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Abstract: The constructal law is used to improve the analysis of the resonant heat transfer in cancer
cells. The result highlights the fundamental role of the volume/area ratio and its role in cancer
growth and invasion. Cancer cells seek to increase their surface area to facilitate heat dissipation; as
such, the tumour expansion ratio declines as malignant cells start to migrate and the cancer expands
locally and systemically. Consequently, we deduce that effective anticancer therapy should be based
on the control of some ion transport phenomena in an effort to increase the volume/area ratio. This
emphasises restricting the local and systemic spatial expansion of the tumour system and thus gives
further credence to the superior role of novel anti-migratory and anti-invasive treatment strategies
over conventional anti-proliferative options only.

Keywords: biophysics; constructal law; irreversibility; cancer; volume/area ratio in cell systems

1. Introduction

The constructal law was proposed in 1996 [1] by stating that [2] any real system’s
configuration evolves by following the thermodynamic pathway that increases the access
to flows responsible for the evolution itself. This statement summarises a universal law
of physics [3] that expresses the evolutionary designs of flow architectures [4] both in
nature and human-made systems. This law represents a unified approach to animate and
inanimate systems under a thermodynamic improvement of optimisation engineering and
the physical analysis of complex systems [5].

In a thermodynamic approach to biological cells, they behave as thermodynamic
engines that convert the inflow heat into work [6] by using the following different cellular
metabolic pathways [7]:

• The Krebs cycle, characteristic of normal cells, which is based on the oxidation of
acetyl-CoA, and derived from carbohydrates, lipids, and proteins;

• The Warburg cycle, found in cancer cells, which is based on fermentation over the
aerobic respiratory pathway.

Consequently, any cell dissipates heat into its environment [6,8,9]. Different metabolic
processes have varying thermodynamic efficiencies [10]; as such, via the usual behaviour
of open systems, the aforementioned metabolically different cycles should outflow two
distinct heat fluxes through the cell membrane.

We have extended this approach to cell systems by considering the heat transfer phe-
nomenon from a cell to its environment. Thus, fluxes are fundamental physical quantities,
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and the constructal law focuses on the geometrical characteristics of cancer cells. Following
Zivieri et al. [11], the results of a study of the entropy variation due to heat fluxes are
fundamental in the analysis of biochemical reactions in living cells [12,13].

In oncology, Larry Norton and Richard Simon introduced the fundamental Norton–
Simon hypothesis, which can be expressed as follows: “Therapy results in a rate of regres-
sion in tumour volume that is proportional to the rate of growth that would be expected
for an unperturbed tumour of that size” [14–16]. This statement suggests that tumour size
has a fundamental role in cancer cells’ behaviour. Moreover, this hypothesis was recently
improved using the constructal law approach, obtaining the role played by temperature,
cell number density, and electrochemical affinity [17].

Still, ‘volume’ remains the interesting property of this clinical evidence.
In 1825, Benjamin Gompertz showed that cell growth (normal or cancerous) follows

a characteristic curve [18]. In the early part of the Gompertz curve, cell numbers rapidly
increase and mitosis seems to outweigh apoptosis, while close to the plateau phase, they are
balanced. An open question remains regarding the cause of the curve’s shape behaviour and
whether it is due to a reduction in mitosis or an increase in apoptosis, or other biophysical
or biochemical processes that occur [19].

Norton proposed an intriguing explanation based on the geometry of a tumour [16]. In
oncology, geometry is a mathematical tool to quantify the dimensions of biological systems,
which are shown to be fractals [20]. This analysis is focused on the cell mass to volume
ratio [16].

However, in 1931, Warburg showed that normal and cancer cells present different
metabolic pathways [21–24]. Concerning the previous consideration that cells must get rid
of heat, and that this heat flux is related to cell efficiency, we highlight that the fundamental
geometrical characteristic of heat transfer is the area of the cell’s external surface. Thus, the
constructal law can play a fundamental role in this analysis.

This paper will present an analysis of the geometrical characteristics of cancer starting
from some previous results [25,26] with regards to the role of heat transfer in cancer, also
considering possible anticancer therapeutic strategies.

2. Materials and Methods

Warburg highlighted the role of energy conversion in biosystems [21]: cells are able
to convert external metabolites into living processes, while heat outflow dissipates into
the cell environment [6,8]. A thermodynamic approach to cell metabolism is therefore
based on the inflow of metabolites that are converted into thermodynamic useful work and
wasted heat.

A thermo-kinetic lumped model has been used to model this heat transfer [25]. As
heat flow is transferred by convection between the cell’s membrane and the fluids around
it, then [27]:

Q̇ = ρcellVccell
dTcell

dt
= αA∆T (1)

where Q̇ represents the heat power transferred by convection, ρcell is the cell mass density,
V stands for the cell’s volume, ccell is its specific heat, Tcell stands for the cell temperature, α
denotes the coefficient of convection, A stands for the surface area of the cell, which varies
during the phases of the development of the cell itself, and ∆T = Tcell − Tenv depicts the
temperature difference between the cell’s temperature and that of the environment. Thus,
the lumped model has a characteristic time that can be defined [25] as:

τ =
ρ c
α

V
A

(2)

where ρ stands for the density of the cell, c is its specific heat, α is the convective coefficient,
V is the cell volume, and A denotes its surface area. Of course, a cell is not able to change
ρ, c, or α quickly. However, a cell can relatively abruptly change the V/A ratio. The
characteristic time constant τ represents a measure of the response of a thermal system to a
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thermal interaction; in particular, in the case of cells, it is related to the ability of a cell to
export heat. Thus, if we introduce the basis of the constructal law, i.e., maximum heat flux,
it follows that:

Q̇ = α A ∆T = α A ∆T0 e−t/τ (3)

The thermal transient process ends after around t = 3τ, when the value of the final
temperature difference is considered around 5% of the initial value [28]. Thus, the hypothe-
sis is that heat is at a maximum in relation to the cell surface area A and the characteristic
time τ at the end of the transient interval (t = 3τ):

δQ̇ ≥ 0⇒ e−t/τ dA + A e−t/τ t
dτ

τ2 ≥ 0 (4)

Considering:

dτ =
ρc
α

(
1
A

dV −V
dA
A2

)
(5)

we can obtain:

dA
A
≤ 3

2
dV
V
⇒ ln

(
1 +

∆A
A

)
≤ ln

(
1 +

∆V
V

)3/2

⇒ ∆A
A

.
3
2

∆V
V

(6)

where ∆A and ∆V represent the variation in the surface area and in the volume, respectively.

3. Results

The resulting Equation (6) can be interpreted as follows: for normal, non-cancerous
cells, in support of single-cell growth, the relative variation in its surface area must be lower
than 1.5 times the relative variation in its volume, otherwise growth is impeded.

This result agrees with the measurements of the surface-area-to-volume ratio deter-
mined in an analysis of the cellular viscoelasticity of red blood cells, which was experimen-
tally determined as 1.50± 0.12 [29].

Moreover, the relationship between morphology and phenotype has been recently
investigated, showing that changes in cell shape precede and trigger some modifications in
gene expression and enzymatic function, but also in the tumour metabolome. In particular,
MCF-7 and MDA-MB-231 breast cancer cells were analysed, showing that relevant transi-
tions of the tumour metabolome follow the reorganisation of the cell membrane architecture
induced by environmental cues [30], suggesting cells undergo a phenotypic reversion [31].

An example is reported in ref. [16] of mouse breast ductal tree normal and cancer
cells. Norton highlighted that normal cells present a fractal dimension of 2.5, while cancer
cells have a fractal dimension of 2.1 [16]. However, when the cancer is spatially aggressive,
Norton has shown that the fractal dimension in infiltrating ductal adenocarcinoma is
greater than that in normal breast tissue, so an adenocarcinoma might have a high fractal
dimension of say 2.98 (>1.5). This is very dense compared to the dimension of 2.25 of
normal breast tissue [16]. These results also confirm the change in behaviour of tumours
before they transform and become more malignant [32].

4. Discussion and Conclusions

The dynamic equilibrium between cell proliferation and cell death, tissue morpho-
genesis, and differentiation is the control process of normal cell behaviour [33]. When
this balance is lost, transformation may occur and cancer can evolve—a combined effect
of dysregulated morphogenesis and uncontrolled proliferation [33]. The mechanisms
that generate cancerous growth may be genetic or epigenetic but may also result from
changes in the cell’s environment and tissue organisation. Many processes are related to
the nano-mechanical properties of the cell membrane and its structure [34].

In this context, cell surface modifications may confer therapeutic potential. New
drug carriers can be designed more efficiently for drug delivery barriers at every level of
drug distribution, including systemic, tissue, and cellular levels [35]. Indeed, in cells, all
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biological processes convert different forms of molecular energy into mechanical work,
which often affects conformational changes and displacements [35].

The analysis of ion fluxes in cancer highlighted [36–38] the regulatory role of ion chan-
nels and transporters and its consequences on cell cycle phases of neoplastic progression,
resistance to apoptosis, and tumour cell invasion [39].

Cancer cells can store less chemical energy than normal cells due to their lower
efficiency to metabolise energy [10]; over the same time interval, a cancer cell needs to export
more of this unused energy in the form of heat towards the cell’s environment. It follows
that cancer cells need to increase their external surface to optimise the convective thermal
fluxes. As a biomechanical consequence, on the single-cell level, such a surface extension is
reflected in cell elongation, which in turn could trigger the onset of cell motility [32]. On a
multicellular scale, such tumour invasion should damage the adjacent tissue architecture
and thus reduce mechanical confinement, which, conceptually, facilitates further volumetric
on-site growth and fuels a vicious cycle. We stress that related biochemical phenomena
occur; indeed, Na+, K+, and Cl− ion fluxes determine membrane voltage regulation, while
Ca2+ and Mg2+ ion fluxes control protein folding and Zn2+ controls HCO3− formation
[54]. Each ion induces different heat effects, but all of them generate heat loss. All these
processes occur simultaneously during cancer growth and metastasis, and cancer growth is
a result of cell’s energy management and of heat and mass transport through the cancer
cell’s membrane. Thus, cancer cells must strive to decrease their “volume/area ratio”. This
would explain the transition to the aforementioned migratory phenotype on the single-cell
level as well as angiogenesis on the multicellular tumour level, where the sprouting of
vessels towards the tumour expands the exchange surface as much as it further reduces
confinement and provides routes for cancer cell dissemination and eventually metastasis.
This can be understood as a systemic tumour area optimisation [32] constrained by the
‘host’ organ’s specific carrying capacity [32]. Intriguingly, highly metastatic kidney cancer
cells have been shown to exhibit increased cytoskeletal dynamic and deformation, which
are related to processes of vascular invasion [40].

Consequently, novel concepts for anticancer therapy could be based on the control
of some ion transport phenomena in an effort to target the tumour system’s intrinsic
‘volume/area’ ratio decrease. Specifically, this points towards favouring anti-migratory
and anti-invasive therapeutic strategies as opposed to the conventional anti-proliferative
modalities, which would reduce the numerator disproportionally and thus unintentionally
create (re-)growth-promoting conditions. This result is supported by studies of the thermo-
physical behaviour of proteins; indeed, it has been shown that the temperature relaxation
of proteins can be described using a macroscopic approach, but also that the protein–water
interface plays a fundamental role in the thermal relaxation of biomolecules [41], with
numerical and experimental evidence that interfacial heat transfer is strictly related to the
size of the system [42].

Lastly, a numerical confirmation of our conclusion can be obtained by considering that
the electric membrane potential is expressed as:

∆φ = H − T0 Q̇ τ − 2.3
RT0

F
∆(pH) (7)

where φ denotes the cell’s electric membrane potential, T0 is the environmental temperature
of the cell, Q̇ stands for the heat power flow, τ represents the characteristic time as in
Equation (2), R and F are the universal ideal gas and the Faraday constants, respectively,
and ∆pH is the variation in the pH between the two membrane surfaces. Analysing breast
cancer, and comparing normal and tumoural cells, Norton [16] highlighted that the density
of the tissue is preserved for longer, so that more cells per unit of volume contribute to the
growth. In addition, we consider that the biological matter of cancer and normal cells is
composed of the same soft matter, introducing the hypothesis that, in first approximation,
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we can consider the thermophysical properties of cancer and normal cells as equal. As such,
we keep all quantities constant, except τ. It then follows that:

∆φcancer − ∆φnormal
∆φnormal

=
τcancer − τnormal

τnormal
=

(V/A)cancer − (V/A)normal
(V/A)normal

(8)

which, considering characteristic values [43–45] of ∆φ for cancer (−10 mV) and normal
cells (−70 mV), respectively, yields the following result:(

V
A

)
cancer

=
1
7

(
V
A

)
normal

(9)

Equation (9) proves that an expanding cancer cell or multicellular tumour always has
a lower volume/area ratio in relation to that of normal cells or tissue.

Finally, we note that our approach does not neglect other metabolic levers that tu-
mours can utilise. For instance, Equation (3) contains another fundamental thermophysical
quantity: the convection coefficient α. Tumours can increase this coefficient to further
increase heat transfer and this is related to blood flow. Thus, tumour-induced angiogenesis
not only increases nutrient availability and further reduces mechanical confinement, but
also aids thermal outflow. In reality, these and other factors work in parallel, and our
approach accounts for them conceptually.
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