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The uncharged AdS4 soliton has been recently shown to be continuously connected to a magnetic, 
supersymmetric AdS4 soliton within N = 8 gauged supergravity. By constructing the asymptotic 
superalgebra, we establish a positive energy theorem for the magnetic AdS4 solitons admitting well-
defined asymptotic Killing spinors, antiperiodic on a contractible S1. We show that there exists 
only one discrete solution endowed with these boundary conditions satisfying the bound, the latter 
being saturated by the null energy supersymmetric configuration. Despite having negative energy, the 
uncharged AdS4 soliton does not contradict the positive energy theorem, as it does not admit well-
defined asymptotic Killing spinors.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction and discussion

The spinorial proof of the positive energy theorem in general 
relativity requires the existence of a spacelike surface and of a 
spinor field which, when restricted to that surface, satisfies the 
Dirac equation. These spinors are called Witten spinors [1]. There-
fore, in contrast, one can ensure that negative energy should imply 
that such spacelike surface does not exist, namely, there is a non-
spacelike singularity and the spacetime is not regular. The latter 
statement, and in general the proof of the positive energy theo-
rem, has been extended to asymptotically AdS spaces and gauged 
supergravity in several papers [2–4]. The AdS soliton seems to be 
at odds with this expectation [5]. Indeed, it is an everywhere reg-
ular solution with negative total energy. However, spinors must be 
antiperiodic around a circle S1 that smoothly contracts to a point 
in the interior of the AdS soliton spacetime. This boundary con-
dition excludes the existence of asymptotic Killing spinors and of 
Witten spinors, seemingly breaking all supersymmetry. Indeed, the 
antiperiodicity of the spinors on an S1 is typically called a super-
symmetry breaking boundary condition, see for instance [5]. As 
such, it is expected to preclude the possibility of constructing a 
positive energy theorem whenever there is an S1 that smoothly 
contracts to a point in the bulk of the spacetime. Indeed, as can be 
seen from the abstract of [5] solutions with a spacelike cycle S1
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at the boundary are known as supersymmetry breaking boundary 
conditions. This issue has been discussed in the literature [6], but 
until now the problem of endowing these solutions with a positive 
energy theorem has remained open.

We have recently shown that by including a magnetic flux, the 
same boundary conditions on the metric that yield the AdS soli-
ton of [5], yield a supersymmetric soliton in the gauged N = 8
supergravity [7,8]. This supersymmetric solution has zero energy. 
In this letter, we prove that the existence of this supersymmet-
ric state should imply that all the states with the right boundary 
conditions should have an energy that is larger than the energy 
of the supersymmetric state. Hence, we establish a positive energy 
theorem for the case when the spinors are antiperiodic on a con-
tractible S1. This is done by inspecting the supersymmetry algebra 
on the soliton solution and deriving from the anticommutator of 
two supersymmetries a BPS bound. This amounts to applying the 
approach of [9,10], in the presence Wilson lines, to this new class 
of solutions.

There is an apparent tension between the two paragraphs 
above. Indeed, we are stating that it is possible that an everywhere 
regular negative-energy solution is continuously connected with a 
supersymmetric solution, which in turn ensures that the energy 
must be positive. We will show below that this issue is resolved 
in gauged supergravity because our positive energy theorem only 
constrains solutions that support asymptotic Killing spinors with 
antiperiodic boundary conditions. It turns out that the solutions 
with these boundary conditions are not continuously connected 
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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and form a discrete set within the family we study here. Moreover, 
all the negative energy solutions do not have antiperiodic asymp-
totic Killing spinors and there is only one non-supersymmetric 
solution with positive energy supporting them. A similar issue was 
discussed in [8] in relation to supersymmetric hairy solutions.

What is remarkable about this result is that the Einstein-
Maxwell theory, with a cosmological constant, is not only a univer-
sal sector of a number of maximal gauged supergravity theories, 
but, as part of a pure N = 2, D = 4 supergravity with a cosmo-
logical constant, it is a consistent truncation of D = 11 super-
gravity [11]. More generally, pure N -extended four-dimensional 
supergravity was conjectured in [12] and proven in [13], to pro-
vide a consistent truncation of Type II or D = 11 supergravities 
on a generic background with an AdS4 factor, preserving N four-
dimensional supersymmetries. This implies that Einstein-Maxwell 
theory with a cosmological constant, as a consistent truncation of 
a pure N = 2, D = 4 supergravity, is a consistent truncation of 
a generic background, solution to Type II or D = 11 supergravi-
ties, with an AdS4 factor and preserving N = 2 supersymmetries. 
In light of this, the results provided in this paper ensure the non-
perturbative existence of well-defined ground states in a large class 
of quantum field theories at strong t’Hooft coupling, even when 
there is a compact S1 direction in the spacetime.

Finally, it would be very interesting to extend this study to 
the case where the solutions are spinning. In asymptotically AdS 
spacetimes the superalgebra contains the angular momentum in 
the RHS of the anticommutators of the supercharges. As such, the 
BPS bound would be modified and it might be possible that there 
are negative energy solutions satisfying a BPS bound. We leave this 
question open for future research.

This letter is organized as follows. In section 2 we review our 
conventions and provide some details of the supergravity model. 
In section 3 we summarize and report the techniques from [9,10]
in order to read off the asymptotic superalgebra and the related 
BPS bound of a generic N = 2, asymptotic AdS (or magnetic AdS 
(mAdS)) supergravity configuration. Section 4 is devoted to apply-
ing such techniques to the family of magnetic soliton solutions of 
interest, and to derive their BPS bound for the cases in which the 
asymptotic Killing spinors exist and are well-defined.

2. Gauged N = 2 supergravity

The Einstein-Maxwell-AdS theory furnishes the bosonic sector 
of the minimal gauged N =2 supergravity in four dimensions, de-
scribing the gravity multiplet in the presence of a cosmological 
constant. The bulk action reads [14]

S (g, A) = 1

κ

∫
d4x

√−g

[
R

2
− 1

8
Fμν F μν + 3

�2

]
, (2.1)

where F (A)μν = ∂μ Aν − ∂ν Aμ . The field equations are

∂μ

(√−g F μν
) = 0 ,

Rμν − 1
2 gμν R − 1

2

[
Fμρ Fν

ρ − 1
4 gμν Fρσ F ρσ

]
− 3

�2
gμν = 0 .

(2.2)

When supplemented by the fermionic sector, the theory is invari-
ant under supersymmetric transformations of all the fields. We 
shall only make use of the transformation of the Rarita-Schwinger 
fields ψμ

i :

δψμ
i = 2Dμε i − 1

4 F (A)ρσ γ ρσ γμ εi j ε j

+ �−1 εi j t j
k γμεk ≡ D̃με i , (2.3)
2

δψμ i = 2Dμεi − 1
4 F (A)ρσ γ ρσ γμ εi j ε

j

+ �−1 εi j t j
k γμεk ≡ D̃μεi , (2.4)

where γ 5 = −iγ 0γ 1γ 2γ 3, γ 5ψ i
μ = ψ i

μ , γ 5ψμi = −ψμi and i =
1, 2, and we shall pick ti

j = iσ3 =⇒ ti
j = −iσ3. The covariant 

derivatives of the supersymmetry parameters are given by

Dμε i = (
∂μ + 1

4ωμ
abγab

)
ε i − 1

2�
Aμ ti

j ε
j , (2.5)

Dμεi = (
∂μ + 1

4ωμ
abγab

)
εi − 1

2�
Aμ ti

j ε j . (2.6)

2.1. The AdS soliton with a magnetic flux

We shall focus, in what follows, on a class of soliton solutions 
that can be partially supersymmetric. The solutions of interest are 
characterized by a space-time metric of the form [7]

ds2 = r2

�2
(−dt2 + dz2) + dr2

f (r)
+ f (r)dφ2 , (2.7)

with

f (r) = r2

�2
− μ

r
− Q 2

r2
, (2.8)

and a graviphoton 1-form field

A =
(

2Q

r
− 2Q

r0

)
dφ , (2.9)

where r0 is the largest root of the equation f (r0) = 0. The coor-
dinate r takes its values in the half-interval [r0,∞]. Regularity of 
the metric requires φ ∈ [0,�], while the coordinate z can be cho-
sen to be either compact or non-compact. Regularity of the metric 
at r = r0 also implies

� = 4π�2r3
0

3r4
0 + Q 2�2

. (2.10)

The net magnetic flux along the z axis is

� = −
∫

Aφ(r = ∞)dφ = 2Q

r0
�. (2.11)

The dual energy-momentum tensor reads

〈Ttt〉 = − μ

2κ�2
, 〈T zz〉 = μ

2κ�2
,

〈
Tφφ

〉 = − μ

κ�2
. (2.12)

Therefore, μ is proportional to the energy density of the soliton. 
The gauge field gives a v.e.v. for the current in the boundary the-
ory:

〈
Jν

〉 = δS

δAν
= − 1

2κ
NμF μν

√|h| = Q

κ�2
δν

tb
. (2.13)

This soliton was found in [15] and studied for fixed gauge field 
boundary condition in [16], where it was pointed out that for each 
value of the boundary conditions (�, �) there are two solutions, 
one with non-negative energy, continuously connected with AdS4
and the other continuously connected with the AdS soliton. The 
fixed Jα boundary condition is also possible in four dimensions for 
gauge fields [17]. This alternative quantization for this solution was 
studied in [7,8]. In [7] it was pointed out that the μ = 0 solution 
is supersymmetric. We shall quickly review this next.
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2.2. Supersymmetric AdS solitons

The vierbein of the solution can be chosen of the form

e0 = r

�
dt ,

e1 = dr√
f (r)

,

e2 = √
f (r)dφ ,

e3 = r

�
dz , (2.14)

whereas the non-vanishing components of the spin-connection are

ωt
01 =

√
f (r)

�
, ωφ

21 = f ′

2
, ωz

31 =
√

f (r)

�
, (2.15)

with

f ′ = 2r

�2 + μ

r2 + 2
Q 2

r3 . (2.16)

The basis elements of the Clifford algebra are chosen as follows

γ 0 = −i

(
0 σ2
σ2 0

)
, γ 1 = −

(
σ3 0
0 σ3

)
,

γ 2 = i

(
0 −σ2
σ2 0

)
, γ 3 =

(
σ1 0
0 σ1

)
. (2.17)

After performing the following change in the radial coordinate on 
the solution with μ = 0

r = r0

√
cosh(ρ) , (2.18)

and working with the combinations

χ1 ≡ ε1
(1) + ε2 (1) , χ2 = ε1

(2) + ε2 (2) , (2.19)

the Killing spinors read

χ1 = e−iπ
φ
�

1

cosh(ρ)1/4

⎛
⎜⎜⎝

sinh ρ
2− cosh ρ

2
i cosh ρ

2
i sinh ρ

2

⎞
⎟⎟⎠ ,

χ2 = e−iπ
φ
�

1

cosh(ρ)1/4

⎛
⎜⎜⎝

− cosh ρ
2

sinh ρ
2

i sinh ρ
2

i cosh ρ
2

⎞
⎟⎟⎠ . (2.20)

It is useful to label the different spinors with the index A = 1, 2, 
together with their SU(2) upper and lower indices i = 1, 2, namely

ε i
(A) , εi (A) = (ε i

(A))
∗ . (2.21)

From (2.20) it is easy to recover

ε1
(1) = 1

2 (1 + γ 5)χ1, ε2 (1) = 1
2 (1 − γ 5)χ1 ,

ε1
(2) = 1

2 (1 + γ 5)χ2, ε2 (2) = 1
2 (1 − γ 5)χ2 ,

(2.22)

and their complex conjugates

ε1 (1) = (ε1
(1))

∗, ε2
(1) = (ε2 (1))

∗ ,

ε1 (2) = (ε1
(2))

∗, ε2
(2) = (ε2 (2))

∗ . (2.23)
3

2.3. Asymptotic anti-periodic Killing spinors

It follows from the phase of (2.20) that the Killing spinors are 
indeed anti-periodic when moved around the S1 cycle φ → φ + �. 
As these Killing spinors solve the Killing spinor equation every-
where in the four-manifold, their existence implies that there 
should be a BPS bound that this configuration saturates. As we 
shall show below, the BPS bound indeed implies that the energy 
must be positive. Hence, we would like to discuss now specifically 
how it happens that the uncharged AdS-soliton or the AdS-soliton 
with a Wilson line violate this bound.

To understand this, it is useful to consider the Killing spinors of 
a locally AdS4 spacetime in the presence of a constant U (1) con-
nection, A = Aφdφ. For this case, we have that the local solutions 
to the Killing spinor equation are

χ AdS
1 =exp

(
iAφ
2�

φ

)
r1/2

⎛
⎜⎜⎜⎜⎝

1
−1
0
0

⎞
⎟⎟⎟⎟⎠, χ AdS

2 =exp

(
iAφ
2�

φ

)
r1/2

⎛
⎜⎜⎜⎜⎝

0
0
1
1

⎞
⎟⎟⎟⎟⎠, (2.24)

χ AdS
3 =exp

(
iAφ
2�

φ

)
⎛
⎜⎜⎜⎜⎝

r1/2 (t + φ)

−r1/2 (t + φ)

−r1/2z − �2r−1/2

−r1/2z + �2r−1/2

⎞
⎟⎟⎟⎟⎠,

χ AdS
4 =exp

(
iAφ
2�

φ

)
⎛
⎜⎜⎜⎜⎝

−r1/2z + �2r−1/2

r1/2z + �2r−1/2

r1/2 (t − φ)

r1/2 (t − φ)

⎞
⎟⎟⎟⎟⎠ . (2.25)

The spinors χ AdS
3 and χ AdS

4 , are not invariant under the identifica-
tion which makes φ periodic, which therefore breaks at least half 
the supersymmetry. The spinors χ AdS

1 and χ AdS
2 , are invariant (up 

to sign) if Aφ = 2πn�/� for integer n.
Now, it is easy to understand why the original AdS-soliton of 

Horowitz and Myers can not have asymptotic Killing spinors that 
approach these for large r. There is no asymptotically constant 
U (1) connection which is regular at the axis of symmetry and has 
vanishing energy-momentum tensor. Hence, an asymptotic Killing 
spinor on this background can not be anti-periodic and is therefore 
not in the same class of boundary conditions as those solutions 
which are constrained by our BPS bound.

A natural question to ask now is whether there is any non-
trivial configuration sharing the same boundary conditions as the 
supersymmetric AdS soliton and having positive energy, as implied 
by the corresponding BPS bound. From the form of the spinors 
(2.24) we see that any solution that asymptotically approaches a 
local AdS4 spacetime can support an antiperiodic spinor, which 
asymptotically satisfies the Killing spinor equation, provided the 
asymptotic form of the connection and the period satisfies Aφ� =
2πn�, for odd-integer n. For the non-supersymmetric magnetic 
solitons presented in this paper, it follows that

−Aφ�

2�
= Q

r0�
� = 4π�r2

0 Q

3r4
0 + Q 2�2

= nπ . (2.26)

This equation has real solutions only for n = 1. The solutions 
are r0 = √

Q � and r0 =
√

Q �
3 . The first case, r0 = √

Q � is the su-
persymmetric soliton and the second case is a non-supersymmetric 
soliton with positive energy and with the same boundary condi-
tions as the BPS soliton. Indeed, the energy density of the non-

supersymmetric solution with r0 =
√

Q � is
3
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〈Ttt〉 = − μ

2�κ
= 4Q 3/2

√
3

9�3/2
. (2.27)

Now, let us move on to discussing the derivation of the bound 
from the BPS algebra.

3. Asymptotic superalgebra from supersymmetry variations

In [9] (see [10] for an extension to N = 2 supergravity cou-
pled to matter) a methodology providing the asymptotic superal-
gebras and conserved charges of N = 2 supergravity solutions that 
asymptote respectively to AdS or mAdS spacetimes, and their rela-
tive BPS bounds, was crafted. Crucially, such method relies on the 
existence of asymptotic Killing spinors. In this section we turn to 
briefly recall how this procedure is implemented.

Let �μ
i be a Majorana gravitino and χ i , i = 1, 2, be the Majo-

rana Killing spinors of the generic N = 2 bulk configuration. Under 
supersymmetry variation with respect to χ i , the Noether supercur-
rent Jχ

μ is defined, in our conventions, as

Jχ
μ = iεμνρσ �ν i γ5γρD̃σ χ i , (3.1)

where γρ is the flat gamma matrix γa contracted with the viel-
bein eρ

a , and where the operator D̃ is the one appearing in the 
gravitino variation under supersymmetry,

δχ�μ
i = D̃μχ i . (3.2)

In principle, such supercurrent is defined up to improvement 
terms, but a comparison between the canonical Dirac brackets and 
the supersymmetry variations uniquely specifies it (see [9] for de-
tails). The (scalar) Noether supercharge is then covariantly defined, 
in our notations, as

Q =
∫
V

d�μJχ
μ = −i

∫
V

d�μεμνρσ �σ iγ5γρD̃νχ
i , (3.3)

namely as the volume integral over the spacelike hypersurface V. 
Upon integration by parts and after imposing the field equations, 
one can rewrite (3.3) as

Q = −i

∫
∂V

d�μνε
μνρσ �σ iγ5γρχ i , (3.4)

where we have defined

d�μν = 1

2
εμνρσ dxρ ∧ dxσ , (3.5)

namely as the surface integral along the spacelike hypersurface at 
radial infinity ∂V . As customary in general relativity, the integral 
should be performed at asymptotic infinity with respect to the ra-
dial coordinate: this is the only way to ensure both the coordinate 
independence and to guarantee at least Poincaré invariance of the 
charge so defined. The anticommutator between two supercharges 
simply amounts to the supercharge variation itself

{Q,Q} = δχQ = −i

∫
∂V

d�μνε
μνρσ

(
δχ�σ i

)
γ5γρχ i

= −i

∫
∂V

d�μνε
μνρσ χ iγ5γρD̃σ χ i . (3.6)

If the right-hand-side of (3.6) is computed on a supersymmetry-
preserving background (e.g. the vacuum of the theory) and χ i are 
chosen to be the corresponding Killing spinors, the anticommuta-
tor in (3.6) obviously vanishes. If, on the other hand, we compute 
eq. (3.6) on a (non-necessarily supersymmetric) bulk configuration 
4

that is different from the vacuum, but which asymptotes it, the 
bulk configuration itself can be viewed as an excitation on top of 
the vacuum state. In particular, although global Killing spinors on 
the bulk configuration may not exist, we can define for it asymp-
totic Killing spinors χ i∞ obtained by solving the Killing spinor equa-
tions at radial infinity, and which coincide, in this limit, with the 
Killing spinors of the vacuum configuration. Therefore, the inser-
tion of χ i∞ into (3.4) yields now, through (3.6), a non-vanishing 
result, describing the realization of the vacuum superalgebra on 
the bulk configuration. It is here that the asymptotic existence and 
well-definiteness of the Killing spinor χ is needed. It is also useful 
to remark that, while χ i∞ are defined at spatial infinity, the de-
tails of the bulk geometry are all still encoded in the operator D̃
and in the vielbein contracting the flat gamma matrices γ in (3.6).

To make things explicit, after plugging χ i∞ into (3.4), and hav-
ing obtained (3.6), the final step is to extract the spinorial structure 
out of the scalar supercharges,

Q = (ε i
0)α Qα

i , (3.7)

in terms of a doublet of constant Majorana spinors ε i
0. The asymp-

totic superalgebra can be then read, schematically, from

(ε0
i)α {Qα

i,Qβ j} (ε0
β j) =

(ε0
i)α

(
C(T , t) T α

β ti j
)

(ε0
β j) , (3.8)

where T α
β and ti j are the relevant superalgebra generators coming 

in representations of respectively SO(2, 3) and SO(2), and C(T , t)
the associated coefficients giving rise to the conserved bosonic 
charges. For generic asymptotic configurations, this SO(2, 3)×SO(2) 
structure will be broken, as in the case of mAdS [9]. Given the 
asymptotic superalgebra (3.8), standard procedures (see e.g. [18]) 
allow for the extraction of the related BPS bound.

In the following, we will apply this recipe to the soliton config-
uration, in order to derive the relevant BPS bound in cases where 
asymptotic Killing spinors exist and are well-defined.

4. Asymptotic superalgebra and BPS bound

4.1. Asymptotic Killing spinors

In order to make contact with the notation employed in [9], we 
find convenient to define the Majorana spinors

χ i = ε i + (ε i)∗ . (4.1)

The action of the derivative operator on such a spinor can be in-
ferred from the structure (2.3),

D̃μχ i = 2
(
∂μ + 1

4 ωμ
abγab

)
χ i − i

�
Aμ γ 5(σ 3)i

j χ
j

− i
4 Fρσ γ ρσ γμ(σ 2)i

jχ
j − i

�
γμγ 5(σ 1)i

jχ
j . (4.2)

The asymptotic Majorana spinors are computed explicitly by solv-
ing the asymptotic Killing spinor equations, and their form is

χ i = r1/2Pi
kOk

j(φ)ε
j

0

= r1/2 1

2

(
δi

k + iγ1γ
5(σ 1)i

k

)
×

(
Exp

[
−i Q

�r0
φγ 5(σ 3)

])k
j ε

j
0 , (4.3)

where ε j
0 is a doublet of arbitrary constant Majorana spinors. Al-

ternatively, (4.3) can be rewritten by expanding the definition of 
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the exponential function of operators as

χ i = r1/2 1

2

(
δi

k + iγ1γ
5(σ 1)i

k

)
×

(
cos

(
Q

�r0
φ

)
δk

j − i sin
(

Q
�r0

φ

)
γ 5(σ 3)k

j

)
ε

j
0 . (4.4)

Let us prove that this is the solution to the asymptotic Killing 
spinor equations. The Killing spinor equations in the bulk read

2∂tχ
i + 1

2
ωab

t γabχ
i + Q

r2
γ31γt(iσ 2)i

jχ
j − i

γt

�
γ 5(σ 1)i

jχ
j = 0 ,

(4.5)

2∂rχ
i + Q

r2
γ31γr(iσ 2)i

jχ
j − i

γr

�
γ 5(σ 1)i

jχ
j = 0 (4.6)

2∂φχ i + f ′
2

γ21χ i − i
2Q

�

(
1

r
− 1

r0

)
γ 5(σ 3)i

jχ
j

+ Q

r2
γ31

√
f γ2(iσ 2)i

jχ
j − i

√
f

�
γ2γ

5(σ 1)i
jχ

j = 0 , (4.7)

2∂zχ
i +

√
f

2
γ31χ i + Q

r2
γ31

r

�
γ3(iσ 2)i

jχ
j − i

r

�2
γ3γ

5(σ 1)i
jχ

j = 0 .

(4.8)

Let us assume the r-dependence at leading order in the large 
r-limit to be1 χ i(r) ∼ r1/2. By further assuming that the spinor 
should not depend on (t, z), then an expansion of the radial func-
tions (2.8), (2.16) and

√
f = r

�
− �μ

2r2
− �Q 2

2r3
+O

(
r−4

)
, (4.9)

shapes the Killing spinor equation (4.8) into

r

�2
γ3

(
δi

j − iγ1γ
5(σ 1)i

j

)
χ j = 0 , (4.10)

which is easily solved by requiring a structure

χ i = r1/2Pi
jO j

k(φ)εk
0 , Pi

j ≡ 1

2

(
δi

j + iγ1γ
5(σ 1)i

j

)
, (4.11)

namely a projector P, a φ-dependent operator carrying SU(2) in-
dices O, and a doublet of arbitrary constant Majorana spinors ε i

0. 
Plugging this structure in the large r-limit of (4.7), one finds2

∂φχ i + i
Q

�r0
γ 5(σ 3)i

jχ
j = 0 =⇒

∂φOi
j + i

Q

�r0
γ 5(σ 3)i

jO j
k = 0 , (4.12)

whose solution is

Oi
j(φ) = Exp

[
−i

Q

�r0
γ 5(σ 3)φ

]i

j , (4.13)

thereby validating (4.3), (4.4).

4.2. Asymptotic superalgebra

The computation of the anticommutator of the two Noether su-
percharges, following (3.6), proceeds as follows. Inserting into the 
right-hand-side the relevant operator D̃ and the asymptotic Killing 
spinors (4.4), the former reads

1 The next-to-leading order in the r-dependence of the spinors (2.20) is ∼ r−7/2, 
therefore it is safe to solve the Killing spinor equations at leading order.

2 In the large r-limit, (4.7) factorizes into two separate equations, (4.12) of order 
r1/2, and another one of order r3/2, which is nonetheless identically satisfied once 
given (4.11).
5

{Q,Q} = −i

∫
∂V

d�trε
trρσ

(
χ̄iγ

5γρD̃σ χ i
)

= −2i

∫
dzdφ χ̄iγ

5
(
γφD̃zχ

i − γzD̃φχ i
)

= −2i

∫
dzdφ χ̄iγ

5 ×[√
f γ2

(
ωab

z
2

γabχ
i + Q

r2
γ rφγz(iσ 2)i

jχ
j − i

�
γzγ

5(σ 1)i
jχ

j

)

− r

�
γ3

⎛
⎝2∂φχ i +

ωab
φ

2
γabχ

i − 2Q

�

(
1

r
− 1

r0

)
γ 5(iσ 3)i

jχ
j

+ Q

r2
γ rφγφ(iσ 2)i

jχ
j − i

�
γφγ 5(σ 1)i

jχ
j
)]

= −2i

∫
dzdφ χ̄iγ

5×[(
− 2r

�
γ3∂φχ i + 2Q

�2

(
1 − r

r0

)
γ3γ 5(iσ 3)i

jχ
j
)

+
(

f

�
+ r f ′

2�

)
γ231χ i − 2i

r
√

f

�2
γ23γ 5(σ 1)i

jχ
j

]
.

(4.14)

By plugging in the additional r-dependence of the spinors χ i ∼
r1/2χ̃ i , and taking into account the useful gamma matrix identities

γ 5γ3 = −iγ 012 , γ 5γ231 = iγ 0 ,

γ 5γ23γ
5 = γ23 , γ 5γ3γ

5 = −γ3 , (4.15)

equation (4.14) is rewritten as

{Q,Q} = 2
∫

dzdφ ¯̃χi ×[
2r2

�
γ 012∂φχ̃ i − 2Q

�2

(
r − r2

r0

)
γ3(σ 3)i

jχ̃
j

+
(

r f

�
+ r2 f ′

2�

)
γ 0χ̃ i − 2

r2
√

f

�2
γ23(σ 1)i

jχ̃
j

]
.

(4.16)

In the large r limit, (2.8), (2.16) and (4.9) yield

{Q,Q} = 2
∫

dzdφ ¯̃χi ×[
2r2

�
γ 012∂φχ̃ i − 2Q

�2

(
r − r2

r0

)
γ3(σ 3)i

jχ̃
j

+
(

2r3

�3
− μ

2�

)
γ 0χ̃ i −

(
2r3

�3
− μ

�

)
γ23(σ 1)i

j χ̃
j

]
.

(4.17)

By using the definition ¯̃χ i = (PO)i
jε

j
0 ≡ ((PO)i

jε
j

0)†γ 0 =
(ε

j
0)T (Ok

j)
†(Pi

k)
†γ 0 of the Dirac conjugate, one recovers the ex-

pression

{Q,Q} = 2
∫

dzdφ (ε
j

0)T (Ol
j)

†(Pi
l)

†

[
− 2r2

�
γ 12∂φχ̃ i − 2Q

�2

(
r − r2

r0

)
γ 0γ3(σ 3)i

j χ̃
j

−
(

2r3

�3
− μ

2�

)
χ̃ i −

(
2r3

�3
− μ

�

)
γ 0γ23(σ 1)i

jχ̃
j

]
.

(4.18)

(4.18) can now be analyzed analytically. Inspection of the third line 
tells us, after some Clifford algebra, that
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(Ol
j)

†(Pi
l)

† ×(
−

(
2r3

�3
− μ

2�

)
χ̃ i −

(
2r3

�3
− μ

�

)
γ 0γ23(σ 1)i

jχ̃
j

)

=
(
− μ

2�

)
(Ol

j)
†(Pi

l)
†Pi

kOk
mεm

0 =
(
− μ

2�

)
Pi

mεm
0 , (4.19)

where we have used the identity

(Ol
j)

†(Pi
l)

†Pi
kOk

m = (Ol
j)

†Pl
kOk

m = P j
m . (4.20)

As we see, the result is a finite term. The second line instead can 
be rearranged as

(Ol
j)

†(Pi
l)

†

(
− 2r2

�
γ 12∂φχ̃ i − 2Q

�2

(
r − r2

r0

)
γ 0γ3(σ 3)i

j χ̃
j

)

= 2r2

�
(Ol

j)
†(Pi

l)
†γ 12Pi

k×[
−∂φOk

m + i
Q

�

(
1

r
− 1

r0

)
γ 5(σ 3)k

jO j
m

]
εm

0 . (4.21)

Due to the very structure of the asymptotic Killing spinors, this 
term is zero. Indeed, it is not hard to prove that

(Pi
l)

†γ 12Pi
k = Pl

iγ
12Pi

k = γ 12P̄l
iP

i
k = 0 , (4.22)

where P̄l
i ≡ 1

2

(
δi

k − iγ1γ
5(σ 1)i

k
)
.

In order to read off the superalgebra, therefore, we can focus 
only on the third line of (4.18), stripping out of the anticommuta-
tor the constant Majorana spinors. The final expression,

ε0αi{Qαi,Qβ j}εβ j
0 = ε0αi

∫
dz

(
−�μ

�

)
Pα i

β jε
β j
0

= ε0αi

∫
dz

(
−�μ

�

)(
δα
β δi

j + i(γ1γ
5)αβ(σ 1)i

j

)
ε

β j
0 , (4.23)

is obtained, where the integral on φ has been performed.

4.3. BPS bound

Q1 and Q2 both being real, let us define the complex operators

Qα
β = 1√

2

(
Q1

α
β + iQ2

α
β

)
,

Q
α

β = 1√
2

(
Q1

α
β − iQ2

α
β

)
, (4.24)

and compute

{Q,Q}αβ =
∫

dz

(−�μ

�

)
δα
β . (4.25)

The structure of this anticommutator entails the product of a com-
plex number and of its complex conjugate, and must therefore be 
semi-positive definite. This leads to the BPS bound

Tr
[{Q,Q}] ≡ {Q,Q}αα ≥ 0 =⇒ μ ≤ 0 , (4.26)

which, as expected, imposes positivity (μ corresponds to minus 
the energy density, see (2.12)) of energy for all physical solutions, 
and it is saturated by the supersymmetric soliton.
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