much more relevant is that it can be confirmed that the application
of counterweights, and, above all, their optimized geometry, allows to
correctly balance the crankshaft. In fact, it is found that the amplitude
of the curves has gone from a value of about 3810 N, for both com-
ponents, to a value of about 360 N, corresponding to a reduction of
90.53% compared to the unbalanced configuration. This reduction is
in line with the balancing percentage obtained by the SOGA algorithm
equal to 89.72% (reported in Table 7), with an error that can be
considered insignificant.

4. Conclusion

The balancing of crankshafts for automotive applications is a com-
plex matter that requires the designer to take into account different
geometric and dynamic aspects at the same time. It is therefore be-
coming increasingly imperative to develop optimization methodologies
that allow to obtain, in a short time and at low cost, geometries and
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configurations of balancing systems that guarantee a high balance of
the engine, keeping dimensions and masses contained.

To this end, the optimization procedure developed in this contribu-
tion allows to obtain counterweight geometries that meet these require-
ments, providing the designer with the opportunity to try numerous
alternative configurations and obtain, for each, the optimal solution.
This process is ensured by the tight integration of the two tools,
MATLAB® and Dakota which, working in unison allow to effectively
ind the optimal overall solution.

Currently, the methodology proposed here is still at an early stage
f development as optimization is guaranteed only for counterweights
irectly applied to the crankshaft. The next step will be to extend the
ptimization also to the balancing countershafts, which have the task of
alancing the reciprocating inertial forces deriving from the rest of the
rank. This will allow to have a complete optimization tool available
o the designer, which will enable the achievement of the optimal
onfiguration of the entire balancing system.

In parallel, it will also be necessary to extend the integration with
ther available tools, first of all a multi-body analysis tool, which al-
ows automatic verification of the balancing performance configuration
btained. All this to guarantee a reduction in development times and
he need for production of prototypes for experimental tests. Finally, a
eepening of the optimizations techniques to adopt is certainly neces-
ary, in order to guarantee a more comprehensive view on the whole
ptimization process and to find the best procedures and strategies to
dopt based on the specific application requested by the designer.
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