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Abstract

Let (F,)n>1 be the sequence of Fibonacci numbers. For all integers a and b > 1
with ged(a,b) = 1, let [a~!mod b] be the multiplicative inverse of a modulo b, which
we pick in the usual set of representatives {0,1,...,b— 1}. Put also [a~!mod b] := oo
when ged(a, b) > 1.

We determine all positive integers m and n such that [F,' mod F,] is a Fibonacci
number. This extends a previous result of Prempreesuk, Noppakaew, and Pongsriiam,
who considered the special case m € {3,n —3,n—2,n—1} and n > 7.

Let (Ln)n>1 be the sequence of Lucas numbers. We also determine all positive
integers m and n such that [L..! mod L,] is a Lucas number.

Keywords: congruences; Fibonacci numbers; Lucas numbers; modular arithmetic;
modular multiplicative inverse.

MSC2020: Primary: 11B39, Secondary: 11A99.

1 Introduction

Let (Fy,)n>1 be the sequence of Fibonacci numbers, which is defined by F := 1, F5 := 1, and
F, .= F,_1+ F,,_o for every integer n > 3. Several authors studied modular multiplicative
inverses related to Fibonacci numbers. For instance, Komatsu, Luca, and Tachiya [3] (see
also [2]) studied the multiplicative order of F,1F;' modulo F,,, where m and n are
positive integers such that ged(F,, F,,+1F,) = 1. Luca, Stanica, and Yalginer [5] studied
the positive integers M such that the invertible residue classes modulo M represented by
Fibonacci numbers form a subgroup. For all integers a and b > 1 with ged(a,b) = 1, let
[a~! mod b] be the unique = € {0,1,...,b— 1} such that ax =1 (mod b). For the sake of
convenience, put also [a~! mod b] := co when ged(a,b) > 1. Alecci, Murru, and Sanna [1]
determined the Zeckendorf representation of [a~! mod F},], for every fixed a > 3 and for
every integer n > 1. (The case a = 2 was previously solved by Prempreesuk, Noppakaew,
and Pongsriiam [6]). Motivated by some results in knot theory [1], Song [9] found four
families of pairs (F,, F,,) of Fibonacci numbers such that [F,! mod F,] and [F, ! mod F),,)
are both Fibonacci numbers. Sanna [8] proved that these families, together with some
isolated pairs, are indeed all the pairs of Fibonacci numbers with such a property. For
integers n > 7 and m € {3,n—3,n—2,n—1}, Prempreesuk, Noppakaew, and Pongsriiam [(]
found necessary and sufficient conditions for [F},,;! mod F}] to be a Fibonacci number.
Our first result is the following.

*C. Sanna is a member of the INAAM group GNSAGA and of CrypTO, the group of Cryptography and
Number Theory of the Politecnico di Torino.



Theorem 1.1. Let £, m,n be integers with £ > 2, m >3, n >4 and m < 4n. Then
F, = [F,;} mod F,) (1)
if and only if:
(c1) L=n—33+4(-1)") and m =n—2; or
(c2) t=n—3(3—(-1)") andm € {n—1,n+1,n+2}; or
(c3) £ =2, m=2n—2, and n is odd; or
(c4) £ =2, me{2n—1,2n+1,2n+ 2}, and n is even; or
(c5) £ =n—2 and m = 3n — 2; or
(c6) t=n—1and me {3n—1,3n+1,3n +2}; or
(c7) £ =2 and m = 4n — 1.

We remark that, in Theorem 1.1, the conditions on ¢, m,n are not restrictive. In fact,
since F1 = F> = 1, there is no loss in generality in assuming that ¢, m,n > 2. Moreover,
the cases in which m = 2 or n € {2,3} are easy to study. Hence, for the sake of brevity,
we did not include them. Finally, in light of Lemma 2.3, the condition m < 4n is not a
restriction.

Let (Lp)n>1 be the sequence of Lucas numbers, which is defined by Ly := 2, Ly := 1,
and L, = L,_1 + L,_o for every integer n > 3.

Our second result is the following.

Theorem 1.2. Let ¢, m,n be integers with £ > 1, m > 2, n > 5, and m < 4n. Then
Ly = [L! mod L,] (2)

if and only if:
(d1) £=3(n+1), m=3(nF1), andn =1 (mod 4); or

(V]

(d2) L= 3(n+1), m=3(3n+1), and n is odd; or

(d3) £ =1 and m =2n — (—1)"; or

(d4) L=3(n—1), m=1(n+1), andn=1 (mod 4); or
(d5) £=3(n+1), m=%(5n—1), and n =1 (mod 4); or
(d6) L= 3(n+1), m=3(Tn+1), and n is odd.

We remark that, in Theorem 1.2, the conditions on ¢, m,n are not restrictive. In fact,
the cases in which m =1 or n € {2,3,4} are easy to study. Hence, for the sake of brevity,
we did not include them. Furthermore, in light of Lemma 2.3, the condition m < 4n is not
a restriction.

The proof of Theorem 1.1 (resp. 1.2) is based on approximating FyF,/ F, (vesp. LyLy,/Ly,)
with an appropriate linear combination of Fibonacci (resp. Lucas) numbers, which depends
on the size of m relatively to £ and n. This approximation is sufficiently accurate to imply
certain identities for the integers ¢, m,n that satisfy (1) (resp. (2)). Then, these identities
make possible to determine ¢, m,n.



2 Preliminaries

It is well known that the Binet formulas

R R T ®)
hold for every integer n > 1, where a := (1 4+ +/5)/2 and 3 := (1 — /5)/2 (see, e.g., [7,

Ch. 1]).
In fact, it is useful to extend the sequences of Fibonacci and Lucas numbers to all
integers by using (3). In particular, from (3) it follows that

F_, = (_1)”+1Fn and L_, = (—1)"L,, (4)

for every integer n.
We also need the following lemmas.

Lemma 2.1. We have that
(i) LaLy = Loy + (=1)"Las;
(i4) 5F,Fy = Layp — (—1)°Ly_p;
(iii) FoFy = Forp — Foyp—2 — Fam1Fp1;
for all integers a,b.
Proof. These identities follow easily from (3). O
Lemma 2.2. We have that
(i) FoFy— FeFy= (=1 Foe o Fya;
(1) LoLy — LeLg = (—1)*5F._oFy_q;
(iti) 5FaFy — LeLg = (—1)*™ Le—qLa—q;
for all integers a,b,c,d with a +b=c+d.

Proof. These identities can be proved either directly from (3), or by taking appropriate
differences of pairs of the identities of Lemma 2.1 and, eventually, employing (4). O

Lemma 2.3. We have that
(i) Fayan = Fy (mod F,);

(#i) Latan = Lq (mod Ly);

for all integers a and n > 1.

Proof. Using (3) one can verify that
Fa+4n — I'g = FnLnLa+2n and La+4n — L, = 5FnFa+2nLn7
from which the claim follows. O

Lemma 2.4. Let a,b,n be integers. We have that:
(i) |FoFy| < F, — 1if |a| 4+ |b] <n and n > 5;

(ii) |5EF.Fy| < Ly — 1 if la] +1b| <n—1andn > 6;
(i4i) |Lq| < Lp, — 1 ifla] <n—1 and n > 4;

(iv) |LoLp| < Ly, — 1 if |a| + |b] <n —1, {|a|,|b]} ¢ {0,n— 1}, and n > 6.



Proof. By (4), we have that [Fy| = Fjy and |Lg| = L, for every integer k. Hence,
throughout the proof, we can assume that a,b > 0. Moreover, by symmetry, we can
assume that a > b.

Let us prove (i) and (ii). If b = 0 or a + b < 4, then (i) and (ii) follow easily. Hence,
assume that b > 1 and a + b > 5. Then, by Lemma 2.1(iii), we have that

FoFy=Fopp— Forpo—FoaFy 1 < Fy — F3 < B, — 1,
whenever a + b < n, which proves (i). Furthermore, by Lemma 2.1(ii), we have that
5FaFy = Loty — (—1)’La—b < Lot + La—b < Ln—1 + Lyn-3 = Ly — L4 < Ly — 1,

whenever a +b <n — 1 and n > 6, which proves (ii).
If a<n—1andn >4, then

L, < maX{Q, Ln—l} =Lpn1=Ln—Lpo<Lp—1,

which proves (iii).
By Lemma 2.1(i), we have that

Latb = Lats + (=1)"La—p < Lays + La—p-
Therefore, if a +b <n — 2 and n > 5, then
Loy <2Lpo=1Ly— Ly_3< L, —1.
Furthermore, if a+b=n—1,b> 1, and n > 6, then
Loy <Ly, 1+ Ly_3=Ly,—Lp_y<L,—1.

Thus (iv) is proved. O

3 Proof of Theorem 1.1

With a bit of patience, one can check that Theorem 1.1 holds for n = 4. Hence, hereafter,
assume that n > 5.
Suppose that (1) is satisfied. Hence, we have that F; < F,, and

F,F,, — AF, = 1, (5)

for some integer A > 0. In particular, from Fy, < F,, it follows that ¢/ < n. Moreover,
since m > 3, we get that A > 1. Consequently, we have that FyF,, > F, + 1. Hence, by
Lemma 2.4(i), we get that m > n — £.

Define the four disjoint intervals

Li=mn—-4n+/{, Io:=mn+3n—/L, I3:=0Bn—-4~43n+/{, Ii:=En+/4n).

By the previous considerations, we have that m belongs to exactly one of such intervals.
For every integer k, put F,j = F if k>0, and F,j := 0 if k < 0. Then, define

Aﬁ,m,n = FE—}—m—n - (_1)ZFje+mfn + (_1)antrm73n - (_1)€+nFj£+mf3n
and
Bf,m,n = FFy, — Aé,m,nFn- (6)
Let us prove that
(—1)*E, FLy if m € I;
—1)"FyF,, o if m € Is;
BZ,m,n = ( )€+ +1m " . (7)
(—1) " Fm—gntn—p if m € I3;
FyFo_an if me 1.



By Lemma 2.2(i), we have that
FyFp — FrpmnFn = (=1)" Fp_nFy. (8)

Hence, we get that By, = (—1)*1F,,_,F,_, for each m € I;.
By (8), Lemma 2.2(i), and (4), we have that
FyF = (Fepm—n = (1) Fotpm-n) Fo = (=) (FpenFrt = FopymnFn)  (9)
= (_1)€+m+nF—£F2n—m = (_1)nF£Fm—2n
Hence, we get that By, , = (—1)"FyFy,—2y for each m € Ip.
By (9) and Lemma 2.2(i), we have that
FyFp, — (F€+m—n - (_1)ZF—Z+m—n + (_1)nF€+m—3n>Fn (10)
= (_1)n(F£Fm—2n - Fé—i—m—SnFn) = (_1)Z+n+1Fm—3nFn—£'
Hence, we get that By, , = (—1)*"FLE, s, F,_, for each m € I3.
Finally, by (10), (4), and Lemma 2.2(i), we have that
FyFp, — (F€+m—n - (_1)£F—Z+m—n + (_1)nF€+m—3n - (_1)e+nF—£+m—3n)Fn
= (_1)£+n+1(Fm—3nFn75 - Ff€+mf3nFn) = (_1)£+mF7£F4n—m = FyFrm—an-
Hence, we get that By, = FyFp,—4y, for each m € Iy. The proof of (7) is complete.
At this point, considering the four cases in (7), one can easily check that By, is equal

to £F,Fy, where a and b are integers (depending on ¢,m,n) such that |a| + |b| < n.
Therefore, from (6) and Lemma 2.4(i), we get that

F)F, B F,F 1
: m_AEmn = ’ f,m,n’ = | = b| <1l——.
Fn Y F'n, Fn Fn
Consequently, recalling (5), we have that
F,F,| |FF, 1 1
A—A <|A-— — A — 1-— | =1
| Z,m7n| > ‘ Fn ‘ + ‘ Fn £m,n < Fn + ( Fn) ’

which implies that A = Ay, ,, since A and Ay, , are both integers. Then, from (5) and
(6), we get that By, = 1.

Note that, for every integer k, we have that |Fj| = 1 if and only if k € {-2,—-1,1, 2}.
In particular, we have that /"o = —1 and F_; = Fy = F5 = 1. Therefore, from By, , =1
we can determine ¢ and m in terms of n in each of the four cases in (7).

If m € I, then (—1)“"'F,,_, F,_, = 1. Hence, we have that m € {n—2,n—1,n+1,n+2}
and ¢ € {n —2,n — 1} (recall that £ < n). If m = n — 2, then either / = n — 2 and n is
even, or { =n — 1 and n is odd. This is case (c1). If m € {n —1,n+ 1,n + 2}, then either
¢=mn—1and niseven, or £ =n — 2 and n is odd. This is case (c2).

If m € Iy, then (—1)"FyF,,—2, = 1. Hence, { = 2and m € {2n—2,2n—1,2n+1,2n+2}.
If m = 2n — 2, then F,,—2, = —1 and consequently n is odd, which is case (c¢3). If
m € {2n — 1,2n + 1,2n + 2}, then F,,_9, = 1 and consequently n is even, which is
case (c4).

If m € I3, then (—=1)*"*'F,,_3,F,_, = 1. Hence, it follows that £ € {n — 2,n — 1}
and m € {3n —2,3n — 1,3n + 1,3n +2}. If £ = n — 2, then (=1)""*'F,_, = —1 and
consequently m = 3n — 2, which is case (¢5). If £ = n — 1, then (—1)"*1EF,_, =1 and
consequently m € {3n — 1,3n + 1,3n + 2}, which is case (c6).

If m € Iy, then FyF,,_4, = 1. Hence, we have that £ = 2 and m = 4n — 1 (recall that
m < 4n), which is case (c7).

At this point, we have proved that if (1) is true then the integers ¢, m, n are of the form
given by (c1)—(c7).

Vice versa, using (7), on can easily verify that if £, m, n are of the form given by (c1)—(c7)
then By, , = 1. In turn, by (6), this implies that (1) is true.

The proof of Theorem 1.1 is complete.



4 Proof of Theorem 1.2

With a bit of patience, one can check that Theorem 1.2 holds for n = 5. Hence, hereafter,
assume that n > 6.
Suppose that (2) is satisfied. Hence, we have that L, < L, and

L¢Ly, — CL, =1, (11)

for some integer C' > 0. In particular, from L, < L, it follows that ¢ < n. Moreover,
since m > 2, we get that C' > 1. Consequently, we have that L,L,, > L, + 1. Hence, by
Lemma 2.4(iv), we get that m > n — £.

Define the four disjoint intervals

Jii=n—0n+1l), Jo=[n+L3n-"L), J3:=[3n—-103n+L), Ji:=[3n+/{4n].

By the previous considerations, we have that m belongs to exactly one of such intervals.
For every integer k, put L;f = Ly if k>0, and L;: :=0if k < 0. Then, define

Cf,m,n = Lotm—n+ (_1)6Ltg+m_n - (_1)an_+m—3n - (_1)£+nLt£+m—3n

and
Dy = L¢Ly, — CppnLlin. (12)
Let us prove that
(—1)'5Fn_nFy_y if m € Jy;
Dy — (=) Ly Ly on if m e Jo; (13)
o (—1)AFHI5E, 3, F_y  if m e J;
LyLy, 4 if me Jy.

From Lemma 2.2(ii), it follows that
L¢Ly — Lipm—nLyn = (—1)'5F_n Fr_p. (14)

Hence, we have that Dy, , = (=1)5E,,_nF,_y for every m € Jj.
From (14), Lemma 2.2(iii), and (4), it follows that

L¢Liy — (Losm—n + (=1 L_timn) Ln = (=1) (5Fm—nFn—t — L_t4m—nLn) (15)
= (_1)£+m+n+1L—€L2nfm = (_1)n+1L€me2n-

Hence, we have that Dy, , = (—1)"* Ly L,, o, for every m € Jo.
From (15) and Lemma 2.2(ii), it follows that

LoLim = (Logm—n + (=) L_tym—n — (=1)" Legm—3n) Ln (16)

Hence, we have that Dy, = (—=1)“""*15F,, 3, F,_, for every m € J.
Finally, from (16), Lemma 2.2(iii), and (4), it follows that

LoLy, — (L€+m—n + (_1)£L—€+m—n - (_1)nL€+m—3n - (_1)£+nL—€+m—3n)Ln
= (_1)€+n+1<5Fm—3TLFn7€ - L7€+m73nLn> = (_1)£+mL7€L4n—m = LyLpm—an-

Hence, we have that Dy, , = LyLy—an for every m € Jy. The proof of (13) is complete.
Suppose that C’, D" are integers such that

_C/

1
<1-— I and D' =L;L,, —C'L,.

n

LéLm
Ly,




Then, by (11), we have that

-

L,L LyL
\0—0/13‘0— : m‘+‘ e

Ly, Ly,

L 1 L) 1
Consequently, we have that C’ = C and, by (11) again, that D’ = 1.

Hereafter, we will make use of such a fact several times, by taking C’ = C,y, , + s and
D' = Dy — SLy, for some s € {—1,0,1}.

We will also use the fact that, for every integer k, we have that |Li| = 1 if and only if

k € {—1,1}. Precisely, we have that L_; = —1 and L; = 1.
If m =n — ¢, then from (13), (4), and Lemma 2.1(ii) it follows that

Dy = (—1)'5F_yF,_y = —5FFy_y = —Lp + (=1)" "Ly,

Hence, by Lemma 2.4(iii), we have that

’LZLm

Loy_p, 1
s _(C£7m7n_1)‘_m<1_

Ly Ly’

which implies that (—1)"*Los_, = 1. Therefore, either n — ¢ is even and 2¢ —n = 1, or
n — £ is odd and 2¢ — n = —1. Recalling that m = n — ¢, it follows that ¢ = %(n + 1),
m=3(nF1),and n =1 (mod 4), which is case (d1).

If me Jy\ {n— £}, then (13) and Lemma 2.4(ii) yield that
5[ Fpn Pl 1

_Cf,m,n - L < 1_L77
n n

L¢Ly,
Ly,

which implies that (—1)*5F,,_nF,_¢ = 1. However, this last equality is clearly impossible.
If m =n+¢, then (13) and Lemma 2.1(i) yield that

Dg’m’n = (_l)nJrlLfLan = (_1)n+1L267n - (_1)ZLn.
Hence, by Lemma 2.4(iii), we have that

_ |L2€—n| <1-— i?

. _(_1\¢
(Cé,m,n ( 1)) Ln Ln

LiLm
L,

which implies that (—1)"*'Lsy_,, = 1. Therefore, either n is odd and 2 —n = 1, or n
is even and 2¢ — n = —1. However, the latter case is impossible. Hence, recalling that
m =n+{, we get that £ = 3(n+1), m = 1(3n+ 1), and n is odd, which is case (d2).

If me Jo\{n+ ¢} and (¢,m) # (n —1,2n), then (13) and Lemma 2.4(iv) yield that

LELm
Ly,

|LgLp—2n] 1
—C, = - 11— —
{m,n L, < Ln’

which implies that (—1)"*'LyL,, 2, = 1. Thus ¢ = 1 and either m = 2n + 1 and n is odd,
or m =2n — 1 and n is even. This is case (d3).
If =n—1 and m = 2n then, by (13), we get that

Dy = (—1)"12Ly 1 = (=1)"' Ly + (=1)" "' Ly, 3.
Hence, by Lemma 2.4(iii), we have that

LZ Lm
Ly,

Ly _
:‘n3’<1_i’
Ly Ly

- (Cf,m,n + (_1)n+1)

which implies that (—1)"*!L,_3 = 1, but this last equality is impossible.



If m = 3n — ¢, then (13), (4), and Lemma 2.1(ii) yield that

Dy = (=1) T 5F Fy = (=1)"5FFpy g = (=1)"(Ly, — (=1)"“Loy_,)
= (=1)"L, — (=) Loy_,.

Hence, by Lemma 2.4(iii), we have that

LyL,, | Log—p| 1
—(C —)")| = 1- —
Ln ( fﬂ’)’hn + ( ) ) Ln < Ln?
which implies that (—1)*T!'Ly,_,, = 1. Therefore, either ¢ is even and 2/ —n = —1, or £ is

odd and 2¢ —n = 1. That is, we have that n = 1 (mod 4) and either £ = 1(n — 1) and
m=1(5n+1), or £ = 3(n+1) and m = 3(5n — 1). These are cases (d4) and (d5).
If m € J3\ {3n — ¢}, then (13) and Lemma 2.4(ii) yield that

L¢Ly,
Ly,

‘5Fm—3nanZ‘ 1
I e R
,m,n Ln Ln

which implies that (—1)“*"+*15F,,_3,F,_, = 1, but this last equality is impossible.
If m = 3n + ¢, then (13) and Lemma 2.1(i) yield that

DZ,m,n = LZLf—n = L2€—n + (_1)£+nLn-
Hence, by Lemma 2.4(iii), we get that

|L2€fn’ <1— i’
L, L,

- (Cﬁ,m,n + (_1)“_”) =

LELm
Ly,

which implies that Loy, = 1. Hence, we get that 2¢ — n = 1. Recalling that m = 3n + ¢,
it follows that £ = (n+ 1), m = £(7Tn+ 1), and n is odd, which is case (d6).
If me Jy\{3n+¢,4n} and (¢,m) # (n — 1,4n), then (13) and Lemma 2.4(iv) yield

that LyL |LyL | 1

Lm (Lm—4n

Ln lmmn Ln Ln y
which implies that LyL,,_4, = 1. Hence, we have that £ = 1 and m = 4n + 1, which is
impossible, since m < 4n.

If £ =n—1 and m = 4n then, by (13), we get that

D@,m,n =2Lp1=Ln+ Lp_3.
Hence, by Lemma 2.4(iii), we have that

LiLy,
Ly,

Ly 1
_ | ”3’<1——,

— (C 1
( Z,m,n“‘ ) Ln Ln

which implies that L,_3 = 1, but this last equality is impossible.

At this point, we have proved that if (2) is true then the integers ¢, m, n are of the form
given by (d1)—(d6).

Vice versa, using (13), on can easily verify that if £, m,n are of the form given by (d1)—
(d6) then Dy, = 1. In turn, by (12), this implies that (2) is true.

The proof of Theorem 1.2 is complete.
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