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1. Introduction

NLS equation is well known to provide an effective model for the description of micro-
scopic systems on a macroscopic/mesoscopic scale, as for instance Bose—Einstein Condensates
(e.g. [33]). However it is also employed with totally different physical meaning in nonlinear
optics, plasma waves, neurosciences (FitzHugh—Nagumo model), etc (e.g. [55] and references
therein). In particular, several attempts have been made to adapt this model to the case of
quantum many body systems in presence of defects or impurities with a spatial scale much
smaller than the dispersion of the wave function.

Two different singular equations have been suggested in the last decades to address this
problem. The former arises perturbing the laplacian in the NLS equation with a singular point
potential of delta type (see [64, 67]). Available results concern here mainly the 1D case, where
local/global well-posedness and existence/stability of standing waves is now well understood
(e.g. [8-10, 13, 51]). In 2D and 3D, on the contrary, first well-posedness results have been
obtained in [22], whereas standing waves have been discussed in [1, 2, 38].

On the other hand, the latter arises formally multiplying the nonlinear term of the NLS
equation by a point potential of delta type, thus causing a concentration of the nonlinearity.
This model has been first proposed to describe phenomena such as charge accumulation in
semiconductor interfaces or heterostructures (e.g. [21, 46, 56-58, 63]), nonlinear propaga-
tion in defected Kerr—type media (e.g. [72, 73, 78]) and Bose—Einstein condensates in optical
lattices with laser beams generated defects (e.g. [35, 52]). Local and global well-posedness,
blow—up and existence/stability of the standing waves for this equation are nowadays almost
completely understood in 1D (e.g. [7, 14, 26, 42, 43]) and 3D (e.g. [5, 6, 11, 12]), whereas a
better understanding of the 2D case has been obtained only in the last years by [3, 4, 25, 27].
Note, finally, that also a non-autonomous variant of this model have been widely studied in
the last twenty years (e.g. [20, 29-31])

In this paper we present the first discussion, to the best of our knowledge, on a generalized
model where the actual physical dimension of the defect in the concentrated model is taken
into account. Indeed, in real cases defects and impurities are more likely to be modeled by
smooth and closed manifolds M embedded in R3, rather than zero—dimensional objects like

points.
More in detail, such model can be formally expressed by the initial value problem
za—u) = —AY+B[YP7¢9Psy in RY xR3
ot ey
¥(0,:) =0 in R,
or, equivalently, by the nonlinear initial-boundary value problem
z%f =—Ay in Rt xR3\ {M}
Yt =9y~ =9 in Rt x M
dut oy 2
- 20 i +
= S =AY i RY XM
¥ (0,-) =10 in R3

where 17 is the restriction of 1 to the region outside M, while 1)~ is the restriction of 9 to
the region inside M.
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However, even though this new model provides a more accurate description of physically—
relevant cases, it involves several challenging mathematical obstacles. Indeed, the main advant-
age of classical point models, which is the complexity reduction to a zero—dimensional time—
integral equation, here is completely lost. In this case, the model reduces to a time—space
integral equation supported on the manifold where the nonlinearity is placed.

Such difference calls for new ideas in the proofs of both local and global well-posedness.
For this reason, in this paper we limit ourselves to the case of the unit sphere, i.e. M = S2. In
this way, it is possible to develop a strategy relying on the spherical harmonics decomposition
that allows to overcome the complexity generated by the physical dimension of the defect. On
the other hand, although the simplification of the geometry of the manifold makes the problem
more manageable, it still shares all the intrinsic issues connected to manifolds of codimension
one, thus representing a suitable paradigm for future research.

Remark 1.1. Besides representing a more accurate description of real world phoenomena, the
study of (1) (or (2)) may be seen as the first step of a new justification for the point models
mentioned at the beginning. Indeed, in place of considering concentrated nonlinearities as
concentration limits of spread nonlinear potentials (e.g. [23, 24]), one could obtain them as
singular limits of manifold—concentrated nonlinearities when the manifold shrinks to a point.

1.1. The linear case

As for the point models, in order to give a precise meaning to (1) (or (2)), one has to begin by
rigorously defining the linear case, which has been studied in [15] (for more general geometries
see, e.g. [17-19], while for different singular potentials see, e.g. [44, 68]).

Formally, for any fixed o € R it reads

z%’f:(—A—Faégz)w in Rt xR3
¥ (0,-) =0 in R}

where s> denotes the superficial Dirac delta distribution supported on the unit sphere of R,
denoted by S?, i.e.

(hds2, ) == /Szh(yw(y) dS(y), VeecCy(RY).

However, in order to state it in a more consistent way, according to quantum mechanics, it is
necessary to define —A + «ds2 as suitable self—adjoint operator #,, that extends in a nontrivial
way *A|C;;° (r3\s?) Via the von Neumann—Krein theory of self-adjoint extensions.

To this aim, for any fixed A > 0, denote first by G A the Green potential associated with the
unit sphere of the operator —A + \ in R3, i.e.

g’\h(x)::/G’\(x—y)h(y) dS(y), Vh:S*—=C, VxeR 3)
gZ

where G is the Green function of —A + X in R3, i.e.

A — e_ﬁ‘XI 4
G (X) o T|X|. ( )
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In view of this, H,, : L*(R*) — L*(R?) can be defined as the operator with domain
D(Ho)={uecl?(R?): IN>0st. u+aGus =¢* € H*(R*)} (5
and action
Hott=—A¢™ + aAG uis2,  Vu€D(Ha). (6)

In other words, functions u € D(H,,) can be decomposed in a regular part ¢*, on which the
action of the operator coincides with that of the standard Laplacian, and in a singular part
—ag )\M‘SZ, on which the action of the operator is the multiplication times —A\.

We highlight that A is a dummy parameter as it does not actually affect the definition of
(Ha:D(Ha)). To check this, consider u € D(H,,). By definition, there exist A > 0 such that
u=o*— ag’\u|Sz, with ¢* € H*(R?). Fix, now, v > 0, v # \. By (3)

(G e — Grujse) (x) = /Sz ug (y) (GY (x—y) —G*(x—y))dS(y), (D

and thus, differentiating (7) and recalling that (4) entails G¥ — G* € H*(R?), one can prove
that Gujs: — G ugs: € H*(R?) in turn. To this aim, it is sufficient to note that us: € H3/2(S?)
(as pointed out by remark 1.2) and check that, if f € L*(R?) and g € C°(S?) then h := f* gdg» €
L*(R?). This is a consequence of Jensen’s inequality and Fubini’s theorem, since

2
dx

e = [ | [ 76 p)emasty
<ar [ [ x-p)Plem)Pesm ox
=ar [ e@P [ =) Pas) de=drlele I

Moreover, if f € H*(R?) and g € C°(S?), then h € H*>(R?) since Ah = Af * gds, and thus the
claim follows setting f = G — G* and g = u/g.

As a consequence, if one sets ¢” := ¢ + (G U2 — G ujg), then ¢” € H*(R?). On
the other hand, as —A(G"us: — Grus:) = AG uje — vG¥ujs2, one finds that —A¢* +
a)\g)‘u‘gz =—-A¢”+ aug)‘u|gz, so that one can conclude that the decompositions with A and
v are completely equivalent.

Remark 1.2. Another way to see the independence of A is given by the possibility to rewrite (5)
and (6) as follows:

D(Ho) = {u el* (R :ut e’ (R3 \W) ,u” € H (B (0)),

= Ozu|§2 s
S2

+ _ au“‘
why = = ugp, —
Is? Is? 5% " on « On

ou~

Hou (x) = —Au(x), vx € R¥\ §?,
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where B (0) is the unit ball centred at the origin and

u(x), VvxeR*\B(0),
u(x), vxeB;(0).

{ u":R*\B;(0) - C suchthat  ut(x) ®

u :B;(0)—C such that u~ (x)

Such formulation is useful also for two further reasons. On the one hand, it shows, by stand-
ard Trace theory, that us> € H?/2(S?), which is useful in the previous computations on the
independence of A. On the other hand, it yields that Vu = (Vu*)]lw\f(()) + (Vu=)1g ),
which entails that Vu € L*(R3). However, throughout the paper we prefer the form with the
decomposition for A > 0, as it makes several computations easier.

By Stone’s theorem, self-adjointness of ., yields global well-posedness in L?(R?) of

%zﬂaw in Rt xR3

Cor ©9)
77[](07) :1/}0 in R3

for every 9y € L*(R?). In addition, it is usual to represent the solution of (9) by means of the
Duhamel formula, i.e.

t
Y (t,x) = Upho (X) — za/ /ZZ/l(t— 5, X—y) Pis2 (5,y)dS (y) ds, (10)
0Js

where U, denotes the free Schrodinger propagator of R, i.e. the operator with integral kernel

_Ix?

4at

U(t,x) = .
(4mar)?

In particular, (10) clearly shows that the governing quantity of the problem is the function
q =15 : [0,400) x S* — C, which is usually called charge, and which allows to reconstruct
the whole % using (10) as a definition. In order to find the evolution equation for ¢ it is sufficient
to trace (10) on S?, thus obtaining

q(tax):(Ule)‘W (X)—ZCY/ Z/{(t—s,x—y)q(s,y)dS(y) dS, t>O7X682_ (11)
0 Js?

Finally, we also mention that it is often convenient to rewrite (11) in a more compact and
operatorial way. To this aim, first, one introduces the function Z : RT x §? x S? — C defined
by

Z(t,x,y):=U(t;x—Yy 12)

which allows to construct the family of operators (/;),~( that associates any integrable function
g :S? — C with the function I,g : S* — C such that

1e0) = [ T0xpe0)as). e (13)
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Then, one introduces the operator A that associates any function g : [0, +00) x S — C with
the function A(g) : [0,+00) x S* — C such that

Aex)i= [ (5.0 0 (14)
and set

Fo %) = (Unfo) e (), (1s)
so that (11) reads

q(t,x) +1a(Aq) (1,x) = Fo (1,X) . (16)

1.2. Setting and main results

Now, to define the nonlinear analogous of (9) it is sufficient to set

a=a() =Bl =pFlqP” BeR, o>0.
As a consequence (9) is replaced by
oy

1— =Hy in Rt xR?
ot 17)

$(0,-) =1 in R

where H is no more a linear self—adjoint operator, but a nonlinear map (again independent of
) with domain

D(H):={uel*(R*): IN>0st. u+G v (ye) =¢" € H* (R*)} (18)

={uc>(R*):3X>0,¢q:S* = Cs..

u+Gv(q) = ¢* € H*(R*)and g =ug} (19)
and action
Hu=—-Ap*+AG v (q), Vu=¢"—G v (q)eDH), 20)
where
v:C—C, v(z):=plz|*z VzeC. (1)

The Cauchy Problem in (17) thus represents the rigorous formulation of (1) and (2).
In this paper we study (17) in D(H), that is in a strong sense, obtaining the following results.

Theorem 1.3 (Local Well-Posedness). Let 3 €R, o> 1/2 and v = ¢} — G v(qo) €
D(H). Then:

(1) there exists T > 0 such that (17) admits a unique strong solution
» e C([0,7],D(H)NC ([0,7],L (R)); (22)

6
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(il) mass and energy are preserved along the flow, namely for all t € (0,T]

MY (1,)] = (|9 () | F2 sy = M [0] (23)

and

EWJ (t7 )} = ||V1/} <t7 ) Hiz(]R3) + (t7 ) ||i(270t22(32) = E[wO] . (24)

g
o+1
Remark 1.4. Note that D(H) is not a vector space. Nevertheless, C°([0,7]; D(H)) is meant
as the set of those functions ¢ : [0,7] x R? — C such that +(¢,-) € D(H.), for every t € [0, 7],
and such that [[1) (¢ +h,-) —(t,-) || p) — 0,as h — 0, forevery ¢ € [0, 7], where || - || p(3) :=
- Nz ey + IH )l z2re)-

Remark 1.5. Note also that the energy is well defined for functions u € D(#H). Indeed, the
potential part is well defined by Sobolev embeddings in S? (see section 2.1); whereas, arguing
as in the linear case (see remark 1.2), one may rewrite (18)—(20) as

D(H):= {u el*(R):ut e H? (R3 \T(O)) ,u~ € H* (B (0)),

Out ou~
+2 U =Ug, —| ——| = > 25
UIs Ug Us2, on » on v (”IS )} ) (25)

SZ
Hu(x) := —Au(x), vx € R¥\ §?,

where B;(0) is the unit ball centred at the origin and u™, u~ are defined as in (8), and thus
Vu € L*(R?). Furthermore, definition (25) clearly shows the connection between (17) and (2).

Remark 1.6. Note finally that, combining (23), (24) and proposition 4.1, one immediately
finds that

Y e’ ([0,7;H" (RY))

on any interval [0, 7] on which (17) is well-posed.

Theorem 1.7 (Global Well-Posedness). Let S €R, o > 1/2 and o= ¢} — G v(qo) €
D(H). Let also

T :=sup{T > 0: item (i)&(ii) of theorem 1.3 hold } . (26)
Then:

(i) there exists & > 0 such that, if |p3 || sy < €, then T* = +00;
(i) if B>0and o < 4/5, then T* = +oc.

Remark 1.8. Note that the smallness assumption on the regular part of v, displayed by item

(1) of theorem 1.7, tacitly implies a smallness assumption on the initial charge g( too. Indeed,
by (63) with 77 = ¢ |s» and standard Trace inequalities, one can see that

g0l (s2y < 2| oajs2 2 (s2) < Clldallre sy < Ce

7
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The proofs of theorems 1.3 and 1.7 is based on a discussion of the features of the function
1) defined by the nonlinear analogous of (10), i.e.

t
v =t -1 [ [ ul-sx-yraeyses e
0Js
whenever the charge ¢ is the solution of the nonlinear analogous of (16), i.e.

q(l‘,X)-i—’L(AV (Q)) (LX) =F (l,X), (28)

a.k.a. charge equation, which thus arises as the governing equation of the model and is the
centre of our investigation.

Some further comments are in order. As for the point delta models, local well-posedness
and conservation laws are proved both for the defocusing case, i.e. 5 > 0, and for the focusing
case, i.e. 8 < 0. Unfortunately, in contrast to those model, here a lower bound on the power
of the nonlinearity is required. This is due to the fact that one cannot apply the Fixed Point
theorem to (28) with a sufficiently low spacial regularity to allow non C>—nonlinearities, even
using the well known metric—weakening trick by Kato (introduced by [47, 48]). More details
are provided by remark 4.3. We are not able to establish whether this is only a technical issue
due to our use of the decomposition in spherical harmonics or not. Our guess is that the former
guess is true, but its overcoming is out of reach at the moment.

On the other hand, also the results on the global well-posedness displays restrictions that
are not present in the point delta models. Indeed, although for small initial data it is possible
to prove it without further assumptions on 3 and o, for general data we have to limit ourselves
to the defocusing case and, moreover, we have to require an upper bound on the power of the
nonlinearity. The reason lies again in the technical issues connected to the physical dimension
of the support of the nonlinearity, which makes more difficult the use of the classical blow—up
alternative argument.

More precisely, in the defocusing case, unless one assumes o < 4/35, the energy conserva-
tion yields a—priori estimates on the time growth of the charge with respect to spatial regu-
larities that are weaker with respect to the required one for the blow—up alternative in D(H),
which is H*/2(S?) (as we will see in section 6). At the moment it is not clear whether this
threshold is optimal or not. Again, the guess coming from point delta models is that globality
should hold for any power in the defocusing case. However, in contrast to point delta models,
here the spatial regularity of the charge plays a crucial role and requires different strategies,
which cannot be straightforwardly extended to all the powers (more details are provided by
remark 6.2). On the other hand, even if unlikely, it is not possible to exclude in principle that
the non dimensionless of the support of the delta give rise to phenomena of loss of regularity
along the flow (which thus would prevent global well-posedness in D(#)). We plan to study
in future papers the scattering and the possible existence of blow—up solutions in order to better
understand the behaviour of the problem for long times.

Finally, we also mention that theorem 1.7 does not address the focusing case for general
initial data. Here the missing tool is a suitable version of the Gagliardo—Nirenberg inequality
that estimate the potential energy, which is concentrated on the sphere, by means of the mass
and the kinetic energy, which are spread on the whole R3. Once more, this is an issue strongly
related to the non dimensionless nature of the support of the nonlinearity. Also this problem
will be addressed by our future research.

Remark 1.9. Note that we focus on power nonlinearities for the sake of simplicity and because
they are the most relevant ones from a physical point of view. However, also more general

8
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types of nonlinearities could be considered with our strategy (as in [49] for the standard NLS
equation).

1.3. Organization of the paper

The paper is organized as follows.

e In section 2 we recall some classical topics of analysis on S? in order to fix notations;
precisely:

— section 2.1 concerns spherical harmonics and Sobolev spaces on S?;

— section 2.2 concerns Sobolev spaces for functions of time and space, where the space
variable varies on a sphere;

— section 2.3 concerns Bessel functions, the Bessel-Fourier transform and its connection
with the Fourier transform.

e In section 3 we discuss some preliminary tools that are necessary for the proofs of the main
results; precisely:

— section 3.1 addresses the properties (of the operators I; defined by (13)—lemmas 3.1 and
3.2—and) of the operator A defined by (14) (propositions 3.3, 3.7 and 3.8 and corollary
3.10);

— section 3.2 addresses the regularity of the trace on S? of functions in D(#) (proposition
3.11);

— section 3.3 addresses the regularity of the source term of the charge equation defined
by (15) (proposition 3.14).

e In section 4 we prove local well-posedness of (17), that is item (i) of theorem 1.3, thanks to

a careful analysis of the properties of the charge equation (28) (proposition 4.1).

e In section 5 we show conservation of mass and energy along the flow, that is item (ii) of

theorem 1.3.

e In section 6 we deal with global well-posedness of (17), that is theorem 1.7; precisely,

— section 6.1 studies the case of small initial data (i.e. item (i));

— section 6.2 studies the defocusing case for general initial data (i.e. item (ii)) via a blow—up
alternative argument (lemma 6.1).

Furthermore, appendix A presents the proof of (35), which is a crucial tool throughout the
paper, whereas appendix B presents the proof of (81), which is necessary to prove the regularity
transfer from the charge ¢ to the function v defined by (27) (proposition 4.4).

2. Basics of analysis on S?

Before starting any discussion of the results stated in section 1.2, it is worth fixing some nota-
tion and recalling some well known facts about the analytical tools usually involved in the
study of problems on S?.

2.1. Sobolev spaces on S?

A crucial role for the definition of Sobolev spaces on S? is played by the so—called spherical
harmonics (see, e.g. [60]). For every fixed £ € N and every fixed m€ {—¢,...,0,...,¢}, the
spherical harmonic of order ¢ and m, which we denote by Yp ,,, is the function Yy, : S? = C,
defined by
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(2041)(I—m)!

e P (cost)

Yo (x):=(—1)"

where 0 € [0,7] and ¢ € [0, 27| are the colatitude and the longitude (respectively) associated
with x, and Py ,, is the associated Lagrange polynomial of order ¢ and m, namely the smooth
solution of

(1= 5%) Pyl (5) = 25P] 1y (5) + [£(0+1) = 225 | Pen (5) = 0.

Such functions are known to be the eigenfunctions of the Laplace-Beltrami operator on S?,
ie.

—ASZngm :f(€+ 1)Yg,m, (29)

with

U P W i
§ 7 §inf 90 00 ) ' sin®0 0p*’

and an orthonormal basis of L?(S?), so that for every g € L*(S?)

oo J4
8= Z Z gf,mYl,mv

=0m=—~

lgl2 ) = / () [2dS (x) ZZ\WZ

£=0m=—/L

with
8e.m ‘= (g YZ,m>L2(§2) = / g" (x) Yom (x) dS(x).
s2

Consequently (see, e.g. [45, section 1.7]), for every u € R\{0} one can define the Sobolev
spaces H"(S?) equivalently as

) 14
H (87) := {g€L2 (8%) : [8limey =D D O lgeal’ < oo}, (30)
=0 m=—1¢
or
H* (Sz) {g € L2 (SZ) : [ ]HM(SZ = H AS2 gHL2(82 < OO}, (31)

where (—Ag:)"/2 can be easily deduced by (29), endowed with the natural norm ||g||2,. (&) =
81172 g2 + [g]%“(gz). Note that in the following we often use the further equivalent norm

||g\|12ﬁ(82) = S (0% gp |2, where (-) denotes the japanese brakets (i.e. (¢) :=

V14 02).
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However, there is also another definition of H* (Sz), which reads as follows (see again [45,
section 1.7]). Let U;, U, be two open sets of S? containing the northern and the southern
emispheres of S?, respectively, and let @j: Uy — B, j = 1,2, be two smooth diffeomorphisms,
where B denotes the unit ball of RZ. Then,

H" (S*) = {g € L* () : mj [x;g] € H" (R?),j = 1,2}, (32)
with
18117 2y = 171 [x18) 7w ey + N2 [x28) 17 2y (33)

where

WJ[V](X)::{VQJAI(X)), txeb ,J=12,

0, otherwise

and {x1,x2} is a partition of the unity associated with the two emispheres of S? and such
that supp{x;} C U;,j = 1,2. This definition does not depend on U;, ¢; or X;, in the sense that
different choices yield equivalent norms, and is equivalent to (30) and (31) (see, e.g. [45, 54]).
However, it has the advantage that, using partitions of unity and change of coordinates by
the diffeomorphisms (¢ ¢,, one can easily extend the usual embedding theorems for Sobolev
spaces from R? to S? (see, e.g. [34, 45]). Moreover, it also allows to prove directly some
classical Schauder estimates. More precisely, when . > 1, recalling (21) and using

lgllLoe(s2) < cllgllam sy, Vg € H" (S?), (34)

one can check that

(&) lln () < cu l18l7% o2 lgllmm (), Ve € HM(S?), (35)
whenever o > %, whence
v (&) [l s2) < e llglFitzey (36)

(the proof is reported in appendix A for the sake of completeness).

Remark 2.1. In the following we will equivalently use L?(S?) and H°(S?) in order to denote
the space of the square integrable functions on the unit sphere of R?, since this does not give
rise to misunderstandings.

Finally, we recall that it is also possible to prove that definitions (31) and (32) can be also
extended to general W+ (S?) spaces with p € (1,4+00), i.e.

wer (52) i={g € 17 (8%) : (gl o) 1= || (2" 80y <0} (37)
={gel () :mxze) € WP (R?),j = 1,2} (38)

(see, e.g. [75, sections 1.5 and 1.6] and [16, 65, 71]).

1
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2.2. Function spaces on | x $?

As the main focus of the paper is the study of the time—dependent problem (17), it is also
convenient to recall Sobolev spaces for functions of time and space, where the space vari-
able varies on the unit spheres; that is, Sobolev spaces for functions g : I x S> — C, with I an
interval of the real line.

Exploiting definitions mentioned in the previous section, one can immediately define, for
every i € R and o > 0 fixed,

L (LH" (S%)) := {g eL*(IxS%) :[g ]LZ(IH“(SZ)) = /I[g (t)]ﬁ,u(gz) dr < +oo},
and

H (1, H" (%))
{ger?(LH (7)) : gV e 12 (LH" () je {1,....a}}, i aeN\ {0},

{g e gl (I,H“ (S2)> . [g([a])}ﬁa—[a](],yu(sﬂ) < +OO} , if a ¢ N,

where

. 05O By,
gHai[a](lvH“(Sz)) T IxI |t_s|1+2(a_[a])

and g(t) = g(t,-) : S — C denotes the function that one obtains fixing the value of ¢. Note that
these are Hilbert spaces when endowed with the natural norm.

It is also worth mentioning that the order in which the seminorms are considered can be
exchanged. That is, for instance,

2

[g}ilﬂ (I,ilu(SZ))
80— 8 (e |
/le |t — 5|1 +2a dsdr _;%m;f (8emlire 2y if a€(0,1),

8g 2 00 14
Ys _ % :| 2,u|| 2 . _
= { 8e,mHL217 if =1,
[3t]L2(1ﬁu(§2)) // o s ZZ _Z_ @
and similarly when a > 1, where g ,, : R — C are the functions defined by

8em (1) :==(g(1), Yl,m>L2(Sz)~

Moreover, whenever I = R, one may write time Sobolev regularity by means of the Fourier
transform with respect to the time ¢, i.e.

1
2= —= [ e

12
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and thus

(8T (s c2)) = /R w2 [8 ()] s dw—Z Z o / w2 (G (w) Pdw. (39)

=0 m=—14
Finally, we also recall that

0 (L H" ($2)) == {g:lx §2 = C:lim g (1) — g (5)|

Hi(S?) = O, Vs € I}
L™ (I,H* (S%)) == {g 1% S* — C:esssup g (1) || an(s2) < +oo},
el

endowed with the natural norms. The definition of C" (I, H*(S*)) and W">°(I, H*(S?)) with
n € N is straightforward.

2.3. Bessel functions and Bessel-Fourier transform

The last reminder concerns Bessel functions and the interaction between the spherical har-
monics decomposition and the Fourier transform of R3,ie.

a . 1 —ix-k x) dx
F(k) = (2702/16 g(x) dx.

First, recall the definition of the Bessel function of the first kind of order 7 (see, e.g. [60]):

=) Segrnrgn )

Note that, when 7 is real and positive, Bessel functions satisfy the following estimates:

c
Vn(x”gW’ V’I7>0,)CER (40)
Iy <o V> 0xER D

with ¢ independent of 1 and x (see [50] and [69, p 357]). Note that, allowing an n—dependence
of ¢ in (40), one could establish a stronger estimate in |x|, i.e.

c
‘Jn(x” < 2

A Vx>0, (42)
x|z

with ¢;(n) with a power-like growth at infinity (see, e.g. [61]). However, as the uniformity
of the constant with respect to 7 is one on the main tools used throughout the paper, we will
always prefer (40) to (42).

We recall, now, that the Fourier transform preserves the orthogonal decomposition given
by (Ye,m)e,m- More precisely, using the Jacobi—Anger expansion of the plane wave in R3,ie.

e = 2m)} (x]ly]) *%Z% (Ixlly) Z (|x|>Y* (lw w
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(see, e.g. [37]), one can prove that, whenever g(x) = > _,2 Zﬁl:%fg,m(\ﬂ)Yg7,n(x/|x|), there
results

o l . K
Fe0) =33 (=) B (IK]) Ve (“() , (44)
L=0m=—4

where

+o<>] k
gl,m (k) ::_/() Hi;szr(r)rzgf,m (r) dr

is, up to the extra factor r /+/1, Bessel-Fourier transform of f, a.k.a. the Hankel transform of
g (see also [70, ch IV.3]). By analogous computations one can also see that

oo

¢ X
F800 =33 1 Zrm (X)) Vo (|) |

0=0m=—¢

In addition, exploiting the orthogonality of the Bessel functions in L?([0,+00),rdr) (for
an easy proof see [62]), one can also show that [|g¢.m|12(j0,4-00),2ar) = |gem

54 |L2([0,+oo),r2dr)?
i.e. the Bessel-Fourier transform is unitary on L*([0,+00),%dr), and that g, ,, = g¢m, i.¢. the
Bessel-Fourier transform is involutory.

Finally, we note that (44) implies:

() (Z8)em(IK|) = (—2)*ge,m(|K|) and, for every borel function ¢ : R — R,

(Ze (=) 8),, (1K) = (—0)" ¢ (IKI*) Zem ([KI), (45)

where ¢(—A) is defined by standard Functional Calculus;
(ii) whenever & : S* — C is sufficiently smooth, as it can be identified with the measure hds,
its Fourier transform .Z h := .% hés: : R? — C is well defined and smooth and there results

~ hom
(Fh) g (1K) = (—0) e = (=) =2 12 ([KI) (46)

VKl

which amounts to [66, equation (3.5.91)]; in particular % dg (k) = % (see [66, the-

orem 3.5.13 and following remark]).

3. Preliminary results

In this section we establish some technical results, which are required in the proofs of theorems
1.3 and 1.7:

(i) the mapping properties of the operator A present in the charge equation (28), and defined
by (14);
(ii) the regularity of the trace on S? of the functions in the domain of the nonlinear map H,
defined by (18) (or (19));
(iii) the regularity of the source term of (28), defined by (15).

14
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3.1 Properties of the operator A

The behaviour of the solutions of (28) is strongly affected by the features of the operator
A defined by (14). In particular, for our purposes the most relevant ones are the mapping
properties between the function spaces defined in section 2.2.

As a first step, we establish an 17(S?)-L9(S?) estimate for the family of operators (1;);>o
defined by (13). Preliminarily, we note that, using the Jacobi—Anger expansion of the plane
wave of R? given by (43), it is possible to check that I, acts as a multiplication operator with
respect to the decomposition in spherical harmonics. Precisely,

. (=) ex 1
e =ptOgem  with o0 =T (1), @7
This is not surprising since the integral kernel Z(7,x,y) only depends on x - y and such kernels
are well known to give rise to convolution operators, which thus can be diagonalized by a
suitable transform. In the following we will often refer to p(z, £) as the symbol of the operator
I;. Note also that such a symbol could be also computed by the Funk—Hecke formula (see, e.g.

[32]).

Lemma3.1. Lett>0,p € [1,2] and r € [2,+00], withp~' +r~! = 1. Then, there exists ¢ >0,
independent of p and 1, such that

C
118l sy < 300 I8llpsy, VgL’ (S?), (48)
with
5 1
o(p)==——-. 49
2 3 6 (49)

Proof. First, combining (47) and (40), there results
c
1igll2 () < suplp(t,0) gl ) < Fllellee)- (50)
LeN t

On the other hand, by (12) it is straightforward that

c
118l o= (s2) < t37||8||u(52)-
Thus, by the Riesz—Thorin theorem (see, e.g. [53, theorem 2.1]), one obtains (48). O

In addition, we can also prove that the operators /; display a regularizing effect with respect
to the Sobolev spacial regularity.

Lemma 3.2. Lett>0, u € R and z € [0, 1]. Then, there exists ¢ > 0, independent of y and z,
such that

14:g]

Cc 2
5 gy S oz lllm), Ve H'(S). D

Proof. First, interpolating (40) and (41), there results

C
‘Jf-‘rl/Z (.X)| < Z [
0
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with ¢ independent of 1 and z. Hence

¢
plt)| < ———,
)| < o

which immediately implies (51). O

Now, we discuss the properties of the operator A (defined by (14)) in the next three
propositions.

Proposition3.3. Lerp € R, z€ (0,1],r € (%, —|—oo] and T > 0. Then, there exists C > 0, inde-
pendent of u, z, r and T, such that

r—1
3(7‘7 1) T r—1_3—z

A . < T~ . " 2

[ gHLOO <[0,T],H“+%(S2)) C< 3 ) T lg Lr([0,7],HH (S2)) (52)

1—z

for every g € L"([0,T],H"(S?)). Moreover Ag € C°([0,T],H"+ 5 (S?)).

Proof. Using (51), one sees that for a.e. z € (0,7]

t t
1
|Ag (¢) ”H“*%(SZ) < /0 [[T,—sg (s) HHW%(SZ)ds < C/O WHS(S) l| w52y ds. (53)

Thus, (52) follows from Holder inequality.
It is then left to prove that Ag is continuous in ¢ with values in HS First, easy compu-
tations yield

h '
Mg+ hx) = Ag(13) = [ (s (@) ) st [ (s (g5 1)~ () () s
0 0
Hence, arguing as before, one finds that

[Ag(t+h)—Ag(D)| .1~

()

3(}’7 1))r71

<C( {le+m) 7% =77 llg

rz—3 L ([0,h] ,H~(S?))

r—1 3—z
T g+ ) —g

Lr([0,1],H~ (S?)) }

Therefore, since when & — 0 the former term in the curly brakets converges to zero by the
continuity of the powers and the absolute continuity of the Lebesgue integral and the latter
converges to zero by the mean continuity property, the claim is proved. O
3(r—1)

rz—3

Remark 3.4. Note that by the assumptions on z and r, %

positive.

and, above all, % — are

Remark 3.5. The mean continuity property is a well known property of LP—spaces of functions
with real values (see, e.g. [59]). However, it can be easily generalized to Bochner spaces using
the density of smooth functions with respect to time (see, e.g. [36, section 5.2.9]).

16
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Remark 3.6. As they play a crucial role throughout the paper, we single out the extremal cases
of proposition 3.3,i.e. r = +oo and z=1:

3C, .
”AgHCO([O,T],H“Jr%(SZ)) < 7T3 ”gHL‘X’([O,T],HN(Sz))a

and, for r > 3,

r—1

3r—3\ "
1Agllcoo.m.mm (s2)) < C( 3 ) r=

Clearly, combining the two results one obtains

8l ([0,1],H-($2)) -

A8l coo,m,mm (2)) < 3CT3||gl] oo 0,177,052 - (54)

Proposition 3.7. Let o, 1 >0 and T>0. If g € H* (R, H"(S?)), with supp{g} C [0,7] x S,
then Ag € L} (R,H"(S?)) N HH/7T (R, H!(S?)).

loc

Proof. We can split the proof in two parts.
Part (i): Ag € L}, (R,H"(S%)). It is sufficient to fix arbitrary Ty < T> and prove that Ag €

loc

L*([Ty,T,],H"(S%)). By (47), we have

(¢ )= | (= 5.0) gem (5) ds. (55)

As a first consequence, since supp{g} C [0,7] x S?, when T, < 0 the claim is straightforward.
Fix, then, T, > 0. Using again that supp{g} C [0, 7] x S?, on can write (Ag(1),,, as

T
(Ag()g,=| H(t=5)p(t—s)gem(s)ds,  Vt€[0,T,] (56)
0

where H(r) is Heavyside function. Now, observing that, by (40), |H(t—s)p(t—s,0)| < ¢|
t —s|72/3, with ¢ independent of ¢ and m, one can use the Schur test between L2(0,75) and
Lz(Tl , 1) (see, e.g. [41]), with test functions identically equal to 1, to get that

1AL () em 2y 1) < ermllgemllzo,)s

with cr, 7, still independent of £ and m. As a consequence,

T, o© L 5
I8 en = [ 2 3 07 (g, e
Tt pm0m=—¢
T

2
(Ag(0),,,| di

00 4
=3 > |
=0 m=—1 T

1
0o 0

<Y, >, O™ gemllom
L=0m=—¢

< C%,TgHg||i2([o,T2],Hu(S2) < Fo0.

Part (ii): Ageﬁ““”(R,H“(Sz)). Combining (56) with 7, =T and the fact that
supp{g} C [0, 7], there results that
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(A& (1)) = (Hp (€))% ge.m) (1),

so that the Fourier transform with respect to time reads

—_—

(Ag () gm (@) = Hp (- £) (@) gem (w)-

s

L —

Let us discuss Hp(+,¢). By definition

£+3/2 +oo
— —1 vl a 1 dt
Hp(-,0) (w) = (\}8? . Ca Iy <2t> -

and thus

dr
t

1Y | dr Foo 1
Jor1)2 % 74‘ 1 Jor1)2 %

:le :le

Hp (D) ()] < /

Now, by (40), it is straightforward that I} < ¢, with ¢ independent of £. On the other hand, since
from [60, equation (10.9.4)] there results that

1 c
Teiy2 <2z)‘ S T e

one can check that I, < ¢, with ¢ independent of ¢, as well, and thus

—

Hp(~0) (@) <c, VweR. (57)

On the other hand, an easy change of variable yields

I (71)44’3/2 “+o00 . /2[ dt
Hp(-0) (w) = 20— wig=1/2 g n<,
p( )((.U) \/g 0 e e K—H/Z(w) P

-

so that, for any fixed a > 0, Hp(+,£)(w) = ¢1(w) + p2(w), with
(7Z)l+3/2 a

o1 (w) ::W o

. Z+3/2 +oo d[
7( Z) ezwtefz/ZtJZ_H/z(wt)?.

¢2(w) = W i

Using again (40), one immediately obtains

w. —1 dt
e“’e /2tJ4+1/2 (wt) e

c

2 (W) | < W'
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Moreover, integrating by parts, since (—2:e~*/%)’ = 672/21, we have
¢ wit ,—1/2t dr —1/(2a)+wa
e“e Jiv1)2 (wi) S 21ae Jit1/2 (wa) (58)
0

a

+ 22/ Clwze_z/ZZ]g_H/z (wt) dr 59)
0

— 2&}/ C’szeil/ht]@_i_l/z ((.(.)t) dr (60)

0
+ 2w /0 e I] 1 (wh) dt. (61)

and thus ¢ = @} + % + 7 + o?, with ¢ given by the multiplication between (71};3/2 and

the rhs of (58)—(61), respectively. By (41), one immediately sees that

ol (W) <ca, [pf(w)|<ca and o} (w)|<clwla®,  VweR,
while, in order to estimate gof‘ one first recalls that

2o =Jderap—Jeap
(see, e.g. [40, equation (8.471.2)]) and then argues as before obtaining

lot (W) | < c|wla®, Yw € R.

Therefore, setting a = |w|~*/7, one finds that

— 1 1
[Hp (-, 0) (w)|<c (W + wm) . VYweR,
and thus, combining with (57), there results
— c

‘HP(HD(W)|<W’ VweR.

Summing up,

o y4 2
2 - 2 .
(Agzra+1/7 (e (2)) = ;n;(}@ p [(Ag( ))Zmi| ot 1/7(R)
= v 2 21/ (AT :
=3 0 [ P (Ag () )|
=0m=—¢ R
oo 1 oo L
) N2 2
<eX 30 [P lgm ) dw=e> 3 0% ernliy
=0 m=—2 R (=0 m=—2
2
= ¢ [8j10 (g m (s2)) < 00,
which completes the proof. O

Proposition 3.8. Let o, ju >0 and T> 0. Let also g € H*([0,T],H"(S*)). Then, whenever
one of the following conditions is satisfied:
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B)0<a<l1/2
(i) 1/2<a<3/2and g(0) =g(T) =0,

there results that Ag € H*+'/7([0,T],H*(S?)). Moreover, in both cases, there exists c(T) > 0,
only depending T, such that

||AgHHa+1/7([O,T],H“(S2)) <c(7) ||g||Hﬂ([O,T],H“(SZ))~
Remark 3.9. Note that the condition g(0) = g(7) = 0 is well defined since
H*([0,7],H" (S*)) = C°([0,7],H* (S*)),  when a>1/2,

(where such embedding is established, e.g. in [28, section 1.7] in the integer case and can be
proved, e.g. by using [34, theorem 8.2] on the components g, ,(-) in the fractional case).

Proof. First, we define the function G : R x S — C such that

Glox) = 180X if (1X) €[0T x 82
0 otherwise.

As a consequence,

gem(t) if t€[0,T]
G t) = ’
L]’M( ) {0 otherwise.

Note also that, whenever 1/2 < a <3/2 and ||g(0)]|gn(s2) = 18(T) [l ns2) = 0, gem(0) =
ge.m(T) = 0 for every £ and m, so that Gy, (0) = G ,,(T) = O for every ¢ and m. Then, by [24,
lemma 2.1], we have that Gy, € H*(R) with ||Gy 5o ®) < ¢l|ge,mllme(0,7) (c being inde-
pendent of £ and m). Thus G € H*(R, H*(S?)) and

Gl e (e (52)) < I8l (0,177,100 (52)) -

Now, since by construction supp{G} C [0, 7], G satisfies the assumptions of proposition 3.8
and so AG € H*+1/7([0, T], H*(S?)). Finally, since again by construction AG(z,x) = Ag(t,X)
for all (¢,x) € [0, 7] x S?, the proof is complete. O

Such a proposition has the following immediate corollay, which claims that one can actually
drop the assumption g(7) = 0 in the condition (ii).

Corollary 3.10. Let o, pt > 0and T > 0. Let also g € H* ([07 1), H" (Sz)). Then, whenever one
of the following conditions is satisfied:

MH0<a<1/2
(i) 1/2<a<3/2and g(0) =0,

there results that Ag € H*+'/7([0,T],H*(S?)). Moreover, in both cases, there exists c(T) > 0,
only depending T, such that

||Ag\|Ha+l/7([o,T],Hu(SZ)) <c(T) ”gHHa([O,T],HH(SZ))‘

20
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Proof. Consider the function G : R x S?> — C defined by

g(1,x) if (¢,x) €[0,7] x S?
G(1,x):={g(2T—1,x) if (1,x) € [T,2T] x §*
0 otherwise.
so that,
gem (1) if 1€1[0,7]
G (1) 7= gem (2T —1) if 1€ [T,27]
0 otherwise.

As a consequence, one can check that ||Gy || ge (0,21) < ¢l|e,mll1e(0,1)> ¢ being independent
of £ and m (the proof is straightforward when « € [0,1] \ {%}, whereas it requires to argue as
in the proof of [24, lemma 2.1] to estimate the ‘off-diagonal’ terms when o € [1, %)) Thus
G € H*([0,2T], H*(S?)), whence it satisfies the assumptions of proposition 3.8 on the interval
[0,27], which implies AG € H*+1/7([0,2T], H*(S?)). Then, one concludes observing again
that, by construction, AG(t,x) = Ag(t,x) for all (,x) € [0,7] x S2. O

3.2. Regularity of the trace on S? of functions in D(H)

Here we discuss the regularity of s> for functions u € D(H), or equivalently, the regularity
of ¢ in (19).

The natural guess, descending from the linear case, is that g € H>/?(S?). To this aim, since
the trace operator is bounded and surjective from H?(R?) to H3/2(S?), it is sufficient to prove
that for any given function 1 € H>/?(S?), there exists a unique g € H>/%(S?) that solves, for
some value of A > 0,

q(x)+G*v(g)(x) =n(x), VxeS%

that is,

q(x)+ SzTA (xy)v(g(¥)dS(y)=n(x), VxeS’, (62)

where T2 (x,y) := G*(x —y) for every x, y € S?. Therefore, we state the following result.
Proposition 3.11. Ler S€R, 0 > 1/2 and n € H3/2(Sz). Then, there exists A > 0 such that
there exists a unique q € H>/*(S?) that solves (62). In addition

gl 252y < 2l g2 sy - (63)

Proof. Preliminarily, we denote by 77 the operator defined by the integral kernel 77 (x,y).
Then, we may divide the proof in three steps.
Step (i): L*°(S?)—estimate for T*. We aim at proving

Cc

1778 oo s2) < ﬁllgllmsa, Vg e L™ (S?). (64)

21
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Since by (4) T*(x,y) > 0, it is sufficient to prove that

c
T (x,y) dS (y) < —, forae. xeS%
. (x,y) dS(y) 7

For any fixed x € S, choosing the angle between x and y as the colatitude 6, there results

TA dS 22 (1— cose) 0do 1 2 e—m q
X sin = —F a
2 (x.9) 2\[ / V1 —cosf 202 /o Va

400 —\/ZW \fz
da = ,
2f 0 va 4\

which, thus, proves (64).
Step (ii): H*(S?)—estimates for the operator defined by T*. We aim at proving

1]

for any fixed p € (1,2). As we made for I, in section 3.1, we start by establishing a suitable
representation of the operator with respect to the decomposition in spherical harmonics. First,
by (45) we have that

g m k
A Yo | — |-
F(-A+A)" ZZ \k|2+)\ 2 <|k>

L=0m=—+4

) A Plglmy,  Vee H'(S?), (65)

Furthermore, using (43) and the L*(S?)—orthonormality of the spherical harmonics, there
results

(“A+N) ' u(x)=F ' F (A +N) " ux)

oo L 400 ~ k
:Z ; Yom <|XX|> | \/— Jo1/2 (k|x]) k2+(,\) dk

and thus
“+o0 2 ( )

—1 . -
((—A+>\) u)e’m(\x|)— 0 \/mml/z Kix)) e d (66)

Now, since by standard potential theory and (3)

(~A+X)G g = gde

and since (arguing as at the end of section 2.3) (66) can be proved also for u = gds> with
g € H"(S?), using (46) there results

O K gy1y2 (k) Jog1 2 (kIx|)

A 8¢.m
X|) = = dk.
(g g)@,m(‘ ) \/m o A
Finally, since T*g (x) = G*g|s2 (x), for every x € S?, we have that
k2. ., (k)
A _ : AL e+1/2
(T g)f,m —_ Te géﬂ?’ly Wlth T - /0 de

22
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As a consequence, using (40) we obtain

\ +o00 kl/3 13
T2 < / —_dk< A3, 67
‘ 14 | ¢ 0 (k2+)\) ¢ ( )

with ¢ independent of ¢, which immediately yields (65).
Step (iii): claim of the proposition. In order to complete the proof it is sufficient to show
that there exists A > 0 such that the map

™(q) :==-T*(v(9)) +n

is a contraction in
Xi={q e (8% : lallwrncery < 2nlliorncer b

with respect to a proper metric which make X complete. Let us prove, first, that X is preserved
by T, By (65) and (36), we have that

2041 | _
17 (@) ) < o Clnllmrey)” X+ 10 mwe, VgeX,

and, thus, the claim is proved for a sufficiently large . It is left to discuss contractivity with
respect to a suitable metric. Consider the L™ (S?)—one. It is not difficult to see that it makes X
complete. Indeed, an L™ (S?)—Cauchy sequence in X converges in L>(S?) to a limit which has
to belong to X since the sequence is also weakly convergent in H*(S?) by Banach—Alaoglu.
Then, fix arbitrary g, g» € (X, [P (SZ))- Since

™ (1) = (@2) =T (v(g2) = v (1)),
combining (65), (34) and the fact that
’|Zl|20Z1 - |Zz|2022| <c (|Z1|20 + |Zz|20) |z1 — z2], V71,22 € C, (68)

one can check that

17 (q1) = 7 (02) [l 2y < AT |v (1) = v (g2) [l s2) < €,0A P lq1 — G2l s2)-

A

Hence, 7 is contractive again for A large enough. O

Remark 3.12. Note that, since v/(g) € H*/?(S?) whenever ¢ € H/*(S?) (from (35)), one can
argue as in the linear case to prove that D(#) is independent of \.

Remark 3.13. Note also that, combining proposition 3.11 with the fact that the H>/*(S?)—
regularity is preserved by v (again by (35)), the knowledge of the regular part of u € D(H)
for some fixed A allows to reconstruct ¢, and thus u itself. Note that the converse is false in
general (as a consequence of remark 3.12).

23



Nonlinearity 37 (2024) 015009 D Finco et al

3.3. Regularity of the source term of (28)

Here we discuss the regularity of the source term F of (28), defined by (15). Clearly, since
1o € D(H), for any fixed A > 0 we can decompose it as Fp = Fyp ; + Fy, where

{ Fo.1(1,%) := (Uigp) =2 (x),
Foo(t,x) := —(UG v( 90)) 2 (X),

with ¢ € H?*(R?) and (by proposition 3.11) go € H/?(S?).

As in the previous results, it is convenient to decompose these quantities with respect to the
basis of the spherical harmonics. Using (43), (45) and (46) and the L?(S?)—orthonormality of
the spherical harmonics as in Step (ii) of the proof of proposition 3.11, and recalling that by
functional calculus U, = e ="' and U,G*v(qo) = (e 7" (—A + X) ™) v(qo)ds2, one can check
that

(Fo,1),, / Ple g, 1/2()(%) (r)dr

Y(1,x) € [0,400) x §?,

re 7”,2

—+oo
(F0,2) g, (1) = o0 (1) (¥ (q0)) g s With f3,0(2) 5:/0 Y Jei1y2 (r) dr. (69)

In addition, note that, since go := o> and Uy = I, one has Fo(0) = qo.

Proposition 3.14. Let B € R, 0 > 1/2 and vy = ¢} — G v(qo) € D(H). Then, for any fixed

A>0,
Folles 0.1 2y S (168 ey + ol 25y ) (70)
||f0||Ha( [0,7],H2/3(8) ) Sha,r (HSOO [ (me) + ||CI0Hiﬁ/+zlgz)) (71)

1fo = g0 = A (q0) [l (j0,1y 43 s2)) SAT (H% [l (r3) + 40| ?ﬁlegq) (72)

for every T >0 and every a € (0, 194)

Remark 3.15. Although A is defined in (14) for functions of time and space, the extension to
functions of space only is straightforward. In particular

() (:0) = [ (1) 5 0

Proof. We divide the proof in three parts according to the three claims of the statement.

Part (i): proof of (70). On the one hand, since ¢ € H*(R*), by the Stone’s theorem
UI(Z)S‘ S C()(R,HZ(R3)) with ||U(,)(p(>)‘||@([0,rr]7].p(g2)) =~ ||<p0 HHZ(]R3)7 for every T > 0. Hence, by
standard Trace theory, Fo; € C°(R,H>/%(S?)) with ||[Fo1|co ([0,7),572(5) S < 1165 e (ra), for
every T > 0. On the other hand, arguing as in (67), one can see that f> , are continuous func-
tions such that

VZ@()' (SY) VtER,

with ¢y independent from /. As a consequence, for every fixed t€R, || Foo(t+h)—
Foa(1)|lg/2(s2) — 0, as h— 0, by dominated convergence and, furthermore,

[ Fo.2 (1) |22y < exllv(qo) lpras2) < exllqol i}?;éy), VreR,
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thus proving (70) (one could actually prove that Fo, € C° (R,H*/?(S?)), forall § € (0,1), but
this goes beyond the aims of the proof).
Part (ii): proof of (72). Preliminarily, we note that, since F(0) = ¢o, we can rewrite Fy as

Fo(t,%) — g0 (%) — e (Av (0)) (19) = G (1X) £ Ga (1,%),  ¥(1,x) ER xS,
with
Gy (l) = F(),l (Z‘,X) — F()71 (O,X) and G (t,X) = F072 (t,x) — F()72 (O,X) — Z(AI/ (q())) (l‘,X).

Again, the main tool is to establish the decomposition of these quantities with respect to the
basis of the spherical harmonics. A straightforward computation shows that

400 ) —~
(@)= [ PP 1) s (@), )0
while for (G2)e,(t) some further effort is required. First we see that

2
+oo r (e_”’ -1

(Fo2) g, (1) = (Fo22),, (0) = (V(fJo))e,m/O B w—

J%—&-I/Z (V) dr.
In addition, from the Spectral theorem we have that
t t
_z/ U_yds = (U —=T) (=A+¢e)"' — ZE/ U_s(—A+¢)"" ds,
0 0

for any fixed € > 0, while, from (14), (13) and (12), we have that

1w o) () = (=1 [ sl a0) ) 0 )

SZ.

Thus, combining the two relations, there results
~1(Av(90)) (1,-) = (U = 1) §°v (40)) 2 -
Hence, since
Foa(t,-) = Fo2(0,-) = — (U, — 1) G*v (g0)) e
one obtains
Fop (t,-) = Fop(0,) —2(Av(g0)) (t,-) = — (U = 1) (G*v (g0) — G°v (40))) oo

whence

(G2) g (1) = 82,6 (1) (¥(0))y,, ~ With

e —atr? 2 1 1
gz’[(l‘) Z:/O r(e —1)J5+1/2(r) (M_ﬂ> dr

Yo T ()
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Now, using (69) and changing variables, there results

1

+o0
(FO,I)Am ()= 5/0 e_"UJW]MJLurl/z (\/5) ( 6‘){ (\/07) dw =§e,m (1),

,m

with

gem(1) i= \/f Liootoey (@)ool s 2 (T (G2 em (VD)

so that, by(39), (41) and (44),

0o L —~
|| Fo, 1||H1(]R () = gz Z 2/3/ <w>2\@J125+1/2 (Vw) | ((156\)27’" (Vw) |2dw

=0 m—=—r
) 14 +o0 _ ,
= S [ @) 20 (), G
=0 m=—/¢ )
<33 [T )| (), 0P =R
0=0m=—1~ ’

Since, in addition, Fy 1 (0,-) = qb()\‘sh we have that

” FO,I (07 ) H?-I‘([O,T],HZH(SZ)) < CT”Cb())\Hiﬁ(R*)
and thus

Gl (j0.1122(e) < VI + T\ ooy,  VT>0. (73)

It is, then, left to estimate ||Ga || ((0,7),#2/3(s2)) - First, one can check by dominated conver-
gence that

oo rJ? (r)
/ 1) = )\ €+1/2 —ztrzd
gZ,E( ) Q3 /0 (1’2 I )\) T,

so that, by (40),

+oo rJ%Z 12 (1)
lg2.ellcr o,y < CA/ 7;:: L dr<ex<too,  VT>0.
0

Hence, arguing as in Part (i) and using (36), there results that ||Ga||ci(po,77,m/2(s2)) <
C>\||q0||§g/42'(1§2), for every T > 0, and thus, as

c' ([O,T] ) (Sz)> S H ([0, 1], H3/? (Sz)) < H ([o, 1), H*/3 (SZ)) ,
one obtains

||G2||H1([0,T],Hz/3(§2)) < C/\“‘IOHigjz_(lSz)a vT > Oa
which combined with (73) completes the proof.
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Part (iii): proof of (71). Combining (72) with
H2(S) 5 A and  H (071,57 (8)) < H (0,7],H7 (7)),
one can see that it is sufficient to estimate || Av(qo) | o (jo,17,1/2(s2)) - First we note that, for any
function g € H>/2(S?), g = X[o,ng on [0,7] x S*. Moreover, since

—wT _ 1

— 1 €

X0,1] (W) = mT7

X018 € HY ([0, T), H*/%(S?)), for every v € (0,1). Hence, by corollary 3.10,

||A8HH13+1/7([O,T],m/Z(SZ)) < e rl8llmrs), VB e (07 %) ’
and thus, setting g = v(qo), there results

1Av (g0) |

o+1
Hu([() 1], H3/2(SZ)) X Ca T||q0HH%/-§ () Va € (O, 1%) ’

which completes the proof. O

4. Local well-posedness: proof of theorem 1.3—item (i)

The main tool for the proof of local well-posedness of (17) in D(H) is establishing existence
and uniqueness of the solutions of (28) with a suitable regularity.

Proposition 4.1. Let B € R, 0 > 1/2 and 1o = ¢ — G*v(qo) € D(H). Then:

(i) there exists Ty > 0 for which there is a unique solution of (28) in C° ([O, To],H3/2(SZ));
(ii) if q is the unique solution of (28) in CO([O,T],H3/2(SZ)), for some T>O0, then q €
1 ([0, 7], 12(8%)).

Proof. It is convenient to divide the proof in two steps.
Step (i). It is sufficient to show that, for 7 > 0 sufficiently small, the map

L(q) :== —1Av(q) + Fo, (74)
1S a contraction in
X = {q €L ({o, 1,1/ (Sz)) Nl t0.1,1020) < R}

for a fixed R > ||Fo|| o< (jo,77,/2(s2)» With respect to a proper metric that make X complete.
Continuity can be easily established afterwards combining (54) and (70).
Using again (54), (70) and (36), we find that

1£(q) ||Loo([o,r],m/2(32)) <cT'PRH ||F0||LOO([07T]7[-[3/2(SZ)), Vg € X,
and thus X is preserved by £ for 7' small enough. It is left to discuss contractivity with respect
to a suitable metric. Consider the L* ([0, 7], L*(S?))-one. It clearly makes X complete since

an L*> ([0, 7], L*(S*))-Cauchy sequence in X converges in L> ([0,7],L*(S*)) to a limit which
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has to belong to X since the sequence is also weakly* convergent in L= ([0, 7], H*/%(S?)) by
Banach-Alaoglu. Then, fix g1, g2 € (X, || - |10 ([o,77,12(s2)) ) - Since

L(q1) —L(q2) =A(v(q2) —v(q1)), (75)

combining (54), (68) and (36), one can find that

1L (q1) — L£(q2) o= (o.1.2282)) < T2 ||v(g2) = v (1) |l o.11.22(8))
< cT'PR¥ (g1 — @i~ (o2 (2))

and thus £ is contractive again for 7 > 0 sufficiently small.
Step (ii). Here we use a standard iterative bootstrap argument. Let g be a solution of (28) in
C°([0,7], H*/*(S?)). As a consequence g € L*([0,7],L*(S?)), as well, and satisfies

qg=—1A\v(q)+ Fy. (76)

Since, arguing as before, v(g) € C°([0,7],H**(S*)) C L*([0,T],L*(S?)), by item (i) of corol-
lary 3.10 there results that Av(g) € H'/7([0,7],L*(S*)). In addition, as from (71) Fy €
H'7([0,1],L*(S?)), by (76) we have that g € H'/7([0,7],L*(S?)), which concludes the first
iteration. Now, since by (68)

HV(‘I) (t) - V(‘]) (S) ”LZ(SZ) < ||q||g([07T]’m/2(Sz)) ”q(t) - q(s> HLZ(SZ)a Vi, s € [Ov T]v

v(q) € H'/7([0,7],L*(S?)). Hence, arguing as before, one obtains g € H*/7([0,T],L*(S?))
and, by means of two further analogous iterations, one gets ¢ € H*/7([0,7], L*(S?)).

Here, a new issue arises since both v(g) € H*7([0,T],L*(S?)), preventing the use item (i)
of corollary 3.10, and H (v(9))(t,") ||L2(SZ) # 0, preventing the use item (ii) of corollary 3.10.

However, one can rewrite (76) as

q—qo=—A(v(q) —v(q)) + Fo—qo—1Av(qo).
Thus v(q) — v(q0) € H*7([0,T],L*(S?)) and ||(v(q))(t,") — V(qO)HLZ(SZ) =0, so that one
may exploit item (ii) of corollary 3.10 getting A(v(q) —v(q0)) € HY/7([0,T],L*(S?)).
Moreover, as by (72) we have Fo — go — tAv(qo) € H/7([0,T],L*(S?)), there results g — go €

H°/7([0,1],L*(S?)), whence g € H>/7 ([0, T],L?(S?)). Iterating such procedure twice more one
finally gets the claim. 0

Remark 4.2. Notice that, on any interval [0, 7] where (28) admits a solution, the nonlinearity
enjoys the same regularity of ¢, that is

v(g)e € ([0.7,H (8) ) nH' ([0,7],L3(5?)).. (77)

Remark 4.3. Step (i) of the proof above clearly shows the reasons why we have to require
o > 1/2.Indeed, on the one hand, as we saw by section 3.1, we are able to manage the operator
A only on functions which are H*(S?)-regular (with x> 0) in space; while, on the other
hand, we have to use (36) with x> 1, which requires o > 1/2. This is a major difference with
point delta models, where one may avoid the use of (36) by applying Fixed Point theorem in
L ([0,T]), since the spacial part is absent and A is a time—only operator.
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Now, before presenting the proof of item (i) of theorem 1.3, we have to introduce a further
auxiliary result. To this aim, denote by V; the restriction of the operator U, to functions defined
on S2. As a consequence, its integral kernel is given by U (t,x —y) ’ =t Note also that we

Vt+s = Ut Vs = Us Vta (78)
by the group properties of U,.

t
Proposition 4.4. Let g € H'([0,7],L*(S?)) and h(t,x) ::/ (Vi—sg(s)) (x)ds. Then
0

2l coco,my,2meyy St llgllezcpo,m,22)) - (79)

Proof. First, using (44) and (46), we obtain

Z[h] (t,K) = e—%lk\zti ZZ: (=)', k /tezkzsj“l/z(lk') (s) ds
9 £,m |k| K 8t,m )
(=0 m=—¢ 0 K|

so that, for every 7 € [0,7],

o0 4 +o00 J (k) t ) 2
h(O) ey = [T emn® o af o
Ol =2, 2., VE Jo S 8t
>~ ! +oo ro 2
:Z Z/ k"%ﬂ/z(k)‘/ e g (s)ds| dk
t=0m=—1r"0 0
> 4 t pt o i /
- Z Z / / 8o (8)8em(s") </ kJ%H/z (k)e_lk_(s_’ )dk) dsds’
1Zom=—¢t0 Jo 7 0
00 14 ¢ ‘
=3 [ i) [ 005 =9 gm (s 85"
1=0m=—¢ 0 0
[e'e) 2 ‘
< lsmlson| [ 06 - et L 60
=0 m=—¢ 0 207)
with
+o00 2
Oc(7) ::/ K711y (k) e T dk.
0
Moreover, as we show in appendix B,
04 (r) = et(t4+3/2)% ey 1 )
e\T) = 2 e 5 )
which implies, by (40),

C
\04(7)|<|7_|72/3.

29



Nonlinearity 37 (2024) 015009 D Finco et al

Hence, using the Schur test between L2(0, T) and itself (e.g. [41])

and therefore, combining with (80),

o J4
IR 22y <erd D Igem

=0m=—¢

<crlgemllzon

12(0,T)

/0 04(s" = (-)) gom (s7) ds’

2200, = 1811z o.1y.2202))

which proves (79) for the L*° ([0, 1], LZ(R3))—norm. It is, then, left to prove that h €
(o ([0, 7], L*(R? )) . However, this can be easily checked arguing as before and using dominated
convergence to prove that ||2(t+€) — f(?)||.rs) — 0, as € — 0, for every ¢ € [0, T]. O

Proof of theorem 1.3—item (i). In view of proposition 4.1, it is sufficient to prove that, given a
solution ¢ of (28) in C°([0, 7], H*/(S?)), the function 1 defined by (27) satisfies (22) and (17)
in L*(R?) for every ¢ € [0,7]. Indeed, arguing as in the linear case, one can prove that any
solution of (17) satisfying (22) has to fulfill (27) and (28) as well, and thus uniqueness for (17)
is equivalent to uniqueness for (28), which is proved by proposition 4.1.

As a first step, we recall that by Stone’s theorem

d
d—U_s = —1AU_g, (82)
s
so that
d =1 a)s S
= (—z(—A+/\) ¢ U_s) — MU (83)

Hence, combining (27) with (83) and (78), the properties of the Green’s potentials, the com-
mutation between U, and (—A 4 \)~! and the integration by parts for operator-valued func-
tions, there results

0= 06} - Gvia) o | Vi (g(s)) ds

t

=U, (¢3‘ — g)‘u(qo)) — zUl/ eMV_ e My (g(s)) ds
0

= Ui (90 — G*v(q0)) — U /0 % (<20 etV ) ey (g(s) ds

= Uiy =G v (a () +(=A+N)7" /OtVz—s [—2Av (g (s)) + 05w (q(s))] ds
=™ (1) = G v (q(1),

where

o (1) := U;(p())‘ +(-A+ )\)_1/0 Vies[—1tAv (g (s)) + 0w (g (s))] ds, (84)

(we omitted the x dependence and used O, for partial derivatives with respect to s for
the sake of simplicity). Now, again by the Stone’s theorem U(.y¢y € C°([0, 7], H*(R?)).
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Moreover, by (77), we have that v(q),d,v(q) € L*([0,T],L*(S?)) and, thus, by proposition
4.4 the boundedness of (—A +\)~!1: L2(R?) — H*(R?) and (84), there results that ¢* €
C°([0,7],H*(R?)). Hence, since by (27) and (28) it is straightforward that 152 = ¢, and since
in view of remark 1.4

1 0) oy < 162 ) gy + (14 M) 1629 (4 0) [ s

in order to get ¢ € C°([0,7],D(H)) it is sufficient to show that G*v(q) € C°([0,7],L*(R?)).
However, this can be easily obtained as by proposition 4.1

1% (q(1+h)) = G v (q(1))

¢ o
L2(R3) < X||q|‘i‘0([0,T],I-P/2(SZ)) ”q(t+ h) - q(t) HFP/Z(SZ)'

Then, observing that the above regularity and (27) imply (0) = )y, it is left to prove that
¢ € C'([0,7],L*(R?)) and the equation in (17) is satisfied in L?(R?), for all 1 € [0, T]. However,
straightforward calculations on (84) yield

3¢)‘ N A A ,\31/(‘1)
Zw——A¢ +AG v (q) +1G “ar

A
and thus, since %—f = % -G ’\%, the regularity proved above implies that

¢ e ([0,7],L7 (S?)),
while from (20) one obtains that

oy

5. Conservation laws: proof of theorem 1.3—item (ii)

This section is devoted to the proof of the conservation laws associated with (17): the conser-
vation of the mass, i.e. (23), and the conservation of the energy, i.e. (24).

Clearly, in the following we tacitly assume that v is the function defined by (27) which
satisfies item (i) of theorem 1.3 on a fixed interval [0, 7], and that g = w‘gz satisfies (28) with
the regularity provided by proposition 4.1. In such a way, we can neglect in the following proof
any regularity issue, since the features of ¢/ and ¢ make all the steps rigorous. In addition, we
recall that all the scalar products below have to be meant as antilinear in the first component.

Proof of theorem 1.3—item (ii). We divide the proof in two parts.
Part (i): proof of (23). Since ¢ € C'([0,T],L*(R?)), we have that M(z) := M[4)(t)] is of
class C!. Let us prove, then, that
M' (1) =0, Vi €10,7]. (85)
By definition
M'(1)= 2Re{(w (1),00) (l‘)>L2(R3)} .
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As by (17) and (20)

v

15 = (CA+N) 8 =X,

using the properties of the Green’s potential, (62) and proposition 3.11
M (1) = 2Re { (1 (1), <1 (~A+N)0* (1)) e |
= 2Re{<gw (@) 1(=A+X) 6 (1)) e |
2Re {1v (4 (0) ¢ 0o §
:2Re{ (v(a(),a(0)+ T (g(0) e
=2Re{1(v(q(1), T (4(1) ) oo }-

Finally, since by (4) G* is real-valued and even, (v (q(1)),T*v(q(1))), () 15 equal to its
complex conjugate and thus we obtain (85).

Part (ii): proof of (24). Preliminarily, we note that by remark 1.5 the energy is well-defined
for every ¢ € [0,T]. In contrast to Part (i), here we prove E[1)(t)] =: E(t) = E(0) := E[t)y], for
every t € [0,7], by a direct inspection. First, using (27) and (78) and recalling the definition
of V, given after remark 4.3 and the fact that Sobolev homogeneous norms (denoted below by
[] HW(R3)) are invariant under the action of the free propagator U;, we get

960 ey = |02 [ V- lato) dsr

H'(R3) .

Then, expanding the square and integrating by parts in R?, (as the boundary term vanishes)
we get

IV (1) 1728,
2

:|v¢0||§2(R3)—2Re{z<z/}o,/o —AV_Su(q(s))ds>L2(R3)}+[/0 V_SV(Q(S))ds]H](R3).

=:A =:As

(86)

Let us start by discussing A;. From (82) and integration by parts for operator—valued functions
there results

/t —AV_sv(q(s))ds=—V_w(q(t)) +w(qo)ds + z/t V_s0,v (q (1)) ds,
0 0
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so that, recalling that s> = g and noting that by definition V* g = (Ug) s,

(o[ AV w(g(s) ds>L2(Rs>

t
= ((Unbo) g2 v (4(0)) ) o oy — Bllol P52 ey — / ((Usth0) -0 (4(5)) ) s g .
As a consequence,
Al - ZB”CIOHigatzz(gv —2Re {<V (q (t)) ) (Ul¢0)\32 >L2(Sz)}

+2Re{/0 <(Uﬂ/}o)‘sz,5'su(q(s)) >L2(Sz)ds}. (87)

On the other hand, concerning A,, we first see by the Fubini theorem that

A2_2Re{// V_w(q(s),V_rv(q (T))>ﬁl(Rg)drds}.

Moreover, using again (82) and integration by parts (both in R? and for operator—valued func-
tions) and observing that (12) and (13) yield V* ,V_; = I,_;, there results

[ (tniemtan), o

= [{@vrtae. [vortaerer)  a
e vwla). [vrtgna)
[ (vta, [vorainar) a
[ (e vraw)) a

~ (vl [ 1-rla)a >L2(S2 — [ V-t
s

ds+

L’ (R?)

and thus
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A =2Re{Z<V(61(f))a/0t1tsV(Q(S)) dS>LZ(SZ)}+
2Re{ // <61/ I Tu(q(T))>L2(Sz)des}. (88)

Summing up, combining (86)—(88),

194 (1) 2 gy = 990l + 28101135 2 + 2Re { (v (a(0)) = (Ut} ) pa ey |

::B]
+2Re{<u<q<r>>,z / 1,_5u<q<s>>ds> . )}
L2 2

::Bz

+2Re{/ ((Uswo) 52505 (g >L,(S2 ds }

_2Re{// (051 (q(5)) ds—rv ( (T))>L2(S2)d7'ds}.

=:By

Now, using (28), (15) and (14), we find that

By +B; = _2BHQ( ) Higotzz (s2)

b2+ 8= 2Re{ [ (004609 0,05

which entails, integrating by parts in s,

199 () B2y = 190l sy — 2Re{ / (04 ()7 (4(5)) >L2(52)ds}.

Finally, as

2Re { (04 (5). (4 () ooy} = o 2l (032

suitably rearranging terms, one recovers (24). O

6. Global well-posedness: proof of theorem 1.7

In this section we discuss global well-posedness of (17) in D(H); that is, we discuss under
which assumptions one can prove that the parameter 7*, defined by (26), is equal to +oc0.
However, in view of the arguments developed in section 4, one can see that

T* = sup {T > 0 : (28) admits a unique solution in C° ([O, 7] JH? (Sz)) } , (89)

so that global well-posedness of (17) in D(#) turns out to be equivalent to global well-
posedness of (28) in H>/2(S?), which is the issue that we actually address below.
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6.1. Global well-posedness for small data: proof of theorem 1.7 —item (i)

The former strategy to prove a global-well posedness result is to find a contraction argument
in C°([0,+00), H*/?(S?)) analogous to the one used to prove item (i) of proposition 4.1.

Proof of theorem 1.7—item (i). It is sufficient to show that, whenever 1)y = ¢y — G*v/(qo) is
such that [|¢3 ]| (rs) is small enough, the map £ defined by (74) is a contraction in

vi={g € 17([0,400), H/%(8)) : |l (10-+o0) 2y < L}
for some suitable L > 0 (that we fix below), with respect to a proper metric that make Y com-
plete. As pointed out in the proof of proposition 4.1, continuity can be easily established ex—

post by using (54) and (70).
As a first step, we have to prove that £ maps Y into itself. Fix, then g € Y. Preliminarily we

note that
|40 @) )y < [ ta6=5)

On the one hand, when ¢ € [0, 1], using (48) with r = p = 2 and (36), there results

L ds, V=0,

" " -
H(AV(Q))(I)HLz(Sz) <C/0 WHV(C](I—S))HU(SZ)dS<C/0 WHQ(I_S)‘IZ.IB/JQ(Igz)dS

t
1
20+1 20+1
CHqHLoo( +oo),H3/2(SZ))/ 2/'; dS = CHqHLoo( 0 +oo) 1.[4/2(57)) (90)

On the other hand, when ¢ > 1
t
H (Av(q) 2 S / L (q(t—s)) HL2(SZ)dS+/1 Hlsy(q(t—s)) HLZ(SZ)dS' )

Thus, since arguing as before

1
/O HISV(Q(I* S)) HLZ(SZ) ds < C||‘I||igct[lo7+oo)71.p/z(gz))

and since using (48) with r = oo, p = 1 (and (36))

t
1
[ Wtat =)y < [ arlate=9) oy e [ lolate=9) ey

t
1
<C/ 3/2””( )||L2(§2)d~9<c-/1 s37||‘](t_s)|?;/tész)ds

/\

t
20+1 20+1
< CHCIHLOO([O +00), Hz/z(SZ))/ 372 ds < C”qHLoo( 0,+00),H3/2(S2))

(90) and (91) (and (34)) yield
20+1

”AV(Q)||L°°([0,+oo,L2(SZ)) < CHCIHL“’([0,+oo),H3/2(S2))' (92)
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Now, combining (92) with (55) and with the representation of the Laplace—Beltrami operator
in spherical harmonics (i.e. (29)) and arguing as before, we also find that

||AV(61)||Loo([o,+oo)jp/2(82))
= A=) *1(q) |1 (j0,+-00) 22(5) < cllal;Z o sooypr@y. 93

As a consequence, from (92) and (93)

IL(@)]] oo ([0,+00),172(52)) < IF0ll o0 ([0, 400y, m72(s2)) + €L 27,

so that, in view of (70) and remark 1.8, if L < (2¢)™2" and ||} ||y is such that
1Foll o0 (0, 4-00),m3/2(s2)) < L/2, then || Lg|| o ([0,-00),m3/2(s?)) < L, which proves the claim.
Finally, it is left to discuss the contractivity with respect to a suitable metric. Consider the
L>([0,+00),L*(S*))—one. Arguing as in the proof of proposition 4.1, this clearly makes Y
complete. Moreover, using (75) and (68) and slightly adapting the proof of (92), we have that

I1£(q1) = £(g2) 2% (j0,400),12(52)) < L g1 = @2l ([0,+00),12(2))

and therefore, with the previous choice of L, also contractivity is established. O

6.2. Global well-posedness in the defocusing case: proof of theorem 1.7 —item (ii)

In view, again, of (89), the latter strategy to prove global well-posedness is to adapt a classical
blow—up alternative argument to (28).

Lemma 6.1 (Blow-up alternative). Let 3 € R, o > 1/2, 1 = ¢} — G v(q0) € D(H) and q
the unique solution of (28) on [0,T*). Then,

either T" =400 or limsup ||q (2) [| g/2(s2) = +00.
t—T*

Proof. Let T* < 400 and assume, by contradiction, that
4@l < Vie 0T, o

In addition, set T, := T* — ¢, for some ¢ to be fixed later, and define g(s) := g(T- + s5). By (28)
and (14), one finds that g satisfies

G(s.x) +2(Av(q)) (s,%) = Fy (s,%), (95)
where
Fo(s,x) :=Fy (T- +5,X) + A (s,X), (96)

with Fy given by (15) and

Als,x) =1 / (I saerv (g(7))) (x) .

Now, if one may choose ¢ such that (95) admits a unique solution in C°([0, 7], H3/3(S?)) with

T > ¢, then, setting ¢(¢) = g(r — T.), one finds a solution of (28) beyond T*, which contra-
dicts (89).
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Preliminarily, arguing as in the proof of proposition 4.1, one can see that Tis nothing but a
suitable contraction time for the map

L(q) = —1Av (@) +Fo

in C°([0,7], H*/*(S?)). Moreover, a direct inspection of the proof of proposition 4.1 shows

that any positive time 7 < 2757 || F, || Loo 0.10,H/2(5%) is a suitable contraction time for the map
60 :

defined by (74). As a consequence, any time T < 267 || F|| - Loy [ 0T H(5) is a suitable con-

traction time for £. Let us estimate, then, HFOHLOQ([Oﬂ w2 s))- By (70)

” Foy (TE + ) ”Loo 0,7],H3/2(S? NS ||¢0 HH2 (R3) + ”qOH?{Csr/tlgz vT > 0.
(lo1./2(5)) S )

Furthermore, using (51) with 1+ = 3/2 and z=1 and (36) one obtains that

C
il () 224

(Te+s—1)

and thus, arguing as in the Proof of proposition 3.3 and using (94),

17 45— (4 (7)) lpr2s2) <

||A||L°°([0,T],H3/2(Sl)) < 3CCT*, VT> 0

Therefore, by (96), there exists a constant Cy, , ¢ 7« ¢ > 0 such that

1Follzo (o, m0252)) < Cxocregpar YT >0
Owing to this fact, any T< Z_GUCK?T"C T 6% a0 is a suitable contraction time. Finally, since
,0,C.T*,p,
60 . T __ A—60—1,—60
C/\ . CT* 6 a0 does not depend on ¢, one can chose (for instance) T =2 C/\7U,C7T*7¢é -
ande =2707-2¢C % , to obtain the aimed contradiction. O

A a'CT*,qﬁo

Finally, we have all the ingredients to prove global well-posedness in the defocusing case
for o < 4/5 (we mention that the idea of the proof takes its cue from [39]).

Proof of theorem 1.7—item (ii). We want to prove that, assuming 7" < 4o0, yields
lg() | zp/2(s2) < C, for every t € [0,T*), thus contradicting lemma 6.1. Note that, whenever
one assumes 7* < 400, C may depend on T*.

Suppose then, by contradiction, that 7* < +oco. Combining (23) and (24) with 5 > 0, we
have

[y <e,  llg@llprre) <e,  Veel0,T7),
so that, by classical Trace theorems and Sobolev embeddings,
lallmrne < la@llpe) <e,  Vie[0,T7). D)

Now, in order to prove the contradiction, it is convenient to divide the proof in two steps.

Step (i): [|q(t)|| o (s2) < Cr~, for every t € [0,T*). Our strategy is to prove that there exists
7> 8/3 such that ||q(7)|[ys/s.7s2) < Cr+, for every t € [0,T*), as this immediately implies the
claim by Sobolev embeddings.
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Let us start by estimating [q(7)]ys/4.(s2) for a general r > 2, using the definition given
by (37). From (28)

| (—ag)*q( (—Ag)** (Av(g)) (1)

ey < (= Ae)* Fo ()

Moreover, from (29) and (47), one sees that I, commutes with (—Ag:)?/®, as they are
multiplication operators with respect to the decomposition in spherical harmonics. As a con-
sequence, exploiting (14) and lemma 3.1, we have

re) T || Lr(s?)"

3/8

| (—2g)*® (Av(g)) (7)

t
1 3/8
Lr(sz><c/0 s | (A2 T (@@ [l ds O8)

with p the conjugate exponent of r and d(p) given by (49). However, (98) is only formal
unless §(p) < 1. Hence, it is actually valid for the sole r € [2 3 ) with p= -7 € (]0 2]
Furthermore, combining the equivalence between (37) and (38), the fact that (37) 1s valid also
with R? in place of S? (with —Ag» replaced by the standard Laplacian) and [49, lemma A1],
and arguing as in the proof of (35) (see appendix A), one can prove that

Withi+i:1.

B 3/8
( ASZ) q(t) ||U’2(Sz)’ D1 P2 p

| (—2g)*Bv(q(s)) <clla(@)

lov ) i |

Therefore, letting p, = r, (98) reads

t
1 g
v <€ | oy 196 P s o (2004 0)

Note that, since r € [2, %), 45 € (2,+oo] and thus, as o < 4/5, there exists 7 € (% 70)
such that

) ds.

| (—2g)*® (Av(g)) (2)

g (s |2UH L7 () < cllg(9) 117 e)- 99)

Now, using (97) and (70) and the facts that

H( ASZ ||c<> ([0,7],12/4(s)) S HFOHCO([O,T]J{*/Z(SZ))’ vT>0,
and
B/ ($) — L8 (S?) = L7 (S?),
there results
t
1
[(=2e)2q(0) ||y <1+ 02 /0 PErrol (=A% 4 (5) | g0, ds- (100)

Finally, from the Gréwnall-type estimate given by [76, lemma 2.5] (and, more precisely, by
[76, equation (2.13)]), (100) implies that ||(—Ag:) )3/84(1) ey < Cr=. forevery 1 € [0,T%).
Since 7 < 4, the same can be proved for ||g(7)||7s2) and thus the claim follows by Sobolev
embeddings.

Step (ii): ||q(t) || /2 (s2) < Cr=, for every t € [0,T*). Using again (28), we obtain

g () 122 < 1o ()]s ey + 1| (Av (@) () | s 2 -
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Furthermore, combining (53), (70), (35) and the claim of Step (i), one obtains

t
1
)l < e+ eaCore [ ol @)l ds.

so that, again by [76, lemma 2.5], we get the claim (possibly, redefining Cr~). O

Remark 6.2. In the previous proof, the constraint on the power o is a direct consequence of
three things:

(a) the choice of a strategy based on a Gronwall-type argument;

(b) the use of lemma 3.1, which thus requires d(p) < 1 when combined with (a);

(c) the fact that the a—priori estimate on the charge provided by the constants of motion is only
on the L*(S?)-norm.

One may intuitively think to improve step (c) by using the estimate on the L>°+2(S?)-norm,
which is another consequence of the energy conservation. However, if one replaces L*(S?)
with L27+2(S?) in (99), then the inequality holds only for o < 2/3, which is an even worse
constraint. Hence, the sole remaining possibility to remove the constraint at this level is to find

another way to estimate |||g(s)[* HL—fz &’ but this seems out of reach at the moment.

On the other hand, one may think to improve step (b) proving a finer version of lemma
3.1, that is a finer version of (50). For instance, if one could replace the factor t~2/3 with the
factor r~!/2, then one would enlarge the set of admissible exponents. Unfortunately, this is not
possible due to the behaviour as # — 0, as shown by the following computation. First, by [60,
equation (10.19.8)], for a > 0 fixed,

21/3
J, (V—i—aul/3) NT3Ai (—2]/361), as v — 400,
v

where Ai(x) is the Airy function. Hence, fixing a such that —2!/3a is not a zero of Ai(x), there
exists vy > 0 such that

1/1/3|Jl, (V—O—aulﬁ)‘ =>c >0, Yv > .
Let us set, then,

% =n+1/24+a(n+1/2)"?,  vneN\{0}.

n

By (47), whenever n is large enough,

sup |p (1, €) | = 57 SUP Moo (1/20)

LeN 2| n|
c

T (4124 aln+1/2) ) | 5 —
n+1/ ‘ (n+1/2)1/3\t,,\

> 53]

and thus, up to lower order terms, sup,cy |p(f,£)| =
in (50) is sharp as t — 0.

I |7 75, which shows that the order 2/3
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As aconsequence, in order to remove (or enhance) the constraint on o, the unique possibility
is to work on step (a), which means to change the overall strategy of the proof. However, at the
moment it is not clear how to recover a global well-posedness result in D(#), without small
data assumptions, exploiting different methods.
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Appendix A. Schauder estimates on S?: proof of (35)

Here we prove (35). First, we recall that in the euclidean case, when S?is replaced by R2, the
inequality is well known to be true; namely,

lv (&) llmm @) < cp Hg”igo(uy) &l re ey s Vg e H" (Rz) ) (101)

whenever o > % (this can be easily derived, for instance, by [49] or by [74, lemma A.9]). As
a consequence, we aim at using the construction of the Sobolev spaces on S? introduced at the
end of section 2.1 to transfer the inequality from R? to S?.

Fix, then, g € H*(S?), with z > 1. First, we note that

mixv (&) =milv (mlu]),  j=1,2. (102)

Consider, now, a new partition of the unity {7;,7,}, which has all the properties of {x1,x2}
and, furthermore satisfies

n =1, on supp{xi}-.

Since this new partition yields an equivalent norm for H*(S?), there exist c1, ¢; > 0 such that
Cl Hﬂ'l [Xlg] HHH(]RZ) < H?T] [7718] HHM(RZ) <o H?T] [Xlg] HH“(Rz)' (103)
In addition, one can check that

m[m]=1  on supp{m [xiv(g)l}
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and thus, combining with (102), one obtains

m v (g) =m alv (7 [mel)-

As a consequence, using [74, lemma A.8], there results
H7rl [Xll/(g)] HH“(RZ)

<c (||7T1 [xi] HLOO(]RZ)HV(WI [megl) HHu(RZ) + ||7T1 [xi] ||HH(R2)HV(7T1 [megl) ||L°°(]R2)) )

so that, from (34) and (101),

Hﬂ'] [Xll/(g)] | H(R?) < CHTH [7718] H[Z‘Zo(RZ)HWI [7718] | H~(R2)

Finally, recalling (103) and (33) and noting that
Vi |l oo s2) < |1 [mig) ||L<>°(]R2) + |2 (28] ||Loo(R2) <2 [full oo (s2)

for some suitable ~;, v, > 0, one finds that
Hm xiv(g)] HHL&(Rz) < C||8H%go(s2)||g\|m(82)-

Since one can make the same construction for [qu(g)} , inequality (35) follows just recall-
ing again (103).

Appendix B. Proof of (81)

Here we prove (81). Note that it is actually present in [77, section 13.31], but its proof holds for
another range of parameters. Hence, it is necessary to prove it again for our range of parameters.

Fix, then, ¢ € N and s > 0. Since J,, /z(z) is holomorphic outside the origin (where it dis-
plays a ramification point), there results

f(z)dz=0,
Tre

where
2
flz) == ZJ%+1/2 (z)e* and Tr.=yUnUypU

is the curve depicted by figure 1. Observe that 7, is an arc of angle 7 /4 of the circle of radius
R > s, whereas 74 is an arc of angle 7 /4 of the circle of radius € < s (the definitions of 7,
and 3 are immediate). Clearly

lim limQ f(z)dz=0,

R—+4o0c0e—0 Tk e

and

41



Nonlinearity 37 (2024) 015009 D Finco et al

72

73

V4

4!

Figure 1. The path I'z ..

so that, if one can prove that

(i [ ) dz=0, (104)

then the proof is complete. Indeed, owing to this fact, one has

+oo
/ kP2 (ke dk= lim lim / f(z)dz
0 M

R—+0c0e—0

R—400e—0 R—+4o00e—0 -y

=— lim lim / f(z)dz= Tlim lim f(z)dz
V3
and, since
R

lim lim dz=1 lim lim | "2, , (%) dr
R—4002—0 _%f( ) R—+00e—0 J BVACE)

—+o0
2 ™ {2 3 2
= e " J; re'4) dr=—e 1 (—)
Z/0 e " i (re'%) 7. S Ter2\ 55

(where the last equality is established in [77, p 395]), there results

e 2 s [ 4
kT (k) e dk = 55& ey <Z> ;
with 7,, the modified Bessel function of order v (see, e.g. [60, equation (10.25.2)]). Finally,
since, by [60, equation (10.27.6)], I,,(z) = e*%J,(ze*% ), whenever —7 < argz < 7/2, one
obtains (81).

As a consequence, it is left to prove (104), or equivalently

b 20
lim R / 2R 2 (Re?) df =0, (105)
0

R—+o0

=:A(R)
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Note that all the constants below may depend on s and /. First, we see that, since sinn > 2?’7

for every n € [0, 5],

|A (R)\ < R2/7 e_SRZSin(za)‘Jeﬂ/z (Re'g) ‘2d9 < RQ/T e_SRZ%QIJEJrl/Z (Rew) ’2d9
0 0

™ p2

iR _4s 2\ |12
</ Sl (Re R2)| dx.
0

Moreover, by the Schlifli’s formula (see, e.g. [60, equation (10.9.6)]), whenever |argz| < 7/2,

1 /7 i 1/2 e g
Jis12(2) = ;/0 cos(zsinf — (£+1/2)0) do — Sln((gd‘_/)ﬂ')/o e asinhi=(E+1/2)r gy

i
Then,
Teiy (Re'® ) =i (5) +£2.5) £ ()
_ i T . R(cos(%)Jﬂsm(%))sin6’e—19(£+1/2) do
2 0
+ i T e—zR(coS( )-H“ln(%)) Siﬂee’bg(@rl/z) do+
27 0
YD) [ s
s 0 ’

so that

i/ e 0) P

=:4;(R)

As a consequence, in order to prove (105), it suffices to show that A; (R) — 0,as R — o0, for
Jj =1,2,3. Let us consider, first, the cases j = 1,2. An easy change of variables yields

—1Y(L+1/2) pm/2 L x
]S(x) _ Z( 1)/2( +1/2) / / ez(—l)fflRe R? cosaez(—l)f(£+l/2)a dov.
u —m /2

Now, let ¢ € C3°(R), with supp{¢} C [a,b] C (—7 /2,7/2),¢p > 0and ¢ = L on [—7 /4,7 /4],
and define

1Y (e4+1/2) /2 o .
F)i= [ gyt R g e g,
™ —7 /2

It is straightforward that

) § L
e S7f () s () Pdi-te / e () P

::Aj,l(R) ::Aj72(R)
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and, thus, we can prove that A;;(R) and A;»(R) are both vanishing as R — +oc0 to get the
result.
In order to study the former term, we see that by construction

_ L1 (e1/2) 2

7090 == 3 [ (- ptae VR

ES
2

cosoeez(—])j(€+l/2)a da
2 ’

n=1 n
witha; = —b, = —w/2and b; = —a, = —7/4, so that, integrating by parts and using the prop-
erties of ¢,
~ L1 (e+1/2) .
56 =50) = = {2c0s (1Y ¢+ 1/2)7/2) +
47 Re ®?
b W(—1Y (e+1/2)a\ .
n (] — (=1 (¢+1/2) IR S
_ Z / <( ¢(a))e el(—l)/ Re" &2 cos e 4
S a, sina

Hence, using the range of « and x and (again) the properties of ¢, one obtains

~ (1+er)
) ~F ) <c L)

and thus

1
Aj1(R) < % (1 + i+ (1 —e_‘YRZHR)) —0, as R— +oo
T R

(note that all the constants here and below may also depend on ¢, which is fixed).
Concerning the latter term, we first see that, setting y = sin(a/2), there results

S (E1/2)

™

ez(fl)j"Rcos(R*—'z)

fix) =

V2/2 : ‘ ,
/ / ¢(Zarcsnly)621(*UJRCOS(ﬁ)yze(*l)"_]RSin(f‘z)(1*)'2)61(—1)/(224'1)ﬂl’CSi“,\'dy.

V22 \/1=)?

Moreover, using again the construction of ¢, we have that

—1Y(e+1/2 1 o\ rb .
f(x) = (T iy RCOS(R%)/ e g (x,R,y) dy
™ a
with @ := sin(a/2), b := sin(b/2),
h(x’ r) = 2Rcos( * ) , g(y) = Me(—l)’;msin(é)(I—yz)ez(_1)/(2£+])arcsiny.

R? V1—y?

Hence, exploiting the Van der Corput lemma (see, e.g. [69, corollary at p 334] or [53, corollary
1.1]) and the fact that x € [0, TR?], we get that

) < Zllg (R I -
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Furthermore, since easy computations yield

2
2 X
e (xR By < oo (143 )

1R2 2
4 45 . X
e ='ek <1 + ) dx
s/O R2

ERZ 2
c 4 4. 2 X
e ~'er —dx
0 R2

there results

™

o)
) — 0, as R — +oo.

¢ ¢ R w( 2
R+R<(245R)2|:e (w 20J+2)O

It is, then, left to prove the vanishing of A3(R). However, as one immediately sees that

_ sin ((6 + 1/2) 7T) /+oo e—stin(};—z) sinhte—Rcos(Riz) sinhte—(é+1/2)tdt
0

s

f3(x) =

elementary estimates and a change of variables show that

+o0o e oo o
‘f3 (x)| < C/ echos(é—z)smhte*(2+1/2)tdt< C/ echos(R—z)smhtdt
0 0

400 ) +o0 y
< C/ e—L'lRSIHtht — C/ e—ClRy 1 + - dy
0 0 Y+ +1

+oo c
<c/ e R dy < =,
0 R

which implies A3(R) — 0, as R — +o0.
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