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Abstract

We establish some fixed-time decay estimates in Lebesgue spaces for the fractional heat

propagator e ~'H '3, t, B > 0, associated with the harmonic oscillator H = —A + |x|.
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heat equations.
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1 Introduction

Consider the heat equation associated with the fractional harmonic oscillator, namely

deut, HPu(t,x) =0

ult, x) + Hoult, x) (t,x) e RY x R, (1.1)
u(0,x) = uo(x),

where Hf = (—A + |x|2)’3, B >0,and u(t, x) € C.

Strictly speaking, the corresponding fractional heat semigroup e~ ? is defined in
terms of the spectral decomposition of the standard Hermite operator H = H! =
—A + |x|?. To be precise, recall that

o
H = Z(Zk +d)Py,
k=0

where P stands for the orthogonal projection of L?(R%) onto the eigenspace corre-
sponding to the eigenvalue (2k 4 d) — see Section 2.1 below for further details. As a
consequence of the spectral theorem, we can consider the family of fractional powers
of H defined by

o]

HF = Z(Zk +d)P P, B>0.
k=0

tH

The heat semigroup e~ ? is then defined accordingly by

o

_tHB Z — B

e tH f: e t(2k+d) Pkf» fGLZ(Rd)
k=0

While there is a wealth of literature on the semigroup e’ (—a)F (seee.g., [21], [34]),
stimulated by the very wide range of physics-inspired models involving the fractional
Laplacian [16], [11], the current research of the semigroup e’ H? is rather limited,
even in fundamental settings such as the Lebesgue spaces. This is particularly striking
in view of the role played by the Hermite operator H and its fractional powers H? in
several aspects of quantum physics and mathematical analysis [18, 30].

The purpose of this note is to advance the knowledge of the fractional heat semi-
group, in the wake of a research program initiated by the authors in [3]. In particular,
our main result is a set of fixed-time decay estimates for e ~*# ” in the Lebesgue space
setting.

Theorem1 Forl < p,q <ocoand B > 0, set

d|1 1
S A}
P 9
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On heat equations associated...

1. If p,g € (1,00), or (p,q) = (1,00), 0r p = 1 and q € [2,00), or p € (1, 00)
and g = 1, then there exists a constant C > 0 such that

Ce™ | fllr if t>1

eftHﬁ <
” Sl = Ct™ | fller if O0<t <1

(1.2)

2. If0 < B < 1, then the above estimate holds for p, q € [1, oo].

To the best of our knowledge, the dissipative estimate in Theorem 1 is new even for
the Hermite operator (8 = 1). We also stress that the time decay at infinity in (1.2) is
sharp for any choice of Lebesgue exponents. Moreover, since the power of ¢ is never
positive for small time, we infer that there is a singularity near the origin for p # g.

It is worth emphasizing that the fractional Hermite propagator e '/ ” is not a Fourier
multiplier, hence we cannot rely on the arguments typically used to establish L? — L9
space-time estimates for the fractional heat propagator e’ (=" _ see for instance
[21, Lemma 3.1]. In fact, we will resort to techniques of pseudodifferential calculus to
deal with the operators e tH g and e H (cf. [22, Section 4.5]), and also to Bochner’s
subordination formula in order to express the heat semigroup e~"# ﬂ, 0<pB<1in
terms of solutions of the heat equation e’ H (see (3.4)).

As an application of Theorem 1, we investigate the wellposedness of

{a,u(z,x) + HPut, x) = ut, )" u(t, x) o R xR (13)

u(0, x) = up(x),

withu(t,x) e C,8 >0andy > 1.
First, let us highlight that, due to the occurrence of the quadratic potential |x|?, the
problem (1.3) has no scaling symmetry. Nevertheless, the companion fractional heat
equation
{alu(t’ DA ) = 0l (t,x) e RT xR?, (1.4)
u(0, x) = up(x),

is invariant under the following scaling transformation. For A > 0, set

28 2
u(t,x) = Av-Tu(r ﬂt, Ax) and wuga(x) = Av Tug(rx).

If u(z, x) is a solution of (1.4) with initial datum uq(x), then u, (¢, x) is also a solution

of (1.4) with initial datum u¢_» (x). The L? space is invariant under the above scaling

only when p = pf :=d(£—gl). Motivated by this remark, we shall say that (1.3) is

sub-critical if 1 <p < pf
L? — { critical if p= P?

super-critical if p > pf .

Concerning the wellposedness of (1.3), our result can be stated as follows.

@ Springer
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Theorem 2 Assume that ug € LP(R?),1 < p < oo and p > 0.

1. (Local well-posedness) If p > pf, then there exists a T > 0 such that (1.3) has
a solution u € C([0,T], L? (Rd)). Moreover, u extends to a maximal interval
[0, Tiax) Such that either Tyax = 00 or Tax < 00 and lim  |u(2)||pr = o0.

2. (Lower blow-up rate) Consider p > pc'6 and suppose that Tmax < 00, where Tyax

is the existence time of the resulting maximal solution of (1.3). Then

max

d 1

lu@llr = C (Tmax —1)2F ¥-T, Jorallt € [0, Tinax)-

3. (Global existence) If p = pf and ||u0||Lp,a is sufficiently small, then Ty, 4x = 00.

Let us briefly recall the literature to better frame our results. Weissler [34] proved
local wellposeness for (1.4) in L? for super-critical indices p > pg > 1. Concerning
the sub-critical regime p < p g, there is no general theory of existence, see [34], [6].
Actually, Haraux-Weissler [15] proved that if 1 < pg < y + 1 then there is a global
solution of (1.4) (with zero initial data) in LP(RY) for 1 < p < pg., but no such
solution exists when y + 1 < p,. In the critical case where p = pcl, it is proved that
the solution exists globally in time for small initial data. Some results in the same vein
have been proved for the fractional heat equation (1.4) by Miao, Yuan and Zhang in
[21, Theorem 4.1].

Remark 1 Let us discuss some aspects of the previous results. In particular, we
highlight some intriguing related problems that we plan to explore in future work.

— The sign in power type non-linearity (focusing or defocusing) will not play any
role in our analysis. Therefore, we have chosen to consider the defocusing case
for the sake of concreteness.

— Using properties of Hermite functions and interpolation, in [35, Theorem 1.6]
Wong proved that [e ™" f|| 2y < (sinh ) ™Y|| fllLpw) fort > Oand 1 < p < 2.
We note that Theorem 1 recaptures and improves Wong’s result.

— Itis known that (1.4) is ill-posed on Lebesgue spaces in the sub-critical regime, see
[15]. There is reason to believe that the same conclusion holds for (1.3). However,
a thorough analysis of this problem is beyond the scope of this note.

— Itis expected that Theorem 1 could be useful in dealing with other types of non-
linearities in (1.3), such as exponential and inhomogeneous type non-linearity
(which are also extensively studied in the literature).

— In Section 5 we discuss another application of Theorem 1, namely Strichartz
estimates for the fractional heat semigroup. Our approach here relies on a standard
technique (i.e., T T* method and real interpolation), whereas a refined phase-space
analysis of H? is expected to reflect into better estimates.

@ Springer
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2 Preliminaries

Notation. The symbol X < Y means that the underlying inequality holds with a
suitable positive constant factor:

XSY = 3IC>0:X<CY.

2.1 On the fractional harmonic oscillator H?

Let us briefly review some facts concerning the spectral decomposition of the Hermite
operator H = —A + |x|2 on R4,
Let 4 (x), a € N4, be the normalized d-dimensional Hermite functions, that is

1.2 dk 2
o (1) = MG_ ey (37, I () = (V2D T2 (=) er® e ™

The Hermite functions ®,, are eigenfunctions of H with eigenvalues (2|«|+d), where
|| = a1 +...+ag. Moreover, they form an orthonormal basis of L?(R?). The spectral
decomposition of H is thus given by

H=Y) Qk+dP,  Pf =) (f Do),

k=0 lot| =k

where (-, -) is the inner product in L2(R%).
In general, given a bounded function m: N — C, the spectral theorem allows us
to define the operator m(H) such that

o0
mH)f =) mQlal+d)(f, P)Po =) mk+d)Pif, feL*RY).
aeNd k=0
In view of the Plancherel theorem for the Hermite expansions, m(H) is bounded on

L*(R%). We refer to [30] for further details, in particular for Hormander multiplier-type
results for m(H) on L? (R?).

2.2 Some relevant function spaces
For the benefit of the reader we review some basic facts of time-frequency analysis —
see for instance [7, 14], [1] for comprehensive treatments.

Recall that the short-time Fourier transform of a temperate distribution f € S’(R%)
with respect to a window function 0 # g € S(R?) (Schwartz space) is defined by

Vof(x,6) = (f.8) = /R df(r)g(r—x)e*m’f"dr, (x,&) e R¥M,
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where the brackets (-, -) denote the extension to S’(R?) x S(R?) of the L? inner
product.

Modulation spaces, introduced by Feichtinger [9], have proved to be extremely
useful in a wide variety of contexts, ranging from analysis of PDEs to mathematical
physics — among the most recent contributions, see e.g., [8], [20], [2], [23], [10].
Modulation spaces are defined as follows. For 1 < p, ¢ < oo we have

MraR?) = { f e S @Y N lnai=IVe S (Ol

. < oo} .
L
The Fourier-Lebesgue spaces FL” (R?) are defined by
FLPR?) = {f e SR | fllrer=Iflr < oo} :

We recall from [3, Theorem 1.1] some bounds for the fractional heat semigroup on
modulation spaces.
Theorem3 Let 8 > 0, 0 < p1, p2, q1, g2 < 00 and set

1 1 1 1 1 1 d /1 1
—;:max{———,O}, —:=max ———,O], 0,3::—(—~+:).
P P2 P q @ q 26 \p ¢

b :
Ce™ || fllymar if t =1,

_tHP
le™™" fllpmrar < .
Ct7 % | fllmrar if 0<t <1,

where C > 0 is a universal constant.

We briefly recall some properties of the Shubin classes I'*, which play a central role
as symbol classes in the theory of pseudodifferential operators — we refer to [19, 22]
for additional details. For s € R we define I'* as the space of functions a € C*°(R??)
satisfying the following condition: for every & € N?? there exists Cz > 0 such that

8%, §)] < Ca(1+1x, OD ., (x,§) e R¥,
This space becomes a Fréchet space endowed with the obvious seminorms.
It is important for our purposes to recall that the fractional Hermite propagator is
a pseudodifferential operator with symbol in a suitable Shubin class, as proved in [3,

Proposition 2.3].

Proposition 1 Let B > 0. The fractional Hermite operator HP = (—A + |x|?)? isa
pseudodifferential operator with Weyl symbol ag € I'28. More precisely, we have

ag(x, &) = (x> + 1EPP +r(x, &), |x|+ &> 1, @2.1)

where r € 282,
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We also recall some facts concerning the so-called Shubin-Sobolev (also known as
Hermite-Sobolev) spaces Q°, s € R —see [25], [12, Theorem 2.1] for further details.
In particular, Q° is the space of f € S'(R¥) such that

o0
LI =1 H 2 £1172 = D I Pf 11722k + d)* < oo.

k=0
Given the polynomial weight vg(x, £):=(1 + [x| + |&])® with (x,&) € R? x R4
and s € R, consider the weighted modulation space Mifz(Rd) endowed with the
norm ||f||MLgS,2:= ” Vg ng”LZ(RZd) . In view of the characterization Q° = Mﬁ;z (see
for instance [7, Lemma 4.4.19]), Holder’s inequality and the inclusion relations of
Shubin-Sobolev spaces (see e.g., [7, Theorem 2.4.17]), it is well known that

Q% — MP91 s M® < Q7

for all p, g € [1,00] and s > d — see also [14] and references therein.

3 Proof of Theorem 1
3.1 Proof of Part (1)
It is well known that
LP < MP*® and M9 < L9 for1 < p,q < 00,

see e.g., [7, 13, 28]. In light of this embedding and Theorem 3, for ¢ > 1 we obtain
the desired estimate

_+yHgB _+ 4B
le™ ™ flira S e N fllr, Vp,q €1, o0l

Let us consider now the case where 0 < ¢ < 1. In view of Proposition 1 we think
of H? as a pseudodifferential operator with Weyl symbol ag € 28, where

ap(x, §) = (IxP* + 167 +r@x.€), |x|+1¢l =1,
for a suitable r € ['*#~2. We may further rewrite

ap(x, &) =a(x, &) +r'(x, &), x,&eR’,
for some ' € T2=2 where a € I'?# satisfies

a(x,&) > (1+|x| +1ED*, x,& R (3.1)
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Note that the same conclusion holds for the Kohn-Nirenberg symbol of H” (see [22,
Proposition 1.2.9]). Therefore, we assume in the sequel that the above functions a(x, &)
and r’(x, &) denote the Kohn-Nirenberg symbols of the corresponding operators.

It follows from [22, Theorem 4.5.1] that the heat semigroup e~"# ” has a Kohn-
Nirenberg symbol with the following structure':

J—1 2j
by(x, &) = e "8 4 7D NNy (x,8) 1, (3, ),
j=11=1
where J > 1 is arbitrarily chosen, u;,; € [281-2J and r,” satisfy

0997 r, (x.&)| < Cay (14 |x| + )72/ 1Y

for a constant Cy,, independent of ¢ € (0, 1), for every a, y € N4,
Since r,ﬁ (x, D): Q=7 — @7, for J large enough, we have

Ir, ¢, D) fliza < Cllf e

Let us focus now on the symbol
J—1 2j
Ci(x, &):=e "8 NN " dhuy j(x, £).

j=11=1

By virtue of the Leibniz rule, the chain rule and (3.1), one can verify the estimates
Lix)2B _
|87 9] [e7%)7 Cr(x, )] =< Cay (1 + 15D, (3.2)

where (-) = (14 -|%)"/2. In fact, it suffices to observe that age%<X>2’3 is a finite linear
combination of terms of the type

t

AW g [ ()2 9% [ (x) 2],
with o) + - - - + o = ||, so that
0% 8007 | < 42007 (yy~lel,

Similarly, since a € 28 satisfies (3.1), we have

|00 a(x, £)] < ax, &) (1 + |x| + [gh 7,

! Note that the mentioned result is stated for the Weyl quantization, but again a straightforward change of
variables shows that the same conclusion holds for the Kohn-Nirenberg quantization.

@ Springer
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so that, arguing as above,
|9907 e 90O | < e 2WE) (1 4 x| 4 gy I,
hence we infer
10207 11w (xr, )1 < 1 alx, &) (1 + |x| + )2 7=,

The claimed bound thus follows by the Leibniz rule.
To summarize, for every p € (1, co) we have

07, D < 0 1
lle ts DY flliee < 1 fllee, 0<t <1,

by the L? boundedness of pseudodifferential operators with symbol in Hérmander’s
class S?,o — see for instance [27, Proposition 4, p. 250]. For 1 < g < p < oo we have,
by Holder inequality,

da(1_1
1597 £ < e @ 8) £
Hence we obtain, for 1 < g < o0, 1 < p < o0, g < p,
i(i_i)
ICi(x, D) flia < Ct?\e 2/ fllLr, 0<t<1l.
On the other hand, we also have
ICi(x, 8)] < Ce 2”0 <t <1,

and the integral kernel of the operator C;(x, D) given by
Kery) = @n [ 00w e e
R4
is readily seen to satisfy
_4a
|K(@x, )| <Ct 2.

This gives the desired continuity result L' — L, while the remaining bounds follow
by interpolation with the above L” — L7 estimates.

Remark 2 Note that some endpoint cases can be obtained in a straightforward way.
For instance, from L' — L continuity we also obtain L' — L? bounds as follows:
if f € L>(RY) then

e e ) = e g | = e g
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so that
—tHP -4
lle Slipz =Ct || fllpr, O0<t<l.

By interpolation with L' — L one also gets the desired estimate L' — L7 for
2<g <oo.

Remark 3 Some endpoint cases (e.g., if p, g € {1, co}) are not covered in the results
above. A deeper investigation of the kernel K (x, y) of C;(x, D) could likely give
some result in this connection (for example L' > L', L[> > L°°), but it will not
be essential for the applications to the nonlinear problem in Theorem 2. Nevertheless,
the dispersive estimate L' — L is covered.

3.2 Proof of Part (2)

In order to prove the second claim in Theorem 1, some preparatory work is needed.
First, we recast e " as the Weyl transform of a function on C4, which allows us to
think of e ~'# as a pseudodifferential operator.

Recall that the Weyl transform W (F) of a function F: C¢ — C is defined by

W(F)$ (&) = 27) / / ei<f">'yb(‘§ﬂ,y) ¢ () dydn,
Rd Rd 2

for ¢ € L*>(R?), where the symbol b(&, n) is the full inverse Fourier transform of
F in both variables. In particular, the Weyl transform W (F) is a pseudodifferential
operator in the Weyl calculus with symbol b.

Let us highlight that the Weyl symbol of the Hermite semigroup e~
the function a, (x, £) = C4(cosht)~¢ e~ @hD(xPHER) oo [31]. Thus,

e f(x)
— Cy(cosh t)fd(zn,)fd/ / ol @My = (tanhn)]y> ,—(tanh ) (|2 ?) f () dydn.
R4 JR4

H is given by

=/

In order to bound the above integral /, we first recast the latter expression in terms
of convolution. Recall that the Fourier transform of the Gaussian function f(y) =

e’ witha > 0is given by f(x) = a_d/ze_”""z/”, and note that
p—nl PP el
4 2 2 4

As a result, we have

(tanh t)d/2 I = f e_(ﬁ_mr:‘ht)|x_,]‘2e_@(‘xlzﬂmz)f(n) dn
R4

_tanhtlx‘z _ 1 ||2
=e 2 e~ 2sinh2f * g (x),
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__tanht | 2
where we set g(-) = e~ 2 Il

f (). Note that
(cosh )™ (tanh 1) =4/ = (sinh(21))~4/2.

Hence

tanh ¢

e~H f(x) = Cyq (sinh(20)) /2 =5 IxP? (e—m"'z % g) (x).

Lemma1l Letl < p,qg <ocoandt > 0. Then

_di1_1
le™ fllze < C(tanht) i3

IfllLe,

for some constant C > 0 that depends only on d.

(3.3)

Proof Using Mehler’s formula for the Hermite functions (see e.g., [30]), the kernel

K:(x, y) of the semigroup e~

is explicitly given by
Ki(x, y) = cq(sinh 26)~4/2¢ 4Dl = tanh ]y,

Forl < p <qg <oo,seta =d(1/p —1/q). Then we have

K;(x, y) = cq(sinh 21) "4/ (tanh 1)@=/ |x — y|*—4

« ((coth 1) x — y|2)(d—a)/26—%(cotht)|x—y|ze—%(tanht)lx+y|27

from which we obtain the estimate
K (x,y) < C(cosht)?(tanh 1) ~/%|x — y|*~9.

Since the Riesz potential
Rof(x) = cq /Rz FOlx = yl*~4dy
is bounded from L? to L9 for 1 < p < g < oo, we get

le™™ flizs < C(cosh )™ (tanh 1)~/ £

forl < p <gq < oo.

To prove the remaining cases, we use the identity (3.3). We consider the case

1<g¢g §p§ooﬁrst.Set%=%+qiandnotethat

tanh? | 2
e alll

G df1_1
||€ ”Lq ~ (tanh t)_d/zq = (tanh t)Z(p q).
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By (3.3) and invoking Holder and Young’s inequalities, we obtain

_ . _ __tanhr |2 1L 2
le ™™ flize < (sinh26)~ 42 |le™ 2 VY| 5 e zmmz s g 10

d(1_1 1
< (sinh 20~/ (tanh 1) *(577) e~z ) gl

d(l 1)
< (tanht) 2\ P/ flLe.

Let 1 < g < oo and note that
lle~ 75w P || g A (sinh(21))4/%4.
By (3.3) and Young inequality, we have

_ . _ _ 1 2
le™ flira < (sinh20)~ 42|~ zmnz " % gl 1
. _ _ 1 12
< (sinh 20) ™42 ||~ T 7 1o | gl 1
. _d(_1
< (sinh 2t) 2< q)||f||L1

< (cosht)_d(l_%) (tanh r)‘%o‘%) 1f N1

This completes the proof.

O

Note that Lemma 1 essentially gives the desired fixed-time estimate of Theorem 1
(2) for B = 1 — see also Remark 4 below. In order to deal with the case 0 < 8 < 1,
Bochner’s subordination formula and the property of probability density function (see
(3.6)) will play a crucial role. To be precise, Bochner’s subordination formula allows

us to express the heat semigroup e’ VH in terms of solutions of the heat equation:

o0 2
e VHfx)y =712 / e e w1 fxyy T 2y,
0
which ultimately follows from the identity
) 2
e = 71_1/2/ e Ve my 24y (a>0).
0
The Macdonald function K, (z) is defined, for z > 0, by
o0 12
K =212 [Ty,

0

A straightforward change of variables shows that

o0 2
2"Ky(z) = 2" / eTH Yy dy = 2K, (2).
0

@ Springer
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Then z" K, (z) converges to 2" ~!'T'(v) as z — 0. Moreover, it is known that K, (z)
has exponential decay at infinity (see [17]). Consider now the Gaussian kernel of the
form

x|
g(x) =@y e w1 >0, x eRY.

We set p;(x, y) = pi(x — y), where

o) = /O g5(¥) 1y (s) ds,

gs is the Gaussian kernel defined above and 1, > 0 is the density function of the
distribution of the §-stable subordinator at time ¢, see e.g., [4], [5]. Therefore, n, (s) = 0
for s < 0and, for0 < 8 < 1, we have

o B
/ e n(s)ds =™, u=0. (3.5)
0

The fractional heat semi group e~/ !

equation:

is thus given in terms of solutions of the heat

e f(x) = /0 ” e F(x) n,(s) ds. (3.6)

We are now ready to complete the proof of Theorem 1.

Proof of Theorem 1 - Part (2) The case t > 1 follows from the proof of Part (1) of
Theorem 1, as it holds for all p, g € [1, oo]. We then assume 0 < ¢ < 1 from now on.
In view of the identity (3.6) and Lemma 1 for the case § = 1, we obtain

e fll. < C [/O (tanh s)“/znz(s)dS} I flee,

where we seta = d|1/p—1/q|. Splitting the integral above into two parts, the integral
taken over [1, co) is bounded by

foo ne(s)ds = 1.
0

The remaining integral is bounded by

00 1 00 00
—a/2 — —us ,o/2—1
/0 S ni(s)ds = F(a/2) /0 (/(; e u du)n;(s)ds.
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Changing the order of integration, and using (3.5), for a suitable constant C > 0 we
obtain

o0 (0.¢] 8
/ 572, (s)ds < C/ w2~ le=t" gy
0 0
Finally, the change of variables v = u? gives the estimate

00 00
/ ua/Zflefluﬁdu < C/ @2 =1 =t g0 Ca’ﬁl‘i(a/zﬂ).
0 0

This completes the proof for the case 0 < ¢ < 1. O

Remark 4 We would like to have also a representation in the vein of (3.3) for the

fractional heat propagator e~/ ” with B > 1 in terms of the Weyl transform. On the

other hand, we have a convolution formula for the classical fractional heat propagator

eI =D Regretfully, we do not know how to get fixed-time estimates for 8 > 1 via

the Weyl transform at the time.

tH

Remark 5 Using the fact that e™’" commutes with the Fourier transform, i.e.,

e~H f = ¢~ 'H { one obtains

d|1 1
—tH r1v et D ld T
lle™"" fllFLa < C(tanht) 2‘[’ ”‘ I fllFLe-

4 Proof of Theorem 2
4.1 Part (1) - local wellposedness

Fix My > |luollzr.
The proof strategy is quite standard. Let 7 > 0 and set

Yr = L® ((0, ), LP(Rd)) nL> ((0, T), LPY (Rd)) ,

endowed with a norm

dy—1)
luellyy =maX{ sup |lu(t)|lLp, sup t2r7F IIM(I)IILW}.
O<t<T O0<t<T

Moreover, consider
Byy1={uecYr:luly, <M+1}

where M > 0 is chosen in such a way that ||e”Hﬁuo||yT < CM; < M. Note that M
depends only on |lug||y, — in particular, it is independent of ¢.
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Consider the mapping ®: Bp/y1 — Y7 defined by

t
Olu]t) = e uy +/ e~ t—0H” <|u(r)|V—1 u(r)) dr. (4.1)
0

We shall show that in fact ® is a mapping from Bjs4 into Bys+1. Indeed, consider
u € Byry1. By Theorem 1, for g € {p, py}, we have

t
—(t—7)HP y—1 d
‘/0 e (|u(r>| u(r)) r

L4

1,7[l,1],d<7 ) ! _dpl_1y _dy-D
:C(M+1)Vt 28tp g 2pp X/ (1 _T) 28 Tl v 20 dT.
0

Sinceq = porg = py, y > land p > pf,wehave

1 dy-1)

(1 — t)_i[ dT7F dr < co.
Therefore, we infer

t
—(t—1)HP y—1 d
fo e (@ u() dr

If we take ¢ = p or ¢ = py in (4.2), then

t
—(t—1)HP y—1 d
‘/0 e (|u(r)| u(r)) T

diy—1)
t 2rvB

i[i_l] 1—4o=D
128197 g <CM+DYT 208 . (4.2)

L4

|_d=D
<Ci(M+ 1Y T 28 4.3)
Lp

or

1_do=1
<CM+1D)T" 25,

LpY

t
—(t—1)HP y—1 d
fo e (lu(t)| u(t)) z

As a result, we conclude that

_dy-1)
|®[ullly, <M + max{Cy, C2} (M + 1)” i

Moreover, for a sufficiently small 7 > 0, we have

-1

dly
max{Cy, Co} (M + )Y T'™ 2% < 1.
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This shows that ® is a mapping from By into By 1, as claimed.
We now prove that ®: Bjs1 — Y7 is a contraction mapping. Recall that

= 1ol o] S5 (= ol ) =l (44)
By (4.4) and Holder inequality, we have
- - —1 -1
=t = ol = ole < v (lalZ! + WI75") e = vllzor.

In light of the previous computation, for u, v € By+1 and g € {p, py} we have

[ @ul(r) — P[w](®)][La

11, d(
7]

d —1
< Cs(M + 1 T = )y, 4.5)

for a constant C3 > 0. By taking ¢ = p or ¢ = py in (4.5), we similarly obtain

diy—=1)
0] (1) — DDy, < CoM + 17 T Ju— vy,

for a constant C4 > 0. Since 1 — d(2yp731) > (, for a sufficiently small 7 > 0 we have

dy—1)

CaM + 1)~ 7= <

1
7
We have thus proved that the mapping ® is the contraction mapping for a sufficiently
small 7. By Banach fixed point theorem, there exists a unique fixed point u of the
mapping ® in Bys11 and, in light of Duhamel’s principle, the latter is a solution of
(1.3).

Let us finally prove that u € C ([0, T, L? (R%)). For ug € L?(R?), let the solution
map @y, : [0, T] — L”(R?) given by

t
Duyu(r) = e g +/ e —0H" (|u(z)|V—1 u(t)) d.
0

In view of (4.3), we obtain

dy—1
2

_dy-1
lu(t) — u@)Lr < e ug — uollLe + C1(M + 1) =725

The solution map u(t) is then continuous at ¢t = 0 if ||e*’Hﬁuo — ugllLr — 0 as
t — 0. In fact, one can similarly show that it is continuous on [0, T'], hence we have
u e C(0, 1], LP(Rd)). It only remains to show that e*’Hﬁ — [ ast — 0in the
strong operator topology on LP(R%). To this aim, let us note first that Theorem 1
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implies that the semigroup e~'# ? is bounded on L? (RY), uniformly with respect to
t € [0, 1], hence it is enough to prove the claim on a dense subspace of L”(R?). It is
well known that finite linear combinations of Hermite functions are dense in S(R?)
(see e.g., [26, Theorem 6.4.4]), and in this case the proof of ||e_’Hﬁf — fller > 0
as t — 0 is an immediate consequence of the dominated convergence theorem.

Remark 6 We shall also mention that the result of Part (1) can be alternatively derived
from the abstract theorem of Weissler [33, Theorem 1]. To this aim, we define K; (1) =
e~"1" (lu|”='u). Then for ¢ > 0, K, : LP(RY) — LP(R?) is locally Lipschitz and

d(}/ ) _1 1
1K) — Ke)llee St 2PN 2 ul"™ u — )Y vIIL

L
13

d (v _1
***** y—1 y—1
< 563) (hl 000" ) e = vl

d 1
< 56D

d (v_1
for ||ullzr < M and ||v|r < M. Since p > d(gf;l), we have ¢ Zﬂ(P P) €

L} (0, 00). Note that ¢ — [[K;(0)l[.» = 0 € L} (0,00) and e 7K, = Ky,

loc

for ¢, s > 0. Then (1) follows by [33, Theorem 1].

4.2 Part (2) - lower blow-up rate

Let ug € L”(R?) be such that Tpax < 00, and let u € C ([0, Tmax), L” (RY)) be the
maximal solution of (1.3). Fix s € [0, Tihax) and set

wt) =u(t +5), tel0, Tmax —s), and w(0) = u(s).

Then, as in the proof of Part (1), we claim that

d(y—1)

lu@) Ly + KMY (Tyax — )~ 27 > M, VM >0, (4.6)
for some constant K > 0. Assuming the contrary, then for some M > 0 we would
have

_dy=D

lu()llr + KM (Tnax — )"~ 208 < M,

and w would be defined on [0, Tax —s] —in particular, u (7 ax) would be well defined,
a contradiction. Hence, (4.6) is verified, for any ¢ € [0, Thax) fixed and for all M > O.
Set then M = 2||u(t)||.». By (4.6), we infer

_dy-D
lu@liLr + KZVIIM(I)HZ;) (Tinax — l)l 28 > 2 lu@)lLr, Yt € [0, Tmax)-
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Hence, we have

1

d
lu@lLr = C (Tmax —1)%F ¥=T  forallt € [0, Tiax)-

4.3 Part (3) - global existence

Given y > 1, one can choose r in such a way that

_ 2 b2
dy(y =1 r dy—-1)

Let r be fixed once for all and set

1 d
_y—l 2r,6'
We observe that
diy —1
s1-d0 =D 5 o
2rB

Suppose that p > 0 and M > 0 satisfy the inequality
p+ KM <M,

where K = K(y,d,r) > 0 is a constant and can explicitly be computed. We claim
that if

_+HB
sup#®lle ™ M ugllr < p (4.7)

t>0

then there is a unique global solution # of (1.3) such that

sup 2 lu(t)|lpr < M. (4.8)

t>0

In order to prove our claim, consider

X = {u: (0, 00) — L"(RY) : supt5||u(t)||Lr < oo},

t>0

Xy = {u e X tsupfllu@)|r < M} . d(u,v) = sup s’ lut) — v
t>0 t>0

It is easy to realize that (X, d) is a complete metric space.
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Consider now the mapping

t
T @) (0) = ¢ ug + / eI (u(s) [~ u(s))ds. (4.9)
0
Let ug and vy satisfy (4.7) and choose u, v € X ;. Clearly, we have

F) 8y ,—tHP
N Tugu (@) — Toov@ |l < t°lle™"" (uo — vo)llzr

t
+10 /0 e CH (u(s))Y " u(s) = () ()l ds.

Using Theorem 1 with exponents (p, g) = (r/y, r), (4.4) and Holder’s inequality, we
obtain

le= 1" (u(s)]7 " uls) — o) o)l
_dy=D y—1 y—1
S =92 [lu@) uls) = o)l
_d(y—l) -1 -1
S =97y (e + 1)) lue) = v
_dy-h ¢ _1
S@—s) ¥ ys YM"d(u,v).
Using this inequality, we get
N Tt (1) = Tugv (@)l -

t
_iHP _ _dy=h _
lle™ " (ug — vo) |l + 2y MY ld(u,v)[ (t—s)" 2F s797ds
0

IA

e (wo — vo)llr + K MY~ d(u, v), (4.10)

IA

_dy=D . . . .
where K = 1%y fé (t—s)~ 2F s79%%ds is a finite positive constant. Indeed, since

d()/—l)<

sy < 1,
V= 2B

19
we see that
t _dy-y —4g=D g, 1 _dy-y
(t—s) 27F s %ds =1t P (1 —=s) "2F s %ds < 00.
0 0

Setting vg = 0 and v = 0 in (4.10) we have
PN g lr < p+ KM < M.
That is, J,, maps Xy into itself. Letting uo = vp in (4.10), we note that

d(Tugu (), Tugv (1)) < K MY~ d(u, v).
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Since KM?~1 < 1, then Juo 18 a strict contraction on X . Therefore, 7, has a

unique fixed point u# in X7, which is a solution of (4.9).

Finally, using Theorem 1 with exponents (p, q) = (d(;;;l)’ r), we see that if

lluo ”Ll’[“ is sufficiently small then (4.7) is satisfied.

5 Concluding remarks

In this concluding section we illustrate another application of Theorem 1, that is a set of
Strichartz estimates for the fractional heat propagator. We emphasize that Strichartz
estimates are indispensable tools for a thorough study of the wellposedness theory
for nonlinear equations — see e.g., [29], [32]. Since the proof is based on a standard
machinery, via T T* method and real interpolation (see for instance [21, Lemma 3.2]
and [36, Theorem 1.4] and the references therein), we omit the details.

We say that (g, p, r) is an B-admissible triple of indices if

l_d(l 1)
g 2\r p)’

dr
1<r§p<{d—2ﬁv for d >2rp

where

oo for d <2rp.
Theorem 4 Consider I = [0, T') for some T € (0, o], and B > 0.

1. Let(q, p,r) beany B-admissible triple and consider f € L" (R?). Then e_’Hﬁf €
Li(1, LP(RY)) N Cp(I, L"(RY)) and there exists a constant C > 0 such that

_+HB
le™™ " fllza.ry < CllfllLr.

2. Denote by p = % the Holder conjugate index of py € [1,00]. Let pj, p €
(1,00), or (p}, p) = (1,00), or py = 1 and p € [2,00), or p] € (1, 00) and
p = 1. Assume that (q, p) and (q1, p1) satisfy p] # p,1 < q| < g < 0o and

1 d|1 1 1
Z+ﬁ‘p—i—;'=l+a. 5.1
Then, there exists a constant C > 0 such that
‘ /t e~ =H B (o) ds <CIFl v oy (5.2)
0 L4(I,LP(R9)) LALLM D)

We note that Pierfelice [24] studied Strichartz estimates for (1.3) with H = — A, while
Miao-Yuan-Zhang [21] and Zhai [36] obtained Strichartz estimates for the fractional
Laplacian (—A)P.
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Remark 7 We have several comments for Theorem 4.

1. Taking Theorem 1 into account, part (1) of Theorem 4, can be proved in analogy
with [21, Lemma 3.2], while part (2) of Theorem 4 can be proved similarly to [36,
Theorem 1.4].

2. The property (5.1) is weaker than the admissibility of triples (q, p,2) and

41, p1,2).

3. The hypothesis (5.1) and the constraint p} # p, 1 < g] < g < 00 appear as a
consequence of the Hardy-Littlewood-Sobolev inequality.

4. In order to prove (5.2) we use Theorem 1, hence the assumptions on ( p’l, p)
Pl p € (1,00), or (p}, p) = (1,00), or p| = land p € [2, 00), or p;| € (1, 00)
and p = 1. See [36, Section 3.2] for details.
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