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COMPARISON BETWEEN DIFFERENT VIEWPOINTS
ON BULK GROWTH MECHANICS

ALFIO GRILLO AND SALVATORE DI STEFANO

This work brings together two viewpoints on the mechanics of bulk growth
that, in spite of some similarities, originate from different conceptualizations
of this phenomenon. Each viewpoint designates a specific approach to growth,
identified by the “growth law” that it determines, i.e., the “rule” governing the
mass variation in the considered growing medium. In the first approach, which
we call the “a priori approach”, the growth law is supplied phenomenologically,
is viewed as a constraint, and is appended to the principle of virtual work in
order to determine the effective dynamic equations of the growth problem at
hand. On the other hand, in the second approach, denominated the “a posteriori
approach”, growth is regarded as an unconstrained problem, and the growth
law is viewed as a consequence of the medium’s dynamics. To highlight the
main differences between these two approaches, we solve numerically a simple
benchmark problem, and we compare the simulations obtained for each approach.

1. Introduction

Within a research line begun with [Grillo et al. 2019a; 2019b], and continued in
[Licari 2021; Grillo and Di Stefano 2023a; 2023b], we consider two different
approaches to the volumetric growth of tumor tissues and we analyze them by
modifying and solving numerically a benchmark test available in the literature. In
particular, following [Grillo and Di Stefano 2023a; 2023b; 2023c], we distinguish
the case in which a growth law is given “a priori”, that is, on the “basis of phe-
nomenological observation” [Ambrosi and Preziosi 2002], from the case in which
it is obtained “a posteriori”, that is, as a manifestation of the evolution of the
kinematic parameter that describes the variation of mass of the tissue under study
and the structural transformations associated with it (see also sections 1.1. and 4.1.
of [Grillo et al. 2019b], although it addresses the approach termed here “a priori”).
Contextually, we refer to these viewpoints as the “a priori” and the “a posteriori”
approach, respectively [Grillo and Di Stefano 2023a].
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As shown by [Grillo and Di Stefano 2023b; 2023c], within the “a priori” approach,
the growth law is regarded as a “nonholonomic and rheonomic constraint” (see
also [Grillo et al. 2019b]), which has to be appended to the principle of virtual work,
for example, according to the formulation of [DiCarlo and Quiligotti 2002]. As an
extension of such an approach, Grillo and Di Stefano [2023b; 2023c] also consider a
generalization of the work [Gurtin 1996] on the use of the Cahn–Hilliard model for
systems with variable mass. In this case, growth is described by a single kinematic
descriptor, which acquires the role of order parameter of the theory, and a model
of growth of grade one in this parameter is designed. The main feature of the a
priori approach is that the growth law is a function of the mass fraction of chemical
substances, called nutrients, which regulate the accretion or the resorption of mass.

Following a different perspective, the “a posteriori” approach, whose rationale
was indicated by [Grillo et al. 2019a], in an elaboration of the framework of
[Ambrosi and Guana 2007; Ambrosi and Guillou 2007], does not prescribe any
growth law, nor does it place restrictions on the kinematic descriptor associated
with growth, apart from those that may stem, for example, from possible geometric
symmetries of the considered problem. Therefore, the growth law is determined as
a consequence of the dynamics [Ambrosi and Guana 2007; Grillo and Di Stefano
2023a; Licari 2021]. This idea, which, to our knowledge, was first put forward by
[Epstein and Maugin 2000] within a description of growth completely different
from the one addressed here, has been recently refined in [Grillo and Di Stefano
2023a], where the theory behind the “a posteriori” approach is formalized and
contextualized to the biologically relevant case of tumor growth (an explorative
numerical simulation of this problem in a simplified setting, based essentially on
the viewpoints presented by [Grillo et al. 2019a; 2019b], has been done by [Licari
2021]). In this respect, it is important to recall that this approach is intended to be
a “step forward” [Grillo and Di Stefano 2023a] in the direction of the theory of
growth proposed by [DiCarlo and Quiligotti 2002] and, thus, it is not new per se.
Rather, it is the interpretation of some of its implications that is new, especially
if contextualized to a specific selection of the constitutive framework and, more
importantly, of the growth-conjugated external generalized forces.

We reconcile these two approaches by considering a mixed situation in which it
is required that the growth law for mass accretion be identically zero in the absence
of a sufficient amount of nutrients, whereas no a priori conditions are put on it when
nutrients are available with sufficient concentration, and a specular definition of the
mass variation is hypothesized for mass resorption. In other words, we let the avail-
ability of nutrients activate or deactivate the variation of mass of the body, but, once
such variation occurs, we let it be driven by the balance of all the generalized forces
expending power, or work, on the velocity associated with the growth parameter.

As a proof of concept, we solve the initial and boundary value problems (IBVPs)
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formulated in the sequel of this work by adhering to the computational framework
developed by [Di Stefano et al. 2018; Grillo et al. 2019b; Ramírez-Torres et al.
2021], and adopted by [Licari 2021], which reformulates and generalizes the study
originally designed by [Ambrosi and Mollica 2002], and which we further extend to
account for our setting. For our purposes, we consider “the growth of a ductal carci-
noma [. . . ] inside a breast duct” [Ambrosi and Mollica 2002], which is modeled as
a cylinder with underformable lateral wall. This way, when the advancement of the
tumor takes place, it is forced to proceed along the cylinder’s axial direction only
[Ambrosi and Mollica 2002]. The numerical results are discussed and compared
with the predictions presented by [Grillo and Di Stefano 2023a; 2023b], with those
of [Di Stefano et al. 2018; Grillo et al. 2019b], and with some of the preliminary
outcomes obtained by [Licari 2021].

2. Evolution of the nutrient substances

For future use, we invoke the Bilby–Kröner–Lee decomposition of the deformation
gradient tensor, that is, F = Fe K , where Fe and K are said to be the tensor of
elastic distortions and the growth tensor, respectively. We introduce the determinant
JK = det K , which satisfies the identity J̇K = JK tr(K−1 K̇ ).

For all three considered approaches, i.e., the a priori, the a posteriori, and the
mixed approach, and within the adopted monophasic framework [Grillo and Di
Stefano 2023a], nutrients are assumed to evolve according to a diffusion-reaction
equation that, granted Fick’s law, and in material formalism, reads [Ambrosi and
Preziosi 2002; Ambrosi and Guillou 2007; Grillo et al. 2012; Di Stefano et al. 2018;
Mascheroni et al. 2018; Ramírez-Torres et al. 2021; Andreucci et al. 2022]

∂t(ϱRω) − Div(ϱR D Grad ω) = −ϱRrnω, (1)

where ϱR is the mass density of the medium per unit volume of the reference
placement B, ω is the mass fraction of the nutrients, rn is the rate at which the
nutrients are absorbed, and D is the material diffusivity tensor. By expanding the
term ∂t(ϱRω), and using the identity ϱR = JK ϱν , with ϱν being the mass density of
the medium in the natural state, assumed to be constant, (1) becomes

JK ϱνω̇ − Div(JK ϱν D Grad ω) = −JK ϱνrnω − JK ϱνω tr(K−1 K̇ ). (2)

In the case of isotropic medium, the material diffusivity tensor D can be taken as

D := d0C−1
+ d1 K−1.K−T

+ d2[K−1.K−T
]C[K−1.K−T

], (3)

where d0, d1, and d2 are scalar-valued functions defined by dn := dnR J 2n
K /J 2n , for

n = 0, 1, 2, dnR is a referential diffusivity [Ateshian and Weiss 2010], and C is the
right Cauchy–Green deformation tensor, defined, with a slight abuse of notation,
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as C = FT.F (in the sequel, for simplicity, we set dnR = d0R for n = 0, 1, 2). A
more precise definition of C, based on the works [Federico 2012; Federico et al.
2016], has been presented by [Grillo and Di Stefano 2023b], where the kinematics
of a growing body is discussed in deeper detail. We finally recall that the definition
reported in (3) is similar to the one introduced by [Ateshian and Weiss 2010] for
characterizing the material permeability of isotropic media. In a recent work, (3) has
been adapted to formulate a possible constitutive representation of the permeability
tensor within a study of the remodeling of multicellular spheroids subjected to
compression-release tests [Di Stefano et al. 2022].

With respect to the time window [tin, tfin], the evolution of the nutrients will be
described by the solution of the initial and boundary value problem

JK ϱνω̇

= Div(JK ϱν D Grad ω) − JK ϱνrnω − JK ϱνω tr(K−1 K̇ ), B × ]tin, tfin], (4a)

ω = ωb, ∂ω
DB × ]tin, tfin], (4b)

[−JK ϱν D Grad ω]N = ȷb, ∂ω
NB × ]tin, tfin], (4c)

ω(X, tin) = ωin(X), B, (4d)

where ωb is a mass fraction prescribed on the Dirichlet boundary ∂ω
DB associated

with the nutrients, ȷb is a mass flux imposed on the Neumann boundary ∂ω
NB, and

ωin(X) is the initial distribution of the nutrients.
Note that, if the balance of mass holds true in the form ϱ̇R = Jrγ = JK ϱν Rγ (see

[Epstein and Maugin 2000; Lubarda and Hoger 2002; Ambrosi and Preziosi 2002;
Grillo and Di Stefano 2023a; 2023b]), which yields tr(K−1 K̇ ) = Rγ , and if Rγ is
known from the outset, as is the case in the “a priori” approach, then Rγ can be
used in lieu of tr(K−1 K̇ ) in (2) and (4a).

3. The “a priori” vs. the “a posteriori” approach to growth

From here on, we refer to the “a priori approach” and to the “a posteriori approach”
with the abbreviated notation “approach A1” and “approach A2”, respectively.

3.1. The approach A1. Based on the framework developed by [Grillo and Di Ste-
fano 2023b], we consider the mass balance law in the form of a “nonholonomic
and rheonomic constraint on the growth tensor” K . Hence, we set (see equation (7)
of [Grillo and Di Stefano 2023b])

ĈK ◦ (F, K , K̇ , ω) := K−T
: K̇ − [R̂γ (ph) ◦ (F, K , ω)] = 0, (5)

thereby defining phenomenologically the rate of mass accretion or resorption as
Rγ := Rγ (ph) ≡ R̂γ (ph)◦(F, K , ω). In particular, following [Mascheroni et al. 2016;
2018], and adopting the notation of [Grillo and Di Stefano 2023a; 2023b], we
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consider the growth law (adapted from [Ambrosi and Preziosi 2002; Byrne and
Preziosi 2003])

R̂γ (ph) ◦ (F, K , ω) := ζa⟨ha ◦ ω⟩+

[
1 −

α⟨℘̂ ◦ (F, K )⟩+

σc + ⟨℘̂ ◦ (F, K )⟩+

]
− ζr⟨hr ◦ ω⟩+, (6)

where the dependence of R̂γ (ph) on F and K is inherited from the stress measure
℘̂ ◦(F, K ), here taken equal to the hydrostatic Cauchy pressure, i.e., ℘̂ ◦(F, K ) :=

−
1
3 tr[σ̂ ◦ (F, K )]; σ̂ ◦ (F, K ) is the constitutive function of Cauchy stress; the

operator ⟨ · ⟩+ and the functions ha and hr (see [Grillo and Di Stefano 2023a]) are
defined by

ha◦ω=
ω − ωcr

ωenv − ωcr
, hr◦ω=1−

ω

ωcr
, ⟨ f ⟩+ :=

1
2 [ f +| f |] for all f. (7)

Here, ωenv and ωcr are constant parameters that represent the nutrients’ mass fraction
in the “bath” in which the medium is immersed and a threshold value of the nutrients’
mass fraction in the medium below which the accretion of mass of the medium
itself cannot take place. In particular, we assume ωenv > ωcr. The other parameters
featuring in (6) are the reciprocals of the time constants characterizing the accretion
and resorption of mass, i.e., ζa > 0 and ζr > 0, and the positive constants α and σc,
which ponderate the influence of mechanical stress on the overall growth law.

Within the approach A1 [Grillo and Di Stefano 2023b], and by neglecting body
forces, the growth problem under study can be posed in the form of the initial and
boundary value problem (IBVP)

Div P = 0, B × ]tin, tfin], (8a)

χ = χb, ∂
χ
DB × ]tin, tfin], (8b)

P N = τ , ∂
χ
NB × ]tin, tfin], (8c)

JKbν dev{C K−1 K̇ C−1
+ K̇ T K−T

} = −dev H + dev Z, B × ]tin, tfin], (8d)

2JK cν skew[(K−1 K̇ )C−1
] = 0, B × ]tin, tfin], (8e)

K−T
: K̇ = Rγ (ph), B × ]tin, tfin], (8f)

K (X, tin) = K in(X), B, (8g)

where P is the first Piola–Kirchhoff stress tensor, χ is the motion, χb is the
prescription of χ on the Dirichlet boundary ∂

χ
DB, τ is a contact force applied

on the Neumann boundary ∂
χ
NB, N is the field of conormals of ∂B (the superscript

“χ” indicates that ∂
χ
DB and ∂

χ
NB are associated with the motion χ), bν and cν are

material coefficients defining the constitutive expression of the dissipative part of
the generalized internal force conjugated with growth (see [Grillo and Di Stefano
2023b]), H is the Eshelby stress tensor, Z is a generalized external force conjugated
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with growth [DiCarlo and Quiligotti 2002], and K in(X) is the initial distribution
of the growth tensor. Note that the left-hand-sides of (8d) and (8e) are obtained
by working out the dissipative part of the growth-conjugated, generalized internal
force termed Yu by [Grillo and Di Stefano 2023b], which reads

Yu,d =
1
3 JKaν tr(K−1 K̇ )IT

+ 2JKbνC sym[(K−1 K̇ )C−1
] + 2JK cνC skew[(K−1 K̇ )C−1

]. (9)
We remark that the operator “dev” in (8d), which extracts the deviatoric part

of the tensor to which it is applied, acts on “mixed” second-order tensors, as is
the case of H and Z, i.e., on tensors of the type A = AM

N EM
⊗ EN . In this

circumstance, the operator “dev” is defined through the transpose of the identity
tensor I , so that dev A := A −

1
3(tr A)IT

= A −
1
3(I : A)IT, with the identity

tr A = I : A = AI
I holding true [Marsden and Hughes 1983]. Note that we shall

use the same symbols “dev” and “tr” also for tensors of the type T = T AB E A ⊗ E B ,
although, in such cases, tr T is understood as tr T = G : T = G AB T AB , with
G AB being the components of the material metric tensor G, and, accordingly,
dev T = T −

1
3(tr T )G−1

= T −
1
3(G : T )G−1. Finally, with the purpose of not

introducing additional notation, the trace of the Cauchy stress tensor used in the
definition of ℘̂ ◦ (F, K ) is understood here as tr[σ̂ ◦ (F, K )] = g : [σ̂ ◦ (F, K )],
where g is the spatial metric expressed as a function of material points and time,
provided σ̂ ◦ (F, K ) is assumed to have contravariant components.

To solve the system (8a)–(8g), one has to consider the evolution of the mass
fraction of the nutrients through the solution of (4a)–(4d), with Rγ (ph) replacing
tr(K−1 K̇ ).

To complete the picture, we also need to compute the Lagrange multiplier
associated with the constraint (5), denoted by µK (see [Grillo and Di Stefano
2023b; 2023c]), i.e.,

µK =
1
3 tr Z −

1
3 tr H −

1
3 JK [aν + 2bν]Rγ (ph), B × ]tin, tfin]. (10)

Finally, to handle the constraint (5), [Grillo and Di Stefano 2023b; 2023c] took
a suggestion from [Nadile 1950] and treated time as a fictitious and constrained
Lagrangian parameter, T (see also the discussion on this topic reported in [Grillo
and Di Stefano 2023c]). This, in turn, required an additional Lagrange multiplier µT

and a fictitious generalized, scalar-valued force Yu −Z , whose equations, holding
in B × ]tin, tfin], are given by

µT = −µK Rγ (ph) = −
{1

3 tr Z−
1
3 tr H−

1
3 JK [aν +2bν]Rγ (ph)

}
Rγ (ph), (11a)

Yu−Z = −µT = µK Rγ (ph) =
{1

3 tr Z−
1
3 tr H−

1
3 JK [aν +2bν]Rγ (ph)

}
Rγ (ph). (11b)

Remark 1 (the chemo-mechanical coupling in the approach A1). Since in the
approach A1 the nutrients are considered, on physical grounds, in the definition
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of the phenomenological growth law Rγ (ph) and, consequently, in the equation
determining the spherical part of the rate K−1 K̇ , i.e., (8f), their evolution must be
studied together with the dynamics of χ and K . Therefore, the system (8a)–(8g)
has to be coupled with the initial and boundary value problem (4a)–(4d). Since this
coupling manifests itself already through Rγ (ph), it would remain also in the case
in which the constitutive laws of P and H as well as the expressions of Z and of
the coefficients aν , bν , and cν were taken to be independent of ω.

We finally notice that, recently, in theoretical mechanics there seems to be a
renewed interest for continuum mechanical systems subjected to constraints and
approached with the method of Lagrange multipliers, and some investigations on
this subject have been summarized by [Bersani et al. 2020; dell’Isola and Di Cosmo
2018].

3.2. The approach A2. In the sequel, we do not repeat the whole rationale at the
basis of the approach A2, since it has already been presented in [Grillo and Di
Stefano 2023a], and we simply report the initial and boundary value problem which
it leads to, i.e.,

Div P = 0, B×]tin, tfin], (12a)

χ = χb, ∂
χ

DB×]tin, tfin], (12b)

P N = τ , ∂
χ

NB×]tin, tfin], (12c)
1
3 JK aν tr(K−1 K̇ )IT

+2JK bν C sym[(K−1 K̇ )C−1
] = −H+Z, B×]tin, tfin], (12d)

2JK cν skew[(K−1 K̇ )C−1
] = 0, B×]tin, tfin], (12e)

K (X, tin) = K in(X), B. (12f)

A preliminary version of the IBVP in (12a)–(12f), but without the separation of
(12d) from (12e), and within a simplified framework, has been considered by [Licari
2021]. In fact, however, the presence of (12e) in our work constitutes a substantial
change in the model, since it descends from isotropy and from the expression
of Z, as discussed in [Grillo and Di Stefano 2023a; 2023b], rather than being
due to simplifying restrictions from the outset. Also, for the approach A2, the
left-hand-side of (12d) is obtained by working out the constitutive expression of
the dissipative part of the growth-conjugated, generalized internal force Y , which
reads (see [Grillo and Wittum 2010; Grillo et al. 2012; Licari 2021; Grillo and Di
Stefano 2023a])

Yd =
1
3 JKaν tr(K−1 K̇ )IT

+ 2JKbνC sym[(K−1 K̇ )C−1
] + 2JK cνC skew[(K−1 K̇ )C−1

]. (13)

Remark 2 (the chemo-mechanical coupling in the approach A2). In the approach A2
the growth law does not feature explicitly in the system (12a)–(12f) and, thus, the
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chemo-mechanical coupling must be introduced through Z and, when required,
through the coefficients aν , bν , and cν , and the constitutive expressions of P and H .
Yet, if these dependences are disregarded, the approach A2 addresses the limit case
of a “purely mechanical” growth, i.e., a growth that, in the jargon of [Epstein and
Maugin 2000], is ascribable to the evolution of “material inhomogeneities”, but
is independent of biological processes driven by nutrients (see also [Ambrosi and
Guana 2007; Ambrosi and Guillou 2007]).

In the sequel, we assume that the chemo-mechanical coupling occurs essentially
through Z, as specified in Section 3.3, and we consider separately a situation in
which also the coefficients aν , bν , and cν should be studied as functions of ω. Hence,
we need to couple (12a)–(12f) with the initial and boundary value problem for
ω reported in (4a)–(4d). It is worth noticing that, as explained in Remark 2 of
[Grillo and Di Stefano 2023a], the linearity of the left-hand-side of (12d) allows
us to compute the growth law a posteriori by simply taking the trace of (12d). In
particular, by expressing Z as reported below in (17a)–(17e) (see [Grillo and Di
Stefano 2023a]), we obtain

Rγ ≡ tr(K−1 K̇ ) =
−tr H

JK {aν + 2bν}
+

0

aν + 2bν

+
Qνℓ + 2Qνt

aν + 2bν

∥Grad ω∥C−1 . (14)

An expression for Rγ similar to the one reported in (14), but without the last term
and with 0 disregarding mass resorption, has been used in [Licari 2021]. Note also
that other biological contexts in which a chemo-mechanical coupling is considered
are the growth, the resorption and the remodeling of bone tissue (see, for example,
[Giorgio et al. 2019]). Finally, we remark that, for a pioneering work leading to a
growth law with the same rationale as (14), credit should be given to [Ambrosi and
Guana 2007].

Remark 3 (on the influence of the Eshelby stress tensor). In the limit case of
no appreciable mechanotransduction, which amounts to setting α = 0 in (6), the
influence of tr H on Rγ (ph) would be either null or only very indirect (for instance,
through the coupling of the evolution of the nutrients with the deformation and, thus,
with stress). However, even in such a situation, the influence of tr H would still be
effective in the approach A2, since 1

3(tr H)IT is the dual of K−1 K̇ that describes,
in general, the evolution of the mass of a body even when this is not necessarily
associated with the availability of nutrients (see also [Ambrosi and Guana 2007]).
In this respect, as anticipated by [Grillo and Di Stefano 2023a], this view recalls
the one suggested by [Epstein and Maugin 2000] when they speak of growth in
terms of evolution of “material inhomogeneities”.

3.3. Constitutive laws and generalized external force Z. We hypothesize that the
medium under study is hyperelastic, and we define the Helmholtz free energy
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density 9R per unit volume of the medium’s reference placement B as 9R =

9̂R ◦ (F, K ) = JK [9̂ν ◦ Fe] = JK 9ν , with Fe = F K−1, where 9ν := 9̂ν ◦ Fe is
the Helmholtz free energy density per unit volume of the medium’s natural state.
We take 9̂ν ◦ Fe ≡ Ŵν ◦ (I1e, I2e, I3e), where, following [Holmes and Mow 1990],

Ŵν ◦ (I1e, I2e, I3e) = α0
[
exp(α1[I1e − 3] +α2[I2e − 3] −α3 log I3e) − 1

]
, (15)

and I1e, I2e, and I3e are the three principal invariants of the elastic Cauchy–Green
deformation tensor Ce := Fe

T.Fe. Accordingly, the first Piola–Kirchhoff stress
tensor P and the Eshelby tensor H read

P̂ ◦ (F, K ) = 2JK [s1e + s2e I1e]g FBK − 2JK s2e g FBK CBK + 2JK s3e I3e g FC−1,

Ĥ ◦ (F, K ) = [9̂R ◦ (F, K )]IT
− FT

[ P̂ ◦ (F, K )],

where we used the notation

sie := ∂IieŴν ◦(I1e, I2e, I3e) for i = 1, 2, 3, and BK = K−1.K−T. (16)

The representation of the generalized external force Z has been recently discussed
in [Grillo and Di Stefano 2023a] and, thus, we report here just its final definition:

Ẑ◦(F, K , ω, Grad ω) :=
1
3 JK [0̂◦(F, K , ω)]IT

+ Q̂◦(F, K , ω, Grad ω), (17a)

0̂◦(F, K , ω) := κa[0̂a◦(F, K , ω)]+κr[0̂r◦ω], (17b)

0̂a◦(F, K , ω) := ⟨ha◦ω⟩+

[
1−

α ⟨℘̂◦(F, K )⟩+

σc+⟨℘̂◦(F, K )⟩+

]
, (17c)

0̂r◦ω := ⟨hr◦ω⟩+, (17d)

Q̂◦(F, K , ω, Grad ω) := JK Qνt∥Grad ω∥C−1 IT
+ JK Qνℓt

Grad ω⊗C−1 Grad ω

∥Grad ω∥C−1
, (17e)

with Qνℓt := Qνℓ − Qνt. Here, κa > 0, κr < 0, Qνℓ, and Qνt are assumed to be
constant and represent stress-like quantities. In particular, κa and κr are identified
through the relations κa = [aν + 2bν]ζa and κr = −[aν + 2bν]ζr (see [Grillo and
Di Stefano 2023a]). Note that the same expression of Z is employed for both
the approaches A1 and A2. Finally, we remark that, differently from (17e), the
counterpart of our tensor Q used by [Licari 2021] is constant and defined to be
deviatoric from the outset.

4. The approach A1 and the Cahn–Hilliard model

Recently, Grillo and Di Stefano [2023b] have reviewed Gurtin’s formulation of
the Cahn–Hilliard model for systems with variable mass [1996], and have put it
into the context of growth, in the particular case in which the growth tensor K
is assumed to be spherical. In such a situation, K can be written as K = JK

1/3 I ,
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so that the identification JK = det K holds true, and the variable JK acquires the
meaning of the order parameter of the considered theory of growth. Before going
further, we remark that, in the present work, we adopt a geometric picture in which
K is understood as a material tensor field, rather than as a two-point tensor field.
This permits the use of the material identity tensor I instead of the shifter operator
[Marsden and Hughes 1983]. In doing this, we refer to the theory of anelastic
processes proposed by [Ciancio et al. 2008]. To match the constitutive requirements
of the Cahn–Hilliard model, the theory of growth under study is formulated as “a
theory of grade one in” JK [Grillo and Di Stefano 2023b; 2023c]. In turn, this
requires us to redefine the Helmholtz free energy density of the medium, which we
take as

9̂R ◦ (F, JK , Grad JK ) = 9̂R0 ◦ (F, JK ) + ÛR ◦ JK +
1
2β ∥Grad JK ∥

2. (18)

Here, 9̂R0 ◦ (F, JK ) := JK [9̂ν0 ◦ (F, JK )] ≡ JK [Ŵν ◦ (I1e, I2e, I3e)] is the strain
energy density of the medium, with Ŵν ◦ (I1e, I2e, I3e) given in (15), while β > 0 is
a material parameter (see [Gurtin 1996]), and ÛR ◦ JK := JK [Ûν ◦ JK ] is an energy
density due to the interaction of JK with itself, which we hypothesize to be of the
type of a Lennard–Jones energy density, i.e.,

ÛR ◦ JK := JK [Ûν ◦ JK ] = 4UR0

[(
1
JK

)12

−

(
1
JK

)6]
, UR0 := α0υ, (19)

where UR0 defines the depth of the well of the energy density ÛR ◦ JK , and υ > 0 is
a nondimensional parameter introduced to modulate the magnitude of the elasticity
constant α0. Note that ÛR ◦ JK is “repulsive” until a global minimum is reached,
and is “attractive” otherwise. We remark that the use of energy densities of the
Lennard–Jones type is not new in the description of tumor growth and, indeed,
within the biphasic framework, potential energy densities of this kind were used
by [Ambrosi and Preziosi 2002; Byrne and Preziosi 2003; Agosti et al. 2018].
However, the functional forms of the energy densities adopted by these authors are
different from the one employed in our work, which, being formulated within a
monophasic framework, depends on JK .

The adaptation of [Gurtin 1996] to the growth problem investigated here yields
the equations (see [Grillo and Di Stefano 2023b, for details])

J̇K = −Div
[
MGrad

(
µK

JK

)]
+ JK Rγ (ph), (20a)

µK

JK
=

z
JK

− κν

J̇K

JK
− EJK 9R, (20b)

where M is the material mobility tensor of the medium, and, in general, it is a
second-order, symmetric, positive semidefinite, “contravariant” tensor field. In this
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work, M is assumed to be spherical, so that the definition M := M G−1 applies,
and M, which is the scalar mobility of the system, is assumed to be a strictly
positive scalar field, unless when it is taken to be null for comparison with the
case of no diffusion. Consequently, M turns out to be positive definite for M > 0.
Equations (20a) and (20b) generalize the approach A1 presented in Section 3.1 to a
theory of grade one in the anelastic variable, i.e., the growth tensor, here represented
by JK . In (20a) and (20b), µK is the Lagrange multiplier associated with the mass
balance (20a), suitably interpreted as a constraint; z is the scalar-valued generalized
external force power-conjugated to J−1

K J̇K (here it is taken as z =
1
3 tr Z, with Z given

in (17a)–(17e)); EJK 9R is the Euler-Lagrange operator, which, granted (18), reads

EJK 9R =
∂9̂R

∂ JK
◦ (F, JK , Grad JK ) − Div

[
∂9̂R

∂ Grad JK
◦ (F, JK , Grad JK )

]
= J−1

K [ĥ ◦ (F, JK )] − Div[β G−1 Grad JK ], (21)

where we have set

h := ĥ ◦ (F, JK ) ≡ JK

[
∂9̂R

∂ JK
◦ (F, JK , Grad JK )

]
= JK

[
∂9̂R0

∂ JK
◦ (F, JK ) +

∂ÛR

∂ JK
◦ JK

]
= JK

{
9̂ν0 ◦ (F, JK ) −

3∑
i=1

2i
3

[ŝie ◦ (F, JK )][ Îie ◦ (F, JK )] +
∂ÛR

∂ JK
◦ JK

}
(22)

to indicate the scalar Eshelby stress of the theory, generated by 9̂R0 ◦ (F, JK ) and
ÛR◦ JK (see also [Crevacore et al. 2019]). To obtain (22), we have set ŝie◦(F, JK )≡

sie =∂IieŴν ◦ (I1e, I2e, I3e), for i = 1, 2, 3, and we have written Iie as a function
of F and JK , for all i = 1, 2, 3, that is, Iie ≡ Îie ◦ (F, JK ) = J−2i/3

K Ii , with Ii being
the i-th principal invariant of C , so that we find ∂JK Îie ◦ (F, JK ) = −(2i/3)J−1

K Iie.
With all these premises, we can recast (20a) and (20b) in the form

−Div
[
MG−1 Grad

(
µK

JK

)]
= J̇K − JK Rγ (ph), (23a)

κν

J̇K

JK
− Div[β G−1 Grad JK ] =

z
JK

−
h

JK
−

µK

JK
, (23b)

so that (23a), which reformulates the mass balance law, i.e., the constraint of the
present theory, is a generalized Poisson equation for the Lagrange multiplier µK ,
whereas (23b), which is the dynamic equation, becomes a diffusion-reaction equa-
tion for JK . Clearly, differently from the approach A1 of grade zero in the growth
tensor, in which the gradient of K is not regarded as a constitutive variable of the
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model (see Section 3.1), boundary conditions for both µK and JK are required in
addition to the initial condition for JK . Here, we choose[

−MG−1 Grad
(

µK

JK

)]
N = 0 on ∂

µK /JK
N B, (24a)

[−βG−1 Grad JK ]N = 0 on ∂
JK
N B, (24b)

JK (X, tin) = JK in(X) in B, (24c)

where ∂
µK /JK
N B and ∂

JK
N B denote the portions of the boundary of B on which

Neumann conditions are imposed for µK /JK and JK , respectively. Note that, in the
case studied here, (24b) transforms (24a) into a Neumann condition for µK , so that
the boundary portion ∂

µK /JK
N B can be rewritten as ∂

µK
N B.

Equations (23a), (23b), and (24a)–(24c) must be studied together with the linear
momentum balance law (8a) and the boundary conditions (8b) and (8c), and with
the initial and boundary value problem (4a)–(4d) for the nutrients’ mass fraction. It
should be emphasized that (4a) must be solved in the form

JK ϱνω̇ − Div(JK ϱν D Grad ω) = −JK ϱνrnω − ϱν J̇K ω, (25)

because it is no longer true that J̇K equals JK Rγ (ph), since the mass balance law is
given by (23a). While (8d) and (8e) are disregarded by the present model, since
taking the growth tensor to be spherical rules out the deviatoric components of
the generalized forces dual to its variations, (23a) and (23b) replace (8f) and (10),
respectively, while the initial condition (24c) replaces the one supplied in (8g).

We remark that, in the approach A1 of grade zero in the growth tensor, i.e., the one
in which no spatial derivative of the growth tensor is accounted for (see Section 3.1),
the Lagrange multiplier µK can be computed either through (8f), i.e., the constraint,
by means of the Schur complement technique, or separately from the problem (8a)–
(8g), as we in fact do in Section 3.1. However, within the theory of grade one in JK
described in the present section, it is not possible to decouple the equation for µK
from the rest of the problem. In addition, it is more convenient to use the constraint,
written as (23a), as the “equation for µK ”, and (23b) as the “equation for JK ”.

5. A mixed approach

The rationale for developing a “mixed” approach is that the constitutive assumption
on Yd supplied in (13) is generally inconsistent with the growth law for Rγ obtained
in (14) when the latter one is required to be zero on phenomenological grounds, as
could be the case for ω = ωcr (see [Mascheroni et al. 2016; 2018]). Therefore, the
condition ω = ωcr imposes a change of paradigm, which amounts to prescribing
tr(K−1 K̇ ) through a constraint [Grillo et al. 2019b; Grillo and Di Stefano 2023b;
Grillo and Di Stefano 2023c]. This, in turn, means that the force conjugated with
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this generalized velocity, i.e., 1
3 tr(Yd), has to be constitutively indeterminate in this

case, whereas it is constitutively determinate for ω ̸= ωcr. Hence, in light of these
considerations, we write:

(1) If ω = ωcr, then set
Rγ ≡ Rγ (ph) = 0 (26)

and solve
(a) the IBVPs (8a)–(8g) and (4a)–(4d) for χ , K , and ω;
(b) (10) for µK .

(2) If ω ̸= ωcr, then solve the IBVPs (12a)–(12f) and (4a)–(4d) for χ , K , and ω,
with aν ≡ âν ◦ ω defined as a function of the nutrients’ mass fraction.

In particular, for the case under study, upon introducing the auxiliary function

h ◦ ω := ⟨ha ◦ ω⟩+ + ⟨hr ◦ ω⟩+ such that h ◦ ωcr = 0, (27)

the generalized viscosity âν ◦ ω, for ω ̸= ωcr, is prescribed to be

âν ◦ ω :=
aν

h ◦ ω
=


aν

ha◦ω
if ω > ωcr,

aν

hr◦ω
if ω < ωcr,

(28)

with constant aν > 0, so that it diverges positively in the limit ω → ωcr, while it is
undefined for ω = ωcr. Note that, for ω ̸= ωcr, and with this definition of aν ≡ âν ◦ω,
the growth law predicted by (14) becomes

Rγ ≡ tr(K−1 K̇ )

=
−tr[Ĥ ◦ (F, K )]

JK {[âν ◦ ω] + 2bν}
+

tr[Ẑ ◦ (F, K , ω, Grad ω)]

JK {[âν ◦ ω] + 2bν}

=
−[h ◦ ω] tr[Ĥ ◦ (F, K )]

JK {aν + 2bν[h ◦ ω]}
+

[h ◦ ω] tr[Ẑ ◦ (F, K , ω, Grad ω)]

JK {aν + 2bν[h ◦ ω]}
, (29)

and it can be prolongated to zero for ω → ωcr, thereby reobtaining the approach A1.

6. Benchmark test and numerical results

We assume the initial placement and the current placement at time t ∈ [tin, tfin] of the
medium have shapes B = S×]−L in/2, L in/2[ and Bt = S×]−L(t)/2, L(t)/2[, re-
spectively. Here, S is the time-independent, circular cross section of the cylinder rep-
resenting the breast duct, with radius Rin, while L in and L(t) are the tumor’s initial
and current lengths. The initial placement of the medium is taken coincident with its
reference placement, and the latter is hypothesized to be in the natural state both for
the approach A1 (but not for the Cahn–Hilliard model) and for the approach A2. By
endowing B and Bt with two systems of cylindrical coordinates, we can write, with a
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parameter unit value equation reference
ζa [1/s] 1.343 · 10−6 (6) [Chaplain et al. 2006]
ζr [1/s] 1.150 · 10−8 (6) [Chaplain et al. 2006]
ωcr [−] 1.000 · 10−3 (7) [Di Stefano et al. 2018]
ωenv [−] 7.000 · 10−3 (7) [Di Stefano et al. 2018]
rn [1/s] 3.000 · 10−7 (1) and (2) [Casciari et al. 1992]
α [−] 7.138 · 10−1 (6) [Mascheroni et al. 2016]
σc [Pa] 1.541 · 103 (6) [Mascheroni et al. 2016]
α0 [Pa] 5.300 · 104 (15) [Mascheroni et al. 2018]
α1 [−] 5.090 · 10−1 (15) [Mascheroni et al. 2018]
α2 [−] 2.450 · 10−1 (15) [Mascheroni et al. 2018]
α3 [−] 1 (15) [Mascheroni et al. 2018]
d0R [m2/s] 3.200 · 10−9 – [Holmes and Mow 1990]
Qνt [N/m] 0.500 · 10−3 (17e) –
Qνℓ [N/m] 1.000 · 10−3 (17e) –
aν [Pa s] 2.000 · 108 – –
bν [Pa s] 1.000 · 108 – –
M [m2/Pa s] 2.000 · 108 (23a) –
β [N] α0L2

in (23b) –

Table 1. Parameters used in the numerical simulations. We set
L in = 1.000 cm, ϱν = 1000 kg/m3, κν = aν + 2bν , υ = 10 and
ϵ = 0.008. The last six parameters are introduced in the present
work. We recall that ka and kr are obtained by ka = [aν + 2bν]ζa

and kr = −[aν + 2bν]ζr.

slight abuse of notation, X = (R, 2,4) and x = (r, θ, ξ) for the coordinate represen-
tations of the generic points X ∈B and x ∈Bt in terms of radial, circumferential, and
axial coordinates, respectively. The particularly simple geometry and the symmetries
assumed in the sequel lend themselves well to benchmarking, and, indeed, they have
been used by many authors for this purpose. Here, we are taking inspiration from
[Ambrosi and Mollica 2002], in which this setting was originally formulated for
a very fundamental growth problem, and we are modifying some previous studies
available in the literature [Di Stefano et al. 2018; Grillo et al. 2019b; Licari 2021].

In light of the above discussion, we suppose that all the dependent physical
variables of interest depend exclusively on the axial coordinate and time. Hence,
the motion of the system and the nutrients’ mass fraction can be recast in the form

χ(R, 2,4, t) = (R, 2,4 + ū(4, t)), (30a)

ω(R, 2,4, t) ≡ ω̄(4, t), (30b)
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where ū describes the field of axial displacement of the tumor, and F(R, 2,4, t) ≡

F̄(4, t) and Grad ω(R, 2,4, t) are represented by

[F̄(4, t)] = diag{1, 1, 1 + ū,4(4, t)}, ū,4(4, t) ≡ ∂4ū(4, t), (31a)

[Grad ω(R, 2,4, t)] =
[
0 0 ω̄,4(4, t)

]
. (31b)

In addition, K (R, 2,4, t)≡ K̄ (4, t), P(R, 2,4, t)≡ P̄(4, t), H(R, 2,4, t)≡

H̄(4, t), and Z(R, 2,4, t) ≡ Z̄(4, t) have all diagonal matrix representation, i.e.,

[K̄ (4, t)] = diag{K̄ R
R(4, t), K̄ 2

2(4, t), K̄ 4
4(4, t)}, (32a)

[ P̄(4, t)] = diag{P̄r
R(4, t), P̄θ

2(4, t), P̄ξ
4(4, t)}, (32b)

[H̄(4, t)] = diag{H̄R
R(4, t), H̄2

2(4, t), H̄4
4(4, t)}, (32c)

[Z̄(4, t)] = diag{Z̄ R
R(4, t), Z̄2

2(4, t), Z̄4
4(4, t)}. (32d)

We remark that, differently from what has been done by [Ambrosi and Mollica
2002; Di Stefano et al. 2018; Grillo et al. 2019b; Ramírez-Torres et al. 2021], K
is not assumed to be spherical, although it is diagonal (see also [Licari 2021], in
which, however, the evolution of the nutrients is not solved, a different definition
of Z is presumed, and the approach A1 is not investigated). In this respect, we
recall that, as anticipated above, in this work we consider K as a mixed, rather than
two-point, material tensor field. Finally, we introduce the notation

JK (R, 2,4, t) ≡ ȷ̄K (4, t), (33a)
tr{[K−1(R, 2,4, t)] [K̇ (R, 2,4, t)]} ≡ 3̄vol(4, t), (33b)

Rγ (ph)(R, 2,4, t) ≡ R̄γ (ph)(4, t), (33c)
µK (R, 2,4, t) ≡ µ̄K (4, t). (33d)

With respect to the chosen benchmark test, the unknowns of the problem are

ū, K̄ R
R, K̄ 2

2, K̄ 4
4, µ̄K , µ̄T, Ȳu − Z̄, ω̄ for the approach A1, (34a)

ū, K̄ R
R, K̄ 2

2, K̄ 4
4, ω̄ for the approach A2, (34b)

ū, ȷ̄K , µ̄K , ω̄ for the Cahn–Hilliard model, (34c)

where µ̄T(4, t) ≡ µT(R, 2,4, t), Ȳu(4, t) ≡ Yu(R, 2,4, t), and Z̄(4, t) ≡

Z(R, 2,4, t). From here on, we make the further assumption that the coefficients
aν , bν , and cν , which, in general, may depend on the nutrients’ mass fraction, are
replaced with the constants aν , bν , and cν (see Table 1). Note that, in this work,
Ȳu − Z̄ is regarded as one unknown.

6.1. Summary of the model equations. In this section, we summarize the IBVPs
for all the approaches considered in this work.
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Approach A1. In this approach, we consider

P̄ξ
4

,4 = 0, (35a)

˙̄K R
R

K̄ R
R

+

˙̄K 2
2

K̄ 2
2

+

˙̄K 4
4

K̄ 4
4

= R̄γ (ph), (35b)

2ȷ̄K bν

[
2
3

˙̄K 2
2

K̄ 2
2

−

( ˙̄K R
R

K̄ R
R

+

˙̄K 4
4

K̄ 4
4

)]
= [−dev H̄ + dev Z̄]2

2, (35c)

2ȷ̄K bν

[
2
3

˙̄K 4
4

K̄ 4
4

−

( ˙̄K R
R

K̄ R
R

+

˙̄K 2
2

K̄ 2
2

)]
= [−dev H̄ + dev Z̄]4

4, (35d)

ȷ̄K ˙̄ω − (ȷ̄K D̄44 ω̄,4),4 = −ȷ̄K rnω̄ − ȷ̄K ω̄ R̄γ (ph), (35e)

with D̄44(4, t) ≡ D44(R, 2,4, t). We compute µ̄K , µ̄T, and Ȳu − Z̄ as

µ̄K =
1
3 [Z̄ R

R
+ Z̄2

2
+ Z̄4

4
]

−
1
3 [H̄R

R
+ H̄2

2
+ H̄4

4
] −

1
3 ȷ̄K [aν + 2bν]R̄γ (ph), (36a)

µ̄T = −µ̄K R̄γ (ph), (36b)

Ȳu − Z̄ = −µ̄T, (36c)

decoupled from (35a)–(35e).
For the Cahn–Hilliard model, we have

P̄ξ
4

,4 = 0, (37a)

−

[
M

(
µ̄K

ȷ̄K

)
,4

]
,4 = ˙̄ȷK − ȷ̄K R̄γ (ph), (37b)

κν
˙̄ȷK

ȷ̄K
− [βȷ̄K ,4 ],4 =

z̄ − h̄− µ̄K

ȷ̄K
, (37c)

ȷ̄K ˙̄ω − (ȷ̄K D̄44 ω̄,4),4 = −ȷ̄K rnω̄ − ˙̄ȷK ω̄, (37d)

with z̄(4, t) = z(R, 2,4, t) and h̄(4, t) = h(R, 2,4, t). The “standard” model is
obtained by setting M= 0, β = 0 and υ = 0 (see (37b), (37c) and (19), respectively).

Approach A2. In this approach, we consider

P̄ξ
4

,4 = 0, (38a)

ȷ̄K

[(
aν

3
+ 2bν

) ˙̄K R
R

K̄ R
R

+
aν

3

( ˙̄K 2
2

K̄ 2
2

+

˙̄K 4
4

K̄ 4
4

)]
= −H̄R

R
+ Z̄ R

R, (38b)

ȷ̄K

[(
aν

3
+ 2bν

) ˙̄K 2
2

K̄ 2
2

+
aν

3

( ˙̄K R
R

K̄ R
R

+

˙̄K 4
4

K̄ 4
4

)]
= −H̄2

2
+ Z̄2

2, (38c)
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ȷ̄K

[(
aν

3
+ 2bν

) ˙̄K 4
4

K̄ 4
4

+
aν

3

( ˙̄K R
R

K̄ R
R

+

˙̄K 2
2

K̄ 2
2

)]
= −H̄4

4
+ Z̄4

4, (38d)

ȷ̄K ˙̄ω − (ȷ̄K D̄44 ω̄,4),4 = −ȷ̄K rnω̄ − ȷ̄K ω̄ 3̄vol. (38e)

Boundary conditions (BCs) and initial conditions (ICs). For all the designed ap-
proaches, we supply the boundary and initial conditions

P̄ξ
4 N̄4 = 0 for 4 = −

1
2 L in, 4 =

1
2 L in, and t ∈ ]tin, tfin], (39a)

ω̄ = ωenv for 4 = −
1
2 L in, 4 =

1
2 L in, and t ∈ ]tin, tfin], (39b)

ω̄ = ωenv for 4 ∈
]
−

1
2 L in,

1
2 L in

[
and t = tin, (39c)

K̄ R
R = K̄ 2

2 = K̄ 4
4 = 1 for 4 ∈

]
−

1
2 L in,

1
2 L in

[
and t = tin. (39d)

In the Cahn–Hilliard model, together with (39a), (39b) and (39c), we supply the
boundary and initial conditions

−M

(
µ̄K

ȷ̄K

)
,4

N̄4 = 0 for 4 = −
1
2 L in, 4 =

1
2 L in, and t ∈ ]tin, tfin], (40a)

−βȷ̄K ,4 N̄4 = 0 for 4 = −
1
2 L in, 4 =

1
2 L in, and t ∈ ]tin, tfin], (40b)

ȷ̄K in(4) =

0.1 tanh
(
−

4+L in/4
ϵL in

)
+ 1.10, 4 ∈

[
−

1
2 L in, 0

]
,

0.1 tanh
(

4−L in/4
ϵL in

)
+ 1.10, 4 ∈

]
0, 1

2 L in
]
,

(40c)

where ϵ is a dimensionless parameter. Finally, to prevent rigid body motions, we set
ū(0, t)= 0, for all t ∈ [tin, tfin], in accordance with the symmetry of the problem. We
also mention that (8e) and (12e) are automatically satisfied since K is diagonal for
the simulations performed.

6.2. Numerical simulations. The numerical solution of (35a)–(35e) for the ap-
proach A1, and of (38a)–(38e) for the approach A2, together with the BCs and
ICs (39a)–(39d), is carried out by means of the commercial software Comsol
Multiphysics™ v. 5.3a [COMSOL 2016]. In the following, we do not show the
simulations of the mixed approach because, for the considered benchmark problem
and material parameters, the condition ω ̸= ωcr is always true, so that the mixed
approach and the approach A1 coincide.

Figure 1(a) presents the trend of the axial displacement field ū. For all the
considered cases, our results are qualitatively coherent with those obtained by
[Di Stefano et al. 2018; Grillo et al. 2019b; Licari 2021], in spite of the different
scenarios studied in each of these cases. For the approach A1, the magnitude
of ū becomes appreciably higher, as time goes by, than the one computed with
the approach A2. This is consistent with the fact that, as visible in Figure 1(b),
the axial component of the growth tensor K̄ 4

4 is greater when it is computed by
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Figure 1. Spatial distribution, at three different times, of ū
(panel (a)), of K̄ 4

4 and K̄ R
R = K̄ 2

2 (panels (b) and (c)), and of
ω̄ (panel (d)). The considered parameters are given in Table 1.

following the approach A1 rather than A2. This is true also for the radial and
the circumferential components of the growth tensor, K̄ R

R and K̄ 2
2, as reported

in Figure 1(c). One fundamental aspect, highlighted by Figures 1(b) and (c), is
that K̄ 4

4 is greater than K̄ R
R = K̄ 2

2. This implies that the growth tensor K
loses the spherical symmetry prescribed by the initial conditions, thereby quite
naturally describing a transition towards anisotropic growth (in fact, transversely
isotropic growth) and anisotropic mass distribution within the tissue. We also notice
that K̄ R

R = K̄ 2
2 and K̄ 4

4 are almost uniformly distributed in the computational
domain (see Figure 1(b) and (c)). Such a trend is due to the fact that the effect of Q
is rather weak in these simulations, because ω̄ is almost uniform in 4, as reported
in Figure 1(d). These results are novel with respect to those reported by Licari
[2021], who, in lieu of Q, used a constant and purely deviatoric tensor that, being
independent of the nutrients’ mass fraction, did not resolve the direct influence of
the nutrients on the differences between the axial and the transversal components
of the growth tensor.

In Figure 2, we plot the source of mass R̄γ , both for A1 and for A2, and we ob-
serve significant quantitative discrepancies in the trends of this quantity. This is due
to the very nature of the two considered approaches, since, in A1, R̄γ = R̄γ (ph) is pre-
scribed a priori, while, in A2, R̄γ is computed a posteriori, which means that we can-
not have control on what it will be. Again, the approach A2 predicts trends that con-
firm qualitatively and generalize the preliminary results reported by [Licari 2021].
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Figure 2. Spatial distribution, at three different times, of 3̄vol, for
both the approach A1 (panel (a)) and the approach A2 (panel (b)).
The considered parameters are given in Table 1.

In Figure 3, we plot the Lagrange multipliers of the approach A1, obtained once
the motion and the growth tensor are computed. We notice that µ̄K tends to become
less uniform for increasing time, and acquires its minimum (maximum of its absolute
value) close to the specimen’s boundary, which is where R̄γ (ph) takes on its highest
value. Finally, the trends of µ̄T follow the result µ̄T =−µ̄K R̄γ (ph) and, in particular,
have sign opposite to µ̄K since, in our numerical experiments, R̄γ (ph) is always
positive. Clearly, since Ȳu − Z̄ = −µ̄T, the trends of Ȳu − Z̄ are specular to those
of µ̄T. They are nonzero and do not change their sign, since the growth law is always
positive. In this respect, R̄γ (ph) dictates, in this simulation, the magnitude of this
Lagrange multiplier in the approach A1. Indeed, if R̄γ (ph) were zero, the constraint
3̄vol = R̄γ (ph) ≡ 0 would become time-independent and holonomic, and the force
balance (Ȳu−Z̄)+µ̄T=0 would be trivially satisfied, with each summand being null.

We now turn to the solution of the generalized Cahn–Hilliard model presented
in Sections 4 and 6.1, for the case of an initial distribution of ȷ̄K that, for symmetry
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Figure 3. Spatial distribution, at three different times, of µ̄K
(panel (a)) and of µ̄T and Ȳu − Z̄ (panel (b)), computed within the
approach A1. The considered parameters are given in Table 1.
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Figure 4. Spatial distribution, at three different times, of ȷ̄K and
µ̄K for the Cahn–Hilliard model, normalized with respect to µ̄K0 =

1 Pa. The considered parameters are given in Table 1.

reasons, is given the shape of a kink-antikink. This choice of the initial condition is
done to introduce a sufficient (initially localized) inhomogeneity in the model. As
shown in Figure 4(a), the diffusion described by the Cahn–Hilliard model spreads
the initial inhomogeneity of ȷ̄K , and yields curves that, compared to those obtained
with the standard model, tend to become constant with increasing time. While
the results predicted by the standard model seem to be translated upwards with
increasing difference in absolute value between the values of ȷ̄K at 4 = 0 and
4 = L in/2, this behavior cannot be observed with the Cahn–Hilliard model. Indeed,
although the upward translation of the curves is still present, the tendency of the
curves to become constant induces a reduction of the absolute value of the difference
of the values of ȷ̄K attained at 4 = 0 and 4 = L in/2. Whereas the global trend
of moving the ȷ̄K curves upwards might be a consequence of growth, i.e., of the
positive sign of R̄γ (ph), the spreading of the initial inhomogeneity is a consequence
of the Cahn–Hilliard model. A final remark concerns the Lagrange multiplier
µ̄K , which is plotted in semilogarithmic scale and normalized with respect to µ̄K0

in Figure 4(b). Also in this case, the curves of log(|µ̄K |/|µ̄K0|) exhibit a global
translation upwards since, for increasing growth, the magnitude of the Lagrange
multiplier must increase. Both for the standard and the Cahn–Hilliard model, the
curves spread the initial inhomogeneity. However, as expected, the spreading is
much more pronounced for the Cahn–Hilliard model, which predicts also higher
values of log(|µ̄K |/|µ̄K0|).

7. Conclusions

As predicted in Section 7 of [Grillo and Di Stefano 2023a], and as confirmed by the
numerical results presented here, the crucial difference between the approaches A1
and A2 stems from the role of the Eshelby stress tensor. In fact, within the ap-
proach A2, the growth of the tumor does not directly descend from the availability
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of nutrients, while it is remarkably affected by the Eshelby stress tensor, by the
external force Z (which, however, is determined by the nutrients’ mass fraction
and its gradient), and by their combination. In this respect, tr H contributes to the
determination of Rγ both directly, through −tr H in (14) (see also [Ambrosi and
Guana 2007]), and indirectly, through

℘̂ ◦ (F, K ) = −
1
3 tr σ = −J−19R +

1
3 J−1 tr H, (41)

which features in 0̂a ◦ (F, K , ω), as defined in (17c). On the other hand, within the
approach A1, the nutrients define the growth law Rγ (ph), while tr H is limited to
modulate the phenomenological expression of Rγ (ph) through ℘̂ ◦(F, K ). Thus, the
leading role is given to the nutrients’ mass fraction, which can activate either the
accretion of mass or its resorption. Coherently with the explanation given above,
the difference in the role played by tr H in the approaches A1 and A2 appears
manifest through significant quantitative discrepancies in the trend of the source
and sink of mass. This is due to the way in which the two approaches are conceived,
as anticipated in Section 3. Indeed, in the approach A2, the source and sink of
mass is computed through the identification R̄γ := 3̄vol, and a posteriori, i.e., once
K̄ R

R , K̄ 2
2, and K̄ 4

4 are determined by solving (38a)–(38e), and 3̄vol is given by
calculating the trace [Ambrosi and Guana 2007; Grillo et al. 2019a]

3̄vol =

˙̄K R
R

K̄ R
R

+

˙̄K 2
2

K̄ 2
2

+

˙̄K 4
4

K̄ 4
4

. (42)

Hence, as predicted by (14) and (38b)–(38d), each component of the Eshelby stress
tensor contributes to determine the components of the growth tensor and, thus, 3̄vol

(see also [Licari 2021]). In the approach A1, instead, the source and sink of mass
is prescribed phenomenologically a priori as Rγ ≡ Rγ (ph), and 3̄vol is determined
accordingly, as prescribed by (35b), which becomes a constraint [Grillo et al. 2019b;
Grillo and Di Stefano 2023b; 2023c]. Consequently, the role of tr H is the one that
the modeler deems appropriate for Rγ (ph).

Another fundamental aspect is that K̄ 4
4 is greater than K̄ R

R = K̄ 2
2, thereby

meaning that the present model is not limited to describe isotropic growth, only.
In fact, in our approaches, both the growth-conjugated external force, Z, and the
Eshelby stress tensor, H , supply preferred directions along which K evolves, the
medium grows and the mass within it is distributed (see also [Ambrosi and Guana
2007; Licari 2021]).

The last part of this work has been dedicated to the study of the approach A1
formulated in the case of a growth tensor that is “assumed to be spherical from the
outset” [Grillo and Di Stefano 2023b]. This has been done for two main reasons.
First, we wanted to show how such a situation, presented in some pioneering papers
on tumor growth (see, e.g., [Ambrosi and Preziosi 2002]), can be recovered by
formulating growth as a constrained mechanical problem [Grillo et al. 2019b; Grillo
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and Di Stefano 2023b; 2023c]. In particular, we did it when we compared in Figure 4
the results of the Cahn–Hilliard model with those of the “standard” one, obtained for
M = 0, β = 0, and υ = 0. Second, our purpose was to include mass diffusion and
to interpret it in light of the results presented by [Gurtin 1996] as the movement of

“defects”, or “inhomogeneities” [Epstein and Maugin 2000; Epstein 2005], relative to
the motion of the tumor. In our opinion, Gurtin’s formulation of the Cahn–Hilliard
model, suitably adapted to our problem as shown by [Grillo and Di Stefano 2023b],
offers a rather natural theoretical background for accomplishing this task. On top
of that, however, we emphasize that the formulation of growth in terms of Gurtin’s
view of the Cahn–Hilliard model is, from our perspective, paradigmatic. This is
because the hypothesis of spherical growth tensor, which implies K to possess only
one degree of freedom (described, in fact, by JK ), clarifies completely the need for a
constrained approach, if the mass source and sink has to be regarded as known from
the outset. Indeed, the form of (23a) and (23b) strongly suggests to use the mass
balance law (23a), i.e., the constraint, to determine the Lagrange multiplier µK ,
and the dynamic equation (23b) for computing JK . This way of proceeding, in turn,
allows to weigh the “cost” of the imposed constraint through the evaluation of µK .
In passing, we notice that our solution of the Cahn–Hilliard IBVP has been obtained
by direct numerical simulations. However, we are aware of publications dedicated
to the mathematical analysis connected with problems of this type, including strain
gradient elasticity (see, for example, [Eremeyev and dell’Isola 2022]).

Note that the perspective just depicted remains valid also in the limit case of
vanishing M and β. In this situation, one may still use (23a) for determining µK
through the Schur complement technique, and (23b) for determining JK . However,
also another path is possible: one may compute JK directly from (23a), which in
many papers is regarded as a mere closure condition (see, for example, [Ambrosi
and Mollica 2002; Mascheroni et al. 2016; 2018; Giverso and Preziosi 2019]),
so that (23b) seems unnecessary. Still, this is not the case, because the Lagrange
multiplier provides an estimate of the reaction to the imposed constraint.
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