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Abstract

Several operations can be defined on the set of all linear recurrent sequences, such
as the binomial convolution (Hurwitz product) or the multinomial convolution (New-
ton product). Using elementary techniques, we prove that this set equipped with the
termwise sum and the aforementioned products is an R-algebra, given any commuta-
tive ring R with identity. Moreover, we provide explicitly a characteristic polynomial
of the Hurwitz product and Newton product of any two linear recurrent sequences.
Finally, we also investigate whether these R-algebras are isomorphic, considering also
the R-algebras obtained using the Hadamard product and the convolution product.

Keywords Linear recurrence - Convolution product - Binomial product - Hurwitz
product

Mathematics Subject Classification 11B37

1 Introduction

Given a commutative ring with identity (R, +, -), we will denote by S(R) the set of
all sequences a = (a,),>0 such that a, € R, forall n € N. A sequence a € S(R) is
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432 G. Alecci et al.

said to be a linear recurrent sequence of order N if its elements for all n > N satisfy

N
an = Z hian_;

i=1

for some coefficients 4; € R,i = 1, ..., N, where hy is not a zero divisor in R, and
we define

N
pa(t) =tN =Y " hitN T
i=1

as the characteristic polynomial associated to this recurrence relation. The elements
ao, ..., ay— are called initial conditions. We will denote by W(R) C S(R) the set
of all linear recurrent sequences. Moreover, given a € S(R), we will write

oo oo

a
Ao() =Y ant", Act) =3 ",

n=0 n=0 "

for the ordinary generating function (o0.g.f.) and the exponential generating function
(e.g.f.), respectively.

It is well known that S(R) and W(R) can be equipped with several operations
giving them interesting algebraic structures. When R is a field, it is immediate to see
that the element-wise sum or product (also called the Hadamard product) of two linear
recurrent sequences is still a linear recurrent sequence, see, e.g., [8]. In [7], the authors
proved this in the more general case where R is a ring, showing that YW(R) is an R-
algebra and also giving explicitly the characteristic polynomials of the element-wise
sum and Hadamard product of two linear recurrent sequences. Larson and Taft [18, 24]
studied this algebraic structure characterizing the invertible elements and zero divisors.
Further studies about the behaviour of linear recurrent sequences under the Hadamard
product can be found, e.g., in [6, 11, 13, 25]. Similarly, W(R) equipped with the
element-wise sum and the convolution product (or Cauchy product) has been deeply
studied. For instance, YW(R) is still an R-algebra and the characteristic polynomial of
the convolution product between two linear recurrent sequences can be explicitly found
[7]. The convolution product of linear recurrent sequences is very important in many
applications and it has been studied also from a combinatorial point of view [1] and over
finite fields [12]. For other results, see, e. g., [21-23]. Another important operation
between sequences is the binomial convolution (or Hurwitz product). The Hurwitz
series ring, introduced in a systematic way by Keigher [14], has been extensively
studied by several authors [2-5, 15, 19]. However, there are few results when focusing
on linear recurrent sequences [16, 17].

In this paper, we extend the studies about the algebraic structure of linear recur-
rent sequences considering in particular the Hurwitz product and the Newton product
(which is the generalization of the Hurwitz product considering multinomial coeffi-
cients). In particular, we prove that YW(R) is an R-algebra when equipped with the
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Some notes on the algebraic structure of linear... 433

element-wise sum and the Hurwitz product, as well as when we consider element-wise
sum and Newton product. We also give explicitly the characteristic polynomials of
the Hurwitz and Newton product of two linear recurrent sequences. For the Newton
product we also find explicitly the inverses. Moreover, we study the isomorphisms
between these algebraic structures, finding that W(R) with element-wise sum and
Hurwitz product is not isomorphic to the other algebraic structures, whereas if we
consider the Newton product, there is an isomorphism with the R-algebra obtained
using the Hadamard product. Finally, we provide an overview about the behaviour of
linear recurrent sequences under all the different operations considered (element-wise
sum, Hadamard product, Cauchy product, Hurwitz product, Newton product) with
respect to the characteristic polynomials and their companion matrices.

2 Preliminaries and notation

For any a, b € S(R), we will deal with the following operations:

e componentwise sum @, defined by

adb=c, c¢,=a,+b,, Vn=>0;

componentwise product or Hadamard product ©, defined by

a®Ob=c¢, ¢, =a,-b,, Yn>0;

convolution product *, defined by
n
axb=c¢, ¢, = Zaib,,_i, Vn > 0;
i=0
e binomial convolution product or Hurwitz product %, defined by
" (n
axb=c¢, ¢, = Z (i)aibni, Vn > 0;
i=0
e multinomial convolution product or Newton product X, defined by
o n\ (i
aXb=c, ¢, = aib,_i, VYn>0.
=22 (0) (o

Remark 1 The Newton product is also called multinomial convolution product,
because it is the natural generalization of the binomial convolution product using
the multinomial coefficient. Observe indeed that ('}) (;) =(,; ?7]. j).

In [7], the authors showed that (W(R), &, ®) and WW(R), @, *) are R-algebras
and they are never isomorphic. Moreover, givena, b € WW(R) and¢c = a®b,d = axb,
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434 G. Alecci et al.

they proved that

DPe(t) = pa(t) ® pp(t), pa(t) = pa(t) - pp(t), (D

where the operation ® between polynomials is defined as follows. Given two polyno-
mials f () and g(¢) with coefficients in R, said F and G their companion matrices,
respectively, then f () ® g(¢) is the characteristic polynomial of the Kronecker product
between F and G. In the following, we will denote by ® also the Kronecker product
between matrices. To the best of our knowledge, similar results involving the Hurwitz
product and the Newton product are still missing.

Remark 2 Let us observe that the sequences ¢ and d, defined above, recur with charac-
teristic polynomials p.(¢) and p;(¢) as givenin (1), respectively, but these polynomials
are not necessarily the minimal polynomials of recurrence. In the case that R is a ring
without zero divisors, see [8] for more, the minimal polynomial of a linear recurrent
sequence a is the (unique) monic polynomial f(¢) such that it divides any character-
istic polynomial of any linear recurrence relation satisfied by a. In other words, it is
the characteristic polynomial of the linear recurrence relation of least degree satisfied
by a. In general, it is an hard problem to find the minimal polynomials of recurrence
of these sequences, for some results, see [6, 11, 18, 21].

Lemma 3 Given a € S(R), we have that a € W(R) and p,(t) is its characteristic
polynomial if and only if p}i(t) - Ay(t) is a polynomial of degree less than deg(p, (1)),
where p’(t) denotes the reciprocal or reflected polynomial of p,(t).

Proof See [7, Lemma 3.2]. m]

Definition 4 Given two monic polynomials f(¢) of degree M and g(¢) of degree N,

their resultant is res(f(¢), g(¢)) := Hf‘il ]_[j.vzl(oc,- — Bj), where o;’s and B;’s are,
respectively, the roots of f () and g(¢), counted with their multiplicities.

3 R-algebras of linear recurrent sequences

The main results of this section are provided in Theorems 5 and 9, where we prove
that WW(R), @, x) and WV(R), &, X) are R-algebras, finding also the characteris-
tic polynomial of the Hurwitz and Newton product between two linear recurrent
sequences.

Theorem 5 Givena,b € W(R), we have thatr = axb € W(R) and the characteristic
polynomial of r is res(pq(x), pp(t — x)) with pp(t — x) regarded as a polynomial in
x. Moreover, WW(R), @, %) is an R-algebra.

Proof 1t is well-known that (S(R), @, *) is an R-algebra (see, e.g., [14]), thus it is
sufficient to show that YW(R) is closed under the Hurwitz product in order to prove
that OV(R), @, %) is an R-algebra.

Let M and N be the degrees of p,(t) and pj(t), respectively. Without loss of
generality, let us suppose p, () and pj(¢) have distinct roots denoted by oy, ..., oy
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and 1, ..., BN, respectively. We consider the ordinary generating function of the
sequence r = axb,

Ru(t)=+§<l:0 (’l’) a ) fi‘”( )a, it

n=0 i=0 n=i

—Zaz Z()f

n=i

_Za, Z<m+l)bm @

m=0

where Z;O:Oo (m;”i)bmt”’ is the o.g.f of the sequence obtained from the Hadamard

product between b and ((’";”)) 0 ie.,
m>

f(erl) bt" = Jiobtm ® Jio(erl) B(t)Q;
m=0 K - m=0 " m=0 - (l_t)[—H.

Since B, (t) is the ordinary generating function of b € YW(R), it is a rational function
and we can write it as

y ()
Bo(t) =
O= "0 Z 1 ﬁ,t)

for some integers c¢;. Now, we have

1 m m—+1i m
=B t)l+1 ;(ﬂ;f) © Z ( )
£

m=0
1

T A=t
and we get that

1 N

_ €j
1- I)H-l - ; (1— ﬂjt)i—H'

Bo(t) © ——— i ' %
DO Gy = /,_IC’ 1—Bjt
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436 G. Alecci et al.

Thus, from (2) we obtain

N N +00

¢ B ¢ o
Ro0) = Z“’ Z a—pnt — Z 1= Bt Z“l(l — Bty

j=
t
Zl—ﬁ/ <1_/3jt)

o)
2 ()

where 6(¢) is a polynomial of degree less than M. Let p(t) = res(p,(x), pp(t —
x)), then p(t) = ]_[24:1 ]_[lNzl(t —ap — B;) and its reciprocal polynomial is
p*@) = ]_[}]:/[:1 ]_[lNzl (1 — (ap + Bp)1). In particular, it is possible to rearrange the last
formula in the following way

=
1=

M N
pro=[][]0 -8t —an=

h=1I[=1

ot
(I=pir) (1 ~ 1 —ﬁzt)
N
1-8 1-
1( lt)l_l( ﬂzt)
1 -
Pb(t)}]( 1—/31l)

=Lrio] MHﬁ( 1—,31t>

h=1
) “)

N
Pb(f) 1_[ (

>
Il
-
—
I
_

I
=
1=

>
I

1

—
Il

I
:la

h

~
—

Combining (3) and (4) we get

pr®) - Ro(t) = pb(t)

|:|2

( )i o ()

_ L=pit) \ i A= BjD) p;(lf_)
N

= [rio]” Zl—ﬁ, (l—ﬁ/> np“<1—ﬁzt> ©

l#/

@ Springer



Some notes on the algebraic structure of linear... 437

Moreover, we can express the function § (17;}3[) as
J

t M- t h
1) = Sp -
(1—/3/t) ,; ! <l—ﬁﬂ>

2’[:*01 5hlh(1 —ﬁjt)M_l_h

(1—pjHM-1
_ wj(t)
(1= gnpM-r

with deg(u;(t)) < M — 1. Applying the same reasoning, we have

( t )_Zﬁomha—ﬂm’”—h
pa - M
1 - Bt (I-8;1)

_ &)

(1-ginM

with deg(&;(¢)) < M. Hence, Eq. (5) becomes

LA TGN ~ S 310
p*(t) -R,(1) = [pZ(t)] Z 1 —jﬂ/t . - IBJI'I)M_l : l_[ (1 _jﬂjt)M
j=1 ’ ’ 1Z)
. TS, &)
I[#]

Mm@
= [pp®)] 2:: (1—pginM H;V:I(l - BinM
17)

N H; 151 N
= [ps "> i Zc,u,(t)]"[sjm ©)
Jj=1 [ b() Jj=1

#J

We have from (6)

N N
deg (p* (1R, (1)) =deg | D cjnj][&® | <M =1+ (N-1)M = MN—1,

j=1 I=1

! 1%
thus, by Lemma 3, r is a linear recurrent sequence whose characteristic polynomial is
p(t) = res(pa(x). pp(t = ). 0
Remark 6 Givena,b € W(R),ifay,...ap and 8y, ..., By aredistinctroots of p,(¢)
and py,(t) respectively, then, by Theorem 5, the roots of the characteristic polynomial
ofaxbare o; +Bj,foranyi =1,...,Mand j =1, ..., N. Moreover, we would like
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438 G. Alecci et al.

to highlight that the proof of Theorem 5 can be adapted also in the case of multiple
roots.

In the following Proposition, we see a way for writing the Newton product in terms
of the Hurwitz and Hadamard ones.

Proposition7 Given a,b € W(R), then aX b = [(ax]l) © (bx1)]xe, where 1 :=
(1,1, 1,...) and e := ((—1)")y>0.

Proof The nth terms of a1 and bx1 are by definition Y7 (7)a; and Y_7_ (*)bi,

i

respectively. Thus, the nth term of (ax1) @ (bx1) is Y_1_o (%)as >_/—y (})bs, and

s
consequently
n n i i i
_l n—i
. (z')( : Z(s)””
i=0 s=0

1=

is the nth term of [(ax1) © (bx1)]xe.
Considering the definition of the Newton product, we need to prove the equality

,.X:(; (?)(—1);“' Xl: (;>a Xl: C)b, = Z;;/X;E‘) (:’) (;)a,-bn_j, Vi > 0. (7)

s=0 t=0

Let ¢; = Y (()as Yio (1)br and dy = 3}y Z;:o (7)(;)“1""17]’ then (7) is
equivalent to

3 <’Z)<—1>"c,» = (~1)"dy. @®)
i=0

Exploiting the Newton’s inversion formula (see, e.g., [10, Equation 5.48]), i.e.,

n n

3 (?)(—l)if(i) =g & f) =) (?)(—ng(i), ©
i=0 i=0

for some arithmetic functions f and g, Eq. (8) becomes

Z(’Z)(—l)%—l)"d,- = cn,

that is

n i k . n n

n i k) <n> (n)

) axbi— ;i = ag b;. (10)
()R ()G =2 () ()
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So, showing that (10) holds is equivalent to prove (7). Now, we can write the first

member of (10) as
23 (1)()()errs av

j=0s=j i=s

From (11) we have 0 < j < s < i < n, and we can rewrite (11) in the equivalent

form
LS

where, setting t =i — j, sothats <t + j < n, we obtain
s n—j
t
> % () ()b 12
s=0 j=0r=s—j J

Observing that

(n )(t+j)_ n!
t+j s )] m—t— DIt +j—s)s!

_ nl'(n —s)!
=Sl —t— P+ —)!

-()622)

the term (12) becomes
s
(75 op oy vk TH
Finally, setting m = s — j, we have 0 < m < s and we get

Sn;o (:)as i n_im <n - sn—_(ts— m)) (S —S’”)bt

m=0 t=m

EO-EE 0

s=0 m=0 t=m

-2 (22 (0)0)

§=
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440 G. Alecci et al.

I
=
S
I/
v 3
N~
8
=
S
S
N~
s

where the last equality is due to Vandermonde’s identity Y, _ ("=2)(}) = (). O

Remark 8 The previous proposition can be proved also exploiting the umbral calculus
(see [20] for the basic notions). Given a, b € S(R), let us consider two linear func-
tionals U and V defined by U(W”) =a, and V(Z™) = b,,. The nth term of (a X b)x1
is Y10 (1) Yo Xh=0 )( )axbi—; and it can be obtained using the functionals U
and V in the following way:

(S0 505

—uv( ()zl?j(i)(w+W/Z)")
—UV( ()(ZW+W+Z)’>

=UV({(ZW+W+Z+ 1"
Now, the last quantity can be rewritten as

UVI(Z+ D" W+ D) =UVEZ+1D)'W+1D"

—o(v(S(0)z)ore )
o (3o
(e (S50 )
(02 ()

which is the nth term of the sequence (ax1) © (bx1).

N

ST

§=l

Theorem 9 Givena,b € W(R) we have that c = aXb € W(R) and the character-

istic polynomial of ¢ is ]_[l 1 ]_[ _1(t = (o; + Bj + @i B})), where M = deg(p, (1)),
= deg(py(t)), a;’s are the roots of pa(t) and B;’s the roots of pp(t). Moreover,
(W(R), @, X) is an R-algebra.
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Proof Firstly, we show that (S(R), &, X)) is an R-algebra. This is an immediate conse-
quence of Proposition 7. Indeed, since alklb = [(ax1) © (bx1)]xe, it is straightforward
to see that X satisfies all the properties characterizing (S(R), @, K) as an R-algebra.
Moreover, since (1,0, 0, ...) is the identity element for the Hurwitz product and e is
the inverse of 1 with respect to x, we have that (1, 0, 0, .. .) is the identity also for the
Newton product.

Given a,b € W(R), we have a X b € W(R) by Proposition 7, thus also
W(R), &, X) is an R-algebra.

By Theorem 5 and Remark 6, we can observe that, given a, b € W(R), then ax1
and bx1 are linear recurrent sequences whose characteristic polynomials have roots
aj+1land Bj +1,fori =1,...,Mand j = 1,..., N, respectively. Moreover,
since e is a linear recurrent sequence whose characteristic polynomial is 7 + 1, then
[(ax1) © (bx1)]xe has characteristic polynomial whose roots are (o; +1)(8;+1)—1 =
oz,-+,8j+ociﬂj,f0ri=1,...,Mandj=1,...,N. O

Proposition 10 Ler a € S(R) be invertible with respect to the Newton product, then,
said b its inverse, we have

PN " /n v 1
by = (1) ;(t)< 1) SIS (13)
foranyn > 0.

Proof Remembering that the identity element for the Newton product is (1, 0,0, ...),
we have that agbg must be 1, i.e., by = ao_l. When n > 1, we have that

; (?)(—1)""’ ;‘; (i)as ; (i)bt =0,

ie.,

Let us define
. i i i i n n ,' .
[ =Y (S>as ; (t)bt, g(n) := ; (i)(—n £,

s=0

where g(n) = 0, when n > 1 and g(0) = 1. By Newton’s inversion formula (9), we
obtain

fmy=%" (’Z)(—l)"g(i»

i=0
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442 G. Alecci et al.

Since g(i) = O foralli > 1, we have f(n) = 1 for all n > 0, thus
n n n n

0 S 0p

s=0 t=0

or, equivalently,

n

> ()= s e

Letd, = W, applying Newton’s inversion formula, we get for alln > 0
s=0 \s /s
"\ (n "\ (n
dy=Y" (t>(—1>'(—1)’bz & (=D'by=) <t>(‘”"’“
=0 t=0
therefore

. 1
b, = (=" Z (?) (—l)tm.

=0 s=0\s
O

Remark 11 We point out that a is invertible with respect to the Newton product if and
only if all the elements of a are invertible elements of R, as well as it happens for the
Hadamard product.

Let us notice that every a € W(R) can be associated to its monic character-
istic polynomial p,(#) with coefficients in R and this polynomial to its companion
matrix A. Thus, the results we found for the R-algebras VW (R), &, ©), W(R), &, %),
W(R), @, x), and OV(R), &, X)), enable us to give to the set of the monic polyno-
mials Pol(R) with coefficients in R some new algebraic structures. Moreover, we
can also observe what happens to the roots and to the companion matrices of the
characteristic polynomials.

Let us consider a, b € WW(R) with characteristic polynomials of degree M and N,
whose roots are «1, ..., oy and Bi, ... By, respectively. The sequences a + b and
a x b both recur with characteristic polynomial p,(¢) - pp(?).

Regarding the Hadamard product, we have already observed that the characteristic
polynomial of ¢ = a © b is p.(t) = pa(t) ® pp(t), whose roots are «;f;, for
i=1,...,Mand j =1,..., N. Thus, starting from the R-algebra VV(R), &, ©),
we can construct the semiring (Pol(R), -, ®) whose identity is the polynomial r — 1.
Said A, B, and C the companion matrices of p,(t), pp(t) and p.(t), we have that
C = A ® B, where ® is the Kronecker product between matrices. Thus C is a
mn X mn matrix with eigenvalues the products of the eigenvalues of A and B.

Similarly, starting from the Hurwitz product, we can construct a new operation in
Pol(R). Given ¢ = axb, we proved that p.(¢) hasroots o; + 8;,fori =1, ..., M and
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j=1,..., N.The matrix A ® I,, + I,, ® B is a mn x mn matrix, whose eigenvalues
are the sum of the eigenvalues of A and B. Thus, we can define p.(t) = p,(t)*pp(t)
as the characteristic polynomial of the matrix A ® I, + I, ® B and we get the semiring
(Pol(R), -, %).

Finally, given ¢ = a X b, we know that p.(¢) has roots a; + B; + a; B}, for
i=1,...,Mand j =1,..., N. In this case, we can define p.(t) = p,(t) X pp(t)
as the characteristic polynomial of the matrix A® I,, + I,, ® B+ A ® B, whichis a

mn x mn matrix, whose eigenvalues are exactly o; + 8; +«;8j,fori =1,..., M
and j = 1,..., N. Thus, we have that (Pol(R), -, X) is another semiring of monic
polynomials.

4 On isomorphisms between R-algebras

In [7], the authors proved that VV(R), ®, ®) and (WW(R), @, *) are never isomor-
phic as R-algebras. In the following we prove similar results for the other algebraic
structures that we have studied in the previous section.

Theorem 12 The R-algebras OV(R), ®, ©) and (W(R), ®, *) are not isomorphic.

Proof Let us suppose that ¢ : W(R),®,O) — (W(R), P, *) is an injective
morphism and consider a := (1,0,0,0,...)and b :=(0,1,0,0,...).

Then ¥(a © b) = ¥ (a)xy(b) = (0,0, ...) and, by injectivity, {(a), ¥ (b) #
0,0,...). Let Ag/(t) and B;// (7) be the exponential generating functions of v (a) and
¥ (b), respectively. From v (a)xy(b) = (0,0, .. .), it follows that AY (1) BY (t) = 0.
Thanks to Lemma 3, we have

Pl @AY (0) = h(1) (14)
with deg(h(t)) < deg(pjz(a)(t)).
Now, let us consider the map y : 22‘;0 a,t" — Z?zo=0 %t”, which is an isomor-

phism between the ring of ordinary power series and the Hurwitz series ring, see, e.g.,
[3]. Applying y to (14), we obtain

7 (Pja®) AL ©) =y (h(t)

where pfz(a) (t) can be viewed as a formal series with an infinite number of zero

coefficients. Multiplying by y ( pfz @ (1)) the equation Af (t)Bf (t) = 0, it becomes

y(h(@)BY (1) =0

which implies h(t)Bf,// (t) = 0. From this, it follows that there is a nonzero element
w € R, such that wB;p (#) =0 ([9, Eq. (2.9)]) and wb = 0, which is absurd. O

Theorem 13 The R-algebras W (R), @, ®) and OV(R), ®, X) are isomorphic.

@ Springer



444 G. Alecci et al.

Proof The explicit isomorphism is ¥ : WW(R), &, ©) — (W(R), &, X) defined by
Y(a) := axe, where e = ((—1)"),>0. Indeed, by Theorem 5, the map ¢ is well-
defined (in the sense that a linear recurrent sequence is mapped into a linear recurrent
sequence). Moreover, since 1 is the inverse of e with respect to the Hurwitz product,
it is straightforward to check injectivity and surjectivity. Finally, by Proposition 7, we
have

Y (a) Xy (b) = (((axe)x1) O ((bxe)x1))xe = (a O b)xe =¥ (aOb),

since ex]1 = (1,0,0,...). |

Theorem 14 Let R be an integral domain, if v : OV(R), ®, x) — W(R), D, *) isa
morphism, then VW is not injective.

Proof Let us suppose that ¥ : OV (R), ®, x) — (W(R), @, %) is an injective mor-
phism. Let us denote by (v (a)); the ith term of the sequence v (a). The nth term of
Y (@)xy (b) is

— (" | R\ @) ()
;(l.)(w(a))l(x/f(b))n,_nzg(l) R

Then, considering v (a * b) = ¢ (a)xy (b), for any a, b € W(R), we obtain

Y(@axb) = (Y@ of wymdofHof (15)

where we define the formal sequences f := (1, 2!, 3!,...) and -1 .= (1, % % ).

We defineamap 7 : OV(R), ®, ¥) — OW(R), ®, *) such that t(a) = ¥ (a) Of L.
By definition, we have that t(a @ b) = 7(a) @ t(b), r(axb) = t(a) * t(b), for any
a,b € W(R) and ker(t) = 0 where 0 = (0, 0,0, ...).

Let 7 be a map that acts over the ordinary generating functions such that if A(¢) =
S Fo0 @t then T(A(1)) = 3 25 ((a)),t". From the properties of 7, it follows that

T(A@) + B(1) = T(A@) + T(B(1)), T(A@)B(1)) =T(A()T(B(1))
and
T(A(t)) =T(B()) < A@) = B().

When we consider A(¢) = 1 and B(¢) = 1, we clearly have

() =7(1-1) = 2(HF(1)

and this implies T(1) = 1. Indeed, by the injectivity of 7, we can not have 7(1) = 0
because 7(1,0, ...) should be 0. In the case that A(t) =t and B(t) = —t, then

0=70)=7@—1t)=7T@) +7T(—1),
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which implies 7(—7) = —7(¢). Moreover, when A(t) =t and B(t) = +~1, then
l=t()=%¢ -t H =707,

so 7(r~ ) = (F(r)~ L.
Lastly, if A(#) = B(¢t) = t, then

T =51 -1 =TT 0),
so T(t2) = (7 (1))? and T(nt) = nt(t),Vn € N

Now, let us consider A(1) =tand 7(¢) = ) 0 % s,t", then from 7(12) = (£(1))? it
follows that

> 2 2Ue+1
ity Sis2%u+1—i =0
§ S; S " = o (16)
(nX_(:) " ) nX(:) (Z o l) :Z?io SiS2k—i = Sk

i.e, if we consider the square of the ordinary generating function 7(¢), seen as the
product between 7 (¢) and itself, it must be equal to T (¢2), then the coefficients of the
even powers are zero and the coefficients of the odd powers are s;. From (16), we
obtain sg = sg and we may have so = 0 or so = 1. In the case that so = 1, thens; = 0,
Vi > 1, and 7(¢) = 1. But this can not happen because, if so, we should have

() =1=71(D),
which implies T(¢ — 1) = 0, i. e., t = 1. Whereas, if so = 0, then s = s% ands; =0
or s; = 1. In the case that s; = 1, thens; = 0,Vi > 2, and T(¢) = .
In the case that s; = 0, then 5, = s% so s = 0 or s = 1. Repeating the same

reasoning and exploiting (16), we get that 7(¢) = * must hold for a fixed k > 1.
Let us consider A(t) = ﬁ, then

H(A-nH=FEW -t "= -F0) ' =a-H"L

By definition,

(:) =7 (Zt ) Z(r(l))nr”, an

n=0

and, since from some k£ > 1 we have 7(t) = t*, we also have

<1_t> Ztk" (18)
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Equating the coefficients in the two equivalent power series (17) and (18), we have

(f ( 1 )) )1 itk [ n
1—¢t)), |0 ifktn.
Thus, by (15) and the definition of t and 7, we have

n! ifk | n

which is not a linear recurrent sequence. O
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