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A SHARP MULTIPLIER THEOREM FOR SOLVABLE
EXTENSIONS OF HEISENBERG AND RELATED GROUPS

ALESSIO MARTINI AND PAWEL PLEWA

ABSTRACT. Let G be the semidirect product N x R, where N is a stratified
Lie group and R acts on N via automorphic dilations. Homogeneous left-
invariant sub-Laplacians on N and R can be lifted to G, and their sum A
is a left-invariant sub-Laplacian on G. In previous joint work of Ottazzi,
Vallarino and the first-named author, a spectral multiplier theorem of Mihlin—
Hormander type was proved for A, showing that an operator of the form
F(A) is of weak type (1,1) and bounded on L?(G) for all p € (1, 00) provided
F satisfies a scale-invariant smoothness condition of order s > (Q + 1)/2,
where @ is the homogeneous dimension of N. Here we show that, if N is a
group of Heisenberg type, or more generally a direct product of Métivier and
abelian groups, then the smoothness condition can be pushed down to the
sharp threshold s > (d+1)/2, where d is the topological dimension of N. The
proof is based on lifting to G weighted Plancherel estimates on /N and exploits
a relation between the functional calculi for A and analogous operators on
semidirect extensions of Bessel-Kingman hypergroups.

1. INTRODUCTION

Let N be a stratified Lie group of step r. In other words, N is a connected,
simply connected nilpotent Lie group, whose Lie algebra n is decomposed as a
direct sum n; @ --- @ n, of nontrivial subspaces n;, called layers, in such a way
that [nq,n;] = n;qq for all j =1,...,r, where n,y; = {0}. As N is nilpotent and
simply connected, the exponential map is a diffeomorphism between n and IV, and
in exponential coordinates the Lebesgue measure on n corresponds to the (left and
right) Haar measure on N. We denote by d = >-7_, dimn; and @ = >~7_, j dimn;
the topological and homogeneous dimensions of N. Let Ay be a homogeneous
left-invariant sub-Laplacian on NV, that is an operator of the form

dim ny

Ay=- > X7, (1.1)
j=1

where the X; are left-invariant vector fields forming a basis of the first layer n,.

The stratified group N is naturally equipped with a one-parameter group of
automorphic dilations (e*?),ecr, where D is the derivation of n which is j times
the identity on n;. We can then form the semidirect product G = N x R, where R
acts on N by dilations; in other words, the product law on G is given by

(Z,U) : (E,ﬁ) = (Z -eP

Z,u+ 1)
for all (z,u),(Z,u) € G. In these coordinates, the product measure dz du of the
Haar measure on N and the Lebesgue measure on R is the right Haar measure on
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2 A. MARTINI AND P. PLEWA

G, while the left Haar measure is given by e~@"dz du; unless otherwise specified,
we shall use the right Haar measure when integrating on G and in the definition of
the Lebesgue spaces LP(G).

The vector fields 9, on R and X; (j =1,...,dimn;) on N lift to left-invariant
vector fields on the semidirect product G, given by

B if j =0
Xﬁ — u ’ 1.2
J {equ iszl,...,dimnl, ( )

and we can consider the corresponding left-invariant sub-Laplacian

dim ny

A== (XH?=-02+e™Ay (1.3)

Jj=0

on G. This operator is essentially self-adjoint on L?(G); so, by the spectral theorem,
the sub-Laplacian A has a Borel functional calculus, and for any bounded Borel
function F : [0,00) — C the operator F(A) is bounded on L?(G).

Here we are interested in investigating what additional conditions are to be
required on the spectral multiplier F' so that the operator F'(A), initially defined on
L?(G), extends to a bounded operator on LP(G) for some p # 2. More specifically,
we look for relations between LP-boundedness properties of F(A) and size and
smoothness properties of F, such as Mihlin-H6rmander type estimates of the form

F(A)|lLrcy—Lr(c) Spos Sup IE(t)x L2 r) (1.4)

for appropriate values of p and s, where L2(R) is the L? Sobolev space of order
son R and xy € C2°(0,00) is a nontrivial cutoff. These are generalisations of the
classical estimates for the Laplace operator on R™, for which the analogue of
holds for any p € (1,00) and s > n/2, as a consequence of the Mihlin-Hérmander
theorem for Fourier multipliers [38] [60].

We point out that G is a solvable Lie group of exponential volume growth. In
particular, the “standard machinery” providing LP-bounds of Mihlin—-Hérmander
type for the functional calculus for sub-Laplacians on Lie groups of polynomial
growth and more general doubling metric-measure spaces (see, e.g., [2], 13} 18, [30])
does not apply here; indeed, if we equip G with the Carnot—Carathéodory distance
associated with the vector fields , then G is locally doubling, but not globally.
Nevertheless, somewhat surprisingly, the sub-Laplacian A on G has a differentiable
functional calculus on LP(G) [I11, 23] 29] [69]; this should be contrasted with what
happens for other exponential solvable Lie groups and sub-Laplacians, which may
be of holomorphic LP-type [9 B2]. More recently, by developing and extending
previous results and ideas in [31], 33} [80], the authors of [55] proved a spectral
multiplier theorem of Mihlin—Hormander type for A, which can be stated as follows.

For a fixed cutoff x € C£°(0,00) with 1p; /9] < x < 1j1/4,47, we define for s >0
and a bounded Borel function F : [0,00) — C the quantities

[Fllo,s = sup [|F(E)xllcz@w)y, — [[Flloo,s = sup [t )Xl L2 (w)-

0<t<1 t>1
These are variants of the scale-invariant Sobolev norm in the right-hand side of
(1.4), focusing on the “local part” and the “part at infinity” of the function F'.

Theorem 1.1 ([33,55]). Suppose that both sg, Soo > 3/2, and that moreover s >
(Q + 1)/2. If a bounded Borel function F' : [0,00) — C satisfies |[Fllo,s, < 00
and ||F|lco,s.. < 00, then F(A) extends to an operator of weak type (1,1) and
bounded on LP(G) for p € (1,00), bounded from H'(G) to L'(G) and from L>=(G)
to BMO(G).
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We refer to [55, 1] for the precise definitions of the atomic Hardy space H!(G)
and the dual space BMO(G), which are adapted to the Calderén—Zygmund struc-
ture of G in the sense of [33].

We point out that the restriction so, > 3/2 in the above statement is implied by
Soo > (Q 4+ 1)/2 except when @ = 1, in which case N must be abelian. In general,
the above result requires different orders of smoothness sy and s, on the local part
and the part at infinity of the multiplier F, related to the “pseudodimension” 3 and
the “local doubling dimension” @ + 1 of G; here the pseudodimension plays the role
that the “dimension at infinity” plays in [2] for groups of polynomial growth. In
any case, Theorem implies the validity of the estimate for any p € (1, 00)
and s > max{3,Q + 1}/2.

When N is abelian, i.e. N has step 1, then N = R? and the above result is
already contained in [33]. In that case, Ay is just the Laplacian on R and A is
elliptic; moreover, n = n; and Q = d. A classical transplantation argument [43]
then shows that the smoothness condition s > (Q+1)/2 is sharp, in the sense that
the threshold (@ + 1)/2, which in that case equals half the topological dimension
(d+1)/2 of G, cannot be replaced by a smaller quantity.

Instead, when N is not abelian, the operators Ay and A are not elliptic, and
@ > d > 3. Here it is meaningful to ask about the sharpness of the condition
Seo > (@ +1)/2 in the previous theorem. Indeed, by the results of [54], we know
that the threshold (Q+1)/2 cannot be replaced by anything smaller than (d+1)/2,
but a gap remains between the two quantities. The main result of this paper shows
that, at least for certain classes of nonabelian stratified groups IV, the condition
can indeed be pushed down to so, > (d+1)/2, thus leading to a sharp result, which
improves Theorem in this case.

We recall that the stratified group N is said to be a Métivier group [59)] if N has
step 2 and, for all ;1 € n3\ {0}, the skewsymmetric bilinear form u[-,-] : ny xng = R
is nondegenerate. Heisenberg groups and, more generally, groups of Heisenberg type
in the sense of Kaplan [42] are Métivier groups, but there exist also Métivier groups
which are not of Heisenberg type [64]. Our improvement of Theorem applies in
particular to the case where N is a Métivier group.

Theorem 1.2. Assume that the 2-step group N is a direct product of finitely many

Meétivier and abelian groups. Suppose that sog > 3/2 and s > (d+1)/2. If a

bounded Borel function F : [0,00) — C satisfies || Flo,s, < 00 and || F||oo,s.. < 00,

then F(A) extends to an operator of weak type (1,1) and bounded on LP(G) for
€ (1,00), bounded from H*(G) to L*(G) and from L>°(G) to BMO(G).

As a consequence, under the assumptions of this theorem, the estimate (|1.4))
holds true for all p € (1,00) and s > (d + 1)/2. We point out once again that
the threshold (d + 1)/2, corresponding to half the topological dimension of G, is
sharp. In this respect, this result can be considered as part of a programme aimed
at determining the sharp threshold in Mihlin—-Hérmander estimates for non-elliptic
“Laplace-like” operators in a variety of settings; we refer to [6], 13| 14l 53] 54, 66]
for a more extensive discussion and further references. The relevance of Theorem
[[:2]in this context is that it appears to be the first sharp result of this type where
the underlying manifold has exponential volume growth.

By a contraction argument (see, e.g., [5I, Theorem 5.2]), Theorems and
imply corresponding results for the direct product G = N x R, with smoothness
conditions sg = Soo > (Q +1)/2 and s¢p = Soo > (d + 1)/2 respectively. However,
these results for G are already available in the literature. Indeed, the direct product
G is a stratified group itself, and the results deduced by contraction from Theorems
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and correspond to the Christ-Mauceri-Meda theorem [8], [56] for homoge-
neous sub-Laplacians on stratified groups, and its improvement due to Hebisch [28§]
and Miiller and Stein [66] for Heisenberg and related groups.

It is still an open problem whether the improvement to half the topological
dimension in the Christ-Mauceri-Meda theorem is always possible for an arbitrary
stratified group (see, e.g., the discussion in [52] 53] [54]). As a consequence, the
question whether the additional assumption on N in Theorem can be dropped
altogether appears to be out of reach at this time, as the analogous and apparently
easier question for the direct product G is still open. Nevertheless, the technique
developed in this paper can be used to improve Theorem for a larger class
of nonabelian stratified groups N than the one considered in Theorem [I.2] also
including some groups of step higher than 2.

We refer to [49], Section 3] for the definition of h-capacious stratified group. Here
we just recall that any stratified group N is O-capacious, but, if IV is Métivier, then
it is also (@ — d)-capacious. Moreover, if N is the direct product of an hi-capacious
and an ho-capacious group, then N is (hy + hz)-capacious. Furthermore, if N has
step r and dimn,. = 1, then N is 1-capacious [49, Proposition 3.9]. So the following
result properly extends Theorem

Theorem 1.3. Assume that N is h-capacious for some h € N. Suppose that
50y Soo > 3/2 and Soo > (Q —h +1)/2. If a bounded Borel function F : [0,00) — C
satisfies ||Flo,s, < 00 and || Flloc,s.. < 00, then F(A) extends to an operator of
weak type (1,1) and bounded on LP(G) for p € (1,00), bounded from H'(G) to
LY(G) and from L>=(G) to BMO(G).

This result can be compared with that in [49, Corollary 6.1] for homogeneous
sub-Laplacians on h-capacious stratified groups. The proof of Theorem [I.3] is a
relatively straightforward modification of the proof of Theorem [I.2] but requires
several adjustments and changes of notation. In order not to affect the clarity of
the presentation, below we only discuss the details of the proof of Theorem [1.2

Proof strategy. By duality and interpolation, each of the spectral multiplier the-
orems for A stated above reduces to endpoint estimates of the form

[F (Al cy—rre(c) Se [[Fllo.so+e + [[Flloo,cte (L5)
HF(A)HHl(G)%Ll(G) 55 ||F||0,§0+6 + ||F||oo,§oo+6 ’

for all € > 0, where ¢y, s > 0 are appropriate thresholds. As in other works on the
subject, by means of Calderén—Zygmund theory, the estimates can essentially
be reduced to L'-estimates for the convolution kernels K r(ta) of the operators
F(tA), corresponding to rescaled versions of a multiplier F' with compact support

supp F' C [—4,4]:
sup [|Kpuayller) Se llFllzz @)y sup[Kpeaylleye) Se 1Fllez_, @)
0<t<1 0 t>1 el

In turn, via a frequency decomposition, these can be deduced, at least when ¢y < ¢oo,
from an estimate of the form

oo a2
Kpvm o 7= ([ pyp a1 (16)

for all» > 0 and F' € &,; here &, is the set of the even Schwartz functions F': R — C
whose Fourier supports are contained in [—r, ], and we write

A if A<l
A[avb] — - 17

{)\b ifA>1, (L.7)
for any a,b € R and A > 0.
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When ¢ = 3/2 and ¢, = (Q + 1)/2, the estimate (1.6) can be proved by
combining the Plancherel formula for the functional calculus for A, namely
*° dA
IKrmlia = [ IPOEABHIS, (19

and the finite propagation speed property for A, namely
supp KF(\/Z) - B7G(0G7 )

whenever F' € &,, where Bg(0g,r) is the closed ball of radius r centred at the
origin of G with respect to the Carnot—Carathéodory distance. Indeed, by finite
propagation speed and the Cauchy—Schwarz inequality,

1K pym @) < Ba(O0a, )M IK piyay 2o

when F € &, which in view of the Plancherel formula gives when r < 1,
because |Bg(0g,7)| ~ r@*! in this case. This argument does not work as it is
for 7 > 1, since |Bg(0g,7)| ~ exp(Qr) for large r. However, one can fix this by
introducing a suitable weight when applying the Cauchy—Schwarz inequality, in
order to kill the exponential volume growth; finite propagation speed and radiality
properties of K P(VA) Can then be used, roughly speaking, to get rid of the extra
weight in the L? norm, and obtain (1.6]) for large r. This is broadly the approach
used in [33] [55] to prove Theorem

In order to improve the result, i.e., to push down the threshold ¢,,, here we
introduce, also for small , an appropriate weight w = w(z) in the application of
the Cauchy—Schwarz inequality:

1/2
HKF(\/Z)”LI(G) < (/ 'LU(Z)_2 dzdu) HU’KF(\/Z)”L?(G)
Bg(0g,r)

If w is chosen so that fB—G(OG ") w(2)2 dzdu ~ r%* for r < 1, then the problem of
obtaining (1.6) is essentially reduced, at least for small r, to the proof of a “weighted
Plancherel estimate” of the form
*° dX
oK p/m e S [ IPOR SIS (1.9)
In the case ¢, = (v+1)/2 for some integer v, in light of (1.8) we can equivalently
rewrite the previous inequality as

”wKF(\/Z)”LQ(G) S ”KF(\/E)HL?(GV)y (1.10)

where GG, and A, are the analogues of G and A when N is replaced by R”. As w
only depends on the variable z, the relation between the functional calculi of A and
Ay allows one to reduce (|1.10) to a similar estimate on the stratified group N:

|w K a2y S 1K piya 2@y (1.11)
or equivalently,

o Ky Iaon S [ O A 2 (112

WArwEnIiLw ~ N :

As it turns out, when N is a direct product of Métivier and abelian groups, the
“weighted Plancherel estimate” on N holds true for any v € (d,Q], with a
suitable weight w depending on v. Indeed, such an estimate is the fundamental
ingredient used in [28] to sharpen the Christ—Mauceri-Meda theorem for this class
of stratified groups. The intermediate steps and allow one to lift the
weighted estimate to G and deduce for ¢oo = (v +1)/2, where v € (d, Q] NN.

In order to prove Theorem with the sharp condition s, > (d + 1)/2, in
principle we would like to take ¢, = (d + 1)/2, that is v = d, but the weighted
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Plancherel estimate on N fails in that case. As a workaround, we can take
instead v = d + ¢ for arbitrarily small £ > 0, as then holds true, but this
requires us to work with non-integer v. The problem then becomes how to make
sense of the intermediate steps and in the lifting argument leading to
, as R” and G, = R” x R are not defined when v is fractional.

The solution that we adopt here is to replace the Laplacian Ag» on R” with the
Bessel operator L, = —92 — (v — 1)z710, on the half-line X, = [0,0) equipped
with the measure z¥~'dz. When v is an integer, the Bessel operator L, is just
the radial part of the Laplacian on RY, but of course L, and X, make sense for
fractional v as well, and provide the following replacement for :

|w Kpam ez S 1 Kpmlleex,)- (1.13)

Similarly, the lifted estimate (1.10) becomes meaningful for fractional v by taking
as (¢, the semidirect product X, xR, and as A, the operator 733 +e2* L, thereon.

One of the technical problems in implementing this strategy is that the half-line
X, is not a Lie group; however, it is a hypergroup [3 [41] (more precisely, X, is
known as a Bessel-Kingman hypergroup), so there is a convolution structure in
terms of which the convolution kernels K F(VI) e defined. Additionally, X, has
a group of automorphic dilations, so the semidirect product G, = X, x R can be
made sense of in terms of hypergroup theory [36] [84], and again the operators in the
functional calculus for A, = —92 + €?“L,, are convolution operators on G,. Thus,
one of the tasks that we undertake here is to develop the theory of the operators L,
and A, mirroring the classical one for Ag» and —92 + e?“Ag» when v is an integer,
and establish all the properties that we need in order to run the aforementioned
argument when v is fractional (e.g., finite propagation speed, explicit formula for
the control distance, radiality of convolution kernels in the functional calculus,
Plancherel formula...). A fundamental tool for this is the theory developed in [23],
which explicitly relates the heat semigroups generated by L, and A, thus providing
the link between their functional calculi that justifies the lifting of to
and eventually yields the required estimates for the proof of Theorem [1.2

Structure of the paper. In Section [2] we recall the main properties of the strati-
fied groups N, their solvable extensions G = N xR, and the sub-Laplacians thereon.
We also state and prove a suitable version of the weighted Plancherel estimate on
N, extending those available in the literature, and show that the weight appearing
in that estimate has the correct integrability properties on G.

Sections [3] and [] are devoted to the discussion of the hypergroups X, and G,,
and the corresponding operators L, and A,. Of course, there is a vast literature on
the Bessel operator L,,, so we only recall some of the main properties, in connection
with the Hankel transform on X,. In comparison, not so many results appear to
be available for the operator A, on the semidirect product hypergroup G,, so we
spend some time to derive the required properties. One of the issues we need to
deal with is the fact that X,, and G, are manifolds with boundary, and indeed
boundary conditions play a role (at least for v small) in the choice of self-adjoint
extensions of L, and A,, which in turn determine their functional calculi.

By using the aforementioned hypergroup structures, in Section [5| we lift to G
the weighted Plancherel estimate on N obtained in Section [2[ and prove our main
result, Theorem

Finally, we devote an Appendix (Section@ to recall some terminology and results
about self-adjoint extensions of divergence-form differential operators with Dirichlet
and Neumann boundary conditions, as well as the finite propagation speed property
for the associated wave equation, using the “first-order approach” from [57].
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Some remarks and open questions. The technique developed here hinges on
lifting weighted Plancherel estimates on N of the form to the semidirect
product G = N x R. As already mentioned, similar estimates were originally ob-
tained in [28] [66] as a tool to sharpen the Christ—-Mauceri-Meda multiplier theorem
on N. However, not all stratified groups N are amenable to this approach. More
recently [50L [52] a different approach was developed, which applies to other classes
of stratified groups and is based on variants of where, roughly speaking, the
right-hand side may also contain derivatives of F'. This alternative approach can
be used on a number of 2-step stratified groups N, other than direct products of
Métivier and abelian groups, to push down the condition in the Christ—-Mauceri—
Meda theorem to half the topological dimension. For those stratified groups NN,
one may expect that an analogous improvement of Theorem can be obtained
on the corresponding semidirect product G = N x R, but the approach presented
here does not directly apply and new ideas would appear to be needed.

Another natural question is the validity of LP estimates of Miyachi—Peral type
[61] [71] for the wave equation associated with the sub-Laplacian A on Gj; indeed
sharp estimates of this type would likely imply via subordination [63] a sharp mul-
tiplier theorem for A. Such estimates on G are known [67] in the case N is abelian
(see also the extension in [68] for an elliptic Laplacian on Damek-Ricci spaces),
but the case of nonabelian N and nonelliptic A appears to be wide open. For the
homogeneous sub-Laplacian Ay on N, sharp Miyachi—Peral estimates are known
when N is of Heisenberg type [65], and one may wonder whether similar estimates
also hold for A on the corresponding solvable extension G.

Notation. N denotes the set of natural numbers, including 0. We write R, and
I@+ for the closed and open half-lines [0,00) and (0,00). For two nonnegative
quantities A and B, we write A < B to denote that there exists a constant C' € If%+
such that A < CB. We also write A ~ B for the conjunction of A < B and B < A.
Subscripted variants such as <, or ~, indicate that the constant may depend on
the parameter p. Finally, we write 1g for the characteristic function of a set S.

2. STRATIFIED LIE GROUPS AND THEIR SOLVABLE EXTENSIONS

2.1. Weighted Plancherel estimate for products of Métivier groups. In
this section our aim is to justify the weighted Plancherel estimate that is at
the core of our argument. Versions of this estimate can be found elsewhere in the
literature (see, e.g., [28, Lemma 1.4] or [48, Proposition 3.5]), but they are stated
and proved under the assumption that the multiplier F' is supported in a fixed
compact subset of I@+. The proof that we present here shows that, in fact, this
restriction on the support of F' can be dropped for certain homogeneous weights w
in the left-hand side of , provided one chooses the appropriate homogeneity
degree of the measure in the right-hand side. This version of the estimate without
support restrictions turns out to be crucial in our proof of Theorem [1.2

Let N be a 2-step stratified Lie group. So the Lie algebra n of N is the direct
sum of two layers, n = n; @ ny. If we denote by d; and dy the dimensions of ny
and ng, then d = d; + dy and @ = d; + 2d; are the topological and homogeneous
dimensions of N. Through the exponential map we can identify N with n; via this
identification, Lebesgue measure on n is a left and right Haar measure on N. The
same identification allows us to define the Schwartz class S(N) of rapidly decaying
smooth functions on V.

We choose a system {X;}%, of left-invariant vector fields on N which form a
basis of ny, and let Ay as in be the corresponding homogeneous sub-Laplacian
on N. Since Ay with domain C°(N) is essentially self-adjoint on L?(N), a Borel
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functional calculus for Ay is defined via the spectral theorem. For any bounded
Borel function F : R, — C, the L2-bounded operator F(Ay) is left-invariant, so,
by the Schwartz kernel theorem, there exists a convolution kernel Kp(a ) € S'(N)
such that

F(AN)f = f*Kpaay)y,  fESN).
As is well-known (see, e.g., [12, 58, [76] or Proposition [6.3] below), Ay satisfies the
finite propagation speed property:

supp K 1v/a) € By (0w, [t]), t eR, (2.1)

where By(z,7) is the closed ball of centre z and radius r relative to the Carnot—
Carathéodory distance associated with Ay, and Oy is the identity element of N.
Furthermore, a Plancherel formula holds for Ay:

> dA
1K pea) 172 ) = /0 (P[P A2 (2.2)

(see, e.g., [8, 16, @0]). This corresponds to the unweighted version of 7 and
holds without any assumptions on N.

Let (-,-) be the inner product on n; which makes {X; }?1:1 an orthonormal basis.
For all u € n3 we define the skewsymmetric linear operator J, : n; — ny by

<J,ux7y> :,u[x,y} v'7:32/6“1'

Let us choose linear coordinates on n; and ns. So we shall write z = (2/,2") €
N ~ R4 x R?% and also p € ny ~ R?%. Observe that |J,2'|> is a polynomial
in (2/, ), separately homogeneous of order 2 in both 2z’ and p; the norm on ny
appearing in the expression |.J,2'|? is the one induced by the inner product (-, -).

Let Z" = —iV n = (=i0.y, .. ., —iazgz) be the vector of second-layer derivatives
in N, and P = (z1,...,2;,) be the vector of multiplication operators by 2}. The
components of P and Z” together form a strongly commuting system of self-adjoint
operators on L?(N) (cf. [49, pp. 1229-1230]). Since |.J,2’|? is a polynomial, we con-
sider |Jz»2'|? := |Jz» P|? as a differential operator on N of order 2 with polynomial
coefficients.

Lemma 2.1. Let f € S(N) be such that f * K,—tay = K —tay * f for all t > 0.
Then, for all k € N,

11720 PI?* fllc2 vy Sk 1AK Fll2(v)-
Proof. For every smooth differential operator D on N we define D° by
(Df)" = D°f,
where f*(z) = f(z~!) denotes the involution on N. If D is left-invariant, then D°
is right-invariant, and vice versa. By [49, Lemma 3.4] we have
dy
|JZHZ/‘2 = Z(XJ + X;)z. (2.3)
j=1
As the above expression contains a mixture of left- and right-invariant differential
operators, it is convenient to analyse it by means of a lifting to the direct product
N x N this idea has already been exploited in [34] 49].
The Lie algebra of the direct product N x N is canonically identified with n ®n.
In particular, we can think of N x N as a 2-step group too, with first and second

layers given by n; @ ny and no & ny. Let £ be the unitary representation of N x NV
on L?(N) defined by

§(x,y)f(z) = fly '2z).
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for all z,y,z € N and f: N — C. If D is a left-invariant differential operator on
L?(N x N), then d¢(D) is a smooth differential operator on N. Moreover,

d§(D*®) = d¢(D)°

(see 49 p. 1228]), where D — D* is the correspondence on the algebra of left-
invariant differential operators on N x N defined as the unique conjugate-linear
automorphism extending the Lie algebra automorphism (X,Y) — (Y, X) of n @ n.

Now, notice that X; = d¢(X;), X9 = d¢(X?), where X; = X; ®id is the lifting
of X; to N x N, and X'j, )~(J' are left-invariant 1-homogeneous vector fields on the
2-step group N x N. In particular, by (2.3), for all k € N,

| Tz P** = d¢(Dy), (2.4)
where
k
d1 _ _
Dp= > (X;+X3)
j=1

is a left-invariant 2k-homogeneous differential operator on N x N.
Define A = £(An + A%). Notice that A = d§(A), where

= 1« ~ 1
A= g(AN +AY) = i(AN ®id+id® Ay)
is a 2-homogeneous sub-Laplacian on the 2-step group N x N. In particular,
Ak = dg(A"), (2.5)

where A* is a 2k-homogeneous positive Rockland operator on N x N.
Hence, by the Helffer-Nourrigat theorem [35] (see also [19, Theorem 2.5] and
[34, p. 32]), from ([2.4]) and (2.5 we deduce, for any k € N, the estimate

1Tz PI** fll2 vy S A" Fllz2 vy, feSN).

Finally, by [49, Lemma 3.2], for any f € S(N) commuting with heat kernels
associated with Ay, we have A*f = Ak f. O

Notice that Ay and the components of Z” are also a system of strongly commut-
ing self-adjoint differential operators on L?(N). Actually, they form a homogeneous
weighted subcoercive system, or a Rockland system (see [48, Theorem 5.2] and [4,
Theorem 3.5]). In particular, by [48, Corollary 3.3], Ax and Z” admit a joint func-
tional calculus on L?(N) and, for any bounded Borel function H : R x R% — C,
the L?(N)-bounded operator H(Ay, Z") is left-invariant. Moreover, there exists
a Plancherel measure o for this joint functional calculus (see [48, Theorem 3.10]),
that is, a regular Borel measure on R x R%2, supported on the joint spectrum (so
in particular suppo C R, x R?), such that

1K .z o) = / [HO )2 do(, ). (2.6)

x Rd2

As Ay and the components of Z” are 2-homogeneous, [48 Proposition 5.1] yields
that, for all ¢ > 0,

KH(tzAN,tQZ”) (Z/, Z”) = tiQKH(AN,Z//)(tilz/, tfzz”).

Consequently,

[ et =2 [ HOwdo. 2D
RxR42 RxRd2
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Remark 2.2. 1f ¢ € LL (R9) is non-negative, then the push-forward via the pro-
jection (A, p) — X of the measure p(u)do(A, i) is a regular Borel measure o, ()
on R, supported on R (see [48, Lemma 3.7]). Moreover, if ¢ is homogeneous of
degree w € R, then for any F' € C.(R) and ¢ > 0 we have

/ T RN doy () = [ PN
0 RxRd2
— 9 / FOe(tu) do (A )
RxRd2

_ Q2w /OOO F(A\) doy(N),

where the last equality follows from (2.7). Thus, the measure o, is homogeneous
and there exists a positive constant C', such that
T
A
In the case ¢ = 1 we have w = 0, showing that (2.6 is consistent with (2.2]).

do,(\) = C A @)/

We remark that, by a multivariate extension of Hulanicki’s theorem [39] (see,
e.g., 47, Proposition 4.2.1]), if H € S(R x R%), then Ky (a,z7) € S(N); so any
partial (Euclidean) Fourier transform of Kz (a,,z») is also a Schwartz function.

Lemma 2.3. Ify >0 and H € S(R x R%), then
/ / 1752 K (a2 (2 )| d2' dp 57/ [HX, )P do (A, ),
R JR42 RxR?2

where IA(H(AN’Z,/) (2, ) is the partial Fourier transform in 2" of Ky(ay 2 (2',2").

Proof. Clearly, Ky ay,z) commutes with the heat kernels K -:ay, as the oper-

ators H(An,Z") and e '~ are in the joint functional calculus of Ay and Z”.
Thus, assuming firstly that v € N, the Plancherel theorem in R% and Lemma
give

/ / ||JMZ’|2”KH<AN,ZN>(Z’7M)|2dz/d“2/ 122" P Kriay, 20 (2) dz
Rd1 JR42 N
S [ I8N Knazn ()P s

= [ IHOWPAR do( )
RxR42
By interpolation [78] we extend the obtained inequality to non-integer . O

From now on we assume that N satisfies the assumption of Theorem that
is, N is the direct product

N=NO®xN®Dx  xNO (2.8)

of an abelian group N and finitely many Métivier groups N0, j = 1,...,¢,
for some £ € N\ {0}. The factor NU) is a 2-step group for each j = 1,...,¢, so
nl) = ngj) @néj), and we set dgj) = dim nl(j) for i = 1,2. Since N© is abelian, it is a
1-step group, so n(9) = ngo)’ and we just set d(©) = dim n(®). We emphasise that with
a proper interpretation one can allow d(©) = 0 and consider N = N x ... x N,

As N is a direct product, the first and second layers of n are given by

n=0"¢g ngl) OB nﬁ”% ng = nél) G- B n§‘>. (2.9)
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In particular, if we define d; = (dl(-l)7 . 7alz(}e)) and |cz;| = Zﬁ:l dgj) for i = 1,2, then
the dimensions of the two layers of n are d; = d(0)+|dz| and dy = |d§ |. Consequently,
the homogeneous and topological dimensions of N are Q = d© + |d;| + 2|d3| and
d=d® + |d| + |da].

We choose linear coordinates for all the layers nz(-j )
RY” and N ~ R4’ x R% as manifolds, for 1 < j < /¢, and correspondingly

o) a a I ao d(/f)
N ~R X R x R%, where R% := R X R

We emphasise that the vector fields X; on N that deﬁne the sub-Laplacian Ay
need not be compatible with the direct product decomposition. In other words,
we do not require the sub-Laplacian Ay to be the sum of sub-Laplacians on the
factors NN;, nor do we require the decomposition of n; in to be an orthogonal
decomposition with respect to the inner product (-, -) associated with Ap.

For a multi-index o = (v, ...,a0) € R’ we write |a] = a; + ... + a for its
length. We also use the symbols <, <, >, = to denote componentwise inequalities
between multi-indices: for instance we write o < 8 for «, 8 € RY whenever aj < B
forall j =1,...,¢. Also, we denote 0 = (0,...,0) € RY. Unless stated otherwise,
all the multi-indices we use have £ components.

The above structural assumption on N yields the following crucial estimate (cf.,
e.g., [49, Proposition 3.9]).

, so we can identify N(©) ~

Lemma 2.4. For all 2/ = (2,2} ...,2;) € ny, p= (p1,..., ) € o,
‘
EAAP [ EAR (2.10)
j=1

In particular, for any o = 0,

14
|Juzl|‘a| Za H |NJ||Z (2.11)

Moreover,
dy < dj. (2.12)

Proof. As N is a direct product,
¢

(Juz,y) = Z,Uf] z;, ;]

for all x = (zo,21,...,2¢),y = (yo,yl,...,yg) eny, p=(p1,...,pe) €nj. Conse-
quently,
¢

| S| =~ |—ZWJ Ljs- |ZZWJHQCJ| (2.13)

where plz, ] and pj;(z;, | are thought of as elements of n} and (ny ¥ )) respectively,
and in the last inequality of (| we used that each of the N; is Métivier. This

proves ([2.10)), and (2.11] follows immediately.

Finally, the (well-known) inequality déj ) < dgj ) between the dimensions of the
layers of a Métivier group is due to the fact that, for any nonzero = € ngj ), the

linear map [z, -] : ngj ) néj ) is surjective (due to the Métivier condition), but not
injective, as its kernel contains x. O

By combining Lemmas [2.3] and [2.4] we can finally obtain the desired weighted
Plancherel estimate on N.
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Proposition 2.5. For 0 < o < dy and all F € S(R),
‘ >0 dA
/ [Kran @P [T151% dz <o / [F)[PA@IeD2 ==,
N » 0
j=1

Proof. For any H € S(R x Rd;) and a 3= 0, Lemma and (2.11)) yield

[ HOWPN R do ()
R

x Rd2
l

2 K " ! 2 . / ajd d /
2 [ o R G TL sl au

j=1

L
_ /N ZUN 22 K a2 (2)2 T 11 dz
j=1

¢
- / |K\Zi’\a1...|Zé’|a£H(ANVZ//)(z)|2 H |Z§_|aj dz.
N =
Let F € S(R). We apply the above for H(A, u) = F(A\)x(u) Hﬁ:l |Mj|—aj/2
where x(u) = [T5—; x;(1;) for some y; € 0 (R% \ {0}), obtaining

14
/ |KF(AN)X(Z”)(Z)|2 H ‘Z‘;|a1 dZ
N j=1

14
Sallxls [ IFOORN2 Tl = doh . (214
X 2

Jj=1

Now we apply Remarkto o(p) = Hle |te5]~% and denote the corresponding

measure o, by 0,. We restrict o < d;, so that ¢ is locally integrable. Since ¢ is
homogeneous of degree —|a|, we obtain oq(A) = CoA(@~20D/2 43,

Hence, (2.14]) gives
‘ oo dA

J e @R I 151 s S e [ FQPA@1=D2 2. (215
j=1

Now we choose a sequence y(™) = Xﬁ”) Q- XE”) of smooth cutoffs such that

0 < x™ <1 and y,, converges monotonically to 1 on R \ A, where
A= {0} xRE" x . xRE" YU URE x .. xRE T x {0}).
We claim that o(Ry x A) = 0. Indeed, for b > a > 0 we have
o((a,b) x A) = ||K11<a,b>xA(AN,z“)||L2(N) = H]l(a,b)(AN)]lA(ZH)||L1(N)—>L2(N) =0,

because 14(Z") vanishes: in the chosen coordinates on N, the operator 14(Z”) is
just the Euclidean Fourier multiplier operator on R% x R% with symbol Lga, « 4,
which vanishes almost everywhere. Hence, F(A\)x™ (u) — F(\) in L?*(do), by
the dominated convergence theorem. Thus KF(AN)X%")(Z”) — Kpay) in L?(N)

by the Plancherel formula (2.6, and, up to extracting a subsequence, also almost
everywhere on V.
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Finally, by Fatou’s lemma and (2.15]) we arrive at
‘ ¢
|Kran) (2)? H 251% dz < lminf [ [Kpoa )y zn(2)]? H |25]%9 dz

< /Oo |F(A)|2A@—laD/2 da
~ O o )\ )

as desired. O

2.2. The semidirect product extension. As in the introduction, we set G =
N x R, where R acts on N via automorphic dilations. The left-invariant vector
fields X;, j = 1...,d;, forming a basis of the first layer of IV, and the standard
basis Xy = 9, of the Lie algebra of R, can be lifted, as in , to left-invariant
vector fields {X}j }?1:0 on G, which generate the Lie algebra of G. As in (L.3), let A
be the corresponding left-invariant sub-Laplacian on G.

The group G and the sub-Laplacian A are among those considered in [55], to
which we refer for a more extensive discussion. Here we just recall that, much as in
the case of Ay discussed earlier, the operator A on the domain C¢°(G) is essentially
self-adjoint on L?(G), and for any bounded Borel function F : R, — C we define
F(A) via the spectral theorem. Since it is left-invariant, by the Schwartz kernel
theorem there exists a (possibly distributional) convolution kernel K p(a) such that

FA)f=f*Kpp), [eCF(G).
Moreover, a Plancherel formula holds for A [55], Corollary 4.6], which says that

~ dA
”KF(A)H%Q(G) ~ /0 |F()\)|2 )\[3/2,(Q+1)/2] 7»

where we use the notation (1.7). Next, if |z|y denotes the Carnot—Carathéodory
distance of z € N from the identity element Oy, then, by [55, Proposition 2.7], the
distance of (z,u) € G from the identity Og on G is given by

2
|(2,u)|¢ = arccosh (coshu + |22|N> . (2.16)

eu
Furthermore, we have finite propagation speed for A:

supp K. 1 va) € Bea(0g, [t]), teR, (2.17)

where Bg(0g,r) is the closed ball of radius r centred at the identity of G with
respect to the Carnot—Carathéodory distance.

All the above results hold without any assumptions on the 2-step group N. We
now restrict to the case where N is a product of abelian and Métivier groups as in
(2.8). Recall the notation z = (2/,2") € N, 2’ = (2,21, ..., %) from Section
The following results are variations of [55, Proposition 2.9], where we also include
the reciprocals of the weights appearing in Proposition [2.5

Lemma 2.6. Let f,g: Ry — R be measurable functions, and 0 < a < dy. Then

14
[ G wlolalzl) [T 151 d=du
G i

= C’N,a/ / f(arccosh(coshu + e~"t/2))g(V/t) 45 %du
R J0O

for a suitable constant Cy o € Ry.
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Proof. Let S = {z € N :|z|xy = 1}. Then there exists a Borel measure 7 on S such

that
z)dz = w Q4 T(w
/Nh( )d /0 /Sh(t )t , dr(w) (2.18)

(see, e.g., [20, Proposition 1.15]). Hence, by (2.16)),

¢
[ G wlelstlzl) TT 151 dzdu
a e
¢
_CN/// f(arccosh(coshu + e “|t|?/2))g H T —d (w) du.

(2.19)

Since o < d_i, the function h(z) = 11[1 21(]2| ) HJ 1 125|7 is integrable on N, so

from we also deduce that f S 1 |w)| =5 dr(w) < co. A simple change of
variables in the right-hand side of then completes the proof. U

Corollary 2.7. Let 0 < o < dy. If r € (0,1], then

L

/ H |25 dzdu Sa pQ@-lal+t,
Bg (

0G,7) j=1

If r > 1, then

¢
/ (1+ |z|%_‘a|)71 H 25]7% dzdu So 17
Bg(0G,m) j=1

Proof. In the first case we apply Lemma [2.6] with f = 1jy,) and g = 1:

/ H 25|~ dzdu
Bg(0g,r) ;

:a// ]l[O’T](arccosh(coshu—|—e‘“t/2))

2e" (cosh r—cosh u) o dt
/ / =Rt ‘—du
8e“(r+u)(r—u) ol dt
/ / £ el d
:a/ (2r —v)v )
0

where we used that |u] <r <1 in the domain of integration.

|%du

rQ—lal+l
b
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In the second case we again use Lemma this time with f(x) = 1jo,(z) and
g(x) = (1 + z@-lel)=1 Thus,

£ /| —ay
/ 71_[]:1 il dzdu
B

< (0cG,r) 1+ |Z‘%_‘al

° Q-—la|
—u t 2 dt
—a ]l[o,r] (arccosh(coshu +e t/Q))w ? du
1+t =2
26“*7
dt
/ / —du
—r t
26‘””
= / / Q = g du + / / — du
—rJO .
o / (1 + u 4+ 7’) d 7’ ,
asr > 1. -

3. THE BESSEL-KINGMAN HYPERGROUP

3.1. Bessel-Kingman hypergroup and Hankel transform. We gather here
some known facts about the Hankel convolution and the Hankel transform. Further
details can be found, e.g., in [24] 25] 26] 37, [79] and references therein.

Let v > 1 and denote X,, = (R, pu,), where du,(z) = ¥~ ' dx. The Hankel
convolution of suitable functions f, g : X, — C is given by

fnﬂ@=Am¢W@ ) duy (y t/f ) du(y), (3.D)

where Tl[,x] f is the Hankel translation of f,

ﬂWf@)=TMf@)
_)B(% )T (Va2 +y? = 2zycosw)sin' Pwdw  if v > 1,
slf ($+y)+f(\m—yl)] ifr=1,

forall z,y € X,, and B is the Beta function. The Hankel translations are normalised
so that if f = 1, then T,L‘T] f = 1. Moreover, the T,L‘T] commute pairwise, are self-
adjoint on L?(X,) and contractions on LP(X,), p € [1,00], for all z > 0.

If v is an integer, then the Hankel convolution *, corresponds to the restriction
of the Fuclidean convolution * on R" to radial functions; more precisely, if C, =
277/2 /T (v/2) denotes the surface measure of the unit sphere in R, then

Frg(2]) = CTF % G(2), (3.2)

where F,G : R” — C are radial and F(z) = f(|z]|), G(2) = g(|z|). Nonetheless, the
convolution *, is well defined for non-integer v as well.

For an arbitrary v > 1, the convolution *, is commutative, associative and
satisfies Young’s inequality, that is

If *0 gllrx,) < 1flleexl9llLacx,), (3.3)

where p,q,r € [1,00] and 1+ 1/r = 1/p+ 1/q |37, Theorem 2b].
The Hankel convolution can be extended to measures; as usual, here we identify
f € LY(X,) with the measure fdu,. In particular, if §, denotes the Dirac delta
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measure at € X,, then d, *, d, is the probability measure on X, given by

B4, )7 [ La(v/a? + y? — 2zycosw) sin” Pwdw if v > 1,
%(55;4-1/ + 5|w7y\)(A) ifv=1,

(3.4)
for all Borel subsets A of X,,, and has support in [|z — y|, x + y]. Moreover, Hankel
translations can be expressed as convolution operators:

Equipped with this convolution structure, X, is a hypergroup [3, 4], known as a
Bessel-Kingman hypergroup [44]. Tt is a commutative hypergroup, whose unit ele-
ment is dp, whereas the involution is the identity (i.e. X, is a hermitian hypergroup)
and the Haar measure is u,. The hypergroup X, is a particular case of a Sturm-—
Liouwille hypergroup [85], and more specifically a Chébli—Triméche hypergroup [1L1],
associated with the Bessel operator L, we discuss in Section

The (modified) Hankel transform H, on X, is given by

0z %y 0y(A) = {

H, f(x) = /Ooof(y)ji(y)duu(y% v>0,  feI'(X,),  (35)
where
B =i =), 0 =m0 i) 30)

and J; denotes the Bessel function of the first kind and order s. We point out that
¥ is an even analytic function, satisfying

@) <1  VteR, (3.7)
as v >1 [I7 eq. (10.14.4)].

For integer v the Hankel transform is related to the Fourier transform: indeed,
if v € N, then, for radial functions F' : R” — C, denoting F(z) = f(|z|), we have

H, f([¢]) = CHFF(9),
where C,, is as in (3.2) and FF stands for the Fourier transform of F' in R”,

FF(€) = / F(z)e % dz.

We point out that many works in the literature use the order v/2 — 1 of the Bessel
function in in place of v as a parameter for the corresponding Hankel transform
and Bessel-Kingman hypergroup; as in [21], we prefer our choice of the parameter
as it is immediately linked to the dimension of the related Euclidean space when v
is integer.

For an arbitrary v > 1, by it follows that the Hankel transform maps
L'(X,) into C' N L>®(X,). Moreover, the functions j¥ satisfy

T2 (2) = ji(y) 2 (2) (3.8)
(cf. [83, Section 11.41]), whence one deduces that
Hy(f) = gLl f. H (L f) = 7L T (39)

In other words, the Hankel transform intertwines Hankel translations with certain
multiplication operators, which we can think of as analogues of modulations.

Let Sc(R4) be the space of restrictions of even Schwartz functions on R to Ry.
Then S.(Ry) is closed under Hankel translations and convolution, and the Hankel
transform maps S, (R) onto itself (cf. [I0,[77,[79]). Moreover, the Hankel transform
extends to an isomorphism H, : L?(X,) — L?(X,) satisfying

H'=k,%H, (3.10)
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(cf. [83], Section 14.4]) and such that Parseval’s theorem holds, namely

| @) Bt ) = 2 [0 50 i)
for all f,g € L?>(X,) (cf. [46]). In particular,

IHy fllL2x,) = Foll fllzox)- (3.11)

By interpolating this fact with the boundedness of H, : L'(X,) — L°°(X,) we get
the Hausdorff-Young inequality

IHy fllv ) Svw Ifllzex,y, € DP(X0), (3.12)

where p € [1,2] and 1/p+1/p' = 1.
Observe that, by (3.8),

H,(f*,9)=H,f-Hy,g (3.13)
for f,g € LY(X,) [37, Theorem 2d]. In fact, by (3.3) and (3.12) this can be
extended to the case where f € LP(X,) and g € L%(X,), provided p,q € [1,2]
satisfy 1/p+1/q € [3/2,2].

3.2. The Bessel operator. Let )0(1, = (HQQJF,NV) be the interior of X,. We now
introduce the Bessel operator L, that is the second order differential operator with
smooth coefficients on X, given by

v—1

L,=-0?— 0, = D}D,,

where D, = 8, and Dj is its formal adjoint with respect to p,. Notice that,
although D, does not depend on v, the adjoint does. If v € N, then L, is the radial
part of the standard Laplacian in R”.

As the Bessel operator L, = D} D, is a smooth divergence-form second-order
differential operator on the manifold )O(,,, we can discuss its self-adjoint extensions
on Lz()o(y) with the language introduced in the Appendix, to which we refer for the
definitions of Dirichlet and Neumann domains used here. On the other hand, as
X, and X, differ by a null set, we shall identify L2 (X,,) = L*(X,), and consider
L, as an unbounded operator on L?(X,).

Observe that L, is symmetric and positive on the domain S.(Ry), which L,
maps into itself. Moreover, it can be checked [I7, eq. (10.13.4)] that

Lyjy = 2%j;.
Thus, for f € Sc(R4),
H,(L,f)(z) = 2*H, f(x). (3.14)
This easily allows us to define a self-adjoint extension of L, that is compatible with
the Hankel transform.

Lemma 3.1. The operator L, is essentially self-adjoint on S.(Ry.), and the identity
holds for any f in the domain of the self-adjoint extension and almost all
x € X,. Moreover, this self-adjoint extension is equal to the operator D} D, with
Neumann domain.

This result is certainly known to experts. We include some details of the proof as
they will be useful in Section [£.2] below, when discussing the “lifting” of the Bessel
operator to the semidirect product hypergroup.

Proof. The formula (3.14)) shows that H, intertwines L, on the domain S.(Ry)
with the multiplication operator by M (z) = x2. The latter is self-adjoint on the
natural domain

{f € L2(XV) cMf e LZ(XV)}a
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and S.(R.) is clearly dense in this domain with respect to the graph norm. By
the invariance of S.(R4) with respect to H,, we conclude that L, is essentially
self-adjoint on S.(R4), and that the intertwining relation remains true on
the domain of the self-adjoint extension.

In light of the definition of the Neumann domain D ey (D} D,), in order to
justify the remaining part of the statement, it suffices to verify that, if f € S.(R),
then D,f € Dmin(D)}). As D, f = f' € S,(Ry), the space of restrictions of
odd Schwartz functions on R to R,, it is enough to show that any element of
g € S,(Ry) can be approximated in the graph norm of D} by a sequence of
functions in Cg° (Ry).

Let g € So(R4). Then Djg(z) = —¢'(z) — (v — 1)g(z)/z, and both ¢'(x) and
g(z)/x are in S. (R4 ). Take smooth functions ¢, ¢ : Ry — [0,1] such that ¢(z) =1
for > 2, (x) = 0 for x < 1, ¢(x) = 1 for x < 2, and ¢(z) = 0 for z > 4.
We set ¢, (x) = ¥(nx), ¢n(z) = ¢(x/n), and define the approximating sequence
gn = gwn¢n € CSO(R-&-)

Clearly, g, — g and g,(z)/x — g(x)/x in L?(X,), by dominated convergence.
Moreover,

gn(x) = Y(nz)d(x/n)g'(x) + [nay’ (nx)|d(z/n)g(z) /2 + Y(nx)¢' (z/n)g(x) /n.

Again, the first summand tends to ¢’ in L?(X,) by dominated convergence, while
the second and third summands tend to 0; for the second summand, we use that
g(z)/x is in L?(X,), while the multiplying factor is in L°(X,) uniformly in n
and vanishes outside [1/n,2/n]. Thus ¢/, — ¢’ in L?*(X,), which combined with
the previous observations gives that Dfg, — D}g in L*(X,) and g, — ¢ in
Dmax (D). O

Remark 3.2. Lemma[3.1]remains true if S.(R;) is replaced by the space D (R.) of
the restrictions to Ry of even, smooth, and compactly supported functions on R;
indeed, by using appropriate cutoffs, D.(R;) is easily seen to be dense in S.(Ry)
in the Fréchet structure of the latter, so also in the graph norm of L,,. On the other
hand, on the domain CgO(]l@) the operator L, is essentially self-adjoint if and only
if v > 4, see [(3, p. 161]; mind that, in contrast to those of D.(R;), elements of
C°(R, ) must vanish near 0. See also the discussion in [27, Section 2].

From now on, we write L, for the self-adjoint extension of the Bessel operator
discussed in Lemma From (3.9) and (3.14)) it follows immediately that L,
commutes with Hankel translations:

WL, f =L, Wy (3.15)

for any f in the domain of L,, i.e., L, is translation-invariant on X, .

As L, is self-adjoint and nonnegative, by the spectral theorem we can define, for
any bounded Borel function F : Ry — C, the bounded operator F(L,) on L*(X,),
which, in light of , satisfies

H,(F(Ly,)g)(x) = F(z*)H,g(x)
for all g € L?(X,). Again, from (3.9) we deduce that
TWF(L,) = F(L,)mY

v o

(3.16)

so F(L,) is translation-invariant on X,,.
If additionally x — F(2?) is in L*(X,,), equivalently F' € L*(Ry,\"/2 L), then,
by (3.13)), F(L,) is a *,-convolution operator,

F(L,)g=g* Kp,), Kp1,) = H, ' (z — F(z?)). (3.17)
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Notice that (3.11)) implies a Plancherel formula for these kernels:

1 e dX
K 2 = FO)PA/2 ==, 3.18
1Kol = 3 [ IFORA2S (319)

Now we consider the heat semigroup {e~'L»};~( associated with L,. In the
following statement we record a few basic facts about it.

Lemma 3.3. The heat semigroup associated with L, is a family of *,-convolution
operators, where the corresponding kernels are given by

2 z?
K. -ir, == - . 3.19
e (@) = T gy EXP( 4t> (3.19)
Moreover, ||K -, ||11(x,) =1 for allt > 0. Consequently, the operators e~**» are

contractions on LP(X,), p € [1,00], for all t > 0.

Proof. The formula (3.19) follows from (3.17)), (3.10) and [I7, eq. (10.22.51)]. In-
tegration of this formula immediately gives ||K.-:r,|z1(x,) = 1, and the LP-
*

contraction property then follows by Young’s inequality (3.3)) for *,,. (]

We conclude with a few remarks on the dilation structure on X, and the related
homogeneity of L,. Denote d,9(z) = g(ax) for a > 0. As du,(z) = 2V~ !dz,
these dilations are multiples of isometries on LP(X,) for any p € [1,00]. It is
straightforward to verify that the Bessel operator L, is 2-homogeneous, i.e.,

L,(809) = a?04(L,9), a>0, (3.20)

for all g in the domain of L,. Thus, by spectral calculus, for any bounded Borel
functions F' : Ry — C,

F(L,)6a = 6o F(a?L,), a>0. (3.21)

4. THE SEMIDIRECT PRODUCT HYPERGROUP

4.1. Extension of the Bessel-Kingman hypergroup. For any u € R, the
dilation 7y, :  — e"x is an automorphism of the Bessel-Kingman hypergroup X,,

in the sense that, by (3.4),
O () *v O () = Yu(0z %0 0y)

for all z,y € X,,, and the right-hand side is the push-forward of the measure §, *, d,
via v,. In addition, vyt = Yu Y and g is the identity; in other words, u +— 7,
is an action of the group R by automorphisms on the hypergroup X,. Through
this action we can define the semidirect product hypergroup G, := X, X R (see [36,
Proposition 4.1 and Section 4.1, Example 4] and also [84], Definition 3.1]).

Convolution of measures on G, is defined by setting

5(m,u) v 6(y,v) = (53" *y 6@”3/) & 5u+v

for all (x,u), (y,v) € G,. The semidirect product G, is a noncommutative hyper-
group, with unit element (0,0) and involution given by (x,u)” = (e "z, —u). The
measures e ¥* du, (z) du and du, () du are the left and right Haar measures, and
the modular function is

m(z,u) = e " (4.1)
notice that the left and right Haar measures are one the push-forward of the other
via the involution on G,,.

Unless otherwise specified, we shall use Lebesgue spaces LP(G,) on G, defined
in terms of the right Haar measure. This must be kept in mind when comparing the
results below with the literature on hypergroups, as most references define Lebesgue
spaces with respect to the left Haar measure.
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We define left and right translations of functions f on G, by
é(w,u)f(yv U) = T(y,v)f(xa u) = /G fd(é(m,u) v 6(y,v)) (4'2)

for all (z,u), (y,v) € G,; more explicitly,
oy f(y,0) = T ey, u+v),

Ty f (@, 0) = 7l f (y,u+v),

where the Hankel translation acts on the first variable of f. With these definitions,
convolution of functions on G, is given by

fovglz,u) = /G S 0) )9 0) At () do

(4.3)

(4.4)
- /G Uy (02 0) )9y, v) dp () do

From the theory of hypergroups we deduce a number of properties of ¢,, such
as Young’s inequality.

Lemma 4.1. For all p,q,r € [1,00] satisfying 1 + % = % + é,
I(Fm=YT) o gllir @) < I1flLr@nllglLoe,), (4.5)
where 1/q+ 1/¢' = 1. In particular, for any p € [1, 0],
1fovgllzec,) < M flle@ellglliLie,)- (4.6)

Proof. We follow the proof of the analogous result for groups (see, e.g, [45, Lemma
2.1]). From [41], Theorem 6.2E] we deduce

1f ou gllz=(c) <N v llgllzse, = 1FmY T Nl @) l9llzec.)

where f~(z,u) := f((x,u)”); this inequality can be rewritten as

I(fm= ) 0 gllr=c,) < Iflle @) ll9llLa.)- (4.7)

From [41] Theorems 5.3C and 6.2C] we also deduce

|9m1/q||L<I(GV)7

I(fm9) o, (gmM Lo,y = I(f 0w 9)m U Laia,) < Ifmliria.)

which can be equivalently rewritten as

I(fm= ") o gllLaca,) < 1@ lglla,)- (4.8)
Interpolation of (4.7) and (4.8) gives (4.5), and taking ¢ = 1 gives (4.6). O

We also have the following mapping properties of translations on LP spaces.

Lemma 4.2. Let p € [1,00] and f € LP(G,). Then:
(i) Ir@w fllzec,) < Ifllee(c,) for any (z,u) € Gy;
(i) 1) fllra,y < mlz,w)/?(|f|lLoc,) for any (z,u) € G,
In addition, if p < oo, or if p =00 and f € Cy(G,), then:
(ii) |7 (@) f —7za) fllLec,) — 0 as (z,u) = (Z,0) in G,;
(i) [l@wf —LaafllLrc,) — 0 as (z,u) = (T,a) in G,.

Proof. Notice that £, ) f = 0(zu)- 0u f and 74 u) f = [0y 0(z,u)~ 4L Section 4.2].

The bounds|(i)|and are consequences of the invariance properties of the right
Haar measure under translations; specifically, can be found in [41, Theorem
6.2B], while can be deduced from the former by using the fact that £, ) f =
(P(@u)-f7)” 41, Lemma 4.2K], and also 7(,, ) (m*f) = m(z,u)* mrg ., f for
any « € C, due to the properties of the modular function [41], Theorem 5.3C].
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Finally, the continuity property follows from [41, Lemmas 2.2B, 4.2F and
5.4H], and by involution we also deduce the case p = oo of the case p < oco of
then follows by a density argument, as in the proof of [41, Lemma 5.4H]. O

4.2. Lifting of the Bessel operator. Write G, = (R; x R,du, () du) for the
interior of GG,,. On the manifold G, we introduce the following differential operator
with smooth coefficients:

A, =—02+e™L, =VIV,, (4.9)

where

V, = (e%) (4.10)

and V denotes the formal adjoint of V, on COJV. Much as in Section the
operator V,, does not depend on v, but its formal adjoint V; does. As A, is a
smooth divergence-form second-order differential operator on the manifold Cor',,, the
discussion of the Appendix applies to it as well. Furthermore, since G, and é,,
differ by a set of measure zero, we can think of A, as an unbounded operator on
L*(G,). We define A, initially on S,(R;) ® C2°(R), i.e. the space of finite linear
combinations of tensor products f ® g, where f € S.(R4), g € C°(R).

Lemma 4.3. The operator A, is essentially self-adjoint on S.(Ry) ® C°(R).
Moreover, the self-adjoint extension is equal to V'V, with Neumann domain.

Proof. To justify the essential self-adjointness, we proceed in a way similar to [14]
Section 3.2]. By [72] pp. 256-257] the operator A, with domain S.(R4) ® C2(R)
is essentially self-adjoint if and only if Im((A, +i)|s, (r, )sce= @)™ = {0}. In other
words, it is sufficient to show that, if f € L?(G,) satisfies

/G P 0) By (01 ® 920 0) duay () du = 0

for all ¢1 € Se(R4) and @2 € C°(R), then f = 0 almost everywhere.

Take f as above, and define g(x,u) = H,(f(-,u))(z). By and since the
Hankel transform is, up to a constant, an isometry on L?(X,), and also a bijection
on S.(R, ), the function g is in L?(G,) and satisfies

/G glw,u) (Z02 + 0 T )51 (@)pa () dpt () du = 0 (4.11)

for all p1 € Sc(R4), 2 € CX(R) (here p1 = H,p1). The task is to show that
g = 0 almost everywhere.
Fix 2 € C°(R), and define

h(z) = (1 +2%)* / g(x,u) (—02 + e2vax? + i)pa(u) du, xeRy,.
R

Since g € L?(G,) and 5 € C°(R), it is easily checked that h € L?*(X,). Moreover,
by (4.11),
/ h(@) (i + 2?)pr(z) dp (2) = 0, @1 € Se(Ry).
0
Since (i + 22)p1(x) = H,((i + L,)p1)(z) and H, is a multiple of an isometry on
L?(X,), the latter condition can be rewritten as

(Hyh, (i + LV)SO1>L2(XV) =0, P1 € Se(R+).

The essential self-adjointness of L, on S.(Ry.), discussed in Lemmal[3.1] then implies
that H,h = 0 almost everywhere. Consequently, h = 0 almost everywhere.
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As ¢ in the definition of h was arbitrary, this means that, for all @5 € C°(R),

/Rg(x, w) (i + Ty)pa(u)du =0 (4.12)

for almost all € Ry, where T, := —92 + 2%e?" is a Schrédinger operator with
nonnegative smooth potential on R. It is known that, as an operator on L?(R), the
Schrodinger operator Ty, is essentially self-adjoint on C2°(R).

Let M C C°(R) be countable and dense, and set V' = span M. Thus,
holds for all po € V and « € Ry \ E, where E is a Lebesgue null set independent
of ¢a. So, for all x € Ry \ E, we have g(z,-) € Im((i + T,)|y)*. Since each
T, is essentially self-adjoint on V', we conclude that, for all x € Ry \ E, we have
g(x,-) = 0 almost everywhere on R. This simply means that g vanishes almost
everywhere on G, thus proving the essential self-adjointness of A, .

It remains to prove that the self-adjoint extension coincides with the operator
VV, with Neumann domain, in the sense of (6.4). As V, maps S.(Ry) ® C°(R)
into (Se(Ry) @ CP(R)) @ (So(R1) @ C(R)), it is sufficient to show that

(Se(R4) ® CZ(R)) @ (So(R4) ® CZ(R)) € Dinin(V5)-
On the other hand, as
V)= (-0, e'D})=(-1®09, D} ®e"),

and both 9, and e" preserve C°(R), this reduces to showing that any element of
S.(R.) can be approximated in L2(X,) by a sequence in C2°(R,), and also that
any element of S,(R) can be approximated by a sequence in C$° (R+) in the graph
norm of D;f. The first fact is a triviality, while the second one is discussed in the
proof of Lemma (3.1 O

From now on, when writing A, we always mean the self-adjoint extension. Notice

that (3.15)) and (3.20)), together with (4.3)) and (4.9)), imply that A, is left-invariant,

namely
f(yyv)Al,f = Al,g(yﬂ,)f V(y,v) S Gl,, (4.13)
for all f in the domain of A,; this is easily checked first for f € Sc(Ry) @ C°(R),

and then arguing by density. By the spectral theorem, from (4.13)) we deduce the
left-invariance of any operator in the functional calculus:

f(yﬂ))F(Ay) = F(Au)f(ym) V(y,’U) S Gy, (414)

for all bounded Borel functions F' : Ry — C; this should be compared with (3.16)
and (3.21)). As we shall see, the F'(A,) are actually right ¢,-convolution operators.

4.3. Heat semigroup and Plancherel formula. We consider the heat semi-
group {e **v};5¢ associated with A,. We shall make use of [23, Theorem 2.1],
where the relation between heat kernels associated with certain operators, in our
case L,, and their lifted versions, in our case A, is established.

Proposition 4.4. The heat semigroup associated with A, is given by a family of
oy, -convolution operators, namely

e = fo, Ko, (4.15)

for allt > 0, where the kernels are given by

2

o0 h
Ko-ia, (z,u) = ﬁ/o U, (€) (26e") /2 exp (_002 v 2;) ¢, (4.16)
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0 62 h6
U, (&) = sinh(0) sin (ﬂ-> exp ( o8 > do, £>0.

52\/47r3 / 2t a4 ¢
(4.17)

Moreover, for allt > 0, K.-ta, >0 on Gy, and ||[K.-s,||11(q,) = 1. Thus, the

e tAv are positivity-preserving contractions on LP(G,,), p € [1,00], for all t > 0.

Proof. To justify the formula , we want to apply the theory of [23]. Specifi-
cally, the operator A, here corresponds to the self-adjoint operator T of [23] Section
2], where L in [23] is taken to be our L,; with this choice, the domain of T in [23]
clearly contains S,(Ri) ® C°(R), and as the latter is a core for A,, by Lemma
the two operators are indeed the same. So, by [23] Theorem 2.1],

e A f(z,u) (// U, (& exp( COSh<€U_U)> _5eu+uL“/2f d§dv)( ),

(4.18)
for all f € L' N L?(G,) and almost all (z,u) € G,, where we use the notation
fo(-) = f(-,v). Notice that, for any ¢ > 0, the function ¥, satisfies the bound

(e ()] <t 5_2 V€ >0, (4.19)
see [23, Theorem 2.1]. By (4.19) and ( we can rewrite (4.18) as

7tAVf 117 U)

// (e exp( cosh(§ )) (fo o K coutor, ) () dEdv (4.20)

=[5 < [ e (W) Kegeumy/z(»d&) () do

By Lemma [3.3] the inner integral is

o0 h _
/0 ,(€) exp ((g)) Koo, o () dé

_ 2 > utvy—v/ COSh(u B ’U) y2
= F(V/Z)/O Wi (8) (28e * ) 2exp <_ 3 - 2£€u+v> dg

=e¢ K -ta, (e y,u —v),
where K, :a, is the function defined in (#.16). Plugging this into (4.20) and ex-
panding the Hankel convolution as in @ gives

e f(r,u) = / T £ (g, 0) K oea (e, — v)e ™ dpty () d

v

- / T F (e u — 0)K i (3, 0) djay (y) do
G,

- /G oy F(5,0) VKo (,0) djiy ()

= f Sy Ke*tAV (Ia u);

by and . This confirms that K.—:a, given by is indeed the ©,-
convolution kernel of e~ t4v,

Now we move on to justifying that K.-:a, > 0 for all £ > 0. By it is easily
checked that the integral in (4.16) ib abbolutely convergent and K,—+a, € CNLY(G))
for any ¢ > 0. Moreover, from (4.15)), (4.4) and ( we deduce that e *2» is an
integral operator on G,

e f(z,u) = / Ko((,u), (4,0)) f(y,0) djay (y) do,
G,
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with integral kernel K; given by

Ki((z,u), (y,v)) = e "7, u)K —ea, ((y,v)7)
=e "y ) Ke-a, (2, u)
(see also [23, Theorem 2.3]). In particular, by Lemma Ki(-, (y,u)) = Ko-ta, in
LY(G,) as (y,u) — (0,0); thus, in order to prove that K, +a, > 0, it is enough to
show that K; > 0 almost everywhere on G, x G, that is, that e *2» is positivity-
preserving.

Now, by [I5, Theorem 1.3.2], the fact that the heat semigroup e *Av is positivity-
preserving is equivalent to the property that, for any real-valued f in the domain

D(VA,) of /A, there holds |f| € D(V/A,) and
(VAL VAU < (VALENVALL). (4.22)

By Lemma here A, is the operator V;V, with Neumann domain (see (6.4)),
that is, A, = V;V, where V, is given the maximal domain. Thus,

D(VAY) =Dmax(V) ={f € LZ(GV) Vol € LQ(GV)}
and, for all f € D(v/A,),

(Vuf. VL) = (VAR VAL

(cf. the proof of [73, Theorem X.25]). Moreover, if f € D(y/A,) is real-valued,
then f, |V, f| € L .(G,), so by applying [22, Lemma 7.6] we obtain that V,|f| =
sign(f)V, f. Hence, |f| € D(vA,) and is satisfied.

We are left with calculating the L'(G,) norm of the heat kernels. Observe that

(4.21)

[Ke-ravllnr(c)

o coshu 2 o /g2 \V/? dx
[ @ e () o ) () oo (ate) T e
// exp( cosghu) d¢ du,

since the heat kernels K.z, have L'(X,)-norm equal to 1 for any s > 0. Further-
more, by (4.17)), the above expression can be rewritten as

(& 4t / / Slnh Sln < 5 ) e~ 4t / 5 exp ( cosh 6 —g COSh’u,> dé’ 40 du.

Notice that the integral over ¢ equals (cosh # + coshu)~!. Moreover,

/ du 20
g cosh@ + coshu  sinhf’

Hence, combining the above we arrive at

// Ko—ia, (z,u) dp, (z) du = \/; Qsin <7;f> e‘§ de

7‘; w0 02
e % df
\/ 47t ( ) ’

which is equal to 1 by the formula for the Fourier transform of a Gaussian.
Therefore, ||K.-:a, ||11(g,) = 1 for all £ > 0. Consequently, by Young’s convolu-

tion inequality (4.6) we obtain that the e~*»* are contractions on LP(G,) for any

p € [1,00]. O
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The heat kernel formula of Proposition [£4] is our starting point to derive a
number of properties of the functional calculus for A, including the fact that it
is given by convolution operators, and the validity of a Plancherel formula relating
the L? norm of the convolution kernel with a suitable L? norm of the corresponding
spectral multiplier.

We start with establishing a basic property, which is related to the left-invariance
of the operators in the functional calculus (cf. [70, Theorem 5]). Recall that
m is the modular function on G,, given by ({.1)).

Lemma 4.5. Let F : R, — C be a bounded Borel function and f € L'(G,) be
such that fm'/? € L(G,). Then

F(A))(foug) = fo, F(A))g, g€ LQ(GV)~

Proof. Fix f as above. Associativity of ¢, on L!(G,) and Young’s inequality
(Lemma [4.1]), together with a density argument, show that

(foug)ouh:fou(gouh)

for all g € L?(G,) and all h € L'(G,). By Proposition we can apply this to
h = K.-», and obtain

eiAV (f 7 g) = fol/ €7A”g, g < L2(Gy)

As the left-convolution operator g — f o, g is L?-bounded, by the spectral calculus

for e=2» we get that, for all bounded Borel functions G : R, — C,
Gle™®)(fovg)=fo,Gle™®)g, g€ L*(G,).
Finally, taking G(\) = F'(—log A) finishes the proof. O

For t > 0 and u € R we define the function M, : Ry — R by

coshu  &Xe"
&2 )dg

M\ u) == My (N = /0°° U, (&) exp (— (4.23)

for all A > 0, where ¥, is defined in (4.17)).
We emphasize that M, ,, is independent of v, which is of paramount importance.
This fact was already exploited in the literature, for instance in [31], 55].

Lemma 4.6. For allt > 0 and u € R, the function M, is bounded. Moreover,
M, € L*(Ry,A%/2 92 for all o > 0.

Proof. By (4.19)) we have
Ml S0 [ €2 VS dg =1,
0
and also

oo o0 u 2
9 < _9 _coshu  {Ae a/2 dA
HMt,u”LQ(RJﬂ)\a/z %) N/O (/0 5 exp ( f B) dg A \ .

We split the integration over A onto the intervals (0,1) and (1,00). In the former
case we have

A coshu  &Xe" ? a2 A > o e ?
Jo U sron (g =55 e () o) =
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On the other hand, for the remaining interval we have

S 00 s 7COSh’u £>\e >d) )\&/2%
/ (/0 ‘ eXp( ¢ ¢ X
o0 [e%s) 2
< -2 uy—(a+2)/4 _COShU) > a2 dA
So [T ([ @ e eny (<20 ) ag) e G

= n o \(e+2/4 N
< _n ) )
~ (/o (e“ cosh u) e "(coshu)™"dn | <1.

Combining the above finishes the proof. O

The functions M, ,, encode the relation between the heat propagators on X, and
L,, already exploited in the proof of Proposition [£.4]

Lemma 4.7. For anyt >0 and u € R there holds
Kera, (z,u) = Ky, (1,) () for a.a. x € Ry.
Proof. Fix t > 0 and v € R. By (3.17)) and Lemma we have

[e’e) [e%s) h u,,2
K, on,)(@) = 5;2/0 /O (&) exp (—COSE to ger )J’Z(y) d¢ dp, (y).

Because of (4.19)) we can apply Fubini’s theorem and Lemma to obtain

K, (1) (@) = /Ooo Ty (€) exp (—Cozhu) H (g 6 02) () dg

2 oo cosh u x?
— N 2¢ et —v/2 _ _
o L O e (<E Yo (-0 ) ac
and this is equal to K,—¢a, (z,u), see (4.16]). O

Remark 4.8. Lemma establishes in the context of the hypergroup GG, the ana-
logue of the relation between the heat kernels on a stratified group N and the
semidirect product group G = N x R, which is already known in the literature.
In particular, for n € N\ {0}, let Agn be the classical Laplacian on R™ and

Agn = —0?% + €**Agn the corresponding left-invariant Laplacian on R"™ x R. By
[55, Proposition 4.3],

KeftARn (x) u) = KMt,u(ARn)(x)' (424)
Moreover, the Plancherel measures associated with Ag» and &Rn can be explicitly
calculated (cf. [55, pp. 388-389]) and, for all bounded Borel functions F : Ry — C,

o dA
/|KF(AR,L)(z)|2dz:n/O FOIEA2 S

* 2 [3/2,(n+1)/2) 4A
F(Agn) (7 ,u)|*dz du ~ ; |[E(N) | AB/= 3

where we use the notation . Of course, the first formula is analogous to the
Plancherel formula (3.18]) for L, . As we shall see below, an analogue of the second
formula holds for A, .

Let J be the set of all finite linear combinations of decaying exponentials A —
e X € Ry, for some t > 0, as in [55, p. 389]. The Stone—Weierstrass theorem
yields that 7 is uniformly dense in Cy(R).

Define the linear operator ® : 7 — [~ L?(Ry x R, A*% du) by setting

CIJ(e ) = Mt
for all t > 0, where M, is given in (4.23)). We denote (PF),(\) = PF (A, u).
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Lemma 4.9. For all a € [1,00), the operator ® extends to a bounded operator
from L3Ry, AB/2(e+D/21 42y 4o [2(R, x R, A*/2 4 du).

Proof. This is already known for a € N, and was implicitly used in [55]. For the
reader’s convenience we provide a short justification.

Fix @« € N, @ > 1. By Remark using (4.24]) and linearity, we deduce that,
for all F € J,

Kp(Rpa)(2:10) = K@), (250) (2),
and therefore

dA
/ / PO PN Fduz [ Ky, e () dzda
// ARa (2)]? dz du

dX
~ 2,[3/2,(a+1)/2] 92
= [T1Fo =3

Hence, if « is an integer, then ® extends to a bounded operator between the spaces
L2(Ry, AB/2(a41)/2] dA) angd L2(Ry x R, A%/2 4 du).

The result for fractional a then follows by Stein’s interpolation theorem for
weighted L? spaces [78]. O

Corollary 4.10. If F € J, then F(A,) is a right ©,-convolution operator, with
convolution kernel Kp(a,) € L' N L*(G,). Moreover,
IKp@anllzzG,) S I1Fll 2@, e e/ .
In particular, the heat kernels associated with A, belong to L2(G,,).
Proof. By Proposition [I.4] and linearity it is clear that, for all F' € J, the oper-

ator F(A,) is a convolution operator, with convolution kernel Kp(a,) € L*(G,).
Moreover, again by linearity and Lemma [£.7} we deduce that

Kp@a,)(z,u) = K@r),L,)(2)- (4.25)
So, by (3.18)), and Lemma

| e P @ de= [ [ 1K 0 @) du @) du

// [(BF), A"/Z%du

dA
3/2,(v+1)/2] A
< [ IFoRA 3

as desired. O

We now want to extend Corollary to a larger class of multipliers F'. To this
purpose, it is useful to establish some density properties of the class J.

Lemma 4.11. Let F € L*(Ry, \B/2:+1/21 42 pe bounded.
(i) There exists a uniformly bounded sequence F, € C°(R,) converging to F
almost everywhere and in L*(Ry, AB/2(+1)/2] dd)

(ii) If additionally F € Co(Ry), then there exists a sequence F,, € J converging
to F uniformly and in L*(Ry, AB/2:(+1)/2 4y

Proof. We start with Given any F € L?(Ry, AB/204D/2 42 "we can approx-
imate it first by the functions F1{; /4 ), k¥ € N\ {0}, which have compact support
in f&r and are dominated by |F[; in turn, each of these compactly supported func-
tions can be approximated via mollifiers by C2°(Ry) functions. Then a diagonal
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argument gives a sequence in C2°(R) converging to F in L?(R, AB/2.(-+1)/2) ddy
and, up to extracting a subsequence, also almost everywhere. If additionally F' is
bounded, then each approximant is also bounded by || F|| .

For it suffices to justify that 7 is dense in the Banach space

W =Co(Ry)N L2 (R+, AB/2,(v+1)/2] d;‘) 7

- llw =1 e + 1 ey aisr2. 720 a2y

Clearly, C.(R) is dense in W; this is easily seen by using compactly supported
cutoffs and dominated convergence. Thus, to conclude, it is enough to verify that
the closure of J in W contains C.(R;). Much as in the proof of [48, Lemma 3.13],
let G € C.(R;) and set g(z) := G(x)e® € C.(R;). By the Stone-Weierstrass
theorem we can find g, € J converging uniformly to g. Thus, Gi(z) := gp(z)e " €
J satisfy

Gr(z) — G(2)] = e "|gr(x) — g(x)] < e "llgr — gll=
so G}, converges uniformly to G. Moreover, since |Gy (x)| < e~ *, Lebesgue’s domi-

nated convergence theorem implies that G} converges to G also in L2(R,, (A\3/2 +
AWHD/2) 4y Hence, C.(R4) is contained in the closure of 7 in W. O

We can finally obtain the existence of the convolution kernel for a larger class
of operators in the calculus for A,, and establish the existence of the associated
Plancherel measure.

Proposition 4.12. For all bounded Borel functions F' : Ry — C that belong to
L2(Ry, NB/2:04D/21 40 “the operator F(A,) is a ©,-convolution operator and the
corresponding kernel Kp(a,) is in L?(G,). Moreover, there erists a reqular Borel
measure o, called the Plancherel measure associated with A, , such that

[ [ e an @ du= [ 1FQ)P o)
RJO 0

> dA
S /0 |F()\)‘2 )\[3/2,(V+1)/2] T

for all such F. Additionally, the null sets for o, and for the spectral measure
associated with A, are the same.

Proof. Firstly, let F' € L*(Ry, AB/2(+1)/21 4 he also in Co(R). By Lemma
we find a sequence F,, € J converging to F in L?(Ry, AB/2(+1/21 ddy anq
uniformly. By the spectral theorem, F,,(A,) — F(A,) in the operator norm on
L?(G,). On the other hand, by Corollary the operator mapping G € J to
Kga,) € L*(G,) extends to a bounded operator

(4.26)

T: 12 (R+, AB/2.(+1)/2] d/\A) — L*(Gy).

Thus, Kp,(a,) — TF in L?(G,). Combining the above, for all f € C.(G,), we see
that, F,,(A,)f converges to F(A,)f in L?*(G,), and also, by Young’s inequality,
F.(A,)f converges to f o, TF in L?(G,). This shows that F(A,) is indeed a
oy-convolution operator with kernel Kp(a,) :=TF € L*(G,).

In order to construct the Plancherel measure we follow the approach in the
proof of [75l Lemma 1]. Let E, be the spectral measure associated with A,, by the
spectral theorem. For any Borel function G : Ry — C the operator

Gﬁnzlmm»ﬂum
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is a closed operator on L?(G),), which is bounded whenever G is bounded. Moreover,
(dE, f, f) is a regular Borel measure on R for any f € L?*(G,), and

6@y = | C G PEE, W, £), (4.27)

where the right-hand side is finite if and only if f is in the domain of G(A,).
Now take F' € L?*(Ry, AB/20+D/21d2) A Cy(R). Notice that, for any f €
C.(G,), Lemma {4.5| gives

e F(A)f =e 2 (fou Kpa,)) = fou (€2 Kpa,))-
Clearly, e=®» and F(A,) commute, so we also get
e F(A)f=F(A))e 2 f = fo, (F(A)K,-a,).

Thus,
e M Kpa,) = F(A) K -a,. (4.28)

Combining (4.27)) and (4.28]), we deduce that
/ K ra,y (@, 0)]? duy (z) du = / PMAE, (Ve K pia,y e Kia,)
G, 0
:/ MAE, (N F(A)K-a,, F(A) K, -a,)
0

:/ |F(\)2e2MdE, (VK -a,, Ko-a,).
0
This gives the formula for the Plancherel measure:
do,(\) = MdE, (N Ko-a,, K.-a,). (4.29)

With this definition of the measure o, the equality in (4.26) is proved under the
additional assumption that F' € Cy(R4).
Now we establish the inequality in (4.26)). For any G € J, by Corollary

/0°°| (N ‘ngu // \KGA)xu)| duy (x) du

/ ‘ ()|2 3/2(V+1)/2] dA
0 A

~

Since J is dense in L?(R ., \[3/2:(+1)/2] %) we obtain the inequality in for
all G € L*(Ry, AB/2(+1/21 4 Iy particular, we deduce that o, is absolutely
continuous with respect to Lebesgue measure on R and its density is bounded by
a multiple of A[1/2:(»=1)/2],

Now we prove that the null sets for o, and the spectral measure are the same.
By the definition of o, the only non-trivial implication is that if for A C R,
we have 0,(A) =0, then also 14(A,) = E,(4) = 0.

Fix such a set A. Let D be a countable dense subset of L*(G,). Since o, and
the measures (dE, f, f) for f € D are all regular Borel measures, we can find a
sequence of compact sets K, and open sets U,, such that K,, C K11 C...C AC
... CUpy1 C U, and also 0, (U, \ K,,) — 0 and (E, (U, \ Kp,)f, f) = 0, f € D.
Let ¢, € C.(R) be such that 0 < ¢,, < 1, suppp, C U, and Pn|, = 1. Then,
©n — 14 almost everywhere with respect to o, and each (dE, f, f), f e D.

Since 0 < ¢,, < 1y, and 0, (U,,) tends to 0, we also have that ¢, — 01in L?(do,,).
As ¢, € C.(R;), we can apply and deduce that K, (a,) — 0 in L?(G));
since the ¢,, are uniformly bounded, by Young’s convolution inequality (Lemma
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and a density argument we obtain that ¢,(A,) — 0 in the strong operator
topology on L?(G,). On the other hand, for any f € D,

a0 = 14312 = | T lon(X) — LA PAE, (V. f) = 0

by the dominated convergence theorem, because ¢,, — 14 almost everywhere with
respect to (dE, f, f), and moreover |p, — 14| < 1 and (dE, f, f) is a finite measure.
From the density of D we deduce that ¢,,(A,) converges to 14(A,) in the strong
operator topology. Hence, by the uniqueness of the limit, 14(A,) = 0 as an
operator, so A is a null set for the spectral measure.

It remains to prove the existence of the convolution kernel and the equality in
([{:26) for general F', namely for a bounded function F' € L?(Ry, AB/2(-4+1)/21 dd)
We can apply Lemma “. to find a uniformly bounded sequence of functions
F, € C=(R,) converging to F almost everywhere (with respect to Lebesgue mea-
sure) and in L2 (R, AB/2.(w+1)/2] %) Since o, is absolutely continuous with respect
to Lebesgue measure, and the spectral measure has the same null sets, we obtain
that F,,(A,) converges to F'(A,) in the strong operator topology. Much as above,
the kernels K, (a,) converge in L?(G,), and the limit is the ¢,-convolution kernel
of F(A,). Finally, a density argument proves the equality in for F. O

The next result is a generalization of Lemma
Lemma 4.13. Let F be bounded and in L*(Ry, \B/2:(+1)/21 42y Thep

Kr@,) (@) = K@), w,) (@)
for almost all (z,u) € G,.

Proof. By (3.18) and Lemma for any H € L*(R,, A[3/2,(v+1)/2] %)7
/ K@), (L) (@) duy (z) du

g dX
// (I)H | A /222 3 du§ ||HH%2(R+’)\[3/2.(v+1)/2]%)

So, the correspondence 7" mapping H to the function (z,u) — K@), (1,)(z) is a
bounded operator T': L*(Ry, \B/2(4D/21 42y 12(G,).

Fix F' as in the statement. Let F,, € J be a sequence of functions converg-
ing to F in L?(R, Al3/2.0+1)/2] %) Proposition implies that Kz, (a,) con-
verges to Kpa,) in L?(G,). At the same time, the boundedness of T gives that
K@F,).(L,)(x) converges to K(gr),(L,)(T) in L?(G,). Hence, up to extracting a
subsequence,

Kp,a)(m,u) = Kpay(o,u) and  Kor,), ) (®) = Kor), (L y(x)  (4.30)
almost everywhere on G,. As KF%(AU)(LU u) = Kop, u(Ly y(z) by (4.25 -7 we
conclude that Kp(a, (2, u) = K@p),(L,)(*) almost everywhere.

4.4. Riemannian distance and finite propagation speed. Recall that A, =
VV,, where V, is given in (4.10). We equip the manifold G, with the Riemannian
structure which makes the vector fields 9,, and e*0,, an orthonormal frame. As these
are the vector fields appearing in as the components of V,,, the Riemannian
distance o on éy is the control distance associated with V,, in the sense of the
Appendix (see Remark [6.2)).

We emphasise that V,, does not depend on v, so also the Riemannian structure
on G, and the corresponding distance do not. This is confirmed by the following
statement, where we obtain an explicit formula for the Riemannian distance on Cov',,,
analogous to the formula for the sub-Riemannian distance on the group G.
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Proposition 4.14. For any v > 1, the Riemannian distance on G, is given by

L)) = b (cosh(u — oy 1+ 12— 4.31
o((z,u), (z',u")) = arccosh [ cosh(u —u') + ot ) (4.31)

The same expression also gives a distance on the whole G,.

Proof. When N = R? is abelian and Ay is the standard Laplacian on R?, then
the semidirect product G = R% x R discussed in the introduction, equipped with
the Riemannian metric which makes the vector fields an orthonormal frame,
is a realisation of the real hyperbolic space of dimension d 4+ 1. It is well known
(see, e.g., [65], Proposition 2.7]) that the Riemannian distance between two points
(z,u), (z/,u') € R? x R is given by the right-hand side of (£.31).

Take now d = 1. Then GOV and G, can be thought of as an open subset and
a closed subset of the hyperbolic plane R x R. So, certainly the expression
defines a distance on each of G, and é,,. Moreover, the vector fields 9, and e“d,,
on é’y are the restrictions to é,, of the vector fields on R x R. Thus, the
Riemannian metric tensor on COJ,, is just the restriction of the corresponding tensor
on the hyperbolic plane, and the length of a curve 7 in the Riemannian manifold
G, is the same as the length of v thought of as a curve in the hyperbolic plane.

Recall that the hyperbolic plane is a complete Riemannian manifold, so the
Riemannian distance between two points of the plane is the length of the unique
length-minimising curve joining those points. Thus, in order to conclude that the
formula also gives the Riemannian distance on él,, it is enough to show that
G, is geodesically convex in the hyperbolic plane.

APy

a

>w
FIGURE 1. The geodesic between P; and Ps.

This convexity property is easily seen if one works with the half-plane model
{(z,a) :z € R, a € R+} of the hyperbolic plane, corresponding to the change of
variables a = e*. Via this change of variables, é'l, corresponds to the open quadrant
{(z,a): x,a € R+} As geodesics in the half-plane model are just segments of lines
or circles perpendicular to the boundary {a = 0} (see, e.g., [5, Theorem 9.3]), it
is clear that geodesics joining two points in G, are entirely contained in G, (see
Figure [1). O

From now on, we equip G, with the distance ¢ of Proposition [{.14 Moreover,
for all (x,u) € G,, we set

|(x,u)|a, = 0((0,0), (x,u)) = arccosh(cosh(u) + e “2%/2),

and denote Bg, (0,7) = {(z,u) € G, : |(z,u)|g, < r} for all » > 0. A function on
G, will be called radial if it has the form f(|-|g, ), i-e., if it depends only on the
distance of its argument from the origin (0,0) of G, .

The following proposition concerning integration of radial functions on G, is a
simple modification of [55], Propositions 2.8 and 2.9].
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Proposition 4.15. For any Borel function f: Ry — Ry there holds

/ £l w)la,) dp () du
G,

/ F((z,uw)|a,) e " du, (x / f(r)(sinhr)” dr, (4.32)

where ¢, = 2"1B(v/2,v/2). Moreover,

/f (2.1)| G, e 2 dpsy () du <, / @ w)le) @ u)la, duy () du.
(4.33)

Radial functions arise naturally when considering operators in the functional
calculus for A, up to a twist with the modular function m of (4.1)).

Corollary 4.16. For all bounded functions F' € L*(Ry, AB/20+1D/2140) “ype func-
tion mfl/QKF(AU) is radial on G,,. Moreover, for all v > 0,

K (s (@, )P’ duy (z) du S, 7 K p(yvan (@, w)]* dp (2) du.
e (o FWED _
G, (0,0
Proof. Notice that we can rewrite (4.16) as

euu/QKe_tAV (CIL‘,U) _ F(VQ/Q) /OOO (5)(25) u/2 (_ COSthvu)lGu) df.

This means that m~'/2K,—.a, is radial on G, for all ¢ > 0. By linearity, this
implies the radiality of m~'/2K F(a,) for all F € 7, and a density argument, as in
(d30), extends the result to all bounded F' € L*(R ., AB/2:(+1)/21 dA),

Now, let » > 0. By applying and to the radial function

fr(@,u) = " |Kpea,) (x,u)|* 1, (0.0 (2, u)

we get

[ Remn@nPat @) du= [ e e dy o) du
Bg (O,’I‘) G,
o [ e @, dp ) du
Sr/ fr(z,w)dp, (x) du
G,
zr/ fr(z,u) e ™ du, (x) du
G,

= [ K )P di (o) du
BGV (O,T‘)
as desired. O

Now we justify that A, has the finite propagation speed property. As in the
introduction, for any r > 0, we set

& ={F e S(R): F even, supp F C [—r,7]}. (4.34)

Lemma 4.17. The family of operators {cos(t/A,)}ier has finite propagation speed
with respect to the distance o, that is,

supp(cos(tv/AL) f) C{(z,u) € G, : o((z,u),supp f) < |¢|} VieR  (4.35)
for all f € L*(G l,), Moreover, for allr >0,
supp Kp(a,) € Ba, (0,7) VF € &,.
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Proof. In light of Lemma we can apply Proposition [6.3] to the operator A, =
VTV with Neumann domain on the manifold G, and obtain the finite propagation

speed property . To be precise, Proposition gives the analogue of
with Cov',, in place of GG,,, and supports interpreted accordingly. However, éy is a
dense open subset with full measure in G,; so, for any f € L%(G,) = L2(G,), the
support of f in GG, is the closure in G, of its support in G’l,, and - follows as
stated.

Now fix an F' € &,.(R) for some r > 0. By the Fourier inversion formula (cf. [I3
Lemma 2.1]),

FivAy) = 2 [ Bt cos(t/By) dt, (4.36)

2T

whence, by ,
supp F(vVAL)f C{z € G, : o(z,supp f) <7}, feL*a,). (4.37)

Since F(v/A,) is a ¢,-convolution operator, it is also an integral operator on G,,
whose integral kernel K, much as in (4.21)), is given by

K((JZ, U), (yv U)) = e_yvg(y,v)*KF(\/Ai,,) (.13, u) (438)
Now observe that (4.37)) can be equivalently restated as

supp K C {((z,u), (y,v)) € Gy x G, + o((2,u), (y,v)) <}
Let us write Ky ,)(2,u) = K((x,u), (y,v)). Thus, for any fixed ¢ > 0,

supp K(y,») € Bg, (0,7 +¢) for almost all (y,v) € Bg, (0,¢).
Now, by (4.38) and Lemma it easily follows that
Kyw) = Ko,0) = Kp(yay) in L*(Gy) as (y,v) = (0,0),

whence we deduce that supp K9y € Bg, (0,7 +¢) for any ¢ > 0, and therefore
supp K 0,0y € Bg, (0,7), as desired. O

5. THE MULTIPLIER THEOREM

Here we revert to the setting of Section [2l So IV is a 2-step stratified group as
in , that is, a direct product of an abelian group N(® and Métivier groups
N (1 ,N® and G = N x R is its semidirect product extension. Recall that
da and d2 are the vectors of dimensions of the first layers and second layers of the
Meétivier groups N, j =1,...,¢, while d(© is the dimension of N(); in particular,
d=d©® +|dy|+]|ds| and Q = d© +|d; |+2|ds| are the topological and homogeneous
dimensions of N.

We aim at “lifting” the weighted estimate on N contained in Proposition [2.5] to
the semidirect product G. To this purpose, we first compare weighted norms for
convolution kernels in the calculus for Ay to analogous norms in the calculus of
the Bessel operator L,,, for appropriate choices of v.

Proposition 5.1. Let 0 < o < dy and 3> 0. For any F € S(R),

/lKFAN> IRl H\Zjla’dzga/o (KL (@)2” dpg_ja)(2).

Proof. The proof strongly relies on ideas from [74].

Fix 0 < a < d;, B >0and F € S(R). In view of , the case 8 = 0 is
already covered by Proposition so we may assume S > 0. Denote v = @ — |a/;
observe that v > ) — |J2\ =d > 3, as N is a nonabelian 2-step group.
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Define G € S.(R.) by G(\) = F()\?), and, for r > 0,
G, = H,(1pnH,'G), G" = H,(1j,)H, 'G).
Thus, G = G, + G". Moreover, by (3.17),
Ke,wvr) = Kewrplon, Koy = Kawi)lineo:
By (3.6) and [17] eq. (1094)]
]x y / 52 v/2— 3/2 iyl df T,y € R.
f

Hence, if F denotes the Euclidean Fourier transform on R,

. e (v—3)/2
Fe =28 (1— ) . (5.1

+
Denote by G, the even extension of G, to R; namely, by (3.5)),

Go(y) = / " HG() 1% () dp (o)

for all y € R (recall that j¥ is even). As v > 3, by (5.1) we get
o\ (¥—3)/2
§ > ¥ 2 du;

x
notice that |£] < z < r in the above integral, otherwise the integrand vanishes.
Thus, supp F(G,) C [-r, 7).

Recallerom that Ay has finite propagation speed. Much as in , from
supp F(G,) C [—r,r] we then deduce that

F(G)(E) = M?/OT H;'G(x) (1 -

supp K¢, (am) S {z € Nt [z[n <71}
Consequently, for |z|x > r we have KG"(x/H)(Z) = Kg(/an) (). Hence,

| Kewmn @R H|z [ dz
/ Brf= 1/ \Ke(van |2H|z |* dzdr
|z|nN>r
§/0 Brﬁfl/N|KG,.(m)(z)|2H|z;»|aj dzdr.
j=1

Recall that v = Q — |a|. We apply Proposition and (3.18]) to obtain
00 ¢
/0 Bri-1 /N Ky (2) [T 121 dedr
j=1

< / Bré1 / K o iy () 2 g () dr
_ / Bro-1 / K i (@) dpi () dr

- / K o im) (@)22 dpay ().

Combining the above finishes the proof. O

We can now lift the previous inequality to G and G,.
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Corollary 5.2. Let 0 < a < dy and 8> 0. For any F € S(R),

/|KF(A) Z,u) \z| H|z |* dz du
G

S| Keeg @0l g @) du. (52)
Q—lal|

Proof. Observe that Lemma implies
/G Kpag (@) dug_ o (@) du
Q-la

:/R/o K @F)tqup (@2 dug-ja)(z) du.  (5.3)

Moreover, an analogue of Lemma 4.13|is true for A and Ay in place of A, and L,:

Kra)(2,u) = K@r),(ay)(2)

for almost all (z,u) € G; this can be proved much in the same way as in Lemma
and is implicitly used in [55, Corollary 4.5]. This gives

/G K poay (2, 0)?|2|% H|z |% dz du

/ / Kior, () ||z\NH|z]|%dzdu (5.4)

j=1

Now, Proposition allows us to compare the right-hand sides of (| and (| .
and deduce the desured inequality.

In the case 5 = 0, the right-hand side of ( can be turned into a weighted
L2 -norm of F' by Proposition |4.12] u thus yleldlng the weighted Plancherel estimate
on G discussed in the introduction.

We now combine the previous weighted estimate on G together with finite prop-
agation speed to deduce the following L' — L2 bound, corresponding to .
This improves [55], Proposition 5.1], where the case v = Q of the following bound is
proved; of course, this improvement depends on our assumptions on N, which are
more restrictive than those in [55].

Recall from the definition of &,.

Proposition 5.3. Let v € (d,Q]. Let F € &, for some r > 0. Then,

v > v dA 1z
| sy erlasdu g, rerrzo ([7 e e )

Proof. As v € (d,Q], we can choose a so that 0 < o < dy and v = @ — |af. Recall
from (2.17) that A satisfies finite propagation speed, thus supp Kra)y € Bg(0g, 7).
We begin with the case r < 1. By the Cauchy—Schwarz inequality,

HKF(\/Z)”Ll(G)

) 1/2 1/2

< / H |25 dz du / |Kp(a)(z,u)? H |2;]% dz du
Ba(0g,r)

) j=1 j=1
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Recall that a < dy < d; by (2.12)). Hence, Corollary Corollary With 8 =0,
and Proposition with v = Q — |« yield

v > v dA 12
1K gyl o r® 072 (/0 [FQP AR A) '

For r > 1, notice that, by the Cauchy—Schwarz inequality,

2 ¢
</ K o (ym (25 1) dzdu) < / 1+ |z|g7|a‘)_1 H |25 dz du
G B (0a,r)

Jj=1

¢
X (/G \KF(\/Z)(z,u)F H |25|% dz du
/ K p(ym) (2, )7 |Z|N e H|z |9 dzdu)

Now, as above,

K z [e% dA
l' 2 3,v+1
/‘ F(\F “| ||\Z| szdu< /0 | ()\)| >\[ ]—)\.

j=1
Moreover, by Corollary

¢
/ (1+\z|%_|a‘)_1H|zﬂ_ai dzdu <, r2
Bg(0,r) j=1

Further, by Corollary with 8 =Q — |a| = v,

4
/|KF(f) 2 )Pl ] 121 dz du ,sy/ |Kpa,) (@, u)2e” du, (z) du.

j=1 Gy

By Lemma we have supp Kp(a,) € Bg,(0,7). Thus, Corollary and
Proposition 4.12[ imply
‘ >0 dA
1K P T g1 azduss, e [ PO AS S,
j=1
and the desired estimate follows. O

We can now obtain the following improvement of [55, Propositions 5.3 and 5.5].

Proposition 5.4. Let F € L?(R) be supported in [—4,4]. Then
sup [ ey (0] 1+ 472009, 2)° dy S 1Pl

for alle >0, and s,t > 0 satisfying one of the following conditions:

et>1ands>3/2+¢;
et<lands>d/2+c¢.

Moreover,

/G K pomy (@) — K (2, 2)] dz <o 7200y, )| Fll 12

for ally,z € G and s,t > 0 satisfying the above condition with € = 0.
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Proof. The case t > 1 is already contained in [55]. For ¢t < 1, we choose v € (d, Q]
so that s > v/2 4 ¢; then the proof runs exactly in the same way as in [55], with
Proposition applied in place of [55, Proposition 5.1].

We point out that the functions f,; resulting from the frequency decomposition
of f(A) = F(\?) given by [55, Lemma 5.2] are in the Schwartz class: indeed, from
the original proof in [31, Lemma (1.3)] we see that fo = xof for appropriate cutoffs
Xx¢ € C°(R), and f is analytic because f is compactly supported. So the Schwartz
class assumption, implicit in the definition of &£., on the spectral multiplier in
Proposition here is not an obstacle. O

Based on the above we can conclude the proof of our main result.

Proof of Theorem[I.4 The proof goes just as in [55, proof of Theorem 1.1], using
Propositionin place of [55], Propositions 5.3 and 5.5], and relies on the Calderén—
Zygmund theory developed in [33, [B5]. O

6. APPENDIX: BOUNDARY CONDITIONS AND FINITE PROPAGATION SPEED

In this section we recall some basic terminology and results related to self-
adjoint extensions of smooth second-order differential operators in divergence form
on smooth manifolds, which are used throughout the paper. While our main appli-
cation is to second-order operators acting on scalar functions, their expression in
divergence form naturally leads to considering first-order operators, such as gradi-
ent and divergence, which act on vector-valued functions, or more general sections
of vector bundles. We find it therefore more natural to work directly in the setup
of operators between spaces of sections of vector bundles.

As we shall see, this allows us to discuss in a unified and relatively simple way a
number of results about self-adjointness and domains, as well as present a general
derivation of the finite propagation speed property under Dirichlet or Neumann
conditions based on the first-order approach of [57].

We introduce some of the setup and notation from [I2], to which we refer for
additional details. Let M be a smooth manifold (without boundary) equipped
with a smooth measure. Fix two smooth vector bundles &,.% on M equipped with
fibre inner products. We use notation such as C°°(&), C°(&), L*(&) to denote the
spaces of sections of & which are smooth, smooth and compactly supported, square
integrable. Let V : C*(&) — C*°(F) be a first-order differential operator, and
Vt:C>(F) = C™(&) be its formal adjoint. As usual, we can extend V and V*
to spaces of distributions.

We define the mazimal domain and the minimal domain for V on L*(&):

Doax(V) = {f € L2(&) : VI € LA(F)},  Duin(V) = C (@) "V (6.1)
where Dp,,x (V) is equipped with the graph norm of V. By a standard mollification
technique (see, e.g., [I2, Propositions 5.5 and 6.1]), one can see that

Din(V) = Done (V) (6.2)
where Dax,(V) is the set of compactly supported elements of D pax(V). Analo-
gous considerations apply to the formal adjoint V. Moreover, formal and Hilbert
space adjoints are related as follows:

(V|@min(v))* = VJF Dmax(VT) and (V|@max(v))* = V+|®mm(v+). (6.3)

We are interested in the second-order divergence-form operator V¥V associated
with V. We define the Dirichlet domain and the Neumann domain for VTV as

@Dir(V+V) ={f €Dmn(V):Vfe @max(vﬂ},
ONew(VIV) = {f € Dnax(V) : Vf € Din(VH)}.

(6.4)
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In light of (6.3)) and [73, Theorem X.25], both V*V|g . (v+v) and VIV|5  (v+v)
are nonnegative self-adjoint operators on L?(&). As (V*)* = V, analogous con-
siderations apply to the operator VVT.

Remark 6.1. The Dirichlet domain in is the same as the domain of the
Friedrichs extension of V*V|cee(g) (cf. [73, Theorems X.23 and X.25]). Of course,
when V+V|Cgo(g) is essentially self-adjoint, the Dirichlet and Neumann domains
are the same; however, here we are also interested in the case where essential self-
adjointness may fail.

The control distance oy associated with V can be defined by (cf. [12, p. 175])

ov(e,y) = inf { [ Per@nas s € AC(o. M), 4(0) = . (1) = y}

for all z,y € M, where we write AC([0, 1]; M) for the set of absolutely continuous
curves in M with domain [0, 1], and Pa for the fibre seminorm on T*M associated
with V| namely,

Py(€) = [o1(V)(©Olop,  £€TM,
while ¢1(V) € C*°(Hom(T*M,Hom(&,.%))) is the symbol of V, and P& denotes
the extended fibre norm on TM dual to Py (see [12] p. 153] for details).

Remark 6.2. As discussed in [I2] Section 8.5], this definition of the control distance
ov includes, for appropriate choices of V, that of Riemannian and sub-Riemannian
distances on M. In particular, assume that the bundles & and % are the trivial
bundles of ranks 1 and r, while V has the form

X1
v=|
X
for a system X1,..., X, of linearly independent smooth real vector fields on M. If
r = dim M and g is the Riemannian metric tensor on M that makes Xi,..., X, an

orthonormal frame, then P& (v) = y/g(v,v) for all v € TM, and gv is the Riemann-
ian distance on M induced by g. More generally, if » < dim M and the vector fields
Xi,...,X, are bracket-generating, then gy is the Carnot—Carathéodory distance
associated to the system of vector fields (cf. also [62] [82]). In each of these cases,
the control distance gy induces on M the manifold topology (on this, see also [12]
Proposition 4.23]).

We say that a family {W;};cr of bounded operators on L?(&) has finite propa-
gation speed with respect to oy if

supp Wi f C{x € M : oy (z,supp f) < |t|} Vfe L*(&), teR. (6.5)

We are especially interested in the case W; = cos(tv V+1V), corresponding to the
wave propagator associated to VTV, in this case, when holds, we also say
that VTV satisfies the finite propagation speed property.

Of course, the definition of the cosine family {cos(tvVV*+V)}icr in terms of
spectral calculus on L?(&) becomes meaningful only once a self-adjoint extension
of V*V has been chosen, and indeed the validity of the finite propagation speed
property may depend on this choice. This is easily seen, e.g., by taking V = —3,, on
the interval M = (0, 1) with Lebesgue measure, and considering V*V = —9? with
periodic boundary conditions: here finite propagation speed is violated, because,
roughly speaking, due to periodicity, a wave that crosses one endpoint of the interval
immediately re-enters from the other endpoint, effectively travelling at infinite speed
(cf. [73], Section X.1, Example 1]).



MULTIPLIER THEOREM FOR SOLVABLE EXTENSIONS 39

Possibly to avoid such problems, several results on finite propagation speed in
the literature are either stated under some completeness assumption on the un-
derlying (sub-)Riemannian manifold (see, e.g., [58] or the examples in [76], Sections
4-8]), effectively preventing a solution with compactly supported initial datum from
reaching the boundary in finite time, or proved only for a restricted time interval
depending on the datum (see, e.g., [12, Section 7]).

In contrast, the general approach of [57] can be readily used to deduce finite
propagation speed for any second-order divergence form operator, for appropriate
choices of the self-adjoint extension, without any completeness assumptions on the
manifold. (In fact, the results of [57] go well beyond our setup, as they do not
require self-adjointness or smooth coefficients, and also apply to operators on LP for
p # 2.) The examples presented in [57, Section 5] only consider elliptic differential
operators; however, as the next statement shows, ellipticity can be replaced by
a weaker topological assumption on the control distance, which holds in greater
generality, including for sub-elliptic operators (see Remark .

Proposition 6.3. Assume that the control distance associated with V induces the
manifold topology on M. Consider VTV with either Neumann domain or Dirichlet
domain. Then {cos(tvVV V) icr has finite propagation speed with respect to the
control distance.

Proof. We are going to deduce the finite propagation speed property from [57,
Theorem 3.1]. To this purpose, we shall write, roughly speaking, the second-order
operator V1V as the square of a first-order differential operator.

More precisely, we define a “matrix operator” P : C®(& & .F) — C®(E @ F)

by
0 v+
B<v 0)'

Clearly D is formally self-adjoint, i.e. D™ = D, and moreover

. (VIV 0
’9—(0 vVt

We now construct an appropriate self-adjoint extension of . Let

:Dmix(B) = 33max(v) @ gmin(v-‘r)' (66>
By (6.3) we obtain
0 V+|© ) (V+)>* ( 0 V+|@ ) (Vﬂ)
DPlo . = min = o
Plone) = (v, o ¥ % oo
= Dlp,(D)-

Thus, D|p, . (p) is self-adjoint. Consequently, the square operator Bz\gmix(Dz) is
self-adjoint as well (see [73] Theorem X.25]), where

f'gmix(BQ)

- {(g) € Doin(D) : D (g) c @mix(y)}

={f €Dmax(V) : Vf € Duin(VH)} B {9 € Drain(VT) : Vg € Dpax (V) }
= @Neu(V+V) D @Dir(vv+),
by , (6.4) and the definition of . Hence,

\vaav 0
2 _ DNeu(VTV)
D |@mix(92) ( 0 vv+|®Dir(vv+))
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and consequently

cos (t. IVHV | Do (V+ ) 0
cos (tB|Dmix(D)) = Dreu(VEV) ,
0 cos (t, /VV+|@D“(VV+))

(6.7)
since cos(t-) is an even analytic function.

We want to apply [57, Theorem 3.1] to the operator Plg, . (py on L*(& & F),
where the underlying manifold M is equipped with the distance ov. As D|o,. (p)
is self-adjoint, it generates a Cy group (e'? ‘Qmix(D))teR of unitary operators on
L?(& @ .F), so the first assumption of the theorem is satisfied.

We now check the second assumption of [57, Theorem 3.1]. Let Lip(M) be the
space of bounded real-valued gv-Lipschitz functions; in other words, 1 € Lip(M)
if and only if n € L*>°(M;R) and

me) —ny
Il == sup () =0l _
z,yeM, x#y ov (.’E, y)

Since py is varietal, i.e. py induces the topology on the manifold M, by [12, Propo-
sitions 5.2 and 5.4] we have the equivalent characterisation

Lip(M) = {5 € L®(M;R) : V7 € L™ (Hom(&, 7))},
Inlluip = [97nll~ ¥ € Lip(M),

where V7 denotes the “symbol operator” (see [I2], Section 2.2]), that is, the first-
order differential operator that appears in the Leibniz rule for V:

V(nf)=(Vn)f+nVf, (6.9)

where 7 is a scalar-valued function and f is a section of & with suitable differentia-

bility and integrability properties [I2, Proposition 3.7]. By (6.1)), and (6.9),
we deduce that

(6.8)

Lip(M) - Dpax(V) C
Llp(M) ‘;Dmax,c(v) c

whence, by (6.2)), we also get
Lip(M) - Dpnin(V) € Dpin(V).
Since the control distances associated to the three operators V, V1, P are the same

(see [12, p. 181]), the corresponding Lipschitz space Lip(M) is the same, so similar
inclusions are true for V*. Thus, by we obtain

Llp(M) . gmix(B) g :Dmix<B)-

In particular, for all n € Lip(M) and f € Dnix(D), we have nf € Dnix(D);
moreover, by and ,

I, BIf e = B 0) flle> < NPTl fllze = lInllipll £ 22,

and finally [n, [n, P]] = [, Dn] = 0, as the scalar multiplication operator 7 com-
mutes with the matrix multiplication operator D).

Hence, we can apply [57, Theorem 3.1] to P on the domain D (P), and de-
duce finite propagation speed for the one-parameter group {eitD ‘Qmix(m}teR. As
etP 4 7P = 2 cos(tD), by we obtain finite propagation speed for the cosine

families {cos (t, /V+V|@Neu(v+v)) }teR and {cos (t, /Vv+‘®D;r(VV+)) }tE]R. This

gives the desired result for VTV with Neumann domain; by exchanging the roles of
V and V71 in the above argument, we also obtain the result for V¥V with Dirichlet
domain. 0
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