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THE FRACTIONAL POROUS MEDIUM EQUATION
ON NONCOMPACT RIEMANNIAN MANIFOLDS

ELVISE BERCHIO, MATTEO BONFORTE, GABRIELE GRILLO, AND MATTEO MURATORI

Dedicated to the Memory of Marek Fila, Mathematician and Friend

ABSTRACT. We study nonnegative solutions to the Fractional Porous Medium Equation on a suit-
able class of connected, noncompact Riemannian manifolds. We provide existence and smoothing
estimates for solutions, in an appropriate weak (dual) sense, for data belonging either to the usual
L' space or to a considerably larger weighted space determined in terms of the fractional Green
function. The class of manifolds for which the results hold includes both the Euclidean and the
hyperbolic spaces and even in the Euclidean situation involves a class of data which is larger than
the previously known one.

1. INTRODUCTION

Let M be an N-dimensional geodesically complete, connected, noncompact Riemannian manifold.
We shall study nonnegative solutions to the Fractional Porous Medium Equation (FPME):

ou~+ (—Ap)*(u™) =0 (t,x) € (0,00) x M,
u(0,z) = up(z) >0, x e M,

(1.1)

where (—Aj)® denotes the (spectral) fractional Laplacian on M, defined as the spectral s-th power
of the Laplace-Beltrami operator —Aj; associated to the Riemannian metric of M, 0 < s < 1,
m > 1. We investigate well-posedness of (1.1) and the validity of suitable smoothing effects for
such evolution, this meaning quantitative bounds on the L* norm of the solution at time ¢ > 0
in terms of a (possibly weighted) L' norm of the initial datum. These smoothing effects will be
proved for data that belong to a space which is strictly larger than L'(M) | and will involve an L!
-norm which is weighted w.r.t the s-Green function of M, namely to the kernel of (—Aj;)~% , which
is of course assumed to exist. This will be a consequence of our main hypotheses, in particular of
Assumption 2.1 on M. It should be stressed that the class of data we shall deal with is larger than
the previously known one in the Euclidean case, in fact we allow in that case for (nonnegative) data
ug that are dominated by C|z|~ for all |z| > R, for some C, R > 0 and a > 2s, which hence need
not be integrable.

The FPME in the Euclidean setting has been the object of extensive research, starting from the
seminal works [22, 23, 11|. A number of subsequent works, see |6, 7, 10, 12, 13|, involve the behaviour
of analogues of (1.1) when the equation is posed in a bounded Euclidean domain, when suitable
versions of homogeneous Dirichlet boundary conditions are assumed. In these papers the authors
develop a common setup that allows to deal with many different nonlocal operators, including the
three most common non-equivalent versions of the (Dirichlet) fractional Laplacian: the restricted
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(or standard), the spectral and the censored (or regional). All of them require different kind of
homogeneous Dirichlet boundary conditions. A common feature of dealing with such problems
consists in relating the behaviour of solutions to the analogue of (1.1) to properties of the Green
function of the operator defining the evolution, for which precise pointwise estimates are explicitly
known. This method is quite flexible and allows to deal with different settings, as it encodes the
properties of the evolution in the Green functions’s behaviour . It can also be used to extend the
theory to a larger class of data, belonging to a weighted L' space, the weight being the fractional
Green function.

On the other hand, so far this kind of method has been used in settings in which the Green
function’s behavior is fairly well-known, in the form of two-sided pointwise bounds. Therefore,
it is a nontrivial task to generalize it to cases in which the Green function’s pointwise behavior
is not precisely known. This kind of difficulty already appeared in the paper [5], where equation
(1.1) is studied only in the hyperbolic space, an important but specific case. There, the fractional
Green function can be estimated explicitly by means of sharp heat kernels estimates, obtaining clean
estimates about its tail behavior. Related results, obtained by different methods, have appeared
in [38] (see also [39, 40| for previous investigation in related, yet different geometric settings),
where existence and suitable smoothing effects are proven, for initial data belonging to L' N LP
with p > 2. The strategy adopted in [38] consists in exploiting suitable fractional versions of
Gagliardo-Nirenberg-Sobolev or log-Sobolev inequalities, and then run a nowadays standard Moser-
type iteration. We refer to [21] for related results in the linear setting, or to [23, 29] for the nonlinear
case, and to [46] for a general treatment as nonlinear diffusions are concerned. It seems not possible
to adapt the latter methods to deal with the larger class of data that we consider here.

We mention that nonlinear (local) diffusions of porous medium type on manifolds have been the
object of several recent papers, see e.g. [8, 25, 26, 30, 31, 32, 48|, where a quite complete basic
theory has been developed: existence, uniqueness, smoothing effects, behaviour of fundamental
solutions, and the large time behaviour of nonnegative solutions. Most of those papers deal with
the case of Cartan-Hadamard manifolds (i.e. manifolds that are complete, simply connected and
whose sectional curvature is everywhere nonpositive), the prototype being the hyperbolic space.
Significant differences with the Euclidean framework are shown, e.g. in the form of the smoothing
effects, long-time asymptotics of solutions, different exponent range for extinction in finite time. It
seems not easy to extend the “local techniques” of these paper to the present nonlocal (fractional)
setting, hence new strategies are necessary. We show here that the above mentioned Green function
methods, together with geometric analysis tools, allow to prove existence of nonnegative solutions
and smoothing effects for a large class of data, see Theorem 2.7. Moreover, when dealing with
manifolds whose sectional curvature is bounded above by a strictly negative constant, we can show
improved smoothing effects for L' data, (2.15) in Theorem 2.4, which proves a fractional analogue
of the local result proven in [26, 48].

We conclude this introduction by noticing that we shall make no use of the extension methods
originally introduced in [14], and then shown to hold in several significant geometric situations in
[3] (see also [2] for related topics), relying instead only on the spectral definition of the fractional
Laplacian. It is possible that extension methods allow to prove smoothing effects in an alternative
way, see e.g. [23, 27].

The paper is organized as follows. In Section 2 we list our notations, geometric assumptions and
definitions, and state our main results, Theorems 2.4 and 2.6. Section 3 provides some crucial
and delicate technical lemmas, namely comparison results for integrals of the Green function, and
comparison between potentials of test functions and the Green function, that will be essential
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ingredients in our main proofs. Section 4 carefully discusses the class of data we are dealing with.
In Section 5 we prove existence and fundamental estimates for approximate solutions, whereas the
proof of our main results is fully given in Section 6. The short Section 7 lists some open problems
that might originate future lines of research.

2. PRELIMINARIES AND STATEMENTS OF THE MAIN RESULTS

In the following, through some geometric and functional assumptions, we first describe the general
Riemannian setting in which we set our problem. Subsequently, we provide the precise notion of
solution to (1.1) we will work with, and then state our related main results regarding existence and
smoothing effects.

2.1. Notation. If M is the Riemannian manifold at hand, we let duys denote its volume measure
(sometimes written as dups(x) when it is relevant to highlight the integration variable), Ric(M) its
Ricci curvature and sec(M) its sectional curvature. For any g € M and r > 0, the standard symbol
B, (x0) stands for the geodesic ball of radius r centered at zg. The geodesic distance between two
points z,y € M, often interpreted as a radius, is denoted by r(z,y) or ry(x,y) in order to avoid
ambiguity when working with different manifolds.

Since we will have to deal with several multiplying constants, whose exact value is immaterial to
our purposes, we have decided to use as much as possible the general symbol C. The actual value
may therefore change from line to line, without explicit reference. However, when it is significant
to specify the dependence of C' on suitable parameters, we will write it explicitly. Nevertheless, in
some cases, in order to avoid ambiguity, we will use other symbols.

2.2. Geometric assumptions and consequences. We will assume the following primary condi-
tion on M, which is crucial to most of our results.

Assumption 2.1. We require that M is an N-dimensional (N > 2) complete, connected, noncom-
pact Riemannian manifold such that its Ricci curvature is bounded below:

Ric(M) > —(N —1)k  for some k > 0. (2.1)
Besides, we require that the following Faber-Krahn inequality holds:
() > epnr ()N (2:2)

for a suitable ¢ > 0, where Q is an arbitrary open, relatively compact subset of M and A1 () is
the first eigenvalue of the Laplace-Beltrami operator —Ap; with homogeneous Dirichlet boundary
conditions on 0f).

We point out that (2.2) is equivalent to the Nash inequality

142 2
1l <A IV LI,
and, when N > 3, to the Sobolev inequality

£l 25, < CIV .,

for all smooth and compactly supported f (see e.g. [33, Chapter 8] and [15]).

Furthermore, it is also known that (2.2) implies, for all ¢ > 0, z,y € M and ¢t > 0, the following
Gaussian upper bound on the heat kernel ks (t,x,y) of M:
C _rew?
ka(tyz,y) < — e @Fat | (2.3)
t2
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where C' > 0 is a suitable constant that depends only on N, ¢, e. It is also important, to the sequel,
to observe that (2.2) implies (see e.g. [33, formula (8.4)]) the following lower bound for volumes of
balls:

par (B (z0)) > C N for all » > 0 and all 9 € M, (2.4)

for a suitable constant C' > 0 depending only on N and ¢. On the other hand, it is a standard
consequence of (2.1) (through the Bishop-Gromov theorem, see e.g. [33, Theorem 1.1]) that the
reverse inequality holds for small radii:

g (Br(zg)) < O forall0 <r <1 andall xg € M, (2.5)
for another constant C' > 0 depending only on N and k.

Let us now briefly investigate the consequences of the above assumptions in terms of the fractional
Laplacian, namely the operator (—Aps)® defined as the spectral s-th power of the Laplace-Beltrami
operator —Ajs, meant as the Friedrichs extension of the (nonnegative and essentially self-adjoint,
see [42, Theorem 2.4|) same operator acting on test functions. Its s-th power is then defined via
the spectral theorem. Note that it is also given by the explicit formula

Ay @) = [ ke d a

ot = i [ ([ bt 760 - 10) duit) ) 1
for a suitable set of functions f. For instance, this is the case for every f in the L?(M) domain of
(—A) (see e.g. [34, Theorem 4.3.5|), thus in particular smooth and compactly supported functions
will do. In this regard, let us also mention [41] and references quoted therein, in particular |1, 36],
or the recent preprints [16, 17].

Thanks to the Gaussian bound (2.3), we have in particular that M is s-nonparabolic, in the sense
that the integral

T kar(t, ,
Giy(@,y) :—/0 Mil_s ¥) 4 (2.6)

is finite for all x,y € M with x # y. It is well known that the function G, defined above is the
fractional Green function on M (or fractional Riesz potential), in the sense that (—Axnr)* G5,(-,y) =
dy for every y € M, where §, stands for the Dirac delta centered at y (such identity should be
understood in the distributional sense). More precisely, from (2.3) and (2.6), a straightforward
computation yields the Euclidean-type bound

Giy(z,y) < Ve, y € M, (2.7)

r(@,y)N 2

for some C' = C(N,¢,s) > 0. Under stronger (curvature) assumptions such as the ones we will
introduce below, we are actually able to provide some sharper estimates (see (3.6) and (3.9)).

Note that, in view of the continuity of the map x — kps(t, x,y) for every fixed (t,y) € RT x M,
by virtue of estimate (2.3) we can apply Lebesgue’s dominated convergence theorem to (2.6) and
obtain that for every fixed y € M, the map = — G%,(x,y) is continuous in M \ {y}.

Once the fractional Green function has been shown to be well defined, one can introduce, for
any sufficiently regular function v, its fractional potential by means of the following “convolution”
formula:

+o0 T
~8an) 0l = [ v Gt = [ ([ PEE 0w dunw) a2

The symbol (—Ajs)~% is not employed by chance, since it turns out to be the true left-inverse
operator of (—Aj)®, at least on appropriate subspaces of functions (for more details see Lemma
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5.2 below). We will often deal with potentials of nonnegative bounded and compactly supported
functions, for which Assumption 2.1 guarantees that (—Ajs)~° is both well defined and it satisfies
suitable two-sided bounds, see Lemma 3.11 below.

In some of our results, we will need the following stricter assumptions.

Assumption 2.2. We require that M is an N-dimensional Cartan-Hadamard manifold, namely
that M is complete, simply connected and has everywhere nonpositive sectional curvature.

Note that if M is a Cartan-Hadamard manifold, then (2.2) is always true (see again [33, Chapter
8]), whereas (2.1) should still be required separately.
In order to obtain some improved estimates, we will require a stricter hypothesis:
Assumption 2.3. We require that M is an N-dimensional Cartan-Hadamard and, besides, that
sec(M) < —c  for a givenc>0. (2.9)
2.3. Definition of Weak Dual Solutions (WDS). We will deal with suitable solutions to (1.1)

starting from initial data that belong to the classical L'(M) space or to the following weighted space,
defined in terms of the fractional Green function:

L (M) := {f : M — R measurable : sup || f]| < —i—oo} ,
M ro€EM z0,Ghy
where, for every fixed g € M, we put
ey = [ i@l da@) + [ @) G (). (210)
RV Bl(.’l?o) M\Bl(.’ro)

The space Lzlvo,G?M (M) is in turn defined as the set of all measurable functions for which the norm
in (2.10) is finite. The space Lé?w(M ) is thus a reinforcement of the latter, since we require that

. 1 1S uniyorm. ounaed wi respec O € reierence point xg. 1S ererore natura O
£1 .. is uniformly bounded with respect to the ref point zg. It is theref tural t
z0,Gyyy

endow L%}if (M) with the norm

£y, = s Il -

M ToEM T0 " hr
For usual LP(M) spaces, the corresponding norm will typically be written as || - || z»(ar), except in
some cases where for readability purposes we will adopt the more compact notation || - ||,.

Under Assumption 2.1, thanks to (2.7), it is apparent that G}, (z,z9) < C for all x € M \ Bi(zo)
and all zg € M, so that the inclusion L'(M) C Léfw (M) holds. Moreover, the inclusion L(%;?W (M) C

L;O,Gf\/, (M) trivially holds by definition. One may then wonder whether those spaces actually
coincide. The answer is negative, as in Section 4 we will provide some explicit examples showing
that such inclusions are strict: L'(M) C L%;fM(M) - Lalco,GjI(M) for all zp € M. In addition, on
space forms (i.e. RY or HY), we will also provide admissible decay rates for functions to belong
to L ?M(M ), which somehow give a more noticeable feeling about how larger these spaces can be

compared to L1 (M).

We are now ready to give a proper definition of weak dual solution, based on the simple (for-
mal) observation that applying the operator (—Aj;)~* to both sides of (1.1), we obtain the “dual
equation”

O[(—An)Pu] +u™ =0. (2.11)
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Definition 2.1. Let ug € L%}?w (M), with up > 0. We say that a nonnegative measurable function
u is a Weak Dual Solution (WDS) to problem (1.1) if, for every T' > 0:

o ucE CO([O’T];L}EO,G%(M)) for all zy € M,

o u™ e LY((0,7); Lj,.(M));
e 1 satisfies the identity

/[)T/Matw(_AM)SuduMdt_/OT/MumzpduMdt:O (2.12)

for every test function v € C((0,T); L (M));
e u(0,) =wup a.e. in M.

Remark 2.1. Equation (2.12) is well defined under Assumption 2.1. More precisely, we can show
that (—Ap)"%u € C°([0,T]; L} (M)). Indeed, for any o > 0 and 2o € M, thanks to Lemma 3.2

loc
below (plus Remark 3.1) we can assert that

(—=Ap)~° (XBU(IO))(x) <C forall z € M: r(z,x20) < 1
and
(—Ap)~° (XBJ(xO))(m') < C Gz, xo) for all x € M: r(x,z9) > 1,

for a suitable constant C' > 0. In particular, formula (2.8) and Fubini’s theorem yield (recall that
G5 (x,y) = G5,(y,x)), for all t € [0,T7:

/ (—An)~ult,2) dpup (z) = / u(t, 2) (~ D)™ (X5, (o) (@) djint (2) < C (@)l
B (z0) M zQ,

GS

Given the arbitrariness of o and z(, we thus deduce that ¢t — (—A) 5u(t,-) is a curve with values

in L} (M). Moreover, since t + u(t,-) is a continuous curve with values in L;‘O,G?w (M), still by

applying the above estimates and Fubini’s theorem to differences we obtain for all ¢,s € [0, 7]

/B . ‘(—AM)_Su(t,m) — (—AM)_Su(s,m)| dpar(x)
< / (=Aum) 7" (Jult, -) = uls, ) ) () dpar (2)
Bo(z0)

= /M u(t, ) — us, )| (=An) " (XB, (20)) (#) dpens (@) < Cllult) —uls)lpr

B ’G?\/f

which yields the claim.

2.4. Main results. We will construct a WDS for any nonnegative initial datum ug € Léﬁw(M ), as

a monotone limit of nonnegative L' semigroup (mild) solutions, see Section 5 for further details.

Theorem 2.4 (Existence of a WDS for data in L%};w) Let M satisfy Assumption 2.1, and let ug
be any nonnegative initial datum such that uy € L s (M). Then there exists a weak dual solution
to problem (1.1), in the sense of Definition 2.1.

In this paper we do not address uniqueness issues, but it is worth noticing that our WDS with
data in L}G;;/I(M ) are obtained as monotone limits of mild solutions in L!(M) N L>(M), generated
by a monotone sequence of initial data. Hence, as in [13], it is not difficult to show that within this
subclass, solutions are unique:
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Corollary 2.5 (Uniqueness of limit WDS). The WDS u constructed in Theorem 2.4 as a monotone
limits of mild L*(M) N L (M) solutions, does not depend on the particular choice of the monotone
approzimating sequence of initial data.

Let us define the exponent
1

V=,
DT os N(m—1)
and state our L'-L> smoothing estimates.

Theorem 2.6 (Smoothing effects for data in L'). Let M satisfy Assumption 2.1. Let u be the WDS
o (1.1), constructed in Theorem 2.4, corresponding to any nonnegative initial datum ug € L*(M).
Then there exists C = C(N, k,c,s,m) > 0 such that

I ()Hislﬁ}w) It 0\\28191
lu(@) | oo (ary < C N Viuollprary | <€ t]\fiﬁ V lwoll L any Vi >0.

(2.13)
If, in addition, M satisfies Assumption 2.2, then for some C' = C(N,s,m) > 0 we have
le@IZhn  luollZihy
Furthermore, if M also satisfies Assumption 2.3 (and ug Z0), then
o1 ) (m— —(m—1
||u(t)||Loo(M) < til [1og<t HuOHU(M))} 1 Vvt > e(N—1)(m—1)y/c HUOHLl(?Jl\/[) ) 7 (2.15)
for another C = C(N,s,c,m) > 0.
Remark 2.2. e In the case where M is a Cartan-Hadamard manifold, in fact Assumption

2.1 in Theorem 2.6 is unnecessary. Indeed, the L'-semigroup theory provides a suitable
solution to (1.1), which belongs to C°([0,T]; L'(M)), regardless of functional or curvature
assumptions on M. The latter come into play when one wants to “invert” the equation and
pass to a dual formulation as in (2.11). However, the validity of the crucial bounds (3.6)
and (3.7), which are for free on any Cartan-Hadamard manifold, is all one needs in order to
prove existence of WDS and the above smoothing effects when ug € L1(M).

e An analogue of the bound (2.14), involving the LP norm of the initial datum for p > 2, is
shown in [38], for a smaller class of data, namely those in L' N LP for some p > 2, but under
more general assumptions on M.

e The long-time decay of solution provided by (2.15) is faster than the Euclidean one, As-
sumption 2.3 being crucial for this to hold. That for large time a faster decay overtakes
the one valid in the Euclidean framework is an effect of negative curvature, which somehow
increases the speed of propagation and produces a better decay rate (see e.g. 26, 31, 32, 48]).

When enlarging the class of allowed initial data, i.e. when dealing with the space qu;?w (M) in place

of L'(M), we obtain the following L(%;?M—LOO smoothing estimates.

Theorem 2.7 (Smoothing effects for data in L(%}?w). Let M satisfy Assumption 2.1. Let u be

the WDS to (1.1), constructed in Theorem 2.4, corresponding to any nonnegative initial datum
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ug € L%}?w (M). Then there exist C1 = C1(N,k,c,s,m) > 0 and Coy = Co(N, k,c,s,m) > 0 such that

250 259
)2 ol 25"
Ju®ll gy < Cr | — it v folr, | < Co | —zmt V luoll VS 0. (2.16)
t ! GI\J t ! G]\/I

If, in addition, M satisfies Assumption 2.2 (and uyg # 0), then there exists Cs = C3(N,k,s,m) > 0
such that

1
HUOHE}GS _—
V1 —\(m—
1w oo (ary < Cs th vt > HUOH%S (2.17)
m M

Remark 2.3.

e The bounds of Theorem 2.7 are new even in RV, It is remarkable that the short time bound
(2.16) shows the same time dependence as the one established in the L' setting in [23].

e The above theorems apply also in the prototype case of the hyperbolic case. Theorem 2.7
fixes an error in Theorem 2.4 of [5], in which the bound (2.17) is incorrectly stated for all
times, by providing the right short-time behaviour. It also provides the correct functional
space associated to the Green function there. We also comment that a similar remark on the
functional space applies also to Theorem 2.3 of [5], although we shall not pursue analogues
of that result here.

3. FRACTIONAL GREEN FUNCTION AND POTENTIAL ESTIMATES

In this section we collect some fundamental estimates for fractional Green functions and potentials,
which will have a crucial role when dealing with WDS.

3.1. Comparison between Green functions and between integrals of Green functions.
We establish key inequalities comparing the Green function on M (and its integrals over geodesic
balls), subject to the curvature bound (2.9), with the Green function on the associated space form
M. (i.e. the hyperbolic space of constant curvature —c).

Lemma 3.1. Let M satisfy Assumption 2.8, and let M. be the N -dimensional space form of constant
(sectional) curvature equal to —c, ppr, its volume measure and Giy. its fractional Green function.
Then, for all v > 0 and all 0 € M, we have

| Gu@odun@) < [ Gile00 dufa). (3.1
Br(0) Br(oc)

where oc stands for any pole in M. and B,(oc) C M. for the geodesic ball of radius r centered at oc.
Furthermore, we also have that

G?W(xv y) S G‘]gwc(xcv yC) (32)
for all x,y € M and all xc,yc € Mc such that rar(z,y) = ra(ze, ye).

Proof. Let us consider the following Cauchy problem for the heat equation on M:

{atu:AMu in (0, +00) x M,

. (3.3)
u(0,-) = XB, (o) nM.
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The solution of this problem is the function Uys given by the explicit formula
Un(t,z) = /M ke (t,2,y) XB, (o) (y) dpnr (y) = /B ( )kM(t,a:, y)dpa(y)
r(O

where we recall that kjs is the (minimal) heat kernel on M. Besides, in view of (2.6), we have that

; T km(t,y,0
/ Gi(y,0) dun(y) = / < / M,flg)dt> dpnr(y)
BT(O) BT(O) 0

+o0 1
_/ a=s </ kwm(t,y, o) dﬂM(y)> dt
0 B (0)

by Fubini’s theorem (note that all the functions involved are positive and the integrals involved are
finite, since M is s-nonparabolic).

(3.4)

Now we observe that the quantity [ B (o) kn(t,y,0)duas(y) appearing in the last integral on the
r.h.s. of (3.4) coincides with Ups(t,0) (upon recalling that kjs is symmetric w.r.t. space variables).
We will now compare such solution for all x, hence for x = o as well, with the radial solution of a
suitable problem posed in M.. More precisely, let us consider problem (3.3) with M is replaced by
M. and o replaced by o, and according to the above notation let Ups. denote the corresponding
solution. We claim that Uy, transplanted on M, that is

Unp. = Up(t,rar(z,0))

is a supersolution to (3.3). This will be a direct consequence of the Hessian comparison theorem
and the fact that Uz (¢, ) is nonincreasing as a function of the geodesic distance 7 (x,0c) on M.
(see e.g. [31, Subsection 2.2]). What follows aims at proving such delicate monotonicity property.

Firstly, it is readily seen that Upy(t,-) is a function of rjz. only, since the initial datum is radial
by construction and M. is a spherically-symmetric manifold (i.e. a model manifold). In order to
show that Uny (t,-) is also nonincreasing as a function of r = rpz, we notice that, by the explicit
expression of the metric on M., the Laplacian evaluated on functions f depending only on r reads

>’f of
A r) = —= + (n — 1)+/c coth(vcr) =.
Mf(r) = 55 + (n = 1)v/e coth(Ver) =

Given R;,T > 0, consider now the solution u to the Cauchy-Dirichlet problem

O = Ay u in (0,7) x Bg, (oc),
u=0 on (0,7) x OBg, (0c) , (3.5)
u(0,7) = up(r) in Bpg, (oc),

where ug is smooth, nonnegative, not identically zero, radial, nonincreasing and compactly sup-
ported in Bg, (oc). By standard parabolic theory, it follows that w depends on (¢, ) only, is strictly
positive in (0,7) x Bpg, (oc) and smooth in (0,7") x Bg, (oc). Therefore, we have that d,u(t, R1) <0
for all t € (0,7"). Moreover, in view of the smoothness of u, we also have that d,u(t,0) = 0 for all
t € (0,7). A direct computation shows that the radial derivative v := 0,u satisfies the parabolic
equation
c(n—1)
O =Apv— —5—— for (t,r) € (0,7T) x (0, Ry1),
=B - S (t.1) € (0.T) (0, 1)
and v is nonpositive on the parabolic boundary because of the previous assumptions and consid-
c(n—1)

sinh?(y/cr)

takes into account the homogeneous Dirichlet boundary condition at r = 0), generates a Markov

erations. The Schrédinger operator —Ajps + , defined on its natural form domain (that
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semigroup for which, in particular, the comparison principle holds. As a result, we can infer that
v < 0 at all times, which means that r — u(t,7) is nonincreasing for every t € (0,7). In fact, this
can be rigorously justified by considering the problem in (0,7") x (¢, R1), noting that v(t,€) < c¢. — 0
uniformly in ¢ as € — 0 since v is continuous down to r = 0 because v is smooth, and controlling v
via the supersolution c..

Finally, we pick an arbitrary Ry > r and take an increasing sequence {ug} of initial data which
are smooth, nonnegative, not identically zero, radially nonincreasing and compactly supported in
B,(oc) and converge pointwise to xp, (o) as n — 00. Let {ug, »} denote the corresponding sequence
of solutions to (3.5), with ug replaced by ug . By what we have just shown, each ug, (¢, -) is radially
nonincreasing, and by standard comparison principles the family is monotone increasing with respect
to both Ry and n. Passing to the limit first as n — oo and then as Ry — +00, we obtain (monotone)
pointwise convergence to Uy (t,-), which therefore preserves such radial monotonicity properties
(note that ¢ < T but T > 0 is arbitrary), and the proof of (3.1) is complete.

As concerns (3.2), we just point out that, in view of (2.6), it is a straightforward consequence
of the comparison between the heat kernels of M and M. (which holds due to (2.9), see e.g. |24,
Theorem 4.2]). Note that, by assumption, the cut locus of any point in M is empty, so that [24,
Theorem 4.2| is indeed applicable. O

It is worth writing down more explicitly the consequences of Lemma 3.1, separating the Euclidean
and hyperbolic cases.

e Pseudo Euclidean case: sec(M) < 0, that is, the manifold is allowed to have flat parts. In
this case the associated space form is M. = My = RY. Even though, for simplicity, we stated and
proved Lemma 3.1 only when ¢ > 0, it remains true for ¢ = 0 as well, with inessential changes in
the proof. Hence, (3.2) yields

C C

Gy (z,y) < Gpn (2, ye) < PR = FERILET Ve,ye M : x#y, (3.6)

whereas (3.1) yields

1

yc|N72s

de=CR?*  forallye M andall R >0,
Br(ye) % —

(3.7)

/ Gy () dnt () < C
Br(y)

for some C' > 0 only depending on N, s.

¢ Pseudo hyperbolic case: sec(M) < —c for a given ¢ > 0, that is, the manifold has everywhere
negative curvature. Roughly speaking, in this case M is allowed to have hyperbolic parts, but not
Euclidean ones. Therefore, when ¢ = 1 the associated space form is M. = M; = HY, while for a
general c it is the N-dimensional hyperbolic space of constant sectional curvature —c. By combining
Lemma 3.1 with [5, Lemma 3.1 and Corollary A.2|, where proper estimates for Gjyv were derived,
we can infer that there exists C' > 0, only depending on N, s, c, such that
C C

G} < Gj < = v M : : 3.8
M(x7y) = Mc(xoyc) = rMc(xc)yc)N_zs T(Ji,y)N_QS T,y € x 7é Yy ( )

However, when r(z,y) > 1, the latter estimate can significantly be improved as follows:

G ( ) G ( ) C ef(Nfl)\ﬁrl\/lc(zmyC) C ef(Nfl)\ﬁT(mry) V M ( ) 1
Sz, y) <Gy (2e, ye) < = T,y € cr(x,y) > 1.
W= e rare (e, ye) () ’ y (3.9)

3.9
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As a consequence, direct computations in radial coordinates on the hyperbolic space show that

/ Gy (z,y) dup(x) < / Gy (7, yc) duns (z) < CR* foral 0 < R<1,
Br(y) Br(ye)

and

/ Gy (z,y) dup(x) < / Giy(z,ye) dpn () < CR? forall R> 1, (3.10)
Br(y) Br(ye)

for every y € M and some C' > 0 only depending on N, s,c. The first estimate follows from (3.8),
while the second is a consequence of (3.9), recalling that duy, (7) = sinh(v/cr(z, ye)) ¥ L dr.

3.2. Comparison between potentials and Green functions. We now provide fundamental
two-sided estimates, aimed at comparing the potential of a bounded and compactly supported
function with the Green function itself (i.e. the potential of a Dirac delta).

Lemma 3.2. Let M satisfy Assumption 2.1. Let ¢ € LY (M) be a nonnegative and nontrivial
function such that supp(v)) C By(xg) for some 0 < o < 1 and xo € M. Then there exist two
constants C = C(N, k,c,s) >0 and C = C(N, k,c,s) > 0 such that

Clllly (1 Ar(zo, )" %) Gz, 20) < (—Anr) *%(x) < C [¢lloc o™ Giy(w,20) Vo € M\ {(?ii)

Proof. We start by elaborating some bounds for the heat kernel kjs, that we will exploit in (2.8).
From Li-Yau estimates, see in particular [37, Theorem 2.2(ii)] (note that, to our purposes, ¢ = 0
w.r.t. their notations), we know that if v is a positive solution to the heat equation on M, then
there exist constants cg, ¢, ¢2, 8 > 0, which only depend on N and k in (2.1) such that

r(zy,z

t2 g 0172)-1—02 (tz—tl)
v(t1,z1) < ¢ - v(ty,x9) e 270
1

forall 0 < t; <ty <3 and all 1,20 € M. Given any z,y € M and t > 2, this inequality applied to
the solution v(+,-) = kp(- +t — 2, z, ), with the choices 1 = zg, x2 =y, t1 = 1 and ty = 2, yields

ka(t —1,2,20) < co 28 kn(t,z,y) ec17(W:wo)+es forallt >2and all z,y € M,
which, in turn, entails
ka(t—1,2,20) < Cky(t,x,y) forall t > 2 and all z,y € M: r(y,z¢) < o,

for a suitable C = C(N,k) > 0. Inserting such inequality into (2.8), and recalling the support
properties of v, we get

+oo [
Can e = [ [P )
Boleo) 0 (3.12)
>0H¢11/ Wdt Vre M,
1

for another C' > 0 as above. In order to prove the lower bound in (3.11), we need to appropriately
estimate the rightmost integral in (3.12) for every x € M.
First we focus on the case r(z,z9) > 1. Thanks to (2.1), by [43, Corollary 4.2 and Remark 4.4]
the following estimate holds:
Cs 7T(E»I0)2
4t

ka(t,z,x0) > —- e
t2

—esr(@ro)—eat  for all ¢ >0 and all x € M, (3.13)
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where c3, ¢4, c5 > 0 only depend on N, k. In particular, from (3.13) we easily infer that

T ka(t T kg (t r(z.20)®
/ Wdt > / Wdt S O ar@a)  ype M, (3.14)
1 2
for some C = C(N, k,s) > 0. Moreover, from (2.3) it follows that
r(z,x )2
ka(t,x, ) < QN e~ = forallt >0and all z € M, (3.15)
tz

for some C' = C(N, ¢) > 0, where c is the constant appearing in (2.2). Since r(z,z0)? > 2r(z, z0)*+4&
if r(z,x0) > 1, estimate (3.15) yields

1 1 _ 1 2
k t r(z,z ) r(z,zq)
Mdt<0 S el B PO P for all z € M: r(x,x0) > 1,
0 tl=s 0 t%—l-l—s
(3.16)

where now C' also depends on s. Therefore, by combining (3.14) and (3.16), we deduce that

/+°°k:M(tx , X0 dt<c/+°°k:Mt:L‘ a:o)dt
ti—s
0

for another C' = C(N, k, ¢, s) > 0, which, plugged into (3.12), gives (recall (2.6))
(=Ap) " Y(x) > C||Y]ly Gy, zo) for all x € M: r(x,z9) > 1 (3.17)
0) <

still for a suitable C = C(N, k,c,s) > 0. Next we consider the case r(z,x
(3.12) and (3.14) we immediately obtain

< 1. By combining

(=Aum) Y(x) > C Y], forall x € M: r(z,x9) <1, (3.18)
whereas, by virtue of (2.7), we have that
r(z,20)N "2 Gy (2, 20) < C Vo€ M\ {xo}, (3.19)

where C' = C(N,k,c,s) > 0 is another constant as above. The lower bound in (3.11) is then a
consequence of (3.17), (3.18) and (3.19).

Now we pass to the proof of the upper bound. Given any z,y € M and t > 1, still from Li-Yau
estimates applied to v(+,-) = kyp (- +t — 1,2,-), x1 =y, x2 = xg, t1 = 1 and ty = 2, we have

kar(t,x,y) < 2P et kyp(t 4+ 1, @, 20) = Char(t + 1,2, x0)
forallt > 1 and all x,y € M: r(y,x0) < o,
where C' = C(N, k) > 0. We thus deduce that

T kar(t, , T kvt + 1z,
/ 1/1(21)/ Mil_sy)dtd,uM(y) SC/ w(y)/ ml i 0) dtduar(y)
Bs (o) 1 Bo (o) 1

SOl v (Bo(20)) Gy (2, w0) Ve € M,

(3.20)

for another C' = C(N,k) >0
Let us assume first r(z, xg) > 2; by (3.13) we have that
Cs r(w,y)?

kar(t,x,y) > — e~ 5 —csrl@y)—eat for all t > 2 and all z,y € M . (3.21)
t2

From (3.21), we deduce that

+OOkM(t7xay>
/777 dtd
/Ba(gm)@b(y)/2 s dtdun(y)
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“+00 c e—C4t r(x, )2 —ear(
= (/ x dt) / Dly)e s @) dpp(y)
2 t2 +l-s Bs(z0)
400 —cyt (=, 2
([T g ([ wwe  du)
2 ¢z tl-s By (o)
7T(zyy)2
=C (/ Ply)e o duzw(:u)) ;
Bo (o)

where C' = C(N, k,s) > 0. Furthermore, upon noticing that r(x,z9) > 2 and r(xg,y) < o < 1 yield
r(z,y) > 1, from (3.15) (with zo replaced by y) we get

C _rw? C _rwn?
kM(t,x,y)gt—ﬁe* 51 St—ﬂe* 6~ 501 forall0 <t <1,
2 2

for every such x and y. As a result, we have

ka(t,z,y)
[ v [ diaun
Bs (o)

1
C e 30t v<zy>2
< / Gt ([ s dunt)
0o tztl=s Bo (z0)

(T, 2
=C (/ w(y) e ¢ 6y) d,“M(l/)) for all x € M: T(.I‘,x(]) >2,
B (x0)

for another C = C(N,k,c,s) > 0. Therefore, by combining the above estimates, we deduce in
particular that

oo ks (t, x, T ke (t,
[oww [T Y v < [ v [ R da),
Bs(z0) 0 Bs(z0) 1

whence, by virtue of (3.20),
(=Ap) " Y(x) < C|Y] oN Gy (x, ) for all z € M: r(z,x0) > 2, (3.22)

where, by exploiting the curvature bound (2.1), we have used (2.5), and C' > 0 is a possibly different
constant still depending on N, k, ¢, s only.

In order to handle the case r(x,z9) < 2, we observe that, as a consequence of (2.8) and (2.7), it
holds

1

(—An)~%(@) < C ]l /B ) e (3.23)

r(z,y)N-
Then, to complete the proof of the upper bound in (3.11), we show that

1 N
LT <O forallze M: 2 3.24
/Bm) g W) SC i forall s € Mr(mag) <2, (324)

for a suitable C' = C(N,k,s) > 0. To this aim, let us first assume that 2 > r(x,z9) > 20; the
triangle inequality then yields

1
r(z,y) > r(z,z9) — 0o > 3 r(z, x0) for all y € By(zg) .
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Therefore, in this case we have

/ 1 d,u (y) < 2]\/—25 C O'N
S M > P
(o) T( N—-2 N—-2

z,y) r(z, zo)
where again we have used (2.5), and C' is the positive constant appearing therein. If r(z, o) < 20,
we need to use some more delicate estimates. Let us denote by ’Hﬁ_l the (N — 1)-dimensional
Hausdorff measure on M, and observe that HY (9B, (z)) < CrN=! for all r € (0,3), all z € M
and a suitable C = C(N,k) > 0 (this is a consequence of Bishop-Gromov — see also the proof
of Proposition 6.1 below). From r(z,z0) < 20 it follows that B,(z¢) C Bss(z), hence, using the
coarea formula, we get:

/B % dpm (y) < / 1)st dpar (y)

- (x0) T(x’y) B3y () T(SE,y

30 1
_ /0 s MO (0B (2) (3.25)

325 2N—2s O'N

325 )
<C—_—o¥<C .
=57 = 2s  r(x,xo)N-2s

Inequality (3.24) is therefore established. We finally prove the reverse bound
C
7“($, .%'(])

for some C' = C(N, k,s) > 0. To this end, it is convenient to exploit (3.13) along with the change
of variable t/r(x,z0)% = 7 (let x # x0), as follows:

Gy (x,z9) > for all x € M: r(z,x0) < 2, (3.26)

N-—2s

1 _ r(z,zg)?
4t

(&
t%+175

—c3r(x,xo)—cat dt

+oo
Giy(x,z9) > 05/
0

400
_ Cs 1 e—%—c;:,r(a:,xo)—cu'r(x,az())Q dr
N-—2s 0

N
r(z, x0) S 1-s
+oo
C 1 1
> 5 5 / - e—E—QC3—4C4T dr
r(x,xo) 0 T tl=s
C

:W for all z € M: r(xz,x0) < 2.
» L0

By (3.23), (3.24) and (3.26), we may assert that
(=Ap) " S0(z) < C ol o Gy (2, xo) for all x € M: r(x,z9) < 2,

which, combined with (3.22), finally yields the upper bound in (3.11) and concludes the proof. [

In the sequel we will also need a further technical result, which can easily be shown by using some
of the estimates provided in the proof of Lemma 3.2.

Lemma 3.3. Let M satisfy Assumption 2.1, and let xyg € M. There exist a nonnegative and
nontrivial function ¢ € LY (M) and two constants c1,ca > 0, depending only on N,s,k,c (in
particular independent of xq), such that for all nonnegative f € Lt M(M) one has

o [ FEBu T vd <l < [P v (3:27)
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Proof. Given the results of Lemma 3.2, it is immediate to note that there exist ¢1,co > 0 as in the
statement such that

q / F(—An) " duar < / £ Gy 20) dung
M\ B1(z0) M\ B1(zo)

< e / f(=An) %Y dpunr,
M\Bl(l‘o)

provided, for instance, one picks 1) = Xgl/z(:co). Clearly, in this case, ||¢||cc = 1, whereas ||¢]1 >
C = C(N,c) > 0 thanks to the non-collapse bound (2.4). Besides, one sees from (3.18), (3.23) and
(3.25) that there exist another two constants c1,ca > 0 as in the statement such that

o [ peawTedn < [ fdmge [ fAu) wdo.
Bi(zo) Bi (o) Bi (o)
with the same v chosen above. Finally, the two-sided bound (3.27) follows by summing up the
above estimates, upon recalling the definition of the L;,O’G%(M ) norm given in (2.10). O

Remark 3.1. For later purposes, we point out that the upper bound in (3.11) can be extended to
all ¢ > 1, up to letting the constant C' depend on ¢ as well. Indeed, first of all one notices that
now the constant C' in (3.20) also depends on o through Li-Yau estimates. Then it is enough to
observe that all the inequalities below (3.21), that lead to (3.22), continue to hold by replacing 2
(as a bound over r(x,z0)) with 1 + 0. Estimate (3.22) follows, recalling that also (2.5) holds for
all 0 < r < ¢ and some uniform multiplying constant dependent on o as well. Moreover, since
HY (OB, (2)) < CrN=! for all r < 20 + 1 and all € M, with another constant C' > 0 as above
that in addition depends on o, the coarea formula still gives (3.25) subject to r(z, xo) < o+ 1. The
same holds for (3.26), again with 2 replaced by o + 1.

4. ON THE CLASS OF INITIAL DATA

We provide some explicit examples, first on specific space forms and then on general manifolds that
fit into our setting, of functions belonging to L}m Gs, (M) and to L%;?W (M), showing in particular

that the latter form strictly wider classes than L'(M).

4.1. Admissible decay for initial data in the space forms M =R and M = H". In order
to highlight the admissible decay rate for the kind of initial data we deal with, we provide some
sufficient conditions for a function to belong to L‘%}iz (M).

Proposition 4.1. Let either M = RN or M = HY, and let ug € L>®(M). Then, sufficient
conditions for ug to belong to Léi[(M) are the following:

o M =RN and |ug(z)| < VUC’; for all |x| > R, for some C,R >0 and a > 2s;

o M =H" and |up(z)| < — for allr(z,0) > R, for someo € M, C;R>0 and a > s.

B
(r(z,0))

It is worth mentioning that, in both cases, initial data are allowed to decay considerably slower
than functions in L(M); this fact is more evident in the non-flat case where functions in L'(H")



16 ELVISE BERCHIO, MATTEO BONFORTE, GABRIELE GRILLO, AND MATTEO MURATORI

r(z,0)(N—1)

are expected to decay faster than e~ . For proving the above statement it is clearly enough

to show that the special functions

1 forz e RV : |z <1,

Uq(x) 1= 1 with a > 2s,

(7) — forz eRN: |z|>1,
ki

and
1 for z € HY : 7(z,0) <1,
we(x) = 1 with @ > s and 0 € H fixed,
——— forz e Y : r(z,0) > 1,
(r(z,0))*

satisfy u, € L%}SN(RN) and w, € LlsN(HN). Since ug ¢ L*(RY) (for a < N) and w, ¢ L'(HY),
R H

these examples also prove the strict inclusion L!'(M) C L%}i/[ (M) for M = RN and M = H" (see

Subsection 4.2 for more about such inclusions in a general setting).

Proof of Proposition 4.1. Let M = RY. We aim at showing that u, € L} - (RM). Since
R

sup / [ug(x)] do < wy < 400,
20€RN J By (x0)

where wy := upn (B1(0)), we only need to prove that

sup / [ug(x)| Gin (2, 20) do < +00. (4.1)
zo€RN JRN\Bj (z0)

To this end, we can write

/ ()] G (z, 70) da
RN\B1(z0)

< / C dx —|—/ | ()| Ggn (2, 20) da
(RN\Bi (20))NB1(0) (RN\B1(20))NBg (0) (4.2)
< Cwy +/ |uq(2)| Gy (2, 20) dar
(RN\B1(0))N B (0)
1 1
§ COJN + C a &€,
'y (l2] + 1) (Jo — 20| + DV 2
for some C' = C(N, s,a) > 0. If x € B, /2(0), we have |z — xo| > |xo|/2, thus
1 1 C / 1
: dr<—— " L P*
/BIO/Z(D) (‘x’ + 1) (‘CL‘ — $0| + 1)N72s (‘$0| + 1)N 2s B\zo\/Q(O) (|x’ + 1)
(lzo| + D)™
T (ol + )N T
since a > 2s (and we can assume w.l.o.g. that a < N). On the other hand, if x € B§|x0|(0), we have

|z — x| 2 |2[/2, thus

1 1 1
/BCZO(O) (|J3‘ + ]-) (‘J} — 33'0| —+ 1)N—25 RN (’.’IJ’ + 1)N+a—2s

2
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Finally, if € By)3((0) \ Bjg,|/2(0), we have |z| > |xo|/2 and therefore

1 1
- dx
/B (O\Bjag) 20 (12 + D) (|2 — 2| + 1)¥ %

2|z
2s
<o RS RS ey
(lzol + )% J gy (z0) (J — 20| + 1) (lzol +1)

By combining the last three estimates and (4.2), we finally obtain (4.1).
Now let M = HY. In order to show that w, € L%}SN (HY), at first we notice again that
H

sup / fwal dpssg < pn (B (20)) = C < +o00,
:BoEHN Bl($0)

since the volume measure on HY is invariant w.r.t. any pole. Then we only need to prove that

sup / |wa ()] Gypw (2, o) dpgn () < 400 (4.3)
zoeHN JHN\B1(z0)

To this aim, recall that (3.9) with ¢ = 1 reads

ef(Nfl)r(x,azo)

Gyn (2, 29) < C for all (z,z¢) € HY : r(z,20) > 1, (4.4)

T(;L‘v x(])lis

for some C' = C(N,s) > 0. In particular, this yields
Lo @) G 0) s (@)
HN\ B (z0)

<

C g + | (@) Gy (2, 30) gy ()

/(HN\Bl(xo))ﬁBl (o) (HN\Bi (20))NBS (o)

< Cugn(Bi(o)) + / |wq ()| Gin (2, o) dptgy () -
(HN\B1 (z0))NBf (0)

In order to estimate the last integral, it is not restrictive to assume 1 > a > s. When r(zg,0) > 1,
by passing to polar coordinates centered at xg, using the triangle inequality and recalling (4.4), we
have:

|wa ()| Gy (x, 20) dpg ()

/r(azo,o) 1 1 d /—I—oo 1 1 d
T+ r
1 (T’(l'(), 0) - T)a ri=s r(z0,0) (T - ’I”(I'(), 0))a ri=s

= r(zo.0))as dp+/ dp}gC,
(r(xo,0))2 [ o (L—p)pl=s 1 (p=1pts

where the latter positive constant only depends on N, s, a. Similarly, if r(xg,0) < 1, we get

/(HN\Bl (z0))NB{(0)

<C

+00 1
|wa($)| GHN(.’L',CCQ) d/.,LHN(CC) S C /1 m ﬂidr S C,

/(HN\Bl (z0))NB; ()
for another C' = C(N, s,a) > 0 as above. Therefore, in both cases (4.3) follows. O
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4.2. The class Léﬁw(M> is strictly included between L!(M) and LiO,G?W(M) As we have

observed in Subsection 2.3, under Assumption 2.1 the inclusions L'(M) C L(IG’?\/I (M) C L;O G, (M)
trivially hold. By means of an explicit construction, we can prove that in fact they are strlct

Proposition 4.2. Let M satisfy Assumption 2.1. Then, for all xog € M, we have
LAM) € Ly (M) € LY g (M).

Proof. We first show that L'(M) C L%}i[ (M). To this aim, consider the following function:

fL = ZXBl(Oj) Y (45)
j=1

where {o;} C M is any sequence of points such that (let o € M be fixed)
r(0j,0) = €’ Vj €N.
In view of the non-collapse bound (2.4) it is apparent that 4 ¢ L'(M), since (note that the balls
{Bi(0j)} are disjoint)
o0 oo
1l prary = Y par(Bi(og)) = Y C = +oo.

Here, and in the sequel, we let C' > 0 denote a generic constant that only depends on N, k, s and
the constant ¢ appearing in (2.2), whose precise value may actually change from line to line. In
order to prove that @ € Lé?u (M), first of all let us observe that for every j € N and g € M it holds

[ by @ Gl dpna () = | G (. 70) djuay ()
M\Bl(.ro) BI(OJ) (M\B1(0))

1

<C S NP

B1(0,)N(M\Bi (o)) (@ 10) N 28 (2)

1

SC/ =55 i (@)

B1(0,)N(M\B1 (20)) [((05, 7o) — 1) v 1]V 2
<C NM(Bl(Ojg\)[ : - C .

[T(Ojvl“o) V1t s [T(Oj,l‘o) Vi 5

(4.6)

where we took advantage of (2.7) along with the triangle inequality and the fact that p(B1(05)) <
C, consequence of (2.5). As a result, we deduce that

/ [a(x)| Ghy (2, x0) dpns (@ Z/ XBi(0;) () Ghy (@, o) dpans ()
M\Bl(xo) M\BI(IO

X

Clearly, either 2o € B,2(0) or there exists a unique jo € N, with jo > 2, such that z¢ € Bj,+1(0) \
Bejo (0). In the former case, still by means of the triangle inequality, we have

(4.7)

r(0j, o) V 1}N_28 '

[e.9]

1 9]
< <cy ¢
]N723 — Z [(r(oj,o) . 62) V 1]N72s — 2:1 7“(0] 0 N 2s ; e(N— 23)]

Jj=1

]:1 r(0j,z0) V1

(4.8)
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The latter case requires a little more computations. Firstly, we can split the last series in (4.7) as
follows:

00 Jo 1 00 1
Z o =D =t D N—2s (4.9)
=1 [r(oj,20) v 1] * D r(ojme) VT 2= [0, 20) VT
On the one hand, from the triangle inequality we infer that
, , . . . —1
r(0j,20) > r(0j,0) — (0, m0) > & — o+ = eI (1 = IH177) > ¢ . Vi > jo+2,
whence
- 1 - 1 1
- - - <
[r(0j,x0) v 1]V % SH.Z r(0j,zo)N 2 =t Z oz = (410
j=jo+1 'A%> 70 j=jo+2 V7 i=jot+2 ©
On the other hand, still the triangle inequality entails
r(0j,0) > (0, 39) — r(0j,0) > /0 — el = P07 &I (1 — e7I0HT) > 07T (e — 1)
vjzlv"'vjo_la
so that
Jo Jo—1 1 Jo—1 1
<1 ——<14+C —— <. 4.11

By combining (4.7), (4.8), (4.9), (4.10) and (4.11), we finally obtain the bound
[ @) G0 du(e) <€ Vao € M,
M\Bl(aﬂo)
while fBl(:ro) 4| dppr < C since ||| oo (ary < 1 and again pp(Bi(z0)) < C. We can therefore assert
that @ € Lt s (M),

=

In order to show that also L} s (M) € L;O,Gﬁw (M), we can slightly modify the above construction
as follows:

o0
U= Zj XBi (o)) -
i=1

Such a function does not belong to L‘%}‘?w (M), since

o0
[l 1, = sup > i XBu(oy) diar = sup Z] pai (Bi(zo) N Bi(oj))
G roEM Bl(wo) j=1 onM

> SEIIJZJ par(Bi(o;) N Bi(o;))
==

= supi pp(B1(0;)) = o0,
i>1
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recalling again the non-collapse bound (2.4). On the other hand, for an arbitrary (but fixed) zg € M,
we have:

filly . —Z / ) duMJrZ / Xt () Gy (2, 20) dpins (2)

M\ Bj1(zo)

IN

= C
B1 1’0 ﬂBl 0 —I— 7 —
Z:: 2 ; [r(0j,x0) v 1]V

C
(r(0j,0) = r(z0,0) vV 1]V 7%

IN

< C log(r(x(), O) + 1) + CxU Z G(IVJTS)] < +00,
j=1

where we have exploited (4.6) and the fact that pa(Bi(oj)) < C. Note that here we let Cyy > 0
denote a generic constant as above, which in addition may depend on zy. As a result, we deduce
that @ € L} c3, (M) for every xy € M. O

Remark 4.1. Given f € L%}?M (M), with f > 0, as a consequence of the monotone convergence
theorem it is plain that if {f,,} C L'(M)NL>(M) is an increasing sequence of nonnegative functions
that converges pointwise to f, then

1f = fall2 — 0 Voo € M.

‘”0’67\/1 n—o00

However, in general, convergence w.r.t. the norm || - ||, does not occur. Indeed, if 4 is the same
G
M
function as in (4.5) and we pick the monotone increasing sequence i, := xp, (o), We have

@ — |1 > sup |i — | dppr > sup / |1 —0|dpups >C >0  VneN.
€ x0eM J By (x0) j>n+1J By (o0;)

5. EXISTENCE AND FUNDAMENTAL ESTIMATES FOR APPROXIMATE SOLUTIONS

In this section we prove existence of WDS to (1.1) for initial data lying in the space L' (M)NL>® (M),
along with several additional key properties that will be crucial in the construction of WDS for
general initial data as in the statement of Theorem 2.4.

The strategy is qualitatively standard and takes advantage of nonlinear semigroup theory. On the
other hand, the fact that semigroup solutions are also Weak Dual Solutions is not obvious and will
be proved explicitly.

5.1. Nonlinear semigroup in L!(M): mild vs. Weak Dual Solutions. The abstract theory
in L'(M) developed by Bénilan, Brézis, Crandall, Liggett, Pazy, Pierre (see [4, 19, 20, 45| and
references therein) does apply to our setting. Indeed, we aim at solving an equation of the form
Owu = —L[p(u)], where the operator £ : Dom(£) C L'(M) — L'(M), namely the s-fractional
Laplacian on M, is densely defined, linear, m-accretive and with an order-preserving resolvent,
whereas the nonlinearity ¢(r) = r" satisfies standard “monotonicity conditions” according to |20].

In fact, this general theory allows one to establish existence and uniqueness for a larger class of
nonlinearities and operators, but to our purposes it is enough to stick to the choices £ = (—Ajp)*
and ¢(r) = r"™. More precisely, such a linear operator and nonlinearity satisfy the assumptions
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of |20, Propositions 1 and 2|, which in particular imply that the corresponding nonlinear operator
obtained by composition is also m-accretive (up to an approximation) and its resolvent is order
preserving, a property sometimes called T-accretivity (see e.g. [45, Chapter 10]). We shall justify
these assertions in the proof of the next proposition.

The semigroup solutions obtained by resorting to the above recalled theory, are typically referred
to as mild solutions, and can be constructed through a suitable discretization procedure which
gives rise to L'-continuous curves. We summarize these results in the following proposition, and
for simplicity (since it is more convenient to our aims) we only focus on nonnegative initial data
in LY(M) N L>®(M), although the theory is well suited to treat also L'(M) data, possibly sign
changing.

Proposition 5.1. Let ug,vg € L'(M) N L>®(M), with ug,vg > 0. Then there exist unique nonneg-
ative mild solutions u,v € C°([0,+00); LY(M)) to problem (1.1) corresponding to the initial data
ug, Vo, respectively, such that

/ (u(t,w)—v(t,x))eryM(x)g/ (un(x) — vo(@)), dunr(z) Vit > 0. (5.1)
M M

As a consequence,
lu(t) = ol prary < llwo —vollprary  VE>0.
Moreover, such nonnegative mild solutions enjoy the following time monotonicity property:

the map t— tﬁu(t,a:) is (essentially) nondecreasing for a.e. x € M . (5.2)
Finally, they satisfy the following LP(M )-nonexpansivity property:
1wl oy < llwoll o an forallt >0 and all 1 <p < . (5.3)

Proof. First of all, we observe that the operator (—Ajs)® is the generator of a strongly continuous
contraction semigroup in L'(M), namely the semigroup subordinated to the heat flow on M via
the Bernstein function RT 3 z +— 2% (see [34, Definition 4.3.2 and Example 3.9.16]). Since the
latter is well known to be sub-Markovian and in particular order preserving, the same is true for
the subordinated semigroup, see for instance |34, Corollary 4.3.4] (the fact that these results are
stated in RY is irrelevant). Hence, we can deduce that (—Aj;)® is m-accretive in L'(M) and the
inequality

/ Bu) (—An)*udpnr =0 (5.4)
M

holds, essentially whenever the integral makes sense (see |20, formula (A3)]), where §: R — R is
an arbitrary non-decreasing continuous function with 5(0) = 0.

The claimed results can now be deduced from [20] and standard nonlinear semigroup theory for ac-
cretive operators (for which we refer to the monograph [45, Chapter 10] and references quoted), since
(—Ayr)* and the nonlinearity u ~ u™ (to be interpreted as u|u|™~! for sign-changing functions)
comply with the conditions required there.

We now show how (5.3) can be obtained for the discrete-time solutions and then extended to the
limit (mild) solution, also in order to write down explicitly the corresponding time-discretization
argument (i.e. an implicit Euler scheme), of which we will make use below. To this end, let T > 0 and
n € N be fixed and set t;, := %T, for any integer 0 < k < n, with constant time step h := tp11 —tx =
L The mild semigroup solution, starting from wuo, is a continuous curve u € C°([0,T]; L'(M))
obtained as the uniform limit in L!(M) (see [45, Theorem 10.16]) of the piecewise-constant curves

Un(t) = ug it <t <tpyq, un(0) :=ug,
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where each element wuy is recursively defined as the solution to the following fractional elliptic
equation:

h(=An)*(ug+1)™ +uppr =up  in M, (5.5)
whose solvability is guaranteed by the above recalled running assumptions on the operator and on
the nonlinearity. More precisely, thanks to [20, Proposition 2|, the solution of (5.5) is obtained as
the L'(M)-limit as ¢ — 0" of the solutions to the perturbed problems

h(=An)*(Uyre)™ +Fehuglyy o+ upre =u  in M, (5.6)

which are always well defined because the nonlinear operator u — h(—Aps)*(u™) + ehu™ is m-
accretive for every fixed € > 0 (see [20, Proposition 1]). If ux € L*(M) N L>(M), then from (5.4)
we infer the LP(M)-nonexpansivity property

| w1, Loy < [kl o (ar) forall 1 <p<oo. (5.7)

In order to show (5.7), it is enough to multiply (5.6) by uijig (via a truncation), integrate in M
and exploit (5.4), along with an application of Holder’s inequality. Therefore, the convergence of
{tkt1,e}e to upyq actually occurs in every LP(M), for 1 < p < oo. In particular, we can infer that
(5.5) is satisfied in the classical sense, i.e. uf’,; belongs to the L?(M) domain of the self-adjoint
operator (—Ajs)*. Moreover, still from (5.7), by induction each uy, does belong to L'(M) N L>®(M)
and satisfies the nonexpansivity estimate

||Uk+1||Lp(M) < ”uk”LP(M) <...< ”uOHLP(M)
for all 1 < p < oo, whence, due to the definition of wu,,,

Hun(t)HLP(M) < ||U0||Lp(M) vt € [0,T].

We conclude the proof by letting n — oo, recalling that {u,(¢)}, converges strongly to u(t) in
LY(M) (uniformly in time on [0,T]) and each LP(M) norm is lower semicontinuous w.r.t. such
convergence, so as to obtain

Fat) o ary < lminf (| goqary < lollznnyy ¥ € (0,7,

namely (5.3). The L!'(M)-ordering estimate (5.1) can be obtained in a similar way; in this case,
one considers the discrete solutions to

h(=Ap)°(Vkg1)™ + Vg1 =v in M,
takes the difference with (5.5) and multiplies by sign, (ux+1 — vp41) (via an approximation), inte-
grating in M and using again (5.4). This yields (5.1) at the discrete level, and the passage to the

limit as n — oo is performed exactly as above. Note that (5.1) entails, in particular, the positivity
of the solution u if ug > 0.

Finally, the monotonicity property (5.2) is a direct consequence of [20, Theorem 4]. O

Now that we have constructed mild solutions in L'(M)NL% (M), we aim at showing that the latter
are also Weak Dual Solutions according to Definition 2.1. We devote the rest of this subsection to
proving such crucial fact, borrowing ideas from [13, Section 7.

Lemma 5.2. Let M satisfy Assumption 2.1, and let p € (1, %) Then the operator (—Apr)~* is
continuous from LP(M) to LY(M) for q = ]\/}17]\2[3])' Moreover, if u, (—Ap)*u € LP(M), the following
left-inverse formula holds:

(=Am) " [(AnM) ul = u. (5.8)



FRACTIONAL POROUS MEDIUM EQUATION ON MANIFOLDS 23

Proof. As concerns the LP-L? continuity property of the (linear) operator (—Ajs)~%, it is a direct

consequence of (2.2) via the heat-kernel bound (2.3), thanks to the results of [44] (see also [18,
Introduction| for a nice survey). In particular, if we let {1} }+>0 denote the subordinated semigroup
generated by (—Ajy)?, still as a consequence of (2.3) it is not difficult to infer that

t_lgrnoo HTtUHLP(M) =0,

whereas, in view of the assumptions on u and the definition of {7} }+>0, it follows that

_T
lim L= fh%

in LP
Jim— = (—An)’u in LP(M).

Recalling that the operator (—Ajs)~° introduced in (2.8) can equivalently be rewritten as

+oo
(—AM)s:/ T, dt
0

(by means of Fubini’s theorem and subordination), in order to achieve (5.8) one can reproduce
verbatim the proof of [35, Proposition 6.2.12|, taking advantage of the above properties. ([l

Proposition 5.3. Let M satisfy Assumption 2.1. Let u be the mild solution to (1.1) corresponding
to any nonnnegative initial datum ug € L'(M) N L>®(M). Then, u is a WDS in the sense of
Definition 2.1.

Proof. We mainly follow ideas behind the proof of [13, Proposition 7.2|, which deals with FPME on
bounded Euclidean domains, thus we will just emphasize the crucial points for convenience of the
reader.

Let us go back to the time discretization procedure introduced in (5.5) (with 7" > 0 arbitrary
but fixed). Thanks to Lemma 5.2, the expressions (—Aps) %ug and (—Anr) "% [(—An)* (ug41)"]
make sense as functions in LI(M) for all k, as from Proposition 5.1 we know in particular that
g, (—Apr)° (ups1)™ € LY (M) N L®(M).

Let us take an arbitrary test function ¢ € C((0,T); LS (M)) and set ¢y := (g, ). We multiply
(5.5) by (—Ans) " *vy, integrate in M, and sum all terms over k =0,...,n — 1 to get

Z/ (=An)* (u1)™ + k1] (—Anr) g dpns = Z/ up(=An) " Ve dpas -

By using Fubini’s theorem and Lemma 5.2, we then obtain:

n—1 n—1
—Ap)7° —(=Ap) 8 d =—h b d
kZ:O/M [(—An)Pupg1 — (—An) " ur] i dpns kgO/M (ury1)™ r dpnr

which can be rewritten as

/ (V-1 (—An) "un — Yo (—Anr) *uo) dpns
M

n—1 n—1
. N - _A —s _ _ m )
; /M (Y — Yr—1) (=Anr) " Pug dpnr h kZ:O /M(Uk+1) i dpps

=:I; =:15
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As concerns I, we have:

n—1
VY — Yr—1 _
Il = h —_— (—AM) suk d,U,M (5.9)
Y ),

n—1 n—1
= h [ Ot ) (=An) "(ug — wp)dpnr + Y h [ Oup(te, ) (—An) g dpar + pn
>, > f,

where we set @y := u(tg,-) and

pn-—Zh [ [P - a2 .

Since 1 belongs to CL((0,T); L(M)) and {uy} is uniformly bounded in every LP(M) space, the
same holds for {(—Aps) ®u} in some LI(M) space by virtue of the continuous injections recalled
above, thus it is readily seen that p, — 0 as n — oco. Let us then focus on the other two integrals
on the r.h.s. of (5.9). As for the first one, recalling that by construction

sup ||up(t) — u(t — 0
2 lun®) = ) an) 2,

(recall the proof of Proposition 5.1), we have:

/ 0 (b, )] (ug — i) dpns

n—1
B[ Ot ) (~Bar) ™ (up — g) du ‘
; /Mt k M k k M

n—1 n—1
< D =) O ]| oo ary 1wk = anllaary < C sup Jun(t) = u®lpiary D b —2 0,
k=1 k=1

t€[0,T]

since h = T'/n, where the constant C' > 0 depends only on N, k,c,s the support of ¢ and the
L>°(M) norm of dyp, in agreement with the global estimates provided in Remark 3.1. Note that in
the first passage we have exploited Fubini’s theorem, which is easily seen to be applicable still in
view of such estimates. On the other hand, we recognize that the second integral is nothing but a
Riemann sum of the (continuous, recall Remark 2.1) function

e [ Bt (=) fult ) dyns
M
so that

n—1
h Op(te, ) (—An) St dp — Op (—Apr) Pudpps dt.
kz_l /M t k k M / / t M M

Hence, by combining the above results, we can deduce that

T
L — /0 /M Ot (—AM)isuduM dt. (5.10)

n—oo

A similar (even simpler) computation, exploiting the fact that also {u""} converges to «™ uniformly
in L'(M) thanks to (5.3), yields

T
IQ —>/ /umwduMdt. (5.11)
0 M

n—oo



FRACTIONAL POROUS MEDIUM EQUATION ON MANIFOLDS 25

Since v is compactly supported in time, it is apparent that ¥g = 0 and v,_1 = 0 for sufficiently
large n, whence

/ an—l (—AM)fsun — g (—AM)isuO] dpas ? 0. (5.12)
M n—oo
As a consequence of (5.10), (5.11) and (5.12), we finally obtain

T T
/ / 5t7/1(—AM)_SUdMMdt—/ / u™pdup dt =0.
0o JM 0 JM

Given the arbitrariness of T' and 1, the above identity shows that u is indeed a WDS, recalling
moreover that it is bounded, thus «™ € L'((0,T); L} (M)), and L' (M) is included (with continuity)

loc

in L}UO,GL(M) for every g € M, so that u also belongs to C°([0, +-00); Lio,Gﬁu (M)).
(]

5.2. Basic properties of WDS for L!(M) N L>(M) initial data. In this subsection, we provide
two crucial propositions yielding stability estimates and inequalities, for approximate WDS, that
will be fundamental in order to prove our main results in Section 6.

In the sequel, for the sake of simplicity, when referring to “the” WDS to (1.1) corresponding to
LY(M) N L>*(M) initial data, we will implicitly mean the one constructed in Propositions 5.1 and
5.3, which therefore enjoys all the properties stated therein.

Proposition 5.4. Let M satisfy Assumption 2.1. Let u be the WDS to (1.1) corresponding to any
nonnnegative initial datum ug € L*(M) N L>(M). Then, we have

/ u(t, z) Gy (z, xo) dppr(x) < / uo(x) Gy (x, xo) dpns () forallt >0 and all xg € M,
M

M
(5.13)
and

(1) =ty ttocan) < [ futtonn) = u(en, )] o) (o) < m = 1) T )
1 M tor

for a.e. (to,t1,t,20) € (RT3 x M, with 0 < tg <t <t.

Proof. We follow closely the lines of proof of [12, Proposition 4.2] and [5, Proposition 3.3], where
bounded Euclidean sets and the hyperbolic space are treated, respectively.

In order to prove (5.13), we first notice that the following identity holds:

/ ulto, ) (—Ang)~0(x) dpnr () — / ultr, ) (—Anr)~50() dun (2)
M

M
:/tt1 /Mum(t7x)¢(x) dpnr(z) dt > 0, (5.15)

for every nonnegative 1 € L2°(M), and all 0 < ¢y < t1. The proof of (5.15) follows by using (2.12)
with the sequence of test functions (with separate variables) ¥ (t,x) = ¢, (t)1(z), where {¢,} C
C1((0,+00)) is in turn a suitable sequence of time-dependent functions such that ¢,,(t) — X[to.t1] (1)
a.e. in (0,+00) and $én — 6, — 6, as n — 0o. Then, equation (5.15) just follows by passing to
the limit as n — oo, recalling the continuity properties of ¢ — (—Aps)"*u(t,-) (see Remark 2.1)
and exploiting Fubini’s theorem.
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Now fix 2y € M, and consider the sequence

w(xo) _ XByu(20)

= - Vn € N.
pia (B (0))

Clearly, each w,(fo) is nonnegative and belongs to L3°(M), thus it is an admissible test function in
(5.15). Furthermore, since for every € M the map y — G3,(y, z) is continuous in M \ {z} (recall

the discussion in Subsection 2.2) and 1!17({]00) — 0z, as n — 0o in the sense of Radon measures, we
obtain

_ =5 (@)} (1) = o s (y, x Yy (xo, ) =Gy (x, x
(200 () = s / o G () 2 Gy(r) = o)
(5.16)

for every x # xg. On the other hand, from Lemma 3.2 with 0 = 1/n and the bound qu(fo)Hoo <
Cn™V (which follows from (2.4) or simply the local Euclidean structure of any smooth Riemannian
manifold), we deduce that there exists C'= C(N, k, ¢, s) > 0 such that

(—An)7° (wff“”)(a:) < C G5y (x, ) Vo # 29, Vn € N. (5.17)

By virtue of (2.7), we know that G3,(-,z¢) € LY(Bg(zo)) forall R > 0and 1 < g < %%, so that
by (5.16), (5.17) and dominated convergence we infer that

(—Au) () (@) — Giyla,a0)  in L4(Br(xo))

for all such q. Hence, for every fixed R > 1 and 7 > 0, it holds

[ ulr) (-8u) ™ @) @) duas(e) ~ [ ) Gl ) duas (o)
Br(zo)

Br(zo)

— 0.
Lq(BR(l‘o)) n—o00

< ()t ary || (200> (95)) = Gy (- 0)|

Moreover, we also have that

— 0;

n—oo

/ u(r, ) (—Ang) = () () dpun () — / u(r, ) G (3, 20) dpuns (2)
M\Bg(o) M\Bg(w0)

indeed, by (5.17) and the fact that u(r,-) € LimG?M(M), it holds

u(r,x) (—Ap)~° (1,07(:”0))(1:) < Cu(r,z)G3y(z,x9) € L*(M \ Bgr(xg)) for ae. x# xq, Yn €N,

whence the claim, still by (5.16) and dominated convergence. As a result, we can apply (5.15) with
Y= wy(fo) and let n — oo, to get

[ altn ) Giya0) i (@) < [ o) G 20) daa (o),

M M

namely inequality (5.13) upon choosing ¢t; = t and letting ¢ty — 0 (it is readily seen that the r.h.s. is
actually stable).

Finally, we omit the proof of (5.14), as it follows by repeating the arguments of [5, Proposition 3.3
— Step 3 and Step 4], with inessential changes (just note that the starting point is still (5.15) plus
the monotonicity property (5.2)). O
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Proposition 5.5. Let M satisfy Assumption 2.1. Let u be the WDS to (1.1) corresponding to any
nonnnegative initial datum ug € L*(M) N L>®(M). Then, we have

[u()]l 21

‘ZO’GR[

< C||ugl| 1 . for allt >0 and all xog € M , (5.18)
20,63

for some C = C(N,k,c,s) > 0. More in general, if u,v are two ordered WDS to problem (1.1)
corresponding to monnegative initial data ug,vo € L*(M) N L (M), respectively, it holds

lu(t) —v(t)] 1 o < C'lup — vol| 1 o forallt >0 and all xo € M . (5.19)
T, 20,6y

0> a1

Furthermore, for all 0 < R <1, we have

Rst/ u(t,z) Gy (x, o) dppr(z) < Clu(t)|| 1 for allt >0 and all xg € M ,
M\Bg(z0) 20,63y

(5.20)
for another C = C(N, k,c,s) > 0.

Proof. From (5.15) we know that

/ ult, 2) (—~Ang) = (x) dpng () < / ulto, 2) (D) ~*(x) djun (2)
M M

for all t > top > 0 and all nonnegative ¢ € L°(M). Therefore, by Lemma 3.3 we readily deduce
that

lu®)lls . < Cllulto)ls

0" M 0¥\
for some C' = C(N, k,c,s) > 0. Estimate (5.18) just follows by letting tg — 0, recalling that wu(t) is
continuous as a curve with values in ng0 G3, (M).

As far as (5.19) is concerned, it is enough to observe that by taking the difference between (5.15)
and the same identity applied to v we have

[ tutto, ) = olto,0) (~Bar)0l@) dpas () = [ fultr.2) — vltr,2)) (~Ba0) " w(e) duas (o)
M M
=[] i) = o el wle) du(@) e > 0,

where we assume that u > v (otherwise one swaps the two solutions). Then, we repeat exactly the
same argument as above.

In order to prove (5.20), we pick ¥ (z) = ¢ (z) = XB, s (o) (). By Lemma 3.2 (with 0 = 1/2),
we infer that there exist three positive constants C, C7, Co, only dependent on N, k, ¢, s, such that
for every 0 < R <1 it holds

RY">C u(t, z) Gy (2, xo) dpurs () S/ u(t,z) (=Aun) " () (@) dpar ()
M\ B (o) M

< [t A @) @) i) [ ) (<8an) () () ()
Ba(zo)

M\ Bz (z0)

<G [ utta)dunla) £ Co [ ulta) Giylean) dusi(a).
Ba(zo) M\ Bz(zo)



28 ELVISE BERCHIO, MATTEO BONFORTE, GABRIELE GRILLO, AND MATTEO MURATORI

where for the upper bounds we have exploited Remark 3.1. Estimate (5.20), finally, follows upon
noticing that

1
/ u(t, ) dppr(z) < / Gy (z, o) u(t, z) dupr(x)
Bz (z0)\B1(z0) K J By (20)\Bi1(z0)

with k := - {nin)<2GfW(m, xp) (recall the uniform lower bound (3.26)). O
Srix,ro)s

6. PROOF OF THEOREMS 2.4, 2.6 AND 2.7

Following a similar strategy to [12], all the main results will first be established for approximate
WDS (see Section 5) and then extended to general WDS, by means of a (relatively) standard
limiting process relying on the monotone approximation of a nonnegative initial datum wug, that
merely belongs to L%}%(M), with a sequence of “truncated” data ug,, € L*(M) N L®(M).

Before, we provide an anticipation of a smoothing effect, that will be needed only in the proof of
Theorem 2.4 when passing to the limit in the second term on the Lh.s. of (2.12), which requires (at
least) boundedness Lj”.(M). Moreover, certain estimates provided along the proof will also serve
as key starting points for establishing the “real” smoothing effects stated in Theorems 2.6 and 2.7.

Proposition 6.1. Let M satisfy Assumption 2.1. Let u be the WDS to (1.1) corresponding to any
nonnegative initial datum ug € L'(M) N L>(M). Then, there exists C = C(N, k,c,s,m) > 0 such

that

2519
o125

G
[0l mqary < C |~ Vol | ¥e>0. (61)

M

Proof. We first comment that, in the following, inessential numerical constants will always be de-
noted by C. The key ingredient is the following estimate, which is a simple consequence of (5.14)
with the choice t; = 2ty (let ¢y > 0 be arbitrary but fixed):

9m—1
u™ (to, xo) < i / u(to, z) Gis(x, o) dpuns () (6.2)
M
QT Qo1
= / u(to, z) Gy (x, xo) dpps (z) + ; / u(to, z) Gis(x, o) duns (),
0 JBg(zo) 0 JM\BRg(zo) |
(1) (I7)

for all R > 0. Note that (6.2), actually, holds for almost every ¢, > 0 and z¢ € M, but this is not an
issue to our purposes given the time continuity properties of u and the fact that we take essential
suprema (even though we will not mention it explicitly).

In order to handle (1), first we prove the following Green function estimate, valid under our running
assumptions:

/ Gy (x, o) dups(z) < CR*  forall0< R<1, (6.3)
Br(zo)

for some C' = C(N, k,c,s) > 0. To this aim, let #5,"" denote the (N — 1)-dimensional Hausdorff
measure on M. As a consequence of the celebrated Bishop-Gromov theorem (see e.g. [33, Theorem
1.1]), it is readily seen that H3, 1(0B,(x0)) < CrN=! for every r € (0,1] and every xg € M, where
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C' is a suitable positive constant depending only on N and the curvature bound (2.1). Therefore,
taking advantage of (2.7) and the coarea formula we infer, for all 0 < R < 1:

1
/ Gz, z0) dpn(z) < C 7N_25d,UJM(x)
Br (o) )

Br(zo) (T, %0

R

1

- C/ N—2s Hy (0B (z0)) dr < CR*,
0

which is precisely the claim. Having established (6.3), it follows that

m

1 m C R m—1
(D) < i)z qan + —m ( / GM@,xo)dﬂM(x)) (6.4)
ty "t \/Br(zo)
]‘ m C 2sm
S m [uto) I zoo(ary + —= BT foral 0 < R<1,

tyt
where C' > 0 is another constant depending only on N, k, ¢, s, m.

In order to bound (I7), note that from (5.20) we know that for all zp € M and all 0 < R <1 it
holds

RNQs/ u(to, z) Gy (x, z0) dun(z) < Cllulto)|| s
M\ B (zo) o

Hence, going back to (6.2) and (6.4), we deduce that

1 C 2sm C
um t07$0 Si UtO moo + ™ Rm—l + — Uto 1 s
o) < iy + e R 4 e ol

still for all 0 < R < 1. Taking the supremum over xqg € M and recalling the definition of the norm

I - HL([I;S , we thus obtain
M
1

wim (T o)l
m
[uo) Iz (ary < € —m 1+ 1 M (6.5)
b Rm=17;

Note that both sides are finite since u(to) € L'(M)NL> (M), and L' (M) is included with continuity
in Lé?w(M>' By choosing

1 (m=1)%1
R = (6 o)l ) 6.)
i
and plugging it into (6.5), we end up with the following bound:
Jutto)lZ" lluol 73
[u(to)|l o ary < C e Mo < e M (6.7)
0 0

where in the last passage we have exploited the stability estimate (5.18) (up to taking the supremum
over xg € M). We point out that (6.7) holds subject to R < 1 in (6.6), which is achieved provided

1 (m—l)’ﬂ1
(4 ol ) <c.
M

by virtue of (5.18) (where we recall that a multiplicative constant is present on the right-hand side

bound).
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Given the arbitrariness of gy, we finally obtain

ol -
[w()] oo (ary < Ct]\fiﬂlM forallt <C HuOHLé: .
M
(m—1)

It is readily checked that, at the borderline time t. = C|uol|, , the above bound entails

1

GS

lu(te)l|Loo(ary < C Hu0||%s , whence (6.1) follows from (6.7) recalliﬁg that LP(M) norms are non-
M

increasing along the nonlinear semigroup constructed in Subsection 5.1. ([

6.1. Proof of Theorem 2.4. We proceed by (monotone) approximation in terms of the mild
solutions introduced in Subsection 5.1 corresponding L*(M)NL> (M) initial data, which by virtue of
Proposition 5.3 are also WDS. More precisely, our weak dual solution corresponding to a nonnegative
ug € L%}M (M) will be obtained as a limit of a pointwise monotone sequence of such mild solutions.

To our purposes, for every n € N we set

U0, 2= XB,(0) (W0 A M),

where o € M is any fixed point. Since each ug,, is bounded and compactly supported, it is apparent
that ug, € LY (M) N L®(M), and by construction ug, < ugn+1 < up. If we let u, = uy,(t, )

denote the (mild and) WDS to (1.1) with initial datum ug,, in view of the comparison principle
entailed by (5.1) we deduce that uy,(t,x) < un11(t,x) for every ¢t > 0 and a.e. z € M, namely also
the sequence of solutions {u,} is monotone increasing. As a result, the pointwise limit

u(t,x) := nh_}r{)lo U (t, x) (6.8)

exists, and it is therefore our candidate to be the weak dual solution starting from ug. What follows
aims at showing that u is indeed the sought solution.

Convergence occurs in C°([0, T); L:}:O,GM(M))' Thanks to the stability estimate (5.18), we have
that

llun (E) |1 < Cluonll 1 for all ¢ > 0 and all xg € M .
z( zq,G3

G Gy
By the monotone convergence theorem, it is plain that ug, — ug in L;O G, (M) as n — oo, so that
by Fatou’s lemma we obtain

lw(t)] ;1 < C'|uo|| 1 o for all t > 0 and all g € M, (6.9)
*0- oM

GS

which in particular yields u(t, ) € L:}:O,Gf\l (M) for all t > 0. Hence, again by monotone convergence,
we deduce that u,(t,-) — u(t,-) in L;O,GRI(M> as n — o0o. Therefore, if we show that the sequence
{un} is uniformly equicontinuous in C°([0, T); L}CO’G?V[(M )), for every fixed T' > 0, by Ascoli-Arzela
theorem we can infer that convergence actually takes place in such space, and in particular u €
([0, T7; L:}:O,wa (M)) as required in Definition 2.1.

To this end, let € > 0 be fixed. We pick ng € N so large that
_ <
HUO UOmoHL}EOYG?M = 407

where C' > 0 is the constant appearing in (5.19). Since t — up,(t,-) is a (uniformly) continuous

curve with values in Li,o Gs, (M), there exists 6 > 0 such that ||up,(t) — wny(5)| 11 < § for every
’ 20.Gy
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t,s > 0 with |t —s| < . Hence, by virtue of the triangle inequality and the stability estimate (5.19)
(recall that the sequence {u,} is ordered), we obtain:

[un(®) = un(S)llpr o <lun(t) = ung(@)llpr A+ lltng(8) = ung ()2 A [lun(s) = ung(s)ll 1 -
z0,Gy z0,Gy 0¥y
13 g
<20 luom —uomllpr A llune() —ung(s)llpr <5 +5=¢,
ID’G?\l ,G‘;\J 2 2

for every n > ng and t,s > 0 with |t — s| < . This proves uniform equicontinuity in L:}:O,Gi,(M ),

so that ¢ — wu(t,-) is also a continuous curve with values in Lio,Gi, (M) satisfying u(0,-) = up.

Convergence occurs in L™((0,7); L (M)). Thanks to the smoothing effect established in

Proposition 6.1, along with the fact that ug, < ug, we have:

o257 ol
[t ()| oo (ary < C tj\fiﬂlM N HUO,nHLéS <C tN7191M N HUOHLéS vt >0, (6.10)

M M

for every n € N. Because the L°°(M) norm is lower semicontinuous w.r.t. pointwise convergence,
upon passing to the limit in (6.10) as n — oo, we end up with

ol 25”
) zeeqary < i JunOllpany < € | gV lollgy, | 9> 0.

As a result, for every r > 0 and 7" > 0 we have:

T
[ ] meoam@ars [l [ o

2 1)9
o1 S“" e

m—1
<o [ | el il | [ atta)dta)ar

Because N(m — 1)9; < 1 and L} i{(M) is included with continuity in L'(B,(0)), from the above

estimate and (6.9) (up to taking the sup over xg € M), we deduce that ™ € L((0,7); L}, .(M)),
or equivalently v € L™((0,7T); L».(M)).

Again, by monotonicity, this shows in particular that u, — u also in L™((0,T"); L>.(M)).

Passing to the limit in the weak dual formulation. Having just shown that u belongs to the
required functional spaces and u(0,-) = ug, we are just left with proving that it satisfies the weak
dual formulation (2.12).

Since each approximate solution u, is a WDS, we know that

T T
/ / 8t¢(—AM)Sund,uMdt—/ / upt i dppr dt =0 Vn e N, (6.11)
0 M 0 M

for every T > 0 and every v € CL((0,T); L2°(M)). Thanks to the convergence of u, — u in
L™((0,T); L (M)), we can safely pass to the limit in the second term on the Lh.s. of (6.11) to get

loc
T T
/ /uﬁwduMdt—>/ /umwd,uMdt.
0o JMm n=oo Jo JM
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As for the first term, we already know that u € CO([O,T];L;O’GL (M)); therefore, in the light of

Remark 2.1, we have that (—Ap;)~*u € C°([0,T); LL.(M)). By the definition of the operator
(—Ap)75, it is apparent that also {(—Ans) ®u,} is a monotone increasing sequence pointwise

converging to (—Aps)~*u, thus convergence surely occurs in L'((0,7); L, .(M)), whence

/ /&51/1 AM Sty dppy dit —>/ /8t¢(—AM)SuduMdt,
0 M

n—o0

which this completes the proof. (Il

Proof of Corollary 2.5. The argument is an adaptation to the present setting of the proof of Theorem
4.5 in [13], so we sketch it here for the reader’s convenience.

Let {u,} be the monotone increasing sequence of approximate solutions introduced in the proof
of Theorem 2.4, and consider any other monotone increasing sequence {vo} C L'(M) N L= (M),
with vg, > 0, such that vgj — wug pointwise as & — oo. Upon repeating exactly the same
construction as in the just mentioned proof, it is readily seen that one obtains another weak dual
solution v to problem (1.1). We want to show that u = v. To this aim, estimate (5.19) applied with
(u,v) = (un,vg) yields

lun(t) — vk ()] 12 < Cluon — vokl 1 . for all t > 0 and all g € M, (6.12)
20,63,

©0,Gqy

for every n,k € N. Passing to the limit in (6.12) first as n — oo and then as k — oo, we thus end
up with

||lu(t) — v(t)||Li0,G§_M = klggo nh_)ngo lun(t) — Uk(t)HLioyG% <0 forall t > 0 and all g € M,

namely the assertion. ([l

6.2. Proof of Theorem 2.6. Without loss of generality, we can restrict ourselves to initial data
in L'(M) N L>®(M) and the corresponding mild solutions constructed in Section 5, since each of
the smoothing effects (2.13), (2.14) and (2.15) is stable under the (monotone) passage to the limit
(6.8) (note that in this case u, — u in C°([0,T]; L*(M))).

In order to prove (2.13), we go back to (6.2) and simply observe that, for all R > 0, it holds
1 C Hu(tO)HLl(M)

1) < — t ——d <—

( ) ~ %o /M\BR(;EO) u( 0733) T(I‘,I'O)N*ZS MM(‘T) = to RN—2s >

where we have used (2.7). By combining (6.13) and (6.4), and taking the supremum over xy € M,
we obtain

(6.13)

1

Rt £ | (to
lu(to) [ Toe gy < C e [ 1+ = i 1)”““”) forall 0 < R<1. (6.14)
tr ROy
If we now choose
R = (6 o)l (6.15)
and plug it into (6.14), we infer that
st st
o) 17300y luolI7373

[w(to)l| oo (ary < € G < tNﬂl M) ) (6.16)
0 0
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where in the last passage we have exploited the fact that the L!(M) norm is nonincreasing in time
(namely (5.3)). Note that (6.16) holds subject to R < 1 in (6.15), which is achieved provided

1 (m—l)ﬂ1
(ténl ||U0||L1(M)> <1,

using again the time monotonicity of the L'(M) norm. Because, at the borderline time t, =
HuOHZl(?E)l)’ estimate (6.16) yields |[u(t«)| o (ar) < Clluoll£1(ar), the smoothing effect (2.13) follows
upon noticing again that LP(M) norms (in particular for p = oo) are nonincreasing along the
semigroup of mild solutions.

Under Assumption 2.2, i.e. when M is a Cartan-Hadamard manifold, it suffices to observe that
(6.14) is valid for all R > 0 as, in this case, estimate (3.7) replaces (6.3). As a result, the previous
strategy holds without any smallness constraint on R, and therefore on ¢ty as well.

We finally turn to the proof of (2.15), under Assumption 2.3. First of all, we recall estimate (3.10),
which in particular entails

/ Gy (x, zo) dup(z) < CR? VR>1. (6.17)
Br(zo)

Let us go back again to (6.2), and properly bound the two items on the rightmost side. As for the
first one, upon reasoning exactly as in (6.4) (using (6.17) instead), we get

1 C sm
(I) < = |lu(to)|foo(ar) + —m= R™1 VR >1. (6.18)
m tm—l
0
In order to handle the second one, it is convenient to exploit the pointwise bound (3.9):
C e~ (N—-1)ver(a,zo) C uo)llproan
I7) < — t d < —
(1) < to /M\BR(IO)U( 0,7) r(x,mp)l—s par () < to R1-5 e(N-1)VER

VR>1. (6.19)

By combining (6.2), (6.18) and (6.19), recalling again that [[u(to)l[z1(ar) < lluollz1(ar) and taking
the supremum over xy € M, we end up with

1
sm

m Rm—T te' " lluoll Lr(ar)
0

where in the second term inside parentheses we have discarded a power of R at the denominator,
since it does not contribute to any improvement of the final estimate. Choosing now

B 1 o= (N=1)(m=1)/< ||, |~ (=)
R = (N—1)/e 10g<t0 ||U0||L1(M)> >1 — to=e Mol iary "

inequality (6.20) gives (2.15), and this concludes the proof of Theorem 2.6. O

6.3. Proof of Theorem 2.7. Similarly to the proof of Theorem 2.6, the idea is to first establish
the smoothing estimates (2.16)—(2.17) on approximate mild solutions, and then pass to the limit
by monotonicity. However, here we need to be more cautious, since as observed in Remark 4.1
monotone increasing sequences in general do not converge strongly in the space L} s (M). For such
reason, we prefer in this case to keep the explicit symbol u, of the approximate mild solutions
constructed in the proof of Theorem 2.4, and then pass to the limit as n — oo.
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By the proof of Proposition 6.1, we can infer that there exists C; = C1(N, k, ¢, s,m) > 0 such that

250
(B2

lin(Oll ey < C1 | gV ol | v >0, (621)
M

for every n € N. Note that (6.21) is a direct consequence of (6.7) and the same reasoning as in the
end of the proof of Proposition 6.1. Since ug, < up and u, < u, we deduce that

Ju(e) 25
”u’n(t)”Loo(M) <y t]\fiﬁlM V HUOHLéf\/l vVt >0,
whence
Ju(e) 25
1 ] M
||U(t)||Loo(M) < hnrggf ||Un(t)||Loo(M) <O TN N HUOHLé?\l vt >0,

namely the leftmost inequality in (2.16). As for the rightmost inequality, it is enough to notice that

||U(t)HL(1;S < CH“OHL(};S , which follows upon taking the supremum over zg € M in (6.9).
M M

We now deal with the proof of the long-time behavior, i.e. (2.17). To this aim, first of all we notice
that (6.4) (with w = wu,) holds for all R > 0 under Assumption 2.2, as a consequence of (3.7).
Besides, for all R > 1 we have

s

C
(1) =+ llunlto)ly .
0 z(,G

this being a direct consequence of the definition of || - || ;1 e Therefore, by proceeding similarly to
0¥
the proof of Proposition 6.1, we end up with the following bound, valid for every R > 1 and (almost

every) xg € M:

IN

uy,' (to, o)

,GY

1 . C
m l[wn (o)l Loe (ary + — BT + % Hun(tO)HL}CO

1 C
— t0) || Toe i Rm=1 4 —
m [[un (o)l o)+ . + t o nHLimG

IN

0

Taking the supremum over xg and raising to the power % yields

C 25 C L C 2s C L
lwn(to)l o ary € —— B7 T+ ol < —— B 7+ — Jluolly
m—1 m m—1 m
t tg Mol tg M

whence, letting n — oo,

. . C 2s C 1
Julto) <y < i fun (00l e gury < —am BT+ ol

ot te “nm
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still for all R > 1. The best choice in such bound is clearly R = 1, which gives

1
o el
Hu(tO)”LOO(M) <C —— T T =
tm—l tm
0 0
C L 1 C 1
<Ll +1] < ol
tg' | (e " ty Eha
to HUOH%S
M
provided tg > Huo||21(m_1), that is (2.17). O
G

7. OPEN PROBLEMS

We conclude the paper by listing some open problems that might turn out to be interesting
directions for future research.

Solutions that may change sign: Extend our results to signed solutions. Extension methods
as in 3] might be useful to this end.

Uniqueness: Show that WDS are unique, not only the ones obtained by limits of monotone
approximations, as done here. Such result is known from [27| in the Euclidean case for very
weak solutions.

Mass conservation: For positive, integrable solutions to (1.1), prove that ||u(t)||1 = ||«(0)|1
for all such solutions and all ¢ > 0. Precise bounds for the fractional Laplacian of a test
function should be proved, which is not elementary on general manifolds.

Large time behaviour: Prove existence of fundamental solutions, namely positive solutions
taking a Dirac delta as initial datum, and investigate their role in the asymptotic behaviour
of general solutions as holds in the Euclidean case: see [47], [45] for the Euclidean non-
fractional case, and as concerns existence a uniqueness only and in the non-fractional case
again, and [28] in negatively curved manifolds.

Global Harnack Principle and convergence in relative error: Prove (explicit) pointwise upper
and lower bounds for solutions in the spirit of the results in the euclidean setting: [11] in
fractional fast diffusive range m < 1, [10] for the fractional heat equation, m = 1, and [9], for
the local fast diffusion equation, possibly with weights. Show that this implies convergence
in relative error with respect to the fundamental solution with the same mass, as in [9], and
possibly characterize the class of data for which the GHP and the convergence in relative
error holds.
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