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The uncharged AdS, soliton has been recently shown to be continuously connected to a magnetic,
supersymmetric AdSs soliton within A = 8 gauged supergravity. By constructing the asymptotic
superalgebra, we establish a positive energy theorem for the magnetic AdS4 solitons admitting well-
defined asymptotic Killing spinors, antiperiodic on a contractible S!. We show that there exists

only one discrete solution endowed with these boundary conditions satisfying the bound, the latter
being saturated by the null energy supersymmetric configuration. Despite having negative energy, the
uncharged AdS; soliton does not contradict the positive energy theorem, as it does not admit well-
defined asymptotic Killing spinors.
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1. Introduction and discussion

The spinorial proof of the positive energy theorem in general
relativity requires the existence of a spacelike surface and of a
spinor field which, when restricted to that surface, satisfies the
Dirac equation. These spinors are called Witten spinors [1]. There-
fore, in contrast, one can ensure that negative energy should imply
that such spacelike surface does not exist, namely, there is a non-
spacelike singularity and the spacetime is not regular. The latter
statement, and in general the proof of the positive energy theo-
rem, has been extended to asymptotically AdS spaces and gauged
supergravity in several papers [2-4]. The AdS soliton seems to be
at odds with this expectation [5]. Indeed, it is an everywhere reg-
ular solution with negative total energy. However, spinors must be
antiperiodic around a circle S! that smoothly contracts to a point
in the interior of the AdS soliton spacetime. This boundary con-
dition excludes the existence of asymptotic Killing spinors and of
Witten spinors, seemingly breaking all supersymmetry. Indeed, the
antiperiodicity of the spinors on an S! is typically called a super-
symmetry breaking boundary condition, see for instance [5]. As
such, it is expected to preclude the possibility of constructing a
positive energy theorem whenever there is an S! that smoothly
contracts to a point in the bulk of the spacetime. Indeed, as can be
seen from the abstract of [5] solutions with a spacelike cycle S!
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at the boundary are known as supersymmetry breaking boundary
conditions. This issue has been discussed in the literature [6], but
until now the problem of endowing these solutions with a positive
energy theorem has remained open.

We have recently shown that by including a magnetic flux, the
same boundary conditions on the metric that yield the AdS soli-
ton of [5], yield a supersymmetric soliton in the gauged N =8
supergravity [7,8]. This supersymmetric solution has zero energy.
In this letter, we prove that the existence of this supersymmet-
ric state should imply that all the states with the right boundary
conditions should have an energy that is larger than the energy
of the supersymmetric state. Hence, we establish a positive energy
theorem for the case when the spinors are antiperiodic on a con-
tractible S'. This is done by inspecting the supersymmetry algebra
on the soliton solution and deriving from the anticommutator of
two supersymmetries a BPS bound. This amounts to applying the
approach of [9,10], in the presence Wilson lines, to this new class
of solutions.

There is an apparent tension between the two paragraphs
above. Indeed, we are stating that it is possible that an everywhere
regular negative-energy solution is continuously connected with a
supersymmetric solution, which in turn ensures that the energy
must be positive. We will show below that this issue is resolved
in gauged supergravity because our positive energy theorem only
constrains solutions that support asymptotic Killing spinors with
antiperiodic boundary conditions. It turns out that the solutions
with these boundary conditions are not continuously connected
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and form a discrete set within the family we study here. Moreover,
all the negative energy solutions do not have antiperiodic asymp-
totic Killing spinors and there is only one non-supersymmetric
solution with positive energy supporting them. A similar issue was
discussed in [8] in relation to supersymmetric hairy solutions.

What is remarkable about this result is that the Einstein-
Maxwell theory, with a cosmological constant, is not only a univer-
sal sector of a number of maximal gauged supergravity theories,
but, as part of a pure N'=2, D =4 supergravity with a cosmo-
logical constant, it is a consistent truncation of D = 11 super-
gravity [11]. More generally, pure N -extended four-dimensional
supergravity was conjectured in [12] and proven in [13], to pro-
vide a consistent truncation of Type Il or D = 11 supergravities
on a generic background with an AdS,4 factor, preserving N four-
dimensional supersymmetries. This implies that Einstein-Maxwell
theory with a cosmological constant, as a consistent truncation of
a pure N =2, D =4 supergravity, is a consistent truncation of
a generic background, solution to Type Il or D = 11 supergravi-
ties, with an AdS4 factor and preserving A = 2 supersymmetries.
In light of this, the results provided in this paper ensure the non-
perturbative existence of well-defined ground states in a large class
of quantum field theories at strong t'Hooft coupling, even when
there is a compact S! direction in the spacetime.

Finally, it would be very interesting to extend this study to
the case where the solutions are spinning. In asymptotically AdS
spacetimes the superalgebra contains the angular momentum in
the RHS of the anticommutators of the supercharges. As such, the
BPS bound would be modified and it might be possible that there
are negative energy solutions satisfying a BPS bound. We leave this
question open for future research.

This letter is organized as follows. In section 2 we review our
conventions and provide some details of the supergravity model.
In section 3 we summarize and report the techniques from [9,10]
in order to read off the asymptotic superalgebra and the related
BPS bound of a generic N = 2, asymptotic AdS (or magnetic AdS
(mAdS)) supergravity configuration. Section 4 is devoted to apply-
ing such techniques to the family of magnetic soliton solutions of
interest, and to derive their BPS bound for the cases in which the
asymptotic Killing spinors exist and are well-defined.

2. Gauged N\ = 2 supergravity

The Einstein-Maxwell-AdS theory furnishes the bosonic sector
of the minimal gauged N =2 supergravity in four dimensions, de-
scribing the gravity multiplet in the presence of a cosmological
constant. The bulk action reads [14]

1 R 1 3

S(g, A)=— | d*xJ=g|= - =FuF*' + = |, 2.1
@ =y [ 5 - ghwr + 5] e3)
where F(A)y,y =3, A, — dyAy. The field equations are

u(VgF™) =0

Ry — %g/wR - %[FIMO F,f — zlxgqupfera]

3
2 guv =0.
(2.2)

When supplemented by the fermionic sector, the theory is invari-
ant under supersymmetric transformations of all the fields. We
shall only make use of the transformation of the Rarita-Schwinger
fields v, ':

8y =2Dyu€e — YF(A) po vy el €;

+ e ety e =Dy, (23)
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SYui=2Dye€ — %F(A)panUVu Eij €’
-1 j k A
+4£7 ¢ 'y Yu€ =Dy€i, (2.4)
where y° = —iy°y1y2y%, VUL =V, .ysw,u- =—yyi and i =
1,2, and we shall pick t'j = io3 = t;/ = —io3. The covariant
derivatives of the supersymmetry parameters are given by

. L C o
D€' = (0 + 100" Vap)€' — 57 Apt'j€l,

1, ab 1 j
Dpé€i = (0p + 701 Vab)€i — 27 Apti €;.

2.1. The AdS soliton with a magnetic flux
We shall focus, in what follows, on a class of soliton solutions

that can be partially supersymmetric. The solutions of interest are
characterized by a space-time metric of the form [7]

ds? = —(—dt* +d — d 2.7
( +Z)+f()+f(r)¢ (2.7)
with
_rop @
f=pm-T-"7" (2.8)
and a graviphoton 1-form field
A= (ﬂ — &> do, (2.9)
r o

where rq is the largest root of the equation f(rg) = 0. The coor-
dinate r takes its values in the half-interval [rp, co]. Regularity of
the metric requires ¢ € [0, A], while the coordinate z can be cho-
sen to be either compact or non-compact. Regularity of the metric
at r =rg also implies

4 r] (210)

C3rd Q2 )

The net magnetic flux along the z axis is
2
CI>=—/A¢(r=oo)dqb=r—QA. 211)
0
The dual energy-momentum tensor reads
H [ [

Ty)=————, (T y (Tpp)=——. 212
(T ==5 0 Tal=5 175, (Ts)=-—5 (212)

Therefore, p is proportional to the energy density of the soliton.
The gauge field gives a v.e.v. for the current in the boundary the-
ory:

éS
09)= 33y = 5P =

e

(2.13)

This soliton was found in [15] and studied for fixed gauge field
boundary condition in [16], where it was pointed out that for each
value of the boundary conditions (A, &) there are two solutions,
one with non-negative energy, continuously connected with AdS4
and the other continuously connected with the AdS soliton. The
fixed J* boundary condition is also possible in four dimensions for
gauge fields [17]. This alternative quantization for this solution was
studied in [7,8]. In [7] it was pointed out that the u = 0 solution
is supersymmetric. We shall quickly review this next.
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2.2. Supersymmetric AdS solitons

The vierbein of the solution can be chosen of the form

=¢ﬂn’
=+ f(nde,
3 = %dz, (2.14)

whereas the non-vanishing components of the spin-connection are

a)tm == f , a)¢21 = ﬂ a)zs1 == AW , (2.15)
0 2 0
with
2
f'= ?—2+“+2Q (2.16)

The basis elements of the Clifford algebra are chosen as follows

o_ (0 o2 1_ (o3 0
=i ) 7 ==(5 5)
2_ (0 -0 3 (o1 O
r= il 8) r=(35)

After performing the following change in the radial coordinate on
the solution with © =0

(217)

r =rp/cosh(p), (2.18)
and working with the combinations
X1= 6(11) +teq), X2 = E(12) tée2), (219)
the Killing spinors read
sinh £
_in? 1 - cosh £
_—im
Xx1=¢ A cosh(p)1/4 lCOShg ’
isinh
—cosh '0
_in? 1 sinh p
_ 1T
xz=e =4 cosh(p)1/4 zsmh% (2:20)
icosh

It is useful to label the different spinors with the index A =1, 2,
together with their SU(2) upper and lower indices i =1, 2, namely

GfAy €i(A) = (Gfm)*- (2.21)
From (2.20) it is easy to recover

1 5\.,1 5,1
en=30+y)x". eqn=3a-y)x', (222)
el =1 4+y5y2, e =11 =952 :

2 =12 YVIX©, €@ =3 YX
and their complex conjugates

_ 1 \x 2 *

€1(1) = (6(1)) S (e21))",
€10 = (€4, € =(e20)". (2.23)
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2.3. Asymptotic anti-periodic Killing spinors

It follows from the phase of (2.20) that the Killing spinors are
indeed anti-periodic when moved around the S! cycle ¢ — ¢ + A.
As these Killing spinors solve the Killing spinor equation every-
where in the four-manifold, their existence implies that there
should be a BPS bound that this configuration saturates. As we
shall show below, the BPS bound indeed implies that the energy
must be positive. Hence, we would like to discuss now specifically
how it happens that the uncharged AdS-soliton or the AdS-soliton
with a Wilson line violate this bound.

To understand this, it is useful to consider the Killing spinors of
a locally AdS4 spacetime in the presence of a constant U(1) con-
nection, A = Aydé. For this case, we have that the local solutions
to the Killing spinor equation are

1

iA -1 iA
XlAds_exp<TZ>¢>r1/z ’ szads_exp(TZ&¢>r1/z

0
0
X (2.24)
1

r12(t+¢)

172
r’ct+¢)
XsAdS—eXP<T¢¢> /25 _ 20172

—rV27 4 g24-172

—r1/2z 4 2r172
1127 4 p2p=1/2
2 —¢)
2t —¢)

de5=€XP(i/2LZ’¢> (2.25)

The spinors x495 and x5, are not invariant under the identifica-

tion which makes ¢ periodic, which therefore breaks at least half
the supersymmetry. The spinors x{95 and x5, are invariant (up
to sign) if Ay =2mnf/A for integer n.

Now, it is easy to understand why the original AdS-soliton of
Horowitz and Myers can not have asymptotic Killing spinors that
approach these for large r. There is no asymptotically constant
U(1) connection which is regular at the axis of symmetry and has
vanishing energy-momentum tensor. Hence, an asymptotic Killing
spinor on this background can not be anti-periodic and is therefore
not in the same class of boundary conditions as those solutions
which are constrained by our BPS bound.

A natural question to ask now is whether there is any non-
trivial configuration sharing the same boundary conditions as the
supersymmetric AdS soliton and having positive energy, as implied
by the corresponding BPS bound. From the form of the spinors
(2.24) we see that any solution that asymptotically approaches a
local AdS4 spacetime can support an antiperiodic spinor, which
asymptotically satisfies the Killing spinor equation, provided the
asymptotic form of the connection and the period satisfies Ay A =
2nnt, for odd-integer n. For the non-supersymmetric magnetic
solitons presented in this paper, it follows that

—AsA  Q
20 1ol

aeriQ
C3rd Q22

—nr. (2.26)

This equation has real solutions only for n = 1. The solutions

are ro =+/Q¢ and ro =,/ % The first case, rg = +/Q ¢ is the su-

persymmetric soliton and the second case is a non-supersymmetric
soliton with positive energy and with the same boundary condi-
tions as the BPS soliton. Indeed, the energy density of the non-

supersymmetric solution with ro =,/ % is
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no_4Q%%/3
20— 9432
Now, let us move on to discussing the derivation of the bound
from the BPS algebra.

(Tee) = — (2.27)

3. Asymptotic superalgebra from supersymmetry variations

In [9] (see [10] for an extension to A =2 supergravity cou-
pled to matter) a methodology providing the asymptotic superal-
gebras and conserved charges of A/ = 2 supergravity solutions that
asymptote respectively to AdS or mAdS spacetimes, and their rela-
tive BPS bounds, was crafted. Crucially, such method relies on the
existence of asymptotic Killing spinors. In this section we turn to
briefly recall how this procedure is implemented.

Let \Ilui be a Majorana gravitino and x!, i = 1,2, be the Majo-
rana Killing spinors of the generic A" = 2 bulk configuration. Under
supersymmetry variation with respect to !, the Noether supercur-
rent J,# is defined, in our conventions, as

Tyt = i€"Po, i vy Do X' (31)

where Y, is the flat gamma matrix y, contracted with the viel-
bein e, and where the operator D is the one appearing in the
gravitino variation under supersymmetry,

Sy W, =Dux". (3.2)

In principle, such supercurrent is defined up to improvement
terms, but a comparison between the canonical Dirac brackets and
the supersymmetry variations uniquely specifies it (see [9] for de-
tails). The (scalar) Noether supercharge is then covariantly defined,
in our notations, as

Q:/dEMJX/L:—i/dEMe’”"“ Ggiysypf)vx", (3.3)
v v
namely as the volume integral over the spacelike hypersurface V.

Upon integration by parts and after imposing the field equations,
one can rewrite (3.3) as

Q=i / A5, €7 Ty iysyp (3.4)
v

where we have defined
1
A, = ze,wpgdxp Adx? (3.5)

namely as the surface integral along the spacelike hypersurface at
radial infinity 0V. As customary in general relativity, the integral
should be performed at asymptotic infinity with respect to the ra-
dial coordinate: this is the only way to ensure both the coordinate
independence and to guarantee at least Poincaré invariance of the
charge so defined. The anticommutator between two supercharges
simply amounts to the supercharge variation itself

{Q, Q} = 5)(9 = _i/dzp,veﬂv'oa (5X$U i) VSVpXi
v

:—ideMVEMVPGY;VSVpﬁoXi . (36)
v

If the right-hand-side of (3.6) is computed on a supersymmetry-
preserving background (e.g. the vacuum of the theory) and x! are
chosen to be the corresponding Killing spinors, the anticommuta-
tor in (3.6) obviously vanishes. If, on the other hand, we compute
eq. (3.6) on a (non-necessarily supersymmetric) bulk configuration
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that is different from the vacuum, but which asymptotes it, the
bulk configuration itself can be viewed as an excitation on top of
the vacuum state. In particular, although global Killing spinors on
the bulk configuration may not exist, we can define for it asymp-
totic Killing spinors x o, obtained by solving the Killing spinor equa-
tions at radial infinity, and which coincide, in this limit, with the
Killing spinors of the vacuum configuration. Therefore, the inser-
tion of xis into (3.4) yields now, through (3.6), a non-vanishing
result, describing the realization of the vacuum superalgebra on
the bulk configuration. It is here that the asymptotic existence and
well-definiteness of the Killing spinor x is needed. It is also useful
to remark that, while xi, are defined at spatial infinity, the de-
tails of the bulk geometry are all still encoded in the operator D
and in the vielbein contracting the flat gamma matrices y in (3.6).

To make things explicit, after plugging x o into (3.4), and hav-
ing obtained (3.6), the final step is to extract the spinorial structure
out of the scalar supercharges,

Q= (e))a Q%, (3.7)

in terms of a doublet of constant Majorana spinors e("). The asymp-
totic superalgebra can be then read, schematically, from
(€0)a (Q1. Qp j} (€0”)) =
(€oha (C(T,0) Tgtij) (o)), (38)
where T%4 and t;; are the relevant superalgebra generators coming
in representations of respectively SO(2,3) and SO(2), and C(T,t)
the associated coefficients giving rise to the conserved bosonic
charges. For generic asymptotic configurations, this SO(2, 3) xSO(2)
structure will be broken, as in the case of mAdS [9]. Given the
asymptotic superalgebra (3.8), standard procedures (see e.g. [18])
allow for the extraction of the related BPS bound.
In the following, we will apply this recipe to the soliton config-

uration, in order to derive the relevant BPS bound in cases where
asymptotic Killing spinors exist and are well-defined.

4. Asymptotic superalgebra and BPS bound
4.1. Asymptotic Killing spinors

In order to make contact with the notation employed in [9], we
find convenient to define the Majorana spinors

xi=€ 4 (e)*. (4.1)

The action of the derivative operator on such a spinor can be in-
ferred from the structure (2.3),

ﬁuXi =2 (3/4 + Allwuab)/ab) Xi - %A/l )’5(0'3)ij Xj
A o o
—EFpoy P yu(@®) jxi - ZVWS(U])UX’. (42)

The asymptotic Majorana spinors are computed explicitly by solv-
ing the asymptotic Killing spinor equations, and their form is

Xi — r]/Zﬂ)ikokj((b)Eé'
1,. . .
=r? (S,L +iy ys(al)‘k)

k.
X (EXp [—i%d)ys((ﬁ)]) jéé, (4.3)

where eé is a doublet of arbitrary constant Majorana spinors. Al-
ternatively, (4.3) can be rewritten by expanding the definition of
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the exponential function of operators as
) 1,. )
xi= r1/25 (51'< +l)/1y5(0])lk)
X (cos<%¢)6§ —isin<%¢>y5(o3)"j) eé. (4.4)

Let us prove that this is the solution to the asymptotic Killing
spinor equations. The Killing spinor equations in the bulk read

1 Q N B3 i i
20cx' + w[ Yabx' + 2)/31%(102)‘]-)(]—17)/5(01)’]-)(’:0,

(4.5)
20 x' + %7/31%(10 ) ixd - y Sehijxi=0 (4.6)
L i 2Q (1 1Y 5 3 j
205 %"+ S 21X 'e <r ro)y @) jx
+r7)’31~/f7/2(102)'jxj*lgyzys(ﬁl)'jxj=0, (4.7)
232Xi+§y31)(i+%V31%V3(i02)in]—l_V3V @hHijxi=o.
(4.8)

Let us assume the r-dependence at leading order in the large
r-limit to be' xi(r) ~ r'/2, By further assuming that the spinor
should not depend on (t, z), then an expansion of the radial func-
tions (2.8), (2.16) and

e (r"‘) , (4.9)

shapes the Killing spinor equation (4.8) into

T P ; ;

s (8= iny @) x) =0 (410)
which is easily solved by requiring a structure

X =r'P0@)el . Pi=2 (5; + zy1y5(a1)’j) . (411)

namely a projector P, a ¢-dependent operator carrying SU(2) in-
dices O, and a doublet of arbitrary constant Majorana spinors €.
Plugging this structure in the large r-limit of (4.7), one finds?

3 X! +igy5(03)ijxj =0 —
Lro

101 +i=y3(%) 01 =0, (412)
ET’()
whose solution is
i Q
O'j(¢) =Exp —1 V >(0? )¢ (4.13)

thereby validating (4.3), (4.4).
4.2. Asymptotic superalgebra

The computation of the anticommutator of the two Noether su-
percharges, following (3.6), proceeds as follows. Inserting into the
right-hand-side the relevant operator D and the asymptotic Killing
spinors (4.4), the former reads

1 The next-to-leading order in the r-dependence of the spinors (2.20) is ~r=7/2,
therefore it is safe to solve the Killing spinor equations at leading order.

2 In the large r-limit, (4.7) factorizes into two separate equations, (4.12) of order
r1/2 and another one of order r3/2, which is nonetheless identically satisfied once

given (4.11).
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(Q.Q1=~i [ dzue™ (11v°yyPo ')
A%

- _2i/dzd¢> 7v® (voDax' = v2Dyx')

:—Zi/dqub Xiv> %

Vi (2 voxi + Ly atio®ind — LSl 40
v2| 5 YabX +r2)/ yz(ic°) jx R @)jx

ab
r i @ i 2Q 1
3 (23¢X'+T¢Vabxl T(F__>y (io3)! X]

0 o B
+rjyr¢y¢(102)ljxj - ZV¢V5(01)'1X]>]

= 72i/dzd¢ X,-ysx

2r i 2Q r 5. 3. j
[(*77/3%)( +7<176> y3y~(io~) jx

+<£ i >)’231X *21£V23V (@b X}

(4.14)

By plugging in the additional r-dependence of the spinors x! ~

r1/2%1 and taking into account the useful gamma matrix identities
yiys= -y, yiym =iy?,
Vivasy =y, Yyy’=-ys, (4.15)
equation (4.14) is rewritten as
(0.9 =2  dads 5 x
2r2 2 2 P i
{ ! Yo 5" - (22 (r:_o) y3(03) %
of PN o S PVE i
+(7+ 2 )V x' *2£—2V23(0 »ix?|.
(4.16)
In the large r limit, (2.8), (2.16) and (4.9) yield
{Q, Q)= /dzddy)(l X
27 o012, 2 3
{e 3x’£<r y3(0)'ix!
2r3 i 2r3 P
+ (6_3 - %) vz - (£—3 - %) 7/23(01)']‘)(]} .
(417)

= (PO) je§ = (PO) j)ty® =
()T (OF)T(P')Ty? of the Dirac conjugate, one recovers the ex-
pression

By using the definition

(0.0} =2 f dzdg )T (Ot @t

2r2 . 2Q r2 .
{—77/12%)(1 = (r—— Yoz

2r my i 2r "w
<£3—2€)X <Z3—)V )’23(0)]X:|

(4.18) can now be analyzed analytically. Inspection of the third line
tells us, after some Clifford algebra, that

(418)
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O pTEipT x

a3 w2 om0 qij
(‘ (7337)”‘(737 Pors@ 1
H ! i \tpi, ok M\ o
= (~37) @D E PO meg = (-5, ) Pmef (4.19)
where we have used the identity
O'HIE PO = (O HTPYO =PIy (4.20)

As we see, the result is a finite term. The second line instead can
be rearranged as

. 2r2 .20 r2 o
(Olj)T([Pll)T (_7)/12%)(1 -5 (r _ a) V0V3(03)le]>

22 it 120
ZT(O]‘) Fp'y “Prx

1 1 :
[—a¢okm +i% (F - %) y5(o3)’<j<91m] e, (4.21)

Due to the very structure of the asymptotic Killing spinors, this
term is zero. Indeed, it is not hard to prove that
(lPi[)Tylzlpik — |Pliy12[Pik — J/]Zﬂ_Dll'IPik =0 , (422)

where P!y = 1 (8, —iy1y°(a)iy).

In order to read off the superalgebra, therefore, we can focus
only on the third line of (4.18), stripping out of the anticommuta-
tor the constant Majorana spinors. The final expression,

. ; A . .
c0ail @', Qpjtel =€°w‘/ a (‘ - ) Plp jep’

AM . . . .
=ani/dz <—T> (8% ;-—'—l(ylys)olﬁ(o'l)lj) Eg]’ (423)
is obtained, where the integral on ¢ has been performed.

4.3. BPS bound

Q1 and Q3 both being real, let us define the complex operators

1
Qaﬁ = ﬁ (Qlwﬂ +iQ2aﬂ) s
1
Qaﬂ=ﬁ(glaﬂ_iQ2aﬂ) , (4.24)

and compute

_ —A
QQ% = / dz (TM> 59 (4.25)

The structure of this anticommutator entails the product of a com-
plex number and of its complex conjugate, and must therefore be
semi-positive definite. This leads to the BPS bound

(4.26)

T[{QQ]=QQ*%>0 = | u<0 |

which, as expected, imposes positivity (p corresponds to minus
the energy density, see (2.12)) of energy for all physical solutions,
and it is saturated by the supersymmetric soliton.

Physics Letters B 846 (2023) 138226

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements

The research of AA is supported in part by the Fondecyt Grants
1210635, 1221504, 1230853 and 1200986 and by the FAPESP of
Sao Paulo with a Visiting Researcher Award, 2022/11765-7. The
work of MC is supported by the Spanish Agencia Estatal de In-
vestigaciéon through the grant “IFT Centro de Excelencia Severo
Ochoa SOLAUT_00044994", and by the grant PID2021-123017NB-
100, funded by MCIN/AEI/10.13039/50110001103. MC also grate-
fully acknowledges ’la Caixa’ Foundation (ID100010434), that par-
tially supported the early stages of this work and financed a mid-
term stay at the Politecnico di Torino.

References

[1] E. Witten, A simple proof of the positive energy theorem, Commun. Math. Phys.
80 (1981) 381.

[2] G.W. Gibbons, C.M. Hull, N.P. Warner, The stability of gauged supergravity, Nucl.
Phys. B 218 (1983) 173.

[3] P. Breitenlohner, D.Z. Freedman, Positive energy in anti-de Sitter backgrounds
and gauged extended supergravity, Phys. Lett. B 115 (1982) 197-201.

[4] P. Breitenlohner, D.Z. Freedman, Stability in gauged extended supergravity, Ann.
Phys. 144 (1982) 249.

[5] G.T. Horowitz, R.C. Myers, The AdS | CFT correspondence and a new positive
energy conjecture for general relativity, Phys. Rev. D 59 (1998) 026005, arXiv:
hep-th/9808079.

[6] M.C.N. Cheng, K. Skenderis, Positivity of energy for asymptotically locally AdS
spacetimes, J. High Energy Phys. 08 (2005) 107, arXiv:hep-th/0506123.

[7] A. Anabalon, S.F. Ross, Supersymmetric solitons and a degeneracy of solutions
in AdS/CFT, J. High Energy Phys. 07 (2021) 015, arXiv:2104.14572.

[8] A. Anabalén, A. Gallerati, S. Ross, M. Trigiante, Supersymmetric solitons in
gauged N = 8 supergravity, arXiv:2210.06319.

[9] K. Hristov, C. Toldo, S. Vandoren, On BPS bounds in D=4 N=2 gauged supergrav-
ity, J. High Energy Phys. 12 (2011) 014, arXiv:1110.2688.

[10] K. Hristov, On BPS bounds in D=4 N=2 gauged supergravity II: general matter
couplings and black hole masses, J. High Energy Phys. 03 (2012) 095, arXiv:
1112.4289.

[11] M. Duff, C.N. Pope, Consistent truncations in Kaluza-Klein theories, Nucl. Phys.
B 255 (1985) 355-364.

[12] J.P. Gauntlett, O. Varela, Consistent Kaluza-Klein reductions for general super-
symmetric AdS solutions, Phys. Rev. D 76 (2007) 126007, arXiv:0707.2315.

[13] D. Cassani, G. Josse, M. Petrini, D. Waldram, Systematics of consistent trunca-
tions from generalised geometry, J. High Energy Phys. 11 (2019) 017, arXiv:
1907.06730.

[14] A. Anabalon, D. Astefanesei, A. Gallerati, M. Trigiante, New non-extremal and
BPS hairy black holes in gauged N =2 and N = 8 supergravity, ]. High Energy
Phys. 04 (2021) 047, arXiv:2012.09877.

[15] M. Astorino, Charging axisymmetric space-times with cosmological constant, J.
High Energy Phys. 06 (2012) 086, arXiv:1205.6998.

[16] D. Kastor, J. Traschen, Melvin magnetic fluxtube/cosmology correspondence,
Class. Quantum Gravity 32 (23) (2015) 235027, arXiv:1507.05534.

[17] D. Marolf, S.F. Ross, Boundary conditions and new dualities: vector fields in
AdS/CFT, ]. High Energy Phys. 11 (2006) 085, arXiv:hep-th/0606113.

[18] J.P. Gauntlett, G.W. Gibbons, C.M. Hull, PX. Townsend, BPS states of D = 4
N=1 supersymmetry, Commun. Math. Phys. 216 (2001) 431-459, arXiv:hep-th/
0001024.


http://refhub.elsevier.com/S0370-2693(23)00560-9/bib035E822FCC63767388EBED00F8EB5071s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib035E822FCC63767388EBED00F8EB5071s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib1ED65D2298A8B1FF83F896A57B1560A6s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib1ED65D2298A8B1FF83F896A57B1560A6s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib8B06486ACEBC74CF4E7EB3B08942687Ds1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib8B06486ACEBC74CF4E7EB3B08942687Ds1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibEBF78D1165CFB1479ACE9635661F63B9s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibEBF78D1165CFB1479ACE9635661F63B9s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib27A869CB4D5B17968CC518C45212FD45s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib27A869CB4D5B17968CC518C45212FD45s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib27A869CB4D5B17968CC518C45212FD45s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib5C4419978DADC92F41ED41A13FB0A975s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib5C4419978DADC92F41ED41A13FB0A975s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibD81083876ECDB275143809E114DDEBB5s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibD81083876ECDB275143809E114DDEBB5s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib42CFA54AAB7ECD5C8E1238AEC0D88769s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib42CFA54AAB7ECD5C8E1238AEC0D88769s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib25DC2A7FD0FB17FDD316985AAC5BCCB5s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib25DC2A7FD0FB17FDD316985AAC5BCCB5s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib7F314A85D918DE743C8FEE69733CC8E3s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib7F314A85D918DE743C8FEE69733CC8E3s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib7F314A85D918DE743C8FEE69733CC8E3s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibB61A7D9C7A1FA30C06770FBEFEDC59C1s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibB61A7D9C7A1FA30C06770FBEFEDC59C1s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib827854B8E0242678E00486FD9E16CA96s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib827854B8E0242678E00486FD9E16CA96s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib6AA8B9708276E64AF9D311AED1CE6DCBs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib6AA8B9708276E64AF9D311AED1CE6DCBs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib6AA8B9708276E64AF9D311AED1CE6DCBs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibAECC52BAD3AD3028CD4DAF6870E34E5Cs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibAECC52BAD3AD3028CD4DAF6870E34E5Cs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibAECC52BAD3AD3028CD4DAF6870E34E5Cs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib2217A386C69A1541066D236F1761E64Fs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib2217A386C69A1541066D236F1761E64Fs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibDF0202B642D7D7EE7652FD1DF1FC8C80s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibDF0202B642D7D7EE7652FD1DF1FC8C80s1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib7CCD534C11E48C2C67BDE18633E4317Bs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bib7CCD534C11E48C2C67BDE18633E4317Bs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibCD6A44E3EB3649F49C197ACA0429CEBDs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibCD6A44E3EB3649F49C197ACA0429CEBDs1
http://refhub.elsevier.com/S0370-2693(23)00560-9/bibCD6A44E3EB3649F49C197ACA0429CEBDs1

	A positive energy theorem for AdS solitons
	1 Introduction and discussion
	2 Gauged N=2 supergravity
	2.1 The AdS soliton with a magnetic flux
	2.2 Supersymmetric AdS solitons
	2.3 Asymptotic anti-periodic Killing spinors

	3 Asymptotic superalgebra from supersymmetry variations
	4 Asymptotic superalgebra and BPS bound
	4.1 Asymptotic Killing spinors
	4.2 Asymptotic superalgebra
	4.3 BPS bound

	Declaration of competing interest
	Data availability
	Acknowledgements
	References


