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Aeroelastic Analysis through Non-Linear
Beam Finite Elements with Bending-Torsion

Coupling Formulation

Cesare Patuelli?, Enrico Cestino? and Giacomo Frulla®
DIMEAS, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy.

This research paper presents a procedure for static aeroelastic analysis of high aspect-ratio
composite wings. The structural analysis is performed through the finite element method
coupled with an aerodynamic analysis based on the vortex lattice method. The finite element
model is obtained with beam finite elements with bending-torsion coupling formulation, which
allows to consider the material coupling given by oriented anisotropic material. An advanced
formulation of the same beam element can be used to consider geometric non-linearities. An
iterative procedure computes the aerodynamic loads acting on the initially undeformed
structures, then the obtained deformation is used to compute the aerodynamic loads for the
deformed configuration until convergence. The aeroelastic analysis can be repeated for
different speeds to find the divergence speed. This procedure has been tested on previously
published analytical and experimental results on composite structures with different layups
showing good accordance. Moreover, curvilinear lamination has been considered for the
analysis to show the effects on the static aeroelastic performance.

I. Nomenclature
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Cij = Stiffness coefficient

GJ: = Torsional stiffness

EL, = OQut-of-plane bending stiffhess coefficient
Ez = In-plane bending stiffness coefficient
m = Mass

t = Time

v = In-plane displacement component

X = Spatial coordinate

w = Out-of-plane displacement component
® = Axial rotation component

D = Material Density

L, = Polar moment of inertia

0, = Qut-of-plane rotation component
0, = In-plane rotation component

L = Element length

Di = Curvature

M; = Resultant moment

Er = Young tensile modulus

Vir = Poisson coefficient

GLr = Shear Modulus

l = Beam length

D, = Flexural modulus
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0% Off-axis lamina modulus

0y = Ply angle of the kth ply

Zy = Distance up from the midplane to the upper surface of the kth ply
t = Lamina total thickness

Cl, = Lift curve slope

Cly, = Reduced lift curve slope

6, = Fiber orientation at the first section of the beam

6, = Fiber orientation at the end section of the beam

I1. Introduction

A current trend in aviation is toward the use of high aspect ratio wing structures with the scope of improving
efficiency and reducing structural weight. The resulting slender structures are highly flexible and the large
deformations can introduce nonlinear structural effects that affect the aeroelastic properties of the structure [1]-[4].
Divergence is a typical aeroelastic instability involving torsion deformation which can potentially increase and become
critical. Bending-torsion flutter is an aeroelastic dynamic instability that causes increasing amplitude oscillation and
can become dangerous for structural integrity. Non-linear effects can sensibly affect the aeroelastic properties of a
structure [5] and therefore must be accounted for during the early design stages. Patil et. al [6] studied the effect of
structural geometric non-linearities on the flutter behavior of high aspect-ratio wings and observed a significant change
in structural frequencies and a reduction of the flutter speed. Sherrer et al. [7] used aeroelastic tailoring to increase the
divergence speed of a composite forward-swept wing and validated the results through low-speed tunnel tests. Guo
[8] demonstrated aeroelastic tailoring to significantly reduce the weight of aircraft structures and increase up to 30%
of the flutter speed. Librescu and Song [9] adopted a thin-walled anisotropic composite beam model to study the sub-
critical static aeroelastic response and the divergence instability of swept-forward aircraft wing structures. Li et al.
[10] presented a rapid computational fluid dynamics-based aeroelastic tool that used a reduced order model for
aerodynamics that is updated for any modification of the structure by using the structural dynamics reanalysis method.

Coupled computational fluid dynamics and finite element method formulation for aeroelastic analysis can be used
for detailed simulations [11]. These models are generally very advanced and usually require a large computational
power which is not efficient for early design stage optimizations. For this reason, low-order structural models can help
to reduce the computational cost and guarantee similar accuracy for preliminary optimizations. Geometrically exact
beam formulation is a popular approach [11], [12] and has been used in several works for highly deformed wing
structure analysis. Drela [13] used beam elements with non-linear formulation to develop an aerodynamic and
structural simulation model for flexible aircraft, while Patil [3] presented a theory for flight-dynamic analysis of highly
flexible wing configurations accounting for geometric non-linearities. More recently, a new class of low-order
structural models relying on high-order modal expansion has been developed [14], [15]. However, these models
require non-linear static responses of a Finite Element Model (FEM) to identify modal expansion terms.

Anisotropic materials can be adopted to enhance the aeroelastic performances of wing box structures according to
the concept of aeroelastic tailoring [16], [17]. This technique demonstrates important advantages when combined with
composite material where the lay-ups can be optimized to mitigate the aeroelastic phenomena. Other aeroelastic
tailoring techniques involve functionally graded materials [18]-[20], variable angle tow [21], [22], or curvilinear
stiffener panels [23], [24]. Aeroelastic tailoring relies on the structural couplings introduced with a specific orientation
of composite fibers or stiffeners to modify the aeroelastic properties of a wing structure. The optimization of these
structures can be very demanding in terms of time and computational costs, for this reason, equivalent models with
beam finite elements can be adopted during early design stages. The problem encouraged the development of
aeroelastic prediction methods that account for the nonlinear effects on highly flexible structures [25]-[27], but the
introduction of a nonlinear beam finite elements that account for the material bending torsion coupling could be a
benefit for this class of analysis.

Recently, a beam finite element with bending torsion coupling formulation (BTCE) has been developed for static
and dynamic analysis [28] and validated through experimental modal analysis [29]. The results demonstrated good
accuracy and performance, moreover, its capabilities as an optimization tool have been demonstrated in [30] where
the element has been employed to find the best configuration with prescribed constraints on deformations and bending-
torsion couplings. The beam finite element has been further developed by introducing a nonlinear formulation, where
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the nonlinear stiffness matrix is derived with a perturbation approach. The derivation of the nonlinear beam finite
element and its experimental validation are part of a research paper currently under review.

This study aims to expand the application of the derived finite element to aeroelastic analysis with a coupled
aerodynamic and structural model. An aeroelastic analysis procedure has been developed to efficiently compute the
deformation induced by aerodynamic loads on composite wing structures. This procedure accounts for the variation
of aerodynamic loads caused by the deformation of the structure. The aerodynamic loads are initially computed for
the undeformed structure and then applied to the structural model. The deformed configuration is then introduced in
the aerodynamic model to obtain the corresponding aerodynamic loads. The process is iterated until convergence or
divergence. The procedure has been tested on composite plates presented in [31] showing good accordance for the
divergence speed obtained with the present procedure and the analytical and experimental results. Moreover, the
aeroelastic analysis has been performed on composite plates with curvilinear lamination to analyze the effects on the
aeroelastic performance.

I11. Bending-Torsion Coupling beam finite Element (BTCE)

This section presents the BTCE used in this research work for structural analysis. The BTCE has been derived by
Patuelli et al. [28] and validated with experimental and numerical results for static and dynamic analysis [29]. More
recently the optimal curvilinear path of panel stiffeners has been determined through a BTCE model implemented in
an optimization algorithm [30]. The BTCE has been derived through Galerkin’s method and with the hypothesis of
constant torsional moment along the element length. The derivation starts with the equation of motion derived
according to [32]-[34] and reported in Equation (1). The terms C;; are the stiffness coefficient which can be redefined
with the convention that C;; = GJ;, C,, = EL,, C35 = EI,, and C,;, = K. Particular attention must be paid to the
coupling term K which links the torsional rotation ¢ with the out-of-plane deflection w, while the in-plane deflection
v isindependent. The approximating functions are reported in Equation (2) with the components of the shape functions
within square brackets associeated to the nodal degrees of freedome of a two node beam element represented in Figure
1.

zZ
T, wy

Mg, 0f

Node, (x = 0)

y
T, v,

M3, 9,

FE,u Node, (x = L)

Fig. 1 Beam finite element reference system [28]
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The residual functions can be written from Equation (1). Integrating over the element length the product of the
residual functions times the shape functions and imposing the result equal to 0, the stiffness matrix can be obtained.
The detailed procedure is presented in [28]. The stiffness matrix [K] is reported in Appendix A.

IV. Non-Linear BTCE

V.

The beam finite element presented in the previous section has been further improved including the non-linear terms
in the stiffness matrix derivation to perform static and dynamic analysis in the presence of geometric non-linearities.
In this case, the stiffness matrix was obtained with Hamilton’s Principle reported in Equation (3).

L
i = f (M,0p, + M,0p, + M;0p3)ds =0 3)
0

With the moments resultants expressed by Equation (4)

M2 = Elzpz + Kpl (4)

{M1 =GJip1 + Kp2
M; = El;ps

The curvatures p,, p, and p5 are described by Equation (5) according to [33]

pl — (pl + U”W,
pz — _WII + U”(p (5)
p3 — _UII + W”(p
The displacement variables are then defined as the sum of an equilibrium term denoted with the suffix 0 and a
perturbation term as in Equation (6).

P=¢ot @
w=w,+ W (6)
vV=vy+ 7V
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Substituting Equation (6) into Equation (5) and neglecting the known equilibrium terms, Equation (5) becomes:

P1

1=

=@ +viw +wyD

~II

p2 = —W"+ vy P+ 7"
ps = —0" +wg'@ + @oW"

@)

Equation (7) can be derived to obtain the differential of the curvatures dp,, dp, and dp; which can be substituted
into Equation (3) to derive the deformed equilibrium configuration-dependent stiffness matrix by integration of
Equation (3). Further detail on the derivation of the non-linear beam element stiffness matrix can be found in [35].

VI. Analysis Workflow

In this section, the analysis workflow is outlined. The aerodynamic analysis is performed with Athena Vortex
Lattice (AVL). AVL is a software created by Mark Drela from MIT Aero & Astro and Harold Youngren. The software
is based on the numerical method Vortex Lattice Method (VLM). VLM calculates lift curve slope, induced drag, and
lift distribution for a given wing configuration. The wing is modeled with horseshoe vortices distributed along the
span and chord. These vertices produce a lift according to four theories, Biot-Savart Law, Kutta-Joukovsky theorem,
Herman von Helmholtz theory, and Prandtl lifting-line theory.

In this work, the objective is to obtain the aerodynamic loads acting on the wing surface and apply them to the
structural linear or non-linear model. The deformation caused by the aerodynamic loads defines a new configuration
with different geometry and incidence of the wing sections. The new geometry is then used as input for AVL to
compute the new aerodynamic loads for a new iteration. The process stops when convergency is reached and the
new loads do not change the geometry or when the incidence of the airfoils indicates that the aeroelastic divergence
has been reached. The analysis workflow is illustrated in Figure 2.

Wingspan
Sweep Angle
Dihedral Angle
Chord
= - Vortices
Iniial Configuration Airfoils
Incidence
Air Density
FlightSpeed
AVL ————> | Aerodyanmic Loads |————> FE M
A
Y
Is the new geometry Deformed
differentfromthe previous Geometry

END

Fig. 2 Analysis workflow
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VII. Aeroelastic Divergence of Stiffness Coupled Graphite/Epoxy Cantilever Plates

The test case chosen for the aeroelastic analysis procedure here presented consists of four graphite/epoxy cantilever
plates with different fiber orientations. Hollowell and Dungundji [31] conducted an analytical and experimental
investigation to determine the aeroelastic divergence behavior of unswept, rectangular wings simulated by
graphite/epoxy, cantilevered plates with various bending-torsion stiffness coupling represented in Figure 3. The plates
were laminated with a midplane symmetric stacking sequence, and the graphite/epoxy tape used for the experimental
models was Hercules ASI/3501-6 with mechanical properties listed in Table 1, with the orthotropic engineering
constants it is possible to obtain the off-axis lamina modulus components Q;;.

x' X
6+
Vo
~
1
C
LN -
y S
Fig. 3 Plate Layout
Table 1. Hercules ASI/3501-6
Property In-plane loading Out-of-plane loading
E, [MPa] 130 x 10° 98 x 103
Er [MPa] 10.5 x 10° 7.9 x 103
vir 0.28 0.28
G.r [MPa] 6.0 x 10° 5.6 x 10°
Ply Thickness [m] 0.134 x 1073
Density [kg/m”3] 1520

The laminate flexural and torsional stiffness can be obtained with Equation (8) according to [36], [37].

D2
GJ, = 4l (1366 - 0_26)

22

K =21 (D16 _ D12D26>
D22 (8)
D?,
Ely = l<D11 —D—22>
13t
EIZ = ELE
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Where the flexural modulus D;; for an n-play laminate with arbitrary ply angle orientation was obtained from
Equation (9), [ is the lamina length and t is the lamina total thickness.

n
Dy =) ¥zt - 7,1/3 ©)
k=1

Where Qi(f"") is the off-axis lamina modulus of the kth ply, 8, the ply angle of the kth ply, and z, the distance up

from the midplane to the upper surface of the kth ply. The flexural moduli computed for the six laminates investigated
are reported in Table 2.

Table 2. Flexural moduli for laminates [Nm] [31]

Laminate D4 Dy, Dy¢ Dy, Dy Deg

[0,/90], 4125 0.096 0 0.490 0 0.243
[+45/0], 1.550 0.928 0.437 1.404 0.437 1.075
[—45,/0] 1.550 0.928 -0.946 1.404 -0.946 1.075
[30,/0], 2.704 0.720 -1.180 0.666 -0.459 0.866

The laminates represented in Figure 3 had an effective length | of 305 mm and a chord ¢ of 76 mm for an aspect
ratio AR=8. The total thickness was six plies. For the divergence analysis the lift curve slope Cl, = dC;/da = 2m has
been empirically reduced with Equation (10) according to [38].

AR
AR + 2

Cly, = Cly * (10)

The BTCE model here presented can be used for the simulation of variable stiffness structures. In [30] different
optimizations on curvilinear stiffener orientation have been performed to achieve specific structural performances. In
this research work, the same idea has been applied to composite fiber orientation to show that curvilinear lamination
can be adopted to improve the aeroelastic performance of a composite wing structure. At this scope, four simulations
with different curvilinear laminations have been conducted. The fibers orientation varies linearly with Equation (11)
with 6, denoting the angle at the first section of the beam and 8, the angle at the last section of the beam (Figure 4).

0(x) =0, +wx (11)

The reference case is the lamination [—45, /0], with 8; = 6, = —45°, then the orientation 6, is kept fixed at —45°
while orientation 68, is considered equals to —30°, —10°, 0°, and +10° for the different cases. Tip deflection and
rotation are computed at different speeds to show the influence of curvilinear lamination on aeroelastic static analysis.
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y K/
01

Fig. 4 Curvilinear Lamination

VIIl. Results and Discussion

The results obtained are summarized in Table 3. The first three columns report the experimental and analytical
results presented in [31], while the last two columns present the results obtained with the procedure here presented
computed for Cl, = 2m and for Cl,,.

Table 3. Divergence velocities [m/s]

Laminate Experimental Analytical Analytical BTCE BTCE

[31] (Cl,=2m)[31] (Cl,,)[31] (Cl, = 2m) (Cly,)
[0,/90], flutter 23 25.0 22.62 24.34
[£45/0], >32.0 No divergence No divergence >32.0 >32.0
[-45,/0], 12.5 9.9 11.1 11.56 12.44
[—30,/0], 11.7 10.2 11.5 11.12 11.94

The laminations [90/0];, [-45,/0]; and [-30,/0]s] which have a negative or null bending-torsion
coefficient presented divergence at a certain speed. The plate with lamination [0,/90]; can be used as a
reference case, the plate has straight fibers and therefore bending, and torsion are uncoupled, during the
experimental tests reported in [31] the specimen experienced flutter right before divergence and this
affected the detection of the divergence velocities. However, as shown in Figure 5, the numerical results
here presented are in accordance with the previously published analytical results. The lamination
[—45,/0]; correspond to a negative bending-torsion stiffness Dy, for this reason, the section of the beam
increases the incidence when the aerodynamic loads cause a deflection. This coupling determines a
reduction of the divergence speed with respect to the straight lamination as shown in Figure 6. The results
present some differences if compared to the analytical divergence velocities, however, they seem to be more
in agreement with the experimental evidence. The test case with lamination [-30,/0]; has the most
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negative bending-torsion stiffness D;4 which reduce further the divergence velocity as shown in Figure 7.
In this case, there is good accordance with both experimental and analytical results.

[0,/90]_
45—
BTCE-AVL
40 - BTCE-AVL CL“

— — - Analytical [31]
— — _Analytical cla 311

5r |

I
I
I
I
I
I
I
I
I
I
| 1
I
I
I
|
I
|
I
|

1 1 1

T T T L
0 o
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

v [m/s]

Fig. 5 Results Comparison plate [0,/90],

[-45,/0]_
45 T T T T T T T T T ‘v T T T T
|
I I
401 BTCE-AVL L 7
BTCE-AVL CLQ | |
35 . ' |
Experimental [31] | |
— — - Analytical [31] | |
30 — — _Analytical el [31] | | T
.
I I
= 7 I 1
£ I I
S 20+ | | 4
I I
15 | | 4
I I
10 | | q
| |
5r | | 1
|
0 . A 1 . . i - L L

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Fig. 6 Results Comparison plate [—45,/0];
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Fig. 7 Results Comparison plate [-30,/0],

Hollowell published other experimental data in [39] concerning the tip deflection and the tip angle of attack of the
lamination [+45/0], and [—45, /0] the results obtained with different initial angle of attack «, have been compared
against the ones obtained with the BTCE model and are presented in Figures 8-11. For the lamination [+45/0], the
results concerning the tip deflection are in good agreement with the experimental data, the deflection predicted with
the BTCE model has a good level of accuracy even for high levels of deformation up to 50%. Some discrepancies are
present in the case where a, = 6° for high deformations. The tip rotation predicted with the BTCE tends to decrease
with the speed, while the experimental tip rotation remains constant or slightly increases.

[+ 45,/0]
180 .

- -
O Exp[31]ay=2
1601 & Exp[311a,=4
Exp [31] a0=6
Exp [31] 0,=8
Exp [31] a,=10
Exp [31] a,=12
BTCE

140 -

>0

120

100

[mm]

tip

80

w

60

40 -

20

0 5 10 15 20 25 30

Fig. 8 Tip Deflection Results [+45/0];

10



Downloaded by Cesare Patuelli on January 17, 2024 | http://arc.aiaa.org | DOI: 10.2514/6.2024-1073

[+ 45,/0]
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O ExpB1lag=2
<> Exp [31] a ;=4

12f
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1or \%B\ Exp [31] a,=10 | |
oo Exp [31] =12

— 8 BTCE 7

= \

S 6F \ 4

000

>0

f——0%
ol 000 ]
>
0 | | | | | |
0 5 10 15 20 25 30
v [m/s]

Fig. 9 Tip Rotation Results [+45/0],

Divergent tendencies of both the tip lateral deflections and angle of attack for the [—45 /0], are apparent in Figures
10-11. The trend predicted with the BTCE model where similar to the experimental results presented in [39], however,
the numerical and experimental results did not correlate. Finally, the numerical data appear to diverge faster than the
experimental data.

[-45,/0]_
120070 Exp 1] ag=2 O ]
O Exp31] =4
100 Exp [31] a0=6 i
O Expl31]a,=8
A Exp[31]a,=10
80 Exp [31] ag=12 1
= BTCE
E
o 60F 1
2
40+ .
20 .
J=| | | | |
A\

o -
o
N
N
N
>
N
o
N
™

20
v [m/s]

Fig. 10 Results Comparison plate [+45/0];

11
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[-45,/0]_

O ExpB1lag=2
<> Exp [31] a=4 |

Exp [31] =6
O Exp[B1ags ||
A Exp [31] a,=10 | |
Exp [31] a;=12
BTCE

0 2 4 6 8 10 12 14 16 18 20
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Fig. 11 Results Comparison plate [—30, /0],

The numerical results for composite beam structure with curvilinear lamination are presented in Figures 12-13. It
is possible to observe that the straight lamination [—45, /0], has the higher coupling effect showing divergence at
low speed. When 6, = —30° The curvilinear path presents almost the same performance as the lamination [—45, /0],
while for 8, = —10° and 6, = 0° the tip rotation and deflection increase slower and present a higher divergence
velocity. For the case where 8, = 10° the coupling goes from negative to positive along the beam length, this causes
a higher bending stiffness which results in a small deflection at a relatively high speed as shown in Figure 13.
Moreover, the variable coupling keeps the tip rotation almost equal to zero for all the speeds considered as shown in
Figure 12.

Curvilinear Fibers Tip Rotation
45 T T T T T

40t

35

30

25

20

My

0 5 10 15 20 25 30 35
v [m/s]

Fig. 12 Tip rotation results for different curvilinear laminations

12
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Curvilinear Fibers Tip Deflection

wtip [mm]

15 20 25 30 35
v [m/s]

Fig. 13 Tip deflection results for different curvilinear laminations

IX. Conclusion

The present research work showed the capabilities of a beam finite element with bending torsion coupling
formulation for static aeroelastic analysis. The procedure which involved a structural analysis by means of a BTCE
model and an aerodynamic analysis based on VLM has been tested against experimental and analytical results
presented in the literature. The divergence velocities predicted with the present method are in good agreement with
experimental results, while tip deflection and rotation did not correlate with the experimental data in one of the tested
cases. The procedure has been applied also to different curvilinear laminations to show their effects on the static
aeroelastic analysis results and the possible application of the BTCE. The BTCE proved to be a versatile analysis tool
that can be integrated into an aerodynamic analysis and can be used for static aeroelastic analysis, moreover, it can be
combined with curvilinear lamination introducing design variables that can be used to achieve specific aeroelastic
performance. The present methodology can be further developed with optimization algorithms for optimization
problems and extended to flutter analysis.

Appendix A.
- 12E1, 6El, 12E1, 6E1, T
B 0 0 0 il 0 0 0 =
0 K, 0 K, 0 0 -K, 0 K, 0
G, K G, K
0 o - 1 0 0 O -4 17 0
K K
0 Kz Z K3 0 0 —K2 —Z K4_ 0
6EI 4E] 6EI 2EI
- 0 - -—]J 0 0 0 -
K1=| t L ; ; (A1)
12EI, 6EI, 12EI, 6El,
E T2 13 0 0 T2
0 _Kl O _Kz 0 0 K1 0 _Kz O
G, K G, K
0 O -4 7 0 0 o - 7 0
K K
0 Kz _z K4_ 0 0 _KZ z K3 O
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