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Abstract

The classical Pell equation can be extended to the cubic case consid-
ering the elements of norm one in Z[ 3

√
r], which satisfy

x3 + ry3 + r2z3 − 3rxyz = 1.

The solution of the cubic Pell equation is harder than the classical case,
indeed a method for solving it as Diophantine equation is still missing [2].
In this paper, we study the cubic Pell equation over finite fields, extending
the results that hold for the classical one. In particular, we provide a
novel method for counting the number of solutions in all possible cases
depending on the value of r. Moreover, we are also able to provide a
method for generating all the solutions.

1 Introduction

The Pell equation
x2 − dy2 = 1,

is an important and well studied Diophantine equation, for d a non–square
positive integer. Finding its solutions is equivalent to finding the elements of
Z[
√
d] of norm one. There are well known methods for solving this equation.

They are mainly based on continued fractions that allow to find a fundamental
solution, which is then used for generating all the other ones. Currently, there
are still several important issues regarding the Pell equation. For instance, the
study of the size of the fundamental solution is an interesting problem addressed
in several papers, e.g., [7, 11, 22]. Recently, the solvability of simultaneous Pell
equations and explicit formulas for their solutions have been also studied in
[14, 8, 12]. Moreover, it is also interesting to study the Pell equation over finite
fields, determining the number of solutions and their properties [18, 20, 19, 9].
For further information about the importance of the study of the Pell equation
see, e.g., [16].

Thus, it is natural to consider generalizations of the Pell equation, starting
from the cubic case. Considering the connection between the Pell equation and
the elements of norm one in a quadratic field, the analogue of the Pell equation
in the cubic case is given by the equation

x3 + ry3 + r2z3 − 3rxyz = 1,
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where r is a cube–free integer, i.e., we are asking for the elements of norm one
in Z[ 3

√
r]. First studies of the cubic Pell equation can be found in [17] and [21].

In [10], the author proposed a method for solving the cubic Pell equation by
means of a generalization of continued fractions due to Jacobi [15]. However,
this method is not always useful for this purpose, since the periodicity of the
Jacobi algorithm is still a fascinating open problem for all cubic irrationals. This
question was also addressed, e.g., in [5] and [6]. The solutions of the cubic Pell
equation were studied in [1] from the point of view of recurrent sequences, since
Lucas sequences are solutions, up to constants, of the classical Pell equation. In
general, the cubic Pell equation is very hard to solve for any cube–free r. In [2],
the author exhibited an algorithm for finding the fundamental solutions of the
cubic Pell equation that works only in some cases. Thus, the problem of solving
the cubic Pell equation is still open. For more motivation and results about the
cubic Pell equation see also [13].

In this paper, we address the problem of solving the cubic Pell equation over
finite fields. In particular, in Section 2 we recall the classical Pell equation and
its definition as the elements of norm one in a quadratic field. We also introduce
a particular parameterization, which is useful for studying the Pell equation
over finite fields and it is also handy for a generalization in the cubic case. In
Section 3, we recall the structure of the Pell conic over finite fields obtaining also
the results of [18] in a different way. Section 4 is devoted to the introduction of
the cubic Pell equation. Here, we also introduce its parameterization that will
allow to study its structure over finite fields, giving also methods for generating
the solutions. Finally, in Section 5, we describe the behavior of the cubic Pell
equation over finite fields.

2 The Pell equation

The classical Pell equation is the equation of the form

x2 − dy2 = 1,

where d is a positive square–free integer and solutions are sought for (x, y) ∈ Z2.
In this work we consider the Pell equation in general terms, considering any

element d in a field F and taking the polynomial ring

Rd := F[t]/〈t2− d〉

whose elements are the classes of equivalence

[x+ yt] := {x+ yt+ k(t)(t2 − d) | k(t) ∈ F[t]}, for any x, y ∈ F.

This quotient ring inherits from the polynomial product the operation

[x1 + y1t] · [x2 + y2t] = [(x1x2 + dy1y2) + (x1y2 + y1x2)t]. (2.1)

The conjugate of an element [x + yt] ∈ Rd is defined as [x − yt]. The product
of an element with its conjugate defines the norm

Nd([x+ yt]) := [x+ yt] · [x− yt] = x2 − dy2 ∈ F.
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The unitary elements of Rd with respect to the norm Nd

U(Rd) := {[x+ yt] ∈ Rd |Nd([x+ yt]) = 1},

form a commutative group that is clearly isomorphic to the Pell conic

Cd := {(x, y) ∈ F2 |x2 − dy2 = 1},

equipped with the classical Brahmagupta product

(x1, y1)⊗d (x2, y2) := (x1x2 + dy1y2, x1y2 + y1x2).

Due to this isomorphism, in the following we will use the norm Nd also for the
points of the conic and the notation ⊗d also for denoting the product over Rd.
In general, we denote by (x, y)⊗dk the k-power of (x, y) with respect to ⊗d.

The operation ⊗d over the Pell conic has an interesting geometric interpreta-
tion [4]: in order to obtain the point (x1, y1)⊗d(x2, y2), consider the line through
(x1, y1), (x2, y2) and take its parallel line through (1, 0); the latter intersects the
conic in a second point that is actually (x1, y1) ⊗d (x2, y2). As observed in [4],
this geometric interpretation is analogous to the classical operation on elliptic
curves.

In the following, we introduce a particular parametrization for the Pell conic,
which is useful for studying it over finite fields and also for generalizing this study
to the cubic Pell equation.

Definition 2.1. The projectivization of Rd is Pd := R⊗d

d /F×, where R⊗d

d is
the set of the invertible elements of Rd with respect to ⊗d. We denote the
elements of Pd by [m : n]. In particular, they are the classes of equivalence of
the elements [m+ nt] ∈ R⊗d

d given by

[m : n] := {λ[m+ nt] |λ ∈ F×}.

If n ∈ F×, then [m+ nt] ∈ R⊗d

d is equivalent to [mn−1 + t] ∈ R⊗d

d . Thus, when
n = 0 we choose as canonical representative in Pd [1 : 0] while, in the other
cases, we take [mn−1 : 1].
Since the Brahmagupta product ⊗d consists of homogeneous polynomials, it is
well defined also on Pd and determines a commutative group with identity [1 : 0]
and inverse of [m : 1] given by [−m : 1].

The structure of Pd depends on that of R⊗d

d :

1. if d is a non–square element in F, then R⊗d

d = Rd r {[0]} and

Pd = {[m : 1] |m ∈ F} ∪ {[1 : 0]} ∼ F ∪ {α}, (2.2)

where α denotes an element not in F that can be seen as the point at
infinity;

2. if d is a square in F and s is a fixed square root of d in F, then there is the
factorization t2 − d = (t + s)(t − s) ∈ F[t] and, for any y ∈ F, the classes
[y(s+ t)] and [y(−s+ t)] are zero–divisors in Rd, so that

R⊗d

d = Rd r {[0], [sy + yt], [−sy + yt] | y ∈ F}.

Thus,

Pd =
{

[m : 1] |m ∈ F r {±s}
}
∪ {[1 : 0]} ∼ (F r {±s}) ∪ {α}. (2.3)
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The projectivization is actually a parameterization of the Pell conic, which is
useful for studying some of its properties over finite fields and will be naturally
generalized also for the cubic case. The following theorem provides an explicit
group isomorphism between (Pd,⊗d) and (Cd,⊗d). The result was introduced
in [3], here we give a different formulation and a proof that can be adapted to
the cubic case.

Theorem 2.1. Given d ∈ F, the following map is a group isomorphism

φ :
(
Pd,⊗d

) ∼−−→
(
Cd,⊗d

)
,

[m : n] 7−→ (m,n)⊗d2

Nd(m,n)
=

(
m2 + dn2

m2 − dn2
,

2mn

m2 − dn2

)
,

and its inverse is

φ−1 :
(
Cd,⊗d

) ∼−−→
(
Pd,⊗d

)
,

(−1, 0) 7−→ [0 : 1],

(x, y) 7−→ [x+ 1 : y].

Proof. In order for φ to be a group isomorphism, it must be:

• well defined: if [m : n] = [m′ : n′] ∈ Pd, then there is λ ∈ F× such that
[m′ : n′] = [λm : λn], and

(λm, λn)⊗d2

Nd(λm, λn)
=
λ2(m,n)⊗d2

λ2Nd(m,n)
=

(m,n)⊗d2

Nd(m,n)
,

therefore φ is well defined. In addition, φ(Pd) ⊆ Cd since

Nd(φ([m : n])) =
Nd(m,n)2

Nd(m,n)2
= 1;

• a group homomorphism: for any [m1 : n1], [m2 : n2] ∈ Pd we have

[m1 : n1]⊗d [m2 : n2] = [m1m2 + dn1n2 : m1n2 + n1m2],

so that

φ([m1 : n1]⊗d [m2 : n2]) =
(m1m2 + dn1n2,m1n2 + n1m2)⊗d2

Nd(m1m2 + dn1n2,m1n2 + n1m2)

=
(m1, n1)⊗d2 ⊗d (m2, n2)⊗d2

Nd(m1, n1)Nd(m2, n2)

= φ([m1 : n1])⊗d φ([m2 : n2]);

• injective: for any [m : n] ∈ Pd,

φ([m : n]) = (1, 0)⇔

{
m2 − dn2 = m2 + dn2,

0 = 2mn

⇔ n = 0⇔ ker(φ) = {[1 : 0]};
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• surjective: if (x, 0) ∈ Cd, then x2 = 1, that is x = ±1 and we have
φ([1 : 0]) = (1, 0) and φ([0 : 1]) = (−1, 0). Now let (x, y) ∈ Cd with y 6= 0.

We have d = x2−1
y2 and, since d 6= 0, x 6= ±1. In particular, we are looking

for [m : n] ∈ Pd such that{
x = m2y2+(x2−1)n2

m2y2−(x2−1)n2 ,

y = 2mny2

m2y2−(x2−1)n2

⇔

{
m2y2 − 2mnxy + n2(x2 − 1) = 0,

m2y2 − 2mny − n2(x2 − 1) = 0.

Subtracting the second equation to the first one, we obtain

2n2(x2 − 1) = 2mn(x− 1).

Since x 6= 1 and n 6= 0, we get m = nx+1
y . Therefore φ([x+1 : y]) = (x, y)

and this concludes the proof of the surjectivity.

In conclusion, φ is a group isomorphism with the wanted inverse.

When φ−1(x, y) = [x + 1 : y] = [x+1
y : 1] = [m : 1], m can be interpreted

geometrically: since x = my − 1, it represents the slope of the line through
(x, y) and (−1, 0) written with x depending on y. With this interpretation,
[1 : 0] is correctly seen as the slope of the horizontal line through (1, 0), so that
its relation with the point at infinity α is coherent.

The group isomorphism φ gives also a direct method to generate all the
solutions of the Pell equation x2 − dy2 = 1 ∈ F from the elements of Pd, which
require half the size to be stored when the notation introduced in Eqs. (2.2)
and (2.3) is exploited, since

φ(α) = φ([1 : 0]) = (1, 0),

φ(0) = φ([0 : 1]) = (−1, 0),

φ(m) = φ([m : 1]) =

(
m2 + d

m2 − d
,

2m

m2 − d

)
, for m 6= α, 0.

3 The Pell conic over finite fields

When F = Fq, with q = pk and p prime, the group structure of the Pell conic
depends on the parameter d being or not a square. These situations are fully
described by Menezes and Vanstone [18] giving also the order of the Pell conic in
these two cases, i.e., the number of solutions of the Pell equation over finite fields.
In Sections 3.1 and 3.2, we report these results including the proofs and proving
them also in an alternative way connected to the previous parameterization. In
this way, we provide the ideas that will be exploited for studying the cubic Pell
equation over finite fields in Section 5.

3.1 d non–square

When d is a not a square, t2 − d ∈ Fq[t] is irreducible over Fq, so that

Rd = Fq[t]/〈t2 − d〉 ∼= Fq2 .

Theorem 3.1. If d is a non–square in Fq, then (Cd,⊗d) is a cyclic group of
order q + 1 [18].
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Proof. We have that R⊗d

d
∼= F×q2 has q2 − 1 elements. If G ⊂ F×q2 denotes the

multiplicative subgroup of order q + 1, then x+ yt ∈ G⇔ (x+ yt)q+1 = 1 and

(x+ yt)q+1 = (x+ yt)q(x+ yt)

= (x+ ytq)(x+ yt)

=
(
x+ y(t2)(q−1)/2t

)
(x+ yt)

=
(
x+ yd(q−1)/2t

)
(x+ yt)

= (x− yt)(x+ yt)

= x2 − dy2,

so that x + yt ∈ G ⇔ (x, y) ∈ Cd. This association is a group isomorphism
between G and (Cd,⊗d), hence the Pell conic is a cyclic group of order q+1.

Looking at the projectivization Pd, since there are no square roots of d in
Fq, then #Pd = q + 1 from Eq. (2.2). This is confirmed also considering(

Pd,⊗d

)
= R⊗d

d /F×q ∼= F×q2/F
×
q ,

which proves also that (Pd,⊗d) is cyclic because quotient of cyclic groups. Thus,
using the group isomorphism φ obtained for a general field in Theorem 2.1 also
proves that (Cd,⊗d) is cyclic of order q+1. In addition, φ allows also to describe
each point of the conic with half the size with respect to the group isomorphism
obtained in Theorem 3.1.

3.2 d square

If we suppose d is a square and fix a square root s of d, then ±s ∈ Fq and Rd is
a ring. As in the previous case, the Pell conic is cyclic because of the following
result.

Theorem 3.2. If d is a square in Fq, then there is the group isomorphism(
Cd,⊗d

) ∼= F×q
(x, y) 7−→ x− sy,(

1 + u2

2u
,

1− u2

2su

)
←− [ u.

Therefore (Cd,⊗d) is a cyclic group of order q − 1 [18].

Proof. Fix a square root s ∈ Fq of d, the norm of a point (x, y) ∈ Cd can be
factorized as

1 = x2 − dy2 = (x− sy)(x+ sy) = uv,

so that

x =
v + u

2
, y =

v − u
2s

,

which results in a bijective correspondence between (x, y) ∈ Cd and (u, v) ∈ F2
q

such that uv = 1. The equation uv = 1 has exactly q − 1 solutions F2
q and, in

particular, a unique solution for each u ∈ F×q . Thus, the map in the statement
is bijective and a group homomorphism, and (Cd,⊗d) is cyclic of order q−1.
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When considering the projectivization Pd, Eq. (2.3) implies #Pd = q − 1
and, as a corollary of Theorems 2.1 and 3.1, we have that Pd is cyclic. However,
as will be observed in Sections 4 and 5, we have a cubic analogous of Theo-
rem 3.1 but not of Theorem 2.1. Thus, in order to have a starting point for the
generalization in the cubic case with cube parameter (Sections 5.2 and 5.3), we
give an alternative standalone proof of the structure of Pd in the quadratic case.

Theorem 3.3. If d is a square in Fq, then there is the group isomorphism(
Pd,⊗d

) ∼= F×q ,

[m : n] 7−→ m− sn
m+ sn

,

[s(1 + u) : 1− u]←− [ u.

Therefore, (Pd,⊗d) is a cyclic group of order q − 1.

Proof. Fix s square root of d in Fq, t2 − d is reducible over Fq as

t2 − d = (t− s)(t+ s),

so that, using the Chinese remainder theorem, there is the ring isomorphism

Rd = Fq[t]/〈t2 − d〉 ∼−−→ Fq[t]/〈t− s〉 × Fq[t]/〈t+ s〉,
[x+ yt] 7−→ ([x+ sy], [x− sy]).

In addition, Fq[t]/〈t − s〉 ∼= Fq[t]/〈t + s〉 ∼= Fq. When passing to the quotients,
we obtain that (

Pd,⊗d

)
= R⊗d

d /F×q ∼= (F×q × F×q )/F×q ∼= F×q ,

through the map in the statement. This confirms that
(
Pd,⊗d

)
is a cyclic group

of order q − 1.

An interesting property of the explicit group isomorphisms obtained in The-
orems 3.2 and 3.3 is that their composition gives the same group isomorphism
obtained for a general field in Theorem 2.1. Indeed, the resulting map is(

Pd,⊗d

) ∼−−→ F×q
∼−−→
(
Cd,⊗d

)
,

[m : n] 7−→ m− sn
m+ sn

7−→

1 +
(

m−sn
m+sn

)2
2m−sn
m+sn

,
1−

(
m−sn
m+sn

)2
2sm−snm+sn

 = (x, y).

We have

(x, y) =

(
(m+ sn)2 + (m− sn)2

2(m− sn)(m+ sn)
,

(m+ sn)2 − (m− sn)2

2s(m− sn)(m+ sn)

)
=

(
2m2 + 2dn2

2(m2 − dn2)
,

4smn

2s(m2 − dn2)

)
=

(
m2 + dn2

m2 − dn2
,

2mn

m2 − dn2

)
,

which is exactly the isomorphism φ obtained for a general field in Theorem 2.1.
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On the other hand, the inverse is given by(
Cd,⊗d

) ∼−−→ F×q
∼−−→
(
Pd,⊗d

)
,

(x, y) 7−→ x− sy 7−→ [s(1 + x− sy) : 1− x+ sy] = [m : n].

If 1 + x+ sy 6= 0, then we have

[m : n] = [s(1 + x− sy)(1 + x+ sy) : (1− x+ sy)(1 + x+ sy)]

= [s(1 + 2x+ x2 − dy2) : 1 + 2sy + dy2 − x2]

= [2s(1 + x) : 2sy] = [1 + x : y].

On the other hand, if 1 + x+ sy = 0, then we have{
1 + x+ sy = 0,

x2 − dy2 = 1
⇒

{
x = −1− sy,
1 + 2sy + dy2 − dy2 = 1

⇒

{
x = −1,

y = 0,

so that

[m : n] =

{
[0 : 1], if (x, y) = (−1, 0),

[1 + x : y], otherwise.

This is exactly the isomorphism φ−1 obtained for a general field in Theorem 2.1.

4 The cubic Pell equation

In this section, we introduce and study the cubic Pell equation in a way similar
to the one used in Section 2 for the quadratic case. Then we approach the study
of the Pell cubic equation over finite fields in the next section.

Given a field F and an element r ∈ F, we consider the polynomial ring

Rr := F[t]/〈t3 − r〉
=
{

[x+ yt+ zt2] = {x+ yt+ zt2 + k(t)(t3 − r) | k(t) ∈ F[t]}
∣∣x, y, z ∈ F

}
,

which inherits from the polynomial product the operation

[x1 + y1t+ z1t
2] · [x2 + y2t+ z2t

2] = [x1x2 + r(y1z2 + z1y2)

+ (x1y2 + y1x2 + rz1z2)t

+ (x1z2 + y1y2 + z1x2)t2].

Considering the cubic roots of unity {1, ω, ω2}, an element [x+yt+zt2] ∈ Rr

has two conjugates

[x+ yωt+ zω2t2], [x+ yω2t+ zωt2],

which we use analogously to the quadratic case to define the norm

Nr[x+ yt+ zt2] := [x+ yt+ zt2] · [x+ yωt+ zω2t2] · [x+ yω2t+ zωt2]

= x3 − 3rxyz + ry3 + r2z3.
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As for the Pell conic, this allows to provide a trivial group isomorphism between
the unitary elements of Rr with respect to the norm Nr

U(Rr) := {[x+ yt+ zt2] ∈ Rr |Nr[x+ yt+ zt2] = 1},

and the Pell cubic

Cr := {(x, y, z) ∈ F3 |x3 − 3rxyz + ry3 + r2z3 = 1},

that, with the generalization of the Brahmagupta product

(x1, y1, z1)�r (x2, y2, z2) :=
(
x1x2 + r(y1z2 + z1y2),

x1y2 + y1x2 + rz1z2,

x1z2 + y1y2 + z1x2
)
,

is a commutative group with identity (1, 0, 0) and inverse of an element (x, y, z)
given by the product of its conjugates

(x, yω, zω2)�r (x, yω2, zωt2) = (x2 − ryz, rz2 − xy, y2 − xz).

Due to this group isomorphism, in the following we will use the norm Nr also
for the points of the cubic and the notation �r also for denoting the product
over Rr. In general, we denote by (x, y, z)�rk the k-power of (x, y, z) with �r.

As for Definition 2.1, we can consider the set of the invertible elements of
Rr with respect to �r, denoted as

R�r
r := {[x+ yt+ zt2] ∈ Rr |Nr[x+ yt+ zt2] 6= 0},

as well as introduce a projectivization related to the Pell cubic.

Definition 4.1. The projectivization of Rr is Pr := R�r
r /F×, so that the

elements of Pr are the classes of equivalence of the elements [l+mt+nt2] ∈ R�r
r ,

i.e., they are of the form

[l : m : n] := {λ[l +mt+ nt2] |λ ∈ F×}.

If n ∈ F×, then [l+mt+nt2] is equivalent to [ln−1 +mn−1t+ t2] and we choose
[ln−1 : mn−1 : 1] as canonical representative in Pr. Otherwise, if n = 0 and
m ∈ F×, then we can take [lm−1 : 1 : 0] and finally, when m = n = 0, the
canonical representative is [1 : 0 : 0].

Since the product �r consists of homogeneous polynomials, it is well defined
also on Pr and determines a commutative group with identity [1 : 0 : 0] and
inverse of [l : m : n] given by [l2 − rmn : rn2 − lm : m2 − ln], i.e.,

[l : m : 1]�r [l2 − rm : r − lm : m2 − l] = [1 : 0 : 0],

[l : 1 : 0]�r [l2 : −l : 1] = [1 : 0 : 0].

Differently from the quadratic case, the group isomorphism between (Pr,�r)
and (Cr,�r) is not easy to find. However, we study the structure of the projec-
tivization depending on the parameter r since it is useful for giving a complete
characterization of the Pell cubic over finite fields, i.e., generalizing the results
in Section 3. Specifically, there are three possible cases:

9



1. if r is not a cube in F, then Nr[x+ yt+ zt2] 6= 0⇔ [x+ yt+ zt2] 6= [0] and

Pr =
{

[l : m : 1], [l : 1 : 0], [1 : 0 : 0] | l,m ∈ F
}

∼ (F× F) ∪ (F× {α}) ∪ {(α, α)},
(4.1)

where (α, α) denotes the point at infinity and F×{α} is a line at infinity;

2. if r is a cube and {1, ω, ω2} ⊂ F, then F contains also all the cubic roots of
r that, when denoting one of them with s, are {s, sω, sω2}. In this case,
t3− r = (t− s)(t− sω)(t− sω2) and the elements of norm zero in Rr must
be multiples of the classes of the three zero–divisors, i.e.,{

[x+ yt+ zt2] ∈ Rr |Nr[x+ yt+ zt2] = 0
}

=
〈
[t− s], [t− sω], [t− sω2]

〉
.

Looking at the projectivization, this means that

Pr = {[l : m : n] | l,m, n ∈ F}r
〈
[−s : 1 : 0], [−sω : 1 : 0], [−sω2 : 1 : 0]

〉
.

Hence, in order to obtain an explicit form for Pr like in Eq. (4.1), we need
to study the multiples of these three elements.

The multiples of [−s : 1 : 0] are, for any l ∈ F,

[−s : 1 : 0]�r [l : 1 : 0] = [−ls : −s+ l : 1],

and, for any l′,m′ ∈ F,

[−s : 1 : 0]�r [l′ : m′ : 1] = [−l′s+ s3 : −m′s+ l′ : −s+m′]

=

{
[−s(l′ − s2) : l′ − s2 : 0], if m′ = s,[
−
(

l′−s2
m′−s

)
s :
(

l′−s2
m′−s

)
− s : 1

]
, otherwise

=

{
[−s : 1 : 0], if m′ = s,

[−ls : l − s : 1], with l = l′−s2
m′−s otherwise.

We obtain analogous results for the other multiples, specifically〈
[−s : 1 : 0]

〉
= {[−s : 1 : 0], [−ls : l − s : 1] | l ∈ F},〈

[−sω : 1 : 0]
〉

= {[−sω : 1 : 0], [−lsω : l − sω : 1] | l ∈ F}, (4.2)〈
[−sω2 : 1 : 0]

〉
= {[−sω2 : 1 : 0], [−lsω2 : l − sω2 : 1] | l ∈ F}.

In order to list precisely the elements of Pr, we still need to study the
intersections between the three obtained sets: if 0 ≤ i < j ≤ 2, then
[−lsωi : l − sωi : 1] = [−l′sωj : l′ − sωj : 1] if and only if{
−lsωi = −l′sωj ,

l − sωi = l′ − sωj
⇔

{
l = l′ωj−i,

l′ωj−i − l′ = sωi − sωj
⇔

{
l = −sωj ,

l′ = −sωi.

This means that, for any 0 ≤ i < j ≤ 2,〈
(−sωi, 1, 0)

〉
∩
〈
(−sωj , 1, 0)

〉
=
{

[s2ωi+j : −s(ωi + ωj) : 1]
}

=
{

[s2ωi+j : sωk : 1], k = 3− i− j
}
.
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Thus, when listing the elements of Pr by using the sets in Eq. (4.2), we
have to consider that three elements are obtained twice. In particular, in
〈[−sωi : 1 : 0]〉, they are those with second coordinate m = sωk for k 6= i.
For instance, one of the duplicates can be removed by the list by excluding
for each i ∈ {0, 1, 2} the element with m = sωi−1, so that

Pr =
{

[l : m : 1], [l : 1 : 0], [1 : 0 : 0] | l,m ∈ F
}

(4.3)

r
⋃

i∈{0,1,2}

{
[−sωi :1 :0], [−(m+sωi)sωi :m :1] |m ∈ Fr{sωi−1}

}
.

3. if r is a cube and F does not contain any non–trivial cubic root of unity,
i.e., {ω, ω2} 6⊂ F, then only one root s of r is in F and in F[t]

t3 − r = (t− s)(t2 + st+ s2).

The elements of norm zero are multiple of the zero–divisors, i.e.,{
[x+ yt+ zt2] ∈ Rr |Nr[x+ yt+ zt2] = 0

}
=
〈
[t− s], [t2 + st+ s2]

〉
.

As before, when considering the projectivization, the non–trivial multiples
of [−s : 1 : 0] are [−(m+ s)s : m : 1] for m ∈ F.

This list already contains all the non–trivial multiples of the second zero–
divisor since for every [l : m : n] non multiple of [−s : 1 : 0], we have

[s2 : s : 1]�r [l : m : n] = [s2(l+ms+ns2) : s(l+ms+ns2) : l+ms+ns2]

= [s2 : s : 1].

In conclusion, the elements in the projectivization are exactly

Pr =
{

[l : m : 1], [l : 1 : 0], [1 : 0 : 0] | l,m ∈ F
}

r
{

[−s : 1 : 0], [−(m+ s)s : m : 1], [s2 : s : 1] |m ∈ F
}
.

(4.4)

5 The Pell cubic over finite fields

In this section, we give a full description of the solutions of the cubic Pell
equation when F = Fq with q = pk and p prime. This characterization depends
on the parameter r ∈ Fq and there are three different scenarios due to the value
of gcd(3, q − 1) in the extended Euler criterion:

r ∈ Fq is a cube⇔ r(q−1)/ gcd(3,q−1) = 1.

5.1 r non–cube

From the Euler criterion, a finite field Fq contains a non–cube element r if and
only if gcd(3, q − 1) > 1⇔ q ≡ 1 (mod 3), so that (q − 1)/3 = bq/3c and{

r(q−1)/3 6= 1,

rq−1 = 1
⇔ rbq/3c = ω, primitive cubic root of unity.

In this case, the polynomial t3 − r is irreducible over Fq, so that

Rr = Fq[t]/〈t3 − r〉 ∼= Fq3 .

We can obtain a result analogous to Theorem 3.1.
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Theorem 5.1. If r is a non–cube in Fq, then (Cr,�r) is a cyclic group of order
q2 + q + 1.

Proof. We clearly have that R�r
r
∼= F×q3 has q3−1 elements. If G ⊂ F×q3 denotes

the multiplicative subgroup of order q2 + q + 1, then x + yt + zt2 ∈ G if and
only if (x+ yt+ zt2)q

2+q+1 = 1 and

(x+ yt+ zt2)q
2+q+1 = (x+ yt+ zt2)q

2

(x+ yt+ zt2)q(x+ yt+ zt2)

= (x+ ytq + zt2q)q(x+ ytq + zt2q)(x+ yt+ zt2),

where

tq = (t3)(q−1)/3t = rbq/3ct = ωt, ωq = (ω3)(q−1)/3ω = ω,

so that

(x+ yt+ zt2)q
2+q+1 = (x+ yωt+ zω2t2)q(x+ yωt+ zω2t2)(x+ yt+ zt2)

= (x+ yωqtq + zω2qt2q)(x+ yωt+ zω2t2)(x+ yt+ zt2)

= (x+ yω2t+ zωtq)(x+ yωt+ zω2t2)(x+ yt+ zt2)

= x3 − 3rxyz + ry3 + r2z3.

Thus, x+yt+zt2 ∈ G⇔ (x, y, z) ∈ Cr. This association is a group isomorphism
between G and (Cr,�r), hence the Pell cubic is cyclic with order q2 + q+ 1.

Looking at the projectivization Pr, since there are no cubic roots of r in Fq,
then #Pr = q2 + q + 1 from Eq. (4.1). This is obtained also considering that(

Pr,�r

)
= R�r

r /F×q ∼= F×q3/F
×
q ,

which proves also that (Pr,�r) is cyclic because quotient of cyclic groups. In
addition, it is possible to obtain the following result.

Theorem 5.2. If q ≡ 1 (mod 3) and r ∈ F×q is a non–cube, then there is the
group isomorphism

ψ1 :
(
Pr,�r

) ∼−−→
(
Cr,�r

)
,

[l : m : n] 7−→ Nr(l,m, n)bq/3c−1(l,m, n)�r3.

Proof. In order for ψ1 to be a group isomorphism, it must be:

• well defined: if [l : m : n] = [l′ : m′ : n′] ∈ Pr, then there is λ ∈ F× such
that [l′ : m′ : n′] = [λl : λm : λn], and since bq/3c − 1 = (q − 4)/3

Nr(λl, λm, λn)
q−4
3 (λl, λm, λn)�r3 =

(
λ3Nr(l,m, n)

) q−4
3 λ3(l,m, n)�r3

= λq−1Nr(l,m, n)
q−4
3 (l,m, n)�r3,

therefore ψ1 is well defined. In addition, ψ1

(
Pr

)
⊆ Cr because

Nr

(
ψ1([l : m : n])

)
= Nr(l,m, n)q−4Nr(l,m, n)3

= Nr(l,m, n)q−1 = 1;
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• a group homomorphism: given [l1 : m1 : n1], [l2 : m2 : n2] ∈ Pr, by
denoting [l : m : n] = [l1 : m1 : n1]�r [l2 : m2 : n2], we have

ψ1([l : m : n]) = Nr(l,m, n)bq/3c−1(l,m, n)�r3

= Nr(l1,m1, n1)bq/3c−1Nr(l2,m2, n2)bq/3c−1

(l1,m1, n1)�r3 �r (l2,m2, n2)�r3

= ψ1([l1 : m1 : n1])�r ψ1([l2 : m2 : n2]);

• injective: for any [l : m : n] ∈ Pr, ψ1([l : m : n]) = (1, 0, 0) if and only if
Nr(l,m, n)bq/3c−1(l3+6rlmn+rm3+r2n3) = 1,

Nr(l,m, n)bq/3c−1(l2m+ rln2 + rm2n) = 0,

Nr(l,m, n)bq/3c−1(l2n+ lm2 + rmn2) = 0,

with Nr(l,m, n) 6= 0, so that:

– if m,n 6= 0, then{
l2mn+ rln3 + rm2n2 = 0,

l2mn+ lm3 + rm2n2 = 0
⇔ l(rn3 −m3) = 0.

Since r is not a cube, the only solution is l = 0. However, this implies
that rm2n2 = 0, which is satisfied only if m = 0 or n = 0. Therefore,
there are no solutions such that m,n 6= 0;

– if m 6= n = 0, then from the third equation lm2 = 0, i.e., l = 0,
so that [l : m : n] = [0 : 1 : 0] and the first equation becomes
rbq/3c = 1. This is in contradiction with r(q−1)/3 = ω deduced from
our assumption at the beginning of the subsection. Therefore, there
are no solutions such that m 6= n = 0;

– if n 6= m = 0, then from the second equation rln2 = 0, i.e., l = 0, so
that [l : m : n] = [0 : 0 : 1] and the first equation becomes r2bq/3c = 1,
i.e., r(q−1)/3 = ±1. The case r(q−1)/3 = 1 is again in contradiction
with r(q−1)/3 = ω obtained from the extended Euler criterion. On
the other hand, r(q−1)/3 = −1 implies rq−1 = −1, which does not
respect the field order. Therefore, there are no solutions such that
n 6= m = 0;

– m = n = 0 implies [l : m : n] = [1 : 0 : 0] which is a solution.

We have finally proved that ker(ψ1) = {[1 : 0 : 0]};

• the surjectivity follows from the fact that we have an injective map be-
tween two finite groups of same cardinality q2 + q + 1.

In conclusion, ψ1 is a group isomorphism.

Thus, using the group isomorphism ψ1 also proves that (Cr,�r) is cyclic of
order q2 + q + 1. This construction allows also to find all the solutions of the
cubic Pell equation. Indeed, it is sufficient to evaluate ψ1 over all the elements of
Pr, which are [l : m : 1] for all l,m ∈ Fq, [l : 1 : 0] for all l ∈ Fq and [1 : 0 : 0], as
obtained in Eq. (4.1). However, since the explicit inverse is missing, it is difficult
to describe each point of the Pell cubic as a point of the projectivization.
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Example 5.1. Let us consider q = 7 and r = 2, which is not a cube in F7.
Thanks to the previous results we know that the cubic Pell equation

x3 + 2y3 + 4z3 − 6xyz ≡ 1 (mod 7),

admits q2 + q + 1 = 57 solutions and we are able to find all of them evaluating

ψ1([l : m : 1]), ∀ l,m ∈ F7,

ψ1([l : 1 : 0]), ∀ l ∈ F7,

ψ1([1 : 0 : 0]) = (1, 0, 0).

For instance, for finding a random solution of the cubic Pell equation, we can
take two random elements l,m ∈ F7, e.g., l = 3 and m = 5 and evaluate

ψ1([3 : 5 : 1]) = (5, 4, 4).

One can check that

53 + 2 · 43 + 4 · 43 − 6 · 5 · 4 · 4 ≡ 1 (mod 7).

Similarly, we can take l = 4 and [4 : 1 : 0] ∈ P2, so that

ψ1([4 : 1 : 0]) = (2, 4, 1),

is another solution of the cubic Pell equation.

Note that for large values of q this method for finding all the solutions of
the cubic Pell equation is not efficient, since it has complexity O(q2), even if it
is surely better than an exhaustive search that has complexity O(q3).

However, for large values of q it is really interesting to use the above method
for generating random solutions of the cubic Pell equation since, exploiting ψ1

as in the previous example, we are always able to generate different solutions.

5.2 r cube with three roots in Fq

If q ≡ 1 (mod 3), given ω primitive cubic root of unity, then {1, ω, ω2} ⊂ Fq.
In addition, if r is a cube and s ∈ F×q is a fixed cubic root of r, then the other
two cubic roots are ωs, ω2s and {s, ωs, ω2s} ⊆ F×q . In this case, with a proof
analogous to Theorem 3.2, we prove the following result.

Theorem 5.3. If q ≡ 1 (mod 3) and r ∈ F×q is a cube, then (Cr,�r) is isomor-
phic to F×q × F×q through (

Cr,�r

) ∼= F×q × F×q
(x, y, z) 7−→ (x+ ωsy + ω2s2z, x+ ω2sy + ωs2z),(

1 + uv2 + u2v

3uv
,

1 + ωuv2 + ω2u2v

3suv
,

1 + ω2uv2 + ωu2v

3s2uv
,

)
←− [ (u, v).

Proof. Fix a cubic root s ∈ F×q of r, the norm of a point (x, y, z) ∈ Cr can be
written as

1 = x3 − 3rxyz + ry3 + r2z3

= (x+ ωsy + ω2s2z)(x+ ω2sy + ωs2z)(x+ sy + s2z) = uvw,
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so that

x =
w + v + u

3
, y =

w + ωv + ω2u

3s
, z =

w + ω2v + ωu

3s2
,

is a bijective correspondence between the points (x, y, z) ∈ Cr and (u, v, w) ∈ F3
q

such that uvw = 1. The equation uvw = 1 has exactly (q − 1)2 solutions in F3
q

and, in particular, a unique solution for each (u, v) ∈ F×q × F×q . Thus, the map
in the statement is bijective and also a group homomorphism.

When considering the projectivization Pr, it is clear from Eq. (4.3) that

#Pr = q2 + q + 1− 3q = (q − 1)2.

This is confirmed by the following result, obtained analogously to Theorem 3.3.

Theorem 5.4. If q ≡ 1 (mod 3) and r ∈ F×q is a cube, then (Pr,�r) is isomor-
phic to F×q × F×q through (

Pr,�r

) ∼= F×q × F×q ,

[l : m : n] 7→
(
l+ωsm+ω2s2n

l + sm+ s2n
,
l+ω2sm+ωs2n

l + sm+ s2n

)
,

[s2(1+v+u) :s(1+ωv+ω2u) :1+ω2v+ωu]← [ (u, v).

Proof. Fix s cubic root of r in Fq, t3 − r is reducible over Fq as

t3 − r = (t− s)(t− ωs)(t− ω2s),

so that, using the Chinese remainder theorem, there is the ring isomorphism

Rr = Fq[t]/〈t3 − r〉 ∼−−→ Fq[t]/〈t− s〉 × Fq[t]/〈t− ωs〉 × Fq[t]/〈t− ω2s〉,
x+ yt+ zt2 7−→ (x+ sy + s2z, x+ ωsy + ω2s2z, x+ ω2sy + ωs2z).

In addition, Fq[t]/〈t− s〉 ∼= Fq[t]/〈t−ωs〉 ∼= Fq[t]/〈t−ω2s〉 ∼= Fq. When passing
to the quotients, we obtain that(

Pr,�r

)
= R�r

r /F×q ∼= (F×q × F×q × F×q )/F×q ∼= F×q × F×q ,

through the map in the statement.

Combining the obtained results gives the explicit group isomorphism

ψ2 :
(
Pr,�r

) ∼−→(Cr,�r

)
,

[l : m : n] 7→
(
l3 + 2s2l(m2 + smn+ s2n2) + s4mn(m+ sn)

Nr(l,m, n)
,

s2m3 + 2m(l2 + s2ln+ s4n2) + sln(l + s2n)

Nr(l,m, n)
,

s5n3 + 2sn(l2 + slm+ s2m2) + lm(l + sm)

sNr(l,m, n)

)
,

where the sum of the numerators is (l + sm+ s2n)3. The inverse is given by

ψ−12 :
(
Cr,�r

) ∼−→(Pr,�r

)
,

(x, y, z) 7→
[
s2(1+2x−sy−s2z) : s(1−x+2sy−s2z) : 1−x−sy+2s2z

]
.
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The group isomorphism ψ2 allows to find all the solutions of the cubic Pell
equation: it is sufficient to evaluate ψ2 over all the elements of Pr described
explicitly in Eq. (4.3). In addition, differently from the previous case, the explicit
inverse of the group isomorphism can be used to describe each point of the Pell
cubic with two thirds of the size with respect to the classical notation for the
points in F3

q.

Example 5.2. Let us consider q = 13 and r = 5, which is the cube of {7, 8, 11}
in F13. Thanks to the previous results we know that the cubic Pell equation

x3 + 5y3 − z3 − 2xyz ≡ 1 (mod 13),

admits (q − 1)2 = 144 solutions and we are able to find all of them evaluating

ψ2([l : m : 1]), ∀m ∈ F13, l ∈ F13 r {−7m+ 3,−8m+ 1,−11m+ 9},
ψ2([l : 1 : 0]), ∀ l ∈ F13 r {−7,−8,−11},

ψ2([1 : 0 : 0]) = (1, 0, 0).

For instance, for finding a random solution of the cubic Pell equation, we can
take a random m ∈ F13, e.g., m = 3, and another element l ∈ F13 r {8, 3, 2},
e.g., l = 9, and evaluate

ψ2([9 : 3 : 1]) = (3, 4, 3).

One can check that

33 + 5 · 43 − 33 − 2 · 3 · 4 · 3 ≡ 1 (mod 13).

Similarly, we can take l = 4 6∈ {6, 5, 2} and [4 : 1 : 0] ∈ P5, so that

ψ1([4 : 1 : 0]) = (10, 4, 9),

is another solution of the cubic Pell equation.

5.3 r cube with one root in Fq

If q 6≡ 1 (mod 3), then Fq does not contain any non–trivial cubic root of unity.
In addition, each r ∈ F×q is a cube and has only one cubic root s in Fq.

In this case, Eq. (4.4) holds and the projectivization Pr has

#Pr = q2 + q + 1− (q + 2) = q2 − 1,

unless there is a m ∈ Fq such that [−(m+ s)s : m : 1] = [s2 : s : 1] ⇔ 3s2 = 0,
which is satisfied only when q = 3k, in which case #Pr = q2. This result is also
confirmed by the following statement, obtained analogously to Theorem 3.3.

Theorem 5.5. If q 6≡ 1 (mod 3), q 6= 3 and r ∈ F×q , then there is the group
isomorphism (

Pr,�r

) ∼= F×q2 ,

[l : m : n] = {λ[l +mt+ nt2] |λ 6= 0} 7−→
(

l − s2n
l + sm+ s2n

,
m− sn

l + sm+ s2n

)
,

[s2(1−sv+2u) :s(1+2sv−u) :1−sv−u]←− [ (u, v).

Therefore, (Pr,�r) is a cyclic group of order q2 − 1.
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Proof. Given s cubic root of r in Fq, t3 − r is reducible over Fq as

t3 − r = (t− s)(t2 + st+ s2),

so that, using the Chinese remainder theorem, there is the ring isomorphism

Rr = Fq[t]/〈t3 − r〉 ∼−−→ Fq[t]/〈t− s〉 × Fq[t]/〈t2 + st+ s2〉,
x+ yt+ zt2 7−→

(
x+ sy + s2z, x− s2z + (y − sz)t

)
.

In addition, Fq[t]/〈t− s〉 ∼= Fq and Fq[t]/〈t2 + st+ s2〉 ∼= Fq2 . When passing to
the quotients, we obtain that(

Pr,�r

)
= R�r

r /F×q ∼= (F×q × F×q2)/F×q ∼= F×q2 ,

through the map in the statement. This confirms that (Pr,�r) is a cyclic group
of order q2 − 1.

The relation with the Pell cubic when p 6= 3 is given by the following result.

Theorem 5.6. If q ≡ 2 (mod 3) and r ∈ F×q , then the following map is a group
isomorphism

ψ3 :
(
Pr,�r

) ∼−−→
(
Cr,�r

)
,

[l : m : n] 7−→ Nr(l,m, n)bq/3c(l,m, n)

and its inverse is

ψ−13 :
(
Cr,�r

) ∼−−→
(
Pr,�r

)
,

(1, 0, 0) 7−→ [1 : 0 : 0],

(x, y, 0) 7−→ [x/y : 1 : 0],

(x, y, z) 7−→ [x/z : y/z : 1].

Proof. In order for ψ3 to be a group isomorphism, it must be:

• well defined: if [l : m : n] = [l′ : m′ : n′] ∈ Pr, then there is λ ∈ F× such
that [l′ : m′ : n′] = [λl : λm : λn], and since bq/3c = (q − 2)/3

Nr(λl, λm, λn)
q−2
3 (λl, λm, λn) =

(
λ3Nr(l,m, n)

) q−2
3 λ(l,m, n)

= λq−1Nr(l,m, n)
q−2
3 (l,m, n),

therefore ψ3 is well defined. In addition, ψ3

(
Pr

)
⊆ Cr because

Nr

(
ψ3([l : m : n])

)
= Nr(l,m, n)q−2Nr(l,m, n)

= Nr(l,m, n)q−1 = 1;

• a group homomorphism: given [l1 : m1 : n1], [l2 : m2 : n2] ∈ Pr, by
denoting [l : m : n] = [l1 : m1 : n1]�r [l2 : m2 : n2], we have

ψ3([l : m : n]) = Nr(l,m, n)bq/3c(l,m, n)

= Nr(l1,m1, n1)bq/3cNr(l2,m2, n2)bq/3c

(l1,m1, n1)�r (l2,m2, n2)

= ψ3([l1 : m1 : n1])�r ψ3([l2 : m2 : n2]);
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• injective: for any [l : m : n] ∈ Pr, Nr(l,m, n) 6= 0 and

ψ3([l : m : n]) = (1, 0, 0)⇔


Nr(l,m, n)bq/3cl = 1,

Nr(l,m, n)bq/3cm = 0,

Nr(l,m, n)bq/3cn = 0

⇔


(l3)(q−2)/3l = 1,

m = 0,

n = 0,

⇔ [l : m : n] = [1 : 0 : 0];

• surjective: we observe that an entry of ψ3([l : m : n]) is zero if and only
if the corresponding entry of [l : m : n] is null. Thus, given a point
(x, y, z) ∈ Cr, have three cases:

– if y = z = 0, then from the equation of the Pell cubic we have x3 = 1,
that admits only the solution x = 1. Therefore (1, 0, 0) is the only
point of Cr with y = z = 0, and it can be obtained through ψ3 only
from the identity [1 : 0 : 0] of Pr;

– if z = 0 but y 6= 0, then the preimage of (x, y, 0) must have canonical
representative [l : 1 : 0] with{

x = (l3 + r)bq/3cl,

y = (l3 + r)bq/3c
⇒ l =

x

y
;

– if z 6= 0, then the preimage of (x, y, z) must have canonical represen-
tative [l : m : 1] with

x = Nr(l,m, 1)bq/3cl,

y = Nr(l,m, 1)bq/3cm,

z = Nr(l,m, 1)bq/3c
⇒

{
l = x/z,

m = y/z.

In conclusion, ψ3 is a group isomorphism with the wanted inverse.

For sake of completeness, when q = pk with p = 3, with an analogous proof,
we obtain the group isomorphism

ψ′3 :
(
Pr,�r

) ∼−−→
(
Cr,�r

)
,

[l : m : n] 7−→ Nr(l,m, n)q/3−1(l,m, n)�r2.

Thanks to the group isomorphism ψ3, the properties of
(
Pr,�r

)
are inherited

by
(
Cr,�r

)
, i.e, it is cyclic with q2 − 1 elements. In addition, it allows to find

all the solutions of the cubic Pell equation by simply evaluating ψ3 over all the
elements of Pr, which are described explicitly in Eq. (4.4). As in the previous
case, the explicit inverse can be used to describe each point of the Pell cubic
with two thirds of the size of points in F3

q.

Example 5.3. Let us consider q = 11 and r = 9, which is the cube of 4 in F11.
Thanks to the previous results we know that the cubic Pell equation

x3 + 9y3 + 4z3 + 6xyz ≡ 1 (mod 11),
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admits q2 − 1 = 120 solutions and we are able to find all of them evaluating

ψ3([l : m : 1]), ∀m ∈ F11, l ∈ F11 r {−4m+ 5}, (l,m) 6= (5, 4),

ψ3([l : 1 : 0]), ∀ l ∈ F11 r {−4},
ψ3([1 : 0 : 0]) = (1, 0, 0).

For instance, for finding a random solution of the cubic Pell equation, we can
take a random m ∈ F11, e.g., m = 2, and another element l ∈ F11 r {8}, e.g.,
l = 7, and evaluate

ψ3([7 : 2 : 1]) = (9, 1, 6).

One can check that 93 + 9 · 13 + 4 · 63 + 6 · 9 · 1 · 6 ≡ 1 (mod 11).
Similarly, we can take l = 3 6= 7 and [3 : 1 : 0] ∈ P9, so that

ψ1([3 : 1 : 0]) = (4, 5, 0),

is another solution of the cubic Pell equation.
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